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Èíôîðìàöèîííûå

òåõíîëîãèè è ïðîãðàììíàÿ

èíæåíåðèÿ



ÈÒÌÌ � 2021

ÇÀÄÀ×À ÀÂÒÎÌÀÒÈ×ÅÑÊÎÃÎ
ÐÀÑÏÎÇÍÀÂÀÍÈß ÇÄÀÍÈÉ Â
ÂÎÄÎÎÕÐÀÍÍÛÕ ÇÎÍÀÕ

ÍÀ ÑÏÓÒÍÈÊÎÂÛÕ ÑÍÈÌÊÀÕ

Ñ.Â. Ãèëèí

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, ã. Êðàñíîÿðñê, Ðîññèÿ

Ðàçðàáîòêà ñèñòåì ðàñïîçíàâàíèÿ èçîáðàæåíèé ÿâëÿåòñÿ îäíèì
èç àêòóàëüíûõ è âîñòðåáîâàííûõ íàïðàâëåíèé â îáëàñòè èñ-
êóññòâåííîãî èíòåëëåêòà, ìàøèííîãî îáó÷åíèÿ è àíàëèçà äàí-
íûõ. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ïðîáëåìà îáíàðóæåíèÿ
íà ñïóòíèêîâûõ ñíèìêàõ çäàíèé è ïîñòðîåê, íàõîäÿùèõñÿ â âî-
äîîõðàííûõ çîíàõ.
Êëþ÷åâûå ñëîâà: Ðàñïîçíàâàíèå îáðàçîâ, ðàñïîçíàâàíèå çäà-
íèé, ðàñïîçíàâàíèå âîäîîõðàííûõ çîí, ðàñïîçíàâàíèå íà ñïóò-
íèêîâûõ ñíèìêàõ, àâòîìàòè÷åñêîå ðàñïîçíàâàíèå îáðàçîâ.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ â îáëàñòè ðàçâèòèÿ àíàëèçà äàííûõ è ìàøèííîãî
îáó÷åíèÿ àêòóàëüíûì ÿâëÿåòñÿ âîïðîñ ðàçðàáîòêè ñèñòåì ðàñïîçíàâà-
íèÿ èçîáðàæåíèé. Îñîáîå âíèìàíèå óäåëÿåòñÿ ïðîáëåìå îáíàðóæåíèÿ
íà ñïóòíèêîâûõ ñíèìêàõ çäàíèé è ïîñòðîåê, íàõîäÿùèõñÿ â âîäîîõðàí-
íûõ çîíàõ. Â ñîîòâåòñòâèè ñ ¾Âîäíûì êîäåêñîì Ðîññèéñêîé Ôåäåðàöèè¿
� ¾Âîäîîõðàííûìè çîíàìè ÿâëÿþòñÿ òåððèòîðèè, êîòîðûå ïðèìûêàþò
ê áåðåãîâîé ëèíèè ìîðåé, ðåê, ðó÷üåâ, êàíàëîâ, îçåð, âîäîõðàíèëèù è
íà êîòîðûõ óñòàíàâëèâàåòñÿ ñïåöèàëüíûé ðåæèì îñóùåñòâëåíèÿ õîçÿé-
ñòâåííîé è èíîé äåÿòåëüíîñòè â öåëÿõ ïðåäîòâðàùåíèÿ çàãðÿçíåíèÿ,
çàñîðåíèÿ, çàèëåíèÿ óêàçàííûõ âîäíûõ îáúåêòîâ è èñòîùåíèÿ èõ âîä,
à òàêæå ñîõðàíåíèÿ ñðåäû îáèòàíèÿ âîäíûõ áèîëîãè÷åñêèõ ðåñóðñîâ
è äðóãèõ îáúåêòîâ æèâîòíîãî è ðàñòèòåëüíîãî ìèðà¿, ò. å. ôóíêöèî-
íèðóþò îãðàíè÷åíèÿ íà èñïîëüçîâàíèå äàííîé òåððèòîðèè. Çàêîíîäà-
òåëüíûìè îðãàíàìè ñòðàíû ïðèíÿò Âîäíûé êîäåêñ, â ñòàòüÿõ êîòîðî-
ãî ïåðå÷èñëåíû îãðàíè÷åíèÿ íà äåÿòåëüíîñòü â âîäîîõðàííûõ çîíàõ,
à òàêæå óêàçàíû ïàðàìåòðû øèðèíû âîäîîõðàííîé çîíû äëÿ ðàçëè÷-
íûõ òåððèòîðèé, çàâèñÿùèõ îò âîäíîãî îáúåêòà è åãî õàðàêòåðèñòèê.
Èíäèâèäóàëüíîå ñòðîèòåëüñòâî â âîäîîõðàííîé çîíå îñóùåñòâëÿåòñÿ ñ
ó÷åòîì ïîëîæåíèé ñò. 65 Âîäíîãî êîäåêñà ÐÔ. Ñâåäåíèÿ î ãðàíèöàõ âî-
äîîõðàííûõ çîí è ãðàíèöàõ ïðèáðåæíûõ çàùèòíûõ ïîëîñ âîäíûõ îáú-
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åêòîâ âíåñåíû â Åäèíûé ãîñóäàðñòâåííûé ðååñòð íåäâèæèìîñòè. Ñâåäå-
íèÿ îá îõðàííûõ çîíàõ âîäíûõ îáúåêòîâ íàõîäÿòñÿ â ãîñóäàðñòâåííîì
âîäíîì ðååñòðå. Ñòðîèòåëüñòâî íà ó÷àñòêàõ, êîòîðûå ïîëíîñòüþ èëè ÷à-
ñòè÷íî âõîäÿò â âîäîîõðàííóþ çîíó, äîïóñêàåòñÿ òîëüêî ïðè óñëîâèè,
÷òî äîì íå áóäåò çàãðÿçíÿòü âîäîåì è áóäóò ñîáëþäåíû âñå ñàíèòàðíûå
íîðìû. Ñòðîèòåëüñòâî ëþáûõ îáúåêòîâ â âîäîîõðàíîé çîíå áåç ñîãëàñî-
âàíèÿ âëå÷åò çà ñîáîé îòâåòñòâåííîñòü, ïðåäóñìîòðåííóþ ñò. 8.42 ÊîÀÏ
ÐÔ. Ê ñîæàëåíèþ, êàê ïîêàçûâàåò ñòàòèñòèêà, ñîáðàííàÿ ñëóæáàìè ïî
êîíòðîëþ â ñôåðå ïðèðîäîïîëüçîâàíèÿ, îêîëî 20% çàñòðîéùèêîâ äîïóñ-
êàþò íàðóøåíèÿ ïðè âîçâåäåíèè íåäâèæèìîñòè â âîäîîõðàííûõ çîíàõ.
Ïðè÷¼ì çíà÷èòåëüíàÿ ÷àñòü íàðóøèòåëåé âîçâîäÿò îáúåêòû íåäâèæè-
ìîñòè ñ íàðóøåíèåì ãðàíèö âîäîîõðàííûõ çîí, íàíîñÿ óùåðá âîäíûì
îáúåêòàì, ìåñòíîé ôàóíå è ôëîðå. Ïîýòîìó çàäà÷à îáíàðóæåíèÿ çäà-
íèé è ïîñòðîåê, íàõîäÿùèõñÿ â âîäîîõðàííûõ çîíàõ, ÿâëÿåòñÿ âàæíîé
è ïðàêòè÷åñêè çíà÷èìîé. Íà äàííûé ìîìåíò ñàìûì ïîïóëÿðíûì èñòî÷-
íèêîì äëÿ ñîñòàâëåíèÿ êàðò ìåñòíîñòè ÿâëÿþòñÿ ñïóòíèêîâûå ñíèìêè,
÷òî ÿâëÿåòñÿ ñëåäñòâèåì ïîâûøåíèÿ êà÷åñòâà ñïóòíèêîâûõ ñíèìêîâ è
èõ äîñòóïíîñòè. Äëÿ óäîáíîé ðàáîòû ñ êàðòàìè íà ñïóòíèêîâûõ ñíèì-
êàõ ðàçìå÷àþòñÿ ðàçëè÷íûå îáúåêòû ìåñòíîñòè, âêëþ÷àÿ ïðèðîäíûå è
èñêóññòâåííûå. Â íàñòîÿùåå âðåìÿ ñàìûì àêòóàëüíûì ñïîñîáîì ïîëó-
÷åíèÿ èíôîðìàöèè ÿâëÿåòñÿ ðàñïîçíàâàíèå ñíèìêîâ â àâòîìàòè÷åñêîì
ðåæèìå, ÷òî íàïðÿìóþ ñâÿçàíî ñ óâåëè÷åíèåì îáúåìîâ ó÷àñòêîâ çåìëè,
íåîáõîäèìûõ äëÿ îáðàáîòêè â ñàìûå êðàòêèå ñðîêè. Ìàøèííîå îáó÷å-
íèå ïðè ñëîæèâøåéñÿ ñïåöèôèêå îáðàáîòêè èíôîðìàöèè ïðèâîäèò ê
íåîáõîäèìîñòè ïðèìåíåíèÿ ìàøèííîãî ìåòîäà êàê áàçîâîãî. Ïðè èñ-
ïîëüçîâàíèè òàêîãî ìåòîäà ôîðìèðóþòñÿ äàííûå, äîñòóïíûå äëÿ àíà-
ëèòèêè ñî ñòîðîíû ñïåöèàëèñòîâ, àíàëèçèðóþùèõ ðåçóëüòàòû îáðàáîò-
êè ñíèìêîâ.

Öåëüþ èññëåäîâàíèÿ ÿâëÿåòñÿ ðàçðàáîòêà íîâîãî àëãîðèòìà ðàñïî-
çíàâàíèÿ çäàíèé â âîäîîõðàííûõ çîíàõ íà ñïóòíèêîâûõ ñíèìêàõ. Äëÿ
àâòîìàòèçàöèè ïðîöåññà íåîáõîäèìî íàó÷èòü àëãîðèòì äîáàâëÿòü íà
êàðòû ìíîãîóãîëüíèêè äîìîâ áåç ó÷àñòèÿ ëþäåé, à òàêæå îïðåäåëÿòü �
íàõîäÿòñÿ ëè ïîñòðîéêè íà ðàçðåøåííîì ðàññòîÿíèè îòíîñèòåëüíî âî-
äîåìîâ.

1. Çàäà÷à ðàñïîçíàâàíèÿ îáúåêòîâ â âîäîîõðàííûõ çîíàõ

Ðåøåíèå ïîñòàâëåííîé çàäà÷è â ÷àñòè ñíèìêîâ, ïîëó÷àåìûõ ñ êîñ-
ìè÷åñêèõ àïïàðàòîâ èëè äðîíîâ, êîòîðûå äàþò âîçìîæíîñòü áîëåå äå-
òàëüíîãî ðàññìîòðåíèÿ ñíèìêîâ, ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì òàêîé çà-
äà÷è, êàê ðàñïîçíàâàíèå îáðàçîâ. Ïåðå÷èñëèì îñíîâíûå ýòàïû ðåøåíèÿ
çàäà÷è ðàñïîçíàâàíèÿ îáúåêòîâ ðàñïîçíàâàíèÿ çäàíèé â âîäîîõðàííûõ
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çîíàõ íà ñïóòíèêîâûõ ñíèìêàõ � âûÿâëåíèå îáúåêòîâ îïðåäåëåííûõ
êëàññîâ íà èçîáðàæåíèÿõ:

1. Âûäåëåíèå îáúåêòîâ íà èçîáðàæåíèè ïóòåì ñåãìåíòàöèè ñ äàëü-
íåéøèì ïðåîáðàçîâàíèåì âûäåëåííûõ ñåãìåíòîâ äëÿ çàïèñè îáúåêòîâ â
çàâèñèìîñòè îò ìåòîäà äåøèôðèðîâàíèÿ.

2. Àíàëèç îáúåêòîâ.
3. Êëàññèôèêàöèÿ îáúåêòîâ.
4. Íàõîæäåíèå ðàññòîÿíèÿ ìåæäó ðàñïîçíàâàåìûìè îáúåêòàìè.
5. Âûâîä ðåçóëüòàòà ðåøåíèÿ çàäà÷è.

Ïðè îïðåäåëåíèè ðàñïîçíàâàåìûõ îáúåêòîâ, äëÿ ñîêðàùåíèÿ âûáî-
ðà ïîñòðîåê, ïðåäëàãàåòñÿ èñïîëüçîâàòü íàëîæåíèå äàííûõ Ðîññòàòà î
ïðîâåðåííûõ çäàíèÿõ. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ äâà ìåòîäà
ðàñïîçíàâàíèÿ íà ñïóòíèêîâûõ ñíèìêàõ: àâòîìàòè÷åñêîå ðàñïîçíàâàíèå
ïîñòðîåê è ðàñïîçíàâàíèå îáúåêòîâ ñ ïîìîùüþ ôèëüòðàöèè ñ èñïîëü-
çîâàíèåì ìàñêè Ëàïëàñà.

2. Ìåòîä àâòîìàòè÷åñêîãî ðàñïîçíàâàíèÿ êîíòóðîâ çäàíèé

Êàæäîå èçîáðàæåíèå ïðåäâàðèòåëüíî îáðàáàòûâàåòñÿ, ïóòåì èçâëå-
÷åíèÿ òîé èíôîðìàöèè, êîòîðàÿ ïîìîãàåò óñòðàíèòü øóìû, íå ïîäõî-
äÿùèå ìàëåíüêèå îáúåêòû è ðàçðûâû. Çäàíèå íà èçîáðàæåíèè � çà-
ìêíóòûé êîíòóð ñî ñòîðîíàìè, ïîëó÷åííûìè ïî çíà÷åíèÿì ñëåäóþùèõ
ñîñòàâëÿþùèõ: êîëè÷åñòâî ðåáåð, óãëîâ, òî÷åê ñòûêîâêè è îòëè÷íûì îò
îêðóæåíèÿ öâåòîì. Àëãîðèòì àâòîìàòè÷åñêîãî ðàñïîçíàâàíèÿ îáúåêòîâ
(çäàíèé) âûãëÿäèò ñëåäóþùèì îáðàçîì:

1. Ïîñòðîåíèå ñòðóêòóðíîé ìîäåëè èçîáðàæåíèÿ.
2. Ïîñòðîåíèå ìîäåëè â âèäå ãðàôà.
3. Âûäåëåíèå êîíòóðîâ çäàíèé èç íàáîðà çàìêíóòûõ êîíòóðîâ, ëèáî

èõ îáúåäèíåíèé.
4. Ïîñòîáðàáîòêà äàííûõ äëÿ îáúåäèíåíèÿ ¾îáùåé êàðòèíû¿ ðàñ-

ñòàíîâêè îáúåêòîâ.

Ïîñòðîåíèå ñòðóêòóðíîé ìîäåëè èçîáðàæåíèÿ

Â èññëåäîâàíèè â êà÷åñòâå îäíîèìåííîãî ìåòîäà âûáðàí ìåòîä ïî-
ïèêñåëüíîãî èòåðàòèâíîãî óòîí÷åíèÿ, êîòîðûé óäîâëåòâîðÿåò êðèòåðè-
ÿì âûáîðêè. Íà êîíå÷íîì èçîáðàæåíèè îáîçíà÷àþòñÿ ãðàíèöû, ñîîò-
âåòñòâóþùèå ïðèíÿòûì êðèòåðèÿì:(

Pc

P

)
⩾ kp, (1)

Pmin ⩽ Pc ⩽ Pmax, (2)
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ãäå Pc � ïåðèìåòð òåêóùåãî êîíòóðà; P � ïåðèìåòð ìèíèìàëüíî îïè-
ñàííîãî ïðÿìîóãîëüíèêà âîêðóã òåêóùåãî êîíòóðà Pc, kp � ïîðîãîâîå
çíà÷åíèå äëÿ îïðåäåëåíèÿ ñîîòâåòñòâèÿ òåêóùåãî êîíòóðà ôîðìå ïðÿ-
ìîóãîëüíèêà; Pmin, Pmax � ìèíèìàëüíîå è ìàêñèìàëüíîå ïîðîãîâûå
çíà÷åíèÿ äëÿ òåêóùåãî ïåðèìåòðà. Çíà÷åíèå kp = 3×3

10 , ãäå 3×3 êâ. ìåò-
ðà ðàçìåð îáëàñòè íà ìåñòíîñòè, êîòîðûé ñîîòâåòñòâóåò îäíîìó ïèêñå-
ëþ èçîáðàæåíèÿ.

Ïîñòðîåíèå ìîäåëè

Íà ýòîì ýòàïå íà îáðàáîòàííîì èçîáðàæåíèè âûáèðàþòñÿ îñîáûå
òî÷êè (òî÷êè, ÷èñëî ñâÿçíîñòè êîòîðûõ íå ðàâíî äâóì). Ðåçóëüòàòîì ÿâ-
ëÿåòñÿ ìîäåëü èçîáðàæåíèÿ â âèäå ãðàôàG(Pi, Dij), ãäå Pi � ìíîæåñòâî
âåðøèí ãðàôà Pi = Pi0 ∪Pi1 , Pi0 � ìíîæåñòâî îñîáûõ òî÷åê, êàæäàÿ èç
êîòîðûõ ñîîòâåòñòâóåò èçîëèðîâàííîé èëè òî÷êå âåòâëåíèÿ íà âåêòîð-
íîé ìîäåëè èçîáðàæåíèÿ (ò.å. èìåþòñÿ â âèäó áëèçêèå ê âîäîîõðàííûì
çîíàì çäàíèÿ), Pi1 � ìíîæåñòâî ïðîìåæóòî÷íûõ ñóùåñòâåííûõ òî÷åê,
Dij � ìíîæåñòâî ðåáåð ãðàôà (ðàññòîÿíèÿ ìåæäó êîíòóðàìè) [1].

Âûäåëåíèå êîíòóðîâ çäàíèé

Â äàííîé ðàáîòå äëÿ âûäåëåíèÿ çàìêíóòûõ êîíòóðîâ èñïîëüçóåò-
ñÿ ïîøàãîâûé ìåòîä, ïîçâîëÿþùèé ñíèçèòü âû÷èñëèòåëüíûå çàòðàòû.
Íà ïåðâîì ýòàïå ñòðîèòñÿ áàçèñ ïðîñòðàíñòâà öèêëîâ {Zi} äëÿ ìîäåëè
âåêòîðíîãî èçîáðàæåíèÿ. Îïðåäåëåíèå âåêòîðíîãî îïèñàíèÿ ìíîæåñòâà
áàçèñíûõ öèêëîâ {Zi} ñâîäèòñÿ ê ïîèñêó ðåáåð è ñáîðó èç äàííûõ ãîðè-
çîíòàëåé öåëîñòíîãî îáúåêòà [2]. Äëÿ îïðåäåëåíèÿ ìíîæåñòâà {Zit}

N
t=0

èñïîëüçóåòñÿ àëãîðèòì ýâðèñòè÷åñêîãî ïîèñêà, â êîòîðîì â êà÷åñòâå
ôóíêöèè îöåíêè òåêóùåãî ñîñòîÿíèÿ âûñòóïàåò: γ(C) = L0

L > γ0, ãäå
C � ïðîâåðÿåìûé êîíòóð, L0 � ñóììàðíàÿ äëèíà ðåáåð, ïîïàâøèõ â
äàííûå ñåêòîðà, L � ïåðèìåòð êîíòóðà, γ0 � íåêîòîðîå ïîðîãîâîå çíà-
÷åíèå, γ � ïðàâèëî äëÿ ïðèíÿòèÿ ðåøåíèÿ î òîì, ÷òî êîíòóð ÿâëÿåòñÿ
çäàíèåì [3]. Ïîñëå îêîí÷àíèÿ ïîèñêà îñóùåñòâëÿåòñÿ ïðîâåðêà êðèòå-
ðèÿ äëÿ êîíòóðà Ć ñ íàèëó÷øåé îöåíêîé γ(Ć) è ïðèíÿòèå ðåøåíèÿ î
òîì, ÿâëÿåòñÿ ëè ýòîò êîíòóð çäàíèåì [4].

Ïîñòîáðàáîòêà äàííûõ

Çàäà÷à ñëåäóþùåãî øàãà � óëó÷øèòü ïîëó÷åííûå äàííûå, çàêëþ-
÷àþùèåñÿ â óäàëåíèè íåíóæíûõ âåðøèí, âûïðÿìëåíèè óãëîâ êàæ-
äîãî êîíòóðà è ïðàâèëüíîì ðàçìåùåíèè äàííûõ íà èñõîäíîì èçîá-
ðàæåíèè. Ïóñòü C = {Ci}Ni=1 � ìíîæåñòâî íàéäåííûõ êîíòóðîâ

çäàíèé, Ri = {rj}Ni

j=1 � ìíîæåñòâî ðåáåð i-ãî êîíòóðà, Ai =
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{(α)k = ∠(rk, rk+1)|rk, rk+1 ∈ Ri} � ìíîæåñòâî óãëîâ i-ãî êîíòóðà. Òî-
ãäà îïòèìèçàöèÿ âåêòîðíîãî ïðåäñòàâëåíèÿ ìîæåò áûòü îïðåäåëåíà ïó-
òåì ìèíèìèçàöèè öåëåâîé ôóíêöèè ñëåäóþùåãî âèäà:

R(G) =

N−1∑
i=0

Ni−1∑
k=0

δ
(∣∣∣(α)k − πn

2

∣∣∣ < ε
)
·
(∣∣∣(α)k − πn

2

∣∣∣) . (3)

Ýòà ôóíêöèÿ, ïî ñóòè, îòâå÷àåò çà óìåíüøåíèå îòêëîíåíèÿ óãëîâ
êîíòóðîâ îò ïðåäïîëàãàåìûõ ïðÿìûõ óãëîâ. Îïòèìèçàöèÿ îñóùåñòâëÿ-
åòñÿ ïóòåì ïîèñêà êàæäîé âåðøèíû ïîçèöèè, â êîòîðîé îáåñïå÷èâàåòñÿ
ìèíèìàëüíîå çíà÷åíèå âû÷èñëÿåìîãîR(G) [5]. Íà ïîñëåäíåì øàãå âûäå-
ëÿåì íà èçîáðàæåíèè ìîäåëè êîíòóðîâ çäàíèé, êîòîðûå ñîïîñòàâëÿþòñÿ
ñòðîåíèÿì íà èçîáðàæåíèè ñ ïîìîùüþ ïîëó÷åííûõ äàííûõ [6].

3. Ìåòîä îïðåäåëåíèÿ âîäîîõðàííûõ çîí

Äëÿ îïðåäåëåíèÿ âîäîîõðàííûõ çîí ïðåäëàãàåòñÿ ïðè îáðàáîòêå
èçîáðàæåíèÿ è âûäåëåíèè êîíòóðîâ îáúåêòà èñïîëüçîâàòü àëãîðèòì
ôèëüòðàöèè ñ èñïîëüçîâàíèåì ìàñêè îïåðàòîðà Ëàïëàñà. Ïðè çàðàíåå
çàäàííûõ çíà÷åíèÿõ öâåòîâ â ôîðìàòå RGB âîäíûå ðåñóðñû áóäóò âû-
äåëåíû òåìíûì öâåòîì, ÷òî ïîçâîëèò ñîêðàòèòü êîëè÷åñòâî îáëàñòåé
ðàñïîçíàâàíèÿ. Àëãîðèòì îïðåäåëåíèÿ âîäîîõðàííûõ çîí âûãëÿäèò ñëå-
äóþùèì îáðàçîì: Ïåðåâîä RGB-èçîáðàæåíèÿ â öâåòîâóþ ìîäåëü YUV
(öâåòîâàÿ ìîäåëü, êîòîðàÿ ñîñòîèò èç ÿðêîñòè Y è äâóõ öâåòîðàçíîñò-
íûõ êîìïîíåíò (U è V )), êîòîðàÿ çàäàåòñÿ ñëåäóþùèì îáðàçîì:

Y = 0, 299R+ 0, 587G+ 0, 114B, (4)

U = 0, 493(B − Y ), (5)

V = 0, 877(R− Y ). (6)

Âûÿâëåíèå ïî öâåòó îáëàñòè âîäíîãî ðåñóðñà ñ ïîñëåäóþùèì âûäå-
ëåíèåì êîíòóðà. Äëÿ äàííîé îáðàáîòêè èñïîëüçóåòñÿ ìàñêà îïåðàòîðà
Ëàïëàñà. Ê êàæäîé òî÷êå èçîáðàæåíèÿ ñ êîîðäèíàòàìè x, y ïðèìåíÿåò-
ñÿ îïåðàòîð Ëàïëàñà, ôîðìóëà êîòîðîãî âûãëÿäèò ñëåäóþùèì îáðàçîì:
L(f(x, y)) = −f(x−1, y−1)−2 ·f(x, y−1)−f(x+1, y−1)−2 ·f(x−1, y)+
12 · f(x, y)− 2 · f(x+1, y)− f(x− 1, y+1)− 2 · f(x, y+1)− f(x+1, y+1).

Çàäàíèå íîâûõ çíà÷åíèé öâåòà ïî àäðåñàì ôèëüòðà. Äàííàÿ ôèëü-
òðàöèÿ ïîçâîëÿåò óñïåøíî ïîëó÷àòü èíôîðìàöèþ î êîíòóðàõ ðåëüå-
ôà ìåñòíîñòè íà ñïóòíèêîâûõ ñíèìêàõ äëÿ ïîñëåäóþùåé âåêòîðèçàöèè.
Ðàñïîçíàâàíèå âîäîîõðàííûõ çîí ïî çàäàííûì õàðàêòåðèñòèêàì (êîí-
òóðàì è ôîðìå, ãðàäèåíòó öâåòà).
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4. Îïðåäåëåíèå ðàññòîÿíèÿ
ìåæäó ðàñïîçíàâàåìûìè îáúåêòàìè

Äëÿ ðåøåíèÿ äàííîé çàäà÷è áóäóò èñïîëüçîâàòüñÿ èçîáðàæåíèÿ, â
êîòîðûõ ïèêñåëþ èçîáðàæåíèÿ ñîîòâåòñòâóåò îáëàñòü íà ìåñòíîñòè ðàç-
ìåðîì 3×3 êâ. ìåòðà. Èìåÿ äàííóþ èíôîðìàöèþ, âû÷èñëÿåòñÿ ðàññòîÿ-
íèå îò êîíòóðà îáúåêòà ïðîâåðÿåìîãî êëàññà äî îáúåêòà, êîòîðûé îïðå-
äåëÿåòñÿ êëàññîì âîäîîõðàííîé çîíû. Â äàííîé ðàáîòå äëÿ îïðåäåëåíèÿ
ðàññòîÿíèÿ èñïîëüçóåòñÿ ìåòðèêà, ââåäåííàÿ Ãåðìàíîì Ìèíêîâñêèì, à
èìåííî ðàññòîÿíèå ãîðîäñêèõ êâàðòàëîâ:

dj(p, q) =

m∑
j=1

n∑
i=1

|pij − qij |, (7)

ãäå d � ðàññòîÿíèå ìåæäó îáúåêòàìè, pi è qi � òî÷êè, ñîåäèíÿåìûå
ïðÿìîé, i � ðàçìåðíîñòü ïëîñêîñòè, j � êîëè÷åñòâî ïèêñåëåé. Ñ ó÷åòîì
âûøåñêàçàííîãî ìîæíî ïîñòðîèòü ñëåäóþùèé àëãîðèòì:

1. Âûáèðàþòñÿ ñðàâíèâàåìûå ïî ðàññòîÿíèþ îáúåêòû èç êàæäîãî
êëàññà.

2. Îïðåäåëÿþòñÿ âñåâîçìîæíûå ðàññòîÿíèÿ ìåæäó êàæäîé ïàðîé
òî÷åê p è q, êîòîðûå áåðóòñÿ èç êàæäîãî êëàññà.

3. Ñ ïîìîùüþ ñîðòèðîâêè îïðåäåëÿåòñÿ íàèìåíüøåå ðàññòîÿíèå
ìåæäó îáúåêòàìè.

4. Ïðîâåðÿåòñÿ ñîîòâåòñòâèå ïîëó÷åííîãî ðàññòîÿíèÿ ñ êîíòðîëü-
íûìè ñîîòíîøåíèÿìè ÂÊ ÐÔ. Êîíòðîëüíûå ñîîòíîøåíèÿ îïðåäåëÿþòñÿ
â ñîîòâåòñòâèè ñ ìàêñèìàëüíîé øèðèíîé âîäîåìà. Êîíòðîëüíûå ñîîò-
íîøåíèÿ çàäàþòñÿ ôîðìóëîé:

0 ⩽ dj ⩽ dw(W ), (8)

ãäå dw çàâèñèò îò øèðèíû âîäîåìà W .
5. Åñëè ïîñòðîéêà íå ïðîõîäèò ïðîâåðêó, òî îáúåêò ìîæíî ñ÷èòàòü

íåçàêîííûì.

Çàêëþ÷åíèå

Â äàííîé ñòàòüå ðàññìîòðåíà ïðîáëåìà ðàñïîçíàâàíèÿ çäàíèé â âî-
äîîõðàííûõ çîíàõ íà ñïóòíèêîâûõ ñíèìêàõ. Áûëè îïèñàíû ìåòîä àâ-
òîìàòè÷åñêîãî ðàñïîçíàâàíèÿ ïîñòðîåê è àëãîðèòì îïðåäåëåíèÿ âîäî-
îõðàííûõ çîí ñ ïîìîùüþ ôèëüòðàöèè íà îñíîâå ìàñêè Ëàïëàñà. Ìå-
òîä àâòîìàòè÷åñêîãî îáíàðóæåíèÿ ïîñòðîåê â îïðåäåëåííûõ îáëàñòÿõ
èçîáðàæåíèé îñíîâàí íà âåêòîðíîé ìîäåëè è âêëþ÷àåò â ñåáÿ ïîèñê
çàìêíóòûõ êîíòóðîâ íà èçîáðàæåíèè ñ âûäåëåíèåì êîíòóðîâ çäàíèé.
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Ìíîãèå òåõíè÷åñêèå âûñøèå ó÷åáíûå ó÷ðåæäåíèÿ îöåíèâàþò
çàäà÷è ïî ïðîãðàììèðîâàíèþ ñòóäåíòîâ íà ñïåöèàëèçèðîâàí-
íûõ ïëàòôîðìàõ äëÿ ïðîâåäåíèÿ êîíòåñòîâ, îäíàêî ïðè îöåí-
êå ñäàííûõ ðåøåíèé ïðåïîäàâàòåëü äîñòàòî÷íî ìíîãî âðåìåíè
òðàòèò íà ïðîâåðêó èõ óíèêàëüíîñòè. Áåçóñëîâíî, ýòà ðóòèííàÿ
ðàáîòà ìîæåò áûòü àâòîìàòèçèðîâàíà ïóòåì ïðèìåíåíèÿ íåêî-
òîðîé ñèñòåìû ïîèñêà àêàäåìè÷åñêîãî ïëàãèàòà. Â äàííîé ñòà-
òüå ðàññìàòðèâàåòñÿ ãèáðèäíûé àëãîðèòì ñðàâíåíèÿ èñõîäíûõ
êîäîâ íà îñíîâå ïÿòè ðàçëè÷íûõ ìåòîäîâ: ïî òåêñòîâûì è áè-
íàðíûì ïðåäñòàâëåíèÿì ïðîãðàììû, à òàêæå íà áàçå ëåêñåì è
àáñòðàêòíûõ ñèíòàêñè÷åñêèõ äåðåâüåâ, ïîëó÷åííûõ ñ èñïîëüçî-
âàíèåì ïàðñåðà ANTLR. Ïðåäëîæåííûé ïîäõîä ïîêàçàë âûñî-
êóþ ýôôåêòèâíîñòü êàê íà äåòåêòèðîâàíèè íåáîëüøèõ ìàñêè-
ðóþùèõ èçìåíåíèé, òàê è íà áîëåå êðóïíûõ ñòðóêòóðíûõ ïðå-
îáðàçîâàíèÿõ ïðîãðàììíîãî êîäà.
Êëþ÷åâûå ñëîâà: Ïëàãèàò èñõîäíîãî êîäà, ãèáðèäíûé àëãî-
ðèòì àíòèïëàãèàòà, ñðàâíåíèå ñõîæåñòè ïðîãðàìì, ñïîñîáû
ïðåäñòàâëåíèÿ ïðîãðàìì, îáðàçîâàíèå â ñôåðå IT, ANTLR.

Ââåäåíèå

Èíòåðàêòèâíàÿ ïëàòôîðìà ñ àâòîìàòè÷åñêîé ïðîâåðêîé çàäà÷
¾CodeHedgehog¿ [1] óæå íåñêîëüêî ëåò àêòèâíî èñïîëüçóåòñÿ ïðåïî-
äàâàòåëÿìè è ñòóäåíòàìè Âûñøåé IT-øêîëû ÒÃÓ äëÿ èçó÷åíèÿ îñíîâ
ïðîãðàììèðîâàíèÿ è àëãîðèòìèêè. Ê ñîæàëåíèþ, ñëó÷àè ñïèñûâàíèÿ
ñòàíîâÿòñÿ ñëèøêîì ÷àñòûì ÿâëåíèåì, à èõ îáíàðóæåíèå � äîâîëüíî
òðóäîçàòðàòíàÿ îïåðàöèÿ.

Ðåøåíèåì äàííîé ïðîáëåìû ñòàëà ðàçðàáîòêà ìîäóëÿ àíòèïëàãèàòà
äëÿ èñïîëüçóåìîé ñèñòåìû, îñíîâíàÿ öåëü êîòîðîãî � ïîìîùü â âûíå-
ñåíèè âåðäèêòà ïî îðèãèíàëüíîñòè ñäàííîãî ñòóäåíòîì ïðîãðàììíîãî

Àâòîðû âûðàæàþò áëàãîäàðíîñòü ðóêîâîäñòâó Âûñøåé IT-øêîëû è ñîòðóäíè-
êàì ÓÖÐ ÒÃÓ çà îêàçàííóþ ïîääåðæêó ïðè ñîçäàíèè äàííîé ðàáîòû
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êîäà äëÿ êàæäîé èç ñóùåñòâóþùèõ â ðàìêàõ êîíòåñòà çàäà÷, íàïðèìåð,
ïóòåì îòîáðàæåíèÿ ðåøåíèé, íàèáîëåå ïîõîæèõ íà öåëåâîå. Êîíå÷íî,
ñóùåñòâóåò ïðîãðàììíîå îáåñïå÷åíèå, òàê èëè èíà÷å ðåøàþùåå äàííóþ
çàäà÷ó [2], íî îíî íå óäîâëåòâîðÿåò ñïåöèôèêå ýêñïëóàòèðóåìîé ïëàò-
ôîðìû è ïîñòàâëåííûì òðåáîâàíèÿì íà ðàçðàáîòêó.

Ñîçäàíèå îïèñàííîãî ìîäóëÿ óñëîæíÿåòñÿ íåñêîëüêèìè ôàêòîðàìè.
Âî-ïåðâûõ, ìíîãèå çàäà÷è (íàïðèìåð, àëãîðèòìû ñîðòèðîâêè) òðåáóþò
íåáîëüøîãî êîëè÷åñòâà êîäà è èõ ñëîæíî íàïèñàòü îðèãèíàëüíî, ïîýòî-
ìó àëãîðèòì äîëæåí ýòî ó÷èòûâàòü è íå äàâàòü ëîæíîïîëîæèòåëüíûå
ñðàáàòûâàíèÿ. Âî-âòîðûõ, ñòóäåíòû ÷àñòî ïðèáåãàþò ê ìàñêèðóþùèì
ïðåîáðàçîâàíèÿì ñ öåëüþ ñêðûòèÿ ôàêòà ñïèñûâàíèÿ, è àëãîðèòì ïîèñ-
êà ïëàãèàòà äîëæåí áûòü ïðåäåëüíî óñòîé÷èâ ê òàêèì ìîäèôèêàöèÿì.

1. Êëàññèôèêàöèÿ çàèìñòâîâàíèé èñõîäíîãî êîäà

Â èññëåäîâàíèÿõ ïî äàííîìó íàïðàâëåíèþ [3] âûäåëÿþò îêîëî 12
òèïîâ çàèìñòâîâàíèÿ êîäà: îò êîïèðîâàíèÿ òåêñòà áåç èçìåíåíèé äî
ñòðóêòóðíûõ ìîäèôèêàöèé îòäåëüíûõ ÷àñòåé ïðîãðàììû. Â äàëüíåé-
øåì ìû áóäåì ïðèäåðæèâàòüñÿ áîëåå îáùåé ÷åòûðåõóðîâíåâîé êëàññè-
ôèêàöèè [4]:

1) Ïðîãðàììíûé êîä ñêîïèðîâàí áåç êàêèõ-ëèáî èçìåíåíèé (èíûìè
ñëîâàìè, èäåíòè÷åí îðèãèíàëó ñ òî÷íîñòüþ äî êîììåíòàðèåâ);

2) Êîä ñêîïèðîâàí ñ ¾êîñìåòè÷åñêèìè¿ çàìåíàìè èäåíòèôèêàòîðîâ
(èìåí ôóíêöèé è ïåðåìåííûõ, òèïîâ äàííûõ, ñòðîêîâûõ ëèòåðàëîâ);

3) Êîä ìîæåò âêëþ÷àòü çàèìñòâîâàíèÿ âòîðîãî òèïà, à òàêæå ìîäè-
ôèêàöèè ñêîïèðîâàííîãî îðèãèíàëà ïóòåì äîáàâëåíèÿ, ðåäàêòèðî-
âàíèÿ èëè óäàëåíèÿ åãî ôðàãìåíòîâ èëè èçìåíåíèå ïîðÿäêà èõ èñ-
ïîëíåíèÿ, íå âëèÿþùèå íà ëîãèêó ñàìîé ïðîãðàììû;

4) Ïðîãðàììà íåêîòîðûì îáðàçîì ïåðåïèñàíà ñ îáùèì ñîõðàíåíèåì ëî-
ãèêè ðàáîòû è ôóíêöèîíàëüíîñòè, îäíàêî ñèíòàêñè÷åñêè îíà ìîæåò
àáñîëþòíî îòëè÷àòüñÿ îò îðèãèíàëà.

Êà÷åñòâåííàÿ ñèñòåìà àíòèïëàãèàòà äîëæíà õîðîøî îïðåäåëÿòü
ïåðâûå òðè òèïà ïëàãèàòà èç êëàññèôèêàöèè âûøå. Çàèìñòâîâàíèÿ ÷åò-
âåðòîãî òèïà çàòðóäíèòåëüíû äëÿ âûÿâëåíèÿ è ÷àñòî ïðåäñòàâëÿþò ñî-
áîé êîïèðîâàíèå ñàìîãî àëãîðèòìà, à íå ÷àñòåé êîäà îðèãèíàëüíîé ïðî-
ãðàììû, ÷òî íå ÿâëÿåòñÿ ïëàãèàòîì êàê òàêîâûì.

2. Ðàçðàáîòêà àëãîðèòìà àíòèïëàãèàòà

Îöåíèòü ñõîæåñòü äâóõ ïðîãðàìì äðóã ñ äðóãîì ìîæíî ìíîãèìè
ñïîñîáàìè. Â õîäå ðàáîòû áûëî âûÿâëåíî è ïðèìåíåíî ïÿòü íàèáîëåå
óíèâåðñàëüíûõ è ýôôåêòèâíûõ ïîäõîäîâ:
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� Text-based ìåòîä çàêëþ÷àåòñÿ â ñðàâíåíèè òåêñòîâûõ ïðåäñòàâëå-
íèé ïðîãðàìì íà îñíîâå íåêîòîðîé ìåòðèêè, íàïðèìåð, ðàññòîÿíèÿ
Ëåâåíøòåéíà ëèáî Äæàðî-Âèêëåðà. Äàííûé ñïîñîá îòëè÷àåòñÿ ñâî-
åé ñêîðîñòüþ è ïðîñòîòîé, íî ðåçóëüòàòèâíîñòü áûñòðî ñíèæàåòñÿ
äàæå íà ¾êîñìåòè÷åñêèõ¿ ìîäèôèêàöèÿõ.

� Token-based ìåòîä îñíîâàí íà ïðåîáðàçîâàíèè êëþ÷åâûõ ñëîâ ïðî-
ãðàììû â ïîñëåäîâàòåëüíîñòü ëåêñåì ÿçûêà ïðîãðàììèðîâàíèÿ (äà-
ëåå ïðîñòî òîêåíîâ). Ïîëó÷åííûå òîêåíû ñðàâíèâàþòñÿ ëþáûì äî-
ñòóïíûì ñïîñîáîì. Ýòîò àëãîðèòì ãîðàçäî òî÷íåå ïðåäûäóùåãî, òàê
êàê èãíîðèðóåò âñå èçìåíåíèÿ âòîðîãî òèïà, îäíàêî îí âñ¼ åù¼ íå
ñïðàâëÿåòñÿ ñî ñòðóêòóðíûìè èçìåíåíèÿìè.

� Metric-based ìåòîä îïðåäåëÿåò íà ïîëó÷åííûõ â ïðåäûäóùåì ìåòîäå
òîêåíàõ íåêîòîðûå ìåòðèêè (íàïðèìåð, êîë-âî èñïîëüçóåìûõ öèêëîâ
è óñëîâíûõ êîíñòðóêöèé), à äàëåå ñ÷èòàåò ñõîæåñòü ïðîãðàìì íà
îñíîâå êîëè÷åñòâà ñîâïàäàþùèõ ìåòðèê. Â öåëîì, àëãîðèòì ìîæåò
îòëè÷íî äîïîëíÿåò äðóãèå ìåòîäû àíòèïëàãèàòà, îäíàêî îí ÷àñòî
äà¼ò îøèáî÷íûé ðåçóëüòàò1.

� AST-based ïîäõîä òðåáóåò ïðåäñòàâëåíèÿ êîäà â âèäå àáñòðàêòíîãî
ñèíòàêñè÷åñêîãî äåðåâà (äàëåå ïðîñòî AST, Abstract Syntax Tree).
Â òàêîì ôîðìàòå ïðîãðàììû ñðàâíèâàþòñÿ ëþáûì äîñòóïíûì ñïî-
ñîáîì: îò ¾íàèâíîãî¿ ïîäñ÷¼òà ñîâïàäàþùèõ óçëîâ äî ïðîäâèíóòûõ
ìåòîäîâ íà îñíîâå ðàññòîÿíèÿ Zhang-Shasha [5]. ×àñòî äàííûé ñïîñîá
ñ÷èòàåòñÿ íàèáîëåå ýôôåêòèâíûì [6], íî â òî æå âðåìÿ åãî ñëîæíåå
âíåäðèòü: ïîìèìî ïîñòðîåíèÿ ñàìèõ AST, íóæíà ðåàëèçàöèÿ àëãî-
ðèòìà èõ ñðàâíåíèÿ è ìîãóò ïîòðåáîâàòüñÿ äîïîëíèòåëüíûå ïðåîá-
ðàçîâàíèÿ äåðåâüåâ2.

� Binary-based ìåòîä òðåáóåò ïðîõîæäåíèÿ êîäîì ýòàïà êîìïèëÿöèè
(èëè èíòåðïðåòàöèè). Ïîëó÷åííîå áèíàðíîå ïðåäñòàâëåíèå (àññåì-
áëåðíûé ëèñòèíã èëè áàéòêîä) ñëóæèò îñíîâîé äëÿ äàëüíåéøåãî
ñðàâíåíèÿ ïðîãðàìì. Ïîìèìî âûñîêîé òî÷íîñòè íà çàèìñòâîâàíèÿõ

1Â ÷àñòíîñòè, ìåòîä óñïåøíî îòðàáàòûâàåò íà ïðîãðàììàõ ñ ïåðåèìåíîâàíèåì
ïåðåìåííûõ è èçìåíåíèåì óñëîâèé è öèêëîâ, íî ìîìåíòàëüíî äåãðàäèðóåò ïðè äî-
áàâëåíèè íå èìåþùèõ ñìûñëà îïåðàöèé (ïî òèïó îáúÿâëåíèÿ ïóñòîãî öèêëà èëè
èíèöèàëèçàöèè íåèñïîëüçóåìûõ ïåðåìåííûõ)

2Íà ïðàêòèêå áûëî âûÿâëåíî, ÷òî ïàðñåð ìîæåò âûäàòü ñëèøêîì ¾âûòÿíóòûå¿
äåðåâüÿ; òàêîå âñòðå÷àåòñÿ ó ÿçûêîâ ñ áîëüøèì ëåêñè÷åñêèì ñëîâàðåì (íàïðèìåð,
C++), à íà ¾ñîêðàùåííûõ¿ äåðåâüÿõ ñðàâíåíèå ðàáîòàåò ýôôåêòèâíåé
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1-2 òèïà3, àëãîðèòì ìîæåò äàòü íåïëîõîé ðåçóëüòàò íà ìîäèôèêà-
öèÿõ òðåòüåãî òèïà4.

Ãèáðèäíûé àëãîðèòì, çàêëþ÷àþùèéñÿ â èñïîëüçîâàíèè êîìáèíàöèè
ïÿòè âûøåïåðå÷èñëåííûõ ïîäõîäîâ, ïîçâîëÿåò ïîëó÷èòü íàèáîëüøóþ
ýôôåêòèâíîñòü äåòåêòèðîâàíèÿ ðàçíîãî ðîäà çàèìñòâîâàíèé áëàãîäàðÿ
èñïîëüçîâàíèþ ëó÷øèõ ñòîðîí êàæäîãî èç äàííûõ ñïîñîáîâ. Ìåòîä ïðî-
èçâîäèò ñðàâíåíèå öåëåâîé ïðîãðàììû ñ íåáîëüøîé âûáîðêîé ðåøåíèé
äðóãèõ ñòóäåíòîâ, è åãî ðåàëèçàöèÿ âêëþ÷àåò â ñåáÿ íåñêîëüêî ïðîñòûõ
øàãîâ:

1) Ôîðìàòèðîâàíèå è íîðìàëèçàöèÿ (â ò.÷. óäàëåíèå êîììåíòàðèåâ) èñ-
õîäíîãî êîäà äëÿ ïîâûøåíèÿ òî÷íîñòè òåêñòîâûõ ñðàâíåíèé;

2) Ïîëó÷åíèå ïðîìåæóòî÷íûõ ïðåäñòàâëåíèé ïðîãðàììû (å¼ òîêåíîâ,
AST è àññåìáëåðíîãî ëèñòèíã);

3) Íåïîñðåäñòâåííî ñðàâíåíèå ïîëó÷åííûõ ôîðìàòîâ âûøåïåðå÷èñëåí-
íûìè ìåòîäàìè;

4) Âûíåñåíèå âåðäèêòà íà îñíîâå ïîëó÷åííûõ êîýôôèöèåíòîâ ñõîæå-
ñòè è âû÷èñëåíèå äîïîëíèòåëüíûõ ïîëåçíûõ ñòàòèñòèê, íàïðèìåð,
äèñïåðñèè è êâàíòèëåé ðàñïðåäåëåíèÿ ýòèõ êîýôôèöèåíòîâ äëÿ âñåé
âûáîðêè ðåøåíèé5.

Â êà÷åñòâå èíñòðóìåíòà äëÿ ïîëó÷åíèÿ ëåêñåì è AST äëÿ êàæ-
äîé ïðîãðàììû áûë èñïîëüçîâàí ïàðñåð ñ îòêðûòûì èñõîäíûì êîäîì
ANTLR [7]. Ïðîãðàììà øèðîêî èñïîëüçóåòñÿ äëÿ ïîñòðîåíèÿ ìíîãèõ
ÿçûêîâ ïðîãðàììèðîâàíèÿ, óòèëèò è ôðåéìâîðêîâ, à òàêæå ìîæåò áûòü
íàñòðîåíà äëÿ ðàáîòû ñ ãðàììàòèêîé ëþáîãî ÿçûêà ïðîãðàììèðîâà-
íèÿ. Ñîîáùåñòâî óæå äîáàâèëî ïîääåðæêó áîëåå äâóõ ñîòåí íàèáîëåå
ïîïóëÿðíûõ èç íèõ [8]. Â ìîäóëå àíòèïëàãèàòà äàííûé ïàðñåð ñûãðàë
ðåøàþùóþ ðîëü, ïîçâîëèâ ðåàëèçîâàòü ñàìó ëîãèêó ñðàâíåíèé, íå çàäó-
ìûâàÿñü î ïðîáëåìå ïîëó÷åíèÿ íåîáõîäèìûõ äëÿ íèõ ïðîìåæóòî÷íûõ
ïðåäñòàâëåíèé.

3Ìåëêèå ñòðóêòóðíûå èçìåíåíèÿ ÷àñòî îïòèìèçèðóþòñÿ êîìïèëÿòîðîì, à ðàçíûå
ðåàëèçàöèè îäíîãî ôóíêöèîíàëà (ê ïðèìåðó, öèêëà) äàþò îäèíàêîâûé àññåìáëåðíûé
ëèñòèíã

4Îäíàêî áûëî âûÿâëåíî, ÷òî íåêîòîðûå ñòðóêòóðíûå èçìåíåíèÿ (íàïðèìåð, èçìå-
íåíèå òèïîâ äàííûõ) ìîãóò ìîìåíòàëüíî ïîíèçèòü ñõîæåñòü ïðîãðàìì íà íåñêîëüêî
äåñÿòêîâ ïðîöåíòîâ

5Ìåäèàííîå çíà÷åíèå áëèçêîå ê ìàêñèìàëüíîìó è íèçêàÿ äèñïåðñèÿ ãîâîðÿò î
ïðîñòîòå çàäà÷è � â ýòîì ñëó÷àå ìîæíî óâåðåííî äàâàòü îòðèöàòåëüíûé âåðäèêò íà
íàëè÷èå â ðåøåíèè çàèìñòâîâàíèé
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3. Ïîëó÷åííûå ðåçóëüòàòû

Äëÿ òåñòèðîâàíèÿ ïîëó÷åííîãî ãèáðèäíîãî àëãîðèòìà áûëà èñïîëü-
çîâàíà íåáîëüøàÿ ñèíòåòè÷åñêàÿ âûáîðêà, âêëþ÷àþùàÿ íåêîòîðûå ìî-
äèôèêàöèè ïðîãðàìì íà ÿçûêàõ Java è C++ ( 750 ñèìâîëîâ) äëÿ âñåõ
÷åòûðåõ òèïîâ çàèìñòâîâàíèé. Â êà÷åñòâå òåêñòîâûõ ìåòðèê èñïîëüçî-
âàëèñü ðàññòîÿíèå Ëåâåíøòåéíà è LCS (Longest Common Subsequence),
à äëÿ ñðàâíåíèÿ AST èñïîëüçîâàëàñü ¾íàèâíàÿ¿ ñòðàòåãèÿ. Óñðåäíåí-
íûå ðåçóëüòàòû äëÿ êàæäîãî ìåòîäà îòäåëüíî ïðåäñòàâëåíû â òàáë. 1.

Òàáëèöà 1
Ñðåäíèé ïðîöåíò ñõîæåñòè ïðîãðàìì ñ ðàçëè÷íûìè ìîäèôèêàöèÿìè äëÿ ðàç-
íûõ ìåòîäîâ àíòèïëàãèàòà

Ìîäèôèêàöèÿ Text Token Metric AST Binary
Èçìåíåíèå êîììåíòàðèåâ
(òèï 1)

100% 100% 100% 100% 99%

Ðåôîðìàòèðîâàíèå êîäà
(òèï 2)

97% 97% 92% 93% 100%

Äîáàâëåíèå íåèñïîëüçóå-
ìûõ çàâèñèìîñòåé (òèï 2)

89% 92% 85% 91% 99%

Ïåðåèìåíîâàíèå èäåíòè-
ôèêàòîðîâ (òèï 2)

85% 100% 100% 96% 98%

Èçìåíåíèå òèïîâ äàííûõ
(òèï 2-3)

97% 99% 100% 98% 85%

Èçìåíåíèå ïîðÿäêà èñïîë-
íåíèÿ êîäà (òèï 3)

78% 86% 95% 91% 81%

Âûäåëåíèå ÷àñòåé êîäà â
ôóíêöèè (òèï 3-4)

65% 74% 72% 51% 67%

Óçêèì ìåñòîì ñòàëî ïîëó÷åíèå ïðîìåæóòî÷íûõ ôîðìàòîâ äàííûõ:
îáðàùåíèå ê ANTLR äëÿ êàæäîé ïðîãðàììû çàíèìàëî ïðèìåðíî ñåêóí-
äó, â òî âðåìÿ êàê àëãîðèòìè÷åñêàÿ ÷àñòü ðàáîòàëà ïî÷òè ìîìåíòàëüíî.
Ðåøåíèåì ïðîáëåìû ñòàëî èñïîëüçîâàíèå êýøèðîâàíèÿ ïðåäñòàâëåíèé,
ïîçâîëèâøåå ïîëó÷àòü ðåçóëüòàò àíòèïëàãèàòà ïðèìåðíî çà 1-2 ñåêóíäû
äëÿ âûáîðêè èç 50 ðåøåíèé ñ ¾ïðîãðåòûì¿ êýøåì.

Ïî ðåçóëüòàòàì èòîãîâîãî òåñòèðîâàíèÿ, àëãîðèòì â ñðåäíåì âûäà-
âàë ñëåäóþùèå ïðîöåíòû ñõîæåñòè ïðîãðàìì ñ çàèìñòâîâàíèÿìè ðàç-
ëè÷íûõ òèïîâ (â çàâèñèìîñòè îò ñèëû èçìåíåíèé):
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1) Çàèìñòâîâàíèÿ òèïà 1: 99-100%
2) Çàèìñòâîâàíèÿ òèïà 2: 94-98%
3) Çàèìñòâîâàíèÿ òèïà 3: 87-96%
4) Çàèìñòâîâàíèÿ òèïà 4: 65-82%

Çàêëþ÷åíèå

Ãèáðèäíàÿ ìåòîäèêà ïîèñêà àêàäåìè÷åñêîãî ïëàãèàòà ïîêàçûâàåò
íåïëîõèå ðåçóëüòàòû äëÿ äåòåêòèðîâàíèÿ ìíîãî÷èñëåííûõ êîäîâûõ ìî-
äèôèêàöèé è äîâîëüíî óñòîé÷èâà êî ìíîãèì ìàñêèðóþùèì ïðåîáðà-
çîâàíèÿì. Ñòîèò îòìåòèòü è ãèáêîñòü ïîëó÷åííîãî àëãîðèòìà: äëÿ
ñðàâíåíèÿ ïðîìåæóòî÷íûõ ïðåäñòàâëåíèé, ïðåäîñòàâëåííûõ ïàðñåðîì
ANTLR, ìîæíî âíåäðèòü ëþáóþ æåëàåìóþ ñòðàòåãèþ. Çíà÷èòåëüíóþ
÷àñòü âðåìåíè ðàáîòû ìîæåò çàíèìàòü îáðàùåíèå ê äàííîìó ïàðñåðó,
îäíàêî ýòà ïðîáëåìà íèâåëèðóåòñÿ èñïîëüçîâàíèåì êýøèðîâàíèÿ ïðî-
ìåæóòî÷íûõ ôîðìàòîâ ïðîãðàìì.
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ÃÈÏÅÐÑÏÅÊÒÐÀËÜÍÛÕ ÈÇÎÁÐÀÆÅÍÈÉ
Â ÔÈÒÎÑÀÍÈÒÀÐÍÎÌ ÊÎÍÒÐÎËÅ

ÇÅÐÍÎÂÛÕ ÊÓËÜÒÓÐ

À.Æ. Ñàðèíîâà, Ï.À. Äóíàåâ, À.Ì. Áåêáàåâà

Êàçàõñêèé àãðîòåõíè÷åñêèé óíèâåðñèòåò èì. Ñ. Ñåéôóëëèíà,

ã. Íóð-Ñóëòàí, Êàçàõñòàí

Ðàáîòà ïîñâÿùåíà îïèñàíèþ ðàçðàáîòêè àëãîðèòìîâ ñæàòèÿ ãè-
ïåðñïåêòðàëüíûõ àýðîêîñìè÷åñêèõ èçîáðàæåíèé íà îñíîâå äèñ-
êðåòíûõ îðòîãîíàëüíûõ ïðåîáðàçîâàíèé ñ öåëüþ ïîñëåäóþùå-
ãî ñæàòèÿ â ñèñòåìàõ äèñòàíöèîííîãî çîíäèðîâàíèÿ Çåìëè è
èäåíòèôèêàöèè çàáîëåâàíèé çåðíîâûõ êóëüòóð íà îñíîâå ñíèì-
êîâ ãèïåðñïåêòðàëüíîãî èçîáðàæåíèÿ. Â êà÷åñòâå àëãîðèòìîâ
ñæàòèÿ, íåîáõîäèìîãî äëÿ ñîêðàùåíèÿ îáúåìà ïåðåäàâàåìîé èí-
ôîðìàöèè, ïðåäëàãàåòñÿ èñïîëüçîâàíèå ðàçðàáîòàííûõ ìåòîäîâ
ñæàòèÿ íà îñíîâå ïðåîáðàçîâàíèé Óîëøà-Àäàìàðà è äèñêðåòíî-
êîñèíóñíîãî ïðåîáðàçîâàíèÿ.
Êëþ÷åâûå ñëîâà: Ãèïåðñïåêòðàëüíûå èçîáðàæåíèÿ, àëãî-
ðèòìû ñæàòèÿ, ñæàòèè ñ ïîòåðÿìè, äèñêðåòíî-êîñèíóñíîå
ïðåîáðàçîâàíèå.

Ââåäåíèå

Ãèïåðñïåêòðàëüíûå ÀÈ ÄÇÇ íåîáõîäèìû äëÿ ìîíèòîðèíãà ïðèðîä-
íûõ ðåñóðñîâ è ïîñëåäñòâèé ÷ðåçâû÷àéíûõ ñèòóàöèé è ò.ä. [1, 2, 3, 4, 5].

Âàæíîñòü ïðîáëåìû ñæàòèÿ â òîì ÷èñëå ñâÿçàíà ñ ïðîáëåìîé êîð-
ðåêòíîãî õðàíåíèÿ äàííûõ äèñòàíöèîííîãî çîíäèðîâàíèÿ, ïîñêîëüêó
ñóùåñòâóþùèå ìåòîäû îáðàáîòêè ìóëüòèñïðåêòðàëüíûõ èçîáðàæåíèé
ïî ôèòîñàíèòàðíîìó êîíòðîëþ íå îáåñïå÷èâàþò áîëåå òî÷íûå äàííûå
ââèäó èçëèøíåé èíôîðìàöèè, äëÿ ýòîãî ïðåäëàãàåòñÿ èñïîëüçîâàòü ãè-
ïåðñïåêòðàëüíûå èçîáðàæåíèÿ, êîòîðûå îáëàäàþò ðÿäîì ïðåèìóùåñòâ
äëÿ îïðåäåëåíèÿ çàáîëåâàíèé çåðíîâûõ êóëüòóð.

Ðåøåíèå äàííîé ïðîáëåìû ñ ïîìîùüþ ìåòîäîâ ñæàòèÿ îáåñïå÷èâàåò:
ïîâûøåíèå ýôôåêòèâíîñòè óïðàâëåíèÿ ñëîæíûìè òåõíè÷åñêèìè ñèñòå-

Äàííîå èññëåäîâàíèå ïðîâîäèëîñü â ðàìêàõ ãðàíòîâîãî ôèíàíñèðóåìîãî ïðîåêòà
ÊÎÊÑÎÍ ÌÎÍ Ðåñïóáëèêè Êàçàõñòàíà � AP09561922 ¾Ðàçðàáîòêà ìàòåìàòè÷åñêî-
ãî àïïàðàòà ïî ïðèìåíåíèþ ãèïåðñïåêòðàëüíûõ èçîáðàæåíèé äëÿ ôèòîñàíèòàðíîãî
îáñëåäîâàíèÿ çåðíîâûõ êóëüòóð ïðè àýðîêîñìè÷åñêîé ñúåìêå¿.



20 À.Æ. Ñàðèíîâà, Ï. À. Äóíàåâ, À.Ì. Áåêáàåâà

ìàìè çà ñ÷åò îïåðàòèâíîãî ïîëó÷åíèÿ âàæíîé èíôîðìàöèè èç ñæàòûõ
äàííûõ; óìåíüøåíèå áîëüøèõ ïîòîêîâ öèôðîâûõ äàííûõ; ïîâûøåíèå
ïàìÿòè âûõîäíûõ óñòðîéñòâ çàïèñè èíôîðìàöèè; ïîâûøåíèå ïîëîñû
ïðîïóñêàíèÿ êàíàëà.

Ñîâðåìåííûå êîñìè÷åñêèå ñèñòåìû äèñòàíöèîííîãî çîíäèðîâàíèÿ
Çåìëè (ÄÇÇ) õàðàêòåðèçóþòñÿ áîëüøèì ðàçíîîáðàçèåì, â èõ ñîñòàâå
èñïîëüçóþòñÿ êîñìè÷åñêèå àïïàðàòû (ÊÀ), êîòîðûå âåäóò ñúåìêó â
ðàçëè÷íûõ äèàïàçîíàõ ýëåêòðîìàãíèòíîãî ñïåêòðà ñ ðàçðåøåíèåì îò
íåñêîëüêèõ êèëîìåòðîâ äî íåñêîëüêèõ äåñÿòêîâ ñàíòèìåòðîâ [3]. Â íà-
ñòîÿùåå âðåìÿ îäíîé èç âåäóùèõ òåíäåíöèé ðàçâèòèÿ êîñìè÷åñêèõ ñè-
ñòåì ÄÇÇ ÿâëÿåòñÿ ïåðåõîä ê øèðîêîìó èñïîëüçîâàíèþ áîðòîâûõ ìíî-
ãîñïåêòðàëüíûõ è ãèïåðñïåêòðàëüíûõ ñèñòåì (ÃÑ), ðàáîòàþùèõ â âèäè-
ìîì è ÈÊ-äèàïàçîíàõ è îñóùåñòâëÿþùèõ ñúåìêó â ñîòíÿõ ñïåêòðàëü-
íûõ êàíàëîâ [4].

Â íàñòîÿùåå âðåìÿ ðàçðàáîòêà ïðîãðàììíûõ ñèñòåì äëÿ ñæàòèÿ
ñ ïîòåðÿìè äàííûõ ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé. Â ðåøåíèè äàííîé
çàäà÷è ñóùåñòâóþò ðàçëè÷íûå íàïðàâëåíèÿ èññëåäîâàíèÿ, â êîòîðûõ
àêòèâíî âåäóòñÿ èññëåäîâàíèÿ â îáëàñòè ðàçðàáîòêè àëãîðèòìîâ ñæà-
òèÿ [6, 7, 8]. Àëãîðèòìû è ñïîñîáû ñæàòèÿ ñ ïîòåðÿìè äàííûõ îõâàòû-
âàþò øèðîêèé ñïåêòð ñæàòèÿ.

1. Ýòàïû àëãîðèòìà ñæàòèÿ

Ðàçðàáîòàíû àëãîðèòìû îáðàáîòêè ãèïåðñïåêòðàëüíûõ ÀÈ ñ ïîòå-
ðÿìè íà îñíîâå äèñêðåòíûõ ïðåîáðàçîâàíèé. Ïîñëåäîâàòåëüíîñòü ýòà-
ïîâ ñëåäóþùàÿ.

1. Ïðåîáðàçîâàíèå ñòðóêòóðû äàííûõ íà îñíîâå èñõîäíîãî ãè-
ïåðñïåêòðàëüíîãî ÀÈ, çíà÷åíèÿ êîýôôèöèåíòîâ, íà îñíîâå Óîëøà-
Àäàìàðà òðåõ óðîâíåé.

2. Îðèãèíàëüíîå ïðåîáðàçîâàíèå ñòðóêòóðû äàííûõ íà îñíîâå èñ-
õîäíîãî ãèïåðñïåêòðàëüíîãî ÀÈ, õðàíÿùåãî çíà÷åíèÿ êîýôôèöèåíòîâ,
íà îñíîâå äèñêðåòíî-êîñèíóñíîãî ïðåîáðàçîâàíèÿ ñ ãåíåðèðîâàííîé òàá-
ëèöåé êâàíòîâàíèÿ.

3. Ïðåîáðàçîâàíèå ïîëó÷åííûõ ñòðóêòóð äàííûõ íà îñíîâå ýòàïîâ
1-2 ïóòåì ñãåíåðèðîâàííîé òàáëèöû êâàíòîâàíèÿ êîýôôèöèåíòîâ.

4. Èñïîëüçîâàíèå ñòàíäàðòíûõ êðèòåðèåâ êà÷åñòâà âîññòàíîâëåí-
íûõ èçîáðàæåíèé.

5. Ñæàòèå ïîëó÷åííûõ ñòðóêòóð ýòàïà 4 îäíèì èç ñòàíäàðòíûõ ýí-
òðîïèéíûõ àëãîðèòìîâ.

6. Ýêñïåðèìåíòàëüíîå èññëåäîâàíèå àëãîðèòìîâ ïðåîáðàçîâàíèÿ ïî
ñòåïåíè ñæàòèÿ è êà÷åñòâó âîññòàíîâëåííûõ äàííûõ.
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Ðàññìîòðèì ýòàïû àëãîðèòìîâ ïîäðîáíåå.

2. Ïðåîáðàçîâàíèå Óîëøà-Àäàìàðà

Ïðîâåäåííûå ýêñïåðèìåíòû ðàçðàáîòàííîé ïðîãðàììû ïðîèëëþ-
ñòðèðîâàíû íà ðèñóíêàõ 1, 2.

Ðèñ. 1. Ïðåîáðàçîâàíèå ìàòðèöû ãèïåðñïåêòðàëüíûõ ÀÈ

Îáðàòíîå ïðåîáðàçîâàíèå
Â ðàçðàáîòàííîé ïðîãðàììå ïðåîáðàçîâàíèÿ Óîëøà-Àäàìàðà äëÿ

êîäèðîâàíèÿ àýðîêîñìè÷åñêèõ èçîáðàæåíèé âêëþ÷àþò â ñåáÿ 2 íà 2,
4 íà 4, 8 íà 8 ïðåîáðàçîâàííûõ ïèêñåëåé, â ïðîàíàëèçèðîâàííîì îáçî-
ðå èìåþùèõñÿ íàó÷íûõ ðàçðàáîòîê â òàêîì ïðåîáðàçîâàíèè íå ñóùå-
ñòâóåò ïîïûòîê 8 íà 8, äàííûé ôàêò ÿâëÿåòñÿ íîâèçíîé â ïðîâåäåííîì
èññëåäîâàíèè. Â äàëüíåéøåì ïëàíèðóåòñÿ èññëåäîâàòü è ðåàëèçîâàòü
âåéâëåò ïðåîáðàçîâàíèå Õààðà è ñðàâíèòü ýêñïåðèìåíòàëüíûå èññëåäî-
âàíèÿ ñ ïðåäëîæåííûì è ðàçðàáîòàííûì Óîëøà-Àäàìàðà ïðåîáðàçîâà-
íèÿ, à òàêæå ñ ñóùåñòâóþùèìè íàó÷íûìè ðàçðàáîòêàìè ó÷åíûõ.

Íà ðèñóíêå 3 ïðåäñòàâëåíû èñõîäíûå è ïðåîáðàçîâàííûå èçîáðàæå-
íèÿ ïîñëå ïðåîáðàçîâàíèÿ Óîëøà-Àäàìàðà.

Çàêëþ÷åíèå

Íà îñíîâå ïðîâåäåííûõ èññëåäîâàíèé ñëåäóåò ñäåëàòü ñëåäóþùèå
âûâîäû:
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Ðèñ. 2. Îáðàòíîå ïðåîáðàçîâàíèå ìàòðèöû ãèïåðñïåêòðàëüíûõ ÀÈ

Ðèñ. 3. Èñõîäíûå è ïðåîáðàçîâàííûå èçîáðàæåíèÿ

� ðàçðàáîòêà àëãîðèòìîâ íà îñíîâå äèñêðåòíûõ ïðåîáðàçîâàíèé ïîç-
âîëÿåò ïîâûñèòü ñòåïåíü ñæàòèÿ äî R = 12;

� ïðåäëàãàåìûé ïîäõîä ñ ïîòåðÿìè îïðåäåëÿåòñÿ â àäàïòèâíûõ
ïðåîáðàçîâàíèÿõ, îñíîâàííûõ íà ïðåîáðàçîâàíèè Óîëøà-Àäàìàðà,
äèñêðåòíî-êîñèíóñíîãî ïðåîáðàçîâàíèÿ è ñãåíåðèðîâàííîé òàáëèöû
êâàíòîâàíèÿ è ïîñëåäóþùåãî àäàïòèâíîãî êîäèðîâàíèÿ;

� ïîëó÷åííûå ðåçóëüòàòû ñðàâíåíèÿ ïðåîáðàçîâàííûõ ãèïåðñïåê-
òðàëüíûõ ÀÈ ñ ïîìîùüþ ïîëó÷åííûõ êîýôôèöèåíòîâ ïîçâîëÿþò
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ïðåäïîëîæèòü ýôôåêòèâíîñòü ïðèìåíåíèÿ äàííûõ èññëåäîâàíèé ñ
àäàïòèâíûì êîäèðîâàíèåì Õàôôìàíà;

� ñðàâíåíèå êðèòåðèåâ êà÷åñòâà ñ ïîìîùüþ ñòàíäàðòíûõ ìåòðèê êà÷å-
ñòâà ïîçâîëÿþò îòìåòèòü, ÷òî ãèïåñïåêòðàëüíûå ÀÈ âîññòàíîâëåíû
ñ âûñîêèì êà÷åñòâîì è ìèíèìàëüíûìè ïîòåðÿìè.
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ÃÅÍÅÐÀÒÎÐÀ ÑÒÀÒÈ×ÍÛÕ ÑÀÉÒÎÂ

Ñ.Ô. Øàðàïîâ

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé

Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

Â íàñòîÿùåå âðåìÿ èìååòñÿ ìíîæåñòâî ñïîñîáîâ ðàçðàáîòêè
êëèåíòñêîé ÷àñòè âåá-ïðèëîæåíèé. Íàèáîëåå ðàñïðîñòðàíåííû-
ìè ñðåäè íèõ ÿâëÿþòñÿ îäíîñòðàíè÷íûå ïðèëîæåíèÿ, cåðâåðíûé
ðåíäåðèíã è ãåíåðàòîð ñòàòè÷íûõ ñàéòîâ. Îñíîâíûìè çàäà÷àìè
ðàáîòû ÿâëÿþòñÿ àíàëèç êàæäîãî èíñòðóìåíòà ñ öåëüþ âûÿâëå-
íèÿ èõ ïðåèìóùåñòâ è íåäîñòàòêîâ, à òàêæå ïðèâåñòè àðãóìåíòû
â ïîëüçó èñïîëüçîâàíèÿ ãåíåðàòîðà ñòàòè÷íûõ ñàéòîâ.
Êëþ÷åâûå ñëîâà: Âåá-ïðèëîæåíèå, îäíîñòðàíè÷íûå ïðèëî-
æåíèÿ, cåðâåðíûé ðåíäåðèíã, ãåíåðàòîð ñòàòè÷íûõ ñàéòîâ.

Äëÿ àíàëèçà êàæäîãî ñïîñîáà ðàçðàáîòêè â ðàñ÷åò áóäóò ïðèíèìàòü-
ñÿ ñëåäóþùèå êðèòåðèè:

� SEO, ò.å. íàñêîëüêî õîðîøî âåá-ïðèëîæåíèå ìîæåò áûòü ðàíæèðî-
âàíî â ïîèñêîâûõ ñèñòåìàõ;

� Ñêîðîñòü çàãðóçêè è ðàáîòû âåá-ïðèëîæåíèÿ;
� Ëåãêîñòü ñîçäàíèÿ äèíàìè÷åñêèõ ïîëüçîâàòåëüñêèõ èíòåðôåéñîâ.

1. Îäíîñòðàíè÷íûå âåá-ïðèëîæåíèÿ

Îäíîñòðàíè÷íûå âåá-ïðèëîæåíèÿ (Single page applications, SPA)
èìåþò òîëüêî îäíó HTML-ñòðàíèöó. Âî âðåìÿ çàãðóçêè âåá-ïðèëîæåíèÿ,
ñåðâåð îòïðàâëÿåò ïóñòóþ HTML-ñòðàíèöó, à êîíòåíò äèíàìè÷åñêè ãå-
íåðèðóåòñÿ ïðè ïîìîùè ñïåöèàëüíûõ JavaScript-ôàéëîâ â çàâèñèìîñòè
îò äåéñòâèé ïîëüçîâàòåëÿ [1, 3]. SPA ìîæíî ñîçäàòü ïðè ïîìîùè ôðåéì-
âîðêîâ Vue è Angular èëè áèáëèîòåêè React. Íà ðèñóíêå 1 îòîáðàæåíà
ñõåìà ðàáîòû SPA.
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Ðèñ. 1. Ñõåìà ðàáîòû SPA

Ïîñëå ïåðâîíà÷àëüíîãî çàïóñêà ïðèëîæåíèÿ, áðàóçåð çàãðóæàåò
òîëüêî êîíòåíò ñòðàíèöû è äèíàìè÷åñêè îòîáðàæàåò èõ íà ýêðàíå. Ïðè
ýòîì êàæäîå èçìåíåíèå ñîäåðæèìîãî ñòðàíèöû íå âëå÷åò çà ñîáîé ïå-
ðåçàãðóçêó ñòðàíèöû, ÷òî ñóùåñòâåííî ïîâûøàåò ñêîðîñòü ïðèëîæåíèÿ
è óëó÷øàåò ïîëüçîâàòåëüñêèé èíòåðôåéñ [5]. Îäíàêî, SPA íå ÿâëÿþò-
ñÿ äðóæåñòâåííûìè ê ïîèñêîâûì ñèñòåìàì èç-çà òîãî, ÷òî ïðè çàïóñêå
âåá-ïðèëîæåíèÿ çàãðóæàåòñÿ ïóñòàÿ HTML-ñòðàíèöà.

2. Ñåðâåðíûé ðåíäåðèíã

Ïðèëîæåíèÿ, ðàçðàáîòàííûå ïðè ïîìîùè ñåðâåðíîãî ðåíäåðèíãà
(Server side rendered, SSR-ïðèëîæåíèÿ) ñîäåðæàò ìíîæåñòâî HTML-
ñòðàíèö, êîòîðûå ãåíåðèðóþòñÿ íà ñåðâåðå ïðè êàæäîì çàïðîñå. Çà-
òåì, ãîòîâûå HTML-ñòðàíèöû ïîñòóïàþò íà áðàóçåð è îòîáðàæàþòñÿ
íà ýêðàíå [3, 4]. Ïðè ðàçðàáîòêå SSR-ïðèëîæåíèé ìîæíî âîñïîëüçî-
âàòüñÿ ôðåéìâîðêàìè Next.js èëè Nuxt.js. Íà ðèñóíêå 2 ïðåäñòàâëåíà
ñõåìà ðàáîòû SSR-ïðèëîæåíèé.
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Ðèñ. 2. Ñõåìà ðàáîòû SSR-ïðèëîæåíèé

Ïðè çàãðóçêå ñòðàíèöû áóäóò ñîäåðæàòü êîíòåíò, ïîýòîìó SSR-
ïðèëîæåíèÿ ÿâëÿþòñÿ SEO-äðóæåñòâåííûìè. Ñåðâåð ìîæåò ëåãêî
âñòðîèòü äèíàìè÷åñêèé êîíòåíò â ýòè ñòðàíèöû. Îäíàêî íåîáõîäèìîñòü
ãåíåðàöèè ñòðàíèö ïðè êàæäîì çàïðîñå íåãàòèâíî âëèÿåò íà ñêîðîñòü
çàãðóçêè ïðèëîæåíèÿ.

3. Ãåíåðàòîð ñòàòè÷íûõ ñàéòîâ

Ãåíåðàòîð ñòàòè÷íûõ ñàéòîâ (Static Site Generator, SSG) � èíñòðó-
ìåíò, êîòîðûé ãåíåðèðóåò HTML-ñòðàíèöû íà îñíîâå ñîçäàííûõ ðàç-
ðàáîò÷èêîì øàáëîíîâ. Âåá-ïðèëîæåíèÿ, ñîçäàííûå ïîñðåäñòâîì SSG,
ñîñòîÿò èç ìíîæåñòâà ñòàòè÷íûõ HTML-ñòðàíèö ñ íóæíûì êîíòåíòîì,
êîòîðûå êîìïèëèðóþòñÿ âî âðåìÿ ñáîðêè ïðèëîæåíèÿ äî åå ðàçâåðòû-
âàíèÿ [2, 3]. Çàòåì, HTML-ñòðàíèöû ñ êîíòåíòîì, à òàêæå JavaScript-
ôàéëû çàãðóæàþòñÿ íà ñåðâåð. Ïðè ïåðâîíà÷àëüíîì çàïðîñå îò êëè-
åíòà, ñåðâåð îòïðàâëÿåò íóæíóþ ñòðàíèöó, à äàëåå ïðèëîæåíèå áó-
äåò ôóíêöèîíèðîâàòü êàê SPA èç-çà íàëè÷èÿ JavaScript-ôàéëîâ, êîòî-
ðûå ìîãóò âñòàâëÿòü äèíàìè÷åñêèé êîíòåíò â âåá-ñòðàíèöó. Ýòî îñâî-
áîæäàåò îò íåîáõîäèìîñòè ãåíåðèðîâàòü è çàãðóæàòü HTML-ñòðàíèöû
ïðè êàæäîì çàïðîñå. Íà ðèñóíêå 3 ïðèâåäåíà ñõåìà ðàáîòû SSG-
ïðèëîæåíèé.
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Ðèñ. 3. Ñõåìà ðàáîòû SSG-ïðèëîæåíèé

Â SSG-ïðèëîæåíèÿõ ïîèñêîâûå ñèñòåìû ìîãóò ðàñïîçíàòü ñîäåðæè-
ìîå ñòðàíèö èç-çà íàëè÷èÿ êîíòåíòà â íèõ. Êðîìå òîãî, òàêèå ïðèëî-
æåíèÿ îáëàäàþò áîëüøåé ïðîèçâîäèòåëüíîñòüþ, òàê êàê ñòðàíèöû óæå
ñãåíåðèðîâàíû â ìîìåíò ñáîðêè. Ôðåéìâîðêè Gatsby è Gridsome ÿâëÿ-
þòñÿ õîðîøèìè èíñòðóìåíòàìè äëÿ ðàçðàáîòêè SSG-ïðèëîæåíèé.

Çàêëþ÷åíèå

Ðåçóëüòàòû âñåõ ðàññìîòðåííûõ ñïîñîáîâ ðàçðàáîòêè âåá-ïðèëîæåíèé
ìîæíî ïîäûòîæèòü â òàáëèöå 1.
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Òàáëèöà 1
Òàáëèöà ñîîòâåòñòâèÿ ðàññìîòðåííûõ ñïîñîáîâ ðàçðàáîòêè êðèòåðèÿì

Ñïîñîá ðàçðàáîòêè SEO Ñêîðîñòü

çàãðóçêè

è ðàáîòû

Ëåãêîñòü ñîçäàíèÿ

äèíàìè÷åñêèõ

ïîëüçîâàòåëüñêèõ

èíòåðôåéñîâ

Îäíîñòðàíè÷íûå

ïðèëîæåíèÿ (SPA)

Íå ñîîòâåòñòâóåò Ñîîòâåòñòâóåò Ñîîòâåòñòâóåò

Ñåðâåðíûé

ðåíäåðèíã (SSR)

Ñîîòâåòñòâóåò Íå ñîîòâåòñòâóåò Ñîîòâåòñòâóåò

Ãåíåðàòîð

ñòàòè÷íûõ

ñàéòîâ (SSG)

Ñîîòâåòñòâóåò Ñîîòâåòñòâóåò Ñîîòâåòñòâóåò

Ïðè íåîáõîäèìîñòè ðàçðàáîòêè SEO-äðóæåñòâåííûõ âåá-ïðèëîæåíèé
ñ äèíàìè÷åñêèì ïîëüçîâàòåëüñêèì èíòåðôåéñîì, èìåþùèõ ñ âûñîêóþ
ñêîðîñòü çàãðóçêè è ðàáîòû, öåëåñîîáðàçíî èñïîëüçîâàòü ãåíåðàòîð ñòà-
òè÷íûõ ñàéòîâ.
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Fog computing systems can solve many problems that clouds can-
not effectively deal with, such as providing real-time analysis and
local management capabilities, connecting and protecting powerful
devices with limited network penetration, bandwidth, and avail-
ability. In this work, we develop the probabilistic model with three
types of nodes that describe the task service process on mobile de-
vices, the fog node and the remote cloud. Taking into account the
heterogeneity in the processing volumes of mobile computing tasks,
we present the analytical framework to analyze the response time
characteristics of the model.
Keywords: Fog computing, offloading, queuing model, response
time.

Introduction

As fog computing spreads from cloud devices to end users, it has a pro-
found impact on communication with customers [1]. Wireless gateways in
homes are becoming hazy nodes that will serve not only as a network gate-
way, but also as a local computing and storage server [2, 3]. An in-vehicle
fog node can make the vehicle an integral part of the end-to-end services
provided by fog computing and cloud devices, for example by helping to
update software on many microcomputers in the car and allowing the user
to reconfigure applications and user interface in the car [4, 5].

The main motivation of the fog computing deployment is strict require-
ments on the response time of real-time mobile applications. Fog computing
brings the computing infrastructure closer to the end user, thus decreasing
the response time [6].

The reported study has been funded by RFBR, project 20-07-01052.
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In this paper, we assume that the processing volume of mobile tasks is a
discrete random variable with a certain probability distribution. A descrip-
tion of the system, a mathematical model is presented, and an analysis of
the results is given and conclusions are drawn.

1. System Description

We consider a mobile computing offload scheme with three computing
levels: a mobile device, the fog node and the remote cloud computing sys-
tem. Mobile devices run applications, which consume a large amount of
computing resources and power. According to the internal policy of a mo-
bile device, some tasks are offloaded to the fog node. Since the capacity of
the fog node is limited, some of the tasks are sent to the remote cloud.

Figure 1. An example for local processing of a task, offloading to the fog node
and offloading to the cloud.
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Figure 1 shows an example of offloading and sending a request to the fog
node. The response time t1 corresponds to the local processing of a task on
mobile device. In this case, the mobile device consumes much power, but
has the lowest response time, which consists of only the processing time.
The response time t2 corresponds to the offloading to the fog node. In this
case, the mobile device wastes energy on sending a task into the fog over a
wireless channel, but saves energy on computations. The resulting response
time is the sum of the transmission delay and the processing time at the fog
node. The last response time t3 corresponds to the case when a task is sent
to the cloud, but at the same time it takes a lot of time to deliver data.

2. Mathematical model

Figure 2 shows the proposed offloading scheme. As shown in Figure 2,
mobile devices are connected to the fog node, and each of mobile devices
generates a Poisson flow of tasks with the intensity λi, i = 1, 2, ..., N .

Figure 2. Model in terms of a queuing systems.

Let vi be a random value of the processing volume of a task from mobile
device i with the distribution function Vi(x), and µi is the constant task
serving rate, measured in MIPS (Million Instructions Per Second). We
assume that the ”light”tasks (that is, vi < W1) are processed locally, if the
processing volume of a task is between W1 and W2 (W1 ⩽ vi < W2), then
it is sent to the fog node, and ”heavy”tasks (vi ⩾W2) - to the cloud. Thus,
the offloading probability from the i-th mobile device can be obtained using
the following formula:

πi,1 = Vi(W1), (1)
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πi,2 = Vi(W2)− Vi(W1), (2)

πi,3 = 1− Vi(W2). (3)

Let us define the distribution function VMD,i(x) of the processing volume
of tasks that are served locally. Using the rules for calculating conditional
probabilities, we get

VMD,i(x) = P{vi < x|vi < W1} =
P{(vi < x) ∩ (vi < W1)}

P{vi < W1}
=

=


P{vi < x}
P{vi < W1}

, x ⩽W1;

P{vi < W1}
P{vi < W1}

, x > W1;
=


Vi(x)

πi,1
, x ⩽W1;

1, x > W1.
. (4)

Then, we can evaluate the CDF of the locally processing time:

TMD,i(x) = P

{
vi
µi

< x | vi < W1

}
= P{vi < µix|vi < W1} =

= VMD,1(µix) =

{
Vi(µix)
πi,1

, x < W1

µi
,

1, x ⩾ W1

µi
.

(5)

The distribution of the service time makes it easy to obtain the average

service time at mobile device i tMD,i, as well as the second moment t
(2)
MD,i.

These parameters are used to estimate the average sojourn time τMD,i for
a locally processed task using the well-known Pollachek-Khinchin formula:

τMD,i = tMD,i +
λit

2
MD,i

2(1− λitMD,i)
. (6)

Consider the CDF of the processing volume of tasks from i-th mobile
device on the fog node VF,i(x).

VF,i(x) = P{vi < x | W1 ⩽ vi < W2} =
P{vi < x,W1 ⩽ vi < W2}

P{W1 ⩽ vi < W2}
=

=
P{vi < x,W1 ⩽ vi < W2}

πi,2
=


0, x ⩽W1;
Vi(x)−Vi(W1)

πi,2
,W1 < x ⩽W2,

1, x > W2.

(7)
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Similarly, the processing time CDF TF,i on a fog node is:

TF,i(x) = P

{
vi
µF

< x|W1 ⩽ vi < W2

}
= VF,i(µFx). (8)

We also calculate the CDF of the processing volume of tasks from the
i-th mobile device on the cloud VC,i(x).

VC,i(x) = P{vi < x | vi ⩾W2} = P
{vi < x, vi ⩾W2}
P{vi ⩾W2}

=

=
P{vi < x, vi ⩾W2}

πi,3
=

{
0, x ⩽W2,
Vi(x)−Vi(W2)

πi,3
, x > W2.

(9)

The distribution of the processing time on the cloud for tasks originated
from mobile device i has the following form:

TC,i(x) = P

{
vi
µC

< x | vi ⩾W2

}
= VC,i(µCx). (10)

The total response time is the conditional sum of processing and trans-
mission delays. The task from the i-th MD is processed locally with the
probability πi,1; on the fog node with probability πi,2 and on the cloud with
probability πi,3. Thus, the CDF of the response time Ti(x) is

Ti(x) = (1− πi,1)TMD,i(x) + πi,2TF,i(x− 2∆1)+

+π3TC,i(x− 2∆1 − 2∆2), (11)

where ∆1 and ∆2 are the constant transmission delays from a mobile device
to the fog node and from the fog node to the cloud, respectively.

Finally, the average response time τi of the i-th mobile device is

τ1 = (1− πi,1)τMD,i + πi,2(2∆1 + τF,i) + π3(2∆1 + 2∆2 + τC,i), (12)

where τF,i and τC,i are the average serving times on the fog node and the
cloud, respectively.
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3. Conclusion

In this article, we develop the analytical framework for the analysis of the
fog computing system with the threshold-based offloading mechanism. We
take into account that tasks generated by applications on mobile devices can
vary significantly in terms of the processing volume. We accurately derived
formulas for CDFs of the processing time on each node and obtained the
CDF of the response time.
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5. Eva Maŕın Tordera, Xavi Masip-Bruin, Jordi Garćıa-Alminana, Admela
Jukan, Guang-Jie Ren, Jiafeng Zhu, Josep Farre. A tutorial on current con-
cepts towards a common Definition // Technical university of Germany.

6. Sopin E.S., Daraseliya A.V., Correia L.M. Performance analysis of the offload-
ing scheme in a fog computing system // 10th International congress on ul-
tra modern telecommucations and control system and woprkshops (ICUMT).
2018. P. 1–5.

Ashurmetova Nargis — PhD student at Applied Probability and Informatics
Department. E-mail: mfox262@mail.ru

Sopin Eduard — candidate of science in mathematics and physics, associate
professor at Applied Probability and Informatics Department. E-mail: sopin-
es@rudn.ru



ITMM – 2021

APPLICATIONS OF k-OUT-OF-n:G SYSTEM AND
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The article is aimed at researching the reliability of an unmanned
high-altitude module based on a mathematical model of k-out-of-
n:G system. The analytical model of k-out-of-n:G system is con-
sidered and the impact of the coefficient of variation of the system
elements’ lifetime on its operating probability without failure is in-
vestigated. Several machine learning methods are used to calculate
reliability characteristics for arbitrary input data based on practi-
cally significant parameters, the accuracy of which is expressed in
terms of estimated mean values.
Keywords: Tethered unmanned high-altitude platform, k-out-of-n
system, system’s reliability, coefficient of variation, sensitivity anal-
ysis, machine learning, neural network.

Introduction

Unmanned aerial vehicles (UAVs) are widely used in both civil and mil-
itary fields. They are used in various situations, for example, for organizing
telecommunications infrastructure, monitoring, and video surveillance, cre-
ating navigation systems, and others [1]. In this regard, ensuring the reliable
and long-term functioning of such systems is an important task. Currently,
high-altitude tethered telecommunication platforms based on UAVs have
been widely developed [2]. The long-term operation of such platforms is
due to the possibility of high-power transmission of energy through a cable-
rope that connects the aircraft and ground vehicles.

Due to the multi-rotor architecture of the high-altitude module, k-out-of-
n systems, and some others, which are based on Markov process approaches,
are often used to describe its behavior with further reliability analysis [3], [4].
These models have been widely studied, various assumptions about the
structure of such a model, for example, the dependence and independence

Supported by the Russian Foundation for Basic Research, project no. 19-29-06043
and the RUDN University Strategic Academic Leadership Program.
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of the system’s elements, the shape of life and repair times distributions,
and others were considered [5]. However, the influence of some hidden
characteristics such as second moment and coefficient of variation has not
been sufficiently studied.

In this paper, the reliability of unmanned high-altitude module of a
tethered telecommunication platform is investigated using the k-out-of-n:G
system, the influence of the coefficient of variation on the system’s character-
istics is analyzed, and machine learning, namely neural networks, is applied,
which makes it possible to determine with high accuracy a satisfactory level
of module reliability at different initial parameters.

1. Problem setting

Due to the multi-rotor architecture of the high-altitude module, which
consists of n identical engines, consider homogeneous k-out-of-n:G system.
Such a system consists of n elements and remains operational iff at least
k out of n elements are operational. Denote by Ai, i = 1, 2, ..., lifetimes
of the system elements. Suppose that these random variables are indepen-
dent and identically distributed, thus the corresponding cumulative density
function is defined as A(t) = P{Ai ⩽ t}. Suppose also that instantaneous
failures are impossible and their mean times are finite:

A(0) = 0, a =

∫ ∞

0

(1−A(t))dt.

For the system investigation introduce process J = {J(t), t ≥ 0} with

J(t) = number of working components in time t

with the set of states E = {j = 0, k}, where j is number of working units.
Denote also by T time to first system failure T = inf{t : J(t) ∈ E1},

where E1 = {j = 0, k − 1} is the set of good (UP) states. Thus, we are
interesting in calculation of reliability function

R(t) = P{T > t}.

2. Analytical Model and Sensitivity Analysis

For homogeneous k-out-of-n:G system we have Ai(t) = A(t) (i = 1, n).
It is well known, the probability that at time t exactly i elements of the
system from n are in a working state has the form

P(t) = Ci
n(1−A(t))iA(t)n−i.
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Thus, the reliability function of such a system (the probability of the system
operating for a certain amount of time t without failure) is

R(t) = P{T > t} =

n∑
i⩾k

Ci
n(1−A(t))iA(t)n−i. (1)

As an example, consider the 4-out-of-6:G system. It is supposed that
the lifetime of the system’s units have the following distributions:

— Gamma
[
Γ
(
1/v2, av2

)]
;

— Gnedenko-Weibull

[
GW

(
µ,

a

Γ(1 + 1/µ)

)]
;

— Log-normal

[
LnN

(
ln

a√
1 + v2

,
√
ln (1 + v2)

)]
,

where a is the expected lifetime of the system’s elements and v is its co-
efficient of variation. µ is the shape parameter of GW distribution, it is
selected based on the value of v.

In our experiments we choose a = 1 and v = [0.1, 0.5, 1, 5, 10].

Figure 1. Reliability function R(t) on the time t

Fig. 1 shows the dependence of system reliability function on the time
t. Black, red and blue colors denote the Γ, GW , and LnN distributions,
respectively. As it can be seen from the curves, the reliability function of the
system is asymptotically insensitive to the form of the distribution function
of the lifetime at fixed mean and coefficient of variation v ≤ 1. At the same
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time for v > 1, we can notice that this insensitivity disappears and the
system loses its reliability very quickly. We can conclude that the behavior
of the system depends on the value of v.

3. Machine learning methods and their application to the task

In queuing and reliability theories, machine learning methods are used
to study various probabilistic and time characteristics of complex systems,
as well as where it is impossible to obtain results either analytically or using
simulation.

The application of machine learning techniques for analyzing the relia-
bility of an unmanned high-altitude module is due to the following factors.
Firstly, the conclusion of Section 2 makes it clear that some hidden param-
eters of the system, namely the coefficient of variation in our case, have a
significant impact on its behavior and performance. Secondly, from a prac-
tical point of view, the operating time of the system is estimated by its
average value, while the shape of the lifetime distribution function is un-
known and can only be assumed based on some statistical data. Moreover,
the proposed model can be useful and used by engineers at the development
stage of such modules to determine a highly reliable system architecture
(parameters k, n), select components that satisfy a sufficient value of the
parameter v, and also predict how long the module will operate a satisfac-
tory level of system reliability.

As machine learning methods [6], we will consider the followings from
scikit-learn (for regressions) and TensorFlow (for neural network) libraries.

— Linear regression (LinReg),
— Polynomial regression (degree = 3) (PolyReg),
— K-nearest neighbors regression (n neighbors = 5) (KNN),
— Regression chain (Multi-Output Regression) with cross-validation (scor-

ing = MSE) based on Support vector regression (kernel = rbf, or-
der=[1,0]) (MultiReg),

— Artificial neural network with two hidden layers (optimizer = RMSprop(1e-
3), loss = MSE, batch size = 96) (ANN).

To train the model using Formula (1) the training dataset was generated,
in which A(t) ∼ Γ, and further was divided to train and test sets.

Consider the results of application of machine learning techniques for
analyzing the reliability of an unmanned high-altitude module. Tab. 2 shows
the mean square error (MSE) for the two predicted values on the training
set. Tab. 3 demonstrates MSE, mean absoulute error (MAE) as well as the
coefficient variation (R2).



40 N.M. Ivanova, V.M. Vishnevsky

Table 1
Variables for machine learning models and their ranges

Type Variables Symbol Range
Input Total number of system’s elements n 4− 10

Needed number of elements in op-
erating states

k 2− (n− 1)

Mean lifetime a 0.1− 1
Coefficient of variation v 0.01− 1

Output Reliability R 0.5− 1
Time to system’s satisfactory level
of reliability

t > 0

Table 2
Accuracy of training

LinReg PolyReg KNNg MultiReg ANN
MSE of R 0.009382 0.001858 0.001411 0.100988 0.018045
MSE of t 0.032887 0.021047 0.004005 0.022871 0.042639

Table 3
Accuracy of testing

LinrReg PolyReg KNN MultiReg ANN
MSE of R 0.00933 0.001875 0.002359 0.015983 0.018042
MSE of t 0.019145 0.022580 0.003869 0.050609 0.042577
MAE of R 0.073982 0.029946 0.020822 0.092072 0.105326
MAE of t 0.109634 0.111218 0.040997 0.177255 0.168281
R2 of R 0.469286 0.894559 0.897647 0.097334 0.142539
R2 of t 0.747440 0.706204 0.934491 0.342006 0.239067

Analyzing the results obtained, we can note that MSE estimate for all
cases lies in a satisfactory interval. MAE estimate shows the relative value of
the prediction error. In our task, MAE ⩾ 0.05 is considered unsatisfactory.
Therefore, of all cases, only KNN shows the achieved accuracy result. R2

estimate indicates how well the constructed model adequately describes the
initial data. From it, we see that the best result is again shown by K-nearest
neighbors regression.
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4. Conclusion

The paper investigates the reliability of an unmanned high-altitude mod-
ule based on a mathematical model of the k-out-of-n system and machine
learning methods. Analytical results show the dependence of the system
reliability on the coefficient of variation of the lifetime. The application of
machine learning methods has shown that K-nearest neighbours regression
describes the reliability of the system in the best way. In the future, it is
planned to improve the selected model to achieve more accurate predictions.
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ G-ÑÅÒÈ
Ñ ÍÅÍÀÄ�ÆÍÛÌÈ ÌÍÎÃÎËÈÍÅÉÍÛÌÈ

ÑÈÑÒÅÌÀÌÈ ÎÁÑËÓÆÈÂÀÍÈß

Ä.ß. Êîïàòü

Ãðîäíåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè ßíêè Êóïàëû, ã. Ãðîäíî,

Ðåñïóáëèêà Áåëàðóñü

Îáúåêòîì èññëåäîâàíèÿ äàííîé ñòàòüè G-ñåòü ñ íåíàä¼æíûìè
ìíîãîëèíåéíûìè ñèñòåìàìè ìàññîâîãî îáñëóæèâàíèÿ (ÑåÌÎ),
â ñëó÷àå, êîãäà îáùåå ÷èñëî çàÿâîê â ñèñòåìàõ ñåòè, à òàêæå ÷èñ-
ëî ëèíèé îáñëóæèâàíèÿ (ËÎ) áîëüøîå, íî îãðàíè÷åííî. Äàííàÿ
ñåòü ÿâëÿåòñÿ ìàòåìàòè÷åñêîé ìîäåëüþ áèëëèíãîâîé ñèñòåìû.
Äëÿ äàííîé ÑåÌÎ ïðîâåäåí àñèìïòîòè÷åñêèé àíàëèç. Âûâåäåíî
óðàâíåíèå Êîëìîãîðîâà�Ôîêêåðà�Ïëàíêà äëÿ ïëîòíîñòåé ðàñ-
ïðåäåëåíèÿ âåðîÿòíîñòåé ñîñòîÿíèé. Ñ ïîìîùüþ àïïàðàòà õà-
ðàêòåðèñòè÷åñêèõ ôóíêöèé âûâåäåíû è ðåøåíû ñèñòåìû äèô-
ôåðåíöèàëüíûõ óðàâíåíèé (ÄÓ), êîòîðûì óäîâëåòâîðÿþò ñðåä-
íèå ÷èñëà çàÿâîê è ËÎ â ñèñòåìàõ ñåòè, à òàêæå äèñïåðñèè äàí-
íûõ ÷èñåë.
Êëþ÷åâûå ñëîâà: Àñèìïòîò÷åñêèé àíàëèç, ñðåäíåå ÷èñëî çà-
ÿâîê, äèñïåðñèè ÷èñëà çàÿâîê, íåíàä¼æíîå îáñëóæèâàíèå, G-
ñåòü.

Ââåäåíèå

G-ñåòè ìàññîâîãî îáñëóæèâàíèÿ (ÑåÌÎ), âïåðâûå ââåäåííûå â ñòà-
òüå [1] â ñòàöèîíàðíîì ðåæèìå è â ñòàòüå [2] ïåðåõîäíîì èìåþò øèðîêîå
ïðèìåíåíèå â êà÷åñòâå ìàòåìàòè÷åñêèõ ìîäåëåé êîìïüþòåðíûõ ñèñòåì
è ñåòåé (ÊÑ) ñ ó÷¼òîì äåéñòâèÿ íà íèõ êîìïüþòåðíûõ âèðóñîâ. Â ñòà-
òüå [3] áûëè íàéäåíû äîõîäû äàííîé ñåòè. Â ñòàòüå [4] â ñòàöèîíàðíîì
ðåæèìå áûëî ðàññìîòðåíî ïîâåäåíèå êîìïüþòåðíûõ âèðóñîâ íå òîëüêî
êàê ïîâðåæäåíèå ïîëüçîâàòåëüñêèõ çàïðîñîâ, íî è âûâîäà èç òðîÿ êîì-
ïüþòåðà ïîëüçîâàòåëÿ, ò.å. òàê íàçûâàåìûõ çàãðóçî÷íûõ âèðóñîâ. Ýòî
G-ñåòè ñ íåíàä¼æíûìè ñèñòåìàìè ìàññîâîãî îáñëóæèâàíèÿ (ÑÌÎ). Îä-
íàêî â ðàáîòàõ [5] áûëà ðàññìîòðåíà äàííàÿ ñåòü â ïåðåõîäíîì ðåæèìå
ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Àñèìïòîòè÷åñêèé àíàëèç Ñå-
ÌÎ ïðè áîëüøîì, íî îãðàíè÷åííîì ÷èñëå çàÿâîê áûë âïåðâûå ââåä¼í
â ðàáîòå [6], äëÿ G-ñåòåé áåç îñîáåííîñòåé � â ðàáîòå [7]. Äàííàÿ ñòà-
òüÿ îáîáùàåò ðåçóëüòàòû ðàáîò [5], [7]. Áóäåì èñïîëüçîâàòü ìåòîäèêó
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ïîëó÷åíèÿ ðåçóëüòàòîâ â àñèìïòîòè÷åñêîì ñëó÷àå áîëüøîãî ÷èñëà çà-
ÿâîê [8]. Öåëü ðàáîòû � ðàññ÷èòàòü ñðåäíåå è äèñïåðñèþ ÷èñëà çàÿâîê
â ÑÌÎ ñåòè è ÷èñëà èñïðàâíûõ ËÎ, èññëåäîâàòü êîððåëÿöèþ ìåæäó
÷èñëîì çàÿâîê â ðàçíûõ ñèñòåìàõ.

1. Îïèñàíèå ñåòè

Ðàññìîòðèì îòêðûòóþ G-ñåòü [1] , ñîñòîÿùóþ èç n ÑÌÎ, â êàæäîé
èç êîòîðûõ ôóíêöèîíèðóåò mi íåíàäåæíûõ ëèíèé îáñëóæèâàíèÿ (ËÎ)
è â êîòîðóþ ïîñòóïàþò èç âíåøíåé ñðåäû ïðîñòåéøèå ïîòîêè ïîëî-
æèòåëüíûõ è îòðèöàòåëüíûõ çàÿâîê ñ èíòåíñèâíîñòÿìè ñîîòâåòñòâåííî
λ+0i è λ

−
0i , i = 1, n. Âðåìåíà èñïðàâíîé ðàáîòû è âîññòàíîâëåíè ËÎ èìå-

þò ïîêàçàòåëüíóþ ôóíêöèþ ðàñïðåäåëåíèÿ (ô.ð) c ïàðàìåòðàìè αi, γi,
i = 1, n ñîîòâåòñòâåííî. Äëèòåëüíîñòè âîññòàíîâëåíèÿ ËÎ òàêæå ñ÷è-
òàþòñÿ íåçàâèñèìûìè è ðàñïðåäåëåííûìè ïî ïîêàçàòåëüíîé ô.ð. Òà-
êèì îáðàçîì ÷èñëî èñïðàâíî ðàáîòàþùèõ ËÎ â êàæäîé èç ÑÌÎ ìîæåò
áûòü îïèñàíî ïðîöåññîì ãèáåëè è ðàçìíîæåíèÿ. Îáîçíà÷èì ÷åðåç di (t)
êîëè÷åñòâî èñïðàâíûõ ËÎ â ìîìåíò âðåìåíè t, 0 ⩽ di(t) ⩽ mi. Ïðî-
öåññû, îïèñûâàþùèå èçìåíåíèå ÷èñëà èñïðàâíûõ ËÎ â ðàçíûõ ÑÌÎ
ñåòè, íåçàâèñèìû. Äëèòåëüíîñòè îáñëóæèâàíèÿ ïîëîæèòåëüíûõ çàÿâîê
îäíîé ËÎ â ÑÌÎ Si ðàñïðåäåëåíû ïî ýêñïîíåíöèàëüíîìó çàêîíó ñ ïà-
ðàìåòðîì µi, i = 1, n. Îòðèöàòåëüíàÿ çàÿâêà, ïîñòóïèâøàÿ â íåêîòî-
ðóþ íåïóñòóþ ÑÌÎ ñåòè, óíè÷òîæàåò îäíó çàÿâêó â íåé, íå òðåáóåò
îáñëóæèâàíèÿ è ñðàçó ïîêèäàåò ñåòü. Ïîýòîìó â êàæäîé ÑÌÎ ñåòè
ìîãóò îáñëóæèâàòüñÿ òîëüêî ïîëîæèòåëüíûå çàÿâêè, è ãîâîðÿ îá îá-
ñëóæèâàíèè ïîëîæèòåëüíûõ çàÿâîê, îáû÷íî äëÿ êðàòêîñòè èõ íàçû-
âàþò ïðîñòî çàÿâêàìè. Ïîëîæèòåëüíàÿ çàÿâêà ïîñëå îáñëóæèâàíèÿ â
ÑÌÎ Si ñ âåðîÿòíîñòüþ p+ij ïåðåõîäèò â ÑÌÎ Sj êàê ïîëîæèòåëüíàÿ

çàÿâêà, ñ âåðîÿòíîñòüþ p−ij êàê îòðèöàòåëüíàÿ çàÿâêà è ñ âåðîÿòíîñòüþ

pi0 = 1−
n∑

j=1

(
p+ij + p−ij

)
ïîêèäàåò ñåòü, i, j = 1, n.

Ñîñòîÿíèå äàííîé ñåòè â ìîìåíò âðåìåíè t îïèñûâàåòñÿ âåêòîðîì

z(t) = (d(t); k(t)) = (d1(t), ..., dn(t); k1(t), ..., kn(t)), (1)

ãäå ki(t) � ÷èñëî çàÿâîê â ñèñòåìå Si â ìîìåíò âðåìåíè t. Ôóíêöèî-
íèðîâàíèå ñåòè îïðåäåëÿåòñÿ äâóìÿ îäíîâðåìåííî ïðîòåêàþùèìè ïðî-
öåññàìè � d(t) è k(t). Ïðîöåññ z(t) ÿâëÿåòñÿ öåïüþ Ìàðêîâà (ÖÌ) ñ
íåïðåðûâíûì âðåìåíåì. Ïóñòü Ii îáîçíà÷àåò n-âåêòîð âñå êîìïîíåí-
òû êîòîðîãî íóëåâûå, çà èñêëþ÷åíèåì i-îé, ðàâíîé åäèíèöå, i = 1, n.
Ìîæíî ïîêàçàòü, ÷òî âåðîÿòíîñòè ñîñòîÿíèé P (d,k, t) óäîâëåòâîðÿþò
ñëåäóþùåé ñèñòåìå ðàçíîñòíî-äèôôåðåíöèàëüíûõ óðàâíåíèé (ÐÄÓ):
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dP (d,k, t)

dt
= −

n∑
i=1

[
λ+0i + λ−0i + µi min(di, ki) + γi (mi − di)u (di))+

+αidi] P (d,k, t) +

n∑
i=1

λ +
0 i P (d,k− Ii, t) + γi (mi − di + 1)u (di)×

×P (d− Ii, k, t) + αi (1 + di)P (d+ Ii, k, t) +

n∑
i=1

λ −
0i +

+µi min (di, ki + 1)

pi0+
+

n∑
j=1

p−ij ( 1− u (kj))

P (d,k+ Ii , t) +

n∑
i , j = 1

µi min (di, ki + 1)×

×
[
p+iju (kj)P (d, k+ I i − Ij , t) + p−ijP (d, k+ I i + Ij , t)

]
. (2)

2. Âûâîä óðàâíåíèÿ Êîëìîãîðîâà-Ôîêêåðà-Ïëàíêà

Äëÿ ðåøåíèÿ ñèñòåìû (1) áóäåì ðàññìàòðèâàòü àñèìïòîòè÷åñêèé
ñëó÷àé áîëüøîãî ÷èñëà ïîëîæèòåëüíûõ çàÿâîê â ÑåÌÎ è ËÎ âî âíåø-
íåé ñðåäå,êîòîðîå îáîçíà÷èì ÷åðåç K, ò. å. ïîëîæèì, ÷òî K >> 1. Äëÿ
òîãî, ÷òîáû íàéòè âèä ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ñîñòîÿíèé ñëó÷àéíî-
ãî âåêòîðà k(t), ïåðåéäåì ê îòíîñèòåëüíûì ïåðåìåííûì è ðàññìîòðèì
âåêòîð x (t) = K−1k (t) , yi (t) = K−1di (t). Âîçìîæíûå çíà÷åíèÿ ýòîãî
âåêòîðà ïðè ôèêñèðîâàííîì t ïðèíàäëåæàò îãðàíè÷åííîìó çàìêíóòîìó
ìíîæåñòâó

G =
{
(y,x) = (y1, ..., yn, x1, ..., xn) : xi ⩾ 0, yi ⩾ 0, i = 1, n,

n∑
i=0

xi ⩽ 1,

n∑
i=0

yi ⩽ miK
−1

}
. (3)

Âîñïîëüçóåìñÿ ñëåäóþùåé àïïðîêñèìàöèåé ôóíêöèè P (d,k, t):

K2nP (d, k, t) = KnP (yK, xK, t) = p
(
y,

⇀
x, t

)
, (y, x) ∈ G,
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òîãäà ñèñòåìà ÐÄÓ (1) ïåðåïèøåòñÿ â âèäå:

∂p(y, x, , t)

∂t
= − K

n∑
i=1

[
ε
(
λ+0i + λ−0i

)
+ µi min (yi, xi)+

+γi (li − yi)u (yi) + αiyi] p (y, x, , t)+

+K

n∑
i=1

[
λ +

0 i εp (x− ei, t) + γi (li − yi + ε)u (yi) p (y − ei, x, t)+

+αi (ε+ yi) p (y + ei, x, t)] +K

n∑
i=1

λ −
0i ε+ µi min (yi, xi + ε) (pi0+

+

n∑
j=1

p−ij ( 1− u (xj) ))

 p (y, x + ei, t) +K

n∑
i , j = 1

µi min(yi,

xi + ε)
[
p+iju (xj) p (y, x + e i − ej , t) + p−ijp (y, x + e i + ej , t)

]
. (4)

Â ñëó÷àå, êîãäà p (x, t) ÿâëÿåòñÿ äâàæäû íåïðåðûâíî äèôôåðåíöèðóå-
ìîé ïî x ôóíêöèåé, òî ñïðàâåäëèâû ñëåäóþùèå ðàçëîæåíèÿ:

p (y, x± ei, t) = p (y, x, t)± ε∂p(y, x, t)
∂xi

+ ε2

2
∂2p(y, x, t)

∂x2
i

+ o
(
ε2
)
,

p (y ± ei, x, t) = p (x, t)± ε∂p(y, x, t)
∂yi

+ ε2

2
∂2p(y, x, t)

∂y2
i

+ o
(
ε2
)
,

p (y, x+ ei ± ej , t) = p (y, x, t) + ε

(
∂p (y, x, t)

∂xi
± ∂p (y, x, t)

∂xj

)
+

+
ε2

2

(
∂2p (y, x, t)

∂x2i
± 2

∂2p (y, x, t)

∂xi∂xj
+
∂2p (y, x, t)

∂x2j

)
+o
(
ε2
)
, i, j = 0, n,

min (yi, xi + ε) = min (yi, xi) + εu (yi − xi) + o
(
ε2
)
. (5)

Ïîäñòàâèâ â (4) äàííûå ðàçëîæåíèÿ, ïîëó÷èì ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 1. Ïëîòíîñòü ðàñïðåäåëåíèÿ p (x, t) âåêòîðà îòíîñè-
òåëüíûõ ïåðåìåííûõ ïðè K → ∞ ñ òî÷íîñòüþ äî O (ε2), ãäå ε = K−1,
óäîâëåòâîðÿåò óðàâíåíèþ Êîëìîãîðîâà�Ôîêêåðà�Ïëàíêà

∂p(y,x, t)

∂t
= −

n∑
i=1

(
∂

∂yi

(
A

(1)
i (y,x, t)p(y,x, t)

)
−

− ∂

∂xi

(
A

(2)
i (y,x, t)p(y,x, t)

))
+
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+
ε

2

n∑
i,j=1

∂2

∂xi∂xj

(
B

(1)
ij (y,x, t)p(y,x, t)

)
+

+
ε

2

n∑
i,j=1

(
∂2

∂yi∂yj

(
B

(2)
ij (y,x, t)p(y,x, t)

)
, (6)

ãäå

A
(1)
i (y,x, t) = γi (li − yi)u (yi)−αiyi, B

(1)
ii (y,x, t) = γi (li − yi)u (yi)+αiyi,

A
(2)
i (y,x, t) =

(
λ+0i − λ−0i

)
ε+

n∑
j=1

µj min (yj , xj) p
∗
ji (x) , (7)

B
(2)
ii (y, x, t) =

(
λ+0i + λ−0i

)
ε− µj min (yj , xj) p

∗∗
ii ,

B
(2)
ji (y, x, t) = −µj min (lj , xj) p

∗∗
ji (x) , B

(1)
ij (y,x, t) = 0, j ̸= i,

ãäå

p∗ji (x) =

{ (
p+ji − p−ji

)
u (xi)−

(
p+ij + p−ij

)
(1− u (xj)) , j ̸= i,(

p+ii − p−ii
)
u (xi)− 1−

(
p+ij + p−ij

)
(1− u (xj)) , i = j,

p∗∗ji (x) =

{ (
p−ji − p+ji

)
u (xi)−

(
p+ij + p−ij

)
(u (xj)− 1) , j ̸= i,(

p−ii − p+ii
)
u (xi) + 1−

(
p+ij + p−ij

)
(u (xj)− 1) , i = j.

Èçâåñòíî, ÷òî õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ φ(λ, t) =
∫
R2n e

IλzT

p(z, t)dz,
I2 = −1, òàêæå ÿâëÿåòñÿ çàêîíîì ðàñïðåäåëåíèÿ ñëó÷àéíîãî ïðîöåññà.
Ïîìíîæèâ îáå ÷àñòè (4) íà eIλz

T

, ïðîèíòåãðèðîâàâ ïî z è ó÷èòûâàÿ
îïðåäåëåííûå íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ, óðàâíåíèå (7) ñâîäèòñÿ
ê óðàâíåíèþ äëÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè:

∂φ(λ, t)

∂t
=

∫
R2n

n∑
i=1

[
I(λiA

(1)
i (y,x, t) + λn+iA

(2)
i (y,x, t))−

−ε
2

n∑
i=1

n∑
j=1

(λiλjB
(1)
ij (y,x, t) + λn+iλn+jB

(2)
ij (y,x, t)

 p(z, t)eIλzT

dx. (8)

Èñïîëüçóÿ èçâåñòíûå ñâîéñòâà õàðàêòåðèñòè÷åñêîé ôóíêöèè, â ðàáîòå
[8] áûëè ïîëó÷åíû ñèñòåìû ÄÓ äëÿ îïðåäåëåíèÿ íà÷àëüíûõ ìîìåíòîâ
ïåðâûõ äâóõ ïîðÿäêîâ âåêòîðîâ x(t),y(t) ñîîòâåòñòâåííî:

dni(t)

dt
=MA

(1)
i ,

ddi(t)

dt
=MA

(1)
i (y(t), x(t)), i = 1, n. (9)
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dw
(1,1)
ik (t)

dt
= A

(1)
j

(
ν
(1,1)
kj (t)

)
+A

(1)
k

(
ν
(1,1)
kj (t)

)
+ εB

(1)
ik (w(t)), i, k = 1, n,

dν
(1,1)
ik (t)

dt
= A

(2)
j

(
ν
(1,1)
kj (t)

)
+A

(2)
k

(
ν
(1,1)
kj (t)

)
+εB

(2)
ik (n(t)), i, k = n+ 1, 2n,

Ðàññìîòðèì ïåðâûå 2 óðàâíåíèÿ ñèñòåìû (7) â ÿâíîì âèäå:

dNi(t)

dt
=
(
λ+0i − λ−0i

)
+

n∑
j=1

µj min
(
dj(t), Nj(t)

)
p∗ji (N) , (10)

ddi(t)

dt
= γi

(
mi − di(t)

)
u(di(t))− αidi(t), i = 1, n,

Â ðåæèìå íàñûùåíèÿ, ò.å. min
(
dj(t), Nj(t)

)
= dj(t), dj(t) > 0,∀t ðåøå-

íèå ïîñëåäíèõ óðàâíåíèé èìååò âèä:

di(t) = di(0)e
−(αi+γi)t +

γimi

γi + αi
,

Ni(t) =
(
λ+0i − λ−0i

)
t+

n∑
j=1

µj

∫ t

0

dj(τ)dτ(p
+
ji − p−ji) =

= Ni(t) =
(
λ+0i − λ−0i

)
t+

n∑
j=1

µj
dj(0)

−(αi + γi)
e−(αi+γi)t+

+
γimi

γi + αi
(p+ji − p−ji)t+ C.

Ïîñòîÿííàÿ C íàõîäèòñÿ èç íà÷àëüíûõ óñëîâèé. Â ñëó÷àå ôóíêöèîíè-
ðîâàíèÿ ñåòè â ðåæèìå íèçêîé íàãðóçêè, ò.å. êîãäà min

(
dj(t), Nj(t)

)
=

Nj(t),∀t ñèñòåìà óðàâíåíèé (10) ÿâëÿåòñÿ ñèñòåìîé îäíîðîäíûõ óðàâ-
íåíèé ñ ïîñòîÿííûìè êîýôôèöèýíòàìè, ðåøåíèå êîòîðîé òàêæå íå ñî-
ñòàâëÿåò òðóäà.

Ðåøåíèå ñèñòåìû (7) ïîçâîëÿåò îïðåäåëèòü ìàòåìàòè÷åñêèå îæè-
äàíèÿ è äèñïåðñèè è âçàèìíûå êîððåëÿöèîííûå ôóíêöèè, êîòîðûå â
îáùåì ñëó÷àå � äåòåðìèíèðîâàííûå ôóíêöèè âðåìåíè, îïðåäåëÿþùèå
ñîîòâåòñòâåííî ñðåäíþþ òðàåêòîðèþ ïðîöåññà ξi(t) è ðàññåÿíèå âîêðóã

íåå, i = 1, n. Èíòåðâàë (ν
(1)
i (t)± σi(t)) � èíòåðâàë, â êîòîðûé ñ âåðîÿò-

íîñòüþ îêîëî 0,7 ïîïàäàþò ðåàëèçàöèè ξi(t) â ñëó÷àå èõ íîðìàëüíîãî
ðàñïðåäåëåíèÿ, i = 1, n. Ñìåøàííûå íà÷àëüíûå ìîìåíòû âòîðîãî ïî-

ðÿäêà ν
(1,1)
ik (t) =M (ξi(t)ξk(t)) íàçûâàþòñÿ âçàèìíûìè êîððåëÿöèîííû-

ìè ôóíêöèÿìè èëè ôóíêöèÿìè êðîññ-êîððåëÿöèè ξi(t) è ξk(t) â ìîìåíò
âðåìåíè t.
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Çàêëþ÷åíèå

Â ñòàòüå ïðîâåäåí àñèìïòîòè÷åñêèé àíàëèç G-ñåòè ñ íåíàä¼æíûìè
ìíîãîëèíåéíûìè ÑÌÎ è íàéäåíû âûðàæåíèÿ äëÿ ñðåäíåãî ÷èñëà çà-
ÿâîê è èñïðàâíûõ ËÎ è èõ äèñïåðñèé. Òàê êàê ñ áîëüøîé òî÷íîñòüþ
ïëîòíîñòü ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ñîñòîÿíèé óäîâëåòâîðÿåò óðàâ-
íåíèþ Êîëìîãîðîâà-Ôîêêåðà-Ïëàíêà, òî âåðîÿòíîñòè ñîñòîÿíèé èìåþò
íîðìàëüíîå ðàñïðåäåëåíèå, ïàðàìåòðû êîòîðîãî íàéäåíû.
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Íàöèîíàëüíûé èññëåäîâàòåëüñêèé

Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ îñíîâíûå ìåòîäû ìàøèííî-
ãî îáó÷åíèÿ äëÿ ïðîãíîçèðîâàíèÿ ïëàòåæåñïîñîáíîñòè êëèåíòîâ
áàíêà è ìåòîäû îöåíèâàíèÿ êà÷åñòâà èõ ðàáîòû íà ïðåäîñòàâ-
ëåííûõ äàííûõ. Äëÿ ïðîãíîçèðîâàíèÿ öåëåâîãî ïðèçíàêà â äàí-
íîé ðàáîòå áóäóò ðàññìîòðåíû òàêèå ìåòîäû êàê: ëîãèñòè÷åñêàÿ
ðåãðåññèÿ, ñëó÷àéíûé ëåñ, ìåòîä áëèæàéøèõ ñîñåäåé è ìåòîä
îïîðíûõ âåêòîðîâ. Äëÿ ñðàâíåíèÿ ðàáîòû ìåòîäîâ áóäóò ïðè-
ìåíåíû ìåòðèêè accuracy, recall, precision, F1, AUC ROC, AUC
PR, èíäåêñ Äæèíè. Íà îñíîâå çíà÷åíèé ìåòðèê ñäåëàí âûâîä î
òîì, ÷òî ðàññìàòðèâàåìûå ìåòîäû ïðèìåðíî îäèíàêîâî õîðîøî
ðàáîòàþò.
Êëþ÷åâûå ñëîâà: Ëîãèñòè÷åñêàÿ ðåãðåññèÿ, ñëó÷àéíûé ëåñ,
ìåòîä îïîðíûõ âåêòîðîâ, ìåòîä áëèæàéøèõ ñîñåäåé, ìåòðèêè
êà÷åñòâà.

Ââåäåíèå

Â íàøå âðåìÿ îáëàñòü ìàøèííîãî îáó÷åíèÿ íàáèðàåò áîëüøóþ ïî-
ïóëÿðíîñòü â ñôåðå áèçíåñà, ôèíàíñîâ, ñôåðå óñëóã, ïðîìûøëåííîñòè.
Â ÷àñòíîñòè, â áàíêîâñêîì äåëå äëÿ ïðîãíîçèðîâàíèÿ ïëàòåæåñïîñîáíî-
ñòè êëèåíòà. Ñâîåâðåìåííûé àíàëèç êðåäèòíîãî ïîòåíöèàëà çàåìùèêà
ïîìîæåò ïðåäîòâðàòèòü íåâîçâðàò êðåäèòíûõ ñðåäñòâ è èçáåæàòü áàíê-
ðîòñòâà áàíêîâñêîé îðãàíèçàöèè.

1. Îáçîð èññëåäóåìûõ äàííûõ

Äëÿ òîãî, ÷òîáû íà ïðàêòèêå ïîñìîòðåòü ðàáîòó àëãîðèòìîâ âîñ-
ïîëüçóåìñÿ íàáîðîì äàííûõ ñ ñàéòà kaggle.com [1] î êëèåíòàõ áàíêà
¾Òèíüêîôô¿, äëÿ êîòîðîãî ïðåäëàãàåòñÿ ïî äàííûì èç àíêåòû ñ èñïîëü-
çîâàíèåì àëãîðèòìîâ ìàøèííîãî îáó÷åíèÿ ïðåäñêàçàòü ôàêò íàëè÷èÿ
äåôîëòà. Íàáîð äàííûõ ñîäåðæèò èíôîðìàöèþ î 205296 êëèåíòàõ è 17
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ïðèçíàêàõ, 5 êîëè÷åñòâåííûõ (âîçðàñò, ñêîðèíãîâûé áàëë, êîëè÷åñòâî
îáðàùåíèé â áàíê, äîõîä, êîëè÷åñòâî îòêàçàííûõ çàÿâîê), 7 êàòåãîðè-
àëüíûõ (êîëè÷åñòâî ñâÿçåé ñ äðóãèìè êëèåíòàìè, óðîâåíü îáðàçîâàíèÿ,
ïîë, êîëè÷åñòâî ëåò, êîòîðîå çàÿâèòåëü ÿâëÿåòñÿ êëèåíòîì áàíêà, òèï
æèëïëîùàäè, äîëæíîñòü, ðåãèîí), 4 áèíàðíûõ ïðèçíàêàõ (íàëè÷èå àâ-
òîìîáèëÿ, èíîìàðêè, äîõîäà âûøå ñðåäíåãî, çàãðàíïàñïîðòà) è 1 öåëå-
âîãî ïðèçíàêà (íàëè÷èå äåôîëòà ó êëèåíòà).

2. Îòáîð ïðèçíàêîâ

Ïåðåä îáó÷åíèåì ìîäåëè íà äàííûõ ïðåäâàðèòåëüíî èõ íóæíî îá-
ðàáîòàòü. Îáðàáîòêà äàííûõ ñîñòîèò èç äâóõ ýòàïîâ: ïåðâè÷íàÿ îáðà-
áîòêà äàííûõ è îòáîð èíôîðìàòèâíûõ ïðèçíàêîâ. Â äàííîé ðàáîòå îò-
áîð ïðèçíàêîâ ïðîèçâîäèëñÿ ñ ïîìîùüþ ðàñ÷åòà êîýôôèöèåíòîâ WoE
(Weight of Evidence) äëÿ ïðèçíàêîâ ñ ïîñëåäóþùåé îöåíêîé ïðåäñêàçà-
òåëüíîé ñèëû îòîáðàííûõ ôàêòîðîâ ñ ïîìîùüþ ðàñ÷åòà êîýôôèöèåíòà
IV (information value) [4]. Ïîäðîáíîå îïèñàíèå ïðåäâàðèòåëüíîé îáðà-
áîòêè äàííûõ âûõîäèò çà ðàìêè äàííîé ðàáîòû. Ðåçóëüòàòîì ïðèìåíå-
íèÿ ïðåäëîæåííûõ ìåòîäîâ ÿâëÿþòñÿ, ñëåäóþùèå îòîáðàííûå ïðèçíà-
êè: Æèëïëîùàäü: ñòóäèÿ, Æèëïëîùàäü: äîì, Äîëæíîñòü: íà÷àëüíèê,
Áàëë: [-2.387; -2.116], Áàëë: [-2.116; -1.865], Áàëë: [-1.865; -1.566], Áàëë:
áîëüøå -1.566, Ñâÿçü ñ êëèåíòàìè: 2, Ñâÿçü ñ êëèåíòàìè: 3, Ñâÿçü ñ
êëèåíòàìè: áîëåå 3.

3. Ïîäãîòîâêà äàííûõ äëÿ îáó÷åíèÿ ìîäåëåé

Áóäåì óñëîâíî íàçûâàòü êëèåíòîâ ¾ïëîõèìè¿, åñëè çíà÷åíèå öåëåâî-
ãî ïðèçíàêà � äåôîëò, èíà÷å ¾õîðîøèìè¿. Äëÿ ïîñòðîåíèÿ ìîäåëåé ñíà-
÷àëà íóæíî ðàçäåëèòü âûáîðêó íà òðåíèðîâî÷íóþ, íà êîòîðîé ìîäåëü
áóäåò îáó÷àòüñÿ è òåñòîâóþ, íà êîòîðîé ìû áóäåì ïðîâåðÿòü êà÷åñòâî
ìîäåëåé, â îòíîøåíèè 80/20 (Òàáëèöà 1).

Òàáëèöà 1
Ðàñïðåäåëåíèå äàííûõ â âûáîðêàõ

Òèï âûáîðêè Êîëè÷åñòâî
¾õîðîøèõ¿
êëèåíòîâ

Êîëè÷åñòâî
¾ïëîõèõ¿
êëèåíòîâ

Äîëÿ
¾ïëîõèõ¿
êëèåíòîâ

Èñõîäíàÿ 144631 18748 11,48 %
Òðåíèðîâî÷íàÿ 115652 15051 11,52 %
Òåñòîâàÿ 28979 3697 11,31 %
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4. Ìåòðèêè äëÿ îöåíêè êà÷åñòâà ìîäåëè

Ðàáîòà ìîäåëè ìîæåò áûòü îõàðàêòåðèçîâàíà ñ ïîìîùüþ òàêèõ êðè-
òåðèåâ êà÷åñòâà êàê: îøèáêè ïåðâîãî è âòîðîãî ðîäà, accuracy, recall,
precision, F1, AUC ROC, AUC PR, èíäåêñ Äæèíè. Ïåðåä íà÷àëîì ðàñ-
ñìîòðåíèÿ ìåòðèê ââåäåì âàæíîå ïîíÿòèå ìàòðèöû îøèáîê (Ðèñ. 1).

Ðèñ. 1. Ìàòðèöà îøèáîê

Ìåòðèêà accuracy îáùàÿ äëÿ âñåõ êëàññîâ è íå ïðèìåíèìà â çàäà÷àõ
ñ íåñáàëàíñèðîâàííîé âûáîðêîé, êàê è â ðàññìàòðèâàåìîé çàäà÷å [3]

accuracy =
TP + TN

TP + FP + FN + TN
.

Äëÿ ïðàâèëüíîé îöåíêè êà÷åñòâà ðàáîòû àëãîðèòìîâ íóæíî èñïîëü-
çîâàòü ìåòðèêè recall, precision [3]:

precision =
TP

TP + FP
, recall =

TP

TP + FN
.

Recall, ïîêàçûâàåò êàêàÿ äîëÿ îáúåêòîâ, ïîëîæèòåëüíîãî êëàññà ïðåä-
ñêàçàëà ìîäåëü èç âñåõ îáúåêòîâ ïîëîæèòåëüíîãî êëàññà. Precision ïî-
êàçûâàåò êàêàÿ äîëÿ îáúåêòîâ, êîòîðóþ ìîäåëü ïðåäñêàçàëà êàê ïîëî-
æèòåëüíóþ äåéñòâèòåëüíî ÿâëÿåòñÿ ïîëîæèòåëüíîé.

Òàêæå ïðè îáó÷åíèè ìîäåëè ñóùåñòâóþò îøèáêè I-ãî è II-ãî ðîäà
False Positive è FalseNegative. Â ðàññìàòðèâàåìîé çàäà÷å îøèáêó I-
ãî ðîäà ìîæíî èíòåðïðåòèðîâàòü êàê êîììåð÷åñêèé ðèñê, ñâÿçàííûé
ñ îòêàçîì êðåäèòîñïîñîáíûì êëèåíòàì. Îøèáêà II-ãî ðîäà õàðàêòåðè-
çóåò êðåäèòíûé ðèñê, ñâÿçàííûé ñ êîëè÷åñòâîì íåêðåäèòîñïîñîáíûõ
êëèåíòîâ, êëàññèôèöèðîâàííûõ êàê êðåäèòîñïîñîáíûõ. Åñëè recall è
precision ÿâëÿþòñÿ îäèíàêîâî çíà÷èìûìè äëÿ çàäà÷è, èñïîëüçóåòñÿ F1-
ìåðà (ñðåäíåå ãàðìîíè÷åñêîå äâóõ ìåòðèê recall è precision) [3]:

F1 =
2 ∗ precision ∗ recall
precision+ recall

.
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ROC-êðèâàÿ � ãðàôèê, ïîêàçûâàþùèé çàâèñèìîñòü ìåæäó âåðíî
êëàññèôèöèðóåìûìè îáúåêòàìè ïîëîæèòåëüíîãî êëàññà (TPR) è ëîæ-
íî ïîëîæèòåëüíî êëàññèôèöèðóåìûìè îáúåêòàìè íåãàòèâíîãî êëàññà
(FPR) [2]

TPR =
TP

TP + FN
, FPR =

FP

FP + TN
.

Ìåòðèêà ROC AUC (Area Under Curve) èçìåðÿåò ïëîùàäü ïîä êðè-
âîé ROC (Ðèñ. 2), ÷åì ñèëüíåå êðóòèçíà ROC-êðèâîé, òåì áîëüøå ïëî-
ùàäü ïîä íåé è òåì ëó÷øå ðàáîòàåò ìîäåëü [2].

Íà îñíîâå ìåòðèêè ROC AUC ìîæíî âû÷èñëèòü äðóãóþ ìåòðèêó �
èíäåêñ Äæèíè

Gini = 2 ∗ (ROC AUC − 0.5) ,

÷åì âûøå èíäåêñ Äæèíè, òåì ëó÷øå äèñêðèìèíèðóþùàÿ ñïîñîáíîñòü
ìîäåëè.

PR-êðèâàÿ � ãðàôèê, ïîñòðîåííûé â êîîðäèíàòàõ recall è precision.
Ïëîùàäü ïîä PR-êðèâîé (AUCPR) ëó÷øå èñïîëüçîâàòü äëÿ çàäà÷ ñ
íåñáàëàíñèðîâàííîé âûáîðêîé (Ðèñ. 3).

Ðèñ. 2. Ãðàôèê ROC-êðèâîé Ðèñ. 3. Ãðàôèê PR-êðèâîé

5. Ïîñòðîåíèå ìîäåëåé

Ïîñòðîèì áàçîâûå ìîäåëè äëÿ âñåõ àëãîðèòìîâ. Äëÿ óäîáñòâà îáî-
çíà÷åíèé ïðîíóìåðóåì ìîäåëè. Ìîäåëü 1 � Ëîãèñòè÷åñêàÿ ðåãðåññèÿ,
Ìîäåëü 2 � Ìåòîä áëèæàéøèõ ñîñåäåé, Ìîäåëü 3 � Ñëó÷àéíûé ëåñ,
Ìîäåëü 4 � Ìåòîä îïîðíûõ âåêòîðîâ. Ìîäåëè áûëè ðåàëèçîâàíû ñ
ïîìîùüþ áèáëèîòåê Python (LogisticRegression, KNeighborsClassi�er,
RandomForestClassi�er, SVC). Ðåçóëüòàòû ðàáîòû áàçîâûõ ìîäåëåé ïî-
êàçûâàþò, ÷òî ìîäåëè íå îñîáî ñèëüíî îòëè÷àþòñÿ äðóã îò äðóãà ñâîåé
ïðåäñêàçàòåëüíîé ñïîñîáíîñòüþ, ïîýòîìó äëÿ êàæäîé ìîäåëè íóæíî ïî-
äîáðàòü ïàðàìåòðû, êîòîðûå áóäóò óëó÷øàòü èõ (Òàáëèöà 2). Òàêæå äëÿ



54 Ä.Ä. Áóãàêîâà, Å.Þ. Ëèñîâñêàÿ

ìîäåëåé 1, 3 è 4 áûë ïðèìåíåí ìåòîä áàëàíñèðîâêè [3, 2]. Êîýôôèöè-
åíò ðåãóëÿðèçàöèè ëîãèñòè÷åñêîé ðåãðåññèè ïîëó÷èëñÿ ñëèøêîì áîëü-
øîé, ìîäåëü ìîãëà ïåðåîáó÷èòüñÿ, ïîýòîìó íóæíî ïðîâåðèòü ñ ïîìîùüþ
êðîññ-âàëèäàöèè íà 10 ôîëäàõ. Ïîñëå ïðîâåäåíèÿ êðîññ-âàëèäàöèè, âû-
ÿñíèëîñü, ÷òî ñèëüíûé êîýôôèöèåíò ðåãóëÿðèçàöèè ïî÷òè íèêàê íå ïî-
âëèÿë íà ïðåäñêàçàòåëüíóþ ñïîñîáíîñòü ìîäåëè, çíà÷åíèÿ ìåòðèê èç-
ìåíèëèñü ñîâñåì íåìíîãî.

Òàáëèöà 2
Ïîäîáðàííûå ïàðàìåòðû

Ìîäåëü Ãèïåðïàðàìåòð Çíà÷åíèå
Ìîäåëü 1 Êîýôôèöèåíò ðåãóëÿðèçàöèè 0,0064281
Ìîäåëü 2 Êîëè÷åñòâî ñîñåäåé 3
Ìîäåëü 3 ×èñëî äåðåâüåâ 267

×èñëî ïðèçíàêîâ log2
Ãëóáèíà äåðåâà 1200
×èñëî îáúåêòîâ â ëèñòüÿõ 4

Ìîäåëü 4 Êîýôôèöèåíò ðåãóëÿðèçàöèè 1
Ãàììà 1
Âèä ÿäðà ãàóññîâî ÿäðî

Ïîäîáðàííûå ãèïåðïàðàìåòðû è ïðèìåíåíèå ìåòîäà áàëàíñèðîâêè ê
íåêîòîðûì àëãîðèòìàì çíà÷èòåëüíî óëó÷øèëè ïðåäñêàçàòåëüíóþ ñïî-
ñîáíîñòü ìîäåëåé (Ðèñ. 4, Òàáëèöà 3).

Ðèñ. 4. Ìàòðèöà îøèáîê ìîäåëåé ñ ïîäîáðàííûìè ãèïåðïàðàìåòðàìè: à) Ìî-
äåëü 1, á) Ìîäåëü 2, â) Ìîäåëü 3, ã) Ìîäåëü 4
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Òàáëèöà 3
Çíà÷åíèÿ ìåòðèê áàçîâûõ ìîäåëåé ïîñëå ïîäáîðà ãèïïåðïàðàìåòðîâ

Ìåòðèêà Ìîäåëü 1 Ìîäåëü 2 Ìîäåëü 3 Ìîäåëü 4
precision 0,168052 0,125000 0,174900 0,174773
recall 0,667027 0,000541 0,602380 0,602651
F1 0,268467 0,001077 0,271089 0,270964
AUC PR 0,149768 0,113148 0,1503433 -

Çàêëþ÷åíèå

Ïðèìåíåíèå òîé èëè èíîé ìîäåëè çàâèñèò îò êîíêðåòíîé çàäà÷è. Â
çàäà÷àõ ïðîãíîçà íåëèíåéíûå ìîäåëè, òàêèå êàê ñëó÷àéíûé ëåñ è ìåòîä
îïîðíûõ âåêòîðîâ ïîêàçûâàþò ëó÷øèå ðåçóëüòàòû.

Ðàññìîòðåííûå â ðàáîòå àëãîðèòìû ïîêàçàëè õîðîøóþ ïðåäñêàçà-
òåëüíóþ ñïîñîáíîñòü äëÿ èñïîëüçîâàíèÿ â çàäà÷àõ ïðîãíîçèðîâàíèÿ
ïëàòåæåñïîñîáíîñòè êëèåíòîâ áàíêà. Â äàííîé ðàáîòå ïî ìåòðèêå F1

ëó÷øå âñåãî ñåáÿ ïðîÿâèëà ìîäåëü ñëó÷àéíîãî ëåñà. Íåñìîòðÿ íà äîñòî-
èíñòâà ìåòîäà áëèæàéøèõ ñîñåäåé (ïðîñòàÿ ðåàëèçàöèÿ, õîðîøàÿ èí-
òåðïðåòàöèÿ, íàñòðàèâàíèå ãèïåðïàðàìåòðà), îí ïîêàçàë íå î÷åíü õîðî-
øèå ðåçóëüòàòû íà äàííûõ, ïî ñðàâíåíèþ ñ äðóãèìè ìåòîäàìè, âåðîÿòíî
èç-çà ïðîáëåìû íåñáàëàíñèðîâàííîñòè äàííûõ.
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Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ îñíîâíûå ýòàïû îáðàáîòêè è
ìåòîäû îòáîðà ïðèçíàêîâ äëÿ èõ äàëüíåéøåãî èñïîëüçîâàíèÿ â
àëãîðèòìàõ ìàøèííîãî îáó÷åíèÿ äëÿ ïîñòðîåíèÿ ìîäåëåé, êî-
òîðûå ïðåäíàçíà÷åíû äëÿ ïðîãíîçèðîâàíèÿ ïëàòåæåñïîñîáíî-
ñòè êëèåíòîâ áàíêà. Â ðàáîòå áûëè ðàññìîòðåíû òàêèå ñïîñî-
áû îòáîðà ïðèçíàêîâ êàê: ðàñ÷åò êîýôôèöèåíòîâ WoE (Weight
of Evidence) äëÿ ïðèçíàêîâ ñ ïîñëåäóþùåé îöåíêîé ïðåäñêàçà-
òåëüíîé ñèëû îòîáðàííûõ ôàêòîðîâ ñ ïîìîùüþ ðàñ÷åòà êîýô-
ôèöèåíòà IV (information value) è îöåíêà âàæíîñòè ïðèçíàêîâ ñ
ïîìîùüþ àëãîðèòìà ñëó÷àéíîãî ëåñà ñîâìåñòíî ñ ìåòîäîì RFE
(recursive feature elimination), îñíîâàííîãî íà ëîãèñòè÷åñêîé ðå-
ãðåññèè.
Êëþ÷åâûå ñëîâà:Îáðàáîòêà äàííûõ, WoE (Weight of Evidence),
IV (information value), êâàíòîâàíèå (áèííèíã), ëîãèñòè÷åñêàÿ
ðåãðåññèÿ.

Ââåäåíèå

Ïåðåä îáó÷åíèåì ìîäåëè íà äàííûõ ïðåäâàðèòåëüíî èõ íóæíî îá-
ðàáîòàòü. Îáû÷íî, îáðàáîòêà äàííûõ ñîñòîèò èç äâóõ ýòàïîâ: ïåðâè÷-
íàÿ îáðàáîòêà äàííûõ (óäàëåíèå âûáðîñîâ, óäàëåíèå äóáëèêàòîâ èç âû-
áîðêè, çàìåíà èëè óäàëåíèå ïðîïóùåííûõ çíà÷åíèé), îòáîð èíôîðìà-
òèâíûõ ïðèçíàêîâ (òàê êàê äëÿ îáó÷åíèÿ ìîäåëåé íåîáõîäèìû íå âñå
ïðèçíàêè, à òîëüêî òå, êîòîðûå â áîëüøåé ñòåïåíè âëèÿþò íà öåëåâóþ
ïðèçíàê).

1. Îáçîð èññëåäóåìûõ äàííûõ

Äëÿ òîãî, ÷òîáû íà ïðàêòèêå ïîñìîòðåòü ðàáîòó àëãîðèòìîâ âîñ-
ïîëüçóåìñÿ íàáîðîì äàííûõ ñ ñàéòà kaggle.com î êëèåíòàõ áàíêà ¾Òèíü-
êîôô¿ [1], äëÿ êîòîðîãî ïðåäëàãàåòñÿ ïî äàííûì èç àíêåòû ñ èñïîëü-
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çîâàíèåì àëãîðèòìîâ ìàøèííîãî îáó÷åíèÿ ïðåäñêàçàòü ôàêò íàëè÷èÿ
äåôîëòà.

Íàáîð äàííûõ ñîäåðæèò èíôîðìàöèþ î 205296 êëèåíòàõ è 17 ïðè-
çíàêàõ, 5 êîëè÷åñòâåííûõ (âîçðàñò, ñêîðèíãîâûé áàëë, êîëè÷åñòâî îáðà-
ùåíèé â áàíê, äîõîä, êîëè÷åñòâî îòêàçàííûõ çàÿâîê), 7 êàòåãîðèàëüíûõ
(êîëè÷åñòâî ñâÿçåé ñ äðóãèìè êëèåíòàìè, óðîâåíü îáðàçîâàíèÿ, ïîë, êî-
ëè÷åñòâî ëåò, êîòîðîå çàÿâèòåëü ÿâëÿåòñÿ êëèåíòîì áàíêà, òèï æèëïëî-
ùàäè, äîëæíîñòü, ðåãèîí), 4 áèíàðíûõ ïðèçíàêàõ (íàëè÷èå àâòîìîáèëÿ,
èíîìàðêè, äîõîäà âûøå ñðåäíåãî, çàãðàíïàñïîðòà) è 1 öåëåâîãî ïðèçíà-
êà (íàëè÷èå äåôîëòà ó êëèåíòà).

2. Ïåðâè÷íûé àíàëèç äàííûõ

Ïîñëå ïðîâåäåíèÿ ïåðâè÷íîãî àíàëèçà äàííûõ áûë óäàëåí ïðèçíàê
¾äàòû ïîäà÷è çàÿâëåíèÿ¿, ò.ê. îí íå íåñåò â ñåáå íèêàêîé ïîëåçíîé èí-
ôîðìàöèè äëÿ äàëüíåéøåé ðàáîòû, íî âîçìîæíî ýòîò ïðèçíàê ìîæíî
áûëî èññëåäîâàòü íà ñåçîííîñòü è íå óäàëÿòü ýòîò ïðèçíàê ñðàçó, óäà-
ëåíû äóáëèêàòû. Áûëè îáíàðóæåíû è îáðàáîòàíû ïðîïóñêè âî âñåì
íàáîðå äàííûõ. Äëÿ ïðèçíàêà ¾êîëè÷åñòâî îòêàçàííûõ çàÿâîê¿ áûëà
ïðîâåäåíà ïðîâåðêà íà èíôîðìàòèâíîñòü. Êîëè÷åñòâåííûé ïðèçíàê áó-
äåì ñ÷èòàòü íåèíôîðìàòèâíûì, åñëè â íåì áîëüøèíñòâî ñòðîê ñ îäè-
íàêîâûìè çíà÷åíèÿìè. Âûáðàííûé ïðèçíàê îêàçàëñÿ íà 82% íåèíôîð-
ìàòèâíûì ñëåäîâàòåëüíî åãî ìîæíî óäàëèòü. Â íåêîòîðûõ ïðèçíàêàõ
áûëè îáíàðóæåíû âûáðîñû íà îñíîâå ìåæêâàðòèëüíîãî ðàçìàõà, çíà-
÷åíèÿ, êîòîðûå íå ïîïàëè â ýòîò îòðåçîê áûëè óäàëåíû.

3. Îòáîð ïðèçíàêîâ

Äëÿ ëó÷øåãî îïðåäåëåíèÿ òîãî, êàêèå ïðèçíàêè âëèÿþò íà âåðî-
ÿòíîñòü äåôîëòà êëèåíòà, íóæíî ðàññìîòðåòü âçàèìîîòíîøåíèÿ ìåæäó
öåëåâûì ïðèçíàêîì è îñòàëüíûìè ïðèçíàêàìè. Íà îñíîâå ãðàôè÷åñêîãî
ïðåäñòàâëåíèÿ çàâèñèìîñòåé áûëè âûäåëåíû ïðèçíàêè, êîòîðûå îêàçû-
âàþò áîëüøåå âëèÿíèå íà çíà÷åíèå öåëåâîãî ïðèçíàêà (Ðèñ. 1).

Ïîñëå ïåðâè÷íîãî àíàëèçà äàííûõ, íóæíî îñóùåñòâèòü îòáîð ïðè-
çíàêîâ, ïîòîìó ÷òî äëÿ îáó÷åíèÿ àëãîðèòìîâ íóæíû íå âñå ïðèçíàêè,
à òîëüêî òå, êîòîðûå â áîëüøåé ñòåïåíè âëèÿþò íà èòîãîâûé ðåçóëüòàò.

Äëÿ îòáîðà ïðèçíàêîâ áóäóò èñïîëüçîâàíû ñëåäóþùèå ìåòîäû:

1) WoE (Weight of Evidence) ñ ïîñëåäóþùåé îöåíêîé ïðåäñêàçàòåëüíîé
ñèëû îòîáðàííûõ ôàêòîðîâ ñ ïîìîùüþ àëãîðèòìà IV (information
value) [2];

2) Îöåíêà âàæíîñòè ïðèçíàêîâ ñ ïîìîùüþ àëãîðèòìà ñëó÷àéíîãî ëåñà.
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Ðèñ. 1. à) Ãðàôèê ðàñïðåäåëåíèÿ êëèåíòîâ ïî ñêîðèíãîâîìó áàëëó â çàâèñè-
ìîñòè îò íàëè÷èÿ äåôîëòà, á) Äîëÿ äåôîëòà â çàâèñèìîñòè îò êîëè÷åñòâà
ñâÿçåé ñ äðóãèìè êëèåíòàìè áàíêà

Ïåðåä òåì êàê íà÷àòü ðàáîòó ïî îòáîðó ïðèçíàêîâ ïåðâûì ñïîñî-
áîì íóæíî âñå êîëè÷åñòâåííûå íåïðåðûâíûå ïðèçíàêè ïðåîáðàçîâàòü
â êàòåãîðèàëüíûå, èñïîëüçóÿ êâàíòîâàíèå (áèííèíã) [4]. Êâàíòîâàíèå
� ýòî ïðîöåññ îáðàáîòêè äàííûõ, êîòîðûé ïîçâîëÿåò ðàçáèòü äèàïàçîí
êîëè÷åñòâåííîãî ïðèçíàêà íà çàäàííîå êîëè÷åñòâî èíòåðâàëîâ (áèíîâ)
è ïðèñâîèòü êàæäîìó áèíó íàçâàíèå. Êâàíòîâàíèå áûâàåò äâóõ âèäîâ:

1) Èíòåðâàëüíîå. Äèàïàçîí çíà÷åíèé äåëèòñÿ íà îäèíàêîâûå èíòåðâà-
ëû, â êàæäîì íå áóäåò ñëèøêîì ìíîãî èëè ìàëî äàííûõ.

2) Êâàíòèëüíîå. Øèðèíà èíòåðâàëîâ áóäåò ðàçëè÷íà, íî â êàæäûé
ïîïàäåò ïðèìåðíî îäèíàêîâîå êîëè÷åñòâî çíà÷åíèé.

Â íàñòîÿùåé ðàáîòå ïðèìåíÿåòñÿ âòîðîé âèä êâàíòîâàíèÿ. Ñ ïîìî-
ùüþ êâàíòîâàíèÿ áóäóò ïðåîáðàçîâàíû ñëåäóþùèå ïðèçíàêè: âîçðàñò
êëèåíòà, ñêîðèíãîâûé áàëë è äîõîä êëèåíòà.

4. Îòáîð ïðèçíàêîâ ïåðâûì ñïîñîáîì

Êîýôôèöèåíò WoE îòíîñèòåëüíî äàííîé çàäà÷è, õàðàêòåðèçóåò ñòå-
ïåíü îòêëîíåíèÿ óðîâíÿ äåôîëòîâ â äàííîé ãðóïïå îò ñðåäíåãî çíà÷åíèÿ
â âûáîðêå.

Äëÿ ðàñ÷åòà WoE íóæíî äëÿ êàæäîãî êàòåãîðèàëüíîãî ïðèçíàêà
è äëÿ êàæäîé ãðóïïû âíóòðè ïðèçíàêà âû÷èñëèòü ÷èñëî êëèåíòîâ ñ
äåôîëòîì (¾ïëîõèå¿ êëèåíòû) è áåç äåôîëòà (¾õîðîøèå¿ êëèåíòû) è
ðàññ÷èòàòü êîýôôèöèåíò ïî ñëåäóþùåé ôîðìóëå:

WoEi = ln

(
pi
qi

)
,
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ãäå i � íîìåð ãðóïïû âíóòðè ïðèçíàêà, p � äîëÿ ¾õîðîøèõ¿ êëèåíòîâ
ñðåäè âñåõ ¾õîðîøèõ¿, q � äîëÿ ¾ïëîõèõ¿ êëèåíòîâ ñðåäè âñåõ ¾ïëîõèõ¿.

Ïîñëå ðàñ÷åòà WoE ðàññ÷èòûâàåòñÿ èíôîðìàöèîííàÿ öåííîñòü (êî-
ýôôèöèåíò IV), êîòîðûé õàðàêòåðèçóåò ñòàòèñòè÷åñêóþ çíà÷èìîñòü
ïðèçíàêà, ïî ñëåäóþùåé ôîðìóëå:

IV =

n∑
i=1

(pi − qi) ∗WoEi.

Äëÿ îïðåäåëåíèÿ ïðåäñêàçàòåëüíîé ñèëû ïðèçíàêà íà îñíîâå ðàñ÷å-
òà IV âîñïîëüçóåìñÿ ñëåäóþùåé êëàññèôèêàöèåé (Çíà÷åíèå IV � Ïðåä-
ñêàçàòåëüíàÿ ñèëà):

� < 0, 02 � îòñóòñòâóåò,
� 0, 02− 0, 1 � íèçêàÿ,
� 0, 1− 0, 3 � ñðåäíÿÿ,
� > 0, 3 � âûñîêàÿ.

Äëÿ ïðèçíàêîâ, êîòîðûå áûëè âûáðàíû êàê íàèáîëåå çíà÷èìûå íè-
æå ïðåäñòàâëåíà òàáëèöà 1 ñî çíà÷åíèÿìè êîýôôèöèåíòà IV. Ïîñëå
îòáîðà ïðèçíàêîâ ñîçäàíû ôèêòèâíûå ïðèçíàêè ñ ïîìîùüþ dummy-
êîäèðîâàíèÿ [3].

Ïóñòü îäèí èç ïðèçíàêîâ xj ïðèíèìàåòm çíà÷åíèé {b1, . . . bm}, òîãäà
äëÿ êàæäîãî îáúåêòà xj ìîæíî çàìåíèòü ïðèçíàê xji íà m−1 ïðèçíàêîâ
ñî çíà÷åíèÿìè {0, 1}:

Zbk
i = I

[
xji = bk

]
, k ∈ {1, . . . ,m− 1},

ãäå I [A] � èíäèêàòîð ñîáûòèÿ A.

Òàáëèöà 1
Çíà÷åíèÿ êîýôôèöèåíòà IV äëÿ íàèáîëåå çíà÷èìûõ ïðèçíàêîâ

Ïðèçíàê Çíà÷åíèå IV
Êîëè÷åñòâî ñâÿçåé ñ äðóãèìè êëèåíòàìè 0,13
Ñêîððèíãîâûé áàëë 0,27
Òèï æèëïëîùàäè 0,11
Òèï çàíèìàåìîé äîëæíîñòè 0,10
×èñëî ëåò, êîòîðîå çàÿâèòåëü ÿâëÿåòñÿ êëèåíòîì 0,10

Ïîñëåäíèì øàãîì â îòáîðå ïðèçíàêîâ ïåðâûì ñïîñîáîì ÿâëÿåòñÿ
óäàëåíèå ñèëüíî êîððåëèðóþùèõ ìåæäó ñîáîé ïðèçíàêîâ (èç äâóõ ïðè-
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çíàêîâ íóæíî îñòàâèòü òå, ó êîòîðûõ çíà÷åíèå êîýôôèöèåíòà WoE
áîëüøå), äëÿ ýòîãî áûëè ïîñòðîåíû ìàòðèöû êîððåëÿöèé (Ðèñóíîê 2).

Ðèñ. 2. Ìàòðèöà êîððåëÿöèé ìåæäó ôèêòèâíûìè ïðèçíàêàìè ïîñëå óäàëåíèå
ñèëüíî êîððåëèðóþùèõ ïðèçíàêîâ

Òàêèì îáðàçîì èòîãîâûé íàáîð äàííûõ ñîñòîèò èç 10 îòîáðàí-
íûõ ïåðâûì ñïîñîáîì ïðèçíàêîâ: Æèëïëîùàäü: ñòóäèÿ; Æèëïëîùàäü:
äîì; Äîëæíîñòü: íà÷àëüíèê; Áàëë: [-2.387; -2.116]; Áàëë: [-2.116; -1.865];
Áàëë: [-1.865; -1.566]; Áàëë: áîëüøå -1.566; Ñâÿçü ñ êëèåíòàìè: 2; Ñâÿçü
ñ êëèåíòàìè: 3; Ñâÿçü ñ êëèåíòàìè: áîëåå 3.

5. Îòáîð ïðèçíàêîâ âòîðûì ñïîñîáîì

Âòîðîé ñïîñîá îöåíèâàåò âàæíîñòü êàæäîãî ïðèçíàêà íà îñíîâå àë-
ãîðèòìà ñëó÷àéíîãî ëåñà. Äëÿ ýòîãî íóæíî îáó÷èòü ìîäåëü íà òðåíè-
ðîâî÷íîé âûáîðêå è ïîñ÷èòàòü out-of-bag îøèáêó äëÿ êàæäîãî îáúåê-
òà ýòîé âûáîðêè. Îøèáêà óñðåäíÿåòñÿ äëÿ êàæäîãî ýëåìåíòà ïî âñå-
ìó ñëó÷àéíîìó ëåñó. Çíà÷åíèÿ êàæäîãî ïðèçíàêà ïåðåìåøèâàþòñÿ äëÿ
âñåõ îáúåêòîâ îáó÷àþùåé âûáîðêè è âû÷èñëåíèÿ îøèáêè ïðîèçâîäÿòñÿ
çàíîâî, ÷òîáû îöåíèòü âàæíîñòü ïðèçíàêà. ×åì áîëüøå óìåíüøàåòñÿ
òî÷íîñòü ïðåäñêàçàíèé èç-çà èñêëþ÷åíèÿ èëè ïåðåñòàíîâêè ïðèçíàêà,
òåì âàæíåå ýòîò ïðèçíàê.

FI(t)(xj) =

∑
i∈OOB(t) I

(
yi = ŷ

(t)
i

)
|OOB(t)|

−

∑
i∈OOB(t) I

(
yi = ŷ

(t)
i,πj

)
|OOB(t)|

,

ãäå OOB(t) � out-of-bag îøèáêà äëÿ äåðåâà t ∈ {1, . . . , N}, N � êîëè÷å-
ñòâî äåðåâüåâ â ñëó÷àéíîì ëåñå, xj � ïðèçíàê, äëÿ êîòîðîãî îöåíèâàåòñÿ
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âàæíîñòü, ŷ
(t)
i � ïðåäñêàçàíèå ïåðåä óäàëåíèåì èëè ïåðåñòàíîâêîé ïðè-

çíàêà, ŷ
(t)
i,πj

� ïðåäñêàçàíèå ïîñëå óäàëåíèÿ èëè ïåðåñòàíîâêè ïðèçíàêà.
Äàëåå ïðîèçâîäèòñÿ ðàñ÷åò âàæíîñòè ïðèçíàêà ïî âñåì äåðåâüÿì â

ñëó÷àéíîì ëåñå è ìîæåò áûòü ïðåäñòàâëåí â äâóõ ôîðìàõ: íåíîðìàëè-
çîâàííîé è íîðìàëèçîâàííîé

FI(xj) =
1

N

N∑
t=1

FI(t)(xj), zj =
N · FI(xj)

σ
,

ãäå σ � ñòàíäàðòíîå îòêëîíåíèå ðàçíîñòåé.
Â òàáëèöå 2 ïðèâåäåíû ðàñ÷¼òû êîýôôèöèåíòîâ äëÿ ïÿòè íàèáîëåå

âàæíûõ ïðèçíàêîâ. Äëÿ äàëüíåéøåãî àíàëèçà áûëî âûáðàíî 24 ïðèçíà-
êà äëÿ êîòîðûõ íîðìàëèçîâàííîå çíà÷åíèå áîëüøå 0,02.

Íà âûáðàííûõ ïðèçíàêàõ áûë èñïîëüçîâàí ìåòîä ðåêóðñèâíîãî ñî-
êðàùåíèÿ RFE (recursive feature elimination) â ñî÷åòàíèè ñ ëîãèñòè÷å-
ñêîé ðåãðåññèåé. Â äàííîé ðàáîòå ýòîò ìåòîä áûë èñïîëüçîâàí êàê äî-
ïîëíÿþùèé, íî òàêæå ìîæåò áûòü èñïîëüçîâàí, êàê è ñàìîñòîÿòåëüíûé.

Òàáëèöà 2
Âàæíîñòü ïðèçíàêîâ

Ïðèçíàê Íåíîðìàëèçîâàííîå
çíà÷åíèå

Íîðìàëèçîâàííîå
çíà÷åíèå

Ðåãèîí: ÌÑÊ 227,8 0,043968
Æèëïëîùàäü: ñòóäèÿ 207,4 0,040031
Ïîë: ìóæñêîé 199,0 0,038410
Áàëë: >-1.566 189,4 0,036557
Áàëë: [-1.865; -1.566] 182,1 0,035148

Ñóòü ìåòîäà: ìîäåëü îáó÷àåòñÿ íà èñõîäíîì íàáîðå ïðèçíàêîâ, îöå-
íèâàåò èõ çíà÷èìîñòü è èñêëþ÷àåò íàèìåíåå âàæíûé ïðèçíàê, ïðîöåññ
ïîâòîðÿåòñÿ äî òåõ ïîðà ïîêà íå áóäåò ïîëó÷åíî îïòèìàëüíîå èëè çà-
äàííîå êîëè÷åñòâî ïðèçíàêîâ, êàæäîìó ïðèçíàêó ïðèñâàèâàåòñÿ ðàíã,
÷åì âûøå ðàíã, òåì âàæíåå ïðèçíàê.

Òàêèì îáðàçîì èòîãîâûé íàáîð äàííûõ ñîñòîèò èç 10 îòîáðàííûõ
âòîðûì ñïîñîáîì ïðèçíàêîâ: Îáðàçîâàíèå: ÂØ; Æèëïëîùàäü: ñòóäèÿ;
Áàëë: [-2.116; -1.865]; Áàëë: [-1.865; -1.566]; Áàëë: > -1.566; Ñâÿçü ñ êëè-
åíòàìè: áîëåå 3; Íàëè÷èå àâòîìîáèëÿ; Êëèåíò áàíêà: áîëåå 3; Ðåãèîí:
ÑÏÁ; Ðåãèîí: ÌÑÊ.
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Çàêëþ÷åíèå

Ïîñëå ðàññìîòðåíèÿ ìåòîäîâ ïî îòáîðó ïðèçíàêîâ áûëî óñòàíîâëåíî,
÷òî îáà ìåòîäà îòáèðàþò ïðèìåðíî îäèíàêîâûå ïðèçíàêè. Äëÿ îöåíêè
ðàáîòû ìåòîäîâ â áóäóùåì ïðåäëàãàåòñÿ ïîñòðîèòü ìîäåëè íà äàííûõ
îòîáðàííûõ äâóìÿ ìåòîäàìè, ñðàâíèòü èõ, èñïîëüçóÿ ìåòðèêè êà÷åñòâà
è ñäåëàòü âûâîä î ðàáîòå ìîäåëåé íà äàííûõ, îòîáðàííûõ ðàçíûìè ìå-
òîäàìè. Òàêæå ïðåäëàãàåòñÿ ïðîâåðèòü êà÷åñòâî ìîäåëåé íà îòîáðàí-
íûõ äàííûõ ïîñëå ïðèìåíåíèÿ ìåòîäà undersampling, êîòîðûé ïðåäíà-
çíà÷åí äëÿ áàëàíñèðîâêè äàííûõ.
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This paper considers queues with a discrete-time priority that are
formed by customers’ interruption in service. The interrupted cus-
tomers are moved to a lower priority queue. Both preemptive and
non-preemptive discipline to the service of lower priority customers
are taken into account. We use Matrix-Analytic Method to analyze
this model. The marginal distributions of the two queue lengths in
each discipline are analyzed.
Keywords: Peemptive, non-preemptive, Markovian arrival pro-
cess, discrete phase-type distribution, matrix-analytic method.

Introduction

White and Christie [1] introduced priority in queueing theory in 1958.
Priority queues can be classified into two i) preemptive and ii) non-
preemptive. In the case of preemptive priority, the service with the lower
priority is interrupted when a customer with high priority arrives during
the service, while in non-preemptive cases, the arriving customer with high
priority is only served after the current service has been completed. An
overview of priority queues is done by Brodal [2]. The author attempted to
list some of the directions on priority queuing models that have gone over
the past 50 years. The matrix geometric method for the priority queue with
a discrete-time queue is discussed by Alfa [3], The author has extended the
structure of the rate matrix R obtained by Miller [4] to the discrete case.

Customers with high priority or customers with low priority can gener-
ate from the queue during a service; these are referred to as self-generated
priority or self-generated interruption. The self-generated priority queue
with MAP arrivals and service time distribution as phase-type is described
by Krishnamoorthy et al. [5], where the capacity of the priority customer
intake is one and the remaining priority customers generated are consid-
ered lost. Interruptions in queues occur for many reasons, such as server
failures, servers taking an emergency brake, and customers who have incom-
plete information or are distracted. Jacob et al. [6] investigated an infinite
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capacity queuing system with a single server to which customers arrive ac-
cording to a Poisson process and the service time follows an exponential
distribution. The customer interruption takes place according to a Poisson
process and the interruption duration follows an exponential distribution.
The self-interrupting customers will enter a finite buffer size and any inter-
rupted customer who finds the buffer full is considered lost. The concept of
the self-interrupting infinite buffer for lower priority in continuous time was
analyzed by Krishnamoorthy and Manjunath [7]. Anillumar and Jose [8]
generalized this model to discrete-time cases with MAP arrivals and phase-
type service processes. A discrete-time priority queueing inventory model
with customer-induced interruption was also analyzed by Anilkumar and
Jose [9]. In this paper, we generalize the service process and interruptions.

1. Modeling

We consider an infinite capacity single server discrete-time queue in
which arrival of customers are modeled by Markovian arrival process hav-
ing n phases with representation (D0, D1). Then the arrival rate λ = ψD1,
where ψ is the stationary probability vector of D0 + D1. There are two
types of priority queues P1 and P2. Customers who arrive in the system
first enter the high priority queue. During his service, he may or may not
interrupt the service. The primary service is considered to be the time till
absorption of a discrete-time Markov chain that has two absorbing states
and which is represented by the transition probability matrix

T =

S(1) S0(1) S02(1)
0 1 0
0 0 1


with initial probability β(1) and transient matrix S. If a customer inter-
rupts the service, he is transferred to a low priority queue P2. The same
server serves customers in these two queues one at a time according to their
priority. Once an interrupted customer in P2 receives service, he will have
no further interruption during service (except when P1 customers arrive in
preemptive case). After completing the service, customers in both queues
leave the system. A customer in P2 is taken for service only when no cus-
tomer is present in P1 and no customer in P2 ahead of him. The arrival
of customers in P1 during the service of P2, may or may not affect the
service. In other words, service P2 is either according to preemptive or non-
preemptive discipline. The processing times of customers in P2 are discrete
phase-type distributed random variables with parameters (β(2), S(2)) and
dimension m2 each.
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Notations

1) N1(n) : Number of P1 customers in the sustem at an epoch n.
2) N2(n) : Number of P2 customers waiting for service an epoch n
3) I(n):The arriving phase of a customer
4) J(n): The service phase
5) ā = 1− a where 0 ⩽ a ⩽ 1
6) e : Column vector of 1’s of appropriate order
7) S0(2) + S(2)e = e

2. Preemptive Priority

We assume that the priority of service in P2 is in the preemp-
tive discipline. The arrival of the customer during the service of
the non-priority queue affects the arrival of customers in P1. Now{
(N1(n), N2(n), I(n), J(n)), n = 1, 2, 3, ...

}
is a Level Independent Quasi-

Birth Death process (LIQBD) on the state space ∆1 ∪∆2 ∪∆3, where

∆1 = {(0, j); 1 ⩽ j ⩽ n},
∆2 = {(0, i2, j, k2); i2 ⩾ 0, 1 ⩽ j ⩽ n, 1 ⩽ k2 ⩽ m2},
∆3 = {(i1, i2, j, k1); i1 ⩾ 1, i2 ⩾ 0, 1 ⩽ j ⩽ n, 1 ⩽ k1 ⩽ m1}.

The transition probability matrix P of this process is given by

P =


B00 B01 0
B10 A1 A0

A2 A1 A0

. . .
. . .

. . .

 ,
where the elements of P are square matrices of order S and are given by

B00 =


B00

00

B10
00 B1

00

B2
00 B1

00

. . .
. . .

 , B01 =


B00

01

B2
01 B1

01

B2
01 B1

01

. . .
. . .

 ,

B10 =


B00

10 B0
10

B1
10 B0

10

B1
10 B0

10

. . .
. . .

 , A2 =


A1

2 A0
2

A1
2 A0

2

A1
2 A0

2

. . .
. . .

 ,



Interruption Resulting Reduced Priority 67

A1 =


A1

1 A0
1

A1
1 A0

1

A1
1 A0

1

. . .
. . .

 , A0 =


A1

0

A1
0

A1
0

. . .

 ,
B00

00 = D0, B
10
00 = D0 ⊗ S0(2), B1

00 = D0 ⊗ S(2), B2
00 = D0 ⊗ S0(2)β(2),

B00
01 = D1 ⊗ β(1), B2

01 = D1 ⊗ S0(2)β(1), B1
01 = D1 ⊗ S(2)eβ(1),

B00
10 = D0 ⊗ S0(1), B0

10 = D0 ⊗ S02(1)β(2), B1
10 = D0 ⊗ S0(1)β(2),

A1
1 = (D0⊗S(1)+D1⊗S0(1)β(1)), A0

1 = D1⊗S02(1)β(1), A1
0 = D1⊗S(1),

A1
2 = D0 ⊗ S0(1)β(1), A0

2 = D0 ⊗ S02(1)β(1).

Theorem 1. The system is stable, if and only if,

λβ(1)(I − S(1))−1e+ λβ(1)(I − S(1))−1e
β(2) (I − S(2))

−1
e

α(I − S(1))−1S02(1)
< 1. (1)

The proof can follow using intuitive argument.
Steady State Analysis
Since the matrix P has the structure of quasi-birth and death process

and the individual phases are infinite, one can use the generalization of
matrix geometric method described by Neuts [10] to the case of infinite
sub matrix suggested by Miller [4]. For this, first we find the minimal non
negative solution R of the matrix quadratic equation,

R2A2 +RA1 +A0 = R,

whose spectral radius is less than one. Since, A0, A1 and A2 has upper
triangular structure, we can see that the rate matrix R also has the upper
triangular structure given by,

R =


R0 R1 R2 . . .

R0 R1 . . .
R0 . . .

. . .

 .
Here, R0 will be the minimal non negative solution of R0 = (A1

0 +R2
0)(I −

A1
1)

−1, which can be calculated using iterative method. Then successively
find R1, R2, . . . recursively calculated.
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Steady State Probability Vector
Let x = (x0, x1, x2, . . . ) be the steady state probability vector of P .

That is xP = x and xe = 1, where e is the infinite column vector of 1’s
Then xi+1 = xiR for i ⩾ 1.
To find the boundary probability vectors(x0, x1), consider the following sys-
tem of equations

x0B00 + x1B10 = x0,

x0B01 + x1(A1 +RA2) = x1.

From the second equation, we have

x1 = x0B01(I −A1−RA2)
−1.

Substituting x1 in the normalizing condition, x0e+ x1(I −R)−1e = 1, one
can solve for x0 and x1.

Marginal Probability Distributions
Let Pi(v) be the probability that there are i jobs of in the queue Pv for

v = 1, 2, i ⩾ 0

pi(1) = xie,

pi(2) = xo(i−1)e(nm2) + x1(I −R)−1βi,
(2)

where βi is an infinite column matrx whose (inm1 + 1)th to (i + 1)nmth
1

entries are one and remainig values are zeros.

3. Non-preemptive Self Generated Interruption

The transition probability matrix has the same structure as discussed
earlier but some difference in the finite blocks. There is no change in the
stability condition. The rate matrix R possesses upper triangular structure
as in the preemptive case and the only difference is that, each Ri is block
lower triangular matrix having order n(m1 +m2) of the form

Ri =

[
Ri

11 0
Ri

21 Ri
22

]
.

4. Conclusion

This paper looked at discrete-time, self-interrupting priority queues of
MAP arrivals and service as the time till absorption of an absorbing Markov
chain which has two absorbing states through which a customer leaves the
system after service or the interrupted customer moved to lower priority
queue. Matrix-Analytic Method is used to analyze the model. The marginal
probability distribution of queue length is discussed. For future studies, one
can consider the chance of abandoning the service if interruption happened.
Incorporation of inventory of items is also another interest of study.
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A two-way communication system is modeled in this paper. A re-
trial queueing system with a finite and an infinite sources is used
in the model. Requests from the finite source are the first order or
regular customers, while the requests from the infinite source are
the second order or the invited customers. In case of an idle server,
the second order customers are called for service. The non-reliable
server is subject to random breakdowns, and even to catastrophic
breakdown, i.e all of the requests at the server, in the buffer, and in
the orbit are sent back to the sources. The novelty of this paper is to
investigate the effect of catastrophic breakdown in a two-way com-
munication environment. The goal is to determine the steady-state
probabilities and the system characteristics with the help of a soft-
ware package. Figures illustrate the effect of the system parameters
on the performance measures.
Keywords: Two-way communication, catastrophic breakdown.

Introduction

For modeling various fields of infocommunication and computer sciences,
the retrial queueing systems are one of the well-known and widely spread
models. Results can be found in works of Falin, Templeton, and more
authors [5, 9]. Several models assume, that the customers generate their re-
quest from a finite number of population. In some cases, these finite source
models are more realistic and give a better description of the considered
application [1, 4]. In addition, the considered real-life systems are unfortu-
nately non-reliable, that is the server can lose its efficiency or may break
down. These type of a non-reliable systems were investigated e.g. in [10].

Furthermore, a new general model was developed not to lose the re-
quests, who are not able to wait for the server in the queue or in the orbit.
They can register for the service and later the idle system can call (outgoing
call) for these customers (two-way communication systems). The first and
later results can be found e.g. in [2, 3, 7].

The research work was supported by the Austro-Hungarian Cooperation Grant No
106öu4, 2020.
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In this paper a special two-way communication system is considered. It
is called searching for customers. Two types of customers are considered.
The organization has a finite number of regular or goodwill customers. They
are the first order customers, making primary calls towards the organization,
i.e. the server. These clients are served according to the retrial queueing
model. During the busy period of the server, the incoming customers are
sent back to the orbit, where they can retry their requests. These customers
are represented with a finite number of the source. During the idle periods
of the server, outgoing calls are performed towards the customers in the
second, infinite source. The clients in this infinite source (second order
customers) will contact the organization with some special interest. In case
of a busy server (meanwhile another regular customer might be arrived),
this special second order customer is treated as a non-preemptive priority
client. They are sent into a priority buffer.

The non-reliable server is subject to random breakdowns. The focus
of this paper is a special type of breakdowns, the catastrophic breakdown.
Retrial queueing models in which customers are removed from the system
due to catastrophic or disaster events have been studied extensively in the
literature. Modeling special systems, e.g. automatic teller machines needs
different types of breakdowns. A catastrophic event can be, for example,
mechanical failures or power outages. Disaster events are known also as an
arrival of a negative customer. When a negative customer arrives at the
system, it immediately removes the positive customer from service. The
case, when a negative customer removes all the positive customers from
the system at once, is called a disaster. Disaster events not only break the
service of the current customer but break down the server. The customers
from the server, the orbit, and the priority buffer are sent back to the source.
Detailed studies on negative customers can be found in [6, 8], and reference
therein.

The remaining parts of this work contain the following. In Section 1
the model definition, the underlying Markovian process with 2 dimensions,
and the applied parameters are described. In Section 2 the steady-state
probabilities are considered, and some performance measures (utilization,
response times, etc.) are provided with the help of MOSEL-2 tool. At the
end of the paper, the results are summarized in a Conclusion.

1. Description of the model

The system is modelled by a single-server retrial queueing system with
a finite and an infinite sources. The functionality of the model is displayed
in Figure 1.
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Figure 1. The system model

The system has two sources. The first one is finite with the first order
customers, the number of customers is N . These customers generate a job
towards the server using the exponential law with parameter λ1. For the
first order customers there is no queue at the server. After the service, the
job goes back to the source can generate a new request again. The service
time is also exponential distributed with parameter µ1. When the server is
busy, the incoming job is transferred to the orbit. The size of the orbit is
N . From the orbit the jobs after an exponential random time interval with
parameter ν retry their request to the server until they are served. The
model has second order customers in an infinite number of sources. These
customers generate triggered requests only. The idle server makes outgoing
calls towards this infinite source, and the second order customers generate
a request to be served. The generation is also exponential with parameter
λ2. The distribution of service times is also exponential with parameter µ2.
When a second order customer finds the server busy, the job is transferred
to a priority buffer. In case of an idle server, a second order customer is
called from this buffer. The size of the buffer is one, because in case of an
idle server, there is no outgoing call when a customer is in the buffer.

In this model the single server is unreliable, it may subject to breakdown.
Here the catastrophic break-down is considered. This is the situation when
a disaster event removes all of the customers from the system (from the
orbit, from the buffer, and from the server after interrupting the service).
The repair of the system starts immediately. The breakdown parameter is
γ0 and γ1 for idle and busy servers, respectively. γ2 is the parameter of
the repair. The considered times are exponentially distributed. During the
breakdown period, the sources are blocked, they are not able to generate
requests.
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Let us denote O(t) and S(t) the number of requests in the orbit and the
state of the server at a given time point of t:

S(t) =



0, when the server is idle,
1, when the server is busy

with a first order customer,
2, when the server is busy

with a second order customer,
3, when the server is down.

The state-space of the underlying Markovian-process (S(t), O(t)) can be
described as a set of {0, 1, 2, 3} × {0, 1, 2, ..., N} elements. Although the
system has an infinite source, the maximum number of the customers in
the system is (N +1) (N in the orbit and one second order customer under
service), there is no stability problems regarding the system. The state
space is finite.

For buffered and non-buffered models the system balance equations can
be formulated. The steady-state system probabilities are:

pi,j = lim
t→∞

P (S(t) = i, O(t) = j), i = 0, 1, 2, 3 and j = 0, 1, ..N

Solving manually these balance equations is rather difficult. There exist
several effective tools for performing the background calculations. In this
paper, the MOSEL-2 tool was used. When the steady-state probabilities are
calculated, this tool provides the well-known performance characteristics.
These measures are obtained using the following formulas, e.g. average
number of jobs in the orbit

O =
3∑

s=0

N∑
o=0

oP (s, o).

2. Numerical results

The most important goal of these types of stochastic systems is to obtain
the performance measures and system characteristics. Usually the through-
put, utilization, response times, waiting times, queue length are considered.
Here the utilization and response time are focused.

There exist several methods to calculate the system measures. Solving
directly the balance equations is rather difficult in most cases. Effective soft-
ware tools can be used to get the steady-state system probabilities. From
these probabilities the performance measures can be computed directly or
by the help of the considered tool. Because solving directly the balance
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equations is rather difficult, the MOSEL-2 tool is used. The system equa-
tions are solved by the SPNP (Stochastic Petri Net Program). The following
figures illustrate the most interesting numerical results.

Figure 2. Mean Response Time vs. λ1

In Figure 2 and 3 the running parameter is λ = λ1, the first order
generation rate. In Figure 2 the mean response time can be seen for two
different failure rates (γ0 = γ1 in this figure). The catastrophic breakdown
is applied. For a higher failure rate lower response time can be observed
because the jobs are more often kicked off to the source.

Figure 3 displays the server utilization. µ1 = 4 and µ2 = 2. This is the
reason, that the utilization is higher in the catastrophic case than in the
normal breakdown case.

Figure 3. Server utilization vs. λ1

3. Conclusion

A special two-way communication system was investigated here. First
order customers come from a finite source, while in the case of an idle server,
second order customers can reach the system via a direct call. Different cases
can be considered. Failure rates are set to be equal for idle server, for server
with first order customer, and for server with second order customer. Two
different cases were considered. The system subject to general breakdown
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and catastrophic breakdown. In this short abstract only two measures, the
mean response time and the server utilization were investigated. Of course,
more characteristics with more parameters can also be considered.
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PROBABILITY SYSTEMS
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Lomonosov Moscow State University, Moscow, Russian Federation

The models arising in such applications as insurance, inventory,
telecommunications, finance, population dynamics and others are
of input-output type. Hence, another interpretation of these ele-
ments lets pass from one applied domain to another. Discrete-time
models became popular during the last decade because in some situ-
ations they give a more appropriate description of system function-
ing. Therefore we consider two models (discrete- and continuous-
time ones) in the framework of reliability and cost approaches, study
their limit behavior, stability and reliability.
Keywords: Limit behavior, stability, optimization, reliability.

Introduction

It is well known that one has to choose an appropriate mathematical
model in order to study a real process or system. The most frequently
used models in such applied probability domains as insurance, inventory,
telecommunications, finance, population dynamics and many others are de-
scribed by the six-tuple (T,Z, Y, U,Ψ,L) (see, [3]). Here T is the planning
horizon, Z = (Z(t), t ∈ [0, T ]) and Y = (Y (t), t ∈ [0, T ]) are input and
output processes, respectively. A system may be deterministic, stochastic
or mixed. That means, either both processes are deterministic (stochastic)
or one of the processes is stochastic and the other one is deterministic. Giv-
ing different interpretation to input and output we can study the systems
from different applied domains using the same model. The system state
X = Ψ(Z, Y, U) depends on input, output and control U via functional Ψ
describing the system structure and performance mode. The control may be
applied to input Z, output Y or system structure Ψ. According to the choice
of the objective function L, there exist two approaches (cost and reliability
ones), see, [4]. In the first case we calculate the (expected) costs entailed
by system functioning and want to minimize them. In the second one the
aim is to minimize the probability of system failure (ruin) or maximize the
time of uninterrupted system performance.

Supported by the Russian Foundation for Basic Research project � 20-01-00487
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Below we consider two models in order to take into account different situ-
ations. Since insurance is the oldest applied probability domain we describe
the models in terms of insurance company functioning. Thus, Section 1
deals with a mixed-type model, namely, discrete-time model of insurance
company using non-proportional reinsurance and bank loans. The premium
inflow is deterministic, whereas the claim amounts are stochastic. First of
all, we prove that the optimal loan policy is characterized by a sequence of
critical levels. After that we establish the system stability using the Kan-
torovich metric, then prove the strong law of large numbers (SLLN) and
central limit theorem (CLT) for the company surplus.

In Section 2 a generalization of the classical Cramér-Lundberg model is
considered. The company is supposed to issue several types (say, n) of poli-
cies. Premiums, as well as claims, are random. Their flows are described by
generalized Poisson processes. The reliability approach is employed. More
precisely, the ruin probability is calculated using the martingale technique.
Analog of the Lundberg inequality is also obtained. Some special types of
claims and premiums distributions are treated.

Due to lack of space the proofs are omitted.

1. Non-proportional reinsurance and bank loans

Suppose that the claims arriving to insurance company are described
by a sequence of independent identically distributed (i.i.d.) non-negative
random variables (r.v.’s) {Xi, i ⩾ 1}. Here Xi is the claim amount during
the i-th period (year, month or day). Let F (x) be its distribution function
(d.f.) having density φ(x) and finite expectation. The company uses non-
proportional reinsurance with retention a and bank loans. If a loan is taken
at the beginning of period (before the claim arrival) the rate is b1 whereas the
emergency loan after the claim arrival is taken at the rate b2 with b2 > b1.
Our aim is to choose the loans in such a way that the additional payments
entailed by loans are minimized. Denote by M the premium acquired by
direct insurer (after reinsurance) during each period. Clearly,

M = (1 + β1)EX − (1 + β2)E(X − a)+.

Here β1 and β2 are the safety loadings of insurer and reinsurer respectively,
usually, β1 < β2.

If x is the initial capital and y is the capital after the bank loan, then
f1(x), the minimal expected additional cost during one period, is given by

f1(x) = min
y⩾x

[b1(y − x) + b2E(min(X, a)− (y +M))+]. (1)
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Clearly, (1) can be rewritten in the form:

f1(x) = −b1x+min
y⩾x

G1(y), G1(y) = b1y + b2E[min(X, a)− (y +M)]+.

Now let fn(x) be the minimal expected costs during n periods and α the
discount factor for future costs. Then, using the dynamic programming,
see, e.g., [1], one easily obtains the following relation:

fn(x) = −b1x+min
y⩾x

Gn(y), Gn(y) = G1(y) +αEfn−1(y+M −min(X, a)).

It is not difficult to prove by induction the main optimization result.

Theorem 1. Let F (M) < 1 − b1
b2

< F (a), then there exists an in-
creasing sequence of critical levels {yn}n⩾1 such that

fn(x) = −b1x+

{
Gn(yn), if x ⩽ yn,
Gn(x), if x > yn.

(2)

The sequence is bounded by ȳ satisfying the equation H(y) = 0 where
H(y) = G′

1(y)− b1α.

Corollary 1. If M = 0 then lim
n→∞

yn = ȳ.

For M > 0 such statement is not valid. To verify this fact the numerical
analysis was carried out using Python.

Suppose now that we have two different sequences of claims {Xn} and
{Yn} with distribution functions FX and FY respectively.

The corresponding minimal n-step costs will be denoted by fn,X and
fn,Y , other functions and constants depending on distribution will be
marked by subscripts X and Y , as well.

The distance between distributions will be measured in terms of the
Kantorovich metric.

Definition 1. Let random variables X and Y , defined on the same
probability space, possess finite expectations. The distance based on the
Kantorovich metric is given as follows:

κ(X,Y ) =

∫ ∞

−∞
|FX(t)− FY (t)| dt

where FX and FY are the respective distribution functions of X and Y .

The distance between the cost functions is measured in terms of the Kol-
mogorov uniform metric. Thus, we are going to study

∆n = sup
x

|fn,X(x)− fn,Y (x)|.

To this end we need the following
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Lemma 1. Let functions gi(y), i = 1, 2, be such that |g1(y)−g2(y)| <
δ for some δ > 0 and any y, then sup

x
| inf
y⩾x

g1(y)− inf
y⩾x

g2(y)| < δ.

Now we are able to estimate ∆1.

Lemma 2. Assume κ(X,Y ) = ρ, then ∆1 ⩽ b2ρ.

To formulate the main result demonstrating the model stability put

Dn = b2(1−αn)
1−α + b1(α−αn)

1−α .

Theorem 2. If κ(X,Y ) = ρ, then ∆n ⩽ Dnρ.

The last problem for this model is the limit behavior of the company surplus
as the planning horizon n tends to ∞. Let x be the initial capital. Since we

use the reinsurance treaty with retention level a at each step, put X
(a)
k =

min(Xk, a) where Xk denotes the claim amount in the k-th period.
According to Theorem 1 the optimal policy of insurer is characterized

by the sequence of critical levels yn as follows. At the first step of n-step
process it is necessary to raise the initial capital to level yn if x ⩽ yn and

take no loan otherwise. Thus, if Z
(n)
k is the surplus at the k-th step of the

n-step process then Z
(n)
0 = x and for k ⩾ 1

Z
(n)
k =

{
yn+1−k +M −X

(a)
k , Z

(n)
k−1 ⩽ yn+1−k,

Z
(n)
k−1 +M −X

(a)
k , Z

(n)
k−1 > yn+1−k.

(3)

Theorem 3 (SLLN for surplus). For x > a−M with probability 1

Z
(n)
n

n
→ δ(a) =M − EX(a), as n→ ∞.

Thus, we can formulate the following

Corollary 2. The ultimate ruin probability of the company is equal
to 1 if δ(a) ⩽ 0.

One uses the properties of convergence in distribution, see, e.g., [2], and the
properties of Gaussian distributions to derive the asymptotic normality.

Theorem 4 (CLT for surplus). For x > a−M

Z
(n)
n − EZ

(n)
n√

V arZ
(n)
n

d→ N , as n→ ∞,

here N has Gaussian distribution with parameters (0, 1) and
d→ signifies

convergence in distribution.

Hence, it is not difficult to obtain the bounds on the size of surplus with
probability 1 − ε for small ε > 0 and choose the appropriate values of
retention level a and safety loadings βi, i = 1, 2.
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2. Generalized Cramér-Lundberg model

In order to make the model more realistic, we will consider n categories
of insurance (not a single one), replace the compound Poisson process by
a generalized Poisson process and include the investment. Based on these
conditions, a risk model is set up to find (by the martingale methods) the
formula of ruin probability and its upper bound. Thus, we put

U(t) = u1 + (u1 − u2 − u3)(b− c+ d) + S(t),

S(t) = u2r1t+ u3(r2t+ aB(t)) +

n∑
j=1

Nj(t)∑
i=1

X
(j)
i −

n∑
j=1

Mj(t)∑
i=1

Y
(j)
i .

Here U(t) is the capital of insurance company and S(t) is the gain at time t,
u1 is the initial reserve of insurance company, u2 is invested in a non-risky
asset, u3 is used in venture capital, r1 is rate of return of u2, u3(r2t+aB(t))
is income from investment of u3 in a Brownian motion with parameters r2,
a (r2 is drift parameter, a is volatility, B(t) is a standard Brownian motion),
b is interest rate, c is inflation rate, d is exchange rate. Clearly, parameters
satisfy the following inequalities t ≥ 0, u1 > 0, u2 > 0, u3 > 0, r1 > 0, r2 >
0, a > 0. Furthermore, Nj(t) and Mj(t) are Generalized Poisson processes

providing inhomogeneity of premiums and claims flows, X
(j)
i represents the

ith premium, while Y
(j)
i is the ith claim amount for the jth insurance

branch. All r.v.’s possess finite means and variances.

Lemma 3. Surplus process {S(t), t ≥ 0} has stable independent in-
crements.

Lemma 4. There is a function h(r) satisfying the relation

E[exp(−rS(t))] = exp(th(r)).

Lemma 5. Equation h(r) = 0 has only one positive root R.

Theorem 5. For the Doubly Generalized Poisson multiple risk model,
the upper bound of ruin is

φ(u) ≤ exp[−R(u1 + (u1 − u2 − u3)(b− c+ d))].

Theorem 6. For the Doubly Generalized Poisson multiple risk model,
the ruin probability is

φ(u) =
exp[−R(u1 + (u1 − u2 − u3)(b− c+ d))]

E[exp[−RU(T )]|T <∞]
,

here T is the ruin time, that is, T = inf{t ≥ 0 : U(t) < 0}.
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Conclusion

Two new insurance models were studied. The first one is discrete-time
model of insurance company using non-proportional reinsurance and bank
loans. The aim is minimization of expected additional costs associated with
loans during n periods. It is proved that the optimal policy is determined by
an increasing bounded sequence of critical levels. The model stability is es-
tablished in terms of Kantorovich metric. For the optimal company surplus
SLLN and CLT are proved. Further investigation direction is treatment of
incomplete information, see, [5].

The second model describes a company having several business lines.
The model is doubly stochastic and uses investment in risky and non-risky
assets. Moreover, the input (premiums flow) and output (claims flow) are
generalized Poisson processes (not compound ones). The properties of com-
pany surplus are studied. This model illustrates the reliability approach,
providing the ruin probability. Next step is investigation of system stability
and choice of optimal parameters, as in [6].
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We consider a multiserver multiclass retrial system with classical
retrials, and present a new short proof of the sufficient stability
(positive recurrence) condition of the system.
Keywords: Multiserver multiclass system, retrial system, stability
condition, regenerative processes, outgoing calls.

Introduction

The importance of retrial queues in modeling modern wireless telecom-
munication systems is well-known. To motivate it, we mention the most
important sources, such like [1, 2, 3, 4]. However there are still many dif-
ficult problems in the performance and stability analysis such systems. In
this work we focus on the stability analysis, and using regenerative argu-
ments present a new short proof of the known sufficient stability condition
of such retrial system. This proof is not only much shorter that that have
been used earlier (see [1, 10]) but also allows easily to cover more general re-
trial systems with the so-called ’outgoing’ calls [8]. Although many papers
have investigated steady-state performance of retrial queues, still a little
attention is devoted to stability conditions outside the Markovian setting,
which is the topic of this research.

In this regard, we first mention a fundamental work [1] in which a de-
tailed stability analysis of a general G/G/1-type single-server retrial queue
is developed. We note that the authors study the system with a stationary
input process and non-exponential retrial times, and also investigate the
convergence rate to a stationary regime.

The stability of multiserver retrial systems is studied in a few papers.
For instance, the paper [1] studies such a system with a finite buffer, batch
Markovian arrival process, phase-type service time distribution and a gen-
eral retrial rate, and stability analysis is based on the corresponding embed-
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ded Markov chains. We note that a comprehensive bibliography on research
related to retrial queues can be found in the recognized sources [2, 3, 4].

In the present paper, we consider the stability of a multiserver retrial
M/G/1 queue with independent Poisson inputs of different classes of pri-
mary customers, with generic (exponential) interarrival times τi with rates

λi = 1/Eτi, with iid service time {S(i)
n } of class i-customers (with generic

service time S(i) and rate µi = 1/ES(i)) and with class-dependent exponen-
tial retrial times, i = 1, . . . , N .

If an arriving class-i primary customer finds all servers busy, he joins
the corresponding (infinite capacity) orbit i. Then, after exponentially dis-
tributed times, the customer attempts to capture server until he finds an
idle server. We use the regenerative approach [5, 9] to reprove the stability
condition, and this work thus continues our previous works [10] and [8]. In
the work [10], the proof has been based on the negative drift of remaining
work (in the single) orbit, while in the paper [8], we suggested the approach
utilizing the positive drift of the idle time of server, under a predefined con-
dition. In a contrast, in the current analysis we observe the system at the
departure instants and evaluate the idle time of servers after each departure.
This approach leads to a radical simplification of the stability analysis and,
as we show, can be directly applied also to the system with outgoing calls.
It means that if server is idle, it initiates a private outgoing call [8]. The
idea to consider the output process is not new of course. For instance, the
analysis of M/G/1-type retrial system in [1] is based on the analysis of an
embedded Markov chain representing the orbit size at the service comple-
tion epochs. It is shown that this chain is ergodic under condition λ/µ < 1.
It is well-known that the latter condition is stability criterion of a standard
buffered M/G/1 queueing system with work-conserving service discipline.

The main difference of a retrial system with classical one, from the point-
of-view of stability analysis is that, in such a system, after each service com-
pletion, the server becomes idle for a random time until the beginning of
the next service, implying a loss of server capacity after each departure, and
thus the service discipline turns out to be not work-conserving. However,
the service discipline in the retrial queueing system with classical retrials
approaches the work-conserving discipline in the corresponding buffered sys-
tem as the orbit size increases, and by this reason, it is called asymptotically
work-conserving [10].

The main contribution of this paper is to present a new short proof of
the sufficient stability condition of this model, which also allows easily to
consider the system with the outgoing calls.
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The rest of this paper is organized as follows. Section 2 describes the
basic model and describes the regenerative structure of the process. In
Section 3 we give the basic balance equation and outline the proof of stability
condition.

1. Description of the model

In the present paper, we consider the stability of a multiserver retrial
M/G/1 queue with independent Poisson inputs of different classes of pri-
mary customers, with generic (exponential) interarrival times τi with rates

λi = 1/Eτi, with iid service time {S(i)
n } of class i-customers (with generic

service time S(i) and rate µi = 1/ES(i)) and with class-dependent expo-
nential retrial times, i = 1, . . . , N . (It is straightforward to extend analysis
to a renewal input process where each customer belongs to class i with a
probability pi.)

If an arriving class-i primary customer finds all servers busy, he joins
the corresponding (infinite capacity) orbit i. Then, after exponentially dis-

tributed times, with the rate µ
(i)
0 , the customer attempts to capture server

until he finds a server idle. Denote µ0 = minµ
(i)
0 . This is the so-called

classical retrial policy, and if the orbit size (denoted by Q(t) at instant t)
equals N , then the retrial rate at this instant is lower bounded by µ0N .

To describe the regenerative structure of the system, we denote by Q(t)
the total number of customers in the system at instant t−, let {tk} be the
arrival instants of the superposed input (Poisson) process and denote by

Q(tk) = Q̂k. Then the regeneration instants {Tn} of the process {Q(t), t ⩾
0} are recursively defined as

Tn+1 = inf
k
(tk > Tn : Q̂k = 0), n ⩾ 0, (1)

where we put T0 := 0. The generic regeneration period, the distance be-
tween two regeneration points, is denoted by T . We call the regenerative
process {Q(t)} (and the queueing system) positive recurrent (stable) if the
mean regeneration period is finite, ET < ∞, and it implies stability of the
system, while if ET = ∞ then the system is called null-recurrent or unsta-
ble. Analogous properties hold for the queue-size process considered at the
departure instances {dk}, which is analysed below.

2. Stability analysis

Denote by ρi = λ/µi, ρ =
∑

i ρi and outline the proof of the following
statement.

Theorem 1. If ρ < m then the system under consideration is positive
recurrent, ET <∞.
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Denote by Vi(t) the total workload which class-i customers bring in the
system in time interval [0, t]. Also let V (t) =

∑
i Vi(t). Moreover, denote

by W (t) the remaining work in all orbits at instant t, and let I(t) be the
total idle time of all servers in interval [0, t]. Assume that the system is
initially empty. Then the following balance equation holds:

V (t) =W (t) +mt− I(t), t ⩾ 0. (2)

It is easy to find, using the Strong Law of Large Numbers, that with prob-
ability 1 (w.p.1)

lim
t→∞

V (t)

t
=
∑
i

ρi = ρ, (3)

regardless of whether the system is stable or not. Indeed it follows from
theory of cumulative processes [11], that convergence in mean in (3) holds
as well. Now we assume that the system is null-recurrent that is ET = ∞,
and in this case

Q(t) ⇒ ∞ in probability as t→ ∞. (4)

This can be proved by contradiction: if we assume that Q ̸⇒ ∞ then it
follows that ET < ∞, see for instance [9]. Then we must show that indeed
EI(t)/t → 0 as t → ∞. However, in this research, we focus on another
variant of the proof based on the following form of the balance equation
constructed at the departure instances:

W (dn) = V (dn)−mdn + I(dn), n ⩾ 1.

where, recall, {dk} are the departure instances. To simplify notation, denote
by

W (dn) =Wn, V (dn) = Vn, I(dn) = In, Q(dn) = Qn, n ⩾ 1.

Then in particular, in the zero initial state case, when the 1st customer
arrives at instant t1 = 0 in an empty system, we obtain

In =
n−1∑
k=1

∆k, n ⩾ 1,

where ∆k = I(dk+1)−I(dk) is the idle time of a server between the kth and
(k + 1)th departures and, by construction, I1 = 0. Note that the following
uniform upper bound holds regardless of the states of orbits:

sup
k

E∆k ⩽ 1/λ. (5)
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Then we prove the most challenging step. Namely, we show that, under
assumption (3),

lim
n→∞

EIn/n = 0. (6)

A key observation is that, provided Qk ⩾ n, the mean idle time after the
kth departure is upper bounded by the constant

C(n) :=
1

λ+ nµ0
,

and C(n) → 0 as n → ∞. This shows that, if Qk ⩾ n, then E∆k ⩽ C(n)
and can be done arbitrarily small for n large enough. The further analysis
is based on the assumption (3). In particular, we show that, for arbitrary
ε > 0, the convergence in mean

δ := lim sup
n→∞

EIn
n

⩽ ε (7)

holds, implying δ = 0. The final step of analysis is to rewrite the balance
equation (2) as

EWn = EVn − dn + EIn,

divide both sides of this expression by dn and letting n→ ∞. It eventually
gives ρ ⩾ m. This contradiction with the main assumption of Theorem
shows that assumption (3) is false and Qn ̸⇒ ∞. Then we show that the
latter results implies that the remaining regeneration time T (dn) at instant
dn, also satisifies

T (dn) ̸⇒ ∞, n→ ∞.

The rest of the proof follows by a standard argument based on the ’unload-
ing’ procedure [9] and ’regeneration’ condition

min
1⩽i⩽N

P(τ > S(i)) > 0,

which holds in this system automatically.
We also give a new short regenerative proof of stability condition of the

system with the outgoing calls and extend the stability analysis to multi-
server system.

3. Conclusion

In this work, we develop a new and short regenerative proof of the sta-
bility condition of a multiclass retrial system with classical retrials. Unlike
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previous proofs, we focus on the departures customers from the system, and
provided the number of orbital customers increases infinitely, show a con-
tradiction with a predefined negative drift condition, which thus turns out
to be a sufficient stability condition.
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We consider logarithmic asymptotics of the large deviation prob-
ability in a single-server queue with Poisson input, where server,
after completion of service, seeks a customer from an orbit (retrial
customer) for the next service, unless new arrival captures server.
Service times of the input and orbital customers have different dis-
tributions. Under stability assumption, the asymptotic of the prob-
ability that the number of customers in the system reaches a high
threshold within a regeneration cycle is found. The example for
exponential retrieval time is given.
Keywords: Retrial queue, large deviations, overflow probability.

Introduction

The retrial queues (systems with the orbit) are widely used nowadays for
describing modern computer and service systems [1, 2]. In such systems, if
an arrival finds server busy, it joins infinite-capacity virtual orbit and repeat
attempts to get service or wait until server select him for the next service. In
practice it happens for example, when customer try to capture the manager
calling several times or when customer leaves contact information and waits
for calling back.

In these systems one of the important quality of service parameter is
the probability that the number of waiting customers exceeds a given large
threshold. The probability that describes this situation is called the overflow
probability, and it can be studied by large deviation analysis. Previously
this probability has been studied for the classic multi-server buffered system
in [3]. Then this result has been adapted for the asymptotic analysis of the
overflow probability in the tandem queues in [4], for the multi-server single-
class retrial queue in [5] and for the multi-class retrial queue in [6].

In this work we construct the exact logarithmic asymptotics for the
overflow probability for the single-server system with Poisson input and
one orbit with different service times of the input and orbital customers.
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We assume that the sequence of the seeking times is iid with a general
distribution. For our analysis we apply the technique developed in [5].

1. Description of the model

We consider a single-server system with Poisson input. There is an
infinite-capacity virtual orbit in the system. A new customer joins the or-
bit if server is busy upon the arrival. When the customer leaves system
after being served, server begins to seek a customer from the orbit to be
served next according to the First-Come-First-Served discipline: if the re-
trieval time is completed before the next arrival, the server begins to serve
the oldest customer from the orbit. If a new customer arrives during the
retrieval time, the server stops seeking process and begins to serve this new
customer. The described model is well-motivated by practical applications,
see [1, 2, 5].

In the described system we suppose that service time of the customer
depends on whether it visits the orbit or not. We consider that the service
time of the orbital customer has different distribution than the service time
of the input customer that meets empty server upon the first arrival to the
system and gets service immediately.

We assume a Poisson input of customers arriving at the instants {tn},
with exponential interarrival times τn = tn+1− tn, t1 = 0 with input rate λ.
Denote Sn the independent identically distributed (iid) sequence of service
times of the customers that meet empty server upon arrival and get service
immediately without going to the orbit. If a new arrival meets a busy server,
it needs to go to the orbit. This orbital customer will be served later, and
we denote its service time Sor

n . The sequence of Sor
n is also iid. Moreover,

retrieval times {An} are assumed to be iid as well, where An is the seeking
time after the (n − 1)-th departure from the system, and we put A1 := 0.
Denote input service rate µ = 1/ES, orbital service rate µor = 1/ESor

and retrieval rate γ = 1/EA. The difference between distribution of service
times S and S(or) is motivated by practical applications. For example,
when customers from the orbit require a shorter identification process by
the server, we can assume that S >st S

(or) [2].
We study the logarithmic asymptotics of the stationary overflow proba-

bility PN that the number of customers in the described system exceeds a
fixed level N during regeneration cycle, as N → ∞. The further analysis is
based on the approach that has been previously applied in the works [5, 6].

2. Asymptotic of the overflow probability

We remain the number of customers in the system unchanged if assume
that each new customer arriving in the system joins the orbit regardless of
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the state of server. If a new customer arrives during a seeking time, then
the server starts to serve the oldest orbital customer immediately instead
of the new arrival, which in turn joins the ’end’ of the virtual orbit. If the
seeking time of the server is not interrupted by the newly arrived customer,
then the behaviour of the system remains as in conventional system: the
server takes the oldest customer from the orbit. When the served customer
leaves the system, server starts to seek the next orbital customer, and the
process repeats. We stress that possible change of the order of the customers
in this (modified) system does not change distribution of the total number
of customers in this system because of the stochastic equivalence of the
service times of the customers. On the other hand, this replacement of the
customers is convenient for the analysis, because we keep the order of the
service the same as the order of arrivals, that is, we preserve FIFO discipline.
It allows us to consider the original system with the orbit as a classic buffered
system and moreover, applying coupling method, to use the same service
times in both system (original and modified) for each nth customer entering
server in each system. (For more detail see [5].) Furthermore, the idle time
of the server before initiation of the nth service can be interpret as a part
of the service time of the next customer, and hence we can define the nth
service time in the modified system as

Ŝn = Sn · In + S(or)
n (1− In) + min(τn, An),

where

In =

{
1, if τn < An,

0, if τn ⩾ An.

So, Ŝ = S+τ with probability P(τ < A), and Ŝ = S(or)+τ with probability
P(τ ⩾ A). Then exponential moment of Ŝ can be written as

EeθŜ = E[eθ(S+τ)|τ < A]P(τ < A) + E[eθ(S
(or)+A)|τ ⩾ A]P(τ ⩾ A).

By independence S and τ ,

E[eθ(S+τ)|τ < A]P(τ < A) = EeθSE[eθτ ; τ < A],

where, by the independence τ and A,

E[eθτ ; τ < A] =

∫ ∞

0

eθxλe−λxP(A > x)dx.
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Assume θ < λ. Then, by integration by parts, after some algebra,∫ ∞

0

eθxλe−λxP(A > x)dx =
λ

λ− θ
(1− fA(λ− θ)),

where fA(s) := Ee−sA is the Laplace transform of the random variable A.
Similarly, by the independence S(or) and A we get

E[eθ(S
(or)+A)|τ ⩾ A]P(τ ⩾ A) = EeθS

(or)

E[eθA;A ⩽ τ ],

where

E[eθA;A ⩽ τ ] =

∫ ∞

0

eθxe−λxP(A ⩽ x)dx = fA(λ− θ).

The log moment generating function for r.v. Ŝ can be then written as

ΛŜ(θ) = log EeθŜ = log

[
λ

λ− θ
EeθS(1− fA(λ− θ)) + EeθS

(or)

fA(λ− θ)

]
.

Stability condition in this case becomes

λ[(1− fA(λ))ES + fA(λ)ES
(or)] + λEmin(τ,A) < 1. (1)

Now we define the maximal moment indexes

θ1 = sup(θ > 0 : EeθS
or

<∞) > 0, (2)

θ2 = sup(θ > 0 : EeθS <∞) > 0, (3)

θ3 = sup(θ > 0 : EeθA <∞) > 0. (4)

Then the following result for the logarithmic asymptotic for the PN are
proved as in [5].

Theorem 1. Assume that condition (1) holds true. Then

lim
N→∞

1

N
logPN = Λτ (−θ∗), (5)

where parameter θ∗ is defined as

θ∗ = sup
θ

(
0 < θ < min(λ, θ1, θ2, θ3) : Λτ (−θ) + ΛŜ(θ) ⩽ 0

)
. (6)
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3. Example

In this section we calculate function Λ(θ) and parameter θ∗ for the case
of the exponential distributions of the service and retrieval times.

Since the input is Poisson, let the interval τ be exponential with param-
eter λ. We consider exponential service time S with parameter µ, service
time S(or) of the orbital customers is exponential with parameter µ(or) and
retrieval time A is exponential with parameter γ. In this case, as it is easy
to calculate parameters (2)-(4)

θ1 = µ(or), θ2 = µ, θ3 = γ.

For the Poisson input

Λτ (−θ) = log
λ

θ + λ
.

Since retrieval and service times are exponential,

fA(λ− θ) =
γ

γ + λ− θ
, EeθS =

µ

µ− θ
, EeθS

(or)

=
µ(or)

µ(or) − θ
.

Then

ΛŜ(θ) = log EeθŜ = log

[
λ

λ− θ
EeθS(1− fA(λ− θ)) + EeθS

(or)

fA(λ− θ)

]
= log

[
λ

λ− θ
· µ

µ− θ
· λ− θ

γ + λ− θ
+

µ(or)

µ(or) − θ
· γ

γ + λ− θ

]
.

Then parameter (6) satisfies

θ∗ = sup
(
θ ∈ (0, min(γ, µ(or), µ)) :

λ2µ(λ− θ)

(λ2 − θ2)(γ + λ− θ)(µ− θ)
+

γλµ(or)

(λ+ θ)(γ + λ− θ)(µ(or) − θ)
⩽ 1
)
.

4. Conclusion

In the paper we consider single-server queueing system with an orbit,
where the server needs some time to choose an orbital customer. We study
the logarithmic asymptotics for overflow probability that the number of
customers in the system reaches a high level N within a regeneration cycle.
The system is fed by a Poisson input and the server retrieval time is assumed
to be generally distributed. Moreover, the different service times for input
and orbital customers are considered. The example is included as well.
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This paper is devoted to the analysis of retrial queue with an ar-
bitrary distribution of service times, collisions, and non-persistent
customers. Our aim is to investigate the number of customers in the
orbit of the system. To this end, we use the asymptotic-diffusion
method to build a diffusion approximation for the steady-state dis-
tribution of the number of customers in the orbit.
Keywords: Retrial queue, collision, non-persistent customer, dif-
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Introduction

Retrial queues arose as models of communication systems. The basic
phenomenon of such systems is the retrial behavior of customers: if the
server is busy upon arrival, the customer enters the orbit and repeats the
attempt to access the server after a random amount of time.

There are several modifications of retrial queues that reflect the system
features such as collisions and non-persistent customers, which appear in
various switching communication systems and CSMA-based networks [1].
In recent years, queueing systems with collisions are of interest due to the
reborn of IEEE 802.11 wireless LANs. In paper [2], authors describe the
markovian retrial queue with collisions and shows applications of persistence
to modeling CSMA-CD protocols. In paper [3], the author consider similar
markovian model and takes into account the impatience of customers.

Nazarov and Sztrik with their research group have considered several
models of finite-source retrial queues with collisions [4, 5, 6]. The phe-
nomena of non-persistent customers in retrial queues was considered in [7].
Lakaour and his colleagues have considered markovian models with colli-
sions, transmission errors and unreliable server [8, 9].

We consider retrial queue with arbitrary distribution of service times,
collisions and r-persistent customers. We build diffusion approximation for
the number of customers in the orbit and construct the approximation of
its probability distribution under the limit condition of growing delay in the
orbit.
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1. Model Description and Problem Definition

We consider a retrial queue with an arbitrary distribution of service
times defined by the distribution function B(x). The input is stationary
Poisson process with rate λ. If the server is idle upon arrival, the incoming
customer occupies it for service. Otherwise, the collision occurs and one of
the customers joins the orbit. The other customer can also join the orbit
with probability r or leave the system with probability (1− r).

At the orbit, a customer waits for some random time and tries again to
occupy the server. The duration of delay follows an exponential distribution
with rate σ.

Let k(t) denote the state of the server at instant t: 0, if the server is
idle; 1, if the server is busy. Let i(t) denote the number of customers in
the orbit at instant t. We also introduce process z(t), which represents the
residual service time. Thus, process {k(t), i(t), z(t)} has variable number
of components and exhaustively describes the system state. We denote the
probability distribution of process {k(t), i(t), z(t)} as follows:

P0(i, t) = P{k(t) = 0, i(t) = i}, P1(i, z, t) = P{k(t) = 1, i(t) = i, z(t) < z},

and introduce the partial characteristic functions

H0(u, t) =

∞∑
i=0

ejuiP0(i, t), H1(u, z, t) =

∞∑
i=0

ejuiP1(i, z, t),

where j is the imaginary unit. The Kolmogorov system of differential equa-
tions for the partial characteristic functions has the following form:

∂H0(u, t)

∂t
= −λH0(u, t) + jσ

∂H0(u, t)

∂u
+
∂H1(u, 0, t)

∂z
+

+λeju(1 + r(eju − 1))H1(u, t)− jσ(1 + r(eju − 1))
∂H1(u, t)

∂u
,

∂H1(u, z, t)

∂t
=
∂H1(u, z, t)

∂z
− ∂H1(u, 0, t)

∂z
− λH1(u, z, t)+

+jσ
∂H1(u, z, t)

∂u
+ λH0(u, t)B(z)− jσe−ju ∂H0(u, t)

∂u
B(z). (1)

After that, we sum up the equations of system (2). Taking the limit by
z → ∞, we obtain

∂H(u, t)

∂t
= (eju − 1)×
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×
{
jσe−ju ∂H0(u, t)

∂u
+ λ(1 + reju)H1(u, t)− jσr

∂H1(u, t)

∂u

}
. (2)

Solving system (2) and equation (4) in the limit by σ → 0, we derive
drift and diffusion coefficients of approximating diffusion process.

2. Asymptotic-Diffusion Analysis

In system (2) and equation (4), we introduce the following notations:

σ = ε, u = εw, τ = εt,

H0(u, t) = F0(w, τ, ε), H1(u, z, t) = F1(w, z, τ, ε), (3)

and obtain the system of equations

ε
∂F0(w, τ, ε)

∂τ
= −λF0(w, τ, ε) + j

∂F0(w, τ, ε)

∂w
+
∂F1(w, 0, τ, ε)

∂z
+

+λejwε(1 + r(ejwε − 1))F1(w, τ, ε)− j(1 + r(ejwε − 1))
∂F1(w, τ, ε)

∂w
,

ε
∂F1(w, z, τ, ε)

∂τ
=
∂F1(w, z, τ, ε)

∂z
− ∂F1(w, 0, τ, ε)

∂z
− λF1(w, z, τ, ε)+

+j
∂F1(w, z, τ, ε)

∂w
+ λF0(w, τ, ε)B(z)− je−jwε ∂F0(w, τ, ε)

∂w
B(z),

ε
∂F (w, τ, ε)

∂τ
= (ejwε − 1)×

×
{
je−jwε ∂F0(w, τ, ε)

∂w
+ λ(1 + rejwε)F1(w, τ, ε)− jr

∂F1(w, τ, ε)

∂w

}
. (4)

We solve system (1) in the limit by ε → 0 and formulate the following
theorem.

Theorem 1. In considered retrial queue, under the limit condition
σ → 0, the following equality holds:

lim
σ→0

E
{
σi
( τ
σ

)}
= x(τ),

where x(τ) is a solution of differential equation

x′(τ) = −x(τ)r0 + [λ+ (λ+ x(τ))r]r1, (5)

values r0, r1 have the following form:

r0 =
1

2−B∗(λ+ x)
, r1 =

1−B∗(λ+ x)

2−B∗(λ+ x)
. (6)

Here B∗(s) is the Laplace-Stieltjes transform (LST) of the distribution func-
tion of the service times B(x).
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From (4), we denote function

a(x) = −xr0 + (λ+ (λ+ x)r)r1. (7)

For the second step of analysis, we make the following substitutions in
equations (2)-(4):

H0(u, t) = ej
u
σ x(σt)H

(2)
0 (u, t), H1(u, z, t) = ej

u
σ x(σt)H

(2)
1 (u, z, t).

Thus, we obtain the equations for the partial characteristic functions of
centered number of customers in the orbit. After that, we introduce the
following substitutions:

σ = ε2, u = wε, τ = tε2,

H
(2)
0 (u, t) = F

(2)
0 (w, τ, ε), H

(2)
1 (u, z, t) = F

(2)
1 (w, z, τ, ε), (8)

and obtain the system of equations

ε2
∂F

(2)
0 (w, τ, ε)

∂τ
+ jwεa(x)F

(2)
0 (w, τ, ε) = −(λ+ x)F

(2)
0 (w, τ, ε)+

+jε
∂F

(2)
0 (w, τ, ε)

∂w
+
∂F

(2)
1 (w, 0, τ, ε)

∂z
+

+(λejwε + x)(1 + r(ejwε − 1))F
(2)
1 (w, τ, ε)−

−jε(1 + r(ejwε − 1))
∂F

(2)
1 (w, τ, ε)

∂w
,

ε2
∂F

(2)
1 (w, z, τ, ε)

∂τ
+ jwεa(x)F

(2)
1 (w, z, τ, ε) =

∂F
(2)
1 (w, z, τ, ε)

∂z
−

−∂F
(2)
1 (w, 0, τ, ε)

∂z
− (λ+ x)F

(2)
1 (w, z, τ, ε) + jε

∂F
(2)
1 (w, z, τ, ε)

∂w
+

+(λ+ xe−jwε)F
(2)
0 (w, τ, ε)B(z)− jεe−jwε ∂F

(2)
0 (w, τ, ε)

∂w
B(z),

ε2
∂F (2)(w, τ, ε)

∂τ
+ jwεa(x)F (2)(w, τ, ε) =

= (ejwε − 1)

{
jεe−jwε ∂F

(2)
0 (w, τ, ε)

∂w
− xe−jwεF

(2)
0 (w, τ, ε)+
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+(λ+ r(λejwε + x))F
(2)
1 (w, τ, ε)− jεr

∂F
(2)
1 (w, τ, ε)

∂w

}
. (9)

Solving system (9) in the limit by ε→ 0, we present Theorem 2.

Theorem 2. Function lim
ε→0

F
(2)
k (w, τ, ε) = F

(2)
k (w, τ) has the follow-

ing form:

F
(2)
k (w, τ) = Φ(w, τ)rk,

where rk is given by (6), function Φ(w, τ) is the solution of equation

∂Φ(w, τ)

∂τ
= w

∂Φ(w, τ)

∂w
a′(x) +

(jw)2

2
Φ(w, τ)b(x). (10)

Function a(x) is defined by (5), b(x) is determined as follows:

b(x) = a(x) + 2[−(λ+ x)(1 + r)g0 + xr0 + rλr1], (11)

where

g0 =
(a(x) + x)(1−B∗(λ+ x)) + (λ+ x)a(x)B∗′(λ+ x)

(λ+ x)(2−B∗(λ+ x))2
.

Here equation (10) is the Fourier transform of the Fokker-Planck equa-
tion for the process approximating the number of customers in the orbit
of considered retrial queue. If we make the inverse Fourier transform, we
can see that the drift coefficient of the obtained diffusion limit is a(x) and
diffusion coefficient if b(x).

Theorem 3. Discrete function PD(i) is the approximation of the
probability distribution of the number of customers in the orbit and has
the following form:

PD(i) =
D(iσ)

∞∑
n=0

D(nσ)
, (12)

where

D(z) =
1

b(z)

z∫
0

2

σ

a(x)

b(x)
dx.

3. Conclusion

We have considered the retrial queue with collisions and r-persistent
customers. For the number of customers in the orbit, we have derived
the approximation of the probability distribution (12). In future, we plan
to investigate the stability mode in such system based on the obtained
approximation.
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Introduction

With the growing interest in fifth-generation mobile networks, various
models are being actively developed to improve the quality of service and
various mathematical models are being built to study the impact of various
conditions on the quality of service [1] or research additional ways to reduce
the load on the network [2]. But there is also the task of optimizing the
operation of a specific base station for customers with different communica-
tion quality, given that up to 2030 there will be a sharp question of servicing
two types of traffic [3]. To solve such an optimization problem, we can use
the queueing theory.

In this paper, we consider the resource queue with feetback and two
arrivals as a model of a strategy of service two types of traffic on one base
station. Such a model allows controlling calls, which are not serviced imme-
diately. We can obtain the main probability and numerical characteristics
of such system performance.

1. Problem Statement

Consider the multi-server queue with two Poisson arrivals with intensi-
ties λ1 and λ2, respectively. Customers’ service durations are exponentially
distributed random variables with parameters µ1 and µ2. Each customer
requires x1 and x2 resource units, respectively, for the first and second ar-
rivals. The total available resource is limited and equal R units.



Resource queueing system with feedback 101

Each arrival takes up any free server, if there are a sufficient amount of
free resources. In the case, when there is not enough resource, the customer
goes to the corresponding orbit, where stay for a random time distributed
exponentially with the parameters σ1 and σ2, after which it tries to access
the system. If there is enough resource, it gets up on service, otherwise, it
remains in orbit until the next try to get up on service.

Our goal is to study the four-dimensional stochastic process {n1(t), n2(t),
i1(t), i2(t)}, where n1(t), n2(t) are the number of customers of the first and
second arrivals, which be serviced at time t, and i1(t), i2(t) are the number
of customers in the first and second orbits at time t. The states space of
this process is defined as

X = {(n1, n2, i1, i2) : x1n1 + x2n2 ⩽ R, i1, i2 > 0}.

2. Main System of Equations

We denote the stationary probability distribution of the system states

P (n1, n2, i1, i2) = lim
t→∞

P (n1(t) = n1, n2(t) = n2, i1(t) = i1, i2(t) = i2),

for which we write the system of equilibrium equations

[λ1 + λ2 + n1µ1 + n2µ2 + i1σ1 · I(x1(n1 + 1) + x2n2 ⩽ R, i1 > 0)+

+i2σ2 · I(x1n1 + x2(n2 + 1) ⩽ R, i2 > 0)] · P (n1, n2, i1, i2) =

= λ1 · I(n1 > 0) · P (n1 − 1, n2, i1, i2) + λ2 · I(n2 > 0) · P (n1, n2 − 1, i1, i2)+

+λ1 · I(x1(n1 + 1) + x2n2 > R, i1 > 0) · P (n1, n2, i1 − 1, i2)+

+λ2 · I(x1n1 + x2(n2 + 1) > R, i2 > 0) · P (n1, n2, i1, i2 − 1)+

+(n1 + 1)µ1 · P (n1 + 1, n2, i1, i2) · I(x1(n1 + 1) + x2n2 ⩽ R)+

+(n2 + 1)µ2 · P (n1, n2 + 1, i1, i2) · I(x1n1 + x2(n2 + 1) ⩽ R)+

+(i1 + 1)σ1 · I(n1 > 0) · P (n1 − 1, n2, i1 + 1, i2)+

+(i2 + 1)σ2 · I(n2 > 0) · P (n1, n2 − 1, i1, i2 + 1).

We introduce the partial characteristic functions

H(n1, n2, u1, u2) =

∞∑
i1=0

eju1i1

∞∑
i2=0

eju2i2P (n1, n2, i1, i2), j =
√
−1,

we rewrite the system in the operator form
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(A+ λ1e
ju1B1 + λ2e

ju2B2)H(u1, u2) + jσ1(C1 − e−ju1D1)
∂H(u1, u2)

∂u1
+

+jσ2(C2 − e−ju2D2)
∂H(u1, u2)

∂u2
= 0, (1)

where H(u1, u2) is a matrix of H(n1, n2, u1, u2), and A, B1, B2, C1, C2,
D1, D2 are operators satisfying the conditions:

AH(u1, u2) =



−[λ1 + λ2]H(0, 0, u1, u2) + µ1H(1, 0, u1, u2)+

+µ2H(0, 1, u1, u2), X1,

−[λ1 + λ2 + n1µ1 + n2µ2]H(n1, n2, u1, u2)+

+λ1H(n1 − 1, n2, u1, u2) + λ2H(n1, n2 − 1, u1, u2)+

+(n1 + 1)µ1H(n1 + 1, n2, u1, u2)+

+(n2 + 1)µ2H(n1, n2 + 1, u1, u2), X2,

−[λ1 + λ2 + n1µ1 + n2µ2]H(n1, n2, u1, u2)+

+λ1H(n1 − 1, n2, u1, u2) + λ2H(n1, n2 − 1, u1, u2), X3,

−[λ1 + λ2 + n1µ1 + n2µ2]H(n1, n2, u1, u2)+

+λ1H(n1 − 1, n2, u1, u2) + λ2H(n1, n2 − 1, u1, u2)+

+(n1 + 1)µ1H(n1 + 1, n2, u1, u2), X4,

−[λ1 + λ2 + n1µ1 + n2µ2]H(n1, n2, u1, u2)+

+λ1H(n1 − 1, n2, u1, u2) + λ2H(n1, n2 − 1, u1, u2)+

+(n2 + 1)µ1H(n1, n2 + 1, u1, u2), X5,

B1H(u1, u2) =

{
0, X1,X2,X4,

H(n1, n2, u1, u2), X3,X5,

B2H(u1, u2) =

{
0, X1,X2,X5,

H(n1, n2, u1, u2), X3,X4,

C1H(u1, u2) =

{
H(n1, n2, u1, u2), X1,X2,X4,

0, X3,X5,

C2H(u1, u2) =

{
H(n1, n2, u1, u2), X1,X2,X5,

0, X3,X4,

D1H(u1, u2) =

{
0, X1,

H(n1 − 1, n2, u1, u2), X2,X3,X4,X5,
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D2H(u1, u2) =

{
0, X1,

H(n1, n2 − 1, u1, u2), X2,X3,X4,X5,

here X1, . . . ,X5 are subspaces of X defined as follows:

X1 = {(n1, n2, i1, i2) : x1n1 + n2x2 = 0},

X2 = {(n1, n2, i1, i2) : [(n1 + 1)x1 + n2x2 ⩽ R] ∩ [n1x1 + (n2 + 1)x2 ⩽ R]},

X3 = {(n1, n2, i1, i2) : [(n1 + 1)x1 + n2x2 > R] ∩ [n1x1 + (n2 + 1)x2 > R]},

X4 = {(n1, n2, i1, i2) : [(n1 + 1)x1 + n2x2 ⩽ R] ∩ [n1x1 + (n2 + 1)x2 > R]},

X5 = {(n1, n2, i1, i2) : [(n1 + 1)x1 + n2x2 > R] ∩ [n1x1 + (n2 + 1)x2 ⩽ R]}.

We introduce the operator E, which sums the equations over all possible
values of n1 and n2, then given that

E(A+ λ1B1 + λ2B2) = 0, E(C1 −D1) = 0, E(C2 −D2) = 0,

we obtain an additional scalar equation

E(λ1B1(e
ju1 − 1) + λ2B2(e

ju2 − 1))H(u1, u2)+

+jσ1ED1(1−e−ju1)
∂H(u1, u2)

∂u1
+jσ2ED2(1−e−ju2)

∂H(u1, u2)

∂u2
= 0. (2)

3. First-Order Asymptotic Analysis

We solve equations (1)–(2) by the asymptotic analysis method under the
condition of proportionately increasing delay in orbits [4], denote σk = σ·γk,
σ → 0. We substitute in the system (1)–(2)

σ = ε, uk = εwk, H(u1, u2) = F(w1, w2, ε).

Then, limiting ε → 0, using the Taylor series for exponent ejεwk =
1 + jεwk + o(ε) and lim

ε→0
F(w1, w2, ε) = F(w1, w2), we can write

(A+ λ1B1 + λ2B2)F(w1, w2) + jγ1(C1 −D1)
∂F(w1, w2)

∂w1
+

+jγ2(C2 −D2)
∂F(w1, w2)

∂w2
= 0, (3)

E (w1λ1B1 + w2λ2B2)F(w1, w2) + jγ1w1ED1
∂F(w1, w2)

∂w1
+
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+jγ2w2ED2
∂F(w1, w2)

∂w2
= 0. (4)

We find the solution of (5)–(6) in the form: F(w1, w2) = R·exp{jw1κ1+
jw2κ2}, where R is a matrix of R(n1, n2) is a stationary joint probability
distribution of the two-dimensional process {n1(t), n2(t)}, and κ1, κ2 are
normalized means of numbers of customers in orbits. From the operator
equation (5), we obtain the operator equation

[(A+ λ1B1 + λ2B2)− κ1γ1(C1 −D1)− κ2γ2(C2 −D2)]R = 0

with normalization condition ER = 1, and from the scalar equation (6), we
obtain

E[λ1B1 − κ1γ1D1]R = 0, E[λ2B2 − κ2γ2D2]R = 0.

Let us make inverse substitutions, we obtain a first-order approximation
of the matrix of characteristic functions of a two-dimensional stochastic
process {i1(t), i2(t)}, which coincides with the characteristic function of a
deterministic variable and allows us to calculate the means of the number
of customers in orbits:

H(u1, u2) ≈ R · exp
{
ju1

κ1

σ
+ ju2

κ2

σ

}
.

4. Numerical Example

Let us consider the numerical example to obtain the applicability area
of approximation. Let the system parameters be defined as follows

λ1 = 3, λ2 = 2, µ1 = 2, µ2 = 3, γ1 = 3, γ2 = 1, x1 = 1, x2 = 2, R = 5.

For different values of the approximation parameter σ, we calculate the
means of the number of customers in the orbits analytically and using sim-
ulation. As a measure of accuracy, we consider the relative error. Table 1
shows the corresponding relative error.

Table 1
Relative error of means of number of customers in the orbits

σ 0.005 0.01 0.05 0.07 0.1 0.3 0.5
∆1 0.001 0.007 0.029 0.045 0.061 0.153 0.231
∆2 0.001 0.004 0.018 0.026 0.038 0.101 0.156

We observe that with a decrease in σ, the accuracy of the approximation
increases, and can be applied, for example, with σ < 0.1 and a threshold
relative error of ∆ = 0.1.
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5. Conclusion

In this paper, the resource multi-server queue with two arrival processes
was considered. The first-order asymptotic analysis method was carried
out. We found the analytical expressions for the means of the number of
customers in the orbits. Also, we found the stationary distribution of the
two-dimensional stochastic process of numbers of customers in the service
block, which allows calculating the main probability and numerical charac-
teristics, such as means of the number of customers in the service; means
total occupied resource amounts; the probability, that customers go to the
orbit. We considered the numerical example, which makes it possible to
evaluate the system’s performance. In the future, it is planned to consider
second-order asymptotic analysis for a full analysis of this system and com-
parison with other strategies for providing access to two types of traffic to
one base station.
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A single server queuing system with inventory is considered. Cus-
tomers arrive according to a Poisson process and service times fol-
low exponential distribution. Inventory is replenished according to
(s, S) policy with positive lead time which follows exponential dis-
tribution. Interruption to service process and repair of interrupted
service are considered, times between two interruptions and repairs
both follow exponential distributions.
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Introduction

The pioneers in the study of queuing inventory models are Melikov and
Molchano [1] and Sigman and Simchi-Levi 1992 [2]. In Sigman and Simchi-
Levi customers are allowed to join even when there is no inventory in the
system. They also discuss the case of non exponential lead time distribu-
tion. Later Berman and et al. [1] considered an inventory system where a
processing time is required for serving the inventory. Here they considered
deterministic service time and the model was discussed as a dynamic pro-
gramming model. Berman and Kim [2] and Berman and Sapna [3] later
discussed inventory queuing systems with exponential service time distribu-
tion and with arbitrary distribution.

There are several papers on inventory queuing models by Krishnamoorthy
and his co-authors [4, 5, 6, 7, 8, 9, 10]. They mainly used Matrix Analytic
Methods to study these models. In most of the models service time for
providing the inventoried item is assumed.

1. Mathematical Model

The system under consideration is described as below. There is a sin-
gle server counter where inventory is served to which customers arrive for
service. The number of arrivals by time t follows a Poisson process with pa-
rameter λ. The service times are independently and identically distributed
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exponential random variables with parameter µ. Inventory is replenished
according to (s, S) policy, in the sense that whenever inventory level drops
to s an order is placed, order quantity being fixed as Q = S − s. The re-
plenishment times follow exponential distribution with parameter η. While
a customer is being served by the server, the service may be interrupted,
the interruption rate being exponential with rate δ1. Following a service
interruption the service restarts at an exponential rate δ2.

We make the following assumptions for the model under consideration.

— There is no loss of inventory due to a service interruption.
— The customer being served when interruption occurs waits there until

his service is completed.
— No arrival is entertained when the inventory level is zero and while the

server is on interruption.
— An order placed if any is cancelled while the server is on interruption.

We denote by N(t) the number of the customers in the system including
the one being served (if any), L(t) the inventory level and S(t) the server sta-
tus at time t. Let S(t) = 0, 1, 2 ; if the server is idle, busy, on interruption.

Then Ω = X(t) = ((N(t), S(t), L(t)) will be a Markov chain. The state
space of this Markov chain can be described as
E = {(0, 0, k) : 0 ⩽ k ⩽ S} ∪ {(i, 0, 0) : i ⩾ 1} ∪ {(i, j, k) : i ⩾
1, j = 1, 2; 1 ⩽ k ⩽ S}. The above state space can be partitioned
into levels L(i) where L(0) = ((0, 0, 0), (0, 0, 1), . . . , (0, 0, S)) and L(i) =
((i, 0, 0), (i, 1, 1), (i, 1, 2), . . . , (i, 1, S), (i, 2, 1), (i, 2, 2), . . . , (i, 2, S)) ; i ⩾ 1.

The Markov chain Ω described above is a level independent quasi birth
death process whose infinitesimal generator matrix is given by

T =


B0 B1 0 0 . . .
B2 A1 A0 0 0 . .
0 A2 A1 A0 0 0 0
0 0 A2 A1 A0 0 .

. . .
. . .


Here B0, B1, B2 are matrices of orders (S+1)×(S+1), (S+1)×(2S+1)

and (2S + 1)× (S + 1) respectively. All other matrices are square matrices
of order 2S + 1. The different transitions in the Markov chain Ω = X(t) =
((N(t), S(t), L(t)) are given below.

— Due to arrival (i, j, k)
λ−→ (i+ 1, j, k); i ⩾ 0, 0 < k ⩽ S, j = 0, 1.



108 Sandhya E., C. Sreenivasan, Sajeev S. Nair, Rajan M.P.

— Due to service completions

(i, j, k)
µ−→ (i− 1, j, k − 1); i > 0, 0 < k ⩽ S, j = 1.

— Due to replenishments (i, j, k)
η−→ (i, j, k+Q); i ⩾ 0, 0 ⩽ k ⩽ S, j = 0, 1.

— Due to server interruptions (i, 1, k)
δ1−→ (i, 2, k); i ⩾ 1, 0 < k ⩽ S.

— Due to restart of service (i, 2, k)
δ2−→ (i, 1, k); i ⩾ 1, 0 < k ⩽ S.

2. Analysis of the Model

Stability condition. Define A = A0 +A1 +A2 and

π = (π(0, 0), π(1, 1), π(1, 2), . . . , π(1, S), π(2, 1), π(2, 2), . . . , π(2, S))

be the steady state vector of A. We know the QBD process with generator
matrix T is stable if and only if πA0e < πA2e (see Nuets). That is if and only
if λ [π(1, 1) + π(1, 2) + . . .+ π(1, S)] < µ [π(1, 1) + π(1, 2) + . . .+ π(1, S)],
that is if and only if λ < µ.

Thus we have the following theorem for the stability of the system under
study.

Theorem 1. The Markov chain is stable if and only if λ < µ.

3. Computation of steady state vector

We first consider a system identical to the above system except for
service time is negligible. For this system Ω̃ = X̃(t) = (S(t), L(t)) will
be a Markov chain where S(t) and L(t) are as defined for the origi-
nal system. The state space of this Markov chain can be described as
Ẽ = {(0, 0), (1, 1), (1, 2) . . . , (1, S), (2, 1), (2, 2), . . . , (2, S)}. The infinitesi-

mal generator matrix of the process is given by T̃ =

[
B̃0 B̃1

B̃2 B̃3

]
, where

B̃1 =

[
0
δ1Is

]
(S+1)×S

, B̃2 =
[
0 δ2Is

]
S×(S+1)

, B̃3 = −δ2Is, B̃0 =

[
C1 C2

C3 C4

]
.

Here C1 =

[
−η 0
0 −(λ+ η + δ1)Is−1

]
(s+1)×(s+1)

+

[
0 0

λIs−1 0

]
(s+1)×(s+1)

,

C4 = −(λ+ δ1)IQ +

[
0 0

λIQ−1 0

]
Q×Q

, C3 =

[
0 λ
0 0

]
Q×(s+1)

,

C2 =
[
0 ηIs+1

]
(s+1)×Q

.

Let x = (x(0, 0), x(1, 1), . . . , x(1, S), x(2, 1), . . . , x(2, S)) be the steady state
probability vector of the process Ω̃. Then xT̃ = 0 and xe = 1 gives

x(1, i) =
η

λ

(
η + λ

λ

)i−1

x(0, 0) ; 1 ⩽ i ⩽ s+ 1;
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x(1, s+ 1) = x(1, s+ 2) = . . . = x(1, Q) ;x(1, Q+ i) = x(1, Q)− x(1, i) ;

1 ⩽ i ⩽ s, x(2, i) =
δ1
δ2
x(1, i) ; 1 ⩽ i ⩽ S ;

where x(0, 0) =

[
1 +Q

η

λ

(
η + λ

λ

)s(
δ1 + δ2
δ2

)]−1

.

Let π = (π0, π1, π2, . . .) be the steady state probability vector of
the process Ω, where π0 = (π(0, 0, 0), π(0, 0, 1), . . . , π(0, 0, S) and πi =
(π(i, 0, 0), π(i, 1, 1), π(i, 1, 2), . . . , π(i, 1, S), π(i, 2, 1), π(i, 2, 2), . . . , π(i, 2, S));
i ⩾ 1. Then π satisfies πT = 0 and πe = 1. We have the equations

π0B0 + π1B2 = 0 ; π0B1 + π1A1 + π2A2 = 0 ;

πiA0 + πi+1A1 + πi+2A2 = 0; i ⩾ 1.

All the above equations are satisfied by taking

π0 = ζ(x(0, 0), x(1, 1), x(1, 2), . . . , x(1, S))

πi = ζ

(
λ

µ

)i(
x(0, 0), x(1, 1), x(1, 2), . . . ,

x(1, S),
δ1
δ2
x(1, 1),

δ1
δ2
x(1, 2), . . . ,

δ1
δ2
x(1, S)

)
; i ⩾ 1.

The value of ζ is obtained from πe = 1 as ζ =
(µ− λ)δ2

δ2µ+ δ1λ[1− x(0, 0)]
.

4. System Performance Measures

The system performance measures such as expected number of customers
in the system (LS), expected inventory level, expected rate of ordering
(EOR), expected replenishment rate (REPmean), expected interruption rate
(INTmean), loss rate of customers, probability that server is busy (P (busy))
and probability that server is on interruption (P (int)) could be calculated
explicitly. Mean waiting time of a customer in the system (WAITmean) and
variance of waiting time (WAITvar) are calculated numerically.

Conclusion

We studied a single server queuing model with positive service time,
positive lead time and service interruptions. We could arrive at an explicit
expression for the steady state probability vector. We wish to extend this
model by considering retrials as well.
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Table 1
Effect of service rate on various performance measures
λ = 3 η = 2 δ1 = 6 δ2 = 7

µ P (busy) P (int) INTmean REPmean Ls EOR WAITmean WAITvar
9 0.2999 0.0999 8.5713 0.3856 0.5999 0.3856 0.2191 0.1256
9.2 0.2941 0.098 8.5713 0.3865 0.5819 0.3865 0.2118 0.1178
9.4 0.2884 0.0961 8.5713 0.3873 0.5649 0.3873 0.205 0.1107
9.6 0.2829 0.0943 8.5713 0.388 0.5489 0.3881 0.1986 0.1043
9.8 0.2777 0.0926 8.5713 0.3888 0.5337 0.3888 0.1927 0.0984
10 0.2727 0.0909 8.5713 0.3896 0.5195 0.3895 0.187 0.0931

Table 2
Effect of interruption rate on various performance measures
λ = 3 µ = 9 η = 2 δ2 = 7

δ1 P (busy) P (int) INTmean REPmean Ls EOR WAITmean WAITvar
6 0.2726 0.1818 8.5714 0.3506 0.6818 0.3506 0.2918 0.2219
6.2 0.2743 0.1769 8.5714 0.3526 0.6769 0.3526 0.2862 0.2128
6.4 0.2758 0.1723 8.5714 0.3546 0.6723 0.3546 0.281 0.2044
6.6 0.2772 0.168 8.5714 0.3564 0.668 0.3564 0.2761 0.1968
6.8 0.2786 0.1639 8.5714 0.3582 0.6639 0.3582 0.2716 0.1898
7 0.2799 0.1599 8.5714 0.3599 0.6599 0.3599 0.2673 0.1833

Table 3
Effect of re orer level on various performance measures
λ = 3 µ = 9 η = 2 δ1 = 7

s P (busy) P (int) INTmean REPmean Ls EOR WAITmean WAITvar
5 0.2727 0.1818 8.5714 0.3506 0.6818 0.3506 0.2918 0.2219
5.2 0.2727 0.1818 8.5714 0.3506 0.6818 0.3506 0.2918 0.2219
5.4 0.2727 0.1818 8.5714 0.3506 0.6818 0.3506 0.2918 0.2219
5.6 0.2727 0.1818 8.5714 0.3506 0.6818 0.3506 0.2918 0.2219
5.8 0.2727 0.1818 8.5714 0.3506 0.6818 0.3506 0.2918 0.2219
6 0.2727 0.1818 9.071 0.409 0.6818 0.4087 0.2916 0.2215
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The paper considers a network of resource loss systems (ReLS) with
random resource requirements. There are two types of nodes, and
customers from the first type nodes are rerouted to the second type
node for an exponentially distributed time and then return back
to the original node. Customers require random volume of limited
resources, so if there are not enough unoccupied resources in the
system upon the arrival of a customer, then it is lost. Similarly, if
an accepted customer is rerouted to another node and finds that
there are not enough resources to meet its requirements, then it
is also lost. In this paper, we provide an approach to analyze the
stationary behavior of the considered system, as well as formulas
for the new customer loss probability and the accepted customer
loss probability.
Keywords: Resource loss system, queuing network, loss probabil-
ity, wireless network

Introduction

In addition to much higher propagation losses in millimeter wave
(mmWave) band, fifth generation (5G) New Radio (NR) systems will be
subject to outages caused by a dynamic blockage by human bodies [1].
This behavior heavily affects quality of service characteristics provided to
users and may even cause service interruptions. To alleviate the effect of
a dynamic blockage bandwidth reservations technique has been proposed
in the past. However, this approach can only be utilized when users do
not experience outage conditions in case of blockage. Alternatively, one
may use recently standardized 3GPP multiconnectivity functionality [2, 3]
to reroute sessions dynamically between locally available 5G NR base sta-
tions. Performance characterization of this mechanism naturally calls for
queuing network formalism.

The research was funded by the Russian Science Foundation, project no. 21-79-10139,
https://rscf.ru/en/project/21-79-10139/
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The first work that analyzes a network of resource loss systems (ReLS)
is [4]. In this paper, we describe the considered system in more details,
define additional performance metrics and provide an iterative approximate
algorithm for their evaluation.

1. Model description

We consider a network of resource loss systems (ReLS) with two types
of nodes. There are N − 1 of first type of nodes and one node of the second
type. Each node has Ki servers and Ri resources, i = 1, 2, ..., N (see figure
1. Customers arrive according to the Poisson process with intensities λ1
and λ2 to the first and second type nodes, respectively. The service times
are exponentially distributed with parameters µ1 and µ2. Each customer re-
quires not only a free server, but also a random discrete volume of resources,
which are determined according to the probability distributions {f1,j} and
{f2,j}. Besides, each customer on first type nodes generates a Poisson flow
of signals with intensity α that cause rerouting of the customers to the node
N . Rerouted customers stay at node N for exponentially distributed time
with parameter β and return back to its original node, or leave the system
if its service is completed before.

1

. . .

1

. . .

. . .
. . .

Ki 

KN 

RN 

Ri

λ1 

λ2 μ2 

μ1 

Figure 1. Illustration of the considered queuing system.

We follow the decomposition approach to address this model, which is a
powerful methodology for queuing networks [6]. The core assumption here
is that the service process at each node in the network is independent of
the service processes at other nodes. The relation between the service pro-
cesses at the nodes of both types is incorporated into the numerical solution
algorithm, where the characteristics of the entire network are calculated it-
eratively until the procedure converges. The stability properties of this class
of models were analyzed in [5].

1.1. S e r v i c e p r o c e s s a t t h e f i r s t t y p e n o d e s

First, consider the first type nodes. Due to the memoryless property of
the exponential distribution, the residual service time of returning sessions
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is also exponential with the same parameter µ1. Let φi be the intensity of
the returning session arrivals at node i, i = 1, 2, ..., N − 1. Then the total
session arrival intensity to node i is thus λ1 + φi and the total intensity of
departures is µ1+α. The stochastic behavior of the node i can be described
by the Markov process Xi(t) = {ξi(t), δi(t)}, where ξi(t) is the number of
customers at node i at time t and δi(t) is the total volume of occupied
resources. Denote the stationary probabilities qi,n(r) as

qi,n(r) = lim
t→∞

P{ξi(t) = n, δi(t) = r}, n = 0, 1, 2 . . . ,Ki, (1)

r = 0, 1, 2 . . . , R, i = 1, 2, . . . , N − 1.

The process Xi(t) describes a ReLS. According to [8, 7], the stationary
distribution (1) is given by

qi,0 =

(
1 +

Ki∑
n=1

ρni
n!

Ri∑
r=0

f
(n)
1,r

)−1

, (2)

qi,n(r) = qi,0
ρni
n!
f
(n)
1,r , n = 1, 2, . . . ,Ki, (3)

where ρi = (λ1 + φi)/(µ1 + α) and f
(n)
1,j , j ⩾ 0 is the n-fold convolution of

pmf {f1,j}, j ⩾ 0. Note that the probability f
(n)
1,j can be interpreted as the

probability that n sessions on a first type node totally occupy j resources.

1.2. S e r v i c e p r o c e s s a t t h e s e c o n d t y p e n o d e

The behavior of the nodeN can also be described in terms of the queuing
systems with random resource requirements. As at nodes 1, 2, ..., N−1, there
are also two types of arrivals: customers that arrive initially to the node N
with the intensity λ2 and customers that are rerouted from the first type
nodes with intensity φN . However, in this case, the service times differ from
each other: the service intensity of the initially arriving customers is µ2, and
for the rerouted customers it is µ1 + β. The arrival intensity φN for the
rerouted customers is obtained by summing up all the rerouting intensities
of the first type nodes.

φN =

N−1∑
i=1

(λ1 + φi)
α

µ1 + α
. (4)

In (4), the term α/(µ1 + α) refers to the probability that a customer
from a first type node is rerouted to node N before its service completion.
The intensities φi, i = 1, 2, ..., N − 1, of customers returning back to their
original node have the following form:

φi = (λ1 + φi)(1− πi,1)α/(α+ µ1)(1− πN,1)β/(β + µ1), (5)

where πi,1 is the loss probability of arriving customers at node i, i =
1, 2, ..., N and β/(β + µ1) is the probability that a rerouted customer at
node N returns to its original node before service completion.
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Observe that (5) implies that the flow of rerouted customers at node
i, i = 1, 2, ..., N − 1 equals the fraction of the accepted flow, which was
initially routed to the node N with the probability α/(α+µ1), accepted by
the node N with the probability 1 − πN,1, and finally rerouted back with
the probability β/(β + µ1).

According to [7], the stationary distribution of the ReLS with two arrival
flows can be represented in the following form:

qN,n(r) = qN,0
ρnN
n!
f
(n)
2,r , (6)

qN,0 =

(
1 +

KN∑
n=1

ρnN
n!

RN∑
r=0

f
(n)
2,r

)−1

, ρN =
λ2
µ2

+
φN

µ1 + β
, (7)

which can be evaluated numerically, see, e.g., [9].

1.3. S o l u t i o n a n d P e r f o r m a n c e M e t r i c s

After obtaining the stationary state probabilities for all the nodes, we
may proceed with deriving the performance metrics. Recall that our so-
lution is iterative by nature as one needs to add another layer of rerouted
customers at each iteration until a parameter converges to its stable value
with a given accuracy. The procedure is terminated once the required pre-
cision level is achieved. Particularly, at the first iteration, there are no
rerouted customers, and thus φi = 0, i = 1, 2, ..., N . Then, the algorithm
continues as follows:

1) Based on the system parameters, new customer loss probabilities πi,1 at
nodes i = 1, 2, ..., N and arrival intensity of rerouted customers φN at
node N are evaluated.

2) New values of φi, i = 1, 2, ..., N − 1 are calculated according to (5)
by substituting their previous values into the right-hand side; if the
difference between the new and the previous value meets the required
precision, the algorithm proceeds with 3). Otherwise, it returns to 1).

3) When φi, i = 1, 2, ..., N − 1 converges to a stable value with the desired
accuracy, all other performance metrics are evaluated.

The iterative solution outlined above requires new session drop proba-
bilities. These can be evaluated as follows

πi,1 = 1− qi,0

Ki−1∑
n=0

ρni
n!

Ri∑
r=0

f
(n+1)
1,r , i = 1, 2, ..., N − 1 (8)

πN,1 = 1− qN,0

KN−1∑
n=0

ρnN
n!

RN∑
r=0

f
2,(n+1)
2,r . (9)
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Calculation of the probability that an accepted customer is lost is more
complex. Let us introduce the conditional probability Πi, i = 1, 2, ..., N − 1
that a customer that originally arrived and accepted at node i and is lost,
given that it is rerouted, i.e.,

Πi = πN,1 + (1− πN,1)β/(β + µ1)πi,1, (10)

where the first term corresponds to the case of customer loss at the entering
the node N , while the second term is the probability that the rerouted
customer is accepted at node N but then lost upon its return to the original
node due to insufficient resources.

The average number of accepted customers lost as a result of rerouting
during a time interval of length T is αÑiΠiT , where Ñi is the mean number
of customers at node i = 1, 2, ..., N − 1. The mean number of customers
that are accepted during the same time interval is λ1(1−πi,1)T . Hence, the
probability that a customer, which was initially accepted at the node i, was
dropped is

πi,2 = lim
T→∞

αÑiΠiT

λ1(1− πi,1)T
=

αÑiΠi

λ1(1− πi,1)
. (11)

Conclusion

In this paper, we considered a network of resource loss systems. Using
the decomposition approach, we derived formulas for single node charac-
teristics, and proposed an iterative algorithm to evaluate the performance
measures of the whole system, including the new customer loss probability
and the accepted customer loss probability.
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In this paper, a finite-source retrial queueing system is considered
with impatient customers and catastrophic breakdowns. The char-
acteristic of the system includes collision which occurs when a new
job arrives in the system and the service facility is occupied with
a job, they will collide. Both jobs will be forwarded to the virtual
waiting room the so-called orbit. Here, the customers initiate other
attempts to reach the server after a random time. But they give
up retrying after staying in the orbit a while and leave the system
which is the impatient attribute of the customers. In case of a neg-
ative event, a catastrophic breakdown takes place meaning that all
the customers at the server and in the orbit depart from the system.
The novelty of this paper is to investigate that feature in a collision
environment with impatient customers using different distributions
of the service time.
Keywords: Simulation, catastrophic breakdown, retrial queuing
system, collision, impatience, sensitivity analysis.

Introduction

Designing info-communication systems are essential because of under-
standing how to optimize a system and also how to handle increasing net-
work traffic. Many tools and mechanisms are available for modeling different
systems, and among them, one of the most popular ones is retrial queuing
systems. To illustrate real-life problems arising in main telecommunication
systems, like telephone switching systems, call centers, computer networks,
and computer systems, retrial queues can be effectively applied. In many
publications, retrial-queuing systems with repeated calls are utilized to de-
pict their models like in [1]. The specialty of retrial queuing systems relies
on the orbit which is assumed to be a virtual waiting room with enough

The research was supported by the Thematic Excellence Programme (TKP2020-IKA-
04) of the Ministry for Innovation and Technology in Hungary.
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capacity to take in every customer. In this way, a job – whose service can
not start – is not lost and may launch numerous attempts to get its ser-
vice requirement. The source is considered to be finite mainly because in
many situations a finite number of entities participate in the operation of
the system. Impatient behaviour is a natural occurrence of the customers
provoking earlier departure without obtaining its service demand. This
phenomenon is experienced in many fields of life just to mention some ex-
amples: healthcare applications, call centers, telecommunication networks.
Not to mention all the papers where the behaviour of impatience is inten-
sively examined, see for example [2]. Real-life systems tend to be subjected
to random breakdowns which can be caused by a power outage, human
negligence, or other sudden act. Thus, it is important to examine its effect
on the operation of the system and the performance measures because it
alters significantly the behaviour of a model. Many papers have studied
models having service units assumed to be available all the time which is
quite unrealistic. These types of systems have been investigated by many
authors for example in [3].

The objective of our investigation is to carry out a sensitivity analysis
using different distributions of service times on the main performance mea-
sures while catastrophic breakdowns eventuate. In the case of these types of
events, customers are forced to leave the system due to sudden acts which
can be mechanical failures or power outages. Until repair, it is not allowed
for any customer to enter the system and detailed studies on catastrophic
breakdowns have been examined by several papers. Because we utilize dif-
ferent distributions for the service time of the customers the results are
obtained by our simulation program that is based on Simpack [4]. The ba-
sic building blocks of the code are used in which we have the opportunity
to calculate any desired measure using numerous values of input parame-
ters. Graphical illustrations are provided depicting the effect of different
parameters and distributions on the main performance metrics.

1. System model

A finite-source retrial queueing system of typeM/G/1//N is considered
with an unreliable service unit, impatient customers, the appearance of col-
lisions, and blocking. This model has one service unit and a finite-source
where every individual (altogether N) may generate request towards the
system according to exponential law with parameter λ/N meaning that the
inter-arrival times are exponentially distributed with mean λ/N . As there
are no queues the service of an arriving job starts immediately following
gamma, hypo-exponential, hyper-exponential, Pareto, and lognormal dis-
tribution with different parameters but with the same mean and variance
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value. In the case of a busy server, an arriving customer brings about a
collision with the customer under service, and both are moved into orbit.
Jobs residing in the orbit after an exponentially random time with param-
eter σ/N initiate other tries to be engaged with the server. Since random
breakdowns emerge the failure time is also an exponential random variable
with parameter γ0 when the server is occupied and with γ1 if idle. Two
scenarios are distinguished: general breakdown where the service of a job
is interrupted and it is forwarded back to the orbit, other jobs initiated by
the individuals of the source can not enter the system until the service unit
is functional. The other one is catastrophic breakdown where the service of
a job is interrupted but instead of arriving at the orbit it leaves the system
as the others from the orbit, no customers are allowed by the system until
the server fully recovers.

The repair process starts instantly upon the failure of the service unit
which follows an exponential distribution with parameter γ2. Customers
are characterized by impatience implicating that jobs can decide to leave
the system after spending an exponentially distributed time with parameter
τ in the orbit. These requests return to the source being unserved. In paper
of [5] similar models are analyzed by an asymptotic method where N tends
to infinity this is why rates λ/N and σ/N are used.

2. Simulation results

To obtain the desired results, our self-developed simulation tool was
used in which almost all the performance measures can be estimated. Its
statistics package utilizes the batch means method where the useful run is
divided into a certain number of batches. Batches are long enough in that
way sample averages of the batches are approximately independent thus we
have a valid estimation. The following article contains more information
about that method [6].The simulations are performed with a confidence
level of 99.9%. The relative half-width of the confidence interval required
to stop the simulation run is 0.00001. The size of a batch used to detect
the initial transient duration is 1000.

Table 1
Numerical values of model parameters

N γ0 γ1 σ/N τ
100 0.05 1 0.05 0.001

Table 1 consists of every parameter that is applied for all the following
figures. The parameters of service time of the customers can be found at



Analysis of �nite-source retrial queueing systems 121

Table 2, every chosen parameter is listed resulting in the same mean and
variance in every used distribution. The reason for selecting these values
is focusing on the interesting situations it must be noted that this model
was tested with other values as well, and in most of the cases, the same
phenomenon appeared. It is totally intentional that the squared coefficient
of variation is more than one, in another scenario we will run the simulations
when it is less than one.

Table 2
Parameters of service time of primary customers

Distribution Gamma Hyper-exponential Pareto Lognormal
Parameters α = 0.054 p = 0.473 α = 2.027 m = −1.839

β = 0.077 λ1 = 1.353 k = 0.355 σ = 1.722
λ2 = 1.5

Mean 0.7
Variance 9

Squared coefficient of variation 18.367

On Figure 1 and 2 on the X-axes i represents the number of customers
located in the system, and on the Y-axes P (i) denotes the probability that
exactly i customer are situated at the server and in the orbit altogether.
In both Figure 1 and 2 the distribution of the number of customers in the
system is displayed when λ/N is 0.1 using various distributions of service
time. Catastrophic breakdown feature is applied and interestingly the mean
number of customers in the system differs from each other. In the case of
the gamma distribution, customers tend to spend less time in the system
compared to Pareto distribution. It is also noticeable that for both types
of breakdowns the distribution of the number of customers tends to follow
Gaussian distribution.

Figure 2 depicts the comparison of different failure modes besides gamma
and hyper-exponential distributions. Naturally more customers are in the
system using the general breakdown method but the shape of the curves
curiously are slightly disparate. In case of catastrophic breakdown, the
peak is not that high and the mean number is fewer but other than that
curves follow the same tendency.

3. Conclusion

We simulated a retrial queueing system of type M/G/1//N with impa-
tient customers in the orbit and with an unreliable server using two different
failure mechanisms when blocking is applied. Results are obtained by our
program to carry out a sensitivity analysis on different performance mea-
sures like the distribution of the number of customers in the system. Un-
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Figure 1. Distribution of the number of customers in the system

Figure 2. Comparison of distribution of the number of customers in the system
using different failure modes

der various parameter settings, the most interesting measures were chosen
which were graphically illustrated. When the squared coefficient of variation
is more than one significant deviation is experienced between the distribu-
tions in almost every aspect of the investigated measures. Consistently, it
was also revealed that besides catastrophic breakdown less customer is in
the system than in the case of a normal breakdown which is an expected
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phenomenon but the shape of the curves follows the same tendencies. In
future works, the authors aim to carry on investigating the effect of catas-
trophic breakdown in other models and performing sensitivity analysis for
other variables like the failure rate or the impatience of the customers.
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This article shows effective inventory management by incorporat-
ing N -policy on an (s, S) production inventory system with service
time. The customer’s arrival pattern follows the Poisson distribu-
tion and the service time and production process follow exponen-
tial distributions. Matrix Geometric method is used to analyze the
system. Optimal values of control variables s, S and N and cost
function are obtained.
Keywords: Production inventory, N-Policy, matrix geometric
method, cost function.

Introduction

In production and manufacturing systems, it is not always advisable to
start the service as soon as the first customer arrives at a service station due
to large switch-on cost of the server. In such cases, it is imperative that the
resulting busy period should be long enough; otherwise the unit operating
time cost may be too high compared to customer waiting cost. If we start
the service only when a few customers, say N , have arrived then excessive
frequent set-ups can be avoided. The so-called N -policy states that as soon
as N customers arrive in the system, it starts service, one at a time, and
the server goes for a vacation when the system becomes empty. The server
will be turned on again only when the queue size reaches N .

Inventory with positive service time is first investigated by Berman et
al. [1], where demands and service formed, are two distinct determinis-
tic processes. Krishnamoorthy and Jose [3] analyzed and compared three
production inventory systems with positive service time and retrial of cus-
tomers. Jose and Beena [2] investigated production inventory model with
server vacations and positive service time. The concept of N -policy was first
introduced in 1963 by Yadin and Naor [8] in queueing literature to minimize
the total operational cost in a cycle. Krishnamoorthy and Raju [4] used N -
policy in (s, S) inventory system with lead time and negligible service time,
involving perishable as well as non-perishable items. Krishnamoorthy et
al. [5] were the first to introduce N-policy in (s, S) inventory system with
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positive service time. In this article, we introduce N -policy in a production
inventory system.

1. Mathematical Modelling and analysis of the problem

Consider an (s, S) production inventory system with a single server.
The production process is ON when the inventory level reaches s and it is
switched OFF when it reaches S. The following assumptions and notations
are used in this model.

Assumptions

— The arrival of customers follows Poisson distribution with parameter λ.
— The service pattern and production process follow exponential distribu-

tions with parameters µ and β respectively.
— The server is switched OFF when the system is empty and it is turned

ON at the instant when there is N customers in the waiting line; and
there is a positive on hand inventory.

Notations

N(t) : Number of customers in the system at time t

I(t) : Inventory level at time t.

C(t) :

{
0 if server is idle at time t

1 if server is busy at time t

J(t) :

{
0 if the production is OFF mode

1 if the production is ON mode

The random variable Z(t) = {(N(t), C(t), J(t), I(t)), t ⩾ 0} is a QBD

Process on the state space S =
∞⋃
i=0

L(i) and is independent for i ⩾ N + 1,

where

L(0) = {(0, 0, 0, j); s+ 1 ⩽ j ⩽ S}
⋃

{0, 0, 1, j); 0 ⩽ j ⩽ S − 1},

L(i) = {(i, 0, 0, j); s+ 1 ⩽ j ⩽ S}
⋃

{i, 0, 1, j); 0 ⩽ j ⩽ S − 1},⋃
{i, 1, 0, j); s+ 1 ⩽ j ⩽ S

⋃
{i, 1, 1, j); 1 ⩽ j ⩽ S − 1, 1 ⩽ i ⩽ N − 1,

L(i) = (i, 0, 1, 0)
⋃

{i, 1, 0, j); s+ 1 ⩽ j ⩽ S
⋃

{i, 1, 1, j); 1 ⩽ j ⩽ S − 1, i ⩾ N.
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Arranging the states in the lexicographic order, infinitesimal generator
G of the process {Z(t)|t ⩾ 0} can be written as

G =

0
1
2

N−1

N
N + 1



B00 B01

B10 A∗
1 A∗

0

A∗
2 A∗

1 A∗
0

. . .
. . .

. . .

A∗
2 A∗

1 A∗∗
0

A∗∗
2 A1 A0

A2 A1 A0

. . .
. . .

. . .


,

where the block matrices are as follows: A0 = λI2S−s,

[A1](pq) =



−(λ+ β), if p = q = 1,

−(λ+ µ), if p = q, p = 2, 3, . . . , S − s+ 1,

−(β + λ+ µ), if p = q, p = S − s+ 2, . . . , 2S − s,

β, if p = 1, q = S − s+ 2,

q = p+ 1, p = S − s+ 2, . . . , 2S − s− 1,

p = 2S − s, q = S − s+ 1,

0, otherwise,

[A2](pq) =



µ, if p = 2, q = S + 1,

q = p− 1, p = 3, 4, . . . , S − s+ 1,

p = S − s+ 2, q = 1,

p = q − 1, p = S − s+ 3, . . . , 2S − s,

0, otherwise,

and one can also find other block matrices B00, B01, B10, A
∗
0, A

∗
1, A

∗
2, A

∗∗
2 .

2. Stability

Theorem 1. The process {Z(t)|t ⩾ 0} is stable if and only if λ <

(1− π1)µ, where π1 =
(µ
β )s+1(1−(µ

β )S−s)(1−µ
β )

(S−s)(1−µ
β )+((µ

β )S+2−(µ
β )s+2)

.

Proof: Since the process {Z(t)|t ⩾ 0} is a level independent QBD, it
will be stable if and only if πAA0e < πAA2e (see Neuts [7]).

3. The Steady State Probability vector of G

Let the steady state probability vector x of G can be partitioned ac-
cording to the levels as x = (x(0), x(1), . . . , x(N − 1), x(N), . . .), where
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x(i), 1 ⩽ i ⩽ N − 1 contain 4S − 2s− 1 elements and all other sub vectors
contains 2S − s elements. The QBD process Z(t) is state independent for
i ⩾ N + 1. Therefore the steady state solution is of the form (see Latouche
and Ramaswami [6]).

xN+1+j = xN+1R
j : j ⩾ 1,

where R is the minimal non-negative solution of the matrix quadratic equa-
tion R2A2 +RA1 +A0 = 0. R can be calculated from the iterative proce-
dure Rn+1 = −(R2

nA2 + A0)A
−1
1 (refer Neuts [7]). Also x satisfies the

equations xG = 0 and xe = 1.
The important system performance measures of the system are given by:

— Expected number of customers in the system

EC =

∞∑
i=1

ix(i)e.

— Expected inventory level

EI =

S∑
j=s+1

jx(0, 0, 0, j) +

S−1∑
j=0

jx(0, 0, 1, j)+

+

N−1∑
i=1

 S∑
j=s+1

jx(i, 0, 0, j) +

S−1∑
j=0

jx(i, 0, 1, j) +

S∑
j=s+1

jx(i, 1, 0, j)+

+

S−1∑
j=1

jx(i, 1, 1, j)

+

∞∑
i=N

 S∑
j=s+1

jx(i, 1, 0, j) +

S−1∑
j=1

jx(i, 1, 1, j)

 .

— Expected number of items produced

EP = β


S−1∑
j=0

x(0, 0, 1, j) +

N−1∑
i=1

S−1∑
j=0

x(i, 0, 1, j) +

S−1∑
j=1

x(i, 1, 1, j)

+

+

∞∑
i=N

x(i, 0, 1, 0) + S−1∑
j=1

x(i, 1, 1, j)

 .

— Expected switching rate for production

ES1 = µ

∞∑
i=1

x(i, 1, 0, s+ 1).
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— Expected switching rate for service

ES2 = λ

 S∑
j=s+1

x(N − 1, 0, 0, j) +

S−1∑
j=0

x(N − 1, 0, 1, j)

 .

— Expected number of departures after completing the service

ED = µ

 ∞∑
i=1

S−1∑
j=1

x(i, 1, 1, j) +

S∑
j=s+1

x(i, 1, 0, j)

 .

Cost function: The expected total cost ETC is computed as

ETC = c0ES1 + c1EP + c2ES2 + c3EI ++c4EC + c5ED,

where c0: fixed cost for production,
c1: production cost / item / unit time,
c2: reward cost of customer when the server is idle / customer / unit time,
c3: holding cost of inventory / unit / unit time,
c4: holding cost of customer / customer / unit time,
c5: cost of service / item / unit time.

Numerical Experiments. The optimum value of (s, S) pair and N
are obtained by considering suitable parameter values.

Table 1
N = 4, λ = 1.5, µ = 2, β = 2, c0 = 10, c1 = 1, c2 = 1, c3 = 1, c4 = 8, c5 = 1

S
s

10 11 12 13 14 15

42 43.0833 43.0822 43.0815 43.0812 43.0812 43.0815
43 43.0816 43.0806 43.0800 43.0797 43.0798 43.0800
44 43.0804 43.0795 43.0790 43.0788 43.0788 43.0791
45 43.0798 43.0790 43.0785 43.0784 43.0784 43.0786
46 43.0803 43.0790 43.0787 43.0785 43.0786 43.0788
47 43.0816 43.0797 43.0794 43.0792 43.0793 43.0795

Concluding Remarks

In this article, an (s, S) production inventory system with positive ser-
vice time is considered. The optimum values of s and S are obtained. The
optimum value of N is also found graphically. This model can further be
extended to a production inventory system with multiple servers.
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Figure 1. c0 = 10, c1 = c2 = c3 = c5 = 1, c4 = 8, s = 13, S = 45, λ = 1.5, µ = β =
2
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In this paper, a method for detecting synergistic effects of the in-
teraction of elements in multi-server queuing, in construction of
queuing systems with large load and small queue. This method is
extended to statistical estimates of characteristics of non-uniform
Poisson flow, describing distribution of animals in some areas, a
resolution of the most powerful decision rule for constructing of
technical systems “friend – foe”. This allows studying them with
mathematical methods of relatively low complexity and to expand
possibilities of applications. These methods are based on special
techniques of the structural analysis of multi-element stochastic
models in combination with upper bounds of their performance
indicators. They allow moving to more accurate and rather eco-
nomical numerical calculations, as they indicate, in which direction
it is most convenient to perform these calculations.
Keywords: Multi-server queuing system, Almost deterministic
one-server queuing system, Most powerful decision rule.

RQ-Queuing Systems with a Large Number of Servers

Consider an RQ-system, i.e., a queuing system, in which, if there is a
free server, the customer that has come to the system immediately begins
to be served on it. If there are no free servers, then the customer is sent
to the orbit, from where it can return to the newly released server in ac-
cordance with some protocol [1, 2, 3]. At 12-th International Workshop
on Retrial Queues and Related Topics (WRQ 2018) it is marked that in
RQ n-channel queuing systems with Poisson input flow and exponentially
distributed service times a complexity of its calculations grows significantly
with increasing n. In this section we show, how to bypass this problem, us-
ing asymptotic analysis of n-channel queuing system with intensity of input
flow proportional to n.

Consider the series scheme in which the characteristics of n-server queu-
ing systems are defined by the parameter n → ∞, which characterizes an
intensity of input flow tending to infinity. Denote en(t) a number of input
flow customers arriving before the moment t, en(0) = 0. Assume that qn(t)
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is a number of busy servers in this system at the moment t, qn(0) = 0, τj
is the service time of j-th incoming customer and τj , j ⩾ 1, is a sequence
of independent and identically distributed random variables (s.i.i.d.r.v.’s)
with the distribution function, which has continuous and bounded density.
Then in [4, Chapter II, § 1, Theorem 1] there are conditions, in which the
relation

Πn(T ) = P

(
sup

0⩽t⩽T
qn(t) ⩾ n

)
→ 0, n→ ∞,

takes place. Denote Pn(T ) the probability that there are customers, which
will be directed to the orbit at time interval [0, T ], then Pn(T ) ⩽ Πn(T ).

In [5] the conditions of limit relation Πn(T ) → 0, n→ ∞, were concreted
for n-channel queuing systems with: deterministic input flow of customer
groups, alternating input flow [6], Erlang input flow [7]. Combining these
results with the inequality Pn(T ) ⩽ Πn(T ) and concentrating our atten-
tion to the indicator Pn(T ) it is possible to analyse RQ n-channel queuing
systems with large n without large calculations.

1. Alternative designs of high load queuing systems with small
queue

In this section, two alternative designs are constructed for queuing sys-
tems with a large load and a small queue. The first design is an aggregation
of a large number of single-channel systems into a multi-channel system.
The second design is based on the model of a single-channel system, in
which small random fluctuations are defined as the degree of small differ-
ence between the unit and the load factor. The exponent of this degree has
a critical value, above which the stationary waiting time tends to zero, and
below which it tends to infinity. A similar phase transition was found in the
multi-channel queuing system.

Multi-channel queuing system M |M |n|∞. Consider n-channel sys-
tem with a Poisson input flow of intensity nλ and exponentially distribution
of service times 1− exp(−µt). Such a system can be considered as a combi-
nation of n single-channel systems M |M |1|∞ with Poisson input flows of λ
intensity and a similar distribution of service times. Denote ρ = λ/µ load
factor of the system M |M |n|∞ and put An the stationary average waiting
time, Bn the stationary average queue length. The following theorem is
proved in [8].

Theorem 1. 1) If ρ < 1, then for some c < ∞, q < 1 the relation
holds An ⩽ c qn, n ⩾ 1, 2) If ρ = 1− n−α, 0 < α <∞, then for n→ ∞

An →

 0, α < 1,
1/µ, α = 1,
∞, α > 1.

Bn →
{

0, α < 1/2,
∞, α ⩾ 1/2.
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Thus, the load factor tends to one as ρ = 1 − n−α and depending on the
parameter α, the stationary average waiting times and queue lengths tend
either to zero or to infinity. Moreover, the critical value of the parameter α
varies, depending on the choice of these performance indicators.

Almost deterministic single-channel queuing system. Despite
the importance of Theorem 1, such a queuing system design assumes its
large size, which is not always convenient from an application point of view.
It is clear that an alternative to the described mode of operation of a queu-
ing system with a large load and a small queue can serve as an almost
deterministic one channel queuing system (see, for example [9]).

Let’s describe the operation of a single-channel queuing system G|G|1|∞
by a sequence of waiting times for the start of service: wi+1 = max(0, wi +
ηi − τi). Here τi is the interval between the arrival of i-th and (i + 1)-th
customers, Mτi = a, and ηi – service time of i-th customer, Mηi = b, 0 <
a− b = ε. Assume that random deviations from the distributions means are
reduced as follows:

ηεi = b+ εα(ηi − b), τ εi = a+ εα(τi − a)

and introduce Markov chain wε
i , i ⩾ 0, wε

0 = 0, describing almost deter-
ministic single-channel queuing system

wε
i+1 = max(0, wε

i + ηεi − τεi ) = max(0, wε
i + εαδi).

Here δ0, δ1, . . . , is a sequence of independent and identically distributed
random variables, δi = ηi − τi + ε, Mδi = 0. In high load mode, when

the load factor ρ =
b

a
is close to one, the positive parameter ε = (1 − ρ)a

is small: ε ≪ 1. Value α > 0 characterizes the rate of decreasing random
perturbations with increasing loading.

Due to known results for a single-channel queuing system G|G|1|∞ (see
e.g. [10, Chapter 1, $3]) Markov chain wε

i , i ⩾ 0 has given for any ε, α :
0 < ε, 0 < α the stationary distribution lim

i→∞
P{wε

i > y} = P{Wα(ε) >

y}, y ⩾ 0. Using results of articles [11, 12, 13, 14, 15, 2, 17, 18, 19, 20, 21]
it is possible to prove the following theorems.

Theorem 2. In a single-channel queuing system G|G|1|∞ for some
positive constants β, c <∞ the inequality M |δ1|2+β ⩽ c is true. Then the
following limit relations are valid: Wα(ε) ⇒ (weak convergence) +∞, 0 ⩽
α < 1/2;
Wα(ε) ⇒ 0, 1/2 < α; Wα(ε) ⇒ η, P{η > y} = e−2y/d, α = 1/2.

Theorem 3. Assume that in a single-channel queuing system
G|G|1|∞, when for some ν, 1 < ν < 2; hν > 0, one of the following relations
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with y → ∞ are true for distributions tails: P (η1 > y) ∼ hνy
−ν , P (τ1 >

y) = o(P (η1 > y),
or P (τ1 > y) ∼ hνy

−ν , P (η1 > y) = o(P (τ1 > y). Then the following limit
relations are valid: Wα ⇒ +∞, 0 ⩽ α < 1/ν; Wα ⇒ 0, 1/ν < α; ε→ 0.

Thus, a parameter α, characterizing either the rate of convergence of the
load factor to one in the system M |M |n|∞, or a random fluctuation in
the system G|G|1|∞, allows us to detect the convergence of the stationary
waiting time to either zero or infinity.

2. Related statistical problems

In this section statistical estimates of characteristics of non-uniform Pois-
son flow, describing distribution of animals in some areas, and the most
powerful decision rule for constructing of technical systems discriminating
“friend-foe” are constructed and analysed. Main idea of these considera-
tions is a choice of convenient objective functions for these estimates: rel-
ative errors or dependences on combinations of some parameters. These
results are based on the classification of statistical problems proposed in
the monographs [22, 23] and on the ideas of testing statistical hypotheses
in the processing of physical and physics – technical observations [24, 26].

Error in estimating the mean number of Poisson flow points.
Specialists in the field of earth sciences have the task of estimating the error
of the mean number of Poisson flow points from observations in different
cells of a square grid. Let the study area be divided into m cells, and
the number of points in them in the area k is nk, k = 1, . . . ,m. It is
natural to assume that the random variables n1, . . . , nm are independent
and have Poisson distributions with the parameters λ1, . . . , λm. Using the
properties of the Poisson distribution, it is easy to establish that the random
sum N = n1 + . . . + nm has a Poisson distribution with the parameter
Λ = λ1 + . . .+ λm and consequently EN = Λ, V arN = Λ.

Using the known properties of the mathematical expectation and the
variance of the Poisson distribution, we proceed to estimate the relative
error. To do this, consider the random variable N/EN = N/Λ. Variance of
this random variable V arN/Λ = 1/Λ and so using Chebyshev inequality it is
possible to obtain the following relation P

(
|N/Λ− 1| > Λ−1/3

)
⩽ Λ−1/3 →

0, Λ → ∞. Therefore, the relative error decreases with the growth of Λ.
This result does not depend on the non uniformity of the distribution

density of the Poisson flow of points, and therefore does not depend on
the parameters λ1, . . . , λm. It is based on the well-known models of Poisson
point flows in the theory of random sets, which are used in the earth sciences
[27].



134 G. Tsitsiashvili

Resolution of the most powerful decision rule. In the papers
[28, 29, 30, 31], a neural network converter “Biometrics access code” is
built on the basis of an electroencephalogram. The main indicator of the
effectiveness of this converter is the probability of errors of the first kind α1,
when the probability of errors of the second kind α2 is chosen by experts
to distinguish between simple hypotheses “friend-foe”. This distinction of
hypotheses is made using the most powerful decision rule. A special role
here is played by a set of sample characteristics, with the help of which
these hypotheses are distinguished.

Consider a sample x1, . . . , xn, consisting of independent random vari-
ables having a normal distribution with an average a and a variance σ2.
From two hypotheses H1 = (a = a1), H2 = (a = a2), a1 > a2, the most
likely hypothesis is selected. We introduce a characteristic A of the resolu-
tion of the most powerful decision rule. The value A is determined by by
the following parameters: the probability α2, the sample size n, the vari-
ance σ2 and the difference of the averages a1−a2. Its calculation is based on
the Neumann-Pearson lemma and the well-known rule for finding the most
powerful solving rule by the Bayesian solving rule.

The most powerful solving rule has the form

n∑
i=1

xi/n > C ⇒ H1,

n∑
i=1

xi/n ⩽ C ⇒ H2.

Assume that the function t(α), 0 < α < 1, is defined by the equality

α =

∫ ∞

t(α)

exp(−u2/2)√
2π

du. Put t(α1) = A, then it is not difficult to obtain

the relations C = a2 + t(α2)σ/
√
n, A = A(a1, a2, α2, n, σ) =

√
n(a1 −

a2)/σ − t(α2). Consequently there is strong dependence of α1 on A : α1 ⩽
exp(−A2)/(A

√
2π). For example, let’s take α2 = 10−9, α1 = 7 · 10−4 (these

values are taken from [31]), then A = 9.19246.
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We consider the transmission of messages with demultiplexing over
two communication channels with different throughputs. Each mes-
sage is divided into two unequal parts, of which the smaller is trans-
mitted on one channel, the larger – on the other. The problem of
calculating the optimal channel throughput is solved, taking into
account the characteristics of the transmitted traffic.
Keywords: Data flow distribution, communication channel
throughput, demultiplexing, multiplexing, secret sharing.

Introduction

With the introduction of the self-isolation regime, there is still an increas-
ing demand for internet connection services, for an increase in data transfer
speed, for throughput expansion and for the purchase of additional commu-
nication channels. The most popular transmitted content is video data, for
example, online broadcasts of cinemas, educational webinars. Broadcasting
is carried out using client-server applications, in which the content can first
be transformed using any algorithms, and only then transmitted to the user.
Pre-transformation of content can be carried out to ensure confidentiality,
that is, to perform cryptographic transformations. In such situations, cryp-
tographic algorithms can lead to significant delays in the playback of the
video data stream due to the fact that reverse cryptographic conversion
must be performed on the client side. The use of an additional communi-
cation channel makes it possible to organize distributed data transmission,
which makes it possible to solve the problem of ensuring confidentiality, but
questions arise related to the efficiency of the use of computing resources, op-
timization of channel throughput, synchronization of transmitted streams.

1. Formulation of the problem

In such a situation, it is advisable to consider the possibility of using
other, not related to classical cryptography, information protection methods
– secret sharing schemes (SSS) [1], demultiplexing.
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In [2, 3], algorithms for dividing video data into unequal parts are pro-
posed, which allow the sender and the receiver, using two communication
channels with different throughputs, to carry out the diversity of the trans-
mitted TCP / IP traffic over these channels, as, for example, it is described
in [4, 5]. Further, we assume that SSS can be used to transmit streams of
any messages, and all the transformations described in [2, 3] are performed
directly on the binary characters of the messages. By dividing messages
into unequal shares, a smaller share of each message is transmitted over a
lower throughput channel, and a larger share is transmitted over a higher
throughput channel.

When using two communication channels at the same time, questions
arise related to the efficiency of computing resources, optimization of chan-
nels throughput, synchronization of transmitted streams, buffering. These
issues can be addressed by implementing appropriate client-server applica-
tions and optimizing the throughput of the communication channels. It is
advisable to optimize throughputs according to the criteria for minimizing
costs, one part of which is associated with message delays in the network, the
other part - with the payment of channel throughput, which monotonically
grows with the growth of throughput.

As a mathematical model for optimizing a two-channel SSS, a network
with splitting requests (S-network) with two single-channel queuing systems
(QS) is proposed (see figure 1). In terms of queuing theory (QT), we will
call messages and their parts requests, demultiplexing messages – splitting
requests, multiplexing messages by assembling requests. Two requests cor-
responding to two parts of the same divided message will be called conjugate
requests. We define the discipline of servicing queues in front of the channels
as the FIFO discipline (first in – first out).

Figure 1. A network with splitting requests. S – split point, A – assemble point

Requests are transmitted through two channels with different through-
puts C1, C2 (Kbit/s). At point S, the request is split into two requests,
one of which arrives at QS1 and the other - in QS2. At point A, two con-
jugate requests ”merge”and turn into one request. The incoming traffic F
(Kbit/s) is divided into two parts F1 + F2 = F . The moment of entry of
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the request into the network is simultaneously the moment of its splitting
and the moment of entry of the resulting conjugate parts into each of the
two branches of the network. The intensities λ, λ1 and λ2 of the flows of
requests entering the network, in the QS1 and in the QS2 are the same, and
are described by the same probabilistic law.

Another feature of the S-network, not shown in figure 1, is that two more
synchronization queues are formed before point A (one on each branch).

All requests arrive in each synchronization queue in the same sequence in
which they enter the network. Therefore, if at least one request is pending in
one synchronization queue, then the other synchronization queue is empty.
The time u of message transmission (in terms of QT the time spent by the
request in the network) is determined by the formula

u = max(u1, u2) = max(w1 + x1, w2 + x2), (1)

where w1 - waiting time for a request in queue 1; x1 - service time of the
request in channel 1; w2 - waiting time of the conjugate request in queue 2;
x2 - service time of the adjoint request in channel 2 .
The average time U of staying in the S-network, according to (1):

U =M [max(u1, u2)] =M [max(w1 + x1, w2 + x2)] . (2)

The time U depends on the throughputs C1, C2: U = U(C1, C2).
Let the price of the throughput of any channel is m c.u./(Kbit/s). Then

the problem of optimizing the throughputs C1, C2 of the S-network channels
can be formulated as follows:

f = lU (C1, C2) +mC1 +mC2 → min
C1,C2

, (3){
C1 ⩾ F1

C2 ⩾ F2,
(4)

where l (c.u./s) is the price of the average delay of an request in the network
for one second.

Coefficient l is equal to the losses (occurring due to the increase in the
average time U by 1 s), calculated for the period of operation of the network.

Then the problem (3), (4) is posed as the problem of minimizing the
average costs over the period of network operation.

2. Exponential network with independent branches

Consider a network with independent branches (figure 2), which can be
examined as a first approximation of the S-network shown in figure 1.

In this network with independent branches, QS1 and QS2 operate in-
dependently, each serving its own stream of requests. Each of these QSs
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individually is equivalent to the corresponding QS in the S-network, but
a pair of QSs in a network with independent branches (figure 2) is not
equivalent to a pair of QSs in an S-network (figure 1).

Figure 2. S-network with independent branches

Dashed lines in figure 2 shows a single passage through the network of
a single split request arriving in a stationary mode of network operation at
a random moment in time. The time it takes for a split request to pass
through the network is expressed by formula (1), the network optimization
problem has the form (3), (4).

Calculation of the system in figure 2 includes the following steps. First,
we find the distribution of the sojourn time of unsplittable request in QS1
and QS2. Further, since the quantities u1 and u2 are independent, we can
easily find the distribution of the maximum of these quantities, and through
it - the required M [max(u1, u2)].

M [max(u1, u2)] =
1

µ1(1− ρ1)
+

1

µ2(1− ρ2)
−

− 1

µ1(1− ρ1) + µ2(1− ρ2)
,

(5)

where µ1, µ2 are the intensity in the first and, respectively, the second
channel, ρ1, ρ2 are the load factors of the first and second channels.

Passing in expression (5) to the parameters of problem (3), (4) ρ1 =
F1/C1, ρ2 = F2/C2, µ1 = C1/H1, µ2 = C2/H2 and substituting it taking
into account (2) in (3) we get the problem:

f =
lH1

(C1 − F1)
+

lH2

(C2 − F2)
− l

H−1
1 (C1 − F1) +H−1

2 (C2 − F2)
+

+mC1 +mC2 → min
C1,C2

,
(6)

{
C1 ⩾ F1,
C2 ⩾ F2.

(7)
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The point (C1, C2) of the local minimum of the function f can be found
from the system of two equations ∂f/∂C1, ∂f/∂C2 i.e.

− lH1

x2
+

lH−1
1(

H−1
1 x+H−1

2 y
)2+m = 0,− lH2

y2
+

lH−1
2(

H−1
1 x+H−1

2 y
)2+m = 0, (8)

where x = C1 − F1 > 0, y = C2 − F2 > 0.

Example 1. Let the cost coefficients l = 1, m = 0.001 and the pa-
rameters H1 = 100, H2 = 800, F1 = 700, F2 = 5600. In this case, in the
set of solutions of system (8), only one solution contains a pair of positive
real numbers: x ≈ 230.461, y ≈ 848.818. Accordingly, the minimum of
the objective function (6) is attained at the point C1 = F1 + x ≈ 930.461,
C2 = F2 + y ≈ 6448.818, and is f = 8.458558 c.u. In this case, we obtain
ρ1 = F1/C1 = 0.752, ρ2 = F2/C2 = 0.868.

The results of additional verification of the found optimal values C1, C2

are shown in figure 3 (upper curves). On the left, the upper curve is a section
of the f(C1, C2) surface by the plane C2 = 6448.818, passing through the
optimum point, on the right, a section by the plane C1 = 930.461. Markers
represent the corresponding simulation results.

Example 2. Given example 1 (l = 1, m = 0.001, H1 = 100, H2 =
800, F1 = 700, F2 = 5600) we optimize the S-network shown in figure 1, in
which channels only transmit split requests. In the simulation model, the
share of a request transmitted through the first channel is serviced in H1/C1

seconds on average, the servicing time has an exponential distribution. The
share of a request transmitted through the second channel has a service
time independent of the service time of the conjugate share, and has an
exponential distribution with the average H2/C2. The intervals for the
receipt of requests in the network have an exponential distribution with an
average H1/C1. It is difficult to find an analytical solution for such an S-
network. Optimization of throughputs C1, C2 is performed using S-network
simulation by coordinate descent method. As an initial approximation, we
took a solution that is optimal for a network with independent branches
(see example 1). The optimal solution C1 ≈ 905, C2 ≈ 6435 was found in
more than 80 steps, each of which required about 6 minutes of computer
work with a 3.1 GHz processor. The results of checking this solution are
shown in figure 3 lower curves, which are sections of the f(C1, C2) surface
by the planes C1 = 905, C2 = 6435, passing through the optimum point.

The time spent on finding the minimum of the function of two variables
turned out to be rather large, although, as can be seen from figure 3, the
initial approximation is close to the minimum point. The correlation coeffi-
cient between the durations u1 and u2 of staying in the QS of the conjugate
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Figure 3. Upper curves - sections of the surface f(C1, C2) by planes passing
through the opt. point in example 1. Lower curves - sections for example 2

lobes was in the vicinity of the optimum point from 0.51 to 0.53. The load
factors were ρ1 = 0.773, ρ2 = 0.870.

3. S-networks with synchronous branches

Consider an S-network in which each incoming request has a random
size h (Kbit) and is split into two conjugate requests so that between their
sizes h1 and h2 (where h1 + h2 = h) the same proportion always remains:
h2/h1 = γ = const. If the throughputs of the channels is connected by the
condition C2 = γC1 then the service time x1 of the request in channel 1
and the service time x2 of the conjugate request in channel 2 coincide:

x2 = h2/C2 = (γh1)/(γC1) = h1/C1 = x1. (9)

We call such a network an S-network with synchronous branches, or
an Ss-network. The problem (3), (4) optimization of an S-network, whose
branches are synchronous, can be solved exactly for any flow of requests for
which QS in the branches can be calculated by exact QT methods.

Omitting the proofs, we present the following two theorems.

Theorem 1. Transmission of a regular flow of fixed-size requests
through an optimal Ss-network leads to the same costs as transmission
through an optimal single-channel system. In this case, the total through-
put of the optimal Ss-network is equal to the throughput of the optimal
single-channel system.

Theorem 2. The transmission of any flow of requests through the
optimal Ss-network leads to the same costs as its transmission through the
optimal single-channel system. Then the total throughput of the optimal
Ss-network is equal to the throughput of the optimal single-channel system.

4. Networks with splitting requests in constant proportion

S-networks in which the condition h2/h1 = γ = const is fulfilled during
the splitting of requests, but the condition C2 = γC1 is not imposed, we will



Optimization of message transmission when implementing the SSS 143

call networks with split requests in equal proportions, or Se-networks. The
Ss-networks considered above are a subset of Se-networks in which both of
these conditions are satisfied. The optimization problem for Se-networks
has certain specific features. It is written, like the general problem (3), (4)
of optimization of S-networks, in the form

f = lU(C1, C2) +mC1 +mC2 → min
C1,C2

, (10){
C1 ⩾ F1,

C2 ⩾ F2,
(11)

where U(C1, C2) = M [max(u1, u2)], and inherits the property (as opposed
to a network with independent branches, see figure 2) that in general
case in elementary function the non-expressible dependence of the math-
ematical expectation M [max(u1, u2)] on the varied parameters C1, C2 is
here determined on stochastically interdependent random variables u1, u2
(times of stay in QS1 and QS2). The variable parameters C1, C2 in (10),
(11) are independent of the optimization problem for Ss-networks, they
are not related by the condition C2 = γC1; therefore, both inequalities
are preserved in constraints (11). Therefore, the progress of requests in
the branches of the network is generally asynchronous here, which makes
it difficult to find an explicit formula that accurately expresses the time
U(C1, C2) =M [max(u1, u2)] in terms of the network parameters.

However, in the next theorem it is established that in the class of Se-
networks, optimal solutions to problem (10), (11) with independent through-
puts always lie on the line C2 = γC1.

Theorem. The Se-network, which is optimal for the transmission of
any flow of requests, is an Ss-network, i.e. the optimal throughputs C1, C2

of the Se-network lie on the straight line C2 = γC1.

Example 3. Using the conditions of example 2, let us establish the
constant proportion h2 = γH1 = 8h1 for the sizes of the request shares, and
describe the size h1 by the third-order Erlang distribution with mean H1.
Then h2 and h = (1 + γ)h1 are also distributed according to the Erlang
law with averages H2 and H, respectively. Let us describe the intervals
of requests arrival by the Erlang distribution with the mean H1/F1. The
S-network defined in this way is a Se-network, and the optimal C1 and C2

for it lie on the line C2 = γC1.
Its solution C1 opt = 763 was found in 12 model runs. All three significant

digits of this solution are exact, as are the first three digits of the solution
C2 opt = γC1 opt. The correlation coefficient between the durations of stay
of two conjugated lobes in their QS is 1. Coefficients of channels loading
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are ρ1 = 0.917, ρ2 = 0.917. The average latency in both sync queues is
zero. Then for C2 = γC1 in Se-networks u1 = u2 and defined by formula
(2) U = U1. The optimal C1 and the minimum cost (3) can be determined
analytically if QS1 is, for example, a system of the class M/M/1, M/G/1.

5. Conclusion

The efficiency of the optimized Se-networks established in the study per-
formed can be achieved by developing algorithms for the implementation of
the SSS, which divide messages into shares that are in a constant or ap-
proximately constant proportion. Or for shares that have a high positive
correlation coefficient. Taking into account the identified possibilities of SSS
optimization on two physical channels, it is advisable to study the possibil-
ities of SSS optimization and similar messaging schemes in networks with
fractal traffic (using, in particular, the queue reduction methods developed
for such networks in [6]), and in 5G networks.
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In this article, the concept of reverse balking is developed and in-
tegrated into a Cognitive Radio Network. Reverse balking is a cus-
tomers pattern in which an arriving user is more likely to join a
system if it is more occupied, and vice versa. This type of cus-
tomer’s attitude can be seen in a variety of industries, especially
finance. The key performance measures are obtained with the help
of simulation.
Keywords: Finite source queuing systems, Simulation, Cognitive
radio networks, Performance measures, Reverse balking.

Introduction

Our Cognitive Radio Network (CRN) model’s principal aim is to enhance
the use of the free spaces in the primary frequency band to benefit the
secondary. More details can be found in [1, 2, 3, 4, 5, 6]. Our queuing
system considers two parts. The first part is developed for Primary Users
(PUs) with a finite number of sources who generate primary calls after
an exponentially distributed time. All the generated calls are placed in a
FIFO queue for service. The second subsystem is dedicated to secondary
users (SUs) jobs which are created following exponential distribution and
routed to the secondary channel service (SCS) to obtain service. The service
time of PUs and SUs is exponentially distributed as well. The generated
licensed calls will verify the status of the PCS; if it is available, the service
may begin immediately; if it is already in use by a primary call, the latter
call will be placed in the FIFO queue. If a secondary customer is occupying
the PCS, its service will be interrupted immediately and diverted back to
the SCS. The aborted call will be resumed from the beginning of its service
or added to the retrial queue (orbit) depending on its present state.

SCS, on the other hand, handles unlicensed queries. If the targeted
server is idle, the SU is permitted to start the service; if it is occupied, they

The research work of János Sztrik is supported by the EFOP-3.6.1-16-2016-00022
project. The project is co-financed by the European Union and the European Social Fund.
Mohamed Hedi Zaghouani is supported by the Stipendium Hungaricum Scholarship.
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may attempt to start opportunistically their service in the PCS. If the last
service channel is free, the low priority call may be able to begin the service;
otherwise, if it is occupied, the call will be automatically added to the orbit,
from where it will retry to be served after an exponentially distributed time.

Several investigations have dealt with CRN in different scenarios. The
effect of server unreliability on the CRN, for example, was studied by the
authors of [3]. Abandonment was employed in [6], wherein SUs were forced
to leave the system if their total waiting time exceeded a random maximum
waiting duration. Balking has been investigated in a variety of queuing
systems, including [7, 8, 9, 10]. However, after a thorough search of nu-
merous similar topics and reports, we were unable to find any studies that
addressed this model in the scenario of revers balking, which is the novelty
of our research.

1. System model

The queuing cognitive radio system shown in Fig. 1 is based on the
following assumptions. Consider two interconnected subsystems in which
primary requests are generated by a finite number of sources N1 and sub-
mitted to the first server using an exponentially dispersed time with an
average value of 1/λ1. If the unit is available, the service may begin; other-
wise, the call will be placed in the preemptive priority queue. The principal
users’ service time is a random variable with an exponential distribution
and a parameter µ1.

Figure 1. Finite-source retrial queuing system: Modeling the Cognitive Radio
Network with reverse balking
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Table 1
Simulation input parameters

N1 N2 λ1 λ2/N2 µ1 µ2 ν p
20 50 0.03 x-axis 1 1 20 0.5

N2 denotes the number of sources in the secondary subsystem. Each
source produces low priority call according to an exponentially distributed
time with parameter λ2/N2. SUs service time is generally distributed us-
ing hypo-exponential, hyper-exponential, and gamma distributions with the
same mean and different variances with a rate µ2. The retrial time of the
secondary customers is supposed to be an exponentially distributed random
variable with a parameter ν.

When the system is empty (at the start of the simulation) first cus-
tomers might balk (do not enter the system) with probability p or join it
with 1 − p. However, when there is at least one customer in the system,
new arriving ones balk with a probability 1-q and enter the system with
probability q=( n

N2−1 ), while n is the number of SU in the system at a time
t. Reverse balking is the term for this type of balking.

2. Simulation results

Assuming that all random variables included in the system are expo-
nentially distributed except the secondary service, we created a stochastic
simulation program written in C coding language with SimPack to generate
the results of this section. All the numerical results were collected by the
validation of the simulation outputs. Table 1 shows the numerical values of
the simulation main class input parameters while.

Figure 2 illustrates the influence of secondary service time distribution
on the mean residence time of SUs versus secondary request time generation.
A high distributions sensitivity can be observed when service times are
gamma distributed with a squared coefficient of variation greater than one,
especially, in the beginning of the simulation. Furthermore, increasing the
arrival intensity of SUs, did not involve a greater mean response time for
SUs until value 2.8, where the mean response time was noticeably increased.
This was the effect of the reverse balking, as new coming customers are
getting more encouraged to enter the system through the time.

The impact of the service time distribution for the secondary subsystem
on the mean balking rate versus λ2 can be observed in Figure 3. Increasing
the secondary arrival rate involves a higher discouragement for new arriv-
ing secondary customers, this can be seen clearly in the case of Gamma
distribution.
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Figure 2. The impact of secondary service time distribution on the mean residence
time of SUs vs secondary request time generation

Figure 3. The impact of secondary service time distribution on the mean balking
rate of SUs vs secondary request time generation

It is well known according Gamma distribution function that when c2x >
1 the generated random service time is great which leads to an overloading
of the system.

3. Conclusion

This paper introduces a finite-source retrial queueing system with two
non-independent components. Our system was designed to model a cog-
nitive radio network with primary and secondary service units, as well as
reverse balking. A thorough review was conducted using simulation to in-
vestigate the impact of service time distributions and cognitive technology
on the system’s key performance measures.
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ON THE EXISTENCE OF THE STATIONARY
DISTRIBUTION IN A POLLING SYSTEM WITH

AUTOREGRESSIVE POISSON INPUTS

A.V. Zorine

Nizhni Novgorod State University, Nizhni Novgorod, Russian Federation

In this paper we introduce a new queueing model with a special
kind of input processes. It is assumed that the number of arrivals
during consecutive time intervals makes an autoregressive sequence
with conditional Poisson distributions. A single server serves input
flows one by one in cyclic order with instantaneous switching. A d-
limited policy is used. The mathematical model of the queueing
process takes form of a multidimensional discrete Markov chain.
The Markov chain keeps track of the server state, recent arrival
numbers and queues’ lengths. The necessary and sufficient condi-
tion for the existence of the stationary probability distribution is
found. A possibility to give an explicit solution for the stationary
equations for the probability generating functions is discussed.
Keywords: Autoregressive Poisson process, polling system, cyclic
service, stationarity conditions, probability generating functions.

Introduction

Popular models for input flows in queueing systems are Poisson, MAP
(BMAP), and renewal processes (e.g., [1, 2]). In few cases only, some of
the flow constituents are assumed being in an autoregressive relation, e.g.
interarrival intervals or batch sizes [3, 4]. So, we will propose and investigate
a new queueing model where the numbers of arrivals during certain time
intervals are in an autoregressive sort of dependence.

The queueing system belongs to a class of polling systems [5]. Besides
the inputs, it differs from classical polling systems by an assumption on the
service process. Service time distributions are not known (in real queueing
systems service times can be dependent and have different probability dis-
tributions), but the server’s sojourn time distribution for each node is given
together with the upper limit on the number of services customers. It mod-
els for example a roads intersection controlled by a fixed-cycle traffic-light,
and data transmission nodes governed by a Round Robin algorithm.

We will demonstrate that even under simple assumptions on the queue-
ing system structure the equation for the stationary probability distribution
generating function is hard to solve. Still we will obtain conditions for the
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existence of the stationary probability distribution in the system using the
iterative-dominating approach [6, 7].

1. The queueing system

Let us assume that all random variables and random elements in what
follows are defined on a probability space (Ω,F,P). Then E(·) denotes the
mathematical expectation with respect to the probability measure P. Set
φ(x; a) = axe−a/x! for a > 0 and x = 0, 1, . . . .

Consider a queueing system with m <∞ input flows and a single server.
Customers from the j-th flow join an infinite-capacity buffer Oj . Probability
properties of the input flows will be defined later. The server spends a
constant time T > 0 in front of each queue, and then an instant switch-over
to the next queue occurs. After the last queue the first queue is visited.
The server implements a d-limited policy: during its stay at the j-th queue
the server can provide service to d = ℓj customers at most from that queue,
no matter when exactly they arrived if they have arrived before the time T
expired.

Let τ0, τi+1 = τi+T = (i+1)T , i = 0, 1, . . . be the time instants when
the server switches to a next queue. Denote by Γ(r) the server state when
it is at the r-th queue, i = 1, 2, . . . , m and let Γ = {Γ(1),Γ(2), . . . ,Γ(m)}
be the server state space. Let a random variable Γi ∈ Γ be the server state
during the time interval (τi−1, τi] for i = 1, 2, . . . , and Γ0 ∈ Γ be the random
server state at time τ0. Let r ⊕ 1 = r + 1 for r < m and m⊕ 1 = 1. Then
Γi+1 = Γi+1(ω) = Γ(r⊕1) for all ω ∈ Ω such that Γi = Γ(r).

Denote by ηj,i, i = 1, 2, . . . the random number of new customers
arriving from the flow Πj during the time interval (τi, τi+1], j = 1, 2, . . . ,
m. Let ηj,−1 be a non-negative integer-values random variable, j = 1, 2, . . . ,
m. Let us assume that the conditional probability distribution of ηj,i+1 for
any given ηj,−1 = x−1, ηj,0 = x0, . . . , ηj,i = xi is the Poisson distribution
with parameter (ajxi+bj) for some aj > 0 and bj > 0, so that the regression
of ηj,i+1 on past numbers of arrivals equals

E(ηj,i+1 | {ηj,−1 = x−1, ηj,0 = x0, . . . , . . . , ηj,i = xi}) = ajxi + bj .

We will call such an input flow an autoregressive Poisson flow. In particular,
if the flow Πj is a classical Poisson with intensity λj then we will have aj = 0
and bj = λjT . Further, let us assume that the stochastic sequences

{ηj,i; i = −1, 0, . . .}, j = 1, 2, . . . ,m

are independent.
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Denote by κj,i the random number of customers in the queue Oj at
time instant τi. Denote by ξj,i the largest number of customers which can
be serviced from Oj during the time interval (τi, τi+1]. Then the probability

P({ξ1,i = y1, ξ2,i = y2, . . . , ξm,i = ym} | {Γi = Γ(r)})

equals 0 for tyj > 0 and yk > 0 for some k ̸= j; it equals 1 for yr⊕1 = ℓj .
We have

κj,i+1 = max{0,κj,i + ηj,i − ξj,i}, i = 0, 1, . . . ; j = 1, 2, . . . ,m.

The recurrent equations and probability distributions given above prove
the following claims.

Theorem 1. For a given probability distribution of the vertor

(Γ0,κ1,0,κ2,0, . . . ,κm,0, η1,−1, η2,−1, . . . , ηm,−1),

random sequences

{(Γi,κ1,i,κ2,i, . . . ,κm,i, η1,i−1, η2,i−1, . . . , ηm,i−1); i = 0, 1, . . .},
{(Γi,κj,i, ηj,i−1); i = 0, 1, . . .}, j = 1, 2, . . . ,m

are irreducible periodic Markov chains.

2. Analysis of the model

The main purpose of this section is to establish necessary and sufficient
conditions for the existence of the stationary probability distribution of the
Markov chain {(Γi,κj,i, ηj,i−1); i = 0, 1, . . .} for j = 1, 2, . . . , m, since it is
easy to prove then, that the Markov chain

{(Γi,κ1,i,κ2,i, . . . ,κm,i, η1,i−1, η2,i−1, . . . , ηm,i−1); i = 0, 1, . . .}

has a stationary probability distribution if and only if each single
{(Γi,κj,i, ηj,i−1); i = 0, 1, . . .}, j = 1, 2, . . . , m does. In the remainder
of this section the value of the index j is fixed.

In the first place, for the existence of the stationary distributions of
the Markov chains, the inputs {ηj,i; i = 0, 1, . . .} need to have statioinary
probability distribution. This is possible only if 0 < aj < 1 for all j = 1, 2,
. . . , m. We assume so in the rest of the section.

Let us define

Qj,i(r, x, y) = P({Γi = Γ(r),κj,i = x, ηj,i−1 = y}).
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Let I(·) denote the indicator random variable for the event given in the
parentheses. Let us introduce for |z| ⩽ 1, |w| ⩽ 1 and i = 0, 1, . . . the
probability generating functions

Ψj,i(z, w; r) =

∞∑
x=0

∞∑
y=0

zxwyQj,i(r, x, y)E
(
zκj,iwηj,i−1I({Γi = Γ(r)})

)
.

Theorem 2. The following recurrent equations with respect to i = 0,
1, . . . hold:

Ψj,i+1(z, w; r ⊕ 1) = ebj(zw−1)Ψj,i(z, e
aj(zw−1); r), r ⊕ 1 ̸= j;

Ψj,i+1(z, w; r ⊕ 1) = z−ℓjebj(zw−1)Ψj,i(z, e
aj(zw−1); r)+

+

ℓj−1∑
x=0

ℓj−x−1∑
n=0

( ∞∑
y=0

Qj,i(r, x, y)φ(n; ajy + bj)
)
(1− zx+n−ℓj )wn

for r ⊕ 1 = j.

Using methods from [6, 7] we get

Theorem 3. For the existence of the stationary probability distribu-
tion of the Markov chain {(Γi,κj,i, ηj,i−1); i = 0, 1, . . .} it is necessary and
sufficient that

bj
1− aj

m < ℓj . (1)

The condition in the last theorem can be easily interpreted from a physical
point of view because the quantity mbj(1−aj)−1 is the stationary expected
number of arrivals from the flow Πj during a complete cycle of the server.

In course of the proof of Theorem 3 the following Lemma is essential.

Lemma 1. If 0 < a < 1 then the equation w = ea(wz−1) has a unique
solution

w(z) = e−a +

∞∑
n=1

zn
(n+ 1)n−1ane−(n+1)a

n!
,

convergent in the open disk |z| < a−1ea−1, such that w(1) = 1, |w(z)| < 1
for |z| < 1.

To obtain equations for the time-stationary probability generating func-
tions we can omit indices i and i + 1 in the equations in Theorem 3. Sub-
stituting there w = w(z) from Lemma 1 where a = aj and b = bj , and
denoting

Aj(x, n) =

∞∑
y=0

Qj(r, x, y)φ(n; ajy + bj)
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for r such that r ⊕ 1 = j we get

Ψj(z, w(z); r ⊕ 1) = ebj(zw(z)−1)Ψj(z, w(z); r), r ⊕ 1 ̸= j; (2)

Ψj(z, w(z); r ⊕ 1) = z−ℓjebj(zw(z)−1)Ψj(z, w(z); r)+

+

ℓj−1∑
x=0

ℓj−x−1∑
n=0

Aj(x, n)(1− zx+n−ℓj )(w(z))n (3)

for r ⊕ 1 = j. To solve these equations for the functions Ψj(z, w(z); r),
r = 1, 2, . . . , m, one needs to identify ℓj(ℓj + 1)/2 unknown constants
A(x, n), 0 ⩽ x+ n < ℓj , n, x integers. We get

(zℓj − embj(zw(z)−1))Ψj(z, w(z); r) =

=

ℓj−1∑
x=0

ℓj−x−1∑
n=0

Aj(x, n)(z
ℓj − zx+n)(w(z))n, r ⊕ 1 = j.

Case 1. If ℓj = 1, then the only unknown constant is Aj(0, 0).
Recalling that Ψj(z, z; r) = 1/m and expanding terms z − embj(zw(z)−1),
(1− z−1) in the left neighborhood of z = 1, we get(

1− mbj
1− aj

) 1

m
= Aj(0, 0).

Case 2. If ℓj > 1, we have ℓj(ℓj + 1)/2 > 1 unknown constants. Let
us study the equation

zℓj − ebj(zw(z)−1) = 0.

It follows from the modified Rouché theorem [8] and the Lemma below that
it has exactly ℓj − 1 zeros inside the unit disk |z| < 1 when the stationarity
condition (1) is fulfilled.

Lemma 2. If inequality (1) is fulfilled, then |ebj(zw(z)−1)| < 1 for all
|z| = 1, z ̸= 1.

Denote these zeros by β1, β2, . . . , βℓj−1.

Theorem 4. If inequality (1) is fulfilled then the following equations
take place:

ℓj−1∑
x=0

ℓj−x−1∑
n=0

Aj(x, n)(ℓj − x− n) =
ℓj
m

− bj
1− aj

,

ℓj−1∑
x=0

ℓj−x−1∑
n=0

Aj(x, n)((βk)
ℓj − (βk)

x+n)(w(βk))
n = 0, k = 1, 2, . . . ℓj − 1.
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The number of linear equations given by Theorem 4 is less than the
number of unknown constants. Still, it was to be expected, since equa-
tions (2) and (3) are not equivalent to equations of Theorem 2 and by
substituting w = w(z) there we lose evidently essential parts of infor-
mation about the generating functions of interest. Moreover, once we
obtain all Aj(x, n), 0 ⩽ x + n < ℓj , we still need to solve a func-
tional equation relating Ψj(z, w; r⊕1) to Ψj(z, e

aj(zw−1); r) in the polydisk
{(z, w) : |z| ⩽ 1, |w| ⩽ 1} ⊂ C2.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÎÁËÀÑÒÈ ÏÐÈÌÅÍÈÌÎÑÒÈ
ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÃÎ ÄÂÓÌÅÐÍÎÃÎ
ÂÛÕÎÄßÙÅÃÎ ÏÎÒÎÊÀ ÑÈÑÒÅÌÛ Ñ

ÂÛÇÛÂÀÅÌÛÌÈ ÇÀßÂÊÀÌÈ

À.Ë. Áëàãèíèí, È.Ë. Ëàïàòèí

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé

Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

Â äàííîé ðàáîòå ìû èññëåäóåì îáëàñòü ïðèìåíèìîñòè àñèìïòî-
òè÷åñêîãî ïðèáëèæåíèÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè ÷èñëà îá-
ñëóæåííûõ çàÿâîê â âûõîäÿùåì ïîòîêå RQ�ñèñòåìû ñ âûçûâàå-
ìûìè çàÿâêàìè è MMPP. Öåëüþ èññëåäîâàíèÿ ÿâëÿåòñÿ ïðîâåð-
êà òî÷íîñòè àñèìïòîòè÷åñêèõ ðåçóëüòàòîâ ïðè ðàçëè÷íûõ ïàðà-
ìåòðàõ âõîäÿùåãî ïîòîêà, òàê êàê âàðèàöèÿ äëèí èíòåðâàëîâ
ïîñòóïëåíèÿ çàÿâîê ìîæåò îêàçûâàòü ñóùåñòâåííîå âëèÿíèå íà
âûõîäÿùèé ïîòîê.
Êëþ÷åâûå ñëîâà: Ñèñòåìû ñ ïîâòîðíûìè îáðàùåíèÿìè, ñè-
ñòåìû ñ âûçûâàåìûìè çàÿâêàìè, âûõîäÿùèé ïîòîê, êîýôôèöè-
åíò âàðèàöèè, MMPP, èìèòàöèîííîå ìîäåëèðîâàíèå.

Ââåäåíèå

Â òåîðèè ìàññîâîãî îáñëóæèâàíèÿ, Ìàðêîâñêèé ìîäóëèðóåìûé
Ïóàññîíîâñêèé ïîòîê ïîçâîëÿåò òî÷íî ïðåäñòàâëÿòü ðàçëè÷íûå ñèòóà-
öèè îáðàáîòêè ïàêåòîâ â òåëåêîììóíèêàöèîííûõ ñåòÿõ. Íàëè÷èå ó âõî-
äÿùåãî ïîòîêà íåñêîëüêèõ ñîñòîÿíèé, ñìåíà êîòîðûõ âëå÷åò çà ñîáîé
èçìåíåíèå èíòåíñèâíîñòè ïîñòóïëåíèÿ çàÿâîê, äàåò âîçìîæíîñòü âîññî-
çäàòü âçðûâíîé ðåæèì ïðîõîæäåíèÿ òðàôèêà.

Ðàíåå, â [1], áûëî ïîëó÷åíî àñèìïòîòè÷åñêèå ïðèáëèæåíèå õàðàêòå-
ðèñòè÷åñêîé ôóíêöèè ÷èñëà îáñëóæåííûõ çàÿâîê â RQ�ñèñòåìå [1, 2] ñ
âûçûâàåìûìè çàÿâêàìè [2] è MMPP çà íåêîòîðîå âðåìÿ t ïðè áîëüøîé
çàäåðæêå çàÿâîê íà îðáèòå. Â ââèäó ñïåöèôèêè ìîäåëè, à èìåííî íàëè-
÷èÿ äâóõ òèïîâ îáñëóæèâàåìûõ çàÿâîê è ïåðåìåííîé èíòåíñèâíîñòè ïî-
ñòóïëåíèÿ âõîäÿùèõ çàïðîñîâ, òðåáóåòñÿ ïðîâåñòè ðÿä ÷èñëåííûõ ýêñïå-
ðèìåíòîâ äëÿ îïðåäåëåíèÿ ïðèãîäíîñòè ïîëó÷åííîãî ïðèáëèæåíèÿ äëÿ
âû÷èñëåíèÿ õàðàêòåðèñòèê âûõîäÿùåãî ïîòîêà ïðè ýêñòðåìàëüíûõ ïà-
ðàìåòðàõ âõîäÿùåãî ïîòîêà. Â äàííîé ðàáîòå ìû àêöåíòèðóåì âíèìà-
íèå íà ïàðàìåòðàõ MMPP, êîòîðûå ìîãóò áûòü çàäàíû òàêèì îáðàçîì,
÷òîáû èìèòèðîâàòü ðàçëè÷íûå ïàòòåðíû ïðèõîäà çàÿâîê, êîãäà äëèíû
èíòåðâàëîâ èõ ïîñòóïëåíèÿ ìîãóò ñèëüíî âàðüèðîâàòüñÿ.
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1. Ìîäåëü

Ðàññìîòðèì RQ�ñèñòåìó ñ MMPP. Âõîäÿùàÿ çàÿâêà, íàõîäÿ ïðè-
áîð ñâîáîäíûì, çàíèìàåò åãî. Ïðèáîð, â ñâîþ î÷åðåäü, îáñëóæèâàåò åå
â òå÷åíèå ýêñïîíåíöèàëüíî ðàñïðåäåëåííîãî âðåìåíè ñ ïàðàìåòðîì µ1.
Åñëè ïî ïðèáûòèè çàÿâêè ïðèáîð çàíÿò, îíà ìãíîâåííî ïåðåìåùàåòñÿ
íà îðáèòó, ãäå ïðîèçâîäèò çàäåðæêó â òå÷åíèè ýêñïîíåíöèàëüíî ðàñ-
ïðåäåëåííîãî âðåìåíè ñ ïàðàìåòðîì σ. Â ñâîáîäíîå îò îáñëóæèâàíèÿ
âõîäÿùèõ çàÿâîê âðåìÿ ïðèáîð âûçûâàåò èõ ñàìîñòîÿòåëüíî ñ ïàðà-
ìåòðîì α è îáñëóæèâàåò â òå÷åíèå ýêñïîíåíöèàëüíî ðàñïðåäåëåííîãî
âðåìåíè ñ ïàðàìåòðîì µ2.

Ââåäåì îáîçíà÷åíèÿ: i(t)� ÷èñëî çàÿâîê íà îðáèòå â ìîìåíò âðåìåíè
t, k(t) � ñîñòîÿíèå ïðèáîðà: 0 � ñâîáîäåí, 1 � çàíÿò âõîäÿùåé çàÿâêîé,
2 � çàíÿò âûçâàííîé çàÿâêîé; m1(t), m2(t) � êîëè÷åñòâî îáñëóæåííûõ
âõîäÿùèõ è âûçâàííûõ çàÿâîê ê ìîìåíòó âðåìåíè t ñîîòâåòñòâåííî, n(t)
� ñîñòîÿíèå óïðàâëÿþùåé Ìàðêîâñêîé öåïè MMPP â ìîìåíò âðåìåíè t.

Q,

. ..

α

m1(t)

m2(t)
MMPP

i(t)

k(t)
n(t)

μ
μ2

Ðèñ. 1. Ìîäåëü ñèñòåìû

2. Àñèìïòîòè÷åñêîå ïðèáëèæåíèå õàðàêòåðèñòè÷åñêîé
ôóíêöèè

Ðàíåå [1] áûëî ïîëó÷åíî àñèìïòîòè÷åñêèå ïðèáëèæåíèå õàðàêòåðè-
ñòè÷åñêîé ôóíêöèè ÷èñëà îáñëóæåííûõ çàÿâîê â ðàññìàòðèâàåìîé ñè-
ñòåìå çà âðåìÿ t. Îíî èìååò âèä

F (u1, u2, t) = R · exp{G(u1, u2)t}e,

ãäå G(u1, u2) � ìàòðèöà êîýôôèöèåíòîâ óðàâíåíèé Êîëìîãîðîâà è èìå-
åò âèä

G(u1, u2) =

Q−Λ− (α+ κ)I µ1e
ju1I µ2e

ju2I
Λ+ κI Q− µ1I 0
αI 0 Q− µ2I

T

,

âåêòîð-ñòðîêà R = {R0,R1,R2} � äâóìåðíîå ñòàöèîíàðíîå ðàñïðåäå-
ëåíèå âåðîÿòíîñòåé ïðîöåññà {k(t), n(t)}, ãäå Rk èìååò ðàçìåðíîñòü N
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(÷èñëà ñîñòîÿíèé óïðàâëÿþùåé öåïè MMPP), κ � íîðìèðîâàííîå ñðåä-
íåå ÷èñëî çàÿâîê íà îðáèòå, à e � åäèíè÷íûé âåêòîð-ñòîëáåö ðàçìåðíî-
ñòè N ·K, ãäå K � ÷èñëî ñîñòîÿíèé ïðèáîðà, è I � åäèíè÷íàÿ ìàòðèöà
ðàçìåðíîñòè N .

3. Ìåòîä âû÷èñëåíèÿ âåðîÿòíîñòåé

Äëÿ âîññòàíîâëåíèÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé èç õàðàêòåðèñòè-
÷åñêîé ôóíêöèè èñïîëüçóåòñÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå äëÿ äèñ-
êðåòíûõ ñëó÷àéíûõ âåëè÷èí. Âû÷èñëåíèå ìàòðè÷íîé ýêñïîíåíòû âû-
ïîëíÿåòñÿ ñ ïîìîùüþ ïðåîáðàçîâàíèÿ ïîäîáèÿ [3]

G(u1, u2) = T (u1, u2)GJ(u1, u2)T (u1, u2)
−1,

ãäå T (u1, u2) � ìàòðèöà ñîáñòâåííûõ âåêòîðîâ G(u1, u2), à GJ(u1, u2)
� äèàãîíàëüíàÿ ìàòðèöà ñîáñòâåííûõ ÷èñåë G(u1, u2).

eG(u1,u2)t = T (u1, u2) ·

etΛ1(u1,u2) 0 0
0 etΛ2(u1,u2) 0
0 0 etΛ3(u1,u2)

 · T (u1, u2)
−1,

ãäå Λn � ñîáñòâåííîå ÷èñëî G(u1, u2). Òîãäà ïîëó÷èì

F (u1, u2, t) = R · T (u1, u2) ·

etΛ1(u1,u2) 0 0
0 etΛ2(u1,u2) 0
0 0 etΛ3(u1,u2)

 ·

· T (u1, u2)
−1 · e.

Îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå

P (m1,m2, t) =
1

(2π)2

∫ π

−π

∫ π

−π

e−i·u1·m1e−i·u2·m2F (u1, u2, t) du1du2.

4. ×èñëåííûå ýêñïåðèìåíòû

Â õîäå ýêñïåðèìåíòîâ áûëè çàôèêñèðîâàíû ñëåäóþùèå ïàðàìåòðû
ñèñòåìû α = 0.6, µ1 = 5, µ2 = 5. Â êà÷åñòâå ìåòðèêè èñïîëüçîâàëîñü
ðàññòîÿíèå Êîëìîãîðîâà

∆ = max
0≤i<∞

∣∣∣∣ i∑
v=0

(P0(v)− P1(v))

∣∣∣∣,
ãäå P0(v) è P1(v) � ñðàâíèâàåìûå ðàñïðåäåëåíèÿ.

Âû÷èñëåííîå ðàñïðåäåëåíèå ñðàâíèâàëîñü ñ ðåçóëüòàòàìè ðàáîòû
èìèòàöèîííîé ìîäåëè ïðè ðàçëè÷íûõ çíà÷åíèÿõ σ.
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Òàáëèöà 1
Ðàññòîÿíèå Êîëìîãîðîâà

V/σ 10 1 0,1 0,01
1 0,04513 0,03853 0,01228 0,00231
2 0,14634 0,13380 0,05596 0,00743
4 0,43090 0,39781 0,22850 0,05534

Â òàáëèöå 1 ïðåäñòàâëåíû çíà÷åíèÿ ðàññòîÿíèÿ Êîëìîãîðîâà ïðè
ðàçëè÷íîé âàðèàöèè ìåæäó ìîìåíòàìè íàñòóïëåíèÿ ñîáûòèé [4].

Â òàáëèöå 2 ïîêàçàíû çíà÷åíèÿ ðàññòîÿíèÿ Êîëìîãîðîâà, êîòîðûå
áûëè ïîëó÷åíû ïðè ñðàâíåíèè ðàñïðåäåëåíèé âåðîÿòíîñòåé âûõîäÿùèõ
ïðîöåññîâ ñèñòåìû ñ òàêèìè æå ïàðàìåòðàìè, îäíàêî â èìèòàöèîííîé
ìîäåëè ðàñïðåäåëåíèå âðåìåíè çàäåðæêè çàÿâîê íà îðáèòå ÿâëÿåòñÿ
ðàâíîìåðíûì.

Â òàáëèöàõ 3 è 4 ïðåäñòàâëåíû ðåçóëüòàòû àíàëîãè÷íûõ ýêñïåðèìåí-
òîâ, êîãäà âðåìÿ çàäåðæêè çàÿâîê íà îðáèòå èìååò ãàììà-ðàñïðåäåëåíèå
ñ ïàðàìåòðàìè ôîðìû k = 1.1 è k = 0.5 ñîîòâåòñòâåííî.

Òàáëèöà 2
Ðàññòîÿíèå Êîëìîãîðîâà

V/σ 10 1 0,1 0,01
1 0,04458 0,03903 0,00995 0,00116
2 0,14649 0,13547 0,04648 0,00599
4 0,43088 0,40184 0,22393 0,05102

Òàáëèöà 3
Ðàññòîÿíèå Êîëìîãîðîâà

V/σ 10 1 0,1 0,01
1 0,04406 0,03856 0,01162 0,00174
2 0,14650 0,13392 0,05585 0,00721
4 0,43045 0,39841 0,22933 0,05385

Çàêëþ÷åíèå

Â äàííîé ðàáîòå áûë ïðåäñòàâëåí ðÿä ÷èñëåííûõ ýêñïåðèìåíòîâ, ïî-
êàçûâàþùèé, ÷òî ïðè ðîñòå âàðèàöèè äëèí èíòåðâàëîâ ìåæäó ìîìåí-
òàìè ïîñòóïëåíèÿ çàÿâîê MMPP ñêîðîñòü ñõîäèìîñòè ýìïèðè÷åñêîãî
ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ê àñèìïòîòè÷åñêîìó ðàñïðåäåëåíèþ çàìåä-
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Òàáëèöà 4
Ðàññòîÿíèå Êîëìîãîðîâà

V/σ 10 1 0,1 0,01
1 0,04455 0,03735 0,01494 0,00426
2 0,14545 0,13059 0,06298 0,01900
4 0,42969 0,38820 0,22864 0,07953

ëÿåòñÿ. Òàêæå áûëî ïîêàçàíî, ÷òî ñêîðîñòü ñõîäèìîñòè ðàñïðåäåëåíèÿ
âåðîÿòíîñòåé ê àñèìïòîòè÷åñêîìó ìàëî çàâèñèò îò âèäà ðàñïðåäåëåíèÿ
âðåìåíè çàäåðæêè íà îðáèòå.
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Ò.Â. Áóøêîâà1, Ñ.Ï. Ìîèñååâà1, Å. Â. Ïàíêðàòîâà2

1Íàöèîíàëüíûé èññëåäîâàòåëüñêèé
Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

2Èíñòèòóò ïðîáëåì óïðàâëåíèÿ èì. Â.À. Òðàïåçíèêîâà ÐÀÍ,

ã. Ìîñêâà, Ðîññèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïåðåäà÷è çà-
ÿâîê ñ ðåàëèçàöèåé ôóíêöèè ðàçäåëåíèÿ ðåñóðñîâ â âèäå ñèñòå-
ìû ìàññîâîãî îáñëóæèâàíèÿ ñ âõîäÿùèì ðåêóððåíòíûì ïîòî-
êîì è äâóìÿ ïðîñòåéøèìè ïîòîêàìè. Èññëåäîâàíèå ìíîãîìåð-
íîãî íåìàðêîâñêîãî ñëó÷àéíîãî ïðîöåññà ñóììàðíûõ îáúåìîâ
çàíÿòûõ ðåñóðñîâ â êàæäîì áëîêå ïðîâîäèòñÿ ìåòîäîì àñèìïòî-
òè÷åñêîãî àíàëèçà â óñëîâèè ýêâèâàëåíòíîãî ðîñòà âðåìåíè îá-
ñëóæèâàíèÿ íà ïðèáîðàõ. Ïîëó÷åíà ãàóññîâñêàÿ àïïðîêñèìàöèÿ
ñòàöèîíàðíîãî äâóìåðíîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé êîëè÷å-
ñòâà çàíÿòûõ ðåñóðñîâ â ïàðàëëåëüíûõ áëîêàõ îáñëóæèâàíèÿ.
Êëþ÷åâûå ñëîâà: Ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ, ìåòîä
äèíàìè÷åñêîãî ïðîñåèâàíèÿ, ñóììàðíûé îáúåì òðåáîâàíèé.

Ââåäåíèå

Â ñòàòüå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïåðåäà÷è ðàçíî-
òèïíûõ äàííûõ ïî äâóì êàíàëàì (áëîêàì). Íà âõîä ïîñòóïàþò ïîòî-
êè òðåáîâàíèé ðàçíîãî òèïà: äâà ïðîñòåéøèõ ïîòîêà ñ çàïðîñàìè íà
îáñëóæèâàíèå â ðàçëè÷íûõ ïî êà÷åñòâó êàíàëàõ( íàïðèìåð, áûñòðûé
è ìåäëåííûé) è ðåêóððåíòíûé ïîòîê òðåáîâàíèé, êîòîðûå ïåðåäàþòñÿ
ñðàçó ïî îáîèì êàíàëàì. Ïðåäïîëàãàåòñÿ, ÷òî íà ñóììàðíûå îáúåìû íà-
õîäÿùèõñÿ â ñèñòåìå òðåáîâàíèé íåò îãðàíè÷åíèé. Ïðîäîëæèòåëüíîñòè
îáñëóæèâàíèÿ ÿâëÿþòñÿ íåîòðèöàòåëüíûìè ñëó÷àéíûìè âåëè÷èíàìè,
ñòîõàñòè÷åñêè íå çàâèñÿò äðóã îò äðóãà è îò êîëè÷åñòâà âûäåëåííûõ
ðåñóðñîâ, è îïðåäåëÿþòñÿ çàäàííûìè ôóíêöèÿìè ðàñïðåäåëåíèÿ âåðî-
ÿòíîñòåé ñ êîíå÷íûìè ïåðâûì è âòîðûì ìîìåíòàìè. Ïîñëå çàâåðøåíèÿ
îáñëóæèâàíèÿ â îäíîì èç áëîêîâ ðåñóðñ íåìåäëåííî îñâîáîæäàåòñÿ â
òîì êîëè÷åñòâå, ÷òî áûë çàòðåáîâàí ïðè ïîñòóïëåíèè çàÿâêè, íåçàâèñè-
ìî îò òîãî, çàêîí÷èëàñü ëè ïåðåäà÷à äàííûõ â äðóãîì áëîêå èëè íåò.

Ñòàâèòñÿ çàäà÷à èññëåäîâàíèÿ äâóìåðíîãî ñëó÷àéíîãî ïðîöåññà ñóì-
ìàðíûõ îáúåìîâ çàíÿòûõ ðåñóðñîâ â êàæäîì êàíàëå. Äëÿ èññëåäîâàíèÿ
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èñïîëüçóþòñÿ àñèìïòîòè÷åñêèå ìåòîäû [1], êîòîðûå äàþò ïðèåìëåìûå
äëÿ ïðàêòè÷åñêîãî èñïîëüçîâàíèÿ àñèìïòîòè÷åñêèå âûðàæåíèÿ äëÿ èñ-
êîìûõ õàðàêòåðèñòèê ñèñòåìû â ñëó÷àÿõ, êîãäà òî÷íûé àíàëèç íåâîç-
ìîæåí. Â ñòàòüå èñïîëüçóåòñÿ àñèìïòîòè÷åñêîå óñëîâèå ýêâèâàëåíòíîãî
ðîñòà âðåìåíè îáñëóæèâàíèÿ, ïðàêòè÷åñêèé ñìûñë êîòîðîãî ñîñòîèò â
òîì, ÷òî ñðåäíÿÿ ñêîðîñòü îáñëóæèâàíèÿ íàìíîãî ìåíüøå èíòåíñèâíî-
ñòè çàïðîñîâ. Äàííàÿ ðàáîòà îáîáùàåò èññëåäîâàíèÿ [2, 3] íà ñëó÷àé ñ
íåñêîëüêèìè ïîòîêàìè ðàçíîòèïíûõ äàííûõ.

1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Ðàññìîòðèì ðåñóðñíóþ ÑÌÎ ñ äâóìÿ áëîêàìè îáñëóæèâàíèÿ, â êàæ-
äîì èç êîòîðûõ íåîãðàíè÷åííîå ÷èñëî îáñëóæèâàþùèõ ïðèáîðîâ. Íà
âõîä ñèñòåìû ïîñòóïàåò òðè ïîòîêà: äâà ïóàññîíîâñêèõ ñ ïàðàìåòðàìè
λ1 è λ2 è ðåêóððåíòíûé ïîòîê çàÿâîê, ïåðèîäû ìåæäó íàñòóïëåíèÿìè
ñîáûòèé êîòîðîãî èìåþò ôóíêöèþ ðàñïðåäåëåíèÿ A(z). Áóäåì ñ÷èòàòü,
÷òî çàÿâêè âõîäÿùèõ ïðîñòåéøèõ ïîòîêîâ äåëÿòñÿ íà äâà òèïà (â ïåð-
âîì ïðîñòåéøåì ïîòîêå çàÿâêè ïåðâîãî òèïà, à âî âòîðîì � âòîðîãî), à
çàÿâêà ðåêóððåíòíîãî ïîòîêà ðàñùåïëÿåòñÿ íà äâå çàÿâêè ðàçíîãî òè-
ïà, îäíà èç êîòîðûõ ïîñòóïàåò â ïåðâûé áëîê îáñëóæèâàíèÿ, à âòîðàÿ �
âî âòîðîé. Êàæäàÿ çàÿâêà çàíèìàåò ëþáîé ñâîáîäíûé ñåðâåð â ñâîåì
áëîêå, ãäå îáñëóæèâàåòñÿ ñëó÷àéíîå âðåìÿ ñ ôóíêöèåé ðàñïðåäåëåíèÿ
âåðîÿòíîñòåé Bk(x), (k = 1, 2). Âðåìÿ îáñëóæèâàíèÿ ñîîòâåòñòâóåò ïðî-
äîëæèòåëüíîñòè ïåðåäà÷è çàÿâêè.

Ïðè âõîäå â ñîîòâåòñòâóþùèé áëîê îáñëóæèâàíèÿ çàÿâêà ôîðìè-
ðóåò çàïðîñ íà ðåñóðñ ñëó÷àéíîãî îáúåìà ðàçìåðà vk > 0, (k = 1, 2) ñ
ôóíêöèåé ðàñïðåäåëåíèÿ âåðîÿòíîñòåé Gk(y), k = 1, 2. Çàíÿòûå ðåñóð-
ñû ñîîòâåòñòâóþò ðåñóðñàì êàíàëà, çàõâà÷åííûì ñåàíñîì ïåðåäà÷è (íà-
ïðèìåð, ðàäèî÷àñòîòû, ïîëîñà ïðîïóñêàíèÿ è ò.ä.). Ïîñëå çàâåðøåíèÿ
îáñëóæèâàíèÿ çàÿâêà ïîêèäàåò áëîê ñèñòåìû è îñâîáîæäàåò çàíÿòûé
åþ ðåñóðñ. Îáîçíà÷èì Vi(t) � cóììà âñåõ îáúåìîâ ðåñóðñîâ, çàíèìàå-
ìûõ çàÿâêàìè i-ãî òèïà (i = 1, 2), íàõîäÿùèìèñÿ íà îáñëóæèâàíèè â
ñèñòåìå â ìîìåíò âðåìåíè t. Ñòàâèòñÿ çàäà÷à àíàëèçà îáùåãî êîëè÷å-
ñòâà çàíÿòûõ ðåñóðñîâ (ñóììàðíîãî îáúåìà çàíÿòîãî ðåñóðñà) â îáîèõ
áëîêàõ ñèñòåìû. Ñëåäóåò îòìåòèòü, ÷òî â ðàáîòå ðàññìàòðèâàåòñÿ ìî-
äåëü áåñêîíå÷íîãî ñåðâåðà ñ íåîãðàíè÷åííûìè ðåñóðñàìè, ïðåäïîëàãàÿ,
÷òî áëîêè èìåþò äîñòàòî÷íî áîëüøóþ ïðîïóñêíóþ ñïîñîáíîñòü.

Äëÿ äàëüíåéøèõ èñëåäîâàíèé âîñïîëüçóåìñÿ ìåòîäîì äèíàìè÷åñêî-
ãî ïðîñåèâàíèÿ [4], ñ ïîìîùüþ êîòîðîãî ïåðåõîäèì ê ðàññìîòðåíèþ äâó-
ìåðíîãî ïðîöåññà {W1(t),W2(t)} � ñóììàðíûé îáúåì ïðîñåÿííûõ çàÿâîê
çà âðåìÿ t. Êðîìå òîãî, ââåäåì ñëó÷àéíûé ïðîöååñ z(t) � îñòàòî÷íîå
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âðåìÿ îò ìîìåíòà t äî ìîìåíòà íàñòóïëåíèÿ ñëåäóþùåãî ñîáûòèÿ â èñ-
õîäíîì ðåêóððåíòíîì ïîòîêå.

2. Èíòåãðàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå Êîëìîãîðîâà

Ââåäåì îáîçíà÷åíèå äëÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé òð¼õìåðíîãî
ìàðêîâñêîãî ïðîöåññà {z(t),W1(t),W2(t)}:

P (z, w1, w2, t) = P{z(t) < z,W1(t) < w1,W2(t) < w2}.

Äëÿ ýòîãî ðàñïðåäåëåíèÿ ñîñòàâèì èíòåãðàëüíî-äèôôåðåíöèàëüíîå
óðàâíåíèå Êîëìîãîðîâà:

∂P (z, w1, w2, t)

∂t
=
∂P (z, w1, w2, t)

∂z
+

[A(z)(1− S1(t)− S2(t) + S1(t)S2(t))− 1]
∂P (0, w1, w2, t)

∂z
+

(−λ1S1(t)−λ2S2(t))P (z, w1, w2, t)+λ1S1

∫ w1

0

P (z, w1−y1, w2, t)dG1(y1)+

λ2S2

∫ w2

0

P (z, w1, w2 − y2, t)dG2(y2)+

A(z)

S1(t)(1− S2(t))

w1∫
0

∂P (0, w1 − y1, w2, t)

∂z
dG1(y1)+

(1)

(1− S1(t))S2(t)

w2∫
0

∂P (0, w1, w2 − y2, t)

∂z
dG2(y2)+

S1(t)S2(t)

w1∫
0

w2∫
0

∂P (0, w1 − y1, w2 − y2, t)

∂z
dG1(y1)dG2(y2)


ñ íà÷àëüíûìè óñëîâèÿìè:

P (z, w1, w2, t0) =

{
r(z), w1 = w2 = 0,

0, èíà÷å.
(2)

Çäåñü r(z) � ñòàöèîíàðíîå ðàñïðåäåëåíèå ïðîöåññà z(t), óäîâëåòâî-
ðÿþùåå äèôôåðåíöèàëüíîìó óðàâíåíèþ

r′(z) + r′(0)[A(z)− 1] = 0. (3)
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Ââåäåì ÷àñòè÷íûå õàðàêòåðèñòè÷åñêèå ôóíêöèè

h(z, u1, u2, t) =

∞∫
0

eju1w1

∞∫
0

eju2w2P (z, dw1, dw2, t),

ãäå j =
√
−1. Òîãäà, èñïîëüçóÿ îáîçíà÷åíèÿG∗

k(uk) =

∫ ∞

0

ejukykdGk(yk),

k = 1, 2, ìû ìîæåì çàïèñàòü óðàâíåíèå:

∂h(z, u1, u2, t)

∂t
=
∂h(z, u1, u2, t)

∂z
+ h((z, u1, u2, t))

[
λ1S1(t)(G

∗
1(u1)− 1)+

λ2S2(t)(G
∗
2(u2)−1)

]
+
∂h(0, u1, u2, t)

∂z

{
A(z)−1 +A(z)

[
S1(t)(G

∗
1(u1)−1)+

S2(t)(G
∗
2(u2)− 1) + S1(t)S2(t)(G

∗
1(u1)− 1)(G∗

2(u2)− 1)
]}

(4)

ñ íà÷àëüíûìè óñëîâèÿìè

h(z, u1, u2, t0) = r(z). (5)

Ïîñêîëüêó íåâîçìîæíî íàéòè ÿâíûé âèä ðåøåíèÿ çàäà÷è (5)�(6),
áóäåì èñêàòü ðåøåíèå ïðè àñèìïòîòè÷åñêîì óñëîâèè ýêâèâàëåíòíîãî
ðîñòà âðåìåíè îáñëóæèâàíèÿ â áëîêàõ ñèñòåìû. Ýòî àñèìïòîòè÷åñêîå
óñëîâèå îçíà÷àåò ïðîïîðöèîíàëüíûé ðîñò ñðåäíåãî âðåìåíè îáñëóæè-
âàíèÿ â îáîèõ áëîêàõ.

3. Àñèìïòîòè÷åñêèé àíàëèç

Îáîçíà÷èì bk =
∞∫
0

[1−Bk(x)] dx, k = 1, 2 � ñðåäíåå âðåìÿ îáñëóæè-

âàíèÿ â k-îì áëîêå. Òîãäà ìû ìîæåì çàïèñàòü àñèìïòîòè÷åñêîå óñëîâèå
ýêâèâàëåíòíîãî ðîñòà âðåìåíè îáñëóæèâàíèÿ â âèäå bk → ∞, k = 1, 2, à

lim
b1→∞

b1
b2

= const.

Òåîðåìà 1. Àñèìïòîòè÷åñêàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ïåð-
âîãî ïîðÿäêà h(1)(z, u1, u2, t) ≈ h(z, u1, u2, t) ðàñïðåäåëåíèÿ âåðîÿòíî-
ñòåé ïðîöåññà {z(t),W1(t),W2(t)} ïðè óñëîâèè ýêâèâàëåíòíî ðàñòóùåãî
âðåìåíè îáñëóæèâàíèÿ èìååò âèä

h(1)(z, u1, u2, t) = r(z) exp

j
2∑

k=1

(λ+ λk)ukak

t∫
t0

Sk(τ)dτ

 , (6)
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ãäå ak =
∞∫
0

ykdGk(yk) � ñðåäíèé îáúåì ðåñóðñà, âûäåëÿåìûõ îäíîé çà-

ÿâêå â k-ì áëîêå îáñëóæèâàíèÿ, k = 1, 2, λ =

[∞∫
0

(1−A(u))du

]−1

.

Òåîðåìà 2. Àñèìïòîòè÷åñêàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ âòî-
ðîãî ïîðÿäêà h(2)(z, u1, u2, t) ≈ h(z, u1, u2, t) ðàñïðåäåëåíèÿ âåðîÿòíî-
ñòåé ïðîöåññà {z(t),W1(t),W2(t)} ïðè óñëîâèè ýêâèâàëåíòíî ðàñòóùåãî
âðåìåíè îáñëóæèâàíèÿ èìååò âèä:

h(2)(z, u1, u2, t) = r(z) exp

{
u21
2

(
(λ+ λ1)α1S1(t) + 2κ1(λ+ λ1)a

2
1S

2
1(t)

)
+

u22
2

(
(λ+ λ2)α2S2(t) + 2κ1(λ+ λ2)a

2
2S

2
2(t)

)
+

(7)
u1u2
2

S1(t)S2(t)a1a2[λ+ 2κ1{(λ+ λ1) + (λ+ λ2)]
}
,

ãäå κ1 = λ3(σ2 − a2), αk =
∞∫
0

y2kdGk(yk), k = 1, 2, a è σ2 � ñðåäíåå

è äèñïåðñèÿ ñëó÷àéíîé âåëè÷èíû, çàäàííîé ôóíêöèåé ðàñïðåäåëåíèÿ
A(x).

Ïîëàãàÿ t0 → −∞, à t = T , ïîëó÷àåì âûðàæåíèå äëÿ àñèìïòîòè÷å-
ñêîé õàðàêòåðèñòè÷åñêîé ôóíêöèè ñîâìåñòíîãî ðàñïðåäåëåíèÿ âåðîÿò-
íîñòåé çàíèìàåìûõ ðåñóðñîâ â îáîèõ áëîêàõ ñåðâåðîâ â ñòàöèîíàðíîì
ðåæèìå:

h(u1, u2) = exp {j((λ+ λ1)u1a1b1 + (λ+ λ2)u2a2b2+

u21
2
((λ+ λ1)α1b1 + 2κ1(λ+ λ1)a

2
1β1)+

u22
2
((λ+ λ2)α2b2 + 2κ1(λ+ λ2)a

2
2β2+

u1u2
2

β12a1a2[λ+ 2κ1{(λ+ λ1) + (λ+ λ2)])
}
,

(8)

ãäå βk =
∞∫
0

[1−Bk(x)]
2
dx, k = 1, 2, β12 =

∞∫
0

[1−B1(x)] [1−B2(x)] dx.

Çàêëþ÷åíèå

Â äàííîé ñòàòüå ïðîâåäåíî èññëåäîâàíèå ãåòåðîãåííûõ ðåñóðñíûõ
ÑÌÎ ñ ïàðàëëåëüíûì îáñëóæèâàíèåì ïîòîêîâ ðàçíîòèïíûõ òðåáîâà-
íèé. Ðåøåíà çàäà÷à àíàëèçà ñóììàðíîãî îáúåìà çàíèìàåìûõ ðåñóðñîâ
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êàæäîãî òèïà ïðè àñèìïòîòè÷åñêîì óñëîâèè ýêâèâàëåíòíîãî ðîñòà âðå-
ìåíè îáñëóæèâàíèÿ â ïðåäïîëîæåíèè, ÷òî ñåðâåðû èìåþò íåîãðàíè÷åí-
íûå ðåñóðñû.Ïîêàçàíî, ÷òî ñòàöèîíàðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé
äâóìåðíîãî ïðîöåññà ñóììàðíûõ îáúåìîâ çàíÿòûõ ðåñóðñîâ ÿâëÿåòñÿ
ãàóññîâñêèì.

Î÷åâèäíî, ÷òî íà ïðàêòèêå îáû÷íî íåò áåñêîíå÷íîãî ðåçåðâà ðå-
ñóðñîâ äëÿ èñïîëüçîâàíèÿ, íî â ñëó÷àå ñèñòåìû ñ îãðàíè÷åííûìè ðå-
ñóðñàìè ìîæíî èñïîëüçîâàòü ðåçóëüòàòû äëÿ ðåøåíèÿ çàäà÷è âûáîðà
ìàêñèìàëüíûõ çíà÷åíèé ðåñóðñîâ, ïðåäîñòàâëÿåìûõ â êàæäîì áëîêå è
óäîâëåòâîðÿþùèì îïðåäåëåííûì óñëîâèÿì, íàïðèìåð, çàäàííîì óðîâíå
ïîòåðü çàïðîñîâ èç-çà îòñóòñòâèÿ ðåñóðñîâ äëÿ èõ îáñëóæèâàíèÿ. Ïî-
ñêîëüêó ñîâìåñòíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé çàíÿòûõ ðåñóðñîâ ÿâ-
ëÿåòñÿ äâóìåðíûì ãàóññîâñêèì, òî îöåíêà îïòèìàëüíûõ çíà÷åíèé ðå-
ñóðñîâ â êàæäîì áëîêå ìîæåò áûòü íàéäåíà ïî ïðàâèëó ¾òðåõ ñèãì¿.
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ÌÀÑÑÎÂÎÃÎ ÎÁÑËÓÆÈÂÀÍÈß

Â.Ì. Âèøíåâñêèé, À.Â. Ãîðáóíîâà

Èíñòèòóò ïðîáëåì óïðàâëåíèÿ èì. Â.À. Òðàïåçíèêîâà

Ðîññèéñêîé àêàäåìèè íàóê, ã. Ìîñêâà, Ðîññèÿ

Â íàñòîÿùåì îáçîðå âïåðâûå ïðåäñòàâëåíî ñèñòåìàòèçèðîâàííîå
èçëîæåíèå íîâîãî ìåòîäà èññëåäîâàíèÿ ñèñòåì ìàññîâîãî îáñëó-
æèâàíèÿ (ÑÌÎ) ñ èñïîëüçîâàíèåì àëãîðèòìîâ ìàøèííîãî îáó-
÷åíèÿ. Àíàëèç ïóáëèêàöèé ïîçâîëÿåò ñäåëàòü âûâîä î âûñîêîé
ýôôåêòèâíîñòè ïðèìåíåíèÿ ìåòîäîâ ìàøèííîãî îáó÷åíèÿ, ïåð-
ñïåêòèâàõ ïðîâåäåíèÿ äàëüíåéøèõ èññëåäîâàíèé, à òàêæå î âîç-
ìîæíîì âûäåëåíèè íîâîãî ïîäõîäà â ñàìîñòîÿòåëüíîå íàïðàâ-
ëåíèå â îáëàñòè ðåøåíèÿ ñëîæíûõ çàäà÷ òåîðèè î÷åðåäåé.
Êëþ÷åâûå ñëîâà: Òåîðèÿ ìàññîâîãî îáñëóæèâàíèÿ, èìèòàöè-
îííîå ìîäåëèðîâàíèå, èíòåëëåêòóàëüíûé àíàëèç äàííûõ, ìà-
øèííîå îáó÷åíèå, èñêóññòâåííûå íåéðîííûå ñåòè.

Ââåäåíèå

Ìàòåìàòè÷åñêèå ìîäåëè ñåòåé è ñèñòåì òåîðèè î÷åðåäåé øèðîêî
ïðèìåíÿþòñÿ ïðè ïðîåêòèðîâàíèè ñîâðåìåííûõ òåëåêîììóíèêàöèîí-
íûõ ñåòåé, âêëþ÷àÿ àíàëèç õàðàêòåðèñòèê ñóùåñòâóþùèõ è ïåðñïåê-
òèâíûõ ñåòåâûõ ïðîòîêîëîâ, îïòèìèçàöèþ àëãîðèòìîâ ìàðøðóòèçàöèè
è òîïîëîãè÷åñêîé ñòðóêòóðû ñåòè è ò. ä. Íà÷èíàÿ ñ ïèîíåðñêèõ ðàáîò À.
Ýðëàíãà, À. Õèíè÷èíà, Ë. Êëåéíðîêà è äî íàñòîÿùåãî âðåìåíè, îïóáëè-
êîâàíî îãðîìíîå êîëè÷åñòâî ñòàòåé ïî èññëåäîâàíèþ ðàçëè÷íûõ ñèñòåì
è ñåòåé ìàññîâîãî îáñëóæèâàíèÿ è èõ ïðèìåíåíèþ â òåëåêîììóíèêàöè-
îííûõ ñåòÿõ.

Â ïîñëåäíèå ãîäû èíòåðåñ èññëåäîâàòåëåé â îáëàñòè òåîðèè î÷åðåäåé
ñìåñòèëñÿ â íàïðàâëåíèè àíàëèçà ÑÌÎ ñ êîððåëèðîâàííûìè âõîäíûìè
ïîòîêàìè (MAP, BMAP, MMAP), ò. ê. èìåííî òàêèå ïîòîêè õàðàêòåðíû
äëÿ ñîâðåìåííûõ êîìïüþòåðíûõ ñåòåé [1, 2]. Ñòàíîâëåíèþ è ðàçâèòèþ
ýòîãî íàó÷íîãî íàïðàâëåíèÿ ñïîñîáñòâîâàëè ðàáîòû Í. Íüþòñà, Ã.Ï.
Áàøàðèíà, Ä. Ëóêàíòîíè, À.Í. Äóäèíà, Â.È. Êëèìåíîê è äð.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-
òàëüíûõ èññëåäîâàíèé â ðàìêàõ íàó÷íîãî ïðîåêòà � 19-29-06043



168 Â.Ì. Âèøíåâñêèé, À. Â. Ãîðáóíîâà

Òðàäèöèîííî îñíîâíîå âíèìàíèå ïðè èññëåäîâàíèè ñëîæíûõ ÑÌÎ
íàïðàâëåíî íà àíàëèç ñòàöèîíàðíîãî ðåæèìà ôóíêöèîíèðîâàíèÿ, ïî-
ñòðîåíèå ìíîãîìåðíîé ìàðêîâñêîé öåïè, âûâîä ñèñòåìû äèôôåðåíöè-
àëüíûõ óðàâíåíèé Êîëìîãîðîâà è èõ ðåøåíèå ñ èñïîëüçîâàíèåì àïïàðà-
òà ïðåîáðàçîâàíèÿ Ëàïëàñà-Ñòèëòüåñà è/èëè ïðîèçâîäÿùèõ ôóíêöèé.
Îäíàêî äî íàñòîÿùåãî âðåìåíè îñòàåòñÿ çíà÷èòåëüíîå êîëè÷åñòâî íåðå-
øåííûõ çàäà÷ â òåîðèè î÷åðåäåé, àíàëèòè÷åñêîå è ÷èñëåííîå ðåøåíèå
êîòîðûõ ëèáî çàòðóäíåíî, ëèáî âîâñå íåâîçìîæíî òðàäèöèîííûìè ìåòî-
äàìè. Ïðèìåðàìè òàêèõ çàäà÷ ÿâëÿþòñÿ: èññëåäîâàíèå ìíîãîëèíåéíûõ
ïðèîðèòåòíûõ ÑÌÎ ñ êîððåëèðîâàííûìè âõîäíûìè MMAP-ïîòîêàìè
è áóôåðîì îãðàíè÷åííîãî îáúåìà; àíàëèç õàðàêòåðèñòèê ñåòåé è ìíîãî-
ôàçíûõ ÑÌÎ áîëüøîé ðàçìåðíîñòè ñ âõîäÿùèì BMAP-ïîòîêîì è ïðî-
èçâîëüíûìè ôóíêöèÿìè ðàñïðåäåëåíèÿ îáñëóæèâàíèÿ íà ôàçàõ; èññëå-
äîâàíèå ñèñòåì àäàïòèâíîãî äèíàìè÷åñêîãî ïîëëèíãà è ñëîæíûõ ÑÌÎ
òèïà fork-join, à òàêæå ðÿä çàäà÷ òåîðèè íàäåæíîñòè òèïà k-èç-n è ò.
ä. Îòñóòñòâèå íîâûõ ìåòîäîâ è ïîäõîäîâ ê àíàëèòè÷åñêîìó è ÷èñëåííî-
ìó ðåøåíèþ òàêèõ çàäà÷ ñäåðæèâàåò ïðàêòè÷åñêîå ïðèìåíåíèå ìîäåëåé
òåîðèè î÷åðåäåé ïðè îöåíêå ïðîèçâîäèòåëüíîñòè è ïðîåêòèðîâàíèè òå-
ëåêîììóíèêàöèîííûõ ñåòåé.

Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ îäèí èç òàêèõ íîâûõ ïîäõîäîâ, áà-
çèðóþùèéñÿ íà êîìáèíàöèè ìåòîäîâ ìàøèííîãî îáó÷åíèÿ è èìèòàöè-
îííîãî ìîäåëèðîâàíèÿ. Ïðèâîäèòñÿ êðàòêîå îïèñàíèå íîâîãî ïîäõîäà,
îñîáåííîñòåé åãî ïðèìåíåíèÿ íà êîíêðåòíûõ ïðèìåðàõ è, êàê ñëåäñòâèå,
âîçìîæíîé ïåðñïåêòèâû åãî âûäåëåíèÿ â ñàìîñòîÿòåëüíîå íàïðàâëåíèå
ïðè ïðîâåäåíèè äàëüíåéøèõ èññëåäîâàíèé â îáëàñòè òåîðèè î÷åðåäåé.
Õîòÿ ðàçðàáîòêà è ðåàëèçàöèÿ íîâîãî ïîäõîäà íà÷àëàñü îòíîñèòåëüíî
íåäàâíî, â íàñòîÿùåì îáçîðå ðàññìàòðèâàþòñÿ è ðàííèå ïóáëèêàöèè, â
êîòîðûõ äàííàÿ òåìàòèêà áûëà çàòðîíóòà ëèøü êîñâåííî. Óêàçàííûå
ïóáëèêàöèè çàñëóæèâàþò âíèìàíèÿ, ïîñêîëüêó ïîçâîëÿþò ïðîñëåäèòü
ðàçâèòèå íîâîãî ìåòîäà îò åãî èñõîäíîé òî÷êè äî ñîâðåìåííîãî ñîñòî-
ÿíèÿ. Ïðè ýòîì ñòðîãàÿ ôîðìóëèðîâêà ïðåäëîæåííîãî ïîäõîäà è äå-
ìîíñòðàöèÿ åãî ýôôåêòèâíîñòè ïðè èññëåäîâàíèè ðàçëè÷íûõ ìîäåëåé
ìàññîâîãî îáñëóæèâàíèÿ îòðàæåíû ïðåèìóùåñòâåííî â íåäàâíèõ ðàáî-
òàõ àâòîðîâ äàííîãî îáçîðà.

1. Îáçîð ïóáëèêàöèé â îáëàñòè ïðèìåíåíèÿ ìåòîäîâ
ìàøèííîãî îáó÷åíèÿ ê èññëåäîâàíèþ õàðàêòåðèñòèê ÑÌÎ

Õîòÿ ìåòîäû è àëãîðèòìû ìàøèííîãî îáó÷åíèÿ íàøëè øèðî÷àéøåå
ïðèìåíåíèå â ðàçëè÷íûõ îáëàñòÿõ íàóêè è òåõíèêè [3], â òîì ÷èñëå ïðè
èññëåäîâàíèè ñîâðåìåííûõ øèðîêîïîëîñíûõ áåñïðîâîäíûõ ñåòåé íîâî-
ãî ïîêîëåíèÿ [4, 5, 6], èõ ïðèìåíåíèå â òåîðèè î÷åðåäåé ñëàáî îòðàæåíî
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â ìèðîâîé ëèòåðàòóðå. Â íàñòîÿùåé ðàáîòå ïðèâîäèòñÿ àíàëèç ñóùå-
ñòâóþùèõ ïóáëèêàöèé â ýòîé îáëàñòè, à òàêæå îïèñàíèå íîâîãî ïîäõîäà
ê ðåøåíèþ ñëîæíûõ çàäà÷ òåîðèè î÷åðåäåé, áàçèðóþùåãîñÿ íà êîìáè-
íàöèè èìèòàöèîííîãî ìîäåëèðîâàíèÿ è ðàçëè÷íûõ ìåòîäîâ èíòåëëåê-
òóàëüíîãî àíàëèçà äàííûõ, â ÷àñòíîñòè, èñêóññòâåííûõ íåéðîííûõ ñå-
òåé. Óêàçàííûé ïîäõîä, ñ îäíîé ñòîðîíû, óñòðàíÿåò îäèí èç ñóùåñòâåí-
íûõ íåäîñòàòêîâ èìèòàöèîííîãî ìîäåëèðîâàíèÿ, êîòîðûé çàêëþ÷àåòñÿ
â çíà÷èòåëüíûõ âðåìåííûõ çàòðàòàõ íà åãî ïðîâåäåíèå ïðè èññëåäîâà-
íèè ñëîæíûõ ñèñòåì, è, ñ äðóãîé ñòîðîíû, îáëàäàåò îäíèì èç ãëàâíûõ
åãî ïðåèìóùåñòâ � óíèâåðñàëüíîñòüþ, ò. å. ìîæåò áûòü èñïîëüçîâàí
äëÿ èññëåäîâàíèÿ ïðàêòè÷åñêè ëþáûõ ÑÌÎ.

Ïåðå÷èñëèì êðàòêî îñíîâíûå ýòàïû íîâîãî ïîäõîäà ñ èñïîëüçîâàíè-
åì ìåòîäîâ ìàøèííîãî îáó÷åíèÿ:

� ïîëó÷åíèå ïîñðåäñòâîì èìèòàöèîííîãî ìîäåëèðîâàíèÿ õàðàêòåðè-
ñòèê ñèñòåìû äëÿ êîíå÷íîãî íàáîðà âõîäíûõ ïàðàìåòðîâ;

� îáó÷åíèå èíòåëëåêòóàëüíîé ìîäåëè íà ïîëó÷åííûõ ñ ïîìîùüþ èìè-
òàöèîííîãî ìîäåëèðîâàíèÿ äàííûõ îäíèì èç ìåòîäîâ ìàøèííîãî
îáó÷åíèÿ â ðàìêàõ ðåøåíèÿ çàäà÷è ïðîãíîçèðîâàíèÿ;

� îöåíêà èñêîìûõ õàðàêòåðèñòèê ïðîèçâîäèòåëüíîñòè äëÿ ëþáûõ äðó-
ãèõ ïðîìåæóòî÷íûõ çíà÷åíèé âõîäíûõ ïàðàìåòðîâ c ïîìîùüþ îáó-
÷åííîé èíòåëëåêòóàëüíîé ìîäåëè.

Ê îäíîìó èç ïåðâûõ óïîìèíàíèé ïðèìåíåíèÿ ìåòîäîâ ìàøèííîãî
îáó÷åíèÿ, â ÷àñòíîñòè àëãîðèòìà ïîñòðîåíèÿ äåðåâà ðåøåíèé (ID3), ê
ðåøåíèþ çàäà÷ òåîðèè ìàññîâîãî îáñëóæèâàíèÿ ìîæíî îòíåñòè ðàáî-
òó [7]. Â áîëåå ïîçäíåé ðàáîòå [8] àëãîðèòìû íåéðîííûõ ñåòåé èñïîëü-
çîâàíû äëÿ àíàëèçà ÑÌÎ ñ ¾ðàçîãðåâîì¿ âèäà H2|M |M |3 è M |H2|M |3.
Ñòàòüè [9, 10] ïîñâÿùåíû ïîñòðîåíèþ ìîäåëè êëàññè÷åñêîé ñèñòåìû
ìàññîâîãî îáñëóæèâàíèÿ M |M |1 ñ ïîìîùüþ èñêóññòâåííîé íåéðîííîé
ñåòè è àíàëèçó òî÷íîñòè ýòîãî ìîäåëèðîâàíèÿ. Â ðàáîòàõ [11, 12, 13, 14]
ìåòîäû ìàøèííîãî îáó÷åíèÿ ïðèìåíåíû äëÿ îöåíêè õàðàêòåðèñòèê î÷å-
ðåäåé êëèåíòîâ â ìåäèöèíñêèõ ó÷ðåæäåíèÿõ è áàíêàõ.

Íîâûé ïîäõîä, áàçèðóþùèéñÿ íà êîìáèíàöèè ìåòîäîâ ìàøèííîãî
îáó÷åíèÿ è èìèòàöèîííîãî ìîäåëèðîâàíèÿ áûë àïðîáèðîâàí è ýôôåê-
òèâíî èñïîëüçîâàí äëÿ èññëåäîâàíèÿ ñëîæíûõ ÑÌÎ â ðÿäå ïîñëåäíèõ
ðàáîò àâòîðîâ íàñòîÿùåãî îáçîðà [15, 16, 17, 18, 19, 20]. Â [15] èññëå-
äóåòñÿ ìåæêîíöåâàÿ çàäåðæêà çàÿâîê ìíîãîôàçíîé ñèñòåìû â êîòîðîé
ïåðâûé óçåë ïðåäñòàâëÿåò ñîáîé ÑÌÎ G|G|1, à ïîñëåäóþùèå (K − 1)
óçëîâ � ñèñòåìû âèäà ·|G|1. Íîâûé ïîäõîä âïåðâûå ïðèìåíåí â [16]
äëÿ èññëåäîâàíèÿ ìíîãîëèíåéíîé ïðèîðèòåòíîé ÑÌÎ ñ áóôåðîì îãðà-
íè÷åííîé åìêîñòè è âõîäÿùèìMMAP-ïîòîêîì. Â ñòàòüÿõ [17, 18] íîâûì
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ìåòîäîì àíàëèçèðóåòñÿ ñðåäíåå âðåìÿ îòêëèêà è åãî ñðåäíåêâàäðàòè-
÷åñêîå îòêëîíåíèå äëÿ ÑÌÎ òèïà fork-join. Â ðàáîòå [19] èññëåäóåòñÿ
ðåçóëüòàò ïðèìåíåíèÿ íåéðîñåòåé ê àíàëèçó çàìêíóòîé ýêñïîíåíöèàëü-
íîé ñåòè ìàññîâîãî îáñëóæèâàíèÿ (ÑåÌÎ). Íîâûé ìåòîä áûë òàêæå
ïðèìåíåí ê øèðîêîìó êëàññó ñèñòåì ïîëëèíãà. Â [20] ïðèâåäåíî îïèñà-
íèå ðåçóëüòàòîâ ìàøèííîãî îáó÷åíèÿ äëÿ ñèñòåì ïîëëèíãà òèïàM |M |1
ñ öèêëè÷åñêèì îïðîñîì, MAP |M |1 ñ êîððåëèðîâàííûì âõîäíûì ïîòî-
êîì, à òàêæå ñèñòåìû òèïà M |M |1 ñ àäàïòèâíûì äèíàìè÷åñêèì îïðî-
ñîì. Â [21] àëãîðèòìû ìàøèííîãî îáó÷åíèÿ çàäåéñòâîâàíû ïðè âûáî-
ðå îïòèìàëüíîãî óïðàâëåíèÿ îáñëóæèâàíèåì çàÿâîê â ìíîãîëèíåéíîé
ÑÌÎ. Îòìåòèì òàêæå ðàáîòû [22, 23], â êîòîðûõ ìåòîäû ìàøèííîãî
îáó÷åíèÿ èñïîëüçîâàíû äëÿ èññëåäîâàíèÿ òàíäåìíîé ÑåÌÎ êàê ñ çà-
âèñèìûìè, òàê è c íåçàâèñèìûìè ôóíêöèÿìè ðàñïðåäåëåíèÿ âðåìåíè
îáñëóæèâàíèÿ ïàêåòîâ íà ôàçàõ ñèñòåìû.

Çàêëþ÷åíèå

Â ñòàòüå ïðèâîäèòñÿ îïèñàíèå íîâîãî, ïåðñïåêòèâíîãî ïîäõîäà èñ-
ñëåäîâàíèÿ ñèñòåì è ñåòåé ìàññîâîãî îáñëóæèâàíèÿ, áàçèðóþùåãîñÿ íà
êîìáèíàöèè ìåòîäîâ ìàøèííîãî îáó÷åíèÿ è èìèòàöèîííîãî ìîäåëèðî-
âàíèÿ. Ïðèâåäåí îáçîð îïóáëèêîâàííûõ â ìèðîâîé ëèòåðàòóðå ðàáîò,
ãäå ýòîò ìåòîä ýôôåêòèâíî èñïîëüçóåòñÿ äëÿ îòûñêàíèÿ ÷èñëåííûõ õà-
ðàêòåðèñòèê ñëîæíûõ ÑÌÎ ñ ñóùåñòâåííûì ñîêðàùåíèåì òðóäîåìêî-
ñòè è âðåìåíè âû÷èñëåíèé. Ïîêàçàíà ïåðñïåêòèâíîñòü ïðèìåíåíèÿ íî-
âîãî ìåòîäà äëÿ äàëüíåéøåãî èññëåäîâàíèÿ íåðåøåííûõ çàäà÷ òåîðèè
ìàññîâîãî îáñëóæèâàíèÿ. Ïðåäñòàâëåííûé ïîäõîä â ñèëó ñâîåé óíèâåð-
ñàëüíîñòè ìîæåò âûçâàòü çíà÷èòåëüíûé èíòåðåñ è ñïðîâîöèðîâàòü ïðî-
âåäåíèå ìíîæåñòâà íîâûõ èññëåäîâàíèé â îáëàñòè òåîðèè î÷åðåäåé.
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2Íàöèîíàëüíûé èññëåäîâàòåëüñêèé

Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

Â ðàáîòå ïðîâîäèòñÿ èññëåäîâàíèå îäíîëèíåéíîé RQ-ñèñòåìû ñ
âõîäÿùèì MMPP ïîòîêîì çàÿâîê è ýêñïîíåíöèàëüíûì çàêîíîì
èõ îáñëóæèâàíèÿ ñ íåíàäåæíûì ïðèáîðîì. Äëÿ èññëåäîâàíèÿ
ýòîé ñèñòåìû èñïîëüçóåòñÿ ìåòîä àñèìïòîòè÷åñêîãî àíàëèçà.
Êëþ÷åâûå ñëîâà: RQ-ñèñòåìà, MMPP-ïîòîê, íåíàäåæíûé
ïðèáîð.

Ââåäåíèå

RQ-ñèñòåìû øèðîêî èñïîëüçóþòñÿ â òàêèõ ñèñòåìàõ, êàê öåíòðû
îáðàáîòêè âûçîâîâ, ñîòîâûå ñåòè è ïðîòîêîëû ïðîèçâîëüíîãî äîñòóïà â
ëîêàëüíûõ ñåòÿõ. Õàðàêòåðíîé ÷åðòîé òàêèõ ìîäåëåé ÿâëÿåòñÿ íàëè÷èå
ïîâòîðíûõ çàïðîñîâ ê ïðèáîðó ïîñëå íåóäà÷íîé ïîïûòêè. Òàêèå ñèòó-
àöèè ìîãóò áûòü âûçâàíû íå òîëüêî îòñóòñòâèåì ñâîáîäíûõ ñåðâåðîâ
â ìîìåíòû ïîñòóïëåíèÿ çàÿâîê â ñèñòåìó, íî òåõíè÷åñêèìè ïðè÷èíà-
ìè [1, 2]. Åñëè ïðè ïîñòóïëåíèè çàÿâêè, ïðèáîð çàíÿò îáñëóæèâàíèåì,
òî ýòà çàÿâêà ïåðåõîäèò â èñòî÷íèê ïîâòîðíûõ âûçîâîâ (íà îðáèòó) è
÷åðåç íåêîòîðîå ñëó÷àéíîå âðåìÿ ïîâòîðÿåò ïîïûòêó ïîëó÷èòü îáñëó-
æèâàíèå. Èç-çà òîãî, ÷òî íàãðóçêà îò ïîòîêà ïîâòîðíûõ âûçîâîâ, êàê
ïðàâèëî, ÿâëÿåòñÿ íå ó÷òåííîé, ïðîèñõîäèò ïåðåãðóçêà ñåòè, è îáñëó-
æèâàþùèé ïðèáîð ìîæåò âûéòè èç ñòðîÿ, ÷òî è ãîâîðèò î íåíàäåæ-
íîñòè ñåðâåðà. Ìíîãî÷èñëåííûå ïîëîìêè è îãðàíè÷åííûå âîçìîæíîñòè
ðåìîíòà îêàçûâàþò çíà÷èòåëüíîå âëèÿíèå íà ïðîèçâîäèòåëüíîñòü ñè-
ñòåìû. Ñèñòåìû ñ íåíàäåæíûìè ïðèáîðàìè ÷àñòî ÿâëÿþòñÿ ïðåäìåòîì
ñîâðåìåííûõ èññëåäîâàíèé [3, 4].

Â äàííîé ðàáîòå ïðîâîäèòñÿ èññëåäîâàíèå Retrial Queuing System
(RQ-ñèñòåìû) ñ íåíàäåæíûì ïðèáîðîì è âõîäÿùèì ìàðêîâñêè ìîäó-
ëèðîâàííûì ïóàññîíîâñêèì ïîòîêîì (MMPP), òî åñòü ïðèáîðû ìîãóò
âðåìÿ îò âðåìåíè âûõîäèòü èç ñòðîÿ è òðåáîâàòü âîññòàíîâëåíèÿ (ðå-
ìîíòà), òîëüêî ïîñëå êîòîðîãî îíè ìîãóò âîçîáíîâèòü îáñëóæèâàíèå
çàÿâîê.
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1. Ïîñòàíîâêà çàäà÷è è îïèñàíèå ìîäåëè

Ðàññìîòðèì îäíîëèíåéíóþ RQ-ñèñòåìó ñ íåíàäåæíûì ïðèáîðîì
(ðèñ. 1), íà âõîä êîòîðîé ïîñòóïàåò ìàðêîâñêèé ìîäóëèðîâàííûé ïóàñ-
ñîíîâñêèé ïîòîê çàÿâîê (MMPP). Çàÿâêà îáñëóæèâàåòñÿ ïðèáîðîì ñëó-
÷àéíîå âðåìÿ, ðàñïðåäåëåííîå ïî ýêñïîíåíöèàëüíîìó çàêîíó ñ ïàðàìåò-
ðîì µ1. Íåíàäåæíûé ïðèáîð ìîæåò áûòü â îäíîì èç ñîñòîÿíèé: ñâîáî-
äåí, çàíÿò îáñëóæèâàíèåì èëè íà ðåìîíòå. Åñëè ïðèáîð ñâîáîäåí, è íà
âõîä ïîñòóïàåò çàÿâêà, òî ïðèáîð ñðàçó æå íà÷èíàåò îáñëóæèâàíèå ïî-
ñòóïèâøåé çàÿâêè. Åñëè çàÿâêà ïîñòóïàåò â ìîìåíò, êîãäà ïðèáîð çàíÿò,
òî ïîñòóïèâøàÿ çàÿâêà ïåðåõîäèò íà îðáèòó è îæèäàåò âîçìîæíîñòè
çàíÿòü ïðèáîð ïðè ñëåäóþùåé ïîïûòêå. Çàÿâêà îñòàåòñÿ íà îðáèòå â
òå÷åíèå ýêñïîíåíöèàëüíî ðàñïðåäåëåííîãî âðåìåíè ñ ïàðàìåòðîì σ, çà-
òåì çàÿâêà âíîâü ïðîáóåò çàíÿòü ïðèáîð. Âðåìÿ áåñïåðåáîéíîé ðàáîòû
ñåðâåðà ðàñïðåäåëåíî ïî ýêñïîíåíöèàëüíîìó çàêîíó ñ ïàðàìåòðîì γ1,
åñëè îí ïðîñòàèâàåò, è ñ ïàðàìåòðîì γ2, åñëè ñåðâåð çàíÿò îáñëóæèâà-
íèåì. Êàê òîëüêî ïðîèñõîäèò ïîëîìêà, ñåðâåð îòïðàâëÿåòñÿ íà ðåìîíò.
Âñå ïîñòóïàþùèå çàÿâêè ïåðåõîäÿò íà îðáèòó. Âðåìÿ âîññòàíîâëåíèÿ
ïîñëå ðåìîíòà ðàñïðåäåëåíî ýêñïîíåíöèàëüíî ñ ïàðàìåòðîì µ2. Òðåáó-
åòñÿ íàéòè ñòàöèîíàðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà çàÿâîê íà
îðáèòå.

Ðèñ. 1. Ìîäåëü RQ-ñèñòåìû MMPP/M/1 ñ íåíàäåæíûì ïðèáîðîì

Ïóñòü i(t) � ÷èñëî çàÿâîê íà îðáèòå â ìîìåíò âðåìåíè t, n(t) � ñî-
ñòîÿíèå öåïè Ìàðêîâà, óïðàâëÿþùåé MMPP ïîòîêîì, à k(t) îïðåäåëÿåò
ñîñòîÿíèå ïðèáîðà: k(t) = 0, åñëè ïðèáîð ñâîáîäåí, k(t) = 1, åñëè ïðèáîð
çàíÿò, k(t) = 2, åñëè ïðèáîð íà ðåìîíòå.

Ïðîöåññ n(t) çàäàåòñÿ ìàòðèöåé èíôèíèòåçèìàëüíûõ õàðàêòåðèñòèê
Q = [qνn], n = 1, N è äèàãîíàëüíîé ìàòðèöåé Λ = diag [λn] óñëîâ-
íûõ èíòåíñèâíîñòåé λn, n = 1, N . Òðåõìåðíûé ñëó÷àéíûé ïðîöåññ
{i(t), k(t), n(t)} ÿâëÿåòñÿ öåïüþ Ìàðêîâà ñ íåïðåðûâíûì âðåìåíåì.

Îáîçíà÷èì Pk (i, n, t) = P {i(t) = i, k(t) = k, n(t) = n}, k = {0, 1, 2},
i = 0,∞, n = 1, N .

Cîñòàâèì ñèñòåìó óðàâíåíèé Êîëìîãîðîâà äëÿ ñòàöèîíàðíûõ âåðî-
ÿòíîñòåé Pk(i, n).



Èññëåäîâàíèå RQ-ñèñòåìû MMPP/Ì/1 ñ íåíàäåæíûì ïðèáîðîì 175



− (λn + iσ + γ1)P0 (i, n) + µ1P1 (i, n) + µ2P2 (i, n)+

+
∑
ν

P0(i, ν) · qνn = 0,

− (λn + µ1 + γ2)P1 (i, n) + λnP0 (i, n) + (i+ 1)σP0 (i+ 1, n)+

+ λnP1 (i− 1, n) +
∑
ν

P1(i, ν) · qνn = 0,

− (λn + µ2)P2 (i) + γ1P0 (i, n) + γ2P1 (i− 1, n) + λnP2 (i− 1, n)+

+
∑
ν

P2(i, ν) · qνn = 0.

(1)

2. Àñèìïòîòè÷åñêèé àíàëèç

Ïåðåõîäÿ ê ÷àñòè÷íûì õàðàêòåðèñòè÷åñêèì ôóíêöèÿì Hk(u, n) =
∞∑
i=0

ejuiPk(i, n), j =
√
−1 ñèñòåìà (1) ïðèíèìàåò âèä



− λnH0 (u, n) + σj∂H0(u, n)/∂u− γ1H0 (u, n) + µ1H1 (u, n)+

+ µ2H2 (u, n) +

N∑
ν=1

H0 (u, ν) · qνn = 0,

− λnH1 (u, n)− µ1H1 (u, n)− γ2H1 (u, n) + λnH0 (u, n)−
− jσ · e−ju∂H0(u, n)/∂u+ λn · ejuH1 (u, n)+

+

N∑
ν=1

H1 (u, ν) · qνn = 0,

− λnH2 (u, n)− µ2H2 (u, n) + γ1H0 (u, n) + γ2 · ejuH1 (u, n)+

+ λn · ejuH2 (u, n) +

N∑
ν=1

H2 (u, ν) · qνn = 0.

(2)

Îáîçíà÷èì Hn(u) = {Hn(u, 1), Hn(u, 2), . . . , Hn(u,N)} � âåêòîð-
ñòðîêà, I � åäèíè÷íàÿ ìàòðèöà, òîãäà ñèñòåìà (2) ïðèíèìàåò âèä

H0 (u) (Q−Λ− γ1I) + jσ∂H0(u)/∂u

+ µ1H1 (u) + µ2H2 (u) = 0,

H0 (u)Λ+H1 (u)
[
(Q− (1− eju)Λ)− (µ1 + γ2)I

]
−

− jσe−ju∂H0(u)/∂u = 0,

γ1H0 (u) I+ γ2e
juH1 (u) +H2 (u)

[
Q− (1− eju)Λ− µ2I

]
= 0.

(3)
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H1 (u) [−(Λ+ γ2I)] e+H2 (u) (−Λe)− jσe−jue∂H0(u)/∂u = 0 (4)

Óðàâíåíèå (5) ÿâëÿåòñÿ âñïîìîãàòåëüíûì è ïîëó÷åíî ñóììèðîâàíèåì
âñåõ óðàâíåíèé ñèñòåìû (4).

Òåîðåìà 1. Ïóñòü i(t) � ÷èñëî çàÿâîê íà îðáèòå â RQ-ñèñòåìå ñ
íåíàäåæíûì ïðèáîðîì. Òîãäà äëÿ ïîñëåäîâàòåëüíîñòè õàðàêòåðèñòè÷å-
ñêèõ ôóíêöèé âûïîëíÿåòñÿ ïðåäåëüíîå ðàâåíñòâî

lim
σ→0

M {exp {jwσi(t)}} = exp {jwG1} ,

ãäå G1 = λ(µ1γ1 + γ1γ2 + γ2µ2 + λµ2 + λγ2)/(µ1µ2 − λµ2 − λγ2).

Äîêàçàòåëüñòâî. Â ñèñòåìå óðàâíåíèé (4) è (5) ââåäåì çàìåíû
σ = ε, u = εw, Hk(u) = Fk(w, ε) è â ïðåäåëå ïðè ε→ 0, ïîëó÷èì

F0 (w, ε) (Q−Λ− γ1I) + j∂F0(w)/∂w + µ1F1 (w, ε)+

+ µ2F2 (w, ε) = 0,

F0 (w, ε)Λ+ F1 (w, ε) [Q− (µ1 + γ2)I]− j∂F0(w)/∂w = 0,

γ1F0 (w, ε) + γ2F1 (w, ε) + F2 (w, ε) [Q− µ2I] = 0.

(5)

F1 (w, ε) [−(Λ+ γ2I)] e+ F2 (w, ε) (−Λe) − je∂F0(w)/∂w = 0 (6)

Ðåøåíèå (6) è (4) áóäåì èñêàòü â âèäå Fk(w) =Ô(w)Rk, k = 0, N ,
ãäå Rk � ñòàöèîíàðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ñîñòîÿíèé ïðèáîðà
è ñîñòîÿíèé öåïè Ìàðêîâà. Òîãäà

R0Qe−R0Λe− γ1R0e−G1R0e+ µ1R1e+ µ2R2e = 0,

R0Λe+R1Qe− µ1R1e− γ2R1e+G1R0e = 0,

γ1R0e+ γ2R1e+R2Qe− µ2R2e = 0.

(7)

−R1Λe− γ2R1e−R2Λe+G1R0e = 0. (8)

Çàïèøåì óñëîâèå ñîãëàñîâàííîñòè ìíîãîìåðíûõ ðàñïðåäåëåíèé äëÿ
ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ñîñòîÿíèé ïðèáîðà

∑N
k=0Rk = R, ãäåR �

âåêòîð-ñòðîêà ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ öåïè Ìàðêîâà, óïðàâëÿ-
þùåé âõîäÿùèì ïîòîêîì, êîòîðûé óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé
RQ = 0, Re = 1.

Îáîçíà÷àÿ R0e = r0,R1e = r1,R2e = r2, íàéäåì r0, r1, r2, G1.

r0 =
µ1µ2 − λµ2 − λγ2
µ1 (γ1 + µ2)

, r1 =
λ

µ1
, r2 =

µ1γ1 − λγ1 + λγ2
µ1 (γ1 + µ2)

,

G1 = λ(µ1γ1 + γ1γ2 + γ2µ2 + λµ2 + λγ2)/(µ1µ2 − λµ2 − λγ2).
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Äëÿ òîãî, ÷òîáû âåðîÿòíîñòè r0, r1, r2 áûëè ïîëîæèòåëüíûìè, äî-
áàâèì îãðàíè÷åíèÿ µ1 > λ, µ2 >

λγ2

µ1−λ .
Òåîðåìà 1 îïðåäåëÿåò àñèìïòîòè÷åñêîå ñðåäíåå ÷èñëà çàÿâîê íà îðáè-
òå â RQ-ñèñòåìå MMPP/M/1 â ïðåäåëüíîì óñëîâèè áîëüøîé çàäåðæêè
çàÿâîê íà îðáèòå. Ðàññìîòðèì àñèìïòîòèêó âòîðîãî ïîðÿäêà äëÿ áîëåå
ïîëíîãî èññëåäîâàíèÿ ïðîöåññà.

Òåîðåìà 2. Ïóñòü i(t) � ÷èñëî çàÿâîê íà îðáèòå â RQ-ñèñòåìå ñ
íåíàäåæíûì ïðèáîðîì, òîãäà äëÿ ïîñëåäîâàòåëüíîñòè õàðàêòåðèñòè÷å-
ñêèõ ôóíêöèé âûïîëíÿåòñÿ ðàâåíñòâî

lim
σ→0

M
{
exp

{
jw

√
σ (i(t)−G1/σ )

}}
= exp

{
(jw)

2
G2/2

}
,

ãäå G2 = (r0G1I−G1u0 +Λu1 + γ2u1 +Λu2)(G1z0 −Λz2 + r0I)
−1
.

Äîêàçàòåëüñòâî. Â ñèñòåìå óðàâíåíèé (7) è óðàâíåíèè (8) ïåðåé-

äåì ê õàðàêòåðèñòè÷åñêîé ôóíêöèè Hk(u) = eju
G1
σ H

(2)
k (u) è ñäåëàåì

çàìåíû σ = ε2, u = εw, H
(2)
k (u) = F

(2)
k (w, ε), ïîëó÷èì

F
(2)
0 (w, ε)(Q−Λ− γ1I−G1I) + jε∂F

(2)
0 (w, ε)/∂w+

+ µ1F
(2)
1 (w, ε) + µ2F

(2)
2 (w, ε) = 0,

F
(2)
0 (w, ε)

(
Λ+ e−jwεG1I

)
+ F

(2)
1 (w, ε)((Q− (1− ejwε)Λ)−

− (µ1 + γ2)I)− jεe−jwε∂F
(2)
0 (w, ε)/∂w = 0,

γ1F
(2)
0 (w, ε) + γ2e

jwεF
(2)
1 (w, ε) + F

(2)
2 (w, ε)(Q− (1− ejwε)Λ−

− µ2I) = 0,

F
(2)
1 (w, ε) [−(Λ+ γ2I)] e+ F

(2)
2 (w, ε)(−Λe)+

+G1e
−jwεF

(2)
0 (w, ε)e− jεe−jwεe∂F

(2)
0 (w, ε)/∂w = 0.

(9)

Ðåøåíèå ñèñòåìû óðàâíåíèé (9) áóäåì èñêàòü â âèäå
Fk(w, ε) =Ô2(w) {Rk + jwεfk}+O(ε2), òîãäà

− f0Λe− γ1f0e−G1f0e−G2R0e+ µ1f1e+ µ2f2e = 0,

−G1R0e+ f0Λe+G1f0e+G2R0e+R1Λe− µ1f1e− γ2f1e = 0,

γ1f0e+ γ2R1e+ γ2f1e+R2Λe− µ2f2e = 0,

− f1Λe− γ2f1e− f2Λe−G1R0e+G1f0e+G2R0e = 0.

Ââåäåì îáîçíà÷åíèÿ g0e = z0, g1e = z1, g2e = z2, y0e = u0, y1e = u1,
y2e = u2. Ðåøåíèå èùåì â âèäå fk = CRk +G2gk + yk. Òîãäà ñ ó÷åòîì

äîïîëíèòåëüíûõ óñëîâèé
∑N

k=0 gke = 0,
∑N

k=0 yke = 0, ïîëó÷èì
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z0 = −r0(Λ+G1I)
−1
, z1 = 0, z2 = −[r0γ1(Λ+G1I)

−1
]/µ2,

u0 = [r0G1I− r1λ1I− (µ1 + γ2)(r1γ2I+ r2λ2I− r0G1I)/µ1]×
×(Λ+G1I)

−1
,

u1 = (−r1γ2I− r2λ2I+ r0G1I)/µ1,
u2 = (r1γ2I+ r2λ2I+ γ1u0 + γ2u1)/µ2,

G2 = (r0G1I−G1u0 +Λu1 + γ2u1 +Λu2)(G1z0 −Λz2 + r0I)
−1
.

Òåîðåìà 2 ïîêàçûâàåò, ÷òî ðàñïðåäåëåíèå ÷èñëà çàÿâîê íà îðáèòå ÿâ-
ëÿåòñÿ ãàóññîâñêèì ñ ìàòåìàòè÷åñêèì îæèäàíèåì G1/σ, è äèñïåðñèåé
G2/σ.

Çàêëþ÷åíèå

Â ðàáîòå ðàññìîòðåíà MMPP/Ì/1 RQ-ñèñòåìà ñ íåíàäåæíûì ïðè-
áîðîì. Â õîäå èññëåäîâàíèÿ áûëà ïîëó÷åíà àñèìïòîòè÷åñêàÿ õàðàêòå-
ðèñòè÷åñêàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ ÷èñëà çàÿâîê íà îðáèòå. Äîêàçàíî,
÷òî ïðè óñëîâèè áîëüøîé çàäåðæêè íà îðáèòå ñòàöèîíàðíîå ðàñïðåäå-
ëåíèå âåðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå ìîæåò áûòü àïïðîêñèìèðî-
âàíî ãàóññîâñêèì ðàñïðåäåëåíèåì.
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Ðàññìàòðèâàåòñÿ ìîäåëü ñîòû ñåòè ìîáèëüíîé ñâÿçè. Ñîòà âèð-
òóàëüíî ðàçäåëåíà íà çîíû â çàâèñèìîñòè îò ñèëû ñèãíàëà îò áà-
çîâîé ñòàíöèè è ïðèìåíÿåìîé ñõåìû ìîäóëÿöèè. Ïîñòóïàþùèå
ïîëüçîâàòåëè äåëÿòñÿ íà äâà òèïà: íîâûå ïîëüçîâàòåëè è ïîëü-
çîâàòåëè, ïåðåìåùàþùèåñÿ â ñîòó èç äðóãîé ñîòû â ïðîöåññå îá-
ñëóæèâàíèÿ (õýíäîâåð ïîëüçîâàòåëè). Äëÿ õýíäîâåð ïîëüçîâà-
òåëåé èìååòñÿ êîíå÷íûé áóôåð äëÿ îæèäàíèÿ. Âðåìÿ îáñëóæè-
âàíèÿ êàæäîãî ïîëüçîâàòåëÿ èìååò ýêñïîíåíöèàëüíîå ðàñïðåäå-
ëåíèå ñ çàâèñÿùèì îò çîíû íàõîæäåíèÿ ïàðàìåòðîì. Âî âðåìÿ
îáñëóæèâàíèÿ ïîëüçîâàòåëè ìîãóò ïåðåìåùàòüñÿ è ìåíÿòü çî-
íû îáñëóæèâàíèÿ. ×èñëî ïîëüçîâàòåëåé, êîòîðûå ìîãóò îäíî-
âðåìåííî îáñëóæèâàòüñÿ â ñîòå, ÿâëÿåòñÿ êîíå÷íûì. Ïîñòðîåíà
ìíîãîìåðíàÿ öåïü Ìàðêîâà, îïèñûâàþùàÿ ïðîöåññ èçìåíåíèÿ
ñîñòîÿíèé ñîòû. Âûïèñàí èíôèíèòåçèìàëüíûé ãåíåðàòîð äàí-
íîé öåïè, è íàéäåíû îñíîâíûå õàðàêòåðèñòèêè ïðîèçâîäèòåëü-
íîñòè ñîòû.
Êëþ÷åâûå ñëîâà:Ìàðêèðîâàííûé ìàðêîâñêèé âõîäíîé ïîòîê,
ïåðåìåùàþùèåñÿ ïîëüçîâàòåëè, ñîòà ìîáèëüíîé ñåòè.

Ââåäåíèå

Ñèñòåìû è ñåòè ìàññîâîãî îáñëóæèâàíèÿ õîðîøî ìîäåëèðóþò ïðî-
öåññû ðàñïðåäåëåíèÿ ðåñóðñîâ â òåëåêîììóíèêàöèîííûõ ñåòÿõ è ââèäó
ýòîãî ïðîäîëæàþò áûòü àêòóàëüíûìè îáúåêòàìè äëÿ èññëåäîâàíèÿ. Îò-
íîñèòåëüíî íåäàâíî íà÷àëè ïðîâîäèòüñÿ ðàáîòû ïî àíàëèòè÷åñêîìó ìî-
äåëèðîâàíèþ ñîò ñåòåé ñâÿçè, â êîòîðûõ ñêîðîñòü îáñëóæèâàíèÿ ïîëü-
çîâàòåëåé çàâèñèò îò ñèëû ñèãíàëà, ïîëó÷àåìîãî îò áàçîâîé ñòàíöèè,
çà ñ÷åò èñïîëüçîâàíèÿ ðàçíûõ ñõåì ìîäóëÿöèè. Îáçîð ëèòåðàòóðû ïî
òåìàòèêå âîïðîñà ïðåäñòàâëåí, íàïðèìåð, â ðàáîòàõ [1] è [2].

Îáû÷íî ïðåäïîëàãàåòñÿ, ÷òî ñîòà ðàçäåëåíà íà íåïåðåêðûâàþùèåñÿ
çîíû, ãäå çîíà îïðåäåëÿåòñÿ êàê ìåñòî, â êîòîðîé èñïîëüçóåòñÿ îïðåäå-

Ïóáëèêàöèÿ âûïîëíåíà ïðè ïîääåðæêå Ïðîãðàììû ñòðàòåãè÷åñêîãî àêàäåìè÷å-
ñêîãî ëèäåðñòâà ÐÓÄÍ
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ëåííàÿ ñõåìà ìîäóëÿöèè. Ýòî ðàçäåëåíèå îïðåäåëÿåòñÿ ðàññòîÿíèåì äî
áàçîâîé ñòàíöèè, íàëè÷èåì åñòåñòâåííûõ èëè èñêóññòâåííûõ ïðåïÿò-
ñòâèé äëÿ ðàñïðîñòðàíåíèÿ ñèãíàëà, óðîâíåì ñóùåñòâóþùåãî øóìà è
ò.ä. Òàê êàê ïîëüçîâàòåëè ÿâëÿþòñÿ ìîáèëüíûìè, âî âðåìÿ îáñëóæèâà-
íèÿ îíè ìîãóò ïåðåìåùàòüñÿ è ìåíÿòü íåîãðàíè÷åííîå ÷èñëî ðàç çîíû
îáñëóæèâàíèÿ. Êîãäà ïîëüçîâàòåëü ïåðåõîäèò èç îäíîé çîíû â äðóãóþ
âî âðåìÿ îáñëóæèâàíèÿ, ñêîðîñòü îáñëóæèâàíèÿ òàêæå èçìåíÿåòñÿ. Êî-
ëè÷åñòâî ïîëüçîâàòåëåé, êîòîðûå ìîãóò îäíîâðåìåííî îáñëóæèâàòüñÿ â
ñîòå, ïðåäïîëàãàåòñÿ êîíå÷íûì. Åñëè â ìîìåíò ñîçäàíèÿ ñîåäèíåíèÿ
îò íîâîãî ïîëüçîâàòåëÿ êîëè÷åñòâî ïîëüçîâàòåëåé â ñîòå óæå äîñòèã-
ëî ïðåäåëà, òî ýòî ñîåäèíåíèå áëîêèðóåòñÿ, è çàïðîñ îò ïîëüçîâàòåëÿ
ñ÷èòàåòñÿ ïîòåðÿííûì. Íåîáõîäèìî èññëåäîâàòü ñòàöèîíàðíîå ïîâåäå-
íèå ñèñòåìû äëÿ âûÿñíåíèÿ âèäà çàâèñèìîñòåé îñíîâíûõ õàðàêòåðèñòèê
êà÷åñòâà îáñëóæèâàíèÿ ïîëüçîâàòåëåé îò ïàðàìåòðîâ ñèñòåìû, ÷òî ïîç-
âîëÿåò ðåøàòü îïðåäåëåííûå îïòèìèçàöèîííûå çàäà÷è.

Â äàííîé ðàáîòå, òàêæå êàê è [2], ïðåäïîëàãàåòñÿ, ÷òî ïîñòóïàþ-
ùèå ïîëüçîâàòåëè äåëÿòñÿ íà äâà âèäà: íîâûå ïîëüçîâàòåëè, êîòîðûå
ñîâåðøàþò ïîïûòêó íà÷àòü îáñëóæèâàíèå èçíóòðè ñîòû, è õýíäîâåð
ïîëüçîâàòåëè (ÕÏ), ïåðåìåùàþùèåñÿ â ñîòó èç îäíîé èç ñîñåäíèõ ñîò â
ïðîöåññå îáñëóæèâàíèÿ. Åñëè êîëè÷åñòâî ïîëüçîâàòåëåé äîñòèãëî ïðå-
äåëà, òî ïîñòóïàþùèå ÕÏ íå ïîëó÷àþò ìãíîâåííûé îòêàç, êàê íîâûå
ïîëüçîâàòåëè. Äëÿ êðàòêîâðåìåííîãî õðàíåíèÿ ÕÏ èìååòñÿ áóôåð êî-
íå÷íîé åìêîñòè, ïîñêîëüêó äàííûå ïîëüçîâàòåëè ïðè ïåðåìåùåíèè â
íîâóþ ñîòó ìîãóò åùå êàêîå-òî âðåìÿ ïîääåðæèâàòü ñâÿçü ñ èñõîäíîé
ñîòîé. Âðåìÿ íàõîæäåíèÿ â äàííîì áóôåðå îãðàíè÷åíî â âèäó òîãî, ÷òî
â ðåçóëüòàòå ïåðåìåùåíèÿ ñâÿçü ñ èñõîäíîé ñîòîé ìîæåò áûòü ïîòåðÿíà.
Ïîýòîìó àâòîðû ïðåäïîëàãàþò, ÷òî ÕÏ ÿâëÿþòñÿ íåòåðïåëèâûìè.

Â îòëè÷èå îò ðàáîòû [2], ãäå ïðåäïîëàãàëîñü, ÷òî íîâûå è õýíäîâåð
ïîëüçîâàòåëè ïîñòóïàþò â ðàçíûõ ïîòîêàõ, â äàííîé ðàáîòå ìû ïîëà-
ãàåì, ÷òî ïîñòóïëåíèÿ ýòèõ âèäîâ ïîëüçîâàòåëåé ÿâëÿþòñÿ çàâèñèìûìè
è îïèñûâàþòñÿ îäíèì ìàðêèðîâàííûì ìàðêîâñêèì âõîäíûì ïîòîêîì.
Äàííîå îáîáùåíèå ÿâëÿåòñÿ ëîãè÷íûì, ïîñêîëüêó âðåìåíà ìàêñèìàëü-
íîé àêòèâíîñòè (äíåâíîå âðåìÿ) è ïàññèâíîñòè (íî÷íîå âðåìÿ) îáû÷íûõ
è õýíäîâåð ïîëüçîâàòåëåé â ðåàëüíûõ ñèñòåìàõ ñîâïàäàþò. Êðîìå ýòîãî,
ïðåäëîæåííîå îáîáùåíèå ïðèâîäèò ê ñóùåñòâåííîìó óìåíüøåíèþ ïðî-
ñòðàíñòâà ñîñòîÿíèé ìíîãîìåðíîé öåïè Ìàðêîâà, îïèñûâàþùåé ïðîöåññ
èçìåíåíèÿ ñîñòîÿíèé ñèñòåìû, ÷òî â ñâîþ î÷åðåäü óìåíüøàåò âðåìÿ,
íåîáõîäèìîå äëÿ ïðîâåäåíèÿ ðàñ÷åòîâ íà ÏÊ.
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1. Ìàòåìàòè÷åñêàÿ ìîäåëü è ïðîöåññ ñîñòîÿíèé ñèñòåìû

Ðàññìîòðèì ñîòó, ñîñòîÿùóþ èç R (1 < R < ∞) íåïåðåñåêàþùèõñÿ
çîí. Çîíû ïðîíóìåðîâàíû â ïîðÿäêå óáûâàíèÿ ñèëû ñèãíàëà. Â êà÷åñòâå
ìîäåëè ñîòû ðàññìàòðèâàåòñÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ, ñîñòî-
ÿùàÿ èç N îäèíàêîâûõ ïðèáîðîâ è êîíå÷íîãî áóôåðà åìêîñòè K. Ìû
äåëèì âñåõ íîâûõ ïîëüçîâàòåëåé íà R òèïîâ, â çàâèñèìîñòè îò çîíû ïî-
ñòóïëåíèÿ, à òàêæå ñ÷èòàåì, ÷òî ÕÏ èìåþò òèï R+1. Îáñëóæèâàåìûå
ïîëüçîâàòåëè ïîäåëåíû íà R òèïîâ, â çàâèñèìîñòè îò çîíû íàõîæäåíèÿ.

Ïðîöåññ àêòèâàöèè íîâûõ ïîëüçîâàòåëåé â ñîòå îïèñûâàåòñÿ ìàð-
êèðîâàííûì ìàðêîâñêèì âõîäíûì ïîòîêîì (MMAP ), îïðåäåëÿåìûì
ñëåäóþùèì îáðàçîì. Ïóñòü νt, t ⩾ 0, � íåïðèâîäèìàÿ öåïü Ìàðêîâà
ñ íåïðåðûâíûì âðåìåíåì è ïðîñòðàíñòâîì ñîñòîÿíèé {1, 2, ...,W}. Èí-
òåíñèâíîñòè ïåðåõîäîâ ýòîé öåïè Ìàðêîâà îïðåäåëÿþòñÿ ãåíåðàòîðîì
D. Ìàòðèöà D ÿâëÿåòñÿ ñóììîé êâàäðàòíûõ ìàòðèö Dr, r = 0, R+ 1,

ò.å. D =
R+1∑
r=0

Dr. Ýëåìåíòû íåîòðèöàòåëüíîé ìàòðèöû Dr, r = 1, R+ 1,

îïðåäåëÿþò èíòåíñèâíîñòè ïåðåõîäîâ öåïè νt, êîòîðûå ñîïðîâîæäàþòñÿ
ïîñòóïëåíèåì ïîëüçîâàòåëÿ òèïà r, r = 1, R+ 1. Íåäèàãîíàëüíûå ýëå-
ìåíòû ìàòðèöû D0 îïðåäåëÿþò èíòåíñèâíîñòè ïåðåõîäîâ öåïè Ìàðêîâà
νt, êîòîðûå íå ñîïðîâîæäàþòñÿ ïðèõîäîì ïîëüçîâàòåëåé. Ñðåäíÿÿ èí-
òåíñèâíîñòü λr, r = 1, R+ 1, ïîëüçîâàòåëåé òèïà r ðàâíà λr = θDre,
ãäå θ � âåêòîð-ñòðîêà ñòàöèîíàðíûõ âåðîÿòíîñòåé öåïè νt, à e � âåêòîð-
ñòîëáåö, ñîñòîÿùèé èç åäèíèö. Îáùàÿ èíòåíñèâíîñòü λ ïîñòóïëåíèÿ

ïîëüçîâàòåëåé îïðåäåëÿåòñÿ êàê λ =
R+1∑
r=1

λr.

Ïðåäëàãàåòñÿ, ÷òî ÕÏ, êîòîðûé ïðèáûâàåò, êîãäà âñå ïðèáîðû çàíÿ-
òû, îòïðàâëÿåòñÿ â áóôåð. Åñëè áóôåð çàïîëíåí, ïîëüçîâàòåëü òåðÿåòñÿ.
ÕÏ, íàõîäÿùèåñÿ â áóôåðå, íåòåðïåëèâû è íàâñåãäà ïîêèäàþò ñèñòåìó,
åñëè íå íà÷àëè îáñëóæèâàòüñÿ ÷åðåç âðåìÿ, èìåþùåå ýêñïîíåíöèàëüíîå
ðàñïðåäåëåíèå ñ ïàðàìåòðîì α, α > 0. Åñëè ÕÏ ïðèíèìàåòñÿ íà îáñëó-
æèâàíèå, ïðåäïîëàãàåòñÿ, ÷òî îí ïîñòóïàåò â ñàìóþ óäàëåííóþ çîíó
R.

Ïî àíàëîãèè ñ [2], äëÿ îïðåäåëåíèÿ ñóììàðíîãî âðåìåíè îáñëóæè-
âàíèÿ ïîëüçîâàòåëÿ ðàññìîòðèì íåïðåðûâíóþ öåïü Ìàðêîâà ηt, t ⩾ 0,
èìåþùóþ R ïåðåõîäíûõ ñîñòîÿíèé {1, 2, . . . , R} è òðè ïîãëîùàþùèõ ñî-
ñòîÿíèÿ R + 1, R + 2 è R + 3. Îïðåäåëèì ïîëíîå âðåìÿ îáñëóæèâàíèÿ
ïîëüçîâàòåëÿ â ñîòå êàê âðåìÿ, çà êîòîðîå öåïü Ìàðêîâà ηt, t ⩾ 0, äî-
ñòèãàåò îäíîãî èç ïîãëîùàþùèõ ñîñòîÿíèé. Íà÷àëüíîå ñîñòîÿíèå öåïè
ηt âûáèðàåòñÿ â ìîìåíò íà÷àëà îáñëóæèâàíèÿ ïîëüçîâàòåëÿ è îïðåäå-
ëÿåòñÿ çîíîé ïîñòóïëåíèÿ ïîëüçîâàòåëÿ. Ò.å., íà÷àëüíîå ñîñòîÿíèå öå-
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ïè ηt îïðåäåëÿåòñÿ êîìïîíåíòàìè âåêòîðà β(r) = (0, . . . , 0︸ ︷︷ ︸
r−1

, 1, 0, . . . , 0︸ ︷︷ ︸
R−r

),

r = 1, R, åñëè ïîëüçîâàòåëü íà÷èíàåò îáñëóæèâàíèå â r-îé çîíå. Ìîìåí-
òû ñìåíû çîíû ïîëüçîâàòåëåì ñîîòâåòñòâóþò ìîìåíòàì ïåðåõîäîâ öåïè
ηt â äðóãîå ïåðåõîäíîå ñîñòîÿíèå. Èíòåíñèâíîñòè ïåðåõîäîâ ïðîöåññà ηt
ìåæäó ïåðåõîäíûìè ñîñòîÿíèÿìè îïðåäåëÿþòñÿ íåäèàãîíàëüíûìè ýëå-
ìåíòàìè ñóáãåíåðàòîðà S. Ïåðåõîäû öåïè ηt â ïîãëîùàþùèå ñîñòîÿíèÿ
R+1, R+2, è R+3 ñîîòâåòñòâóþò óñïåøíîìó çàâåðøåíèþ îáñëóæèâà-
íèÿ, óõîäó ïîëüçîâàòåëÿ èç-çà íåóäîâëåòâîðåííîñòüþ êà÷åñòâîì îáñëó-
æèâàíèÿ è óõîäó ïîëüçîâàòåëÿ èç ñîòû èç-çà õýíäîâåðà, ñîîòâåòñòâåí-
íî. Èíòåíñèâíîñòè ïðîöåññà ïåðåõîäà ηt â ïîãëîùàþùåå ñîñòîÿíèå R+1
îïðåäåëÿþòñÿ êîìïîíåíòàìè âåêòîðà Sserv, â ñîñòîÿíèå R+2 � âåêòîðà
Sout, è â ïîãëîùàþùåå ñîñòîÿíèå R+ 3 � êîìïîíåíòàìè âåêòîðà Shand.
Ïîäðîáíîå îïèñàíèå ýòîãî ïðîöåññà îáñëóæèâàíèÿ ïðåäñòàâëåíî â [2].

Ïîâåäåíèå èññëåäóåìîé ñèñòåìû ìîæíî îïèñàòü öåïüþ Ìàðêîâà ñ

íåïðåðûâíûì âðåìåíåì ζt = {nt, νt, vt, η(1)t , . . . , η
(R)
t }, t ⩾ 0, ãäå, â ìî-

ìåíò t, nt � ÷èñëî ïîëüçîâàòåëåé â ñèñòåìå, nt = 0, N +K; νt � ñîñòîÿíèå
óïðàâëÿþùåãî ïðîöåññà MMAP , îïðåäåëÿþùåãî ïðîöåññ ïîñòóïëåíèÿ

ïîëüçîâàòåëåé, νt = 1,W ; η
(r)
t � ÷èñëî ïîëüçîâàòåëåé, îáñëóæèâàåìûõ â

r-îé çîíå, η
(r)
t = 0,min{nt, N},

R∑
r=1

η
(r)
t = min{nt, N}, r = 1, R.

Öåïü Ìàðêîâà ζt, t ⩾ 0, ðåãóëÿðíàÿ íåïðèâîäèìàÿ è èìååò êîíå÷-
íîå ïðîñòðàíñòâî ñîñòîÿíèé. Ñëåäîâàòåëüíî, ñòàöèîíàðíûå âåðîÿòíî-

ñòè ñîñòîÿíèé öåïè π(n, ν, η(1), . . . , η(R)) = lim
t→∞

P{nt = n, νt = ν, η
(1)
t =

η(1), . . . , η
(R)
t = η(R)} ñóùåñòâóþò äëÿ ëþáûõ çíà÷åíèé ïàðàìåòðîâ ðàñ-

ñìàòðèâàåìîé ñèñòåìû.
Ñôîðìèðóåì âåêòîðû-ñòðîêè πn, n = 0, N +K, èç ýòèõ âåðîÿòíî-

ñòåé, ïåðåíóìåðîâàííûõ â îáðàòíîì ëåêñèêîãðàôè÷åñêîì ïîðÿäêå êîì-

ïîíåíò η
(1)
t , . . . , η

(R)
t è ïðÿìîì ëåêñèêîãðàôè÷åñêîì ïîðÿäêå êîìïîíåí-

òû νt. Õîðîøî èçâåñòíî, ÷òî äàííûå âåêòîðû óäîâëåòâîðÿþò ñëåäóþùåé
ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ×åïìåíà-Êîëìîãîðîâà:

(π0,π1, . . . ,πN+K)Q = 0, (π0,π1, . . . ,πN+K)e = 1, (1)

ãäå Q � èíôèíèòåçèìàëüíûé ãåíåðàòîð öåïè Ìàðêîâà ζt, t ⩾ 0.
Äëÿ âû÷èñëåíèÿ âåêòîðîâ ñòàöèîíàðíûõ âåðîÿòíîñòåé ñîñòîÿíèé ñè-

ñòåìû íåîáõîäèìî ïîëó÷èòü ãåíåðàòîð Q.
Òåîðåìà 1. Ãåíåðàòîð Q öåïè Ìàðêîâà ζt, t ⩾ 0, èìååò áëî÷íî-

òðåõäèàãîíàëüíûé âèä. Íåíóëåâûå áëîêè îïðåäåëÿþòñÿ êàê:

Q0,0 = D0, Qn,n = D0 ⊕ (An(S) + ∆n), n = 1, N − 1,
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Qn,n = D0 ⊕ (AN (S) + ∆N ) + (D −D0 −DR+1)⊗ IJN
−

−(n−N)αIWJN
, n = N,N +K − 1,

QN+K,N+K = D0 ⊕ (AN (S) + ∆N ) + (D −D0)⊗ IJN
−KαIWJN

,

Qn,n−1 = IW ⊗ (Ln(Sserv) + Ln(Sout) + Ln(Shand)), n = 1, N,

Qn,n−1 = IW ⊗ ((LN (Sserv) + LN (Sout) + LN (Shand))× PN−1(βR))+

+(n−N)αIWJN
, n = N + 1, N +K,

Qn,n+1 =

R∑
r=1

Dr ⊗ Pn(βr) +DR+1 ⊗ Pn(βR), n = 0, N − 1,

Qn,n+1 = DR+1 ⊗ IJN
, n = N,N +K − 1,

ãäå ìàòðèöà Ln(S̃), S̃ ∈ {Sserv,Sout,Shand}, îïðåäåëÿåò èíòåíñèâíîñòè
ïåðåõîäîâ â ìîìåíò ïåðåõîäà ïðîöåññà îáñëóæèâàíèÿ îäíîãî èç ïîëü-
çîâàòåëåé â ñîîòâåòñòâóþùåå ïîãëîùàþùåå ñîñòîÿíèå R+ l, l = 1, 2, 3,
n = 1, N (ñì. [2]); ìàòðèöà An(S), n = 1, N, îïðåäåëÿåò èíòåíñèâíîñòè
ïåðåõîäîâ â ìîìåíò ïåðåìåùåíèÿ îäíîãî èç ïîëüçîâàòåëåé â äðóãóþ çî-
íó (ñì. [2]); ìàòðèöà Pn(β

(r)) îïðåäåëÿåò èíòåíñèâíîñòè ïåðåõîäîâ â
ìîìåíò íà÷àëà îáñëóæèâàíèÿ â çîíå, r, r = 1, R, â ìîìåíò, êîãäà n, n =
0, N − 1, ïîëüçîâàòåëåé íàõîäÿòñÿ íà îáñëóæèâàíèè (ñì. [2]); ∆(n) =
−diag{An(S)e + Ln(Sserv)e + Ln(Sout)e + Ln(Shand)e}, n = 1, N, ãäå
diag{. . . } îáîçíà÷àåò äèàãîíàëüíóþ ìàòðèöó ñ äèàãîíàëüíûìè ýëåìåí-

òàìè, çàäàííûìè âåêòîðîì, ïðåäñòàâëåííûì â ñêîáêàõ; Jn = (n+R−1)!
n!(R−1)! ;

⊗ è ⊕ � ñèìâîëû Êðîíåêåðîâà ïðîèçâåäåíèÿ è ñóììû ìàòðèö.

2. Õàðàêòåðèñòèêè ïðîèçâîäèòåëüíîñòè ñèñòåìû

Ïîñëå âû÷èñëåíèÿ âåêòîðîâ πn, n = 0, N +K, ìîæíî âû÷èñëèòü
ðàçëè÷íûå õàðàêòåðèñòèêè ïðîèçâîäèòåëüíîñòè ñîòû.

Ñðåäíåå êîëè÷åñòâî ïîëüçîâàòåëåé, ïîëó÷àþùèõ îáñëóæèâàíèå â ñî-

òå Nuser =
N+K∑
n=1

min{n,N}πne. Ñðåäíåå êîëè÷åñòâî ÕÏ, íàõîäÿùèõñÿ

â áóôåðå Nhand =
N+K∑

n=N+1

(n − N)πne. Ñðåäíåå êîëè÷åñòâî ïîëüçîâàòå-

ëåé, íàõîäÿùèõñÿ â ñèñòåìå L = Nuser + Nhand. Èíòåíñèâíîñòü âûõîä-

íîãî ïîòîêà óñïåøíî îáñëóæåííûõ ïîëüçîâàòåëåé s+ =
N+K∑
n=1

πn(IW ⊗
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Lmin{n,N}(Sserv))e. Èíòåíñèâíîñòü âûõîäíîãî ïîòîêà ïîëüçîâàòåëåé, êî-
òîðûå ïðåêðàùàþò îáñëóæèâàíèå èç-çà íåóäîâëåòâîðèòåëüíîãî êà÷å-

ñòâà s− =
N+K∑
n=1

πn(IW ⊗ Lmin{n,N}(Sout))e. Âûõîäíîé ïîòîê ïîëüçî-

âàòåëåé, ïîêèäàþùèõ ñèñòåìó èç-çà õýíäîâåðà sh =
N+K∑
n=1

πn(IW ⊗

Lmin{n,N}(Shand))e. Âåðîÿòíîñòü ïîòåðè íîâîãî ïîëüçîâàòåëÿ ïî ïðèáû-

òèþ â ñèñòåìó P ent−loss
new = (λ−λR+1)

−1
N+K∑
n=N

πn((D−D0−DR+1)⊗IJN
)e.

Âåðîÿòíîñòü ïîòåðè íîâîãî ïîëüçîâàòåëÿ òèïà r ïî ïðèáûòèþ â ñèñòåìó

P ent−loss
r = λ−1

r

N+K∑
n=N

πn(Dr⊗IJN
)e, r = 1, R. Âåðîÿòíîñòü ïîòåðè ÕÏ ïî

ïðèáûòèþ â ñèñòåìó P ent−loss
hand = λ−1

R+1πN+K(DR+1⊗IJN
)e. Âåðîÿòíîñòü

óõîäà ïîëüçîâàòåëÿ èç ðàññìàòðèâàåìîé ñîòû â äðóãóþ Phand = sh
λ .

Âåðîÿòíîñòü âûíóæäåííîãî óõîäà ïîëüçîâàòåëÿ èç-çà íåóäîâëåòâîðåí-
íîñòè êà÷åñòâîì îáñëóæèâàíèÿ P diss−loss = s−

λ . Âåðîÿòíîñòü ïîòåðè

ÕÏ èç áóôåðà èç-çà íåòåðïåëèâîñòè P imp−loss
hand = αNhand

λR+1
. Âåðîÿòíîñòü

ïîòåðè ÕÏ âû÷èñëÿåòñÿ êàê P loss
hand = P ent−loss

hand +P imp−loss
hand . Âåðîÿòíîñòü

ïîòåðè ïîëüçîâàòåëÿ P loss = 1− s++sh
λ .

Çàêëþ÷åíèå

Â ðàáîòå èññëåäîâàíà ñèñòåìà îáñëóæèâàíèÿ ñ ïåðåìåùàþùèìèñÿ
ïîëüçîâàòåëÿìè. Ðåçóëüòàòû ìîãóò áûòü ïðèìåíåíû äëÿ ìîäåëèðîâàíèÿ
è îïòèìèçàöèè ñîòû ìîáèëüíîé ñåòè.

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ

1. Sas B., Bernal-Mor E., Spaey K., Pla V., Blondia C., Martinez-
Bauset J. Modelling the time-varying cell capacity in LTE networks //
Telecommunication Systems. 2019. Ò. 55. Ñ. 299-313.

2. Kim C., Dudin A., Dudin S., Dudina O.Mathematical Model of Operation of a
Cell of a Mobile Communication Network With Adaptive Modulation Schemes
and Handover of Mobile Users // IEEE Access. 2021. Ò. 9. Ñ. 106933-106946.

Äóäèí Àëåêñàíäð Íèêîëàåâè÷ � ä-ð ôèç.-ìàò. íàóê, ïðîôåññîð. E-mail:
dudin_alexander@mail.ru

Äóäèíà Îëüãà Ñåðãååâíà � êàíä. ôèç.-ìàò. íàóê, âåäóùèé íàó÷íûé ñî-
òðóäíèê, ÍÈË ÏÂÀ ÁÃÓ. E-mail: dudinà@bsu.by

Äóäèí Cåðãåé Àëåêñàíäðîâè÷ � êàíä. ôèç.-ìàò. íàóê, âåäóùèé íàó÷íûé
ñîòðóäíèê, ÍÈË ÏÂÀ ÁÃÓ. E-mail: dudins@bsu.by



ÈÒÌÌ � 2021

ÑÈÑÒÅÌÀ ÌÀÑÑÎÂÎÃÎ ÎÁÑËÓÆÈÂÀÍÈß
Ñ ÄÂÓÌß ÒÈÏÀÌÈ ÇÀÏÐÎÑÎÂ

È ÎÃÐÀÍÈ×ÅÍÍÛÌ ÐÀÇÄÅËÅÍÈÅÌ
ÏÐÎÖÅÑÑÎÐÀ

Â.È. Êëèìåíîê1, À.Í. Äóäèí1,2
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Â äàííîé ðàáîòå èññëåäóåòñÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ
ñ ðàçäåëåíèåì ïðîöåññîðà. Çàïðîñû äâóõ òèïîâ ïîñòóïàþò â
ñèñòåìó â ìàðêèðîâàííîì ìàðêîâñêîì ïîòîêå. Ïðåäïîëàãàåòñÿ,
÷òî ÷èñëî çàïðîñîâ êàæäîãî èç òèïîâ, îäíîâðåìåííî íàõîäÿùèõ-
ñÿ íà îáñëóæèâàíèè, îãðàíè÷åíî. Âðåìåíà îáñëóæèâàíèÿ çàïðî-
ñîâ ðàñïðåäåëåíû ïî ôàçîâîìó çàêîíó, ïàðàìåòðû êîòîðîãî çà-
âèñÿò êàê îò òèïà çàïðîñà, òàê è îò ÷èñëà çàïðîñîâ äàííîãî òè-
ïà, íàõîäÿùèõñÿ â ñèñòåìå. Ôóíêöèîíèðîâàíèå ñèñòåìû îïèñàíî
â òåðìèíàõ ìíîãîìåðíîé öåïè Ìàðêîâà. Ïîñòðîåí èíôèíèòåçè-
ìàëüíûé ãåíåðàòîð öåïè, ÷òî ïîçâîëÿåò âû÷èñëèòü ñòàöèîíàð-
íûå âåðîÿòíîñòè è îñíîâíûå õàðàêòåðèñòèêè ïðîèçâîäèòåëüíî-
ñòè ñèñòåìû.
Êëþ÷åâûå ñëîâà: Ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ, ìàðêè-
ðîâàííûé ìàðêîâñêèé ïîòîê, ðàçäåëåíèå ïðîöåññîðà, ñòàöèî-
íàðíîå ðàñïðåäåëåíèå.

1. Ââåäåíèå

Òåõíîëîãèÿ ðàçäåëåíèÿ ïðîöåññîðà î÷åíü ïîïóëÿðíà â êîìïüþòåð-
íûõ ñèñòåìàõ è òåëåêîììóíèêàöèîííûõ ñåòÿõ. ×àùå âñåãî ñ÷èòàåòñÿ,
÷òî ïðîöåññîð ìîæåò èñïîëüçîâàòüñÿ íåîãðàíè÷åííûì ÷èñëîì ïîëüçî-
âàòåëåé, âõîäíîé ïîòîê ÿâëÿåòñÿ ñòàöèîíàðíûì ïóàññîíîâñêèì, à âðåìå-
íà îáñëóæèâàíèÿ ðàñïðåäåëåíû ïî ýêñïîíåíöèàëüíîìó çàêîíó. Ðàññìîò-
ðåííàÿ â äàííîé ðàáîòå ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñóùåñòâåííî
ðàñøèðÿåò âîçìîæíîñòè ìîäåëèðîâàíèÿ ðåàëüíûõ ñèñòåì ñ ðàçäåëåíèåì
ïðîöåññîðà. Ìû ñ÷èòàåì, ÷òî ñóùåñòâóþò îãðàíè÷åíèÿ íà ÷èñëî ïîëüçî-
âàòåëåé ðàçíûõ òèïîâ, îäíîâðåìåííî íàõîäÿùèõñÿ íà îáñëóæèâàíèè, è
íå ââîäèì îãðàíè÷èòåëüíûõ ïðåäïîëîæåíèé, òàêèõ êàê îäíîðîäíîñòü è
íåêîððåëèðîâàííûé õàðàêòåð ïîòîêà çàäà÷, à òàêæå ýêñïîíåíöèàëüíîå
ðàñïðåäåëåíèå âðåìåí îáñëóæèâàíèÿ çàïðîñîâ ðàçíûõ òèïîâ. Ìû ïðåä-
ïîëàãàåì, ÷òî âõîäíîé ïîòîê â ñèñòåìó ÿâëÿåòñÿ íåîäíîðîäíûì êîððå-
ëèðîâàííûì è îïèñûâàåòñÿ ìàðêèðîâàííûì ìàðêîâñêèì ïîòîêîì (îá-
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ùåïðèíÿòîå íàçâàíèå MMAP -Marked Markovian Arrival Process), ââå-
äåííûì â ñòàòüå [1]. Â öåëÿõ áîëåå àäåêâàòíîãî îïèñàíèÿ ïðîöåññà îá-
ñëóæèâàíèÿ ìû èñïîëüçóåì ðàñïðåäåëåíèå ôàçîâîãî òèïà (PH-Phase
type distribution), ñì., íàïðèìåð, [6], óñïåøíî èñïîëüçóåìîãî äëÿ àï-
ïðîêñèìàöèè ïðîèçâîëüíîãî ðàñïðåäåëåíèÿ.

2. Ìàòåìàòè÷åñêàÿ ìîäåëü

Ðàññìàòðèâàåòñÿ îäíîëèíåéíàÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ áåç
áóôåðà. Çàïðîñû ðàçíûõ òèïîâ ïîñòóïàþò âMMAP -ïîòîêå ïîä óïðàâ-
ëåíèåì íåïðèâîäèìîé öåïè Ìàðêîâà ñ íåïðåðûâíûì âðåìåíåì νt, t ≥ 0,
êîòîðàÿ ïðèíèìàåò çíà÷åíèÿ â ìíîæåñòâå {0, 1, 2, . . . ,W} è íàçûâàåò-
ñÿ óïðàâëÿþùèì ïðîöåññîì MMAP . Öåïü νt ïðåáûâàåò â ñîñòîÿíèè ν
â òå÷åíèå ýêñïîíåíöèàëüíî ðàñïðåäåëåííîãî âðåìåíè ñ ïàðàìåòðîì λν ,
ν = 0,W , ïîñëå ÷åãî ñ âåðîÿòíîñòüþ pk(ν, ν

′) ïåðåõîäèò â ñîñòîÿíèå ν′

è ãåíåðèðóåòñÿ çàÿâêà k-ãî òèïà, k ∈ {1, 2, . . . ,K}, èëè, ñ âåðîÿòíîñòüþ
p0(ν, ν

′), öåïü ïåðåõîäèò â ñîñòîÿíèå ν′ áåç ãåíåðàöèè çàÿâêè, ïðè÷åì
p0(ν, ν) = 0. Âñþ èíôîðìàöèþ è MMAP -å óäîáíî õðàíèòü â âèäå íàáî-
ðà ìàòðèö Dk, k = 1,K, ïîðÿäêà (W + 1)× (W + 1), ýëåìåíòû êîòîðûõ
îïðåäåëÿþòñÿ êàê

(Dk)ν,ν′ = λνpk(ν, ν
′), ν, ν′ = 0,W , k = 1,K,

(D0)ν,ν′ =

{
λνp0(ν, ν

′), ν ̸= ν′, ν, ν′ = 0,W ,
−λν , ν = ν′ = 0,W .

Ïîäðîáíîå îïèñàíèå MMAP ïîòîêà ìîæíî íàéòè, íàïðèìåð, â [1].
Â äàííîé ðàáîòå ìû ïðåäïîëàãàåì, ÷òî â ñèñòåìó ïîñòóïàþò çàïðî-

ñû äâóõ òèïîâ, ò.å., K = 2. Íà îáñëóæèâàþùåì ïðèáîðå îäíîâðåìåííî
ìîãóò îáñëóæèâàòüñÿ äî N çàïðîñîâ 1 òèïà è äî R çàïðîñîâ 2 òèïà. Åñ-
ëè íà ïðèáîðå îáñëóæèâàåòñÿ òîëüêî îäèí çàïðîñ l-ãî òèïà, l = 1, 2, òî
åãî âðåìÿ îáñëóæèâàíèÿ èìååò PH ðàñïðåäåëåíèå, çàäàííîå íåïðèâî-

äèìûì ïðåäñòàâëåíèåì (βl, Sl) è óïðàâëÿþùèì ïðîöåññîì m
(l)
t , t ≥ 0,

ñ ïðîñòðàíñòâîì ñîñòîÿíèé {1, . . . ,Ml,Ml + 1}, ãäå ñîñòîÿíèå Ml + 1
ÿâëÿåòñÿ ïîãëîùàþùèì. Èíòåíñèâíîñòè ïåðåõîäîâ â ïîãëîùàþùåå ñî-

ñòîÿíèå îïðåäåëÿþòñÿ âåêòîðîì-ñòîëáöîì S
(l)
0 = −Sle. Áîëåå ïîäðîáíîå

îïèñàíèå PH ðàñïðåäåëåíèÿ ìîæíî íàéòè, íàïðèìåð, â [6].
Çàïðîñû êàæäîãî èç òèïîâ äåëÿò îòâåäåííóþ èì ïðîïóñêíóþ ñïîñîá-

íîñòü îáñëóæèâàþùåãî ïðèáîðà ïîðîâíó. Åñëè íà ïðèáîðå îäíîâðåìåí-
íî îáñëóæèâàåòñÿ nl çàïðîñîâ l-ãî òèïà, òî âðåìÿ îáñëóæèâàíèÿ ëþáî-
ãî èç ýòèõ çàïðîñîâ èìååò PH ðàñïðåäåëåíèå, çàäàííîå íåïðèâîäèìûì

ïðåäñòàâëåíèåì (βl,
1
nl
Sl) è óïðàâëÿþùèì ïðîöåññîì m

(l)
t , t ≥ 0, ñ ïðî-

ñòðàíñòâîì ñîñòîÿíèé {1, . . . ,Ml,Ml + 1}, ãäå ñîñòîÿíèå Ml + 1 ÿâëÿåò-
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ñÿ ïîãëîùàþùèì. Èíòåíñèâíîñòè ïåðåõîäîâ â ïîãëîùàþùåå ñîñòîÿíèå

îïðåäåëÿþòñÿ âåêòîðîì-ñòîëáöîì 1
nl
S

(l)
0 .

Åñëè ïîñòóïàþùèé çàïðîñ 1 òèïà çàñòàåò íà ïðèáîðå n < N çàïðî-
ñîâ, òî îí ïîñòóïàåò íà îáñëóæèâàíèå. Ïðè ýòîì ïðîïóñêíàÿ ñïîñîá-
íîñòü ïðèáîðà, îòâåäåííàÿ çàïðîñàì 1-ãî òèïà, äåëèòñÿ ïîðîâíó ìåæäó
n + 1 çàïðîñàìè. Â ïðîòèâíîì ñëó÷àå çàïðîñ ïîêèäàåò ñèñòåìó íåîá-
ñëóæåííûì (òåðÿåòñÿ). Àíàëîãè÷íî, åñëè çàïðîñ 2-ãî òèïà çàñòàåò íà
ïðèáîðå r < R çàïðîñîâ, òî îí ïîñòóïàåò íà îáñëóæèâàíèå. Ïðè ýòîì
ïðîïóñêíàÿ ñïîñîáíîñòü ïðèáîðà, îòâåäåííàÿ çàïðîñàì 2 òèïà, äåëèòñÿ
ïîðîâíó ìåæäó r + 1 çàïðîñàìè. Â ïðîòèâíîì ñëó÷àå çàïðîñ òåðÿåòñÿ.

3. Öåïü Ìàðêîâà, îïèñûâàþùàÿ ïîâåäåíèå ñèñòåìû

Ôóíêöèîíèðîâàíèå ñèñòåìû îïèñûâàåòñÿ öåïüþ Ìàðêîâà

ξt = {nt, rt, η(1)t , η
(2)
t , . . . , η

(M1)
t , τ

(1)
t , τ

(2)
t , . . . , τ

(M2)
t , νt},

ãäå
� nt, rt � ÷èñëî çàÿâîê 1 è 2 òèïà íà ïðèáîðå, nt = 0, N, rt = 0, R;

� η
(m(1))
t � êîëè÷åñòâî çàÿâîê 1 òèïà, êîòîðûå îáñëóæèâàþòñÿ íà ôàçå

m(1), η
(m(1))
t = 0, nt, m

(1) = 1,M1;

� τ
(m(2))
t � êîëè÷åñòâî çàÿâîê 2 òèïà, êîòîðûå îáñëóæèâàþòñÿ íà ôàçå

m(2), τ
(m(2))
t = 0, rt, m

(2) = 1,M2;
� νt � ñîñòîÿíèå óïðàâëÿþùåãî ïðîöåññà MMAP , νt = 0,W ,

â ìîìåíò âðåìåíè t.
Ââåäåì ïðîöåññû

u
(1)
t = {η(1)t , η

(2)
t , . . . , η

(M1)
t }; u

(2)
t = {τ (1)t , τ

(2)
t , . . . , τ

(M2)
t }.

Óïîðÿäî÷èì ñîñòîÿíèÿ ðàññìàòðèâàåìîé öåïè Ìàðêîâà ξt, t ⩾ 0, ñëå-
äóþùèì îáðàçîì. Ïåðåíóìåðóåì êîìïîíåíòû nt, rt â ïðÿìîì ëåêñèêî-
ãðàôè÷åñêîì ïîðÿäêå è, ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ ýòèõ êîìïîíåíò,

ïåðåíóìåðóåì ñîñòîÿíèÿ ïðîöåññîâ u
(1)
t è u

(2)
t â îáðàòíîì ëåêñèêîãðà-

ôè÷åñêîì ïîðÿäêå. Äëÿ äàëüíåéøåãî îïèñàíèÿ èíòåíñèâíîñòåé ïåðåõî-
äîâ öåïè íàì ïîíàäîáÿòñÿ ìàòðèöû Pi(·), Ai(·, ·), è Li(·, ·), ââåäåííûå â
ðàáîòàõ [4, 5]. Äàäèì êðàòêîå îáúÿñíåíèå âåðîÿòíîñòíîãî ñìûñëà ýòèõ
ìàòðèö.

Ââåäåì â ðàññìîòðåíèå ìàòðèöû S̃l =

(
0 O

S
(l)
0 Sl

)
, l = 1, 2. Òîãäà:

ìàòðèöà Lk(n, S̃l) ñîäåðæèò èíòåíñèâíîñòè ïåðåõîäîâ ïðîöåññà u
(l)
t , ïðè-

âîäÿùèõ ê çàâåðøåíèþ îáñëóæèâàíèÿ îäíîãî èç n−k çàïðîñîâ l-ãî òèïà;
ìàòðèöà Pn(βl) ñîäåðæèò âåðîÿòíîñòè ïåðåõîäîâ ïðîöåññà u

(l)
t , ïðèâî-

äÿùèõ ê óâåëè÷åíèþ íà ïðèáîðå ÷èñëà çàïðîñîâ l-ãî òèïà ñ n äî n+ 1;
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ìàòðèöà An(k, S̃l) ñîäåðæèò èíòåíñèâíîñòè ïåðåõîäîâ ïðîöåññà u
(l)
t â

åãî ïðîñòðàíñòâå ñîñòîÿíèé áåç óâåëè÷åíèÿ èëè óìåíüøåíèÿ ÷èñëà çà-
ïðîñîâ l-ãî òèïà.

Àëãîðèòì âû÷èñëåíèÿ ìàòðèö Pi(·), Ai(·, ·), è Li(·, ·) ñëåäóåò èç ðå-
çóëüòàòîâ Â. Ðàìàñâàìè è Ä. Ëóêàíòîíè, îïóáëèêîâàííûõ â ñòàòüÿõ
[4, 5]. ×åòêî ïî øàãàì ýòîò àëãîðèòì îïèñàí â [6].

Ââåäåì îáîçíà÷åíèå Qn,n′ äëÿ èíòåíñèâíîñòåé ïåðåõîäîâ öåïè èç ñî-
ñòîÿíèé, ñîîòâåòñòâóùèõ çíà÷åíèþ n ïåðâîé êîìïîíåíòû, â ñîñòîÿíèÿ,
ñîîòâåòñòâóþùèå çíà÷åíèþ n′ ýòîé êîìïîíåíòû, n, n′ = 0, N.

Ëåììà 1. Èíôèíèòåçèìàëüíûé ãåíåðàòîð öåïè Ìàðêîâà ξt, t ⩾ 0,
èìååò áëî÷íóþ òðåõ-äèàãîíàëüíóþ ñòðóêòóðó

Q =



Q0,0 Q0,1 O . . . O O
Q1,0 Q1,1 Q1,2 . . . O O
O Q2,1 Q2,2 . . . O O
...

...
...

. . .
...

...
O O O . . . QN−1,N−1 QN−1,N

O O O . . . QN,N−1 QN,N


,

ãäå

Q0,0 = diag−{1
r
LR−r(R, S̃2), r = 1, R} ⊗ IW̄+

+diag{0, 1
r
Ar(R,S2), r = 1, R}⊕D0+diag{OR−1∑

r=0
C

M2−1

r+M2−1

, I
C

M2−1

R+M2−1
}⊗D2+

+diag+{Pr(β2), r = 0, R− 1} ⊗D2 +∆0;

Qn,n+1 = Pn(β1)⊗ I R∑
r=0

C
M2−1

r+M2−1

⊗D1, 0 ⩽ n ⩽ N − 1;

Qn,n−1 =
1

n
LN−n(N, S̃1)⊗ I R∑

r=0
C

M2−1

r+M2−1

⊗ IW̄ , 1 ⩽ n ⩽ N ;

Qn,n = I
C

M1−1

n+M1−1
⊗ diag−{1

r
LR−r(R, S̃2), r = 1, R} ⊗ IW̄+

+
1

n
An(N, S̃1)⊕ diag{0, 1

r
Ar(R,S2), r = 1, R} ⊕ (D0 + δn,ND1)+

+I
C

M1−1

n+M1−1
⊗ diag{OR−1∑

r=0
C

M2−1

r+M2−1

, I
C

M2−1

R+M2−1
} ⊗D2+

+I
C

M1−1

n+M1−1
⊗ diag+{Pr(β2), r = 0, R− 1} ⊗D2 +∆n, 1 ⩽ n ⩽ N,

ãäå ⊗(⊕) � ñèìâîë êðîíåêîðîâà ïðîèçâåäåíèÿ (ñóììû) ìàòðèö, ñì. [3],
δn,N � ñèìâîë Êðîíåêåðà, ∆n, n = 0, N,�äèàãîíàëüíûå ìàòðèöû, êîòî-
ðûå ñòðîÿòñÿ òàê, ÷òîáû âûïîëíÿëîñü ðàâåíñòâî Qe = 0T .
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4. Ñòàöèîíàðíîå ðàñïðåäåëåíèå. Õàðàêòåðèñòèêè
ïðîèçâîäèòåëüíîñòè

Â ñîîòâåòñòâèè ñ îïèñàííûì óïîðÿäî÷åíèåì ñîñòîÿíèé öåïè Ìàðêî-
âà ξt, ñôîðìèðóåì âåêòîðû-ñòðîêè pn, n = 0, N, ñòàöèîíàðíûõ âåðîÿò-
íîñòåé ñîñòîÿíèé öåïè. Ïðè áîëüøîì ðàçìåðå ñèñòåìû óðàâíåíèé äëÿ
ýòèõ âåðîÿòíîñòåé îíè ìîãóò áûòü âû÷èñëåíû ïî àëãîðèòìó, ðàçðàáî-
òàííîìó â [7]. Íà îñíîâå ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ìîæíî ïîëó÷èòü
ôîðìóëû äëÿ ðàñ÷åòà ñòàöèîíàðíûõ õàðàêòåðèñòèê ïðîèçâîäèòåëüíî-
ñòè ñèñòåìû. Íèæå ïðèâåäåíû íåêîòîðûå èç íèõ.
� Ñîâìåñòíîå ðàñïðåäåëåíèå ÷èñëà çàïðîñîâ 1 òèïà, íàõîäÿùèõñÿ íà

ïðèáîðå, ÷èñëà çàïðîñîâ 1 òèïà, íàõîäÿùèõñÿ íà ðàçëè÷íûõ ôàçàõ
îáñëóæèâàíèÿ, è ñîñòîÿíèé MMAP -ïîòîêà

p∗
n = pn(ICM1−1

n+M1−1
⊗ e R∑

r=0
C

M2−1

r+M2−1

⊗ IW̄ ), n = 0, N.

� Ðàñïðåäåëåíèå ÷èñëà çàïðîñîâ 1 òèïà â ñèñòåìå pn = p∗
ne, n = 0, N.

� Ñîâìåñòíîå ðàñïðåäåëåíèå ÷èñëà çàïðîñîâ 2 òèïà, íàõîäÿùèõñÿ íà
ïðèáîðå, ÷èñëà çàïðîñîâ 2 òèïà, íàõîäÿùèõñÿ íà ðàçëè÷íûõ ôàçàõ
îáñëóæèâàíèÿ, è ñîñòîÿíèé MMAP -ïîòîêà

q∗
r =

N∑
n=0

pn(I
(n,r) ⊗ IW̄ ), r = 0, R,

ãäå

I(n,r) =


O

C
M1−1

n+M1−1

r−1∑
m=0

C
M2−1

m+M2−1×C
M2−1

r+M2−1

e
C

M1−1

n+M1−1
⊗ I

C
M2−1

r+M2−1

O
C

M1−1

n+M1−1

R∑
m=r+1

C
M2−1

m+M2−1×C
M2−1

r+M2−1

 .

� Ðàñïðåäåëåíèå ÷èñëà çàïðîñîâ 2 òèïà â ñèñòåìå qr = q∗
re, r = 0, R.

� Âåðîÿòíîñòü ïîòåðè çàïðîñà k-ãî òèïà ðàññ÷èòûâàåòñÿ êàê

Ploss,k =
λk − φk

λk
, k = 1, 2,

ãäå λk � èíòåíñèâíîñòü ïîñòóïëåíèÿ çàïðîñîâ k-ãî òèïà âMMAP, φk

� èíòåíñèâíîñòü âûõîäÿùåãî ïîòîêà çàïðîñîâ k-ãî òèïà èç ñèñòåìû.
Çíà÷åíèå λk âû÷èñëÿåòñÿ êàê λk = θDke, ãäå âåêòîð θ åäèíñòâåí-
íîå ðåøåíèå ñèñòåìû θ(D0 + D1 + D2) = 0, θe = 1. Çíà÷åíèÿ φk

âû÷èñëÿþòñÿ êàê

φ1 =

N∑
n=1

p∗
n(ICM1−1

n+M1−1
⊗ eW̄ )

1

n
LN−n(N, S̃1)e,

φ2 =

R∑
r=1

q∗
r(ICM2−1

r+M2−1
⊗ eW̄ )

1

r
LR−r(R, S̃2)e.
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5. Çàêëþ÷åíèå

Â äàííîé ðàáîòå èññëåäîâàíî ñòàöèîíàðíîå ïîâåäåíèå ñèñòåìû ìàñ-
ñîâîãî îáñëóæèâàíèÿ ñ MMAP ïîòîêîì çàïðîñîâ äâóõ òèïîâ, ðàçäå-
ëåíèåì ïðîöåññîðà è îãðàíè÷åííûì ÷èñëîì ìåñò äëÿ çàïðîñîâ ðàçíûõ
òèïîâ. Ïîñòðîåíà ìíîãîìåðíàÿ öåïü Ìàðêîâà, îïèñûâàþùàÿ ïðîöåññ
ôóíêöèîíèðîâàíèÿ ñèñòåìû, ïîëó÷åíû îñíîâíûå õàðàêòåðèñòèêè ïðî-
èçâîäèòåëüíîñòè ñèñòåìû. Íà îñíîâàíèè ïîëó÷åííûõ ðåçóëüòàòîâ ìîãóò
áûòü íàéäåíû ïðåîáðàçîâàíèÿ Ëàïëàñà-Ñòèëòüåñà ðàñïðåäåëåíèÿ âðå-
ìåí ïðåáûâàíèÿ â ñèñòåìå çàïðîñîâ ðàçíûõ òèïîâ.
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ÒÀÍÄÅÌÍÀß ÑÈÑÒÅÌÀ ÌÀÑÑÎÂÎÃÎ
ÎÁÑËÓÆÈÂÀÍÈß BMAP/G/1 → ·/PH/N/R

Â.È. Êëèìåíîê, À.Í. Äóäèí, Î.Ñ. Äóäèíà

Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ìèíñê, Áåëàðóñü

Â äàííîé ðàáîòå èññëåäóåòñÿ òàíäåìíàÿ ñèñòåìà ìàññîâîãî îá-
ñëóæèâàíèÿ, ñîñòîÿùàÿ èç äâóõ ïîñëåäîâàòåëüíûõ ñòàíöèé.
Ïåðâàÿ ñòàíöèÿ ïðåäñòàâëåíà îäíîëèíåéíîé ñèñòåìîé ñ áåñêî-
íå÷íûì áóôåðîì, âòîðàÿ � ìíîãîëèíåéíîé ñèñòåìîé ñ êîíå÷-
íûì áóôåðîì. Çàïðîñû ïîñòóïàþò íà ïåðâóþ ñòàíöèþ â ãðóïïî-
âîì ìàðêîâñêîì ïîòîêå (îáùåïðèçíàííàÿ àááðåâèàòóðà BMAP
� Batch Markovian Arrival Process). Âðåìåíà îáñëóæèâàíèÿ íà
ïåðâîé ñòàíöèè ðàñïðåäåëåíû ïî ïðîèçâîëüíîìó çàêîíó, íà âòî-
ðîé ñòàíöèè � ïî ôàçîâîìó çàêîíó (îáùåïðèçíàííàÿ àááðåâèà-
òóðà PH � Phase Type distribution). Â ñèòóàöèè, êîãäà ïðîìåæó-
òî÷íûé áóôåð ìåæäó ñòàíöèÿìè çàïîëíåí â ìîìåíò îêîí÷àíèÿ
îáñëóæèâàíèÿ çàïðîñà íà ïåðâîé ñòàíöèè, ýòîò çàïðîñ òåðÿåòñÿ
èëè áëîêèðóåò ïðèáîð ïåðâîé ñòàíöèè äî òåõ ïîð, ïîêà íå çà-
êîí÷èòñÿ îáñëóæèâàíèå íà îäíîì èç ïðèáîðîâ âòîðîé ñòàíöèè.
Ïîëó÷åíî óñëîâèå ñóùåñòâîâàíèÿ ñòàöèîíàðíîãî ðåæèìà â ñè-
ñòåìå, ñòàöèîíàðíûå ðàñïðåäåëåíèÿ ñîñòîÿíèé âî âëîæåííûå è
ïðîèçâîëüíûå ìîìåíòû âðåìåíè, ðÿä õàðàêòåðèñòèê ïðîèçâîäè-
òåëüíîñòè ñèñòåìû.
Êëþ÷åâûå ñëîâà: Òàíäåìíàÿ ñèñòåìà ìàññîâîãî îáñëóæè-
âàíèÿ, ãðóïïîâîé ìàðêîâñêèé ïîòîê, ïðîìåæóòî÷íûé áóôåð,
ñòàöèîíàðíîå ðàñïðåäåëåíèå.

1. Ââåäåíèå

Ìíîãîôàçíûå (òàíäåìíûå) ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ (ÑÌÎ)
ÿâëÿþòñÿ ïðîñòåéøèìè âèäàìè ñåòåé ìàññîâîãî îáñëóæèâàíèÿ è íà-
õîäÿò áîëüøîé èíòåðåñ ñðåäè èññëåäîâàòåëåé â îáëàñòè òåîðèè ìàññî-
âîãî îáñëóæèâàíèÿ è òåëåêîììóíèêàöèé. Ðàííèå ðàáîòû â ýòîé îáëà-
ñòè ïîñâÿùåíû, â îñíîâíîì, ñèñòåìàì ñî ñòàöèîíàðíûì ïóàññîíîâñêèì
ïîòîêîì è ýêñïîíåíöèàëüíî ðàñïðåäåëåííûì âðåìåíåì îáñëóæèâàíèÿ,
ñì., íàïðèìåð, [1]. Â ïîñëåäíèå äåñÿòèëåòèÿ ïîÿâèëèñü ðàáîòû ïî òàí-
äåìíûì ÑÌÎ, êîòîðûå ó÷èòûâàþò êîððåëèðîâàííûé õàðàêòåð âõîä-
íûõ ïîòîêîâ è íåýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå âðåìåí îáñëóæèâà-
íèÿ íà ñòàíöèÿõ. Â ÷àñòíîñòè, èçâåñòíû ðàáîòû, â êîòîðûõ âõîäíîé
ïîòîê ÿâëÿåòñÿ MAP , äîïóñêàåòñÿ ïðîèçâîëüíîå ðàñïðåäåëåíèå âðåìå-
íè îáñëóæèâàíèÿ íà âòîðîé ñòàíöèè, à áóôåð ïåðâîé ñòàíöèè êîíå÷åí.
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Òàêîãî ðîäà ñèñòåìû ðàññìîòðåíû â ñåðèè ðàáîò À. Ãîìåç-Êîððàëà (Èñ-
ïàíèÿ), ñì., íàïðèìåð, [2]. Îòíîñèòåëüíàÿ ïðîñòîòà èññëåäîâàíèÿ òà-
êèõ ñèñòåì îáúÿñíÿåòñÿ òåì, ÷òî ïåðâàÿ ñòàíöèÿ îïèñûâàåòñÿ ÑÌÎ òè-
ïà MAP/PH/1/N. Äëÿ òàêîé ÑÌÎ âõîäÿùèé ïîòîê íà âòîðóþ ñòàí-
öèþ ÿâëÿåòñÿ ïîääàþùèìñÿ ôîðìàëüíîìó îïèñàíèþ MAP ïîòîêîì.
Åñëè æå ïðîèçâîëüíîå ðàñïðåäåëåíèå âðåìåíè îáñëóæèâàíèÿ äîïóñêà-
åòñÿ èìåííî íà ïåðâîé ñòàíöèè, àíàëèç ñèñòåìû óñëîæíÿåòñÿ, ïîýòîìó
çíà÷èòåëüíàÿ ÷àñòü ñóùåñòâóþùèõ ðàáîò ïðåäïîëàãàåò äåêîìïîçèöèþ
òàíäåìà è ïðèáëèæåííûé àíàëèç âûõîäÿùåãî ïîòîêà èç ïåðâîé ñòàíöèè.
Òî÷íûé àíàëèòè÷åñêèé àíàëèç äóàëüíûõ òàíäåìîâ, ó êîòîðûõ ïåðâàÿ
ñòàíöèÿ ïðåäñòàâëåíà ñèñòåìîé òèïà BMAP/G/1 èëè BMAP/G/1/N ,
ïðîâîäèòñÿ íà îñíîâå èñïîëüçîâàíèÿ ìåòîäà âëîæåííûõ öåïåé Ìàðêîâà
ñ ïîñëåäóþùèì ïðèìåíåíèåì àïïàðàòà ïðîöåññîâ ìàðêîâñêîãî âîññòà-
íîâëåíèÿ. Òàêîé àíàëèç èñïîëüçóåòñÿ â ðàáîòàõ ó÷åíûõ Áåëîðóññêîé
øêîëû ìàññîâîãî îáñëóæèâàíèÿ, äëÿ ññûëîê ñì., íàïðèìåð, ìîíîãðà-
ôèþ [3].

Â äàííîé ðàáîòå ìû îáîáùàåì ðåçóëüòàòû [4], ãäå èññëåäîâàíà òàí-
äåìíàÿ ÑÌÎ BMAP/G/1 → •/M/N/R íà ñëó÷àé ôàçîâîãî ðàñïðåäå-
ëåíè âðåìåíè îáñëóæèâàíèÿ íà âòîðîé ñòàíöèè.

2. Ìàòåìàòè÷åñêàÿ ìîäåëü

Ðàññìàòðèâàåòñÿ òàíäåìíàÿ ñèñòåìà BMAP/G/1 → •/PH/N/R.
Ïåðâàÿ ñòàíöèÿ îáðàçîâàíà îäíîëèíåéíîé ÑÌÎ ñ îæèäàíèåì. Â ñèñòåìó
ïîñòóïàåò BMAP -ïîòîê çàïðîñîâ, çàäàííûé óïðàâëÿþùèì ïðîöåññîì
νt, t ⩾ 0, c ïðîñòðàíñòâîì ñîñòîÿíèé {0, ...,W} è ìàòðè÷íîé ïðîèçâî-

äÿùåé ôóíêöèåé D(z) =
∞∑
k=0

Dkz
k, |z| ⩽ 1. Ñðåäíÿÿ èíòåíñèâíîñòü ïî-

ñòóïëåíèÿ çàïðîñîâ â BMAP âû÷èñëÿåòñÿ ïî ôîðìóëå λ = θD′(1)e, ãäå
θ åñòü åäèíñòâåííîå ðåøåíèå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâ-
íåíèé θD(1) = 0,θe = 1. Çäåñü 0 åñòü âåêòîð-ñòðîêà, ñîñòàâëåííûé èç
íóëåé è e åñòü âåêòîð-ñòîëáåö, ñîñòàâëåííûé èç åäèíèö. Áîëåå ïîäðîá-
íîå îïèñàíèå BMAP ìîæíî íàéòè, íàïðèìåð, â [3], [5].

Åñëè ãðóïïà çàïðîñîâ ðàçìåðà k ⩾ 1 ïîñòóïàåò â ñèñòåìó è çàñòà-
åò îáñëóæèâàþùèé ïðèáîð ñâîáîäíûì, òî îäèí èç çàïðîñîâ íà÷èíàåò
îáñëóæèâàòüñÿ, à îñòàëüíûå ðàñïîëàãàþòñÿ â î÷åðåäè íåîãðàíè÷åííîé
äëèíû. Åñëè ïðèáîð çàíÿò â ìîìåíò ïîñòóïëåíèÿ ãðóïïû, òî âñå çàïðî-
ñû ýòîé ãðóïïû ñòàíîâÿòñÿ â êîíåö î÷åðåäè. Âðåìåíà îáñëóæèâàíèÿ
çàïðîñîâ íà ïðèáîðå ïåðâîé ñòàíöèè ÿâëÿþòñÿ íåçàâèñèìûìè ñëó÷àé-
íûìè âåëè÷èíàìè ñ ôóíêöèåé ðàñïðåäåëåíèÿ B(t) è êîíå÷íûì ïåðâûì

ìîìåíòîì b1 =
∞∫
0

tdB(t). Ïîñëå îáñëóæèâàíèÿ íà ïåðâîé ñòàíöèè çàïðîñ
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ïîñòóïàåò íà âòîðóþ ñòàíöèþ, îáðàçîâàííóþ N -ëèíåéíîé ñèñòåìîé ñ
êîíå÷íûì áóôåðîì ðàçìåðà R.

Âðåìÿ îáñëóæèâàíèÿ ïðèáîðîì âòîðîé ñòàíöèè èìååò PH ðàñïðå-
äåëåíèå M -ãî ïîðÿäêà, çàäàííîå íåïðèâîäèìûì ïðåäñòàâëåíèåì (β, S).
Çäåñü âåêòîð-ñòðîêà β çàäàåò ïåðâîíà÷àëüíîå ðàñïðåäåëåíèå ôàç îá-
ñëóæèâàíèÿ, ìàòðèöà S- èíòåíñèâíîñòè ïåðåõîäîâ óïðàâëÿþùåãî îá-
ñëóæèâàíèåì ìàðêîâñêîãî ïðîöåññà ìåæäó åãî ñîñòîÿíèÿìè (ôàçàìè),
âåêòîð S0 = −Se � èíòåíñèâíîñòè ïåðåõîäîâ, ïðèâîäÿùèå ê îêîí÷àíèþ
îáñëóæèâàíèÿ. Ïîäðîáíóþ èíôîðìàöèþ î PH ðàñïðåäåëåíèè ìîæíî
íàéòè, íàïðèìåð, â [6]. Ïðè îòñóòñòâèè ñâîáîäíîãî ìåñòà â áóôåðå ñ âå-
ðîÿòíîñòüþ p, 0 ⩽ p ⩽ 1, çàïðîñ óõîäèò èç ñèñòåìû íåäîîáñëóæåííûì
(òåðÿåòñÿ), à ñ âåðîÿòíîñòüþ 1− p ïðèáîð ïåðâîé ñòàíöèè áëîêèðóåòñÿ
è íå îáñëóæèâàåò ñëåäóþùèé çàïðîñ äî áëèæàéøåãî îêîí÷àíèÿ îáñëó-
æèâàíèÿ íà âòîðîé ñòàíöèè.

3. Ñòàöèîíàðíîå ðàñïðåäåëåíèå âëîæåííîé öåïè Ìàðêîâà

Ïóñòü tn � n-é ìîìåíò îêîí÷àíèÿ îáñëóæèâàíèÿ íà ïåðâîé ñòàíöèè,

n ⩾ 1. Ðàññìîòðèì ïðîöåññ ξn = {in, ln,m(1)
n , . . . ,m

(min{ln,N})
n , νn}, n ⩾

1, ãäå in � ÷èñëî çàïðîñîâ íà ïåðâîé ñòàíöèè (íå âêëþ÷àÿ çàïðîñ, âû-
çâàâøèé áëîêèðîâêó) â ìîìåíò âðåìåíè tn + 0; ln � ÷èñëî çàïðîñîâ

íà âòîðîé ñòàíöèè â ìîìåíò âðåìåíè tn − 0; m
(h)
n � ôàçà îáñëóæè-

âàíèÿ íà h-ì çàíÿòîì ïðèáîðå âòîðîé ñòàíöèè â ìîìåíò âðåìåíè tn;
νn � ñîñòîÿíèå BMAP â ìîìåíò âðåìåíè tn, in ⩾ 0, ln = 0, N +R,

m
(h)
n = 0,M, h = 1,min{ln, N}; νn = 0,W .
Ëåììà 1. Ìàòðèöà âåðîÿòíîñòåé ïåðåõîäîâ öåïè Ìàðêîâà ξn, n ⩾

1, èìååò áëî÷íóþ ñòðóêòóðó âèäà

P =


V0 V1 V2 V3 . . .
Y0 Y1 Y2 Y3 . . .
O Y0 Y1 Y2 . . .
O O Y0 Y1 . . .
...

...
...

...
. . .

 ,

ãäå

Vi =

i+1∑
k=1

[−Q̂(∆⊕D0)
−1D̃k +(1− p)Q2 ⊗

∞∫
0

eS
⊕N tS⊕N

0 ⊗P (k, t)dt]Ωi−k+1,

Yi = Q̄Ωi + (1− p)[Q2 ⊗
i∑

k=0

∞∫
0

eS
⊕N tS⊕N

0 ⊗ P (k, t)dt]Ωi−k, i ⩾ 0.

Çäåñü Q̄ = Q̃1 + pQ̃2; Q̂ = Q̄ − (1 − p)Q2 ⊗ [(S⊕N ⊕ D0)]
−1[S⊕N

0 ⊗
IW̄ ]; Q̃1 � áëî÷íàÿ êâàäðàòíàÿ ìàòðèöà ïîðÿäêà K(W + 1), ãäå K =
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1−MN+1

1−M + RMN , ó êîòîðîé íàääèàãîíàëüíûå áëîêè îïðåäåëÿþòñÿ êàê

Imin{r,N}(W+1), r = 0, N +R, à îñòàëüíûå ýëåìåíòû ðàâíû íóëþ; Q2�

êâàäðàòíàÿ ìàòðèöà ïîðÿäêà N+R+1 âèäà diag{0, . . . , 0, 1} Q̃2 � êâàä-
ðàòíàÿ ìàòðèöà ïîðÿäêà K(W +1), ó êîòîðîé âñå ýëåìåíòû íóëåâûå,
êðîìå ïîñëåäíåãî äèàãîíàëüíîãî áëîêà, ðàâíîãî IMN (W+1); ∆� êâàäðàò-
íàÿ áëî÷íî-äâóõäèàãîíàëüíàÿ ìàòðèöà ïîðÿäêà K, äèàãîíàëüíûå áëîêè
êîòîðîé îïðåäåëÿþòñÿ êàê S⊕min{r,N}, à ïîääèàãîíàëüíûå áëîêè êàê

S
⊕min{r,N}
0 , r = 0, N +R; D̃k=IK⊗Dk, Ωk =

∞∫
0

e∆t⊗P (k, t)dB(t), k ⩾

0; ìàòðèöû P (k, t) îïðåäåëÿþòñÿ êàê êîýôôèöèåíòû ðàçëîæåíèÿ

eD(z)t =
∞∑
k=0

P (k, t)zk, |z| ⩽ 1.

Ñëåäñòâèå 1 Öåïü Ìàðêîâà ξn, n ⩾ 1, ïðèíàäëåæèò êëàññó êâàçè-
òåïëèöåâûõ öåïåé Ìàðêîâà, ñì. [3, 7].

Òåîðåìà 1. Íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ñóùåñòâîâà-
íèÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ÖÌ ξn, n ⩾ 1, ÿâëÿåòñÿ âûïîëíåíèå
íåðàâåíñòâà ρ < 1, ãäå ρ = λ[b1+(1− p)x̂(−S⊕Ne], x̂ � âåêòîð-ñòðîêà,
êîìïîíåíòàìè êîòîðîãî ÿâëÿþòñÿ ïîñëåäíèå MN êîìïîíåíò âåêòîðà
x, êîòîðûé ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì ÑËÀÓ

x(Q1 +Q2)

∞∫
0

e∆tdB(t) = x, xe = 1,

ãäå ìàòðèöû Q1,Q2 èìåþò òîò æå âèä, ÷òî è ìàòðèöû Q̃1, Q̃2,
òîëüêî ïîðÿäîê êàæäîãî èç áëîêîâ óìåíüøåí â W + 1 ðàç.

Îáîçíà÷èì ñòàöèîíàðíûå âåðîÿòíîñòè ñîñòîÿíèé öåïè Ìàðêîâà
ξt, t ≥ 0, êàê π(i, l,m(1), . . . ,m(min{l,N}), ν), ïåðåíóìåðóåì ýòè âåðîÿò-
íîñòè â ëåêñèêîãðàôè÷åñêîì ïîðÿäêå è ââåäåì âåêòîðû πi, i ⩾ 0, ýòèõ
âåðîÿòíîñòåé. Ýòè âåêòîðû íàõîäÿòñÿ ñ èñïîëüçîâàíèåì àëãîðèòìà, îïè-
ñàííîãî â [3, 7].

4. Còàöèîíàðíîå ðàñïðåäåëåíèå â ïðîèçâîëüíûé ìîìåíò
âðåìåíè

Ðàññìîòðèì ïðîöåññ ζt = {it, jt, lt,m(1)
t , . . . ,m

(min{lt,N})
t , νt}, t ≥ 0,

ãäå it � ÷èñëî çàïðîñîâ íà ïåðâîé ñòàíöèè (íå âêëþ÷àÿ çàïðîñ, âûçâàâ-
øèé áëîêèðîâêó); jt− âåëè÷èíà, ïðèíèìàþùàÿ çíà÷åíèÿ 0, 1, 2 â çàâè-
ñèìîñòè îò òîãî, ñâîáîäåí, îáñëóæèâàåò çàïðîñ èëè áëîêèðîâàí ïðèáîð

ïåðâîé ñòàíöèè; lt � ÷èñëî çàïðîñîâ íà âòîðîé ñòàíöèè; m
(h)
t � ôàçà

îáñëóæèâàíèÿ íà h-ì çàíÿòîì ïðèáîðå âòîðîé ñòàíöèè; νt � ñîñòîÿíèå
BMAP â ìîìåíò âðåìåíè t.

Îáîçíà÷èì ñòàöèîíàðíûå âåðîÿòíîñòè ñîñòîÿíèé ïðîöåññà ζt, t ≥ 0,
êàê p(i, j, l, m(1), . . . ,m(min{l,N}, ν), ïåðåíóìåðóåì ýòè âåðîÿòíîñòè â ëåê-
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ñèêîãðàôè÷åñêîì ïîðÿäêå è ââåäåì âåêòîðû pi(j), i ⩾ 0, j = 0, 1, 2, ýòèõ
âåðîÿòíîñòåé.

Òåîðåìà 2. Âåêòîðû ñòàöèîíàðíûõ âåðîÿòíîñòåé pi(j), i ⩾
0, j = 0, 1, 2, âûðàæàþòñÿ ÷åðåç âåêòîðû ñòàöèîíàðíîãî ðàñïðåäåëå-
íèÿ πi, i ⩾ 0, âëîæåííîé öåïè Ìàðêîâà ξn, n ⩾ 1, ñëåäóþùèì îáðàçîì:

p0(0) = −λπ0Q̂(∆⊕D0)
−1,

pi(1)=λ{π0

i∑
k=1

[−Q̂(∆⊕D0)
−1D̃k+(1−p)Q2⊗

∞∫
0

eS
⊕N tS⊕N

0 ⊗P (k, t)dt]Ω̃i−k+

+

i∑
l=1

πl[Q̄Ω̃i−l + (1− p)(Q2 ⊗
i−l∑
k=0

∞∫
0

eS
⊕N tS⊕N

0 ⊗ P (k, t)dt)Ω̃i−k−l]},

pi(2) = λ(1− p)

i−1∑
l=0

πl[Q2 ⊗
∞∫
0

eS
⊕N t ⊗ P (i− l − 1, t)dt],

ãäå Ω̃k =
∞∫
0

e∆t ⊗ P (k, t)(1−B(t))dt, k ⩾ 0.

5. Õàðàêòåðèñòèêè ïðîèçâîäèòåëüíîñòè ñèñòåìû

Ââåäåì îáîçíà÷åíèÿ pi = pi(0) + pi(1) + pi(2), i ⩾ 0, P (z) =
∞∑
i=0

piz
i, |z| ⩽ 1. Ïðèâåäåì ôîðìóëû äëÿ íåêîòîðûõ õàðàêòåðèñòèê

ñèñòåìû. Ñðåäíåå ÷èñëî çàïðîñîâ íà ïåðâîé ñòàíöèè L1 = P ′(1)e.
Ñðåäíåå ÷èñëî çàïðîñîâ íà âòîðîé ñòàíöèè L2 = P (1)(IK ⊗ eW̄ )R1e,
ãäå R1 = diag {rIMmin{r,N} , r = 0, N +R }. Ñðåäíåå ÷èñëî çàíÿòûõ
ïðèáîðîâ íà âòîðîé ñòàíöèè Nbusy = P (1)(IK ⊗ eW̄ )R2e, ãäå R2 =
diag{rIMmin{r,N} , r = 0, 1, . . . , N,N, . . . , N}. Ñðåäíåå ÷èñëî çàíÿòûõ ìåñò
â êîíå÷íîì áóôåðå Nbuffer = P (1)(IK ⊗ eW̄ )R3e, ãäå

R3 = diag{O 1−MN+1

1−M

, IMN , 2IMN , . . . , RIMN }.

Âåðîÿòíîñòè òîãî, ÷òî ïðîèçâîëüíûé çàïðîñ áóäåò ïîòåðÿí èëè âû-
çîâåò áëîêèðîâêó ïðèáîðà ïîñëå îáñëóæèâàíèÿ íà ïåðâîé ñòàíöèè
Ploss = pΠ(1)Q̃2e, Pblock = (1 − p)Π(1)Q̃2e. Âåðîÿòíîñòè

Pidle, Pserve, P
(server)
block òîãî, ÷òî ïðèáîð ïåðâîé ñòàíöèè ñâîáîäåí, çàíÿò

îáñëóæèâàíèåì èëè çàáëîêèðîâàí

Pidle = λπ0Q̂(−D̃0)
−1e, Pserve = λb1, P

(server)
block = 1− Pidle − Pserve.
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6. Çàêëþ÷åíèå

Â äàííîé ðàáîòå èññëåäîâàíà òàíäåìíàÿ ñèñòåìà ìàññîâîãî îáñëóæè-
âàíèÿ BMAP/G/1 → •/PH/N/R. Â îòëè÷èå îò ïðåäûäóùèõ ðàáîò ïî
èññëåäîâàíèþ òàêîãî ðîäà ñèñòåì, ìû ïðåäïîëàãàåì, ÷òî ðàñïðåäåëåíèå
âðåìåíè îáñëóæèâàíèÿ íà âòîðîé ñòàíöèè íå ÿâëÿåòñÿ ýêñïîíåíöèàëü-
íûì. Îíî âðåìÿ ðàñïðåäåëåíî ïî äîâîëüíî îáùåìó ôàçîâîìó çàêîíó.
Ïðîöåññ ôóíêöèîíèðîâàíèÿ ñèñòåìû îïèñàí â òåðìèíàõ ìíîãîìåðíîé
öåïè Ìàðêîâà. Ïîëó÷åíû óñëîâèå åå ýðãîäè÷íîñòè, ñòâöèîíàðíîå ðàñ-
ïðåäåëåíèå ñîñòîÿíèé ñèñòåìû â ìîìåíòû îêîí÷àíèÿ îáñëóæèâàíèÿ íà
ïåðâîé ñòàíöèè è â ïðîèçâîëüíûå ìîìåíòû âðåìåíè. Ïîëó÷åííûå ðàñ-
ïðåäåëåíèÿ èñïîëüçîâàíû ïðè âûâîäå ôîðìóë äëÿ ðÿäà õàðàêòåðèñòèê
ïðîèçâîäèòåëüíîñòè ñèñòåìû. Ðåçóëüòàòû èññëåäîâàíèÿ ìîãóò áûòü èñ-
ïîëüçîâàíû äëÿ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ òåëåêîììóíèêàöèîí-
íûõ ñåòåé è èõ ôðàãìåíòîâ.
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Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Íèæåãîðîäñêèé ãîñóäàðñòâåííûé

óíèâåðñèòåò èì. Í.È. Ëîáà÷åâñêîãî, ã. Íèæíèé Íîâãîðîä, Ðîññèÿ

Â ðàáîòå îïèñàíà ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ íåîðäèíàð-
íûõ ïóàññîíîâñêèõ ïîòîêîâ ñ ïîìîùüþ êèáåðíåòè÷åñêîãî ïîä-
õîäà Ëÿïóíîâà�ßáëîíñêîãî. Ìîäåëüþ òàêîé ñèñòåìû ÿâëÿåò-
ñÿ ìíîãîìåðíàÿ öåïü Ìàðêîâà. Àíàëèòè÷åñêèå ñâîéñòâà äàííîé
ìàðêîâñêîé öåïè áûëè èçó÷åíû â ïðåäûäóùèõ ðàáîòàõ àâòîðîâ.
Â ýòîé ðàáîòå áûëà ïîñòðîåíà èìèòàöèîííàÿ ìîäåëü ñèñòåìû.
Èññëåäîâàí ïåðåõîäíûé ïðîöåññ è ïðåäëîæåí àëãîðèòì ïîèñêà
ìîìåíòà îêîí÷àíèÿ ïåðåõîäíîãî ïðîöåññà. Ñ ïîìîùüþ ÷èñëåí-
íîé îïòèìèçàöèè áûëè íàéäåíû êâàçèîïòèìàëüíûå ïàðàìåòðû
ñèñòåìû ïî óñëîâèþ ìèíèìóìà ñðåäíåãî âðåìåíè îæèäàíèÿ îá-
ñëóæèâàíèÿ.
Êëþ÷åâûå ñëîâà: Êîíôëèêòíûå ïîòîêè, êèáåðíåòè÷åñêàÿ
ñèñòåìà, èìèòàöèîííîå ìîäåëèðîâàíèå, êâàçèîïòèìàëüíûå
ïàðàìåòðû.

Ââåäåíèå

Äàííàÿ ðàáîòà ñâÿçàíà ñ âàæíîé ïðîáëåìîé ñîçäàíèÿ àëãîðèòìîâ
â èíòåëëåêòóàëüíûõ òðàíñïîðòíûõ ñèñòåìàõ, êîòîðûå óïðàâëÿþò êîí-
ôëèêòíûìè ïîòîêàìè [1] íà ïåðåñå÷åíèÿõ ìàãèñòðàëåé â êðóïíûõ ãî-
ðîäàõ. Ïðåäëàãàåòñÿ àäàïòèâíûé àëãîðèòì óïðàâëåíèÿ òàêîãî ðîäà ïî-
òîêàìè. Àëãîðèòì óïðàâëåíèÿ ó÷èòûâàåò íå òîëüêî äëèíû î÷åðåäåé,
íî è î÷åðåäíîñòü ïîñòóïëåíèÿ òðåáîâàíèé â ñèñòåìó. Ïîñòðîåíà è èçó-
÷åíà ìàòåìàòè÷åñêàÿ ìîäåëü òàêîé ñèñòåìû óïðàâëåíèÿ ïîòîêàìè èç
íåîäíîðîäíûõ òðåáîâàíèé.

Â êà÷åñòâå âõîäíûõ ïîòîêîâ ðàññìîòðåíû äâà íåçàâèñèìûõ êîí-
ôëèêòíûõ íåîðäèíàðíûõ ïóàññîíîâñêèõ ïîòîêà Π1 è Π2. Ïðè t0 ≥ 0,
t > 0 è j = 1, 2 ïîëó÷åíà âåðîÿòíîñòü Pj(t, k) ïîñòóïëåíèÿ k òðåáîâàíèé
çà ïðîìåæóòîê âðåìåíè [t0, t0 + t) ïî ïîòîêó Πj ñëåäóþùåãî âèäà

Pj(t, k) = e−λjt

[k/2]∑
n=0

αn
j

(λjtpj)
k−n

n!(k − 2n)!
+ (1)
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+ e−λjt

[k/2]∑
n=0

αn
j

min{k−2n,n}∑
m=1

βm
j

k−2n−m∑
l=0

γlj
(λjtpj)

k−n−m−lCl
m+l−1

(n−m)!m!(k − 2n−m− l)!
,

ãäå αj , βj , γj , λj è pj = (1 + αj + αjβj/(1 − γj))
−1 � ïàðàìåòðû ðàñ-

ïðåäåëåíèÿ. Ñâîéñòâà òàêèõ ïîòîêîâ ñ íåîäíîðîäíûìè òðåáîâàíèÿìè
èçó÷åíû â [2]. Àäåêâàòíîñòü ïðåäñòàâëåíèÿ ðåàëüíûõ ïîòîêîâ ñ ïîìî-
ùüþ ðàñïðåäåëåíèÿ âèäà (1) ïîêàçàíà íà ïðèìåðàõ òàáëèö èç [3].

1. Ìàòåìàòè÷åñêàÿ ìîäåëü óïðàâëÿþùåé ñèñòåìû

Äëÿ ïîñòðîåíèÿ è îïèñàíèÿ ìàòåìàòè÷åñêîé ìîäåëè äèñêðåòíîé ñè-
ñòåìû àäàïòèâíîãî óïðàâëåíèÿ êîíôëèêòíûìè ïîòîêàìè è îáñëóæè-
âàíèÿ íåîäíîðîäíûõ òðåáîâàíèé èñïîëüçóåòñÿ êèáåðíåòè÷åñêèé ïîäõîä
Ëÿïóíîâà-ßáëîíñêîãî [4]. Ïðèìåíåíèå äàííîãî ïîäõîäà ê èçó÷àåìîé ñè-
ñòåìå ïîäðîáíî îïèñàíî â [1].

Ñîãëàñíî êèáåðíåòè÷åñêîìó ïîäõîäó áóäåì ðàññìàòðèâàòü ñèñòåìó
â ñëó÷àéíûå äèñêðåòíûå ìîìåíòû âðåìåíè τi èëè íà ïðîìåæóòêàõ
[τi, τi+1) ïðè i = 0, 1, . . . Çäåñü âåëè÷èíà τ0 � íà÷àëüíûé ìîìåíò âðåìå-
íè, à τi, i > 0�ìîìåíòû ñìåíû ñîñòîÿíèé îáñëóæèâàþùåãî óñòðîéñòâà.
Ïóñòü y0 = (0, 0), y1 = (1, 0), y2 = (0, 1) è X � öåëî÷èñëåííàÿ îäíîìåð-
íàÿ íåîòðèöàòåëüíàÿ ðåøåòêà. Òåïåðü îïðåäåëèì ñëåäóþùèå ñëó÷àéíûå
âåëè÷èíû è ýëåìåíòû: 1) Γi ∈ Γ = {Γ(1),Γ(2), . . . ,Γ(8)} � ñîñòîÿíèå îá-
ñëóæèâàþùåãî óñòðîéñòâà íà ïðîìåæóòêå [τi, τi+1); 2) ηj,i ∈ X � ÷èñëî
çàÿâîê ïîòîêà Πj , ïîñòóïèâøèõ â ñèñòåìó çà ïðîìåæóòîê [τi, τi+1), è
ηi = (η1,i, η2,i); 3) η

′
i � ñëó÷àéíûé âåêòîð, ïðèíèìàþùèé çíà÷åíèå y0,

åñëè â ñèñòåìó íà i-îì òàêòå [τi, τi+1) íå ïîñòóïèëî íè îäíîé çàÿâêè,
è çíà÷åíèå yj , åñëè íà i-îì òàêòå ïåðâîé ïðèøëà çàÿâêà (èëè çàÿâêè)
ïîòîêà Πj ; 4) κj,i ∈ X � ÷èñëî çàÿâîê ïîòîêà Πj , êîòîðûå íàõîäÿòñÿ
â ñèñòåìå â ìîìåíò τi, è κi = (κ1,i,κ2,i); 5) ξj,i � ìàêñèìàëüíî âîç-
ìîæíîå ÷èñëî çàÿâîê ïîòîêà Πj , êîòîðûå ñèñòåìà ìîæåò îáñëóæèòü íà
èíòåðâàëå [τi, τi+1), è ξi = (ξ1,j , ξ2,j).

Îïðåäåëèì òåïåðü ïîñëåäîâàòåëüíîñòü {τi; i > 0} ìîìåíòîâ ñìåíû
ñîñòîÿíèé îáñëóæèâàþùåãî óñòðîéñòâà. Ñ ýòîé öåëüþ ïðèâåäåì ñî-
äåðæàòåëüíûé ñìûñë êàæäîãî ñîñòîÿíèÿ èç ìíîæåñòâà Γ. Ñîñòîÿíèå
Γ(3j−2) ñîîòâåòñòâóåò ïåðâîìó ýòàïó ïåðèîäà îáñëóæèâàíèÿ ïîòîêà Πj .
Äëèòåëüíîñòü îáñëóæèâàíèÿ îäíîé çàÿâêè, ïîñòóïèâøåé èç íàêîïèòå-
ëÿ, ðàâíà ïîñòîÿííîé âåëè÷èíå µ−1

j,1 . Äëèòåëüíîñòü ïðåáûâàíèÿ â Γ
(3j−2)

ðàâíà T3j−2. Ñîñòîÿíèå Γ
(3j−1) ñîîòâåòñòâóåò âòîðîìó ýòàïó ïåðèîäà îá-

ñëóæèâàíèÿ ïîòîêà Πj . Äëèòåëüíîñòü îáñëóæèâàíèÿ îäíîé çàÿâêè ðàâ-
íà âåëè÷èíå µ−1

j,2 < µ−1
j,1 . Äëèòåëüíîñòü ïðåáûâàíèÿ â ýòîì ñîñòîÿíèè

ÿâëÿåòñÿ ñëó÷àéíîé âåëè÷èíîé, ïðèíèìàþùåé çíà÷åíèÿ èç ìíîæåñòâà
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{kT3j−1; k = 1, nj}, ãäå nj � ìàêñèìàëüíîå ÷èñëî ïðîäëåíèé è T3j−1

� äëèòåëüíîñòü îäíîãî ïðîäëåíèÿ. Ïðîäëåíèå ïðîèñõîäèò â 2 ñëó÷àÿõ:
1) äëèíà î÷åðåäè ïî ïîòîêó Πj íå ìåíüøå çàäàííîãî öåëî÷èñëåííîãî
ïàðàìåòðà Kj > 0, 2) íà ïðåäûäóùåì ýòàïå ïðîäëåíèé ïîñòóïèëè òðå-
áîâàíèÿ, êîòîðûå íåîáõîäèìî îáñëóæèòü. Ñîñòîÿíèå Γ(3j) ñîîòâåòñòâóåò
ðåæèìó ïåðåíàëàäêè äëÿ ïîòîêà Πj , âî âðåìÿ êîòîðîãî âîçìîæíî òîëü-
êî äîîáñëóæèâàíèå òðåáîâàíèé ïîòîêà Πj . Äëèòåëüíîñòü ïðåáûâàíèÿ â
ýòîì ñîñòîÿíèè ðàâíà T3j . Ñîñòîÿíèå Γ

(6+j) ñîîòâåòñòâóåò ïåðâîìó ýòàïó
ïåðèîäà îáñëóæèâàíèÿ ïîòîêà Πj , â ñëó÷àå, êîãäà âîçìîæåí ìãíîâåí-
íûé ïåðåõîä â ñîñòîÿíèå Γ(3j). Äëèòåëüíîñòü ïðåáûâàíèÿ â Γ(6+j) ÿâ-
ëÿåòñÿ ñëó÷àéíîé âåëè÷èíîé. Ìàêñèìàëüíîå âðåìÿ ïðåáûâàíèÿ â ýòîì
ñîñòîÿíèè ðàâíî T3j−2. Â äàííîì ñîñòîÿíèè î÷åðåäü ïî îáñëóæèâàåìî-
ìó ïîòîêó ïóñòà, è îáñëóæèâàþùåå óñòðîéñòâî ñëåäèò çà î÷åðåäíîñòüþ
ïðèõîäà çàÿâîê. Åñëè çà âðåìÿ T3j−2 ïåðâîé ïðèøëà çàÿâêà ïîòîêà Πj ,
òî ÷åðåç T3j−2 îò ìîìåíòà τi ïðîèçîéäåò ïåðåõîä â ñîñòîÿíèå Γ(3j−1).
Åñëè ïåðâîé ïðèøëà çàÿâêà äðóãîãî ïîòîêà, òî ïðîèçîéäåò ìãíîâåííûé
ïåðåõîä â ñîñòîÿíèå Γ(3j). È, íàêîíåö, åñëè çà ýòî âðåìÿ íå ïîñòóïèò íè
îäíîé çàÿâêè ïî îáîèì ïîòîêàì, òî îáñëóæèâàþùåå óñòðîéñòâî òàêæå
ïåðåêëþ÷èòñÿ â ñîñòîÿíèå â Γ(3j). Ïîñòîÿííûå âåëè÷èíû Tk, k = 1, 6,
öåëåñîîáðàçíî âûáðàòü â ñëåäóþùåì âèäå

T3j−2 = µ−1
j,1 + l3j−2θjµ

−1
j,1 , T3j−1 = l3j−1θjµ

−1
j,2 , T3j = l3jθjµ

−1
j,2 , (2)

ãäå l3j−2 ∈ X, l3j−1, l3j ∈ {1, 2, . . .} è ÿâëÿþòñÿ ïàðàìåòðàìè. Âåëè÷èíà
0 < θj ≤ 1 îáîçíà÷àåò ÷àñòü îáñëóæèâàíèÿ, êîòîðóþ íåîáõîäèìî ïðîé-
òè òðåáîâàíèþ, ÷òîáû ìîæíî áûëî íà÷àòü îáñëóæèâàòü ñëåäóþùóþ çà-
ÿâêó. Â ñëó÷àå θj < 1 îäíîâðåìåííî ìîæåò îáñëóæèâàòüñÿ íåñêîëüêî
òðåáîâàíèé. Ñîîòíîøåíèå (2) îçíà÷àåò, ÷òî èçìåíåíèå ñîñòîÿíèÿ îáñëó-
æèâàþùåãî óñòðîéñòâà ïðîèñõîäèò â ìîìåíò îêîí÷àíèÿ îáñëóæèâàíèÿ
îäíîé èç çàÿâîê. Ïîëó÷àåì, ÷òî ìàêñèìàëüíî âîçìîæíîå ÷èñëî îáñëó-
æåííûõ òðåáîâàíèé ðàâíî 1 + l3j−2 äëÿ ñîñòîÿíèÿ Γ(3j−2), ðàâíî kl3j−1

äëÿ ñîñòîÿíèÿ Γ(3j−1) è ðàâíî öåëîé ÷àñòè 1/θj äëÿ ñîñòîÿíèÿ Γ(3j).
Êèáåðíåòè÷åñêèé ïîäõîä ïîçâîëÿåò ïîëó÷èòü [1] ñëåäóþùèå ôóíêöèî-
íàëüíûå ðåêóððåíòíûå ïî i ñîîòíîøåíèÿ

Γi+1 = u(Γi,κi, η
′
i) =

=



Γ(3j−2),
{[
Γi = Γ(3s)

]
& [(κj,i > 0) ∨ (κs,i ≥ Ks) ∨ (η′i = yj)]

}
∨

∨
{[
Γi = Γ(3j)

]
&[κs,i = 0]&[κj,i ≤ Kj ]&[η′i = yj ]

}
,

Γ(3j−1),
{
Γi = Γ(3j−2)

}
∨
{[

Γi = Γ(6+j)
]
&[η′i = yj ]

}
,

Γ(3j),
{
Γi = Γ(3j−1)

}
∨
{[

Γi = Γ(6+j)
]
&[η′i ̸= yj ]

}
,

Γ(6+j),
[
Γi = Γ(3s)

]
&[κj,i = 0]&[κs,i < Ks]&[η′i = y0];

(3)
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κj,i+1 = vj(Γi,κi, ηi, ξi) =

=

{
max{0,κj,i + ηj,i − ξj,i}, åñëè Γi ∈ Γ\{Γ(3),Γ(6)},
ηj,i +max{0,κj,i − ξj,i}, åñëè Γi ∈ {Γ(3),Γ(6)};

(4)

çäåñü è äàëåå â ðàáîòå j, s = 1, 2, j ̸= s. Èñïîëüçóÿ ñîîòíîøåíèå (1), àäàï-
òèâíûé àëãîðèòì ñìåíû ñîñòîÿíèé îáñëóæèâàþùåãî óñòðîéñòâà ìîæíî
îòîáðàçèòü â âèäå ãðàôà, êîòîðûé ïðåäñòàâëåí íà ðèñ. 1. Çàìåòèì, ÷òî

Γ(1)
))

Γ(7) //

""

Γ(2)

��
Γ(6)

OO <<

!!

Γ(3)

��||

aa

Γ(5)

OO

Γ(8)

bb

oo Γ(4)ii

Ðèñ. 1. Ãðàô ñìåíû ñîñòîÿíèé îáñëóæèâàþùåãî óñòðîéñòâà

ñîñòîÿíèå îáñëóæèâàþùåãî óñòðîéñòâà íà ñëåäóþùåì øàãå çàâèñèò îò
ñîñòîÿíèÿ íà ïðåäûäóùåì øàãå, äëèí î÷åðåäåé è î÷åðåäíîñòè ïðèõîäà
çàÿâîê.

Ñîîòíîøåíèÿ (1) è (4) ïîçâîëÿþò ðàññìîòðåòü è èçó÷èòü ïðåäåëüíûå
ñâîéñòâà âåêòîðíîé ïîñëåäîâàòåëüíîñòè {(Γi,κi); i = 0, 1, . . .}, êîòîðàÿ
ÿâëÿåòñÿ âåðîÿòíîñòíîé ìîäåëüþ ðàññìàòðèâàåìîé ñèñòåìû àäàïòèâíî-
ãî óïðàâëåíèÿ êîíôëèêòíûìè ïîòîêàìè è îáñëóæèâàíèÿ íåîäíîðîäíûõ
òðåáîâàíèé [1].

2. ×èñëåííîå èññëåäîâàíèå ñèñòåìû

Ê ñîæàëåíèþ, àíàëèòè÷åñêè íå óäàåòñÿ íàéòè òàêèå âàæíûå õàðàê-
òåðèñòèêè, êàê ñðåäíåå âðåìÿ îæèäàíèÿ îáñëóæèâàíèÿ ïðîèçâîëüíîãî
òðåáîâàíèÿ è ñðåäíèå äëèíû î÷åðåäåé ïî ïîòîêàì.

Äëÿ ðåøåíèÿ ïîñòàâëåííûõ âîïðîñîâ ðåàëèçîâàíà èìèòàöèîííàÿ ìî-
äåëü ñèñòåìû àäàïòèâíîãî óïðàâëåíèÿ êîíôëèêòíûìè ïîòîêàìè íåîä-
íîðîäíûõ òðåáîâàíèé â âèäå ïðîãðàììû, íàïèñàííîé íà ÿçûêå C++.
Êàæäàÿ ðåàëèçàöèÿ ôóíêöèîíèðîâàíèÿ ñèñòåìû çàäàåòñÿ ñ ïîìîùüþ
ñëåäóþùèõ âõîäíûõ äàííûõ: 1) ïàðàìåòðîâ αj , βj , γj , λj âõîäíûõ ïî-
òîêîâ; 2) ïàðàìåòðîâ T1, T2, . . . , T6, µj,1, µj,2, θj , Kj , nj ñèñòåìû; 3) íà-
÷àëüíûõ çíà÷åíèé Γ(r), x1, x2 ñëó÷àéíûõ ýëåìåíòîâ Γ0, κ1,0, κ2,0.

Ñ ïîìîùüþ èìèòàöèîííîãî ìîäåëèðîâàíèÿ ìîæíî ïîñòðîèòü ìîäåëü
áîëåå ïðèáëèæåííóþ ê ðåàëüíîé ñèñòåìå, òàê êàê ìîæíî íàáëþäàòü çà
ïðîöåññàìè îáñëóæèâàíèÿ â êàæäûé ìîìåíò âðåìåíè. Îáîçíà÷èì ÷åðåç
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γ0j (l) âðåìÿ îæèäàíèÿ îáñëóæèâàíèÿ çàÿâêè ñ íîìåðîì l = 1, 2, . . . ïî-

òîêà Πj . Âåëè÷èíà γ
0
j (n) =

1
n

∑n
l=1 γ

0
j (l) îïðåäåëÿåò âûáîðî÷íîå ñðåäíåå

âðåìÿ îæèäàíèÿ îáñëóæèâàíèÿ â ñèñòåìå ïåðâûõ n òðåáîâàíèé ïîòîêà
Πj . Îöåíêó γ

∗ ñðåäíåãî âðåìåíè îæèäàíèÿ îáñëóæèâàíèÿ ïðîèçâîëüíî-
ãî òðåáîâàíèÿ áóäåì âû÷èñëÿòü ïî ôîðìóëå ñðåäíåãî âçâåøåííîãî

γ∗ =
λ1M1γ

0
1 + λ2M2γ

0
2

λ1M1 + λ2M2
,

ãäå Mj = (1 + 2αj + αjβj(2/(1 − γj) + 1/(1 − γj)
2))pj � ñðåäíåå ÷èñëî

òðåáîâàíèé â ãðóïïå ïîòîêà Πj . Âûáîðî÷íûå ñðåäíèå âðåìåíà îæèäà-
íèÿ îáñëóæèâàíèÿ áóäåì âû÷èñëÿòü äëÿ ñèñòåìû, â êîòîðîé äîñòèãíóò
ñòàöèîíàðíûé ðåæèì. Ìîìåíò îêîí÷àíèÿ ïåðåõîäíîãî ïðîöåññà îïðåäå-
ëÿåòñÿ ñ ïîìîùüþ àëãîðèòìà, îïèñàííîãî â [5].

Ïðèâåäåì ïðèìåð ïîèñêà êâàçèîïòèìàëüíûõ çíà÷åíèé ïàðàìåòðîâ
ïðè ñëåäóþùåì íà÷àëüíîì íàáîðå âõîäíûõ ïàðàìåòðîâ: α1 = 0.8, β1 =
= 0.7, γ1 = 0.5, λ1 = 0.6, α2 = 0.6, β2 = 0.5, γ2 = 0.2, λ2 = 0.3, T1 = 1,
T2 = 2, T3 = 1, T4 = 1, T5 = 3, T6 = 1, µ1,1 = 0.5, µ2,1 = 1, µ1,2 = 0.3,
µ2,2 = 0.6, θ1 = 1, θ2 = 0.5, K1 = 10, K2 = 10, n1 = 10, n2 = 10 è
Γ(r) = Γ(1), x1 = 0, x2 = 0 äëÿ íà÷àëüíîãî ñîñòîÿíèÿ ñèñòåìû. Â ñèëó
ôèçè÷åñêèõ îãðàíè÷åíèé äëÿ îïòèìèçàöèè äîñòóïíû òîëüêî ñëåäóþùèå
ïàðàìåòðû T2, T5, n1, n2, K1, K2. Îïòèìèçàöèÿ ïðîèçâîäèòñÿ ïîýòàïíî
ïî ïàðàì ïàðàìåòðîâ (T2, T5), (n1, n2) è (K1,K2) ïóòåì ñîêðàùåííîãî
ïåðåáîðà. Èñïîëüçóÿ àëãîðèòì ñîêðàùåííîãî ïåðåáîðà, áûëè ïîëó÷åíû
êâàçèîïòèìàëüíûå ïàðàìåòðû T ∗

2 = 5, T ∗
5 = 1, n∗1 = 3, n∗2 = 10, K∗

1 = 1
è K∗

2 = 4, êîòîðûì ñîîòâåòñòâóþò îöåíêè γ∗1 = 2.47241, γ∗2 = 5.13818,
γ∗ = 3.17367 ñðåäíèõ âðåìåí îæèäàíèÿ îáñëóæèâàíèÿ.

Â òàáë. 1 ïðèâåäåíà ÷àñòü øàãîâ àëãîðèòìà îïòèìèçàöèè.

Òàáëèöà 1
Ïîèñê êâàçèîïòèìàëüíûõ ïàðàìåòðîâ ñèñòåìû óïðàâëåíèÿ

T2 T5 n1 n2 K1 K2 γ∗1 γ∗2 γ∗

2 3 10 10 10 10 7.91365 12.9163 9.22965
9 6 10 10 10 10 5.10318 11.3382 6.74334
. . . . . . . . . . . . . . . . . . . . . . . . . . .
5 1 3 10 1 4 2.47241 5.13818 3.17367
5 1 3 10 1 8 2.48873 5.21597 3.20615
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Çàêëþ÷åíèå

Â ðàáîòå ïðèâåäåíû ðåçóëüòàòû àíàëèòè÷åñêîãî è ÷èñëåííîãî èñ-
ñëåäîâàíèÿ ñèñòåìû óïðàâëåíèÿ ïîòîêàìè Êîêñà-Ëüþèñà èç íåîäíî-
ðîäíûõ òðåáîâàíèé. Ìàòåìàòè÷åñêàÿ ìîäåëü ïîñòðîåíà ñ èñïîëüçîâà-
íèåì êèáåðíåòè÷åñêîãî ïîäõîäà è àïïàðàòà òåîðèè ìàññîâîãî îáñëó-
æèâàíèÿ. ×èñëåííàÿ îïòèìèçàöèÿ ïðîâîäèëàñü íà îñíîâå ïðîãðàììíî-
ðåàëèçîâàííîé èìèòàöèîííîé ìîäåëè.
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Íàöèîíàëüíûé èññëåäîâàòåëüñêèé

Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ äâóõôàçíàÿ ñèñòåìà ìàññîâîãî îáñëó-
æèâàíèÿ ñ áóôåðîì êîíå÷íîé ¼ìêîñòè íà ïåðâîé ôàçå è äèñ-
öèïëèíîé ñ ïîâòîðíûìè îáðàùåíèÿìè íà âòîðîé ôàçå. Ïîêàçà-
íî, ÷òî âûõîäÿùèé ïîòîê ðàññìàòðèâàåìîé äâóõôàçíîé ñèñòåìû
ïðè âûïîëíåíèè àñèìïòîòè÷åñêîãî óñëîâèÿ ðàñòóùåé çàäåðæêè
íà îðáèòå îòíîñèòñÿ ê êëàññó ÌÀÐ. Ïðîâåäåíû ÷èñëåííûå ýêñ-
ïåðèìåíòû, ïîêàçûâàþùèå çàâèñèìîñòü õàðàêòåðèñòèê âûõîäÿ-
ùåãî ïîòîêà îò ïàðàìåòðîâ ïåðâîé ôàçû.
Êëþ÷åâûå ñëîâà: Òåîðèÿ ìàññîâîãî îáñëóæèâàíèÿ, âûõîäÿ-
ùèé ïîòîê, ÌÀÐ, ñèñòåìû ñ ïîâòîðíûìè âûçîâàìè, êîýôôè-
öèåíò âàðèàöèè.

Ââåäåíèå

Â ðàáîòå ïðåäëàãàåòñÿ èññëåäîâàíèå õàðàêòåðèñòèê äâóõôàçíîé ñè-
ñòåìû, ïåðâàÿ ôàçà êîòîðîé ïðåäñòàâëÿåò ñîáîé ìîäåëü øëþçà ñáîðà è
îáðàáîòêè òðàôèêà ïàêåòîâ äàííûõ, à âòîðàÿ ôàçà � ìîäåëü ïåðåäà÷è
ïàêåòîâ äàííûõ ñî øëþçà â ñðåäå ñ ïðîòîêîëîì ñëó÷àéíîãî ìíîæåñòâåí-
íîãî äîñòóïà. Òàêàÿ ìîäåëü ðàññìàòðèâàëàñü, â ðàáîòå [1], â êîòîðîé
ìåòîäîì àñèìïòîòè÷åñêîãî àíàëèçà [2] èññëåäóåòñÿ ðàñïðåäåëåíèå âåðî-
ÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå âòîðîé ôàçû. Â ðàáîòå [3] àâòîðàìè áû-
ëî ïîëó÷åíî àñèìïòîòè÷åñêîå ïðèáëèæåíèå õàðàêòåðèñòè÷åñêîé ôóíê-
öèè ÷èñëà çàÿâîê, îáñëóæåííûõ â ïðåäëîæåííîé äâóõôàçíîé ñèñòåìå,
ïðè àñèìïòîòè÷åñêîì óñëîâèè ðàñòóùåãî âðåìåíè çàäåðæêè íà îðáèòå.
Ðåçóëüòàòû ðàáîòû [3] èñïîëüçóþòñÿ â òåêóùåé ðàáîòå äëÿ îïðåäåëå-
íèÿ êëàññà âûõîäÿùåãî ïîòîêà â àñèìïòîòè÷åñêîì óñëîâèè ðàñòóùåãî
âðåìåíè çàäåðæêè íà îðáèòå. Îïðåäåëåíèå êëàññà âûõîäÿùåãî ïîòîêà
ïîçâîëÿåò èññëåäîâàòü åãî õàðàêòåðèñòèêè â çàâèñèìîñòè îò ïàðàìåò-
ðîâ ñàìîé ñèñòåìû. Èññëåäîâàíèå õàðàêòåðèñòèê âûõîäÿùåãî ïîòîêà
ïîçâîëÿåò îöåíèòü, êàê ìåíÿþòñÿ õàðàêòåðèñòèêè òðàôèêà ïîñëå ïðî-
õîæäåíèÿ óçëîâ ñâÿçè îïðåäåë¼ííîãî âèäà.
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1. Îïèñàíèå ñèñòåìû

Íà âõîä ïåðâîé ôàçû ïîñòóïàåò ïðîñòåéøèé ïîòîê çàÿâîê ñ ïàðàìåò-
ðîì λ. Íà ïåðâîé ôàçå çàÿâêè îáñëóæèâàþòñÿ â ïîðÿäêå èõ ïîñòóïëåíèÿ
(FIFO). Âðåìÿ îáñëóæèâàíèÿ çàÿâîê ðàñïðåäåëåíî ïî ýêñïîíåíöèàëüíî-
ìó çàêîíó ñ ïàðàìåòðîì µ1. Íà ïåðâîé ôàçå íå ìîæåò íàõîäèòüñÿ áîëåå
N çàÿâîê, âêëþ÷àÿ çàÿâêó íà îáñëóæèâàíèè. Åñëè íà ïåðâîé ôàçå óæå
íàõîäèòüñÿ N çàÿâîê, òî âíîâü ïðèøåäøàÿ çàÿâêà òåðÿåòñÿ. Ïîñëå îêîí-
÷àíèÿ îáñëóæèâàíèÿ íà ïåðâîé ôàçå çàÿâêà îáðàùàåòñÿ ê ïðèáîðó íà
âòîðîé ôàçå. Åñëè ïðèáîð íà âòîðîé ôàçå ïðîñòàèâàåò â ýòîò ìîìåíò, òî
ïîñòóïèâøàÿ çàÿâêà çàíèìàåò åãî, ãäå îáñëóæèâàåòñÿ â òå÷åíèå ýêñïî-
íåíöèàëüíî ðàñïðåäåëåííîãî âðåìåíè ñ ïàðàìåòðîì µ2. Åñëè æå çàÿâêà,
îáðàùàþñü ê ïðèáîðó íà âòîðîé ôàçå, îáíàðóæèâàåò ïðèáîð çàíÿòûì,
îíà ìãíîâåííî óõîäèò íà îðáèòó, ãäå îñóùåñòâëÿåò ñëó÷àéíóþ çàäåðæ-
êó â òå÷åíèå ýêñïîíåíöèàëüíî ðàñïðåäåë¼ííîãî âðåìåíè ñ ïàðàìåòðîì
σ, ïîñëå ÷åãî ïîâòîðÿåò ïîïûòêó çàíÿòü ïðèáîð. Íà âòîðîé ôàçå çàÿâ-
êè íå òåðÿþòñÿ è óõîäÿò íà îðáèòó ïîñëå êàæäîé íåóäà÷íîé ïîïûòêè
çàõâàòèòü ïðèáîð. Ïîñëå îáñëóæèâàíèÿ íà âòîðîé ôàçå çàÿâêà ïîïàäåò
â âûõîäÿùèé ïîòîê.

Ìîäåëü äàííîé ñèñòåìû ïðåäñòàâëåíà íà ðèñóíêå 1.

Ðèñ. 1. Ìîäåëü äâóõôàçíîé ñèñòåìû

Ôóíêöèîíèðîâàíèå ñèñòåìû îïèñûâàåòñÿ ÷åòûð¼õìåðíûì Ìàðêîâ-
ñêèì ïðîöåññîì {k(t), i(t), l(t),m(t)}, ãäå k(t) � ÷èñëî çàÿâîê íà ïåðâîé
ôàçå, i(t) � ÷èñëî çàÿâîê íà îðáèòå â ìîìåíò âðåìåíè t, l(t) � ñîñòîÿ-
íèå ïðèáîðà íà âòîðîé ôàçå â ìîìåíò âðåìåíè t, m(t) � ÷èñëî çàÿâîê
â âûõîäÿùåì ïîòîêå çà âðåìÿ t.
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2. Âûõîäÿùèé ïîòîê

Â ðàáîòå [3] áûëî ïîëó÷åíî àñèìïòîòè÷åñêîå ïðèáëèæåíèå õàðàêòå-
ðèñòè÷åñêîé ôóíêöèè ÷èñëà ñîáûòèé, íàñòóïèâøèõ â âûõîäÿùåì ïîòîêå
çà íåêîòîðîå âðåìÿ t, ïðè óñëîâèè ðàñòóùåé çàäåðæêè çàÿâîê íà îðáèòå:

lim
σ→0

M{ejum(t)} = H(u, t)e, (1)

ãäå e � åäèíè÷íûé âåêòîð ðàçìåðíîñòè 2N +2, à âåêòîð-ñòðîêà H(u, t)
òîé æå ðàçìåðíîñòè óäîâëåòâîðÿåò ìàòðè÷íîìó äèôôåðåíöèàëüíîìó
óðàâíåíèþ:

∂H(u, t)

∂t
= H(u, t)J(u), (2)

ãäå

J(u) =

[
λCT −A− κI µ1C+ κI

ejuµ2I λCT −A− µ2I+ µ1C

]
[2N+2,2N+2]

(3)

A =


λ 0 . . . 0 0
0 λ+ µ1 . . . 0 0
. . . . . . . . . . . . . . .
0 0 . . . λ+ µ1 0
0 0 . . . 0 µ1


[N+1,N+1]

, (4)

Ñ =


0 0 . . . 0 0
1 0 . . . 0 0
. . . . . . . . . . . . . . .
0 0 . . . 0 0
0 0 . . . 1 0


[N+1,N+1]

.

κ � ñðåäíåå ÷èñëî çàÿâîê íà îðáèòå [1], I � åäèíè÷íàÿ ìàòðèöà.
Èçâåñòíî [4], ÷òî óðàâíåíèå äëÿ âåêòîð-ñòðîêè, îïðåäåëÿþùåé õà-

ðàêòåðèñòè÷åñêóþ ôóíêöèþ ÷èñëà çàÿâîê â MAP-ïîòîêå èìååò âèä:

∂H(u, t)

∂t
= H(u, t)[Q− (eju − 1)B] (5)

ãäå ìàòðèöû Q è B îïðåäåëÿþò MAP-ïîòîê [2, 4].
Òàêèì îáðàçîì âûõîäÿùèé ïîòîê äâóõôàçíîé ñèñòåìû â àñèìïòî-

òè÷åñêîì óñëîâèè áîëüøîé çàäåðæêè íà îðáèòå ìîæíî ñ÷èòàòü MAP-
ïîòîêîì, îïðåäåëÿåìûì ìàòðèöàìè (6) è (4).
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Q =

[
λCT −A− κI µ1C+ κI

µ2I λCT −A− µ2I+ µ1C

]
, (6)

B =

[
0 0
µ2I 0

]
. (7)

3. ×èñëåííûå ýêñïåðèìåíòû

Ðàññìîòðèì õàðàêòåðèñòèêè âûõîäÿùåãî ïîòîêà: Ccor � êîýôôèöè-
åíò êîððåëÿöèè äëèí èíòåðâàëîâ ìåæäó ñîáûòèÿìè, Cvar � êîýôôèöè-
åíò âàðèàöèè äëèí èíòåðâàëîâ ìåæäó ñîáûòèÿìè è λg � ñðåäíåå ÷èñëî
çàÿâîê â âûõîäÿùåì ïîòîêå çà åäèíèöó âðåìåíè. Ïîñêîëüêó ìû ïîêàçà-
ëè, ÷òî íàø âûõîäÿùèé ïîòîê â àñèìïòîòèêå îòíîñèòñÿ ê êëàññó MAP,
òî âîñïîëüçóåìñÿ ôîðìóëàìè äëÿ âû÷èñëåíèÿ Ccor, Cvar è λg äëÿ ÌÀÐ-
ïîòîêà [5]. Òàê êàê ìû áóäåì ìåíÿòü ïàðàìåòðû ïåðâîé ôàçû, âìåñòå ñ
âûõîäÿùèì ïîòîêîì ðàññìîòðèì èçìåíåíèå õàðàêòåðèñòèê ïåðâîé ôà-
çû: Ploss � âåðîÿòíîñòü ïîòåðè çàÿâêè íà ïåðâîé ôàçå è T0 � ñðåäíåå
âðåìÿ îæèäàíèÿ â î÷åðåäè. Çàôèêñèðóåì çíà÷åíèÿ λ = 1, µ2 = 3. Ðå-
çëüòàòû ïðåäñòàâëåíû â òàáë. 1, 2, 3, 4, 5.

Òàáëèöà 1
Ccor � êîýôôèöèåíò êîððåëÿöèè äëèí èíòåðâàëîâ â âûõîäÿùåì ïîòîêå

µ1

N
3 5 7 9

2.5 −7 · 10−3 −1 · 10−3 −2 · 10−4 −3 · 10−5

2 −12 · 10−3 −29 · 10−4 −7 · 10−4 −17 · 10−5

0.5 −23 · 10−3 −52 · 10−4 −13 · 10−4 −3 · 10−4

0.1 −56 · 10−5 −6 · 10−6 −6 · 10−8 −6 · 10−10

Èç òàáë. 1 âèäíî, ÷òî çíà÷åíèÿ êîððåëÿöèè äëèí èíòåðâàëîâ â âûõî-
äÿùåì ïîòîêå äëÿ ðàññìàòðèâàåìîé ìîäåëè íå ïðèíèìàþò àáñîëþòíûõ
çíà÷åíèé áîëüøå 10−3 äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðîâ ñèñòåìû. Â
îáùåì ñëó÷àå êîððåëÿöèÿ íåçíà÷èòåëüíà.
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Òàáëèöà 2
Cvar � êîýôôèöèåíò âàðèàöèè äëèí èíòåðâàëîâ â âûõîäÿùåì ïîòîêå

µ1

N
3 5 7 9

2.5 0.745 0.746 0.745 0.745
2 0.745 0.745 0.745 0.745
0.5 0.838 0.847 0.849 0.850
0.1 0.967 0.967 0.967 0.967

Â òàáë. 2 âèäíî, ÷òî çíà÷åíèÿ âàðèàöèè ïðàêòè÷åñêè íå çàâèñÿò îò
÷èñëà ìåñò â î÷åðåäè. Êîýôôèöèåíò âàðèàöèè âî âñåõ ñëó÷àÿõ ïðèíÿë
çíà÷åíèå ìåíüøå 1. Ñòîèò îòìåòèòü çàâèñèìîñòü êîýôôèöèåíòà âàðè-
àöèè îò êîýôôèöèåíòà çàãðóçêè ïåðâîé ôàçû: ïîñëå òîãî êàê èíòåí-
ñèâíîñòü îáñëóæèâàíèÿ ñòàíîâèòñÿ áîëüøå èíòåíñèâíîñòè âõîäÿùåãî
ïîòîêà, êîýôôèöèåíò âàðèàöèè íå èçìåíÿåòñÿ.

Òàáëèöà 3
Ploss � âåðîÿòíîñòü ïîòåðè çàÿâêè íà ïåðâîé ôàçå

µ1

N
3 5 7 9

2.5 0.039 0.006 0.001 0.001
2 0.067 0.016 0.004 0.001
0.5 0.533 0.508 0.502 0.500
0.1 0.900 0.900 0.900 0.900

Èç òàáë. 3 ìîæíî ñäåëàòü âûâîä î òîì, ÷òî ïðè êîýôôèöèåíòå çà-
ãðóçêè ïåðâîé ôàçû ìåíüøå 0.5 è ìèííèìàëüíîé ðàçìåðíîñòè áóôåðà
âåðîÿòíîñòü ïîòåðè çàÿâîê ñòàíîâèòñÿ ïðèåìëåìîé.
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Òàáëèöà 4
T0 � ñðåäíåå âðåìÿ îæèäàíèÿ íà ïåðâîé ôàçå

µ1

N
3 5 7 9

2.5 0.462 0.615 0.655 0.664
2 0.571 0.839 0.945 0.982
0.5 1.429 3.161 5.055 7.018
0.1 1.892 3.889 5.889 7.889

Èç òàáë. 4 ìîæíî ñäåëàòü âûâîä î òîì, ÷òî âðåìÿ îæèäàíèÿ íà
ïåðâîé ôàçå çàâèñèò îò îáîèõ ïàðàìåòðîâ ïåðâîé ôàçû. Ïðè óâåëè÷å-
íèè ÷èñëà ìåñò â î÷åðåäè, âíîâü ïðèøåäøàÿ çàÿâêà áóäåò âûíóæäåíà
æäàòü, ïîêà áîëüøåå ÷èñëî çàÿâîê îáñëóæèòñÿ ïåðåä íåé.

Òàáëèöà 5
λg � ñðåäíåå ÷èñëî çàÿâîê â âûõîäÿùåì ïîòîêå

µ1

N
3 5 7 9

2.5 0.961 0.994 0.999 1
2 0.933 0.984 0.996 0.999
0.5 0.467 0.492 0.498 0.5
0.1 0.1 0.1 0.1 0.1

Â òàáë. 5 âèäíî, ÷òî ñðåäíåå ÷èñëî çàÿâîê â âûõîäÿùåì ïîòîêå ïðàê-
òè÷åñêè íå çàâèñèò îò ÷èñëà ìåñò â áóôåðå íà ïåðâîé ôàçå. Î÷åâèäíî,
÷òî ïðè óâåëè÷åíèè èíòåíñèâíîñòè îáñëóæèâàíèÿ íà ïåðâîé ôàçå, áîëü-
øåå ÷èñëî çàÿâîê â ñðåäíåì áóäåò ïîïàäàòü â âûõîäÿùèé ïîòîê ñèñòå-
ìû.

Çàêëþ÷åíèå

Â äàííîé ðàáîòå áûëè ïðåäñòàâëåíû ðåçóëüòàòû èññëåäîâàíèÿ âû-
õîäÿùåãî ïîòîêà äâóõôàçíîé ñèñòåìû, ïîêàçàíî, ÷òî âûõîäÿùèé ïî-
òîê ïðè óñëîâèè áîëüøîé çàäåðæêè íà îðáèòå îòíîñèòñÿ ê êëàññó
ÌÀÐ. Ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû, èëëþñòðèðóþùèå çàâèñè-
ìîñòü õàðàêòåðèñòèê ñèñòåìû è âûõîäÿùåãî ïîòîêà îò ïàðàìåòðîâ ïåð-
âîé ôàçû.
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Â ðàáîòå ðàññìàòðèâàåòñÿ ìîäåëü óçëà ñâÿçè â âèäå ñèñòåìû
ìàññîâîãî îáñëóæèâàíèÿ ñ ïîâòîðíûìè îáðàùåíèÿìè è ñ ¾ïðî-
ãóëêàìè¿ ïðèáîðà. ¾Ïðîãóëêè¿ ïðèáîðà ìîäåëèðóþò ñèòóàöèþ,
êîãäà óçåë ñâÿçè ïåðèîäè÷åñêè ïðåêðàùàåò ñâîþ ðàáîòó íà ñëó-
÷àéíîå âðåìÿ. Â õîäå ðàáîòû áûëî ïîêàçàíî, ÷òî âûõîäÿùèé ïî-
òîê ðàññìàòðèâàåìîé ñèñòåìû â àñèìïòîòè÷åñêîì óñëîâèè áîëü-
øîé çàäåðæêè íà îðáèòå îòíîñèòñÿ ê êëàññó ÌÀÐ. Èñïîëüçóÿ ðå-
çóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ, ïîêàçàíî âëèÿíèå çíà÷åíèé
ïàðàìåòðîâ ñèñòåìû íà õàðàêòåðèñòèêè âûõîäÿùåãî ïîòîêà.
Êëþ÷åâûå ñëîâà: Ñèñòåìû ñ ïîâòîðíûìè âûçîâàìè, âûõî-
äÿùèé ïîòîê, MAP, êîýôôèöèåíò âàðèàöèè.

Ââåäåíèå

Ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ ñ ïîâòîðíûìè âûçîâàìè ìîäåëè-
ðóþò ðàáîòó óçëà ïåðåäà÷è äàííûõ ñî ñëó÷àéíûì ìíîæåñòâåííûì äî-
ñòóïîì ê êàíàëó, ãäå âõîäÿùèé ïîòîê ÿâëÿåòñÿ ìîäåëüþ àãðåãèðîâàí-
íîãî òðàôèêà îò âñåõ ïîëüçîâàòåëåé êàíàëà. Ìîäåëè ñ ïîâòîðíûìè âû-
çîâàìè â ðàçëè÷íûõ ìîäèôèêàöèÿõ äîñòàòî÷íî ìíîãî èññëåäóþòñÿ â
ïîñëåäíèå äåñÿòèëåòèÿ, ïðè÷åì îñíîâíûì îáúåêòîì èññëåäîâàíèÿ ÿâ-
ëÿåòñÿ êîëè÷åñòâî çàÿâîê íà îðáèòå. Òàê, íàïðèìåð, â ðàáîòå [1] áûëà
ðàññìîòðåíà Ìàðêîâñêàÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ ¾ïðîãóë-
êàìè¿ ïðèáîðà, òî åñòü ñ ïåðèîäè÷åñêèì âûõîäîì èç ñòðîÿ îáñëóæè-
âàþùåãî ïðèáîðà íà ñëó÷àéíîå âðåìÿ. Â ðàáîòå [1] èñïîëüçóåòñÿ ìåòîä
àñèìïòîòè÷åñêîãî àíàëèçà [2] äëÿ èññëåäîâàíèÿ ÷èñëà çàÿâîê, îæèäàþ-
ùèõ ïîâòîðíîãî îáðàùåíèÿ ê ïðèáîðó. Â ðàáîòå [3] äëÿ ìîäåëè ñ ¾ïðî-
ãóëêàìè¿ ïðèáîðà àâòîðàìè ïîëó÷åíà ôîðìóëà âû÷èñëåíèÿ àñèìïòîòè-
÷åñêîé õàðàêòåðèñòè÷åñêîé ôóíêöèè ÷èñëà çàÿâîê â âûõîäÿùåì ïîòîêå
ïðè óñëîâèè áîëüøîé çàäåðæêè çàÿâîê íà îðáèòå. Èññëåäîâàíèå õàðàê-
òåðèñòèê âûõîäÿùåãî ïîòîêà âñåãäà ÿâëÿåòñÿ àêòóàëüíîé òåìîé, òàê êàê
ïîñëå ïðîõîæäåíèÿ îäíîãî óçëà ñâÿçè îáñëóæåííûå çàÿâêè ïîñòóïàþò
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íà äðóãîé, òî åñòü âûõîäÿùèé ïîòîê îäíîé ñèñòåìû ÿâëÿåòñÿ âõîäÿùèì
äëÿ äðóãîé. È â îáùåì ñëó÷àå õàðàêòåðèñòèêè ïîòîêà ìîãóò ìåíÿòüñÿ
ïîñëå ïðîõîæäåíèÿ ñèñòåìû. Â ïðåäñòàâëåííîé ðàáîòå âûõîäÿùèé ïî-
òîê ñèñòåìû ñ ïîâòîðíûìè îáðàùåíèÿìè è ¾ïðîãóëêàìè¿ ïðèáîðà (êî-
òîðûå ìîæíî òàê æå íàçâàòü ïåðåêðûòèåì êàíàëà ñâÿçè) îïèñûâàåòñÿ â
òåðìèíàõ MAP-ïîòîêà ïðè âûïîëíåíèè àñèìïòîòè÷åñêîãî óñëîâèÿ ðàñ-
òóùåãî âðåìåíè çàäåðæêè çàÿâîê íà îðáèòå. Â õîäå ÷èñëåííîãî ýêñïåðè-
ìåíòà áûëî ïîêàçàíî âëèÿíèå ïàðàìåòðîâ ñèñòåìû íà õàðàêòåðèñòèêè
âûõîäÿùåãî ïîòîêà.

1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Íà âõîä ñèñòåìû ïîñòóïàåò ïðîñòåéøèé ïîòîê çàÿâîê ñ èíòåíñèâíî-
ñòüþ λ. Åñëè ïðèáîð ñâîáîäåí, òî ïîñòóïàþùàÿ çàÿâêà çàíèìàåò åãî, ãäå
îáñëóæèâàåòñÿ â òå÷åíèå ýêñïîíåíöèàëüíî ðàñïðåäåëåííîãî âðåìåíè ñ
ïàðàìåòðîì µ. Åñëè æå çàÿâêà, îáðàùàÿñü ê ïðèáîðó, îáíàðóæèâàåò
ïðèáîð çàíÿòûì, îíà ìãíîâåííî óõîäèò íà îðáèòó, ãäå îñóùåñòâëÿåò
ñëó÷àéíóþ çàäåðæêó â òå÷åíèå ýêñïîíåíöèàëüíî ðàñïðåäåë¼ííîãî âðå-
ìåíè ñ ïàðàìåòðîì σ, ïîñëå ÷åãî ïîâòîðÿåò ïîïûòêó çàíÿòü ïðèáîð. Â
ñèñòåìå çàÿâêè íå òåðÿþòñÿ è óõîäÿò íà îðáèòó ïîñëå êàæäîé íåóäà÷-
íîé ïîïûòêè çàõâàòèòü ïðèáîð. Òàê æå ïðèáîð â ñëó÷àéíûå ìîìåíòû
âðåìåíè ìîæåò óõîäèòü íà ¾ïðîãóëêó¿, òî åñòü âûõîäèòü èç ñòðîÿ, ñ
èíòåíñèâíîñòüþ α1.

Ðèñ. 1. Ñèñòåìà ñ ïîâòîðíûìè îáðàùåíèÿìè è ¾ïðîãóëêàìè¿ ïðèáîðà

Åñëè â ìîìåíò âûõîäà ïðèáîðà èç ñòðîÿ çàÿâêà áûëà íà îáñëóæè-
âàíèè, òî îíà îòïðàâëÿåòñÿ íà îðáèòó. Äëèòåëüíîñòü ¾ïðîãóëêè¿ èìååò
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ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì α2. Âî âðåìÿ ¾ïðîãóë-
êè¿ ïðèáîðà âñå ïîñòóïàþùèå çàÿâêè îòïðàâëÿþòñÿ íà îðáèòó. Îáñëó-
æåííûå äî êîíöà çàÿâêè ôîðìèðóþò ñîáûòèÿ âûõîäÿùåãî ïîòîêà. Îí
õàðàêòåðèçóåòñÿ ÷èñëîì çàÿâîê, îáñëóæåííûõ ê ìîìåíòó âðåìåíè t, ò.å.
çà ïðîìåæóòîê âðåìåíè [0, t ].

Ðàáîòà ñèñòåìû îïèñûâàåòñÿ ðÿäîì ïðîöåññîâ:
1. k(t) � ñîñòîÿíèå ïðèáîðà â ìîìåíò âðåìåíè t.
2. i(t) � êîëè÷åñòâî çàÿâîê íà îðáèòå â ìîìåíò âðåìåíè t.
3. m(t) � ÷èñëî îáñëóæåííûõ çàÿâîê çà âðåìÿ t.
Äëÿ îïèñàíèÿ ïðèâåäåííîé ìîäåëè ìîæíî èñïîëüçîâàòü òåîðèþ ìàð-

êîâñêèõ ïðîöåññîâ. Ðàññìàòðèâàåìûé ïðîöåññ m(t) ñàì ïî ñåáå íå ÿâ-
ëÿåòñÿ ìàðêîâñêèì, ò.ê. çàâèñèò åùå è îò ñîñòîÿíèÿ ïðèáîðà â ìîìåíò
âðåìåíè t, à ñëåäîâàòåëüíî è ïðîöåññà k(t), êîòîðûé â ñâîþ î÷åðåäü çà-
âèñèò îò ÷èñëà çàÿâîê, íàõîäÿùèõñÿ íà îðáèòå � ïðîöåññ i(t). Â òàêîì
ñëó÷àå, çíàÿ òåêóùåå ñîñòîÿíèå êîìïîíåíò òðåõìåðíîãî ïðîöåññà {k(t),
m(t), i(t)}, ìîæíî ñ âåðîÿòíîñòíîé òî÷êè çðåíèÿ îïðåäåëèòü áóäóùåå
ñîñòîÿíèå, ÷òî ñîãëàñóåòñÿ ñ îïðåäåëåíèåì ìàðêîâñêîãî ïðîöåññà.

2. Âûõîäÿùèé ïîòîê

Â ðàáîòå [3] áûëî ïîëó÷åíî àñèìïòîòè÷åñêîå ïðèáëèæåíèå õàðàêòå-
ðèñòè÷åñêîé ôóíêöèè ÷èñëà ñîáûòèé, íàñòóïèâøèõ â âûõîäÿùåì ïîòîêå
çà íåêîòîðîå âðåìÿ t, ïðè óñëîâèè ðàñòóùåé çàäåðæêè çàÿâîê íà îðáèòå:

lim
σ→0

M{eju2m(t)} = F(u2, t)e, (1)

ãäå e � åäèíè÷íûé âåêòîð-ñòîëáåö ðàçìåðíîñòè 3, F(u2, t) � âåêòîð-
ñòðîêà ðàçìåðíîñòè 3, óäîâëåòâîðÿþùàÿ ìàòðè÷íîìó äèôôåðåíöèàëü-
íîìó óðàâíåíèþ:

∂F(u2, t)

∂t
= F(u2, t)M(u2), (2)

ãäå

M(u2) =

−(λ+ α1 + κ) (κ + λ) α1

µeju2 −(µ+ α1) α1

α2 0 −α2

 ,
κ � íîðìèðîâàííîå ñðåäíåå ÷èñëî çàÿâîê íà îðáèòå.

Èçâåñòíî [4], ÷òî óðàâíåíèå äëÿ âåêòîð-ñòðîêè, îïðåäåëÿþùåé õà-
ðàêòåðèñòè÷åñêóþ ôóíêöèþ ÷èñëà çàÿâîê â MAP-ïîòîêå, èìååò âèä
ñõîæèé ñ (2):

∂F(u2, t)

∂t
= F(u2, t)[Q+ (eju2 − 1)B], (3)
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ãäå ìàòðèöû Q è B îïðåäåëÿþò MAP-ïîòîê[2,4].
Ïðåäñòàâèì ìàòðèöóM(u2) â âèäå [Q+(eju2 −1)B]. Òîãäà ìàòðèöû

Q è B ðàâíû

Q =

−(λ+ α1 + κ) (κ + λ) α1

µ −(µ+ α1) α1

α2 0 −α2

 (4)

B =

0 0 0
µ 0 0
0 0 0

 . (5)

Òàêèì îáðàçîì, âûõîäÿùèé ïîòîê ñèñòåìû ñ ïîâòîðíûìè îáðàùå-
íèÿìè è ¾ïðîãóëêàìè¿ ïðèáîðà â àñèìïòîòè÷åñêîì óñëîâèè áîëüøîé
çàäåðæêè íà îðáèòå ìîæíî ñ÷èòàòü MAP-ïîòîêîì, îïðåäåëÿåìûì ìàò-
ðèöàìè (4) è (5).

3. ×èñëåííûå ýêñïåðèìåíòû

Â õîäå ÷èñëåííûõ ýêñïåðèìåíòîâ ïóòåì èçìåíåíèÿ ïàðàìåòðîâ ÷à-
ñòîòû (α1) è äëèòåëüíîñòè (α2) ïðîãóëêè ïðèáîðà ïðîâîäèëîñü íàáëþ-
äåíèå èçìåíåíèÿ íîðìèðîâàííîãî ñðåäíåãî ÷èñëà çàÿâîê íà îðáèòå � κ,
âåðîÿòíîñòè ïðîñòîÿ ïðèáîðà R0, ïðè êîòîðîì ïðèáîð ñâîáîäåí è ãîòîâ
îáñëóæèâàòü çàÿâêè, êîýôôèöèåíòà âàðèàöèè äëèí èíòåðâàëîâ ìåæäó
íàñòóïëåíèÿìè ñîáûòèé â âûõîäÿùåì ïîòîêå � Cvar è êîýôôèöèåíòà
êîððåëÿöèè äëèí èíòåðâàëîâ ìåæäó íàñòóïëåíèÿìè ñîáûòèé â âûõîäÿ-
ùåì ïîòîêå � Ccor.

Äëÿ ðàñ÷åòîâ Cvar è Ccor èñïîëüçîâàëèñü ôîðìóëû äëÿ MAP-ïîòîêà,
ïðèâåäåííûå â [5]. Ïðè ïàðàìåòðàõ λ = 1, µ = 2:

Ðèñ. 2. Èçìåíåíèå íîðìèðîâàííîãî ñðåäíåãî ÷èñëà çàÿâîê íà îðáèòå κ
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Ðèñ. 3. Èçìåíåíèå âåðîÿòíîñòè ïðîñòîÿ ïðèáîðà R0

Ðèñ. 4. Èçìåíåíèå êîýôôèöèåíòà âàðèàöèè äëèí èíòåðâàëîâ Cvar

Èçìåíåíèå êîýôôèöèåíòà êîððåëÿöèè Ccor ïðèíÿëî íóëåâûå çíà÷å-
íèÿ âî âñåõ ðàññìîòðåííûõ ñëó÷àÿõ.

Çàêëþ÷åíèå

Â õîäå ïðîäåëàííîé ðàáîòû áûëà ðàññìîòðåíà ìîäåëü óçëà ñâÿçè â
âèäå ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ ñ ïîâòîðíûìè îáðàùåíèÿìè è
ñ ¾ïðîãóëêàìè¿ ïðèáîðà. Áûëî ïîêàçàíî, ÷òî àñèìïòîòè÷åñêèé âûõî-
äÿùèé ïîòîê, ïðè óñëîâèè áîëüøîé çàäåðæêè íà îðáèòå, îòíîñèòñÿ ê
êëàññó ÌÀÐ. Èñïîëüçóÿ ðåçóëüòàòû ïðîäåëàííûõ ÷èñëåííûõ ýêñïåðè-
ìåíòîâ, ìîæíî ïðîñëåäèòü âëèÿíèå èçìåíåíèé ïàðàìåòðîâ ïåðåêðûòèÿ
êàíàëà íà õàðàêòåðèñòèêè âûõîäÿùåãî ïîòîêà.
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Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Íèæåãîðîäñêèé ãîñóäàðñòâåííûé

óíèâåðñèòåò èì. Í. È. Ëîáà÷åâñêîãî, ã. Íèæíèé Íîâãîðîä, Ðîññèÿ

Â ðàáîòå ðàññìîòðåí ñïåöèàëüíûé êëàññ àëãîðèòìîâ ñ îáðàò-
íîé ñâÿçüþ. Òàêèå àëãîðèòìû ïðåäíàçíà÷åíû äëÿ óïðàâëåíèÿ
ïîòîêàìè òðàíñïîðòà è ïåøåõîäîâ íà ïåðåêð¼ñòêå. Ñïåöèôè÷å-
ñêîé îñîáåííîñòüþ ñèñòåìû óïðàâëåíèÿ äîðîæíûì äâèæåíèåì
ÿâëÿåòñÿ èçìåíåíèå âåðîÿòíîñòíîé ñòðóêòóðû âõîäíûõ ïîòîêîâ
ïîä âëèÿíèåì ñëó÷àéíûõ ôàêòîðîâ. Öåëüþ äàííîãî èññëåäîâà-
íèÿ ÿâëÿåòñÿ îïòèìèçàöèÿ ðàáîòû ñèñòåìû äëÿ ñëó÷àÿ âõîäíûõ
ïîòîêîâ Ïóàññîíà è Áàðòëåòòà, à òàêæå èçó÷åíèå âëèÿíèÿ ïàðà-
ìåòðîâ ïîòîêà Áàðòëåòòà íà îïòèìàëüíûå ïàðàìåòðû óïðàâëå-
íèÿ è ìèíèìàëüíûå ñðåäíèå çàäåðæêè ïðîèçâîëüíîãî òðåáîâà-
íèÿ íà ïåðåêð¼ñòêå.
Êëþ÷åâûå ñëîâà: Óïðàâëåíèå äâèæåíèåì, êîíôëèêòíûå ïî-
òîêè, ïîòîê Áàðòëåòòà, ïîòîê Ïóàññîíà, òðàíñïîðòíûå ïî-
òîêè, ïåøåõîäíûå ïîòîêè, èíòåíñèâíîñòü âõîäíûõ ïîòîêîâ,
ñðåäíÿÿ äëèíà ïà÷êè, îïòèìàëüíûå ïàðàìåòðû óïðàâëåíèÿ,
òðàíñïîðòíàÿ ïà÷êà.

Ââåäåíèå

Çàäà÷è ðåãóëèðîâàíèÿ òðàíñïîðòíûõ ïåðåêð¼ñòêîâ ÿâëÿþòñÿ àêòó-
àëüíûìè êàê ñ òî÷êè çðåíèÿ áåçîïàñíîñòè, òàê è ñ òî÷êè çðåíèÿ ýêî-
ëîãè÷åñêîé ñèòóàöèè [1�3]. Ïðè ýòîì, â êà÷åñòâå ó÷àñòíèêîâ äîðîæíîãî
äâèæåíèÿ ìîãóò âûñòóïàòü êàê òðàíñïîðòíûå åäèíèöû, òàê è ïåøå-
õîäû. Îñîáåííîñòüþ òðàíñïîðòíûõ ñèñòåì ÿâëÿåòñÿ èçìåíåíèå âåðîÿò-
íîñòíîé ñòðóêòóðû âõîäíûõ ïîòîêîâ ïîä âëèÿíèåì âíåøíèõ ôàêòîðîâ,
êîòîðûå çà÷àñòóþ íîñÿò ñëó÷àéíûé õàðàêòåð. Ê òàêèì ôàêòîðàì ìîæ-
íî îòíåñòè ïîãîäó. Òàê, ïðè õîðîøèõ ïîãîäíûõ óñëîâèÿõ, äâèæåíèå ìà-
øèí â ïîòîêå ìîæíî ñ÷èòàòü íåçàâèñèìûì. Ïðè ïëîõèõ � âîçìîæíîñòè
ìàíåâðèðîâàíèÿ îãðàíè÷åíû, ÷òî ïðèâîäèò ê îáðàçîâàíèþ òðàíñïîðò-
íûõ ïà÷åê. Ïîòîêè ïåðâîãî òèïà ÿâëÿþòñÿ ïóàññîíîâñêèìè, à ïîòîêè
ïà÷åê îïèñûâàþòñÿ ðàñïðåäåëåíèåì Áàðòëåòòà [4]. Ïîýòîìó, ïðè èçó÷å-
íèè òðàíñïîðòíûõ ñèñòåì âàæíî óñòàíîâèòü, ñ îäíîé ñòîðîíû, âëèÿíèå
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âåðîÿòíîñòíîé ñòðóêòóðû âõîäíûõ ïîòîêîâ, à ñ äðóãîé � âëèÿíèå ïà-
ðàìåòðîâ ïîòîêà Áàðòëåòòà íà ðàáîòó ñèñòåìû.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ (ÑÌÎ) ñ îæè-
äàíèåì. Îíà ïðåäñòàâëÿåò ñîáîé ¾Ò�îáðàçíûé¿ ïåðåêð¼ñòîê. Â ñè-
ñòåìó ïîñòóïàåò òðè íåçàâèñèìûõ êîíôëèêòíûõ ïîòîêà Π1,Π2 è Π3,
ãäå Π1 è Π2 ÿâëÿþòñÿ ïîòîêàìè ìàøèí, à Π3 � ïîòîêîì ïåøåõîäîâ.
Äâèæåíèå ïðîèñõîäèò â ïåðåñåêàþùèõñÿ íàïðàâëåíèÿõ, ïîýòîìó îäíî-
âðåìåííîå îáñëóæèâàíèå ïîòîêîâ íåâîçìîæíî. Òàêèì îáðàçîì, ïîòîêè
ÿâëÿþòñÿ ïîïàðíî êîíôëèêòíûìè [5].

Îáñëóæèâàþùåå óñòðîéñòâî (ÎÓ) èìååò âîñåìü ðåæèìîâ ðàáî-
òû Γ(1),Γ(2), . . . ,Γ(8). Â ðåæèìàõ Γ(1) è Γ(3) ðàçðåø¼í ïåðååçä ìàøè-
íàì ïîòîêîâ Π1 è Π2 ñîîòâåòñòâåííî. Â Γ(5) è Γ(7) îáñëóæèâàåòñÿ ïîòîê
ïåøåõîäîâ Π3. Ðåæèìû Γ(2),Γ(4),Γ(6) è Γ(8) ñîîòâåòñòâóþò æ¼ëòîìó ñâå-
òó. Ãðàô ñìåíû ðåæèìîâ ðàáîòû ÎÓ ïðåäñòàâëåí íà ðèñ. 1. Ïåðåõîäû
Γ(1) → Γ(2),Γ(3) → Γ(4),Γ(5) → Γ(6),Γ(6) → Γ(3),Γ(7) → Γ(8),Γ(8) → Γ(1)

îïðåäåëÿþòñÿ îäíîçíà÷íî. Èç ðåæèìà Γ(2) ÎÓ ïåðåêëþ÷àåòñÿ â ðå-
æèì Γ(3), åñëè â ìîìåíò îêîí÷àíèÿ Γ(2) íà ïåðåêð¼ñòêå ñêîïèëîñü íå áî-
ëåå, ÷åì N1 ïåøåõîäîâ. Â ïðîòèâíîì ñëó÷àå, âêëþ÷àåòñÿ ðåæèì Γ(5).
Àíàëîãè÷íî, ïîñëå ðåæèìà Γ(4), âêëþ÷àåòñÿ ðåæèì Γ(1), åñëè â ìîìåíò
îêîí÷àíèÿ Γ(4) íà ïåðåêð¼ñòêå ñêîïèëîñü íå áîëåå, ÷åì N2 ïåøåõîäîâ.
Â ïðîòèâíîì ñëó÷àå, ÎÓ ïåðåõîäèò â ðåæèì Γ(7). Òàêèì îáðàçîì, ïå-
øåõîäíûé ïîòîê Π3 ÿâëÿåòñÿ èíôîðìàòèâíûì, à óïðàâëÿþùèé àëãî-
ðèòì � àëãîðèòìîì ñ îáðàòíîé ñâÿçüþ.

Ðèñ. 1. Ãðàô ñìåíû ðåæèìîâ ðàáîòû ÎÓ

Â êàæäîì èç ðåæèìîâ Γ(r) ÎÓ íàõîäèòñÿ íåêîòîðîå ôèêñèðîâàííîå
âðåìÿ T (r), r = 1, 8. Äëèòåëüíîñòè ðåæèìîâ æ¼ëòîãî ñâåòà T2, T4, T6 è T8
âûáèðàþòñÿ èç óñëîâèé áåçîïàñíîñòè äâèæåíèÿ íà ïåðåêð¼ñòêå. Ïàðà-
ìåòðû T5 è T7 òàêæå ïîëàãàþòñÿ çàäàííûìè. Äëèòåëüíîñòè T1 è T3 ÿâ-
ëÿþòñÿ óïðàâëÿþùèìè ïàðàìåòðàìè àëãîðèòìà. Â êà÷åñòâå îïòèìàëü-
íûõ ïàðàìåòðîâ ðàññìàòðèâàþòñÿ òå, ïðè êîòîðûõ äîñòèãàåòñÿ ìèíè-
ìàëüíîå çíà÷åíèå ñðåäíèõ çàäåðæåê γ ïðîèçâîëüíîãî òðåáîâàíèÿ íà ïå-
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ðåêð¼ñòêå. Äàííàÿ õàðàêòåðèñòèêà ÿâëÿåòñÿ îñíîâíûì êðèòåðèåì êà÷å-
ñòâà ðàáîòû ñèñòåìû ñ îæèäàíèåì è âû÷èñëÿåòñÿ ïî ñëåäóþùåé ôîð-
ìóëå:

γ = (λ1 · γ1 + λ2 · γ2 · λ3 · γ3)/(λ1 + λ2 + λ3), (1)

ãäå λj � èíòåíñèâíîñòü Πj , à γj � ñðåäíèå çàäåðæêè ïðîèçâîëüíîé
çàÿâêè â ñèñòåìå ïî ïîòîêó Πj , j = 1, 3. Çàäåðæêè ïðîèçâîëüíîãî òðå-
áîâàíèÿ ñêëàäûâàþòñÿ èç âðåìåíè îæèäàíèÿ íà÷àëà îáñëóæèâàíèÿ è
âðåìåíè ïåðåñå÷åíèÿ ïåðåêð¼ñòêà è ïðåäñòàâëÿþò ñîáîé âðåìÿ ïðåáû-
âàíèÿ òðåáîâàíèÿ â ñèñòåìå. Ñðåäíèå çàäåðæêè γj ïî ïîòîêó Πj , j = 1, 3
ðàññ÷èòûâàþòñÿ êàê ñðåäíåå àðèôìåòè÷åñêîå çàäåðæåê çàÿâîê äàííîãî
ïîòîêà.

Â êà÷åñòâå ïîòîêîâ Π1 è Π2 ðàññìàòðèâàþòñÿ ïîòîêè Ïóàññî-
íà è Áàðòëåòòà. Ïîñêîëüêó âîçìîæíîñòè ìàíåâðèðîâàíèÿ è îáãîíà ó ïå-
øåõîäîâ çíà÷èòåëüíî âûøå, ÷åì ó òðàíñïîðòà, èõ äâèæåíèå ãîðàçäî ÷à-
ùå ÿâëÿåòñÿ íåçàâèñèìûì. Â ñëåäñòâèå ýòîãî ïîòîê Π3 â ðàáîòå ïðåäïî-
ëàãàåòñÿ ïóàññîíîâñêèì. Ïîòîêè Áàðòëåòòà îïèñûâàþòñÿ íåëîêàëüíî ñ
ïîìîùüþ âåêòîðíîé ñëó÷àéíîé ïîñëåäîâàòåëüíîñòè {(τi, η1,i, η2,i), i ⩾ 0}
[4, 6]. Â êà÷åñòâå ìîìåíòîâ íàáëþäåíèÿ τi, i ⩾ 0 âûáèðàþòñÿ ìîìåí-
òû ïîñòóïëåíèÿ ïåðâûõ òðåáîâàíèé â ïà÷êàõ. Ñëó÷àéíûå âåëè÷èíû ηj,i
îïèñûâàþò äëèíó i-îé ïà÷êè ïîòîêà Πj è èìåþò ðàñïðåäåëåíèå Áàðò-
ëåòòà: {

P (ηj,i = 1) = 1− rj ,

P (ηj,i = k) = rj · (1− gj) · gjk−2, k ⩾ 2,
(2)

ãäå rj ,gj � ïàðàìåòðû ðàñïðåäåëåíèÿ, 0 < rj , gj < 1, j = 1, 2.
Ïîä äëèíîé ïà÷êè ïîíèìàåòñÿ êîëè÷åñòâî çàÿâîê, ïîñòóïèâøèõ â ñè-

ñòåìó çà i-ûé òàêò íàáëþäåíèÿ [τi, τi+1), i ⩾ 0. Ïàðàìåòð rj � ýòî âåðî-
ÿòíîñòü òîãî, ÷òî â ñèñòåìó ïîñòóïèò ïà÷êà èç äâóõ è áîëåå çàÿâîê ïî
ïîòîêó Πj , j = 1, 2. Ïàðàìåòð gj âëèÿåò íà ñðåäíþþ äëèíó ïà÷êè:

Mηj,i
= 1 + rj/(1− gj), j = 1, 2. (3)

Òàêèì îáðàçîì, ïàðàìåòðû rj è gj ñâÿçàíû ñëåäóþùèì ñîîòíîøåíè-
åì:

rj = (Mηj,i
− 1) · (1− gj), j = 1, 2. (4)

Íåòðóäíî âèäåòü, ÷òî ïðè ôèêñèðîâàííîé ñðåäíåé äëèíå ïà÷êè, ñ ðî-
ñòîì ïàðàìåòðà gj , ïàðàìåòð rj óáûâàåò, j = 1, 2.

2. ×èñëåííûå èññëåäîâàíèÿ

×èñëåííûå èññëåäîâàíèÿ äàííîé ñèñòåìû ïðîâåäåíû ñ ïðèìåíåíèåì
ìåòîäà èìèòàöèîííîãî ìîäåëèðîâàíèÿ. Ðàñ÷¼òû ïîêàçàëè, ÷òî âåðîÿò-
íîñòíàÿ ñòðóêòóðà âõîäíûõ ïîòîêîâ ñóùåñòâåííî âëèÿåò íà ïîâåäåíèå
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ñèñòåìû. Ïðè óïðàâëåíèè ïîòîêàìè Ïóàññîíà è Áàðòëåòòà îäèíàêîâîé
èíòåíñèâíîñòè, âî âòîðîì ñëó÷àå íàáëþäàåòñÿ ðîñò ìèíèìàëüíûõ ñðåä-
íèõ çàäåðæåê ïðîèçâîëüíîé çàÿâêè íà ïåðåêð¼ñòêå. Óñòàíîâëåíî, ÷òî ñ
ðîñòîì ïàðàìåòðà gj ïðîèñõîäèò ðåçêîå óâåëè÷åíèå ñðåäíèõ çàäåðæåê.
Äëÿ èëëþñòðàöèè äàííîãî ïîëîæåíèÿ ðàññìîòðèì ïðèìåð 1.

Ïðèìåð 1. Ïóñòü äëèòåëüíîñòè ðåæèìîâ æ¼ëòîãî ñâåòà T2 = T4 =
T6 = T8 = 3 (ñ), à ðåæèìîâ îáñëóæèâàíèÿ ïåøåõîäîâ � T5 = T7 = 30 (ñ).
Êðèòè÷åñêèå çíà÷åíèÿ äëÿ î÷åðåäåé ïî ïîòîêó ïåøåõîäîâ Π3 ïðèìåì
ðàâíûìè íóëþ: N1 = N2 = 0 (çàÿâîê). Ïóñòü èíòåíñèâíîñòè ïîòî-
êîâ Π1,Π2 è Π3 ñîâïàäàþò: λ1 = λ2 = λ3 = 0, 1 (çàÿâîê â ñåêóíäó). Ðàñ-
ñìîòðèì äâà ñëó÷àÿ âõîäíûõ ïîòîêîâ. Åñëè Π1,Π2 è Π3 � ïóàññîíîâñêèå
ïîòîêè, òî ìèíèìàëüíîå çíà÷åíèå ñðåäíèõ çàäåðæåê ïðîèçâîëüíîé çàÿâ-
êè â ñèñòåìå ñîñòàâëÿåò 33, 72 (ñ). Äàííûå ðåçóëüòàòû ïðåäñòàâëåíû íà
ðèñ. 2 â âèäå ïðÿìîé I, ïîìå÷åííîé îðàíæåâûì öâåòîì. Âî âòîðîì ñëó-
÷àå Π1 è Π2 � ïîòîêè Áàðòëåòòà ñî ñðåäíåé äëèíîé ïà÷êèMηj,i

= 2 (çà-
ÿâîê), j = 1, 2. Ïðè ýòîì, çíà÷åíèå ïàðàìåòðà gj , j = 1, 2 èçìåíÿåòñÿ
â ïðåäåëàõ îò 0, 1 äî 0, 99: íà èíòåðâàëå [0, 1; 0, 9) � ñ øàãîì 0, 1, à íà èí-
òåðâàëå [0, 9; 0, 99) � ñ øàãîì 0, 01. Ïàðàìåòð rj , j = 1, 2 îïðåäåëÿåò-
ñÿ èç ôîðìóëû (4). Óâåëè÷åíèå ïàðàìåòðà gj ïðèâîäèò ê ðîñòó ìè-
íèìàëüíûõ ñðåäíèõ çàäåðæåê ñ 34, 72 (c) ïðè gj = 0, 1 äî 161, 41 (ñ)
ïðè gj = 0, 99, j = 1, 2. Ïðè÷¼ì, íà÷èíàÿ ñ óðîâíÿ gj = 0, 8, j = 1, 2,
íàáëþäàþòñÿ ñóùåñòâåííûå îòëè÷èÿ îò ñëó÷àÿ ïóàññîíîâñêèõ âõîäíûõ
ïîòîêîâ. Äàííûå ðåçóëüòàòû òàêæå ïðåäñòàâëåíû íà ðèñ. 2 (êðèâàÿ II,
ïîìå÷åííàÿ ñèíèì öâåòîì).
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Ðèñ. 2. Çàâèñèìîñòü ìèíèìàëüíûõ ñðåäíèõ çàäåðæåê îò ïàðàìåòðà gj , j = 1, 2
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Ïðè÷èíó òàêîãî âëèÿíèÿ ïàðàìåòðà gj , j = 1, 2 íà ðàáîòó ñèñòåìû
ïðîäåìîíñòðèðóåì íà ïðèìåðå 2.

Ïðèìåð 2. Çàôèêñèðóåì ñðåäíþþ äëèíó ïà÷êè: Mηj,i
= 11 (çà-

ÿâîê) è ðàññìîòðèì äâà íàáîðà ïàðàìåòðîâ. Ïóñòü gj = 0, 91. Òîãäà,
ñîãëàñíî ôîðìóëå (4), ïàðàìåòð rj = 0, 9, j = 1, 2. Ýòîìó ñëó÷àþ ñî-
îòâåòñòâóåò êðèâàÿ I íà ðèñ. 3, ïîìå÷åííàÿ ñèíèì öâåòîì. Òîãäà âå-
ðîÿòíîñòü òîãî, ÷òî â ñèñòåìó ïîñòóïèò ïà÷êà èç 2 çàÿâîê, áóäåò ðàâ-
íà P (ηj,i = 2) = rj ·(1−gj)·(gj)0 = 0, 081 ñîãëàñíî ôîðìóëå (2). Óâåëè÷èì
çíà÷åíèå ïàðàìåòðà gj äî 0, 99, òîãäà rj = 0, 1 ñîãëàñíî (4), j = 1, 2. Äàí-
íûé íàáîð ïàðàìåòðîâ ñîîòâåòñòâóåò êðèâîé II, ïîìå÷åííîé îðàíæåâûì
öâåòîì. Â ýòîì ñëó÷àå, âåðîÿòíîñòü òîãî, ÷òî â ñèñòåìó ïîñòóïèò ïà÷êà
èç 2 çàÿâîê, áóäåò ãîðàçäî ìåíüøå: P (ηj,i = 2) = 0, 001. Äåéñòâèòåëüíî,
êðèâàÿ II èçíà÷àëüíî ëåæèò íèæå êðèâîé I. Â ïåðâóþ î÷åðåäü, ýòî ñâÿ-
çàíî ñî çíà÷åíèåì ïàðàìåòðà rj , j = 1, 2, òàê êàê èìåííî îí îïðåäåëÿåò
âåðîÿòíîñòü òîãî, ÷òî â ñèñòåìó ïîñòóïèò ïà÷êà èç äâóõ è áîëåå çàÿâîê.
Ñîãëàñíî (2), âåðîÿòíîñòü P (ηj,i = k) ïðåäñòàâëÿåò ñîáîé ñòåïåííóþ
ôóíêöèþ ïàðàìåòðà gj , è ïàðàìåòð gj ïðèíèìàåò çíà÷åíèÿ ñòðîãî ìåíü-
øå åäèíèöû. Â ñâÿçè ñ ýòèì, ñ óâåëè÷åíèåì k, âåðîÿòíîñòü P (ηj,i = k)
óáûâàåò ãîðàçäî áûñòðåå äëÿ ïåðâîãî íàáîðà ïàðàìåòðîâ. Èìåííî èç-çà
áîëüøåé âåðîÿòíîñòè ïîñòóïëåíèÿ ïà÷åê áîëüøîé äëèíû ìèíèìàëüíîå
çíà÷åíèå ñðåäíèõ çàäåðæåê ïðîèçâîëüíîé çàÿâêè â ñèñòåìå óâåëè÷èâà-
åòñÿ.

10 20 30 40 50 60 70 80 90 100

2

4

6

8

I

II

Êîëè÷åñòâî çàÿâîê â ïà÷êå, åä

Â
åð
îÿ
ò
í
î
ñò
ü
(1

·1
0
−
3
)

gj = 0, 91, rj = 0, 9 (I)

gj = 0, 99, rj = 0, 1 (II)
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Çàêëþ÷åíèå

Ïðîâåä¼ííûå èññëåäîâàíèÿ ïîêàçàëè, ÷òî èçìåíåíèå âåðîÿòíîñòíîé
ñòðóêòóðû âõîäíûõ ïîòîêîâ âëèÿåò íà ðàáîòó ñèñòåìû � íàèìåíüøåå
çíà÷åíèå ìèíèìàëüíûõ ñðåäíèõ çàäåðæåê ïðîèçâîëüíîãî òðåáîâàíèÿ
íà ïåðåêð¼ñòêå äîñòèãàåòñÿ ïðè óïðàâëåíèè ïóàññîíîâñêèìè âõîäíû-
ìè ïîòîêàìè. Òàêæå óäàëîñü âûÿñíèòü, ÷òî ñîîòíîøåíèå ïàðàìåòðîâ
ïîòîêà Áàðòëåòòà îêàçûâàåò çíà÷èòåëüíîå âîçäåéñòâèå íà ðàáîòó ïåðå-
êð¼ñòêà. Óñòàíîâëåíî, ÷òî ïðåèìóùåñòâåííî ïàðàìåòð gj , j = 1, 2 âëèÿåò
íà âåðîÿòíîñòü ïîñòóïëåíèÿ â ñèñòåìó ïà÷åê áîëüøîé äëèíû, à ïîòîìó
ñ åãî ðîñòîì ïðîèñõîäèò ðåçêîå óâåëè÷åíèå ñðåäíèõ çàäåðæåê γ.
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ÄÈÔÔÓÇÈÎÍÍÎÃÎ ÀÍÀËÈÇÀ

À.À. Íàçàðîâ, Å.À. Ïàâëîâà, À.À. Ïàâëîâà

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé

Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

Â äàííîé ðàáîòå èññëåäîâàíà ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ c
åäèíñòâåííûì îáñëóæèâàþùèì ïðèáîðîì, à òàêæå èñòî÷íèêîì
ïîâòîðíûõ âûçîâîâ - îðáèòîé, èìåþùåé íåîãðàíè÷åííîå êîëè÷å-
ñòâî ìåñò. Íà âõîä ñèñòåìû ïîñòóïàåò ïðîñòåéøèé ïîòîê çàÿâîê,
îáñëóæèâàíèå êîòîðûõ îñóùåñòâëÿåòñÿ â ñîîòâåòñòâèè ñ ýêñïî-
íåíöèàëüíûì çàêîíîì ðàñïðåäåëåíèÿ. Äëÿ äàííîé ñèñòåìû õà-
ðàêòåðíî íàëè÷èå òðåõ òèïîâ îáðàòíîé ñâÿçè äëÿ îáðàáàòûâàå-
ìîé çàÿâêè. Äëÿ íàõîæäåíèÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ÷èñëà
çàÿâîê íà îðáèòå áûë ïðèìåíåí ìåòîä àñèìïòîòè÷åñêè äèôôó-
çèîííîãî àíàëèçà.
Êëþ÷åâûå ñëîâà: Ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ îáðàò-
íîé ñâÿçüþ, àñèìïòîòè÷åñêè äèôôóçèîííûé àíàëèç.

Ââåäåíèå

Ïðè èññëåäîâàíèè êëàññè÷åñêèõ ÑÌÎ íå ó÷èòûâàåòñÿ âîçìîæíîñòü
ïîëó÷åíèÿ îáðàòíîé ñâÿçè çàÿâêè, ÷òî â çíà÷èòåëüíîé ñòåïåíè îòäàëÿ-
åò ñèñòåìó îò ðåàëüíûõ ïðîöåññîâ â îáëàñòè êîììóíèêàöèè. Ñèñòåìû
ìàññîâîãî îáñëóæèâàíèÿ ñ îáðàòíîé ñâÿçüþ õàðàêòåðèçóþòñÿ òåì, ÷òî
ïðè ïîëó÷åíèè ïåðâè÷íîãî îáñëóæèâàíèÿ çàÿâêà ìîæåò, íå ïîêèäàÿ ñè-
ñòåìû, ëèáî ìãíîâåííî ïîëó÷èòü ïîâòîðíîå îáñëóæèâàíèå, ëèáî îñó-
ùåñòâèòü çàäåðæêó â òå÷åíèå ñëó÷àéíîãî âðåìåíè, à çàòåì âíîâü ñîâåð-
øèòü ïîïûòêó ïîëó÷èòü îáñëóæèâàíèå (îòëîæåííàÿ îáðàòíàÿ ñâÿçü) [1].

Áîëüøîå êîëè÷åñòâî ðàáîò ïîñâÿùåíî ñèñòåìàì ìàññîâîãî îáñëóæè-
âàíèÿ òàêîãî òèïà [2-5], ÷òî îáóñëîâëåíî îïòèìèçàöèåé âñåâîçìîæíûõ
ãðàíåé îïèñûâàåìîé îáëàñòè. Â äàííîé ðàáîòå ïðåäëàãàåòñÿ ðàññìîò-
ðåòü ìîäåëü ñ òðåìÿ òèïàìè îáðàòíîé ñâÿçè: ìãíîâåííîé, îòëîæåííîé
÷åðåç áóíêåð è îòëîæåííîé ÷åðåç îðáèòó.

1. Îïèñàíèå ìîäåëè è ïîñòàíîâêà çàäà÷è

Áóäåì èññëåäîâàòü ÑÌÎ âèäà M |M |1|N − 1 (ðèñ. 1) ñ òðåìÿ òèïàìè
îáðàòíîé ñâÿçè, íà âõîä êîòîðîé ïîñòóïàåò ïðîñòåéøèé ïîòîê çàÿâîê ñ
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ïàðàìåòðîì λ. Ïðè óñëîâèè íàëè÷èÿ ñâîáîäíîãî ìåñòà â áóíêåðå, èìåþ-
ùåì N − 1 ìåñòî, ïîñòóïèâøàÿ çàÿâêà âñòàåò â î÷åðåäü. Åñëè ñâîáîäåí
ïðèáîð, çàÿâêà îòïðàâëÿåòñÿ íà íåãî è îáñëóæèâàåòñÿ òàì â òå÷åíèå
ñëó÷àéíîãî âðåìåíè, ðàñïðåäåëåííîãî ýêñïîíåíöèàëüíî ñ ïàðàìåòðîì µ.
Åñëè æå âñå ìåñòà â áóíêåðå çàíÿòû, çàÿâêà óõîäèò íà îðáèòó ñ íåîãðà-
íè÷åííûì êîëè÷åñòâîì ìåñò è çàäåðæèâàåòñÿ òàì â òå÷åíèå ñëó÷àéíîãî
âðåìåíè, ðàñïðåäåëåííîãî ýêñïîíåíöèàëüíî ñ ïàðàìåòðîì σ. Ïî çàâåð-
øåíèè îáñëóæèâàíèÿ çàÿâêè íà ïðèáîðå îíà ïîêèäàåò ñèñòåìó ñ âåðî-
ÿòíîñòüþ r0; ñ âåðîÿòíîñòüþ r1 çàÿâêà ìãíîâåííî ïîëó÷àåò ïîâòîðíîå
îáñëóæèâàíèå; ñ âåðîÿòíîñòüþ r2 � óõîäèò â áóíêåð, à ñ âåðîÿòíîñòüþ
r3 � íà îðáèòó.

λ

. . .

σσ

· · · · ·. . .

N − 1

µ

r3

r1

r2

r0

Ðèñóíîê 1. Ñèñòåìà âèäà M |M |1|N − 1 ñ òðåìÿ òèïàìè îáðàòíîé ñâÿçè

Îáîçíà÷èì n(t) � ÷èñëî çàÿâîê íà ïðèáîðå è â î÷åðåäè â ìîìåíò âðå-
ìåíè t, n(t) = 0, 1, ..., N ,i(t) � ÷èñëî çàÿâîê íà îðáèòå. Ñëó÷àéíûé äâó-
ìåðíûé ìàðêîâñêèé ïðîöåññ, êîòîðûé áóäåì èññëåäîâàòü � {n(t), i(t)}.

Ñòàâèòñÿ çàäà÷à íàõîæäåíèÿ äâóìåðíîãî ðàñïðåäåëåíèÿ âåðîÿòíî-
ñòåé P (n, i, t) = P {n(t) = n, i(t) = i} â ñòàöèîíàðíîì ðåæèìå.

2. Ñèñòåìà óðàâíåíèé Êîëìîãîðîâà

Äëÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé P (n, i, t) çàïèøåì ñèñòåìó äèôôå-
ðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà
∂P (0, i, t)

∂t
= −P (0, i, t)(iσ + λ) + P (1, i, t)µr0 + P (1, i− 1, t)µr3, n = 0;

∂P (n, i, t)

∂t
= −P (n, i, t)(iσ + λ+ µ) + P (n− 1, i, t)λ+

+P (n− 1, i+ 1, t)σ(i+ 1) + P (n+ 1, i, t)µr0 + P (n, i, t)µ(r1 + r2)+

+P (n+ 1, i− 1, t)µr3, 0 < n < N ;
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∂P (N, i, t)

∂t
= −P (N, i, t)(λ+ µ) + P (N − 1, i, t)λ+ P (N, i− 1, t)λ+

+P (N − 1, i+ 1, t)σ(i+ 1) + P (N, i, t)µ(r1 + r2), n = N.

Ââåäåì ÷àñòè÷íûå õàðàêòåðèñòè÷åñêèå ôóíêöèè è ïåðåéäåì ê íèì

H(n, u, t) =

∞∑
i=0

ejuiP (n, i, t),

çäåñü j � ìíèìàÿ åäèíèöà (j =
√
−1).

∂H(0, u, t)

∂t
= −λH(0, u, t) + jσ

∂H(0, u, t)

∂u
+ r0µH(1, u, t)+

+r3µe
juH(1, u, t), n = 0;

∂H(n, u, t)

∂t
= −(λ+ µ)H(n, u, t) + jσ

∂H(n, u, t)

∂u
+ λH(n− 1, u, t)−

−jσe−ju ∂H(n− 1, u, t)

∂u
+ µr0H(n+ 1, u, t) + (r1 + r2)µH(n, u, t)+

+r3µe
juH(n+ 1, u, t), 0 < n < N ;

∂H(N, u, t)

∂t
= −(λ+ µ)H(N, u, t)+

+λH(N − 1, u, t) + λejuH(n, u, t)− jσe−ju ∂H(N − 1, u, t)

∂u
+

+(r1 + r2)µH(N, u, t), n = N. (1)

Äëÿ óäîáñòâà çàïèñè ïåðåéäåì â (1) ê ìàòðè÷íîé ôîðìå, îáîçíà÷èâ

H(u, t) = {H(0, u, t)), H(1, u, t), . . . ,H(N, u, t)} ,
∂H(u, t)

∂t
= H(u, t)(A+ ejuB) + jσ

∂H(u, t)

∂u
(I0 − e−juI1), (2)

ãäå A,B, I0, I1 � ìàòðèöû ðàçìåðíîñòè (N + 1)× (N + 1) âèäà

A =


−λ λ . . . 0
µr0 µ((r1 + r2)− 1)− λ . . . 0
0 µr0 . . . 0
. . . . . . . . . . . .
0 0 . . . λ
0 0 . . . µ((r1 + r2)− 1)− λ

 ,
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B =


0 0 . . . 0 0
µr3 0 . . . 0 0
0 µr3 . . . 0 0
. . . . . . . . . . . . . . .
0 0 . . . µr3 λ

 , I0 =


1 0 . . . 0
0 1 . . . 0
. . . . . . . . . . . .
0 0 . . . 0

 ,

I1 =


0 1 0 . . . 0
0 0 1 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . 1
0 0 0 . . . 0

 .

Äîìíîæèì óðàâíåíèå â ìàòðè÷íîì âèäå (1) íà åäèíè÷íûé âåêòîð-
ñòîëáåö e è ïîëó÷èì ñêàëÿðíîå óðàâíåíèå, ïðèíèìàÿ âî âíèìàíèå ðà-
âåíñòâà (A+B)e = 0 è (I0 − I1)e = 0. Âûïèøåì ïîëó÷åííóþ ñèñòåìó

∂H(u, t)

∂t
= H(u, t)(A+ ejuB) + jσ

∂H(u, t)

∂u
(I0 − e−juI1),

∂H(u, t)

∂t
e = H(u, t)Be+ jσ

∂H(u, t)

∂u
e−juI1e. (3)

Äëÿ ðåøåíèÿ çàäà÷è (2) ìåòîäîì àñèìïòîòè÷åñêè äèôôóçèîííîãî
àíàëèçà ââåäåì àñèìïòîòè÷åñêîå óñëîâèå σ → 0, îïèñûâàþùåå áîëüøóþ
çàäåðæêó çàÿâêè íà îðáèòå.

3. Àñèìïòîòè÷åñêè äèôôóçèîííûé àíàëèç

Îáîçíà÷èì σ = ε è ââåäåì ñëåäóþùèå çàìåíû

u = εw, τ = tε,H(u, t) = F(w, τ, ε).

Ïåðåïèøåì (2) ñîãëàñíî ââåäåííûì çàìåíàì

ε
∂F(w, τ, ε)

∂τ
= F(w, τ, ε)(A+ ejewB) + j

∂F(w, τ, ε)

∂w
(I0 − e−jewI1),

ε
∂F(w, τ, ε)

∂τ
e = F(w, τ, ε)Be+ j

∂F(w, τ, ε)

∂w
e−jewI1e.

Òåîðåìà 1. Ïóñòü èìååòñÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ
òðåìÿ òèïàìè îáðàòíîé ñâÿçè, òîãäà â àñèìïòîòè÷åñêîì óñëîâèè σ → 0
ïðåäåëüíóþ õàðàêòåðèñòè÷åñêóþ ôóíêöèþ ïðè óñëîâèè íîðìèðîâêè
÷èñëà çàÿâîê íà îðáèòå ìîæíî ïðåäñòàâèòü â ñëåäóþùåì âèäå

lim
σ→0

M
{
ejwσi(t)

}
= ejwx(τ). (4)
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Ôóíêöèþ x(τ) â (4) ìîæíî íàéòè èç ðåøåíèÿ ñëåäóþùåãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ x′(τ) = a(x), çäåñü

a(x) = R(B− x(τ)I1)e, (5)

à âåêòîð ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ÷èñëà çàÿâîê â èññëåäóåìîé ñè-
ñòåìå R = {R(0), R(1), . . . , R(N)} , êîìïîíåíòû êîòîðîãî ýòî âåðîÿòíî-
ñòè òîãî, ÷òî â ñèñòåìå íàõîäèòñÿ k çàÿâîê (k = 0, 1, . . . , N), ïðè÷åì
âåêòîð R åñòü ðåøåíèå ñèñòåìû

R {(A+B)− x(τ)(I0 − I1)} = 0,

Re = 1.

Âûïîëíÿÿ öåíòðèðîâàíèå ñëó÷àéíîãî ïðîöåññà i(t), ìîæíî ñôîðìó-
ëèðîâàòü ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Â ðàññìàòðèâàåìîé ÑÌÎ â ïðåäåëüíîì óñëîâèè σ → 0
àñèìïòîòè÷åñêàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ïðåäñòàâèìà â âèäå

lim
σ→0

Mexp

{
jw

√
σ(i(

τ

σ
)− x(τ)

σ
)

}
= Φ(w, τ),

çäåñü ôóíêöèÿ Φ(w, τ) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåãî óðàâíåíèÿ

∂Φ(w, τ)

∂τ
=

(jw)2

2
b(x)Φ(w, τ) + w

∂Φ(w, τ)

∂w
a′(x),

ãäå ôóíêöèÿ b(x) îïðåäåëÿåòñÿ êàê

b(x) = a(x) + 2g {B− x(τ)I1} e+Rx(τ)I1e, (6)

çäåñü âåêòîð g îïðåäåëÿåòñÿ åäèíñòâåííûì îáðàçîì èç ðåøåíèÿ ñèñòåìû

g[A+B− x(τ)(I0 − I1)] = R(x(τ)I1 −B) + a(x)R,

ge = 0.

Ìîæíî ïîêàçàòü, ÷òî èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 3. Â ðàññìàòðèâàåìîé ÑÌÎ ñòàöèîíàðíàÿ ïðåäåëüíàÿ
ïëîòíîñòü ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå ïðåä-
ñòàâèìà â âèäå

Π(z) =
C

b(z)
· exp

{
2

σ

∫ z

0

a(x)

b(x)
dx

}
,

ãäå ôóíêöèÿ a(x) èìååò âèä (5), à ôóíêöèÿ b(x) � (4), C � ýòî íîðìè-
ðóþùàÿ êîíñòàíòà.
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Çàêëþ÷åíèå

Â äàííîé ðàáîòå èññëåäîâàíà ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ âèäà
M |M |1|N − 1 ñ òðåìÿ òèïàìè îáðàòíîé ñâÿçè ìåòîäîì àñèìïòîòè÷å-
ñêè äèôôóçèîííîãî àíàëèçà â ïðåäåëüíîì óñëîâèè áîëüøîé çàäåðæêè
çàÿâêè íà îðáèòå (σ → 0). Â ðåçóëüòàòå ïîëó÷åíî àñèìïòîòè÷åñêîå ðàñ-
ïðåäåëåíèå âåðîÿòíîñòåé íîðìèðîâàííîãî ÷èñëà çàÿâîê íà îðáèòå.
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ RQ-ÑÈÑÒÅÌÛ
M/M/1/N�1 Ñ ÎÁÐÀÒÍÛÌÈ ÑÂßÇßÌÈ

À.À. Íàçàðîâ1, Ñ. Â. Ðîæêîâà1,2, Å.Þ. Òèòàðåíêî1,2

1Íàöèîíàëüíûé èññëåäîâàòåëüñêèé
Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

2Íàöèîíàëüíûé èññëåäîâàòåëüñêèé

Òîìñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

Â ðàáîòå àñèìïòîòè÷åñêèì ìåòîäîì èññëåäîâàíà RQ-ñèñòåìà
Ì/Ì/1/N�1 ñ ìãíîâåííîé è îòëîæåííîé îáðàòíûìè ñâÿçÿìè. Â
ñèñòåìå èìååòñÿ îäèí îáñëóæèâàþùèé ïðèáîð è áóôåð, ñîäåð-
æàùèé N�1 ìåñò äëÿ îæèäàíèÿ. Âõîäÿùàÿ çàÿâêà, çàñòàâøàÿ
ïðèáîð çàíÿòûì, à áóôåð çàïîëíåííûì, ïîïàäàåò íà îðáèòó, ãäå
îæèäàåò ñëó÷àéíîå âðåìÿ è ïîâòîðÿåò ïîïûòêó ïîïàñòü íà îá-
ñëóæèâàíèå èëè â î÷åðåäü. Ïîñëå îáñëóæèâàíèÿ çàÿâêà ëèáî
ïîêèäàåò ñèñòåìó, ëèáî ïîâòîðíî ïîñòóïàåò íà îáñëóæèâàíèå,
ëèáî ïåðåõîäèò íà îðáèòó. Â ðàáîòå ïîêàçàíî, ÷òî àñèìïòîòè-
÷åñêîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå ïðè
óñëîâèè ðàñòóùåãî ñðåäíåãî âðåìåíè îæèäàíèÿ íà îðáèòå ÿâ-
ëÿåòñÿ ãàóññîâñêèì, ïîëó÷åíû óðàâíåíèÿ äëÿ íàõîæäåíèÿ ïàðà-
ìåòðîâ ðàñïðåäåëåíèÿ.
Êëþ÷åâûå ñëîâà: Àñèìïòîòè÷åñêèé àíàëèç, RQ-ñèñòåìà,
î÷åðåäü, îáðàòíàÿ ñâÿçü.

Ââåäåíèå

Â òåîðèè ìàññîâîãî îáñëóæèâàíèÿ ðàññìàòðèâàþòñÿ ñèñòåìû ñ ïî-
òåðåé çàÿâîê (ñ îòêàçàìè) è ñèñòåìû ñ îæèäàíèåì, èìåþùèå êîíå÷íûé
èëè áåñêîíå÷íûé áóôåð äëÿ îæèäàíèÿ. Âî âòîðîì ñëó÷àå çàÿâêà, ïîñòó-
ïèâøàÿ â ñèñòåìó è çàñòàâøàÿ ïðèáîð çàíÿòûì, ñòàíîâèòñÿ â î÷åðåäü.
Îñîáîå çíà÷åíèå èìåþò ñèñòåìû ñ ïîâòîðíûìè âûçîâàìè (RQ-ñèñòåìû),
â êîòîðûõ çàÿâêà, çàñòàâøàÿ ïðèáîð çàíÿòûì, îæèäàåò íà îðáèòå ñëó-
÷àéíîå âðåìÿ è ïîâòîðÿåò ïîïûòêó ïîïàñòü íà îáñëóæèâàíèå. Ïîñêîëü-
êó ýôôåêò ïîâòîðíûõ ïîïûòîê òèïè÷åí äëÿ ìíîãèõ òåëåêîììóíèêàöè-
îííûõ ñåòåé, èññëåäîâàíèþ RQ-ñèñòåì ïîñâÿùåíî áîëüøîå êîëè÷åñòâî
ðàáîò [1], [2]. Êðîìå òîãî, â ðåàëüíûõ ñåòÿõ ñâÿçè ïðîèñõîäèò ïîâòîðíàÿ
ïåðåäà÷à îøèáî÷íî ïåðåäàííûõ äàííûõ. Â ñèñòåìàõ ìàññîâîãî îáñëó-
æèâàíèÿ òàêàÿ âîçìîæíîñòü îáåñïå÷èâàåòñÿ îáðàòíîé ñâÿçüþ. Ìîäåëè
ñ îáðàòíûìè ñâÿçÿìè ìàëî èçó÷åíû. Â [3] ðàññìàòðèâàåòñÿ ìîäåëü ñè-
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ñòåìû ñ áåñêîíå÷íûì áóôåðîì, ìãíîâåííîé îáðàòíîé ñâÿçüþ ìàòðè÷íî-
ãåîìåòðè÷åñêèì ìåòîäîì.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ñèñòåìà ñ ïîâòîðíûìè âûçîâàìè,
èìåþùàÿ îäèí îáñëóæèâàþùèé ïðèáîð è áóôåð, ñîäåðæàùèé N − 1
ìåñò äëÿ îæèäàíèÿ. Âõîäÿùàÿ çàÿâêà, çàñòàâøàÿ ïðèáîð çàíÿòûì, à
áóôåð çàïîëíåííûì, ïîïàäàåò íà îðáèòó, ãäå îæèäàåò ñëó÷àéíîå âðåìÿ
è ïîâòîðÿåò ïîïûòêó ïîïàñòü íà îáñëóæèâàíèå èëè â î÷åðåäü. Â ñèñòåìå
ó÷èòûâàåòñÿ âîçìîæíîñòü ïîâòîðíîãî îáñëóæèâàíèÿ â âèäå ìãíîâåííîé
è îòñðî÷åííîé îáðàòíîé ñâÿçè. Ñèñòåìà èññëåäóåòñÿ ìåòîäîì àñèìïòî-
òè÷åñêîãî àíàëèçà ïðè óñëîâèè ðàñòóùåãî ñðåäíåãî âðåìåíè îæèäàíèÿ
çàÿâîê íà îðáèòå.

1. Îïèñàíèå ìîäåëè è ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ Ì/Ì/1/N�1 ñ ïîâòîð-
íûìè âûçîâàìè (ðèñ. 1). Íà âõîä ïîñòóïàåò ïðîñòåéøèé ïîòîê çàÿâîê
ñ èíòåíñèâíîñòüþ λ. Åñëè îáñëóæèâàþùèé ïðèáîð ñâîáîäåí, òî çàÿâêà
ïîñòóïàåò íà îáñëóæèâàíèå. Åñëè ïðèáîð çàíÿò, òî ïðè íàëè÷èè ìåñò
â áóôåðå äëÿ îæèäàíèÿ çàÿâêà ñòàíîâèòñÿ â î÷åðåäü, à ïðè îòñóòñòâèè
ìåñò ïîïàäàåò íà îðáèòó. Âðåìÿ îáñëóæèâàíèÿ çàÿâêè ðàñïðåäåëåíî
ïî ýêñïîíåíöèàëüíîìó çàêîíó ñ ïàðàìåòðîì µ. Çàÿâêà, îáñëóæèâàíèå
êîòîðîé çàâåðøåíî, ïîêèäàåò ñèñòåìó ñ âåðîÿòíîñòüþ r0, ìãíîâåííî ïî-
ñòóïàåò íà ïîâòîðíîå îáñëóæèâàíèå ñ âåðîÿòíîñòüþ r1 èëè ïåðåõîäèò
íà îðáèòó ñ âåðîÿòíîñòüþ r2, òàêèì îáðàçîì r0 + r1 + r2 = 1. Íà îðáèòå
çàÿâêè îæèäàþò ïîâòîðíîãî îáñëóæèâàíèÿ â òå÷åíèå âðåìåíè, ðàñïðå-
äåëåííîãî ïî ýêñïîíåíöèàëüíîìó çàêîíó ñ ïàðàìåòðîì σ, ïîñëå ÷åãî
äåëàþò ïîïûòêó âñòàòü â î÷åðåäü. Â ñëó÷àå îòñóòñòâèÿ ìåñò â áóôåðå
çàÿâêè îñòàþòñÿ íà îðáèòå.

Ðèñ. 1. Ñõåìà ñèñòåìû

Îáîçíà÷èì i(t) � ÷èñëî çàÿâîê íà îðáèòå â ìîìåíò âðåìåíè t, ïðî-
öåññ n(t) îïðåäåëÿåò ñîñòîÿíèå ïðèáîðà è áóôåðà äëÿ îæèäàíèÿ ñëåäó-
þùèì îáðàçîì: n(t) = 0, åñëè ïðèáîð ñâîáîäåí; n(t) = n, åñëè ïðè-
áîð çàíÿò è â î÷åðåäè n − 1 çàÿâêà, n = 1, N . Äâóìåðíûé ïðîöåññ



230 À.À. Íàçàðîâ, Ñ. Â. Ðîæêîâà, Å.Þ. Òèòàðåíêî

{i(t), n(t)} ÿâëÿåòñÿ öåïüþ Ìàðêîâà ñ íåïðåðûâíûì âðåìåíåì. Îáîçíà-
÷èì âåðîÿòíîñòè ÷èñëà çàÿâîê íà îðáèòå c ó÷åòîì ñîñòîÿíèÿ ïðèáîðà
Pn(i, t) = P {i(t) = i, n(t) = n} , n = 0, N ; i = 0,∞. Òðåáóåòñÿ íàéòè
ñòàöèîíàðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà çàÿâîê íà îðáèòå.

2. Óðàâíåíèÿ Êîëìîãîðîâà

Äëÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé Pn(i) ≡ Pn(i, t), çà-
ïèøåì ñèñòåìó óðàâíåíèé

− (λ+ iσ)P0(i) + µr0P1(i) + µr2P1(i− 1) = 0;

λPn−1(i) + (i+ 1)σPn−1(i+ 1)− (λ+ µr0 + µr2 + iσ)Pn(i) + µr0Pn+1(i)+

+ µr2Pn+1(i− 1) = 0, n = 1, N − 1;

(i+ 1)σPN−1(i+ 1)− (λ+ µr0 + µr2)PN (i) + λPN−1(i) + λPN (i− 1) = 0.

Ââåäåì ÷àñòè÷íûå õàðàêòåðèñòè÷åñêèå ôóíêöèè ÷èñëà çàÿâîê íà îð-
áèòå Hn(u) =

∑∞
i=0 e

juiPn(i) è ïðåîáðàçóåì ñèñòåìó ê âèäó

−λH0(u) + jσ
∂H0(u)

∂u
+
(
µr0 + µr2e

ju
)
H1(u) = 0; (1)

λHn−1(u)− jσe−ju ∂Hn−1(u)

∂u
− (λ+ µr0 + µr2)Hn(u) + jσ

∂Hn(u)

∂u
+

+
(
µr0 + µr2e

ju
)
Hn+1(u) = 0, n = 1, N − 1;

λHN−1(u)− jσe−ju ∂HN−1(u)

∂u
−
(
λ− λeju + µr0 + µr2

)
HN (u) = 0.

Ïîëíàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ÷èñëà çàÿâîê íà îðáèòå
H(u) =

∑N
n=0Hn(u). Ñëîæèì óðàâíåíèÿ ñèñòåìû (1), ïîëó÷èì

µr2

N−1∑
n=1

Hn(u) + jσe−ju
N−1∑
n=0

∂Hn(u)

∂u
+ (λ+ µr2)HN (u) = 0. (2)

3. Àñèìïòîòèêà ïåðâîãî ïîðÿäêà

Ðåøèì óðàâíåíèÿ äëÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè (1), (2) ïðè
àñèìïòîòè÷åñêîì óñëîâèè ðàñòóùåãî ñðåäíåãî âðåìåíè îæèäàíèÿ íà îð-
áèòå, òî åñòü áóäåì ïîëàãàòü, ÷òî σ → 0. Ðåçóëüòàò ñôîðìóëèðóåì â âèäå
ñëåäóþùåé òåîðåìû.
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Òåîðåìà 1. Ïóñòü i(t) � ÷èñëî çàÿâîê íà îðáèòå â RQ-ñèñòåìû
M/M/1/N − 1 ñ îáðàòíûìè ñâÿçÿìè, òîãäà äëÿ ïîñëåäîâàòåëüíîñòè õà-
ðàêòåðèñòè÷åñêèõ ôóíêöèé âûïîëíÿåòñÿ ðàâåíñòâî lim

σ→0
M
{
ejwi(t)σ

}
=

ejwκ1 , ãäå κ1 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

dN − 1

d− 1
κ1 = µr2

d(dN − 1)

d− 1
+ λdN , d =

λ+ κ1

µr0 + µr2
. (3)

Äîêàçàòåëüñòâî. Îáîçíà÷èì σ = ε è ñäåëàåì â ñèñòåìå (1), (2)
çàìåíû: u = εw, Hn(u) = Fn(w, ε), n = 0, N . Â ïîëó÷åííîé ñèñòå-
ìå óðàâíåíèé âûïîëíèì ïðåäåëüíûé ïåðåõîä ïðè ε → 0 è îáîçíà÷èì
Fn(w) = lim

ε→0
Fn(w, ε). Áóäåì èñêàòü ðåøåíèå ñèñòåìû â âèäå Fn(w) =

RnΦ(w) +O(ε). Ïîñëå ïðåîáðàçîâàíèé ïîëó÷èì ñèñòåìó

−λR0 + jR0
Φ′(w)

Φ(w)
+ (µr0 + µr2)R1 = 0; (4)

λRn−1 − jRn−1
Φ′(w)

Φ(w)
− (λ+ µr0 + µr2)Rn + jRn

Φ′(w)

Φ(w)
+

+ (µr0 + µr2)Rn+1 = 0, n = 1, N − 1;

λRN−1 − jRN−1
Φ′(w)

Φ(w)
− (µr0 + µr2)Rn = 0;

µr2

N∑
n=1

Rn + j
Φ′(w)

Φ(w)

N−1∑
n=0

Rn + λRN = 0.

Èç ñèñòåìû (4) âèäíî, ÷òî Φ′(w)/Φ(w) íå çàâèñèò îò w, òîãäà ìîæ-
íî îáîçíà÷èòü Φ′(w)/Φ(w) = jκ1 è çàïèñàòü Φ(w) â âèäå Φ(w) =
exp {jwκ1}, ÷òî è óòâåðæäàåòñÿ â ôîðìóëèðîâêå òåîðåìû. Ðåøàÿ ïåð-

âûå N +1 óðàâíåíèé ñèñòåìû (4) ñ ó÷åòîì óñëîâèÿ
∑N

n=0Rn = 1, ïîëó-

÷èì Rn = dn(d−1)
dN+1−1

, à èç ïîñëåäíåãî óðàâíåíèÿ ñèñòåìû ïîëó÷èì àëãåáðà-
è÷åñêîå óðàâíåíèå (3) äëÿ κ1. Â îáùåì ñëó÷àå àëãåáðàè÷åñêîå óðàâíåíèå
N ñòåïåíè èìååò N êîðíåé. Ìíîãî÷èñëåííûå ÷èñëåííûå ýêñïåðèìåíòû
ïîêàçàëè, ÷òî ñðåäè êîðíåé òîëüêî îäèí äåéñòâèòåëüíûé ïîëîæèòåëü-
íûé êîðåíü, êîòîðûé è áóäåò çíà÷åíèåì κ1.

Èç òåîðåìû 1 ñëåäóåò, ÷òî Fn(w) = Rne
jκ1w, n = 0, N , òîãäà àñèìï-

òîòè÷åñêàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ÷èñëà çàÿâîê íà îðáèòå èìååò
âèä

H(u) =

N∑
n=0

Fn(w, ε) ≈
N∑

n=0

Fn(w) = exp{jκ1w} = exp
{
j
κ1

σ
u
}
.
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4. Àñèìïòîòèêà âòîðîãî ïîðÿäêà

Îñíîâíîé ðåçóëüòàò àíàëèçà àñèìïòîòèêè âòîðîãî ïîðÿäêà ïðåäñòà-
âèì â âèäå òåîðåìû.

Òåîðåìà 2. Ïóñòü i(t) � ÷èñëî çàÿâîê íà îðáèòå â RQ-ñèñòåìû
M/M/1/N − 1 ñ îáðàòíûìè ñâÿçÿìè, òîãäà äëÿ ïîñëåäîâàòåëüíîñòè õà-
ðàêòåðèñòè÷åñêèõ ôóíêöèé âûïîëíÿåòñÿ ðàâåíñòâî

lim
σ→0

M
{
ejw

√
σ(i(t)−κ1/σ)

}
= exp

{
(jw)

2κ2/2
}
,

ãäå

κ2 =
κ1 (RN − 1)− (κ1 + λ) gN + µr2g0
RN − 1 + (κ1 + λ)φN − µr2φ0

, (5)

φn = (n−N)dn+N+1+(N−n+1)dn+N−(n+1)dn+ndn−1

(dN+1−1)2(µr0+µr2)
, n = 0, N , à ôóíêöèè g0 è

gN ÿâëÿþòñÿ ðåøåíèåì ñèñòåìû óðàâíåíèé

− (λ+ κ1)g0 + (µr0 + µr2)g1 = −µr2R1;

(λ+ κ1) gn−1 − (λ+ µr0 + µr2 + κ1) gn + (µr0 + µr2) gn+1 =

= κ1Rn−1 − µr2Rn+1, n = 1, N − 1;

(λ+ κ1) gN−1 − (µr0 + µr2) gN = κ1RN−1 − λRN .

Äîêàçàòåëüñòâî. Â ñèñòåìå óðàâíåíèé (1), (2) âûïîëíèì çà-

ìåíó Hn(u) = H
(2)
n (u)ejuκ1/σ, n = 0, N . Çäåñü H

(2)
n (u) � õàðàêòåðè-

ñòè÷åñêàÿ ôóíêöèÿ öåíòðèðîâàííîé ñëó÷àéíîé âåëè÷èíû i(t) − κ1/σ.

Çàòåì îáîçíà÷èì σ = ε2 è ââåäåì çàìåíó u = εw, H
(2)
n (u) = F

(2)
n (w, ε),

n = 0, N . Ðåøåíèå ïîëó÷åííîé ñèñòåìû çàïèøåì â âèäå ðàçëîæåíèÿ

F
(2)
n (w, ε) = Φ2(w) (Rn + jεwfn) + O(ε2). Ïîñëå ïðåîáðàçîâàíèé, àíàëî-

ãè÷íûõ ïðîâåäåííûì ïðè äîêàçàòåëüñòâå òåîðåìû 1, ìîæíî îáîçíà÷èòü
Φ′

2(w)
wΦ2(w) = −κ2 è çàïèñàòü Φ2(w) = exp

{
(jw)2

2 κ2

}
. Òîãäà ïîñëå çàìåíû

fn = C ·Rn + gn + κ2φn, n = 0, N ïîëó÷èì (5).

Òåîðåìà 2 ïîêàçûâàåò, ÷òî àñèìïòîòè÷åñêàÿ ôóíêöèÿ ÷èñëà çàÿâîê
íà îðáèòå â RQ-ñèñòåìû M/M/1/N − 1 ñ îáðàòíûìè ñâÿçÿìè ÿâëÿåòñÿ
õàðàêòåðèñòè÷åñêîé ôóíêöèåé ãàóññîâñêîé ñëó÷àéíîé âåëè÷èíû ñ ìà-
òåìàòè÷åñêèì îæèäàíèåì κ1/σ è äèñïåðñèåé κ2/σ.

Îòìåòèì, ÷òî ðåçóëüòàò òåîðåìû 1 è 2 ïðè N = 1 è îòñóòñòâèè
áóôåðà äëÿ îæèäàíèÿ ñîãëàñóåòñÿ ñ ðåçóëüòàòîì, ïîëó÷åííûì â [4].
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Çàêëþ÷åíèå

Â ðàáîòå ïðîâåäåíî èññëåäîâàíèå ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ
M/M/1/N − 1 ñ îáðàòíûìè ñâÿçÿìè è ïîâòîðíûìè âûçîâàìè. Ïîêàçà-
íî, ÷òî àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà çàÿâîê íà
îðáèòå ïðè óñëîâèè ðàñòóùåãî ñðåäíåãî âðåìåíè îæèäàíèÿ íà îðáèòå
ÿâëÿåòñÿ ãàóññîâñêèì ñ ïàðàìåòðàìè κ1/σ è

√
κ2/σ. Ïîëó÷åíû óðàâíå-

íèÿ äëÿ íàõîæäåíèÿ ïàðàìåòðîâ ðàñïðåäåëåíèÿ. Ìíîãî÷èñëåííûå ÷èñ-
ëåííûå ýêñïåðèìåíòû ïîêàçàëè, ÷òî óðàâíåíèÿ ïîçâîëÿþò íàéòè åäèí-
ñòâåííîå ïîëîæèòåëüíîå çíà÷åíèå ïàðàìåòðîâ ðàñïðåäåëåíèÿ.
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Ðàññìàòðèâàåòñÿ íåîäíîðîäíàÿ ñèñòåìà ìàññîâîãî îáñëóæèâà-
íèÿ (ÑÌÎ) ñ íåîãðàíè÷åííûì ÷èñëîì îáñëóæèâàþùèõ ïðèáî-
ðîâ, ôóíêöèîíèðóþùàÿ â óñëîâèÿõ èçìåíÿþùåéñÿ âíåøíåé ñðå-
äû. Íà âõîä ÑÌÎ ïîñòóïàåò ïîòîê ìàðêîâñêîãî âîññòàíîâëåíèÿ,
ìîìåíòû íàñòóïëåíèÿ cîáûòèé â êîòîðîì îïðåäåëÿþòñÿ ïîëó-
ìàðêîâñêîé ìàòðèöåé. Êàæäàÿ çàÿâêà îáñëóæèâàåòñÿ ñëó÷àéíîå
âðåìÿ, ðàñïðåäåëåííîå ïî ýêñïîíåíöèàëüíîìó çàêîíó ñ ïàðàìåò-
ðîì, çàâèñÿùèì îò ñîñòîÿíèÿ âëîæåííîé ïî ìîìåíòàì íàñòóïëå-
íèÿ ñîáûòèé öåïè Ìàðêîâà. Ðåøàåòñÿ çàäà÷à èññëåäîâàíèÿ äâó-
ìåðíîãî ñëó÷àéíîãî ïðîöåññà � ÷èñëà çàÿâîê, îáñëóæèâàåìûõ
ñ ðàçíîé èíòåíñèâíîñòüþ â ñèñòåìå ìåòîäîì àñèìïòîòè÷åñêîãî
àíàëèçà.
Êëþ÷åâûå ñëîâà:Ïîòîê ìàðêîâñêîãî âîññòàíîâëåíèÿ, ñèñòå-
ìà ìàññîâîãî îáñëóæèâàíèÿ, ñëó÷àéíàÿ ñðåäà, ìåòîä àñèìïòî-
òè÷åñêîãî àíàëèçà.

Ââåäåíèå

Íà òåêóùèé ìîìåíò çíà÷èòåëüíàÿ ÷àñòü èíôîðìàöèîííûõ, òåëåêîì-
ìóíèêàöèîííûõ è äðóãèõ ñèñòåì ôóíêöèîíèðóåò â óñëîâèÿõ èçìåíÿþ-
ùåéñÿ âíåøíåé ñðåäû. Âîçäåéñòâèå ñëó÷àéíîé ñðåäû ìîæåò âûðàæàòü-
ñÿ, íàïðèìåð, â èçìåíåíèè ïàðàìåòðîâ ôóíêöèîíèðîâàíèÿ ñèñòåìû. Â
ñâÿçè ñ ýòèì âîçíèêàþò âîïðîñû óñòîé÷èâîñòè òàêèõ ñèñòåì ê âíåø-
íèì âîçäåéñòâèÿì. Ïîýòîìó èññëåäîâàíèå ñèñòåì, ôóíêöèîíèðóþùèõ â
ñëó÷àéíîé ñðåäå [1], ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé.

Â ðàçëè÷íûõ ðàáîòàõ, ïîñâÿùåííûõ èññëåäîâàíèþ ñèñòåì â ìàðêîâ-
ñêèõ [2] è ïîëóìàðêîâñêèõ [3] ñëó÷àéíûõ ñðåäàõ, ðàññìàòðèâàëèñü ðàç-
íûå âàðèàíòû ðåàêöèè ñèñòåìû íà ñìåíó ñîñòîÿíèÿ âíåøíåé ñðåäû. Â
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äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ñëó÷àé, ïðåäïîëàãàþùèé, ÷òî ðåæèì
îáñëóæèâàíèÿ çàÿâîê íå ìåíÿåòñÿ äî òåõ ïîð, ïîêà îíè íå ïîêèíóò ñè-
ñòåìó.

Îäíèì èç ñïîñîáîâ èññëåäîâàíèÿ ñèñòåì ìàññîâîãî îáñëóæèâàíèÿ
â ñëó÷àéíîé ñðåäå ÿâëÿåòñÿ ïðèìåíåíèå àñèìïòîòè÷åñêèõ ìåòîäîâ [4]
ïðè ðàçëè÷íûõ óñëîâèÿõ. Ìåòîä àñèìïòîòè÷åñêîãî àíàëèçà ðåàëèçóåòñÿ
â ïîñòðîåíèè ïîñëåäîâàòåëüíîñòè àñèìïòîòèê âîçðàñòàþùåãî ïîðÿäêà,
â êîòîðîì àñèìïòîòèêà ïåðâîãî ïîðÿäêà îïðåäåëÿåò àñèìïòîòè÷åñêîå
ñðåäíåå çíà÷åíèå ÷èñëà çàíÿòûõ ïðèáîðîâ. Àñèìïòîòèêà âòîðîãî ïî-
ðÿäêà ïîçâîëÿåò ïîñòðîèòü ãàóññîâñêóþ àïïðîêñèìàöèþ ðàñïðåäåëåíèÿ
âåðîÿòíîñòåé ÷èñëà çàíÿòûõ ïðèáîðîâ â ñèñòåìå.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ MR|M |∞ ñ
íåîãðàíè÷åííûì ÷èñëîì îáñëóæèâàþùèõ ïðèáîðîâ äâóõ òèïîâ, ôóíê-
öèîíèðóþùàÿ â ïîëóìàðêîâñêîé ñëó÷àéíîé ñðåäå. Íà âõîä ïîñòóïàåò
ïîòîê ìàðêîâñêîãî âîññòàíîâëåíèÿ, çàäàííûé ìàòðèöåé ôóíêöèé ðàñ-
ïðåäåëåíèÿ äëèí èíòåðâàëîâ A(z) = diag [Ai(z)], i = 1, 2 è ìàòðèöåé
âåðîÿòíîñòåé ïåðåõîäîâ P = [pij ], i, j = 1, 2 � âëîæåííîé ïî ìîìåí-
òàì íàñòóïëåíèÿ ñîáûòèé öåïè Ìàðêîâà ñ êîíå÷íûì ÷èñëîì ñîñòîÿíèé
k(t) = 1, 2. Äèñöèïëèíà îáñëóæèâàíèÿ îïðåäåëÿåòñÿ ñëåäóþùèì îáðà-
çîì: åñëè âëîæåííàÿ öåïü Ìàðêîâà íàõîäèòñÿ â ñîñòîÿíèè k(t) = i, òî
ïîñòóïàþùàÿ çàÿâêà áóäåò îáñëóæèâàòüñÿ íà ïðèáîðå i-ãî òèïà â òå÷å-
íèå ñëó÷àéíîãî âðåìåíè, ðàñïðåäåëåííîãî ïî ýêñïîíåíöèàëüíîìó çàêîíó
Fi(x) = 1− e−µix.

Ñòàâèòñÿ çàäà÷à èññëåäîâàíèÿ äâóìåðíîãî ñëó÷àéíîãî ïðîöåññà
i(t) = [i1(t), i2(t)] � ÷èñëà çàíÿòûõ ïðèáîðîâ ðàçíîãî òèïà â ñèñòåìå
â ìîìåíò âðåìåíè t. Ïðîöåññ i(t) íå ÿâëÿåòñÿ ìàðêîâñêèì. Îïðåäåëèì
÷åòûðåõìåðíûé ìàðêîâñêèé ñëó÷àéíûé ïðîöåññ {k(t), z(t), i1(t), i2(t)},
ãäå z(t) � äëèíà èíòåðâàëà îò ìîìåíòà âðåìåíè t äî ìîìåíòà íàñòóïëå-
íèÿ î÷åðåäíîãî ñîáûòèÿ â ïîòîêå ìàðêîâñêîãî âîññòàíîâëåíèÿ, k(t) �
âëîæåííàÿ ïî ìîìåíòàì âîññòàíîâëåíèÿ öåïü Ìàðêîâà.

2. Ìåòîä õàðàêòåðèñòè÷åñêèõ ôóíêöèé

Äëÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé P (k, z, i1, i2, t) = P{k(t) = k, z(t) <
z, i1(t) = i1, i2(t) = i2} çàïèøåì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé
Êîëìîãîðîâà â ñòàöèîíàðíîì ðåæèìå:

∂P (1, z, i1, i2)

∂z
− ∂P (1, 0, i1, i2)

∂z
−
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−(i1µ1 + i2µ2)P (1, z, i1, i2) +
∂P (1, 0, i1 − 1, i2)

∂z
p11A1(z)+

+
∂P (2, 0, i1 − 1, i2)

∂z
p21A1(z) + P (1, z, i1 + 1, i2)(i1 + 1)µ1+

+P (1, z, i1, i2 + 1)(i2 + 1)µ2 = 0,

∂P (2, z, i1, i2)

∂z
− ∂P (2, 0, i1, i2)

∂z
−

−(i1µ1 + i2µ2)P (2, z, i1, i2) +
∂P (2, 0, i1, i2 − 1)

∂z
p22A2(z)+

+
∂P (1, 0, i1, i2 − 1)

∂z
p12A2(z) + P (2, z, i1 + 1, i2)(i1 + 1)µ1+

+P (2, z, i1, i2 + 1)(i2 + 1)µ2 = 0.

Ââåäåì ÷àñòè÷íûå õàðàêòåðèñòè÷åñêèå ôóíêöèè âèäà

H(k, z, u1, u2) =

∞∑
i1=0

∞∑
i2=0

eju1i1eju2i2P (k, z, i1, i2), ãäå j =
√
−1.

Çàïèøåì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ ÷àñòè÷íûõ õà-
ðàêòåðèñòè÷åñêèõ ôóíêöèé â âåêòîðíî-ìàòðè÷íîé ôîðìå

∂h(z, u1, u2)

∂z
+
∂h(0, u1, u2)

∂z
(PA(z)B(u)− I)+

+jµ1

(
1− e−ju1

) ∂h(z, u1, u2)
∂u1

+ jµ2

(
1− e−ju2

) ∂h(z, u1, u2)
∂u2

= 0,

(1)

ãäå h(z, u1, u2) = [H(1, z, u1, u2), H(2, z, u1, u2)], B(u) =

[
eju1 0
0 eju2

]
,

I =

[
1 0
0 1

]
.

Ïîëó÷åííàÿ ñèñòåìà óðàâíåíèé (1) ÿâëÿåòñÿ îñíîâíîé äëÿ äàëüíåé-
øèõ èññëåäîâàíèé. Ïðåäëàãàåòñÿ ïðîâåñòè àíàëèç õàðàêòåðèñòèê ðàñ-
ñìàòðèâàåìîé ÑÌÎ ñ ïîìîùüþ ìåòîäà àñèìïòîòè÷åñêîãî àíàëèçà.
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3. Àñèìïòîòèêà ïåðâîãî ïîðÿäêà

Îáîçíà÷èì µ1 = ε, µ2 = qε, q = const (ε � áåñêîíå÷íî ìàëàÿ âåëè÷è-
íà). Ðåøåíèå ñèñòåìû (1) áóäåì íàõîäèòü â àñèìïòîòè÷åñêîì óñëîâèè
ýêâèâàëåíòíî ðàñòóùåãî âðåìåíè îáñëóæèâàíèÿ, òî åñòü ïðè µ1, µ2 → 0.
Â (1) âûïîëíèì çàìåíû

h(z, u1, u2) = f(z, w1, w2, ε), u1 = εw1, u2 = εw2,

ïîëó÷èì ìàòðè÷íîå óðàâíåíèå äëÿ f(z, w1, w2, ε)

∂f(z, w1, w2, ε)

∂z
+
∂f(0, w1, w2, ε)

∂z
(PA(z)B(w, ε)− I)+

+j
(
1− e−jεw1

) ∂f(z, w1, w2, ε)

∂w1
+jq

(
1− e−jεw2

) ∂f(z, w1, w2, ε)

∂w2
= 0,

(2)

Òåîðåìà 1. Ïðåäåëüíîå ïðè ε → 0 ðåøåíèå óðàâíåíèÿ (2)
f(z, w1, w2) èìååò âèä

f(z, w1, w2) = r(z) exp

{
jλ

(
r1w1 +

r2w2

q

)}
, (3)

ãäå λ =
1∫∞

0
(1− rA(x)e) dx

, e � åäèíè÷íûé âåêòîð-ñòîëáåö,

r(z) = [r1(z), r2(z)] � âåêòîð-ñòðîêà ðàñïðåäåëåíèÿ âåðîÿòíîñòåé çíà÷å-
íèé âëîæåííîé öåïè Ìàðêîâà, r = [r1, r2] � âåêòîð-ñòðîêà ñòàöèîíàð-
íîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé çíà÷åíèé âëîæåííîé öåïè Ìàðêîâà.

Â ñèëó çàìåíû è ðàâåíñòâà (3) çàïèøåì ïðèáëèæåííîå (àñèìïòîòè-
÷åñêîå) ðàâåíñòâî

h(z, u1, u2) ≈ f(z, w1, w2) = r(z) exp

{
jλ

(
r1w1 +

r2w2

q

)}
=

= r(z) exp

{
jλ

(
r1u1
µ1

+
r2u2
µ2

)}
.

Îïðåäåëèì õàðàêòåðèñòè÷åñêóþ ïðîöåññà {i1(t), i2(t)} â ñòàöèîíàð-
íîì ðåæèìå

h(u1, u2) = exp

{
jλ

(
r1u1
µ1

+
r2u2
µ2

)}
,

êîòîðóþ áóäåì íàçûâàòü àñèìïòîòèêîé ïåðâîãî ïîðÿäêà õàðàêòåðèñòè-
÷åñêèõ ôóíêöèé ÷èñëà çàíÿòûõ ïðèáîðîâ â ñèñòåìå.

4. Àñèìïòîòèêà âòîðîãî ïîðÿäêà

Â óðàâíåíèè (1) âûïîëíèì çàìåíó

h(z, u1, u2) = h2(z, u1, u2) exp

{
jλ

(
r1u1
µ1

+
r2u2
µ2

)}
,
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ïîëó÷èì óðàâíåíèå äëÿ h2(z, u1, u2)

∂h2(z, u1, u2)

∂z
+
∂h2(0, u1, u2)

∂z
(PA(z)B(u)− I)+

+jµ1

(
1− e−ju1

) ∂h2(z, u1, u2)

∂u1
+ jµ2

(
1− e−ju2

) ∂h2(z, u1, u2)

∂u2
−

−λr1
(
1− e−ju1

)
h2(z, u1, u2)− λr2

(
1− e−ju2

)
h2(z, u1, u2) = 0.

(4)

Îáîçíà÷èâ µ1 = ε2, µ2 = qε2, â (1) âûïîëíèì çàìåíû

h2(z, u1, u2) = f2(z, w1, w2, ε), u1 = εw1, u2 = εw2,

ïîëó÷èì ìàòðè÷íîå óðàâíåíèå äëÿ f2(z, w1, w2, ε)

∂f2(z, w1, w2, ε)

∂z
+
∂f2(0, w1, w2, ε)

∂z
(PA(z)B(w, ε)− I)+

+jε
(
1− e−jεw1

) ∂f2(z, w1, w2, ε)

∂w1
+ jεq

(
1− e−jεw2

) ∂f2(z, w1, w2, ε)

∂w2
−

−λr1
(
1− e−jεw1

)
f2(z, w1, w2, ε)− λr2

(
1− e−jεw2

)
f2(z, w1, w2, ε) = 0.

(5)

Òåîðåìà 2. Ïðåäåëüíîå ïðè ε → 0 ðåøåíèå óðàâíåíèÿ (4)
F2(z, w1, w2) èìååò âèä

f2(z, w1, w2) = r(z) exp

{
j2

2

(
λ

(
r1w

2
1 + r2

w2
2

q

)
+

+κ
(
r21w

2
1 + 4r1r2

w1w2

q + 1
+ r22

w2
2

q

))}
,

(6)

ãäå κ = λ2
∫ ∞

0

(rA(x)− r(x)) edx.

Â ñèëó çàìåíû è ðàâåíñòâà (6) äëÿ ôóíêöèè h2(z, u1, u2) çàïèøåì
ïðèáëèæ¼ííîå (àñèìïòîòè÷åñêîå) ðàâåíñòâî

h2(z, u1, u2) ≈ f2(z, w1, w2) =

= r(z) exp

{
j2

2

(
λ

(
r1
u21
µ1

+ r2
u22
µ2

)
+

+κ
(
r21
u21
µ1

+ 4r1r2
u1u2
µ1 + µ2

+ r22
u22
µ2

))}
.
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Òàêèì îáðàçîì, õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ÷èñëà çàíÿòûõ ïðèáî-
ðîâ â ðàññìàòðèâàåìîé ñèñòåìå èìååò âèä

h2(u1, u2) =

= exp

{
jλ

(
r1u1
µ1

+
r2u2
µ2

)
+
j2

2

(
λ

(
r1
u21
µ1

+ r2
u22
µ2

)
+

+κ
(
r21
u21
µ1

+ 4r1r2
u1u2
µ1 + µ2

+ r22
u22
µ2

))}
.

Çàêëþ÷åíèå

Â äàííîé ðàáîòå ìåòîäîì àñèìïòîòè÷åñêîãî àíàëèçà èññëåäîâàíà
ìàòåìàòè÷åñêàÿ ìîäåëü ñèñòåìû MR|M |∞, ôóíêöèîíèðóþùåé â óñëî-
âèè èçìåíÿþùåéñÿ âíåøíåé ñðåäû. Ðàññìîòðåí ñëó÷àé, êîãäà ïîëóìàð-
êîâñêàÿ ñëó÷àéíàÿ ñðåäà èìååò 2 ðàçëè÷íûõ ñîñòîÿíèÿ. Äîêàçàíî, ÷òî
àñèìïòîòè÷åñêàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ÷èñëà çàíÿòûõ ïðèáî-
ðîâ êàæäîãî òèïà â ðàññìàòðèâàåìîé ñèñòåìå ÿâëÿåòñÿ ãàóññîâñêîé ñ

âåêòîðîì ìàòåìàòè÷åñêèõ îæèäàíèé a =

[
λ
r1
µ1
, λ
r2
µ2

]
è ìàòðèöåé êîâà-

ðèàöèè K =

λ
r1
µ1

+ κ
r21
µ1

4
r1r2

µ1 + µ2

4
r1r2

µ1 + µ2
λ
r2
µ2

+ κ
r22
µ2

.
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Íàöèîíàëüíûé èññëåäîâàòåëüñêèé

Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

Â ðàáîòå ðàññìàòðèâàþòñÿ ìàòåìàòè÷åñêèå ìîäåëè ôóíêöèîíè-
ðîâàíèÿ îäíîé áàçîâîé ñòàíöèè, îáñëóæèâàþùåé äâà òèïà ñå-
òåâîãî òðàôèêà. Â êà÷åñòâå êëàññè÷åñêîé ìîäåëè ïðåäëàãàåòñÿ
ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ îãðàíè÷åííûì ÷èñëîì îá-
ñëóæèâàþùèõ ïðèáîðîâ è äâóìÿ âõîäÿùèìè ïîòîêàìè çàÿâîê,
êàæäàÿ èç êîòîðûõ çàíèìàåò îäèí ïðèáîð íà âðåìÿ îáñëóæè-
âàíèÿ. Êðîìå òîãî, ïðåäëàãàåòñÿ ìîäèôèêàöèÿ áàçîâîé ìîäåëè
â âèäå ðåñóðñíîé ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ, ãäå êàæäîé
ïîëüçîâàòåëüñêîé ñåññèè äëÿ îáñëóæèâàíèÿ ïîòðåáóåòñÿ íåêî-
òîðîå (íå åäèíè÷íîå) êîëè÷åñòâî ðåñóðñîâ. Â ðàáîòå íàõîäèòñÿ
ñòàöèîíàðíîå ñîâìåñòíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà ñåñ-
ñèé îáîèõ òèïîâ òðàôèêà íà îáñëóæèâàíèè, ñ ïîìîùüþ êîòîðî-
ãî ïðîâîäèòñÿ ÷èñëåííûé àíàëèç îñíîâíûõ ìåòðèê ïðîèçâîäè-
òåëüíîñòè ñåòè. Â çàêëþ÷åíèè äåëàåòñÿ âûâîä î íåîáõîäèìîñòè
äàëüíåéøåé ìîäèôèêàöèè ìîäåëè è ïðåäëîæåíèÿ íîâîé ñòðàòå-
ãèè äîñòóïà.
Êëþ÷åâûå ñëîâà: Áàçîâàÿ ñòàíöèÿ, èìèòàöèîííàÿ ìîäåëü,
ñåòåâîé òðàôèê, òåîðèÿ ìàññîâîãî îáñëóæèâàíèÿ.

Ââåäåíèå

Ïðîáëåìà òåëåôîííûõ ñåòåé âïåðâûå áûëà ñôîðìóëèðîâàíà è ðå-
øåíà À.Ê. Ýðëàíãîì â íà÷àëå XX âåêà [1]. Îí ðàññ÷èòàë êîëè÷åñòâî
êëèåíòîâ, îæèäàþùèõ ñîåäèíåíèÿ ñ êåì-òî çà ïðåäåëàìè íàñåëåííîãî
ïóíêòà èç-çà çàíÿòîñòè ëèíèè äðóãèìè àáîíåíòàìè. Ìîäåëü Ýðëàíãà
ÿâëÿåòñÿ ïðîñòîé, íî åå èñïîëüçóþò äëÿ àíàëèçà è óëó÷øåíèÿ ïîêà-
çàòåëåé ñèñòåì â ðàçëè÷íûõ îáëàñòÿõ, à òàêæå íà îñíîâå ýòîé ìîäåëè
ôóíêöèîíèðóþò ñëîæíûå òåëåôîííûå ñåòè.

Ñ ðîñòîì ÷èñëà ïîëüçîâàòåëåé ìîáèëüíûõ óñòðîéñòâ [2] âñå ñåðüåç-
íåé ñòîèò âîïðîñ îá îïòèìèçàöèè è óëó÷øåíèè ñòðàòåãèé äîñòóïà òðà-
ôèêà ê áàçîâîé ñòàíöèè. Ê ñîæàëåíèþ, î÷åíü ÷àñòî èçìåíåíèÿ êîíôèãó-
ðàöèé áàçîâûõ ñòàíöèé äëÿ óëó÷øåíèÿ êà÷åñòâà îáñëóæèâàíèÿ íå âêëþ-
÷àåò â ñåáÿ òåîðåòè÷åñêîãî èëè ÷èñëåííîãî ðåøåíèÿ äëÿ îïòèìèçàöèè
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âûáîðà íîâîé êîíôèãóðàöèè. Â ñâÿçè ñ ýòèì ðàñòåò àêòóàëüíîñòü èñ-
ñëåäîâàíèÿ óæå èñïîëüçóåìûõ ñòðàòåãèé äîñòóïà è ðàçðàáîòêà íîâûõ
ñòðàòåãèé íà îñíîâå ñèñòåì ìàññîâîãî îáñëóæèâàíèÿ äëÿ îöåíêè íàãðóç-
êè ñèñòåìû è ðàñïðåäåëåíèÿ ðåñóðñîâ çàíÿòûõ â íåé.

1. Êëàññè÷åñêàÿ ÑÌÎ

Â êà÷åñòâå ïåðâîé ìîäåëè ñòðàòåãèè äîñòóïà ðàññìîòðèì êëàññè÷å-
ñêóþ ÑÌÎ ñ N ïðèáîðàìè, íà âõîä â ñèñòåìó ïîñòóïàåò äâà ïðîñòåé-
øèõ ïîòîêà çàÿâîê ñ ïàðàìåòðàìè λ1 è λ2. Äëèòåëüíîñòè îáñëóæèâàíèÿ
çàÿâîê ÿâëÿþòñÿ ýêñïîíåíöèàëüíî ðàñïðåäåëåííûìè ñëó÷àéíûìè âåëè-
÷èíàìè ñ ïàðàìåòðàìè µ1 è µ2 ñîîòâåòñòâåííî, äëÿ êàæäîãî èç ïîòîêîâ.

Âõîäÿùàÿ çàÿâêà çàíèìàåò ëþáîé ñâîáîäíûé ïðèáîð, ãäå îáñëóæè-
âàåòñÿ â òå÷åíèå ñëó÷àéíîãî âðåìåíè, â ñëó÷àå, êîãäà äëÿ âíîâü ïðè-
áûâøåé çàÿâêè íåò ñâîáîäíîãî ïðèáîðà â ñèñòåìå, òî çàÿâêà òåðÿåòñÿ,
íå íà÷àâ îáñëóæèâàíèå.

Ïóñòü n1(t) � ÷èñëî ïðèáîðîâ, çàíÿòûõ çàÿâêàìè ïåðâîãî ïîòîêà â
ìîìåíò âðåìåíè t, à n2(t) � ÷èñëî ïðèáîðîâ, çàíÿòûõ çàÿâêàìè âòîðîãî
ïîòîêà â ìîìåíò âðåìåíè t. Ñëó÷àéíûé ïðîöåññ {n1(t), n2(t)} ÿâëÿåòñÿ
ìàðêîâñêèì è îïðåäåëåí íà ìíîæåñòâå ñîñòîÿíèé:

N = {(n1, n2) : 0 ⩽ n1 + n2 ⩽ N}

ïðè ýòîì n1 ∈ {0, · · · , N} è n2 ∈ {0, · · · , N}. Ðàññìàòðèâàåìàÿ ñèñòåìà
îòíîñèòñÿ ê êëàññó ìàðêîâñêèõ ìîäåëåé ìàññîâîãî îáñëóæèâàíèÿ è ïî-
ýòîìó äëÿ åå èññëåäîâàíèÿ ìîæíî ïðèìåíèòü òåîðèþ öåïåé Ìàðêîâà ñ
íåïðåðûâíûì âðåìåíåì è ñîñòàâèòü ñèñòåìó óðàâíåíèé ðàâíîâåñèÿ äëÿ
ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé âèäà:

p(n1, n2) = lim
t→∞

P{n1(t) = n1, n2(t) = n2}.

Çàïèøåì èíôèíèòåçèìàëüíûå õàðàêòåðèñòèêè:

q(n1, n2)(n
′

1, n
′

2) =



λ1, n
′

1 = n1 + 1, n
′

2 = n2, n
′

1 + n
′

2 ⩽ N,

λ2, n
′

1 = n1, n
′

2 = n2 + 1, n
′

1 + n
′

2 ⩽ N,

n1µ1, n
′

1 = n1 − 1, n
′

2 = n2, n2 > 0,

n2µ2, n
′

1 = n1, n
′

2 = n2 − 1, n1 > 0,

∗∗, n
′

1 = n1, n
′

2 = n2,

0, äðóãîå,

∗∗ = −λ1 · I(n1 + n2 < N)− λ2 · I(n1 + n2 < N)− n1µ1 − n2µ2.
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Çàïèøåì ÑËÀÓ:

p(n1, n2)[λ1 · I(n1 + n2 < N) + λ2 · I(n1 + n2 < N) + n1µ1 + n2µ2] =

= p(n1 + 1, n2)(n1 + 1)µ1 · I(n1 + n2 < N)+

+p(n1, n2 + 1)(n2 + 1)µ2 · I(n1 + n2 < N)+

+p(n1 − 1, n2)λ1I(n1 > 0) + p(n1, n2 − 1)λ2I(n2 > 0),

ðåøåíèå êîòîðîé èìååò âèä [3]:

p(n1, n2) =

 N∑
i=0

N−i∑
j=0

ρi11
i!

ρi22
j!

−1

· ρ
n1
1

n1!

ρn2
2

n2!
,

ãäå ρ1 =
λ1
µ1

è ρ2 =
λ2
µ2
.

2. Ðåñóðñíàÿ ÑÌÎ

Â êà÷åñòâå âòîðîé ìîäåëè ñòðàòåãèè äîñòóïà ðàññìîòðèì ÑÌÎ, íà
âõîä êîòîðîé àíàëîãè÷íî ïîñòóïàåò äâà ïðîñòåéøèõ ïîòîêà çàÿâîê ñ
ïàðàìåòðàìè λ1 è λ2, à äëèòåëüíîñòè îáñëóæèâàíèÿ çàÿâîê ÿâëÿþòñÿ
ýêñïîíåíöèàëüíî ðàñïðåäåëåííûìè ñëó÷àéíûìè âåëè÷èíàìè ñ ïàðàìåò-
ðàìè µ1 è µ2, ñîîòâåòñòâåííî. Êðîìå ýòîãî, êàæäàÿ âõîäÿùàÿ çàÿâêà
òðåáóåò íà âðåìÿ îáñëóæèâàíèÿ x1 è x2 åäèíèö ðåñóðñà ñîîòâåòñòâåí-
íî. Âõîäÿùàÿ çàÿâêà çàíèìàåò ñâîáîäíûé ïðèáîð ïðè äîñòàòî÷íîì êî-
ëè÷åñòâå ñâîáîäíîãî ðåñóðñà èç îáùåãî ðåñóðñà R, â ñëó÷àå, êîãäà äëÿ
âíîâü ïðèáûâøåé çàÿâêè íåò äîñòàòî÷íîãî êîëè÷åñòâà ðåñóðñà � çàÿâêà
ïîêèäàåò ñèñòåìó, íå íà÷àâ îáñëóæèâàíèå.

Ðàññìîòðèì äâóìåðíûé ìàðêîâñêèé ïðîöåññ ñ íåïðåðûâíûì âðåìå-
íåì {n1(t), n2(t)}. Ïóñòü n1(t) � êîëè÷åñòâî çàÿâîê ïåðâîãî ïîòîêà íà
îáñëóæèâàíèè â ìîìåíò âðåìåíè t, n2(t) � êîëè÷åñòâî çàÿâîê âòîðîãî
ïîòîêà íà îáñëóæèâàíèè â ìîìåíò âðåìåíè t.

Ïðîñòðàíñòâî ñîñòîÿíèé îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

N = {(n1, n2) : n1x1 + n2x2 ⩽ R}.

Èíôèíèòåçèìàëüíûå õàðàêòåðèñòèêè:

q(n1, n2)(n
′

1, n
′

2) =



λ1, n
′

1 = n1 + 1, n
′

2 = n2, n
′

1x1 + n2x2 ⩽ R,

λ2, n
′

1 = n1, n
′

2 = n2 + 1, n1x1 + n
′

2x2 ⩽ R,

n1µ1, n
′

1 = n1 − 1, n
′

2 = n2, n1 > 0,

n2µ2, n
′

1 = n1, n
′

2 = n2 − 1, n2 > 0,

∗∗, n
′

1 = n1, n
′

2 = n2,

0, äðóãîå,
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∗∗ = −λ1 · I((n1 + 1)x1 + n2x2 ⩽ R)−

−λ2 · I(n1x1 + (n2 + 1)x2 ⩽ R)− n1µ1 − n2µ2.

Òàê êàê ïðîöåññ ìàðêîâñêèé, àïåðèîäè÷åñêèé è íåðàçëîæèìûé, ïîä-
ðàçóìåâàÿ, ÷òî ñóùåñòâóþò ôèíàëüíûå âåðîÿòíîñòè ñîñòîÿíèé ïðîöåñ-
ñà, ñîâïàäàþùèå ñ âåðîÿòíîñòÿìè ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ [4], ìî-
æåì èñïîëüçîâàòü ïðèíöèï ëîêàëüíîãî ðàâíîâåñèÿ äëÿ çàïèñè ÑËÀÓ
ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé:

p(n1, n2) = lim
t→∞

P{n1(t) = n1, n2(t) = n2},

ïîëó÷èì
p(n1, n2)[λ1I((n1 + 1)x1 + n2x2 ⩽ R)+

+λ2I(n1x1 + (n2 + 1)x2 ⩽ R) + n1µ1 + n2µ2] =

= p(n1 + 1, n2)(n1 + 1)µ1I((n1 + 1)x1 + n2x2 ⩽ R)+

+p(n1, n2 + 1)(n2 + 1)µ2I(n1x1 + (n2 + 1)x2 ⩽ R+

+p(n1 − 1, n2)λ1I(n1 > 0) + p(n1, n2 − 1)λ2I(n2 > 0).

Ðåøåíèå ñèñòåìû èìååò âèä:

p(n1, n2) =

 N1∑
i=0

N2∑
j=0

ρi1
i!

ρj2
j!

· I(ix1 + jx2 ⩽ R)

−1

×

×ρ
n1
1

n1!

ρn2
1

n2!
· I(n1x1 + n2x2 ⩽ R),

ãäå N1 =

⌊
R

x1

⌋
è N2 =

⌊
R

x2

⌋
, ρ1 =

λ1
µ1

è ρ2 =
λ2
µ2
.

3. ×èñëåííûé ýêñïåðèìåíò

Â õîäå ðàáîòû áûëè ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû äëÿ ñðàâ-
íåíèÿ ðàáîòû äâóõ ñèñòåì â îäèíàêîâûõ óñëîâèÿõ. Äëÿ óäîáñòâà ïðî-
âåäåíèÿ ýêñïåðèìåíòà, ìîæíî ïðåäñòàâèòü êëàññè÷åñêóþ ÑÌÎ â âè-
äå ðåñóðñíîé, â êîòîðîé êàæäàÿ çàÿâêà òðåáóåò ïî 1 åäèíèöå ðåñóðñà
(x1 = x2 = 1). Ðàññìîòðèì îäèí èç ýêñïåðèìåíòîâ. Â òàáëèöå 1 ïðè-
âåäåíû çíà÷åíèÿ ïàðàìåòðîâ ñèñòåìû. Ïàðàìåòðû äëÿ ïðîâåäåíèÿ ýêñ-
ïåðèìåíòà áûëè âûáðàíû èñõîäÿ èç òåõíè÷åñêèõ õàðàêòåðèñòèê ñåòåé
ïÿòîãî è ÷åòâåðòîãî ïîêîëåíèÿ.

Íà ðèñóíêàõ 1�2 ïðåäñòàâëåíû ãðàôèêè çàâèñèìîñòè âåðîÿòíîñòè
ïîòåðè çàÿâîê îò èíòåíñèâíîñòè ïîñòóïëåíèÿ çàÿâîê 4G òðàôèêà (λ1).
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Òàáëèöà 1
Ïàðàìåòðû ÑÌÎ

Ïàðàìåòð Çíà÷åíèå

Åìêîñòü áàçîâîé ñòàíöèè (R) 250

Êîëè÷åñòâî òðåáóåìîãî ðåñóðñà äëÿ òðàôèêà 4G (x1) 1

Êîëè÷åñòâî òðåáóåìîãî ðåñóðñà äëÿ òðàôèêà 5G (x2) 2

Èíòåíñèâíîñòü âõîäÿùåãî ïîòîêà äëÿ òðàôèêà 5G (λ2) 198,315 1/ñåê

Èíòåíñèâíîñòü îáñëóæèâàíèÿ ñåññèè 4G (µ1) 0,033 1/ñåê

Èíòåíñèâíîñòü îáñëóæèâàíèÿ ñåññèè 5G (µ2) 5,261 1/ñåê

Ñ óâåëè÷åíèåì èíòåíñèâíîñòè ïîñòóïëåíèÿ çàÿâîê 4G òðàôèêà (λ1),
ñðåäíåå êîëè÷åñòâî çàÿâîê íà îáñëóæèâàíèè 4G òðàôèêà ðàñòåò, à ñðåä-
íåå êîëè÷åñòâî çàÿâîê íà îáñëóæèâàíèè 5G òðàôèêà ïàäàåò (Ðèñóí-
êè 3�4), àíàëîãè÷íî èçìåíÿåòñÿ ñðåäíåå êîëè÷åñòâî çàíÿòîãî ðåñóðñà.

Ðèñ. 1. Âåðîÿòíîñòü ïîòåðè �
ðåñóðñíàÿ ÑÌÎ

Ðèñ. 2. Âåðîÿòíîñòü ïîòåðè �
êëàññè÷åñêàÿ ÑÌÎ

Ðèñ. 3. Ñðåäíåå êîëè÷åñòâî çà-
ÿâîê íà îáñëóæèâàíèè � ðå-
ñóðñíàÿ ÑÌÎ

Ðèñ. 4. Ñðåäíåå êîëè÷åñòâî çà-
ÿâîê íà îáñëóæèâàíèè � êëàñ-
ñè÷åñêàÿ ÑÌÎ
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Çàêëþ÷åíèå

Â ðåçóëüòàòå ïðîäåëàííîé ðàáîòû áûëè èññëåäîâàíû äâå ÑÌÎ, áûëà
ïîñòðîåíà èìèòàöèîííàÿ ìîäåëü, êîòîðàÿ îáëàäàåò äîñòàòî÷íîé òî÷íî-
ñòüþ äëÿ äàëüíåéøåãî èññëåäîâàíèÿ, ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåí-
òû ïî ðàçíûì âîçìîæíûì ñöåíàðèÿì ðàáîòû áàçîâûõ ñòàíöèé.

Ïîñëå ïðîâåäåíèÿ ÷èñëåííûõ ýêñïåðèìåíòîâ ìîæíî ñäåëàòü âûâîä
î òîì, ÷òî äëÿ ïîëíîöåííîé ðàçðàáîòêè è ñðàâíåíèÿ ñòðàòåãèé äîñòó-
ïà äâóõ òèïîâ òðàôèêà ê áàçîâîé ñòàíöèè íåîáõîäèìî ðàññìîòðåòü ìî-
äèôèêàöèþ ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ â âèäå ðåñóðñíîé RQ-
ñèñòåìû, ãäå ïðè íåõâàòêå ñâîáîäíîãî ðåñóðñà äëÿ çàÿâêè, îíà íå ïî-
êèäàåò ñèñòåìó, à óõîäèò íà îðáèòó íà ñëó÷àéíîå âðåìÿ, ïîñëå êîòîðîãî
ñîâåðøàåò ïîâòîðíóþ ïîïûòêó âñòàòü íà îáñëóæèâàíèå. Ïîñëå íàõîæ-
äåíèÿ âåðîÿòíîñòíûõ õàðàêòåðèñòèê äëÿ òàêîé ñèñòåìû è ïðîâåäåíèÿ
ýêñïåðèìåíòîâ ñ ïîìîùüþ èìèòàöèîííîé ìîäåëè ìîæíî áóäåò ñäåëàòü
âûâîä î íàèáîëåå ýôôåêòèâíîé ñòðàòåãèè ïðåäîñòàâëåíèÿ äîñòóïà.
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ÌÎÄÅËÈÐÎÂÀÍÈÅ È ÀÍÀËÈÇ ÑÅÐÂÅÐÍÛÕ
ÔÅÐÌ Ñ ÐÀÇÎÃÐÅÂÎÌ

Ê.Ä. Ñèçîâ, À.Â. Çîðèí

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Íèæåãîðîäñêèé ãîñóäàðñòâåííûé

óíèâåðñèòåò èì. Í.È. Ëîáà÷åâñêîãî, ã. Íèæíèé Íîâãîðîä, Ðîññèÿ

Ðàçâèòèå ñåòè Èíòåðíåò ïðèâåëî ê ïîÿâëåíèþ áîëüøîãî ÷èñëà
êðóïíûõ ñåðâåðíûõ ñèñòåì, êîòîðûå ïîòðåáëÿþò ìíîãî ýëåêòðî-
ýíåðãèè. Ïðè îïðåäåëåííûõ ïðåäïîëîæåíèÿõ èñïîëüçóÿ êëàñ-
ñè÷åñêèå ìåòîäû òåîðèè ìàññîâîãî îáñëóæèâàíèÿ ìîæíî ïî-
ñòðîèòü è ïðîàíàëèçèðîâàòü ìàòåìàòè÷åñêóþ ìîäåëü ñåðâåðíîé
ôåðìû, ÷òîáû ïîíÿòü óäàñòñÿ ëè óëó÷øèòü ýíåðãîýôôåêòèâ-
íîñòü äàííîé ñèñòåìû, åñëè îòêëþ÷àòü îáñëóæèâàþùèå óñòðîé-
ñòâà, íå çàíÿòûå îáðàáîòêîé òðåáîâàíèé. Â äàííîé ðàáîòå â ðàì-
êàõ òåîðèè ìàññîâîãî îáñëóæèâàíèÿ óäàëîñü ïîëó÷èòü ÷èñëåí-
íûé ìåòîä íàõîæäåíèÿ ñòàöèîíàðíûõ õàðàêòåðèñòèê ñèñòåìû,
â êîòîðîé âðåìÿ äî ïîñòóïëåíèÿ òðåáîâàíèÿ è âðåìÿ åãî îáñëó-
æèâàíèÿ ðàñïðåäåëåíû ïî ýêñïîíåíöèàëüíîìó çàêîíó, à âðåìÿ
âêëþ÷åíèÿ ñåðâåðà ïî çàêîíó Ýðëàíãà. Äëÿ íàãëÿäíîñòè áûëî
ïðîâåäåíî ñðàâíåíèå ïîâåäåíèÿ ñèñòåìû ñ ¾îòêëþ÷åíèÿìè¿ è
áåç íèõ.
Êëþ÷åâûå ñëîâà: Ñåðâåðíûå ôåðìû, òåîðèÿ ìàññîâîãî îáñëó-
æèâàíèÿ, ìàðêîâñêèé ïðîöåññ, îáîáùåííûå ïðîöåññû ðîæäåíèÿ
è ãèáåëè ñ çàâèñèìûìè óðîâíÿìè, M/M/c/ ñèñòåìû, ñòàöèî-
íàðíîå ðàñïðåäåëåíèå.

Ââåäåíèå

Â ðàìêàõ êëàññè÷åñêîé òåîðèè ìàññîâîãî îáñëóæèâàíèÿ óæå õîðîøî
èçó÷åíû ñèñòåìû êëàññà M|M|c|∞. Òàêèå ñèñòåìû îáñëóæèâàíèÿ èìåþò
ïóàññîíîâñêèé âõîäíîé ïîòîê, ýêñïîíåíöèàëüíîå âðåìÿ îáñëóæèâàíèÿ
òðåáîâàíèÿ è î÷åðåäü ñ áåñêîíå÷íîé åìêîñòüþ è òåðïåëèâûìè çàÿâêà-
ìè. Ñòîèò îòìåòèòü, ÷òî â ðàìêàõ ýòîé ìîäåëè ïðåäïîëàãàåòñÿ, ÷òî âñå
îáñëóæèâàþùèå óñòðîéñòâà ãîòîâû ìîìåíòàëüíî ïðèíÿòü íà îáðàáîò-
êó ïðèøåäøèå òðåáîâàíèå. Îäíàêî íà ïðàêòèêå âñòðå÷àþòñÿ ñèñòåìû,
â êîòîðûõ, íåçàíÿòûå îáñëóæèâàíèåì, óñòðîéñòâà îòêëþ÷àþòñÿ, è äëÿ
îáðàòíîãî ïðèâåäåíèÿ ýòèõ óñòðîéñòâ âî âêëþ÷åííûé ðåæèì òðåáóåòñÿ
íåêîòîðîå âðåìÿ.

Îäíèì èç ïðèìåðîâ òàêèõ ñèñòåì ÿâëÿþòñÿ ñåðâåðíûå ôåðìû ñ ðàçî-
ãðåâîì. Ïîñêîëüêó Èíòåðíåò-ñåðâåðà ïîòðåáëÿþò áîëüøîå êîëè÷åñòâî
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ýëåêòðîýíåðãèè. Îòêëþ÷åíèå óñòðîéñòâ, êîòîðûå â äàííûé ìîìåíò íå
çàíÿòû îáðàáîòêîé çàïðîñà, ÿâëÿåòñÿ îäíèì èç î÷åâèäíûõ ñïîñîáîâ ñíè-
çèòü ýíåðãîïîòðåáëåíèå òàêèõ ñèñòåì.

Â ñòàòüå [4] ïðèâîäèòñÿ ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè ñåðâåð-
íîé ôåðìû ñ ðàçîãðåâîì, â êîòîðîé ñëó÷àéíûå âåëè÷èíû: âðåìÿ äî ïðè-
áûòèÿ ñëåäóþùåãî çàïðîñà, âðåìÿ åãî îáñëóæèâàíèÿ è âðåìÿ âêëþ÷å-
íèÿ ñåðâåðà ðàñïðåäåëåíû ïî ýêñïîíåíöèàëüíîìó çàêîíó. Àâòîðó ñòà-
òüè óäàëîñü ïîëó÷èòü ñòàöèîíàðíîå ðàñïðåäåëåíèå òàêîé ñèñòåìû. Ïðè
ýòîì â ðåøåíèè ìàòðè÷íî-ãåîìåòðè÷åñêèì ìåòîäîì â ñèëó ñòðóêòóðû,
ðàññìàòðèâàåìîé ñèñòåìû, óäàëîñü ïîëó÷èòü ÿâíûå âûðàæåíèÿ äëÿ ýëå-
ìåíòîâ âñïîìîãàòåëüíûõ ìàòðèö ìåòîäà.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ àíàëèç ñåðâåðíîé ôåðìû ñ ðàçîãðå-
âîì, â êîòîðîé âðåìÿ âêëþ÷åíèÿ (ðàçîãðåâà) ñåðâåðà åñòü ñëó÷àéíàÿ
âåëè÷èíà ðàñïðåäåëåííàÿ ïî çàêîíó Ýðëàíãà ñ èçâåñòíûìè ïàðàìåòðà-
ìè. Ïîä àíàëèçîì ïîäðàçóìåâàåòñÿ ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè,
âû÷èñëåíèå îñíîâíûõ õàðàêòåðèñòèê êà÷åñòâà è ñðàâíåíèå ïîëó÷åííûõ
õàðàêòåðèñòèê ñ õàðàêòåðèñòèêàìè äëÿ ñèñòåìû áåç âûêëþ÷åíèé.

1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Íèæå áóäåò ïðîâîäèòñÿ ïîñòðîåíèå è àíàëèç ìàòåìàòè÷åñêîé ìîäåëè
ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ ñî ñëåäóþùèìè õàðàêòåðèñòèêàìè:

� Ïîòîê âõîäÿùèõ òðåáîâàíèé � ïóàññîíîâñêèé ñ ïàðàìåòðîì λ.
� Âðåìÿ îáñëóæèâàíèÿ òðåáîâàíèÿ � ñëó÷àéíàÿ âåëè÷èíà, èìåþùàÿ

ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì µ.
� Äèñöèïëèíà ôîðìèðîâàíèÿ î÷åðåäè � â ïîðÿäêå ïîñòóïëåíèÿ òðåáî-

âàíèé.
� Ñòðóêòóðà ñèñòåìû � ìíîãîëèíåéíàÿ ñèñòåìà ñ îæèäàíèåì.
� ×èñëî îáñëóæèâàþùèõ óñòðîéñòâ (ñåðâåðîâ) � c.
� Ñåðâåð ïîñëå îáñëóæèâàíèÿ òðåáîâàíèÿ, â ñëó÷àå îòñóòñòâèÿ äðóãèõ

òðåáîâàíèé â î÷åðåäè, îæèäàþùèõ îáñëóæèâàíèÿ, íåçàìåäëèòåëüíî
îòêëþ÷àåòñÿ.

� Ïðè ïîñòóïëåíèè íîâîãî òðåáîâàíèÿ â ñèñòåìó, âêëþ÷àåòñÿ îäíî èç
âûêëþ÷åííûõ óñòðîéñòâ, ïðè ýòîì âðåìÿ âêëþ÷åíèÿ óñòðîéñòâà �
ñëó÷àéíàÿ âåëè÷èíà èìåþùàÿ ðàñïðåäåëåíèå Ýðëàíãà ñ ïàðàìåòðîì
ìàñøòàáà α è ïàðàìåòðîì ôîðìû r.

� Åñëè óñòðîéñòâî çàâåðøèëî îáñëóæèâàíèå, è â î÷åðåäè èìååòñÿ
íå áîëåå c òðåáîâàíèé, òî òîëüêî ÷òî çàâåðøèâøåå îáñëóæèâàíèå,
óñòðîéñòâî áåð¼ò íà îáñëóæèâàíèå òðåáîâàíèå èç î÷åðåäè, ïðè ýòîì
åñëè èìåþòñÿ ñåðâåðà íàõîäÿùèåñÿ íà ñòàäèè âêëþ÷åíèÿ, òî ñåðâåð,
êîòîðûé ê äàííîìó ìîìåíòó ïîòðàòèë íà âêëþ÷åíèå ìåíüøå âñåãî
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âðåìåíè, îòêëþ÷àåòñÿ. Â ñëó÷àå åñëè òðåáîâàíèé â î÷åðåäè áîëüøå
c, îòêëþ÷åíèå âêëþ÷àþùåãîñÿ óñòðîéñòâà íå ïðîèñõîäèò.

Âðåìÿ âêëþ÷åíèÿ ñåðâåðà ðàñïðåäåëåíî ïî çàêîíó Ýðëàíãà E(r, α),
ïîýòîìó áóäåì ðàññìàòðèâàòü ïîñëåäîâàòåëüíî ïðîõîäèìûå ôàçû âêëþ-
÷åíèÿ, â ñîîòâåòñòâèè ñ ¾ìåòîäîì Ýðëàíãà¿. Ñîñòîÿíèå ñèñòåìû îïèøåì
â âèäå ν(t) = (i, j, y1, . . . , yr), ãäå

i ∈ {0, 1, . . . , c}; j ∈ {i+ d, i+ d+ 1, . . . };
r∑

k=1

yk ∈ {0, 1, . . . , c− i}, (1)

Êîìïîíåíòû âåêòîðà ñîñòîÿíèÿ èìåþò ñëåäóþùèé ôèçè÷åñêèé ñìûñë:
i � ÷èñëî çàíÿòûõ óñòðîéñòâ, j � ÷èñëî òðåáîâàíèé â ñèñòåìå, yk �
÷èñëî óñòðîéñòâ íà k-îé ôàçå âêëþ÷åíèÿ k = 1, 2, . . . , r. Ìíîæåñòâî
âñåâîçìîæíûõ ñîñòîÿíèé óäîâëåòâîðÿþùèõ óñëîâèÿì (1) îáîçíà÷èì ÷å-
ðåç S.

Áóäåì ðàññìàòðèâàòü ñëó÷àéíûé ïðîöåññ ñ íåïðåðûâíûì âðåìåíåì:

{ν(t) ∈ S; t ⩾ 0}.

Èíòåíñèâíîñòè ïåðåõîäîâ äëÿ äàííîãî ïðîöåññà óäîáíî çàïèñàòü â âèäå
ìàòðèöû Q èíòåíñèâíîñòåé ïåðåõîäîâ, êîòîðàÿ èìååò áëî÷íûé âèä:

N0 Λ0 0 0 . . . 0 0 0 0 0 0 . . .
M1 N1 Λ1 0 . . . 0 0 0 0 0 0 . . .
0 M2 N2 Λ2 . . . 0 0 0 0 0 0 . . .
...

...
...

...
. . .

...
...

...
...

...
... . . .

0 0 0 0 . . . Mc−1 Nc−1 Λc−1 0 0 0 . . .
0 0 0 0 . . . 0 Mc N Λ 0 0 . . .
0 0 0 0 . . . 0 0 M N Λ 0 . . .
0 0 0 0 . . . 0 0 0 M N Λ . . .
...

...
...

... . . .
...

...
...

...
...

...
. . .


. (2)

Áëîêàì Nk,Λk,Mk ñîîòâåòñòâóþò ïîäìíîæåñòâà ñîñòîÿíèé:

Sk = {(i, j, y1, . . . , yr) ∈ S : j = k} ⊂ S.

Äàëåå ýòî ïîäìíîæåñòâî áóäåì íàçâàòü k-ûì ñëîåì ñèñòåìû. Âíóòðè
êàæäîãî ñëîÿ ñòðîêè è ñòîëáöû ìàòðèöû Q óïîðÿäî÷èâàþòñÿ â ëåêñè-
êîãðàôè÷åñêîì ïîðÿäêå ñî ñëîâîì âèäà (y1, y2, . . . , yr, i). Èìåííî áëà-
ãîäàðÿ òàêîìó óïîðÿäî÷èâàíèþ ñîñòîÿíèé ñèñòåìû, ìàòðèöà Q èìååò
áëî÷íî-òðåõäèàãîíàëüíûé âèä. Äëÿ áëîêîâ ìàòðèöû Q ñïðàâåäëèâû
ñëåäóþùèå óòâåðæäåíèÿ:
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1) Nk ∈ Rnk×nk , Λk ∈ Rnk×nk+1 , Mk ∈ Rnk×nk−1 , ãäå nk = |Sk| è âûïîë-
íÿþòñÿ íåðàâåíñòâà: n0 < n1 < · · · < nc = nc+1 = nc+2 = . . . ;

2) Λk =
(
λE 0

)
, ãäå E � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè nk;

3) ìàòðèöû Nk � êâàäðàòíûå âåðõíåòðåóãîëüíûå ñî ñòðîãî îòðèöà-
òåëüíûìè ýëåìåíòàìè íà ãëàâíîé äèàãîíàëè.

Çàïèñü âñåõ áëîêîâ ìàòðèöû Q â îáùåì âèäå èìååò ãðîìîçäêèé âèä è
áûëà îïóùåíà äëÿ êðàòêîñòè.

2. Ñòàöèîíàðíîå ðàñïðåäåëåíèå

Îáîçíà÷èì ÷åðåç πk âåêòîð ñòàöèîíàðíûõ âåðîÿòíîñòåé äëÿ ñîñòî-
ÿíèé k-îãî ñëîÿ. Èñêîìûé æå âåêòîð ñòàöèîíàðíûõ âåðîÿòíîñòåé âñåõ
ñîñòîÿíèé ñèñòåìû áóäåò èìåòü âèä:

π = (π0,π1, . . .πc, . . . )

Èñïîëüçóÿ òîò ôàêò, ÷òî áëîêè ìàòðèöû Q ïåðåñòàþò èçìåíÿòüñÿ
îò ñëîÿ ê ñëîþ è îïèðàÿñü íà ðåçóëüòàòû èçëîæåííûå â [1], [3], ìîæíî
ñôîðìóëèðîâàòü òåîðåìó:

Òåîðåìà 1. Äëÿ ïðîöåññà {ν(t) ∈ S; t ⩾ 0}, èìåþùåãî ìàòðèöó
èíòåíñèâíîñòåé (2), ñòàöèîíàðíûå âåðîÿòíîñòè äëÿ ñîñòîÿíèé k-îãî ñëîÿ
äîëæíû óäîâëåòâîðÿòü ñëåäóþùèì óñëîâèÿì:

1) âûïîëíÿåòñÿ ðåêóððåíòíîå ñîîòíîøåíèå:

πc+i = πc+i−1R, (i ∈ N), (3)

ãäå ìàòðèöà R � ìèíèìàëüíûé íåîòðèöàòåëüíûé êîðåíü êâàäðàò-
íîãî ìàòðè÷íîãî óðàâíåíèÿ:

Λ +RN +R2M = 0; (4)

2) ñïðàâåäëèâà ñèñòåìà óðàâíåíèé:

π0 · 1T + π1 · 1T + πc · (E +R+R2 +R3 + . . . ) = 1

π0N0 + π1M1 = 0

π0Λ0 + π1N1 + π2M2 = 0

π1Λ1 + π2N2 + π3M3 = 0

. . .

πc−2Λc−2 + πc−1Nc−1 + πcMc = 0

πc−1Λc−1 + πcN + πcRM = 0

, (5)

ãäå E � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè ðàâíîé ðàçìåðíîñòè R.
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Â ñëó÷àå, êîãäà ðÿä
∞∑
i=0

Ri ðàñõîäèòñÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ

íå ñóùåñòâóåò.

Ðåøåíèå äàííîãî êâàäðàòíîãî óðàâíåíèÿ (4) ìîæíî íàéòè [2] êàê
ïðåäåë ïîñëåäîâàòåëüíîñòè, çàäàííîé ðåêóððåíòíûì ñîîòíîøåíèåì:

R0 = 0; R(k) =
1

ω
[Λ +R(k−1)(N + ωE) +R(k−1)R(k−1)M ] k ⩾ 1,

ãäå ω = |min {diag (N)}|.
Ñèñòåìó (5), â ñëó÷àå ñõîäèìîñòè ìàòðè÷íîãî ðÿäà â ïåðâîì óðàâ-

íåíèè, ìîæíî ðåøèòü èçâåñòíûìè ÷èñëåííûìè ìåòîäàìè äëÿ êîíå÷íûõ
ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Â ÷àñòíîñòè, èñïîëüçóÿ
ñèíãóëÿðíîå ðàçëîæåíèå, ìîæíî íàéòè ðåøåíèå îäíîðîäíîé ïîäñèñòåìû
è ïîòîì ó÷åñòü óñëîâèå íîðìèðîâêè. Òå êîìïîíåíòû âåòîðà π, êîòîðûå
íå âõîäÿò â ñèñòåìó (5), ìîãóò áûòü ïîëó÷åíû ïðè ïîìîùè ñîîòíîøåíèÿ
(3).

Äëÿ âû÷èñëåíèå ñðåäíåãî ýíåðãîïîòðåáëåíèÿ ñèñòåìû â ñòàöèîíàð-
íîì ðåæèìå áóäåì ïðèìåíÿòü ôîðìóëó:

C = CαEY + CµEX,

çäåñü EX,EY � ñðåäíåå ÷èñëî àêòèâíûõ è ðàçîãðåâàþùèõñÿ ñåðâåðîâ â
ñòàöèîíàðíîì ðåæèìå ñîîòâåòñòâåííî, Cµ, Cα � ýíåðãèÿ ïîòðåáëÿåìàÿ â
åäèíèöó âðåìåíè îäíèì ñåðâåðîì, íàõîäÿùèìñÿ â àêòèâíîì ñîñòîÿíèè è
â ñîñòîÿíèè ðàçîãðåâà ñîîòâåòñòâåííî. Âåëè÷èíû EX,EY âû÷èñëÿþòñÿ
íà îñíîâå ïîëó÷àåìîãî ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ñèñòåìû.

3. Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ

Íà îñíîâå èçëîæåííîãî ìåòîäà ïîëó÷åíèÿ ñòàöèîíàðíîãî ðàñïðåäå-
ëåíèÿ áûëà íàïèñàíà åãî ÷èñëåííàÿ ðåàëèçàöèÿ, êîòîðàÿ ïîçâîëÿåò âû-
÷èñëÿòü ñòàöèîíàðíûå õàðàêòåðèñòèêè ñèñòåìû ïðè ëþáûõ äîïóñòèìûõ
âõîäíûõ ïàðàìåòðàõ. Âõîäíûìè ïàðàìåòðàìè â äàííîì ñëó÷àå ÿâëÿþò-
ñÿ ïàðàìåòðû ñèñòåìû c, λ, µ, α, r, Cα, Cµ. Ïîëó÷åíèå áëîêîâ ìàòðèöû Q
òàêæå ïðîâîäèëîñü ÷èñëåííî: ïîñêîëüêó êàæäîìó ýëåìåíòó ìàòðèöû ñî-
îòâåòñòâóåò ïàðà ñîñòîÿíèé ñèñòåìû, òî âû÷èñëÿÿ äëÿ êàæäîé òàêîé ïà-
ðû èíòåíñèâíîñòü ïåðåõîäà, ìû ïîëó÷àåì çíà÷åíèÿ âñåõ ýëåìåíòîâ êàæ-
äîãî áëîêà ìàòðèöû Q. Ïðèìåðû ðåçóëüòàòîâ ÷èñëåííûõ ýêñïåðèìåíòîâ
ïðè ôèêñèðîâàííûõ ïàðàìåòðàõ: r = 2, µ = 1.0, Cα = 1.0, Cµ = 1.0, ïðè-
âåäåíû íèæå.

Êàê âèäíî èç ãðàôèêîâ, íå ïðè âñåõ ïàðàìåòðàõ ñèñòåìû óäà¼òñÿ
äîáèòüñÿ ýêîíîìèè ýëåêòðîýíåðãèè ïðè îòêëþ÷åíèè íå çàíÿòûõ ñåðâå-
ðîâ.
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Ðèñ. 1. Çàâèñèìîñòü ïîòðåáëÿåìîé ýíåðãèè îò ïàðàìåòðîâ ñèñòåìû

Çàêëþ÷åíèå

Â äàííîé ðàáîòå âïåðâûå áûëà ïðîàíàëèçèðîâàíà ñèñòåìà ìàññîâî-
ãî îáñëóæèâàíèÿ, â êîòîðîé îáñëóæèâàþùèå óñòðîéñòâà îòêëþ÷àþò-
ñÿ, à âðåìÿ èõ âêëþ÷åíèÿ ðàñïðåäåëåíî ïî çàêîíó Ýðëàíãà. Äëÿ ñêîí-
ñòðóèðîâàííîé ìàòåìàòè÷åñêîé ìîäåëè áûë àäàïòèðîâàí ìàòðè÷íî-
ãåîìåòðè÷åñêèé ìåòîä. Ñ ïîìîùüþ ÷èñëåííîé ðåàëèçàöèè äàííîãî ìåòî-
äà óäàëîñü íàéòè ñòàöèîíàðíûå õàðàêòåðèñòèêè ñèñòåìû, à òàêæå ñðàâ-
íèòü èõ ñ õàðàêòåðèñòèêàìè êëàññè÷åñêîé ìîäåëè.
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1Ñàðàòîâñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé ãîñóäàðñòâåííûé
óíèâåðñèòåò èìåíèÍ. Ã.×åðíûøåâñêîãî, ã. Ñàðàòîâ, Ðîññèÿ

2Ïèçàíñêèé óíèâåðñèòåò, ã. Ïèçà, Èòàëèÿ

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ îòêðûòàÿ ñåòü ìàññîâîãî îá-
ñëóæèâàíèÿ ñ ãðóïïîâûì îáñëóæèâàíèåì òðåáîâàíèé. Â ñåòü èç
èñòî÷íèêà ïîñòóïàåò ïóàññîíîâñêèé ïîòîê òðåáîâàíèé. Êàæäàÿ
ñèñòåìà ñåòè ñîäåðæèò îäèí îáñëóæèâàþùèé ïðèáîð è î÷åðåäü
áåñêîíå÷íîé äëèíû. Òðåáîâàíèÿ îáñëóæèâàþòñÿ ãðóïïîé çàäàí-
íîãî ðàçìåðà. Åñëè â î÷åðåäè êîëè÷åñòâî òðåáîâàíèé ìåíüøå
çàäàííîãî ÷èñëà, òî îáñëóæèâàþùèé ïðèáîð ïðîñòàèâàåò, èíà-
÷å âûáèðàåò íà îáñëóæèâàíèå çàäàííîå ÷èñëî òðåáîâàíèé, êî-
òîðûå â äàëüíåéøåì îáñëóæèâàþòñÿ ãðóïïîé ñ ýêñïîíåíöèàëü-
íî ðàñïðåäåëåííîé äëèòåëüíîñòüþ îáñëóæèâàíèÿ. Äëÿ ïîëó÷å-
íèÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ îòêðûòîé ñåòè îáñëóæèâàíèÿ
ñ ãðóïïîâûì îáñëóæèâàíèåì èñïîëüçóåòñÿ ýêâèâàëåíòíàÿ ñåòü
ìàññîâîãî îáñëóæèâàíèÿ ñ îáñëóæèâàíèåì òðåáîâàíèé ïî îäíî-
ìó.
Êëþ÷åâûå ñëîâà: Ñåòè ìàññîâîãî îáñëóæèâàíèÿ, ãðóïïîâîå
îáñëóæèâàíèå, ñòàöèîíàðíîå ðàñïðåäåëåíèå.

Ââåäåíèå

Ïðîñòîòà è óäîáñòâî èñïîëüçîâàíèÿ ñåòåé ìàññîâîãî îáñëóæèâàíèÿ
ïðè ðåøåíèè çàäà÷, âîçíèêàþùèõ â ñåòÿõ ñâÿçè, êîìïüþòåðíûõ è òåëå-
êîììóíèêàöèîííûõ ñèñòåìàõ, ñïîñîáñòâîâàëè èíòåíñèâíîìó ðàçâèòèþ
ìåòîäîâ àíàëèçà ñåòåé ìàññîâîãî îáñëóæèâàíèÿ. Â ïîñëåäíåå âðåìÿ îä-
íèì èç ïåðñïåêòèâíûõ íàïðàâëåíèé â òåîðèè ñåòåé ìàññîâîãî îáñëóæè-
âàíèÿ ÿâëÿåòñÿ ðàçâèòèå ìåòîäîâ àíàëèçà ñåòåé ìàññîâîãî îáñëóæèâà-
íèÿ ñ ãðóïïîâûì îáñëóæèâàíèåì è ãðóïïîâûìè ïåðåõîäàìè òðåáîâà-
íèé [1, 2, 3, 4, 5, 6]. Cåòè äàííîãî êëàññà ÿâëÿþòñÿ óäîáíûì èíñòðó-
ìåíòîì äëÿ ðåøåíèÿ çàäà÷ ïðîåêòèðîâàíèÿ è àíàëèçà ìíîãîïîëüçîâà-
òåëüñêèõ ñèñòåì [4, 5], ïðîèçâîäñòâåííûõ [2] è òðàíñïîðòíûõ ñèñòåì [6],
à òàêæå äëÿ èññëåäîâàíèÿ ýôôåêòèâíîñòè àëãîðèòìîâ ìíîãîïóòåâîé

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ âûïîëíåíèÿ
ãîñóäàðñòâåííîãî çàäàíèÿ (ïðîåêò �FSRR-2020-0006)
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ìàðøðóòèçàöèè. Â äàííîé ðàáîòå ïîêàçàíî, ÷òî ñòàöèîíàðíîå ðàñïðåäå-
ëåíèå îòêðûòûõ ñåòåé ìàññîâîãî îáñëóæèâàíèÿ ñ ãðóïïîâûì îáñëóæè-
âàíèåì òðåáîâàíèé ìîæíî ïîëó÷èòü, èñïîëüçóÿ èçâåñòíûå ðåçóëüòàòû
äëÿ ñåòåé Äæåêñîíà.

1. Îïèñàíèå ìîäåëè

Ðàññìàòðèâàåòñÿ îòêðûòàÿ ñåòü ìàññîâîãî îáñëóæèâàíèÿ N ñ íåïðå-
ðûâíûì âðåìåíåì, ñîñòîÿùàÿ èç L ñèñòåì ìàññîâîãî îáñëóæèâàíèÿ Si,
i ∈ I, I = {1, . . . , L}. Â ñåòü èç èñòî÷íèêà S0 ïîñòóïàåò ïóàññîíîâñêèé
ïîòîê òðåáîâàíèé îäíîãî êëàññà c èíòåíñèâíîñòüþ λ0. Òðåáîâàíèÿ ìåæ-
äó ñèñòåìàìè ñåòè è èñòî÷íèêîì ïåðåõîäÿò â ñîîòâåòñòâèè ñ ìàðøðóò-
íîé ìàòðèöåé Θ = (θij), i, j = 0, . . . , L. Ñîñòîÿíèå ñåòè îïðåäåëÿåòñÿ
âåêòîðîì s = (si), i = 1, . . . , L, ãäå si� ÷èñëî òðåáîâàíèé, íàõîäÿùèõñÿ
â ñèñòåìå Si, i = 1, . . . , L. Ìíîæåñòâî âñåõ ñîñòîÿíèé ñåòè N îáîçíà÷èì
÷åðåç X.

Ñèñòåìà Si, i = 1, . . . , L, ñîñòîèò èç î÷åðåäè áåñêîíå÷íîé äëèíû è îä-
íîãî îáñëóæèâàþùåãî ïðèáîðà, îäíîâðåìåííî îáñëóæèâàþùåãî ãðóïïó,
ñîñòîÿùóþ èç bi, bi ⩾ 1, òðåáîâàíèé. Äëèòåëüíîñòü îáñëóæèâàíèÿ ãðóï-
ïû òðåáîâàíèé â ñèñòåìå Si ÿâëÿåòñÿ ýêñïîíåíöèàëüíî ðàñïðåäåëåííîé
ñëó÷àéíîé âåëè÷èíîé ñ ïàðàìåòðîì µi. Åñëè â î÷åðåäè íàõîäèòñÿ ìåíü-
øå, ÷åì bi òðåáîâàíèé, òî îáñëóæèâàþùèé ïðèáîð áóäåò ïðîñòàèâàòü
äî òåõ ïîð, ïîêà â î÷åðåäü íå ïîñòóïèò, ïî êðàéíåé ìåðå, bi òðåáîâà-
íèé. Ïîñëå çàâåðøåíèÿ îáñëóæèâàíèÿ â ñèñòåìå Si, êàæäîå òðåáîâàíèå
íåçàâèñèìî îò îñòàëüíûõ òðåáîâàíèé ãðóïïû ïåðåõîäèò â ñèñòåìó Sj ,
j ∈ I, ñ âåðîÿòíîñòüþ θij . Ïîëàãàåì, ÷òî â êàæäîé ñèñòåìå Si ñåòè N
ðàçìåð îáñëóæèâàåìîé ãðóïïû òðåáîâàíèé bi çíà÷èòåëüíî ìåíüøå ÷èñ-
ëà ñèñòåì Sj , â êîòîðûå ìîãóò ïåðåéòè òðåáîâàíèÿ, ïîñëå çàâåðøåíèÿ
îáñëóæèâàíèÿ â ñèñòåìå Si, à òàêæå, ÷òî âåðîÿòíîñòè ïåðåõîäîâ òðåáî-
âàíèé â ñìåæíûå ñèñòåìû ñðàâíèìû.

2. Ìåòîä àíàëèçà

Èç ïðåäïîëîæåíèÿ áîëüøîé ðàçìåðíîñòè ñåòè N è èíäèâèäóàëüíîé
ìàðøðóòèçàöèè òðåáîâàíèé ïîñëå îáñëóæèâàíèÿ ãðóïïû â ñèñòåìå Si,
i = 1, . . . , L, ñëåäóåò, ÷òî âåðîÿòíîñòü îäíîâðåìåííîãî ïîñòóïëåíèÿ äâóõ
è áîëåå òðåáîâàíèé â ëþáóþ èç ñèñòåì îáñëóæèâàíèÿ íàñòîëüêî ìàëà,
÷òî ýòîé âåðîÿòíîñòüþ ìîæíî ïðåíåáðå÷ü. Ïîýòîìó áóäåì ñ÷èòàòü, ÷òî â
êàæäóþ ñèñòåìó îáñëóæèâàíèÿ ñåòè N ïîñòóïàåò ïóàññîíîâñêèé ïîòîê
òðåáîâàíèé ñ íåêîòîðîé èíòåíñèâíîñòüþ. Èññëåäîâàíèå ñåòè N íà÷íåì
ñ èçó÷åíèÿ èçîëèðîâàííîé îò îñòàëüíûõ ñèñòåì îáñëóæèâàíèÿ ñèñòåìû
Si, i = 1, . . . , L. Èçâåñòíî, ÷òî ñèñòåìà óðàâíåíèé ðàâíîâåñèÿ äëÿ ýòîé
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ñèñòåìû îáñëóæèâàíèÿ èìååò âèä
λiπi(0) = µiπi(bi),

λiπi(n) = λiπi(n− 1) + µiπi(bi + n), 1 ⩽ n ⩽ bi − 1,

(λi + µi)πi(n) = λiπi(n− 1) + µiπi(bi + n), n ⩾ bi.

(1)

ãäå λi � èíòåíñèâíîñòü ïîòîêà òðåáîâàíèé â ñèñòåìó Si, i = 1, . . . , L.
Ïîñòðîèì ïðîöåññ ξi ðàçìíîæåíèÿ è ãèáåëè, êîòîðûé ÿâëÿåòñÿ ýê-

âèâàëåíòíûì ïî ñòàöèîíàðíîìó ðàñïðåäåëåíèþ âåðîÿòíîñòåé ñîñòîÿ-
íèé ñèñòåìû Si. Ïóñòü ïðîöåññ ξi îïðåäåëåí íà ìíîæåñòâå ñîñòîÿíèé
{0, 1, . . . }, λi = λi(n) � èíòåíñèâíîñòü ïåðåõîäà ïðîöåññà ξi èç ñîñòî-
ÿíèÿ n â ñîñòîÿíèå n + 1 íå çàâèñèò îò ñîñòîÿíèÿ n, n ∈ {0, 1, . . . },
µ̃i(n) � èíòåíñèâíîñòü ïåðåõîäà ïðîöåññà ξi èç ñîñòîÿíèÿ n â ñîñòîÿíèå
n− 1, ãäå n ∈ {1, 2, . . . }. Ñîñòîÿíèÿ {0, 1, . . . } è ïàðàìåòð λi ïðîöåññà ξi
ñîîòâåòñòâóþò ñîñòîÿíèÿì {0, 1, . . . } è ïàðàìåòðó λi ñèñòåìû Si. Îïðå-
äåëèì èíòåíñèâíîñòè µ̃i(n), n = 1, 2, . . . . Ñòàöèîíàðíîå ðàñïðåäåëåíèå
âåðîÿòíîñòåé ñîñòîÿíèé ïðîöåññà ξi ðàçìíîæåíèÿ è ãèáåëè

πi(k) = πi(0)

k∏
n=1

λi
µ̃i(n)

, k = 1, 2, . . . , (2)

ãäå

πi(0) =

(
1 +

∞∑
k=1

k∏
n=1

λi
µ̃i(n)

)−1

, i = 1, . . . , L.

Ïîäñòàâèì (2) â (1) è ïîëó÷èì âûðàæåíèÿ äëÿ âû÷èñëåíèÿ µ̃i(n), n =
1, 2, . . . ,

µ̃i(n) = λi − µi
λbii

µ̃i(n+ 1) · . . . · µ̃i(bi + n)
, 1 ⩽ n ⩽ bi − 1,

µ̃i(n) = λi + µi − µi
λbii

µ̃i(n+ 1) · . . . · µ̃i(bi + n)
, n ⩾ bi.

(3)

Îáîçíà÷èìMi = lim
n→∞

µ̃i(n). Òîãäà óðàâíåíèÿ (4) ïðè n→ ∞ ïðèìóò
âèä

M bi+1
i − (λi + µi)M

bi
i + λbii µi = 0. (4)

Â óðàâíåíèè (2) èíòåðåñóþùèé íàñ åäèíñòâåííûé âåùåñòâåííûé êî-

ðåíü ðàñïîëîæåí â èíòåðâàëå ( bi(λi+µi)
bi+1 ,

(λi+µi)
bi+1−λ

bi
i µi

(λi+µi)bi
) è ìîæåò áûòü

îïðåäåëåí ÷èñëåííî [7]. Èç ñèñòåìû óðàâíåíèé (4) ñëåäóåò, ÷òî

µ̃i(bi) = µ̃i(bi + 1) = µ̃i(bi + 2) = · · · =Mi.
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Èñïîëüçóÿ óðàâíåíèÿ (4), îïðåäåëÿþòñÿ ïîñëåäîâàòåëüíî èíòåíñèâíî-
ñòè îáñëóæèâàíèÿ µ̃i(bi − 1), µ̃i(bi − 2),. . . , µ̃i(1). Òàêèì îáðàçîì, äëÿ
êàæäîãî ñîñòîÿíèÿ n ïðîöåññà ξi îïðåäåëåíû èíòåíñèâíîñòè µ̃i(n).

Âîñïîëüçóåìñÿ ðåçóëüòàòàìè, ïîëó÷åííûìè äëÿ ïðîöåññà ξi, è ïî-
ñòðîèì îòêðûòóþ ýêñïîíåíöèàëüíóþ ñåòü îáñëóæèâàíèÿ Ñ , ñîñòîÿùóþ
èç ñèñòåì îáñëóæèâàíèÿ S̃i ñ èíòåíñèâíîñòÿìè îáñëóæèâàíèÿ µ̃i(n), ãäå

n � ÷èñëî òðåáîâàíèé â ñèñòåìå S̃i, n = 1, 2, . . . , i = 1, . . . , L. Îñòàëüíûå
ïàðàìåòðû ñåòè Ñ ñîâïàäàþò ñ ïàðàìåòðàìè ñåòè N .

Ïîñòðîåííàÿ ñåòü îáñëóæèâàíèÿ Ñ ýêâèâàëåíòíà ïî ñòàöèîíàðíîìó
ðàñïðåäåëåíèþ ñåòè ìàññîâîãî îáñëóæèâàíèÿ N ñ ãðóïïîâûì îáñëóæè-
âàíèåì òðåáîâàíèé è ïðåäñòàâëÿåò ñîáîé ñåòü Äæåêñîíà.

Èíòåíñèâíîñòè ïîòîêîâ òðåáîâàíèé â ñèñòåìû Si îïðåäåëÿþòñÿ èç
ñîîòíîøåíèé

λi =
ωi

ω0
λ0, i = 1, . . . , L,

ãäå âåêòîð îòíîñèòåëüíûõ èíòåíñèâíîñòåé ïîòîêîâ ω = (ωi), i =
0, . . . , L, ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ ωΘ = ω ñ óñëîâèåì íîðìèðîâêè∑L

i=0 ωi = 1.

Ñòàöèîíàðíûé ðåæèì ñåòèN è ýêâèâàëåíòíîé åé ñåòè Ñ ñóùåñòâóåò,
åñëè äëÿ êàæäîé ñèñòåìû Si âûïîëíÿòñÿ óñëîâèå λi < biµi, i = 1, . . . , L.
Ñòàöèîíàðíûå âåðîÿòíîñòè π(s) ñîñòîÿíèé ñåòè Ñ , à çíà÷èò è ñåòè N ,
îïðåäåëÿþòñÿ èç âûðàæåíèÿ

π(s) =

L∏
i=1

πi(si), s ∈ X,

ãäå

πi(si) = πi(0)

si∏
n=1

λi
µ̃i(n)

.

Ìàòåìàòè÷åñêîå îæèäàíèå (ì. î.) ÷èñëà òðåáîâàíèé â ñèñòåìå Si,
i = 1, . . . , L,

s̄i =

∞∑
n=1

nπi(n),

ì. î. äëèòåëüíîñòè ïðåáûâàíèÿ òðåáîâàíèé â ñåòè

τ̄ =
1

λ0

L∑
i=1

s̄i.



256 Å.Ï. Ñòàíêåâè÷, È. Å. Òàíàíêî, Ì. Ïàãàíî

3. Ïðèìåð

Ðàññìîòðèì ñåòü îáñëóæèâàíèÿ N ñ ïàðàìåòðàìè: L = 14, λ0 =
1, b = (3, 2, 2, 3, 2, 2, 3, 3, 2, 2, 3, 2, 2, 3), µ =
(0.8, 0.6, 0.9, 0.6, 0.8, 0.8, 0.9, 0.6, 0.7, 0.8, 0.9, 1.0, 0.7, 0.7),

Θ =



0.0 0.3 0.4 0.3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.0
0.0 0.0 0.0 0.0 0.0 0.1 0.1 0.2 0.2 0.1 0.1 0.1 0.1 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.2 0.1 0.2 0.1 0.1 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.1 0.2 0.2 0.1
0.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.1 0.1 0.2
0.2 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.2 0.1 0.1 0.1 0.1
0.2 0.1 0.1 0.1 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1
0.2 0.0 0.0 0.0 0.1 0.1 0.1 0.0 0.0 0.1 0.1 0.1 0.1 0.0 0.1
0.1 0.1 0.1 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.1 0.2 0.1 0.1
0.3 0.1 0.1 0.1 0.1 0.1 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.0
0.3 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.1 0.0 0.0 0.0 0.1 0.1
0.3 0.1 0.1 0.1 0.1 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.0 0.0 0.0
0.3 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.0 0.0 0.1 0.1 0.0 0.1
0.4 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.1 0.1 0.0



.

Äàííàÿ ñåòü óäîâëåòâîðÿåò ñäåëàííûì âûøå ïðåäïîëîæåíèÿì, à èìåí-
íî, ñåòü ñîñòîèò èç áîëüøîãî êîëè÷åñòâà ñèñòåì, ðàçìåð ãðóïïû òðå-
áîâàíèé â êàæäîé ñèñòåìå çíà÷èòåëüíî ìåíüøå ÷èñëà ñìåæíûõ âû-
õîäíûõ ñèñòåì. Ñ èñïîëüçîâàíèåì ïðåäëîæåííîãî ìåòîäà àíàëèçà áû-
ëè âû÷èñëåíû âåêòîð ì. î. ÷èñëà òðåáîâàíèé â ñèñòåìàõ ñåòè s̄ =
(1.67, 1.98, 1.11, 1.37, 0.88, 0.96, 1.37, 1.69, 1.32, 1.15, 1.62, 1.07, 1.20, 1.48),
âåêòîð èíòåíñèâíîñòåé ïîòîêîâ â ñèñòåìû λ = (0.50, 0.57, 0.47,
0.22, 0.28, 0.33, 0.33, 0.39, 0.46, 0.44, 0.52, 0.50, 0.41, 0.32), ì.î. äëèòåëü-
íîñòè ïðåáûâàíèÿ òðåáîâàíèé â ñåòè τ̄ = 18.87. Ñ ïîìîùüþ èìè-
òàöèîííîãî ìîäåëèðîâàíèÿ ñèñòåì ñåòè îáñëóæèâàíèÿ ïîëó÷åíû ñî-
îòâåòñòâóþùèå ñòàöèîíàðíûå õàðàêòåðèñòèêè ñ äîâåðèòåëüíûì èí-
òåðâàëîì 0.001 è äîâåðèòåëüíîé âåðîÿòíîñòüþ íå íèæå 0.95 : s̄I =
(1.69, 1.97, 1.11, 1.41, 0.90, 0.98, 1.40, 1.72, 1.35, 1.17, 1.65, 1.10, 1.23, 1.50),
λI = (0.50, 0.57, 0.47, 0.22, 0.28, 0.33, 0.33, 0.39, 0.46, 0.44, 0.52, 0.50,
0.41, 0.32) è τ̄ I = 19.19. Cðàâíèâàÿ ðåçóëüòàòû àíàëèòè÷åñêîãî è èìèòà-
öèîííîãî ìîäåëèðîâàíèÿ âèäíî, ÷òî èíòåíñèâíîñòè âõîäÿùèõ ïîòîêîâ
â ñèñòåìû ñîâïàäàþò, çíà÷åíèÿ ì. î. ÷èñëà òðåáîâàíèé ñ ñèñòåìàõ ñåòè
ðàçëè÷àåòñÿ ìàêñèìóì íà 2,9% â ñèñòåìå S4, à çíà÷åíèÿ ì.î. äëèòåëü-
íîñòè ïðåáûâàíèÿ òðåáîâàíèé â ñåòè ðàçëè÷àþòñÿ íà 1,7%.
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Çàêëþ÷åíèå

Â ðàáîòå ïîêàçàíî, ÷òî äëÿ îòêðûòîé ñåòè ìàññîâîãî îáñëóæèâàíèÿ ñ
ãðóïïîâûì îáñëóæèâàíèåì òðåáîâàíèé áîëüøîé ðàçìåðíîñòè, â ñèñòå-
ìàõ êîòîðîé ðàçìåðû îáñëóæèâàåìûõ ãðóïï òðåáîâàíèé çíà÷èòåëüíî
ìåíüøå ÷èñëà ñìåæíûõ âûõîäíûõ ñèñòåì, ñòàöèîíàðíîå ðàñïðåäåëåíèå
ìîæåò áûòü âû÷èñëåíî â ìóëüòèïëèêàòèâíîé ôîðìå.
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Ã.Ò. Òóðñóíîâ

Òàøêåíòñêèé óíèâåðñèòåò èíôîðìàöèîííûõ òåõíîëîãèé,

ã. Òàøêåíò, Óçáåêèñòàí

Â äàííîé ðàáîòå ðàññìîòðåíà ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ
ñ ïóàññîíîâñêèì âõîäÿùèì ïîòîêîì, ñ îäíèì îáñëóæèâàþùèì
ïðèáîðîì. Òðåáîâàíèå, çàñòàâøåå îáñëóæèâàþùèé ïðèáîð çàíÿ-
òûì îáñëóæèâàíèåì ñòàíîâèòñÿ â î÷åðåäü, ìåñòà äëÿ îæèäàíèÿ
îáñëóæèâàíèÿ íå îãðàíè÷åíû. Âðåìÿ îáñëóæèâàíèÿ èìååò ïðî-
èçâîëüíûé çàêîí ðàñïðåäåëåíèÿ. Â ñèñòåìó ïîñòóïàþò òðåáîâà-
íèÿ m ðàçëè÷íûõ òèïîâ, êîòîðûå îáðàçóþò îäíîðîäíûé öåïü
Ìàðêîâà. Ñîñòàâëåíû óðàâíåíèÿ äëÿ ìîìåíòîâ ïðèðàùåíèé è
ïåðèîäà ðåãåíåðàöèè îáîáùåííûõ ðåãåíåðèðóþùèõ ñëó÷àéíûõ
ïðîöåññîâ (èíòåãðàë îò âåëè÷èíû î÷åðåäè â ñèñòåìå, âêëþ÷àÿ
îáñëóæèâàåìîå òðåáîâàíèå, ÷èñëî îáñëóæåííûõ òðåáîâàíèé çà
âðåìÿ t è ÷èñëî çàêîí÷èâøèõñÿ ïåðèîäîâ çàíÿòîñòåé ê ìîìåí-
òó t), ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ èõ ðåøåíèé.
Êëþ÷åâûå ñëîâà: Ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ, ïóàññî-
íîâñêèé ïîòîê, öåïü Ìàðêîâà, ïîëóìàðêîâñêèé ïðîöåññ, ìàò-
ðè÷íûå óðàâíåíèÿ, âåëè÷èíà î÷åðåäè, ÷èñëî îáñëóæåííûõ òðå-
áîâàíèé.

Ðàññìîòðèì ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ ñ ïóàññîíîâñêèì âõî-
äÿùèì ïîòîêîì ñ ïàðàìåòðîì λ è ñ îäíèì îáñëóæèâàþùèì ïðèáîðîì.
Òðåáîâàíèå, çàñòàâøåå îáñëóæèâàþùèé ïðèáîð çàíÿòûì îáñëóæèâàíè-
åì ñòàíîâèòñÿ â î÷åðåäü, ìåñòà äëÿ îæèäàíèÿ îáñëóæèâàíèÿ íå îãðà-
íè÷åíû.

Â ñèñòåìó ïîñòóïàþò òðåáîâàíèÿ m ðàçëè÷íûõ òèïîâ, ïðè÷åì ïåð-
âîå òðåáîâàíèå òèïà J1 ïîñòóïàåò â ìîìåíò t = 0 è îáñëóæèâàåòñÿ
â òå÷åíèè âðåìåíè τ1. Îáîçíà÷èì ÷åðåç τk âðåìÿ îáñëóæèâàíèÿ è Jk
òèï k-ãî ïîñòóïèâøåãî â ñèñòåìó òðåáîâàíèÿ, k ⩾ 1. Ïðåäïîëîæèì, ÷òî
{τk, k ⩾ 1} ÿâëÿåòñÿ ïîñëåäîâàòåëüíîñòüþ íåçàâèñèìûõ ñëó÷àéíûõ âå-
ëè÷èí, {Jk, k ⩾ 1} ÿâëÿåòñÿ îäíîðîäíîé, íåïðèâîäèìîé è ýðãîäè÷åñêîé
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öåïüþ Ìàðêîâà ñ êîíå÷íûì ìíîæåñòâîì ñîñòîÿíèé H = {1, 2, . . . ,m},
ìàòðèöåé ïåðåõîäíûõ âåðîÿòíîñòåé P = ∥pi,j∥i,j∈H , íà÷àëüíûì ðàñïðå-
äåëåíèåì {pi, i ∈ H} , pi = P {J1 = i} è ñî ñòàöèîíàðíûì ðàñïðåäåëåíè-
åì {πk, k ∈ H}, ãäå pi,j = P{Jk+1 = j/Jk = i}.

Ïóñòü {(τk, Jk), k ⩾ 1} � ïîëóìàðêîâñêèé ïðîöåññ ñ ïðîñòðàí-
ñòâîì ñîñòîÿíèé Z = [0,∞) × {1, 2, . . . ,m} è ïîëóìàðêîâñêèì ñòî-
õàñòè÷åñêèì ÿäðîì P{τk+1 ⩽ x, Jk+1 = j/τk = t, Jk = i} =
= P{τk+1 ⩽ x, Jk+1 = j/Jk = i} = Fi,j(x) äëÿ k ⩾ 1, 0 ⩽ x ⩽ ∞,
i ∈ H, j ∈ H [1].

Îáîçíà÷èì ìàòðèöû F (x) = ∥Fi,j(x)∥i,j∈H è M(l) = ∥αi,j(l)∥i,j∈H ,
ãäå αi,j(l) =

∫∞
0
xldFi,j(x) ìîìåíòû ïîðÿäêà l ⩾ 1 âðåìåíè îáñëóæèâà-

íèÿ, çàãðóçêó ñèñòåìû ρ = λ
∑m

i,j=1 αi,j(1)πj è α = max
1⩽i⩽m

∑m
j=1 αi,j(1).

Ïîëóìàðêîâñêèé ïðîöåññ {(τr, Jk), k ⩾ 1} ÿâëÿåòñÿ ïðàâèëüíûì(∑m
j=1 pi,j = 1

)
è íåïðåðûâíûì, åñëè ρ ⩽ 1 è ïîëîæèòåëüíî âîçâðàò-

íûì, åñëè ρ < 1 [1].
Îáîçíà÷èì ÷åðåç η(t), ν(t) è N(t) = max (n ⩾ 1 :

∑n
i=1 ωi ⩽ t), ñîîò-

âåòñòâåííî, âåëè÷èíó î÷åðåäè â ñèñòåìå, âêëþ÷àÿ îáñëóæèâàåìîå òðå-
áîâàíèå, ÷èñëî îáñëóæåííûõ òðåáîâàíèé çà âðåìÿ t è ÷èñëî çàêîí÷èâ-
øèõñÿ ïåðèîäîâ çàíÿòîñòåé ê ìîìåíòó t.

Äëÿ èçó÷åíèÿ àñèìïòîòè÷åñêîãî ïîâåäåíèÿ îáîáùåííûõ ðåãåíåðèðó-
þùèõ ñëó÷àéíûõ ïðîöåññîâ ξ(t) =

∫ t

0
η(t)dt, ν(t) è N(t), 0 ⩽ t ⩽ ∞ ïðè

âîçðàñòàíèè âðåìåíè ôóíêöèîíèðîâàíèÿ ñèñòåìû èëè ïðè ρ → ρ0 ⩽ 1
âîçíèêàåò íåîáõîäèìîñòü ïî ìåðå âîçìîæíîñòè ÿâíî óêàçàòü öåíòðèðó-
þùèå, íîðìèðóþùèå è ïðåäåëüíûå êîíñòàíòû, à ýòè ïîñòîÿííûå âûðà-
æàþòñÿ ÷åðåç ìîìåíòû ïðèðàùåíèé âûøåóêàçàííûõ ïðîöåññîâ çà ïå-
ðèîäû çàíÿòîñòè ñèñòåìû, êîòîðûå ÿâëÿþòñÿ ïåðèîäàìè ðåãåíåðàöèè,
ïîñêîëüêó â ïåðèîäàõ ïðîñòîÿ ñèñòåìû, ñëåäóþùèõ çà ïåðèîäàìè çàíÿ-
òîñòè ñèñòåìû, çíà÷åíèÿ ñëó÷àéíûõ ïðîöåññîâ ξ(t) è ν(t) ðàâíû íóëþ.

Ñîñòàâëåíû óðàâíåíèÿ äëÿ ìîìåíòîâ ïðèðàùåíèé è ïåðèîäà ðåãå-
íåðàöèè âûøåóêàçàííûõ îáîáùåííûõ ðåãåíåðèðóþùèõ ñëó÷àéíûõ ïðî-
öåññîâ è ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ èõ ðåøåíèé.

Åñëè {ωk, k ⩾ 1} ïîñëåäîâàòåëüíîñòü ïåðèîäîâ çàíÿòîñòè ñèñòå-
ìû, I1 = J1 è Ik òèï ïåðâîãî îáñëóæåííîãî òðåáîâàíèÿ â k-òîì ïå-
ðèîäå çàíÿòîñòè ωk, òî â íàøèõ ïðåäïîëîæåíèÿõ {Ik, k ⩾ 1} ÿâëÿ-
åòñÿ îäíîðîäíîé, íåïðèâîäèìîé è ýðãîäè÷åñêîé öåïüþ Ìàðêîâà ñ êî-
íå÷íûì ìíîæåñòâîì ñîñòîÿíèé H, ìàòðèöåé ïåðåõîäíûõ âåðîÿòíîñòåé
Q = ∥qi,j∥mi,j=1, íà÷àëüíûì ðàñïðåäåëåíèåì {qi, i ∈ H} , qi = P {I1 = i}
è ñî ñòàöèîíàðíûì ðàñïðåäåëåíèåì {υk, k ∈ H}, ãäå qi,j = P{Ik+1 =
j/Ik = i}, à ïîñëåäîâàòåëüíîñòü {(ωk, Ik), k ⩾ 1} ÿâëÿåòñÿ ïîëóìàðêîâ-
ñêèì ïðîöåññîì c ïðîñòðàíñòâîì ñîñòîÿíèé Z = [0,∞) × {1, 2, . . . ,m}
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è ïîëóìàðêîâñêèì ñòîõàñòè÷åñêèì ÿäðîì Q(x) = ∥Qi,j(x)∥i,j∈H , ãäå
P{ωk+1 ⩽ x, Ik+1 = j/Ik = i} = Qi,j(x), ïðè÷åì åñëè ρ < 1, òî îí
ïîëîæèòåëüíî âîçâðàòíûé.

Îáîçíà÷èì Pk = ∥pi,j(k)∥i,j∈H , pi,j(k) =
∫∞
0
e−λx (λx)k

k! dFi,j(x), k ⩾ 0.

Òåîðåìà 1. 1) Ìàòðèöà ïåðåõîäíûõ âåðîÿòíîñòåé Q öåïè Ìàðêîâ
{Ik, k ⩾ 1} óäîâëåòâîðÿåò óðàâíåíèþ Q =

∑∞
k=1 PkQ

k.
2) Åñëè λα < 1, òî ýòî ìàòðè÷íîå óðàâíåíèå èìååò îäíî è

òîëüêî îäíî ðåøåíèå â âèäå ñòîõàñòè÷åñêîé ìàòðèöû è ýòî ðåøå-
íèå ìîæåò áûòü ïîëó÷åíî êàê ïðåäåë ïîñëåäîâàòåëüíîñòè ìàòðèö
Q(n) =

∑∞
k=1 PkQ(n− 1)k, n ⩾ 1, ãäå Q(0)ïðîèçâîëüíàÿ ñòîõàñòè÷åñêàÿ

ìàòðèöà, ïðè÷åì îöåíêà îøèáêè n-ãî ïðèáëèæåíèÿ

∆n ≡ ρ(Q(n), Q) ⩽
(λα)n

1− λα
ρ

(
Q(0),

∞∑
k=1

PkQ(0)k

)
.

Ââåäåì ïðèðàùåíèÿ ñëó÷àéíûõ ïðîöåññîâ ξ(t) è ν(t):

ξk = ξ(tk)− ξ(tk−1) è νk = ν(tk)−ν(tk−1), ãäå tk =
∑k

i=1 ωi, k ⩾ 1, t0 = 0.
Â íàøèõ ïðåäïîëîæåíèÿõ ïîñëåäîâàòåëüíîñòè {(ξk, Ik), k ⩾ 1} è

{(νk, Ik), k ⩾ 1} ÿâëÿþòñÿ ïîëóìàðêîâñêèìè ïðîöåññàìè, ïðè÷åì åñëè
ρ < 1, òî îíè ïîëîæèòåëüíî âîçâðàòíûå.

Ââåäåì ìàòðèöû ìîìåíòîâ ïðèðàùåíèé è ïåðèîäà ðåãåíåðàöèè îáîá-
ùåííûõ ðåãåíåðèðóþùèõ ñëó÷àéíûõ ïðîöåññîâ ξ(t) è ν(t) äëÿ l ⩾ 1:

X(l) = ∥xi,j(l)∥i,j∈H , xi,j(l) =

∫ ∞

0

uldQi,j(u),

Y (l) = ∥yi,j(l)∥i,j∈H , yi,j(l) =

∫ ∞

0

uldP{ξk ∈ du, Ik+1 = j/Ik = i},

Z(l) = ∥zi,j(l)∥i,j∈H , zi,j(l) =

∫ ∞

0

uldP{νk ⩽ du, Ik+1 = j/Ik = i},

T = ∥ti,j∥i,j∈H , ti,j =

∫ ∞

0

∫ ∞

0

usdP{ξk ∈ du, ωk ∈ ds, Ik+1 = j/Ik = i}.

Îáîçíà÷èì ÷åðåç Π̃m ïðîñòðàíñòâî âñåõ m-ìåðíûõ êâàäðàòíûõ
ìàòðèö ñ íåîòðèöàòåëüíûìè ýëåìåíòàìè è ðàññòîÿíèåì ρ(A,B) =
max

0⩽i,j⩽m
|ai,j − bi,j |, ãäå A = ∥ai,j∥, B = ∥bi,j∥ ∈ Π̃m. Òîãäà ρ-ñõîäèìîñòü

ýêâèâàëåíòíà ïî ýëåìåíòíîé ñõîäèìîñòè ìàòðèö ñ íåîòðèöàòåëüíû-
ìè ýëåìåíòàìè è ïðåäåë êàæäîé ñõîäÿùåéñÿ â ñåáå ïîñëåäîâàòåëü-
íîñòè ìàòðèö ñ íåîòðèöàòåëüíûìè ýëåìåíòàìè ÿâëÿåòñÿ òàêæå ìàò-

ðèöåé ñ íåîòðèöàòåëüíûìè ýëåìåíòàìè è ñëåäîâàòåëüíî
(
Π̃m, ρ

)
ïîë-

íîå ìåòðè÷åñêîå ïðîñòðàíñòâî. Íà ýòîì ïðîñòðàíñòâå äëÿ l ⩾ 1 è
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Ak, B, C ∈ Π̃m, k ⩾ 1 ðàññìîòðèì îïåðàòîðû fl : Π̃m → Π̃m

f1(Ak, B) =

∞∑
k=1

Ak

k−1∑
r=0

QrBQk−r−1,

f2(Ak, B) =

∞∑
k=1

Ak

k−1∑
r=0

(r − 1)QrBQk−r−1,

f3(Ak, B) =

∞∑
k=1

Ak

k−1∑
r=0

(r − 1)2QrBQk−r−1,

f4 (Ak, B) =

∞∑
k=2

Ak

∑
r1 + r2 + r3 = k − 2
0 ⩽ r1, r2, r3 ⩽ ∞

Qr1BQr2BQr3 ,

f5 (B,C) =

∞∑
k=2

Pk

∑
r1 + r2 + r3 = k − 2
0 ⩽ r1, r2, r3 ⩽ ∞

Qr1BQr2CQr3 ,

f6 (B) =

∞∑
k=2

Pk

∑
r1 + r2 + r3 + r4 = k − 3
0 ⩽ r1, r2, r3, r4 ⩽ ∞

Qr1BQr2BQr3BQr4 .

C ïîìîùüþ ýòèõ îïåðàòîðîâ è ìàòðèö F (x) = ∥Fi,j(x)∥i,j∈H , Q =
∥qi,j∥mi,j=1 ââåäåì ñëåäóþùèå ìàòðèöû

L1 =

∫ ∞

0

u

∞∑
k=0

e−λu (λu)
k

k!
dF (u)Qk,

L2 =

∫ ∞

0

u2
∞∑
k=0

e−λu (λu)
k

k!
dF (u)Qk+

+2

∫ ∞

0

u

∞∑
k=0

e−λu (λu)
k

k!
dF (u)f1(Pk, X(1))+

+

∞∑
k=1

Pk

k−1∑
r1=0

{
r1−1∑
r2=0

QkX(1)Qr1−r2−1X(1)Qk−r1−1+

+

k−r1−2∑
r3=0

Qr1X(1)Qr3X(1)Qk−r3−r1−2

}
,
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K1 = ||1|| m-ìåðíàÿ ìàòðèöà ñîñòîÿùàÿ èç 1,

K2 = K1 + 2f1(Pk, Z(1)) + f4(Pk, Z(1))

K3 = K1 + 3f1(Pk, Z(1)) + 3f1(Pk, Z(2)) + 3f4(Pk, Z(1))+

+
1

2
(f5(Z(1), Z(2) + f5(Z(2), Z(1)) + f6(Z(1)),

N1 = (M(1) +
λ

2
M(2))K1 + f2(Pk, X(1)),

N2 = (M(2) +
4λ

3
M(3) +

λ

4
M(4))K1 + 2f1(Bk, Y (1))+

+f4(Pk, Y (1)) + f4(Pk, X(1)) +
1

2
(f5(X(1), Y (1) + f5(Y (1), X(1))+

+2f2(Pk, T ) + f3(Pk, X(2)),

N3 = (M(2) +
λ

2
M(3))K1 + f1(Bk, X(1)) + f2(Pk, X(1)) + f1(Ck, Y (1))+

+f2(Pk, X(2)) + f4(Pk, X(1)) +
1

2
(f5(X(1), Y (1) + f5(Y (1), X(1)) ,

çäåñü Bk = Ck + Gk, Ck = ∥αi,j(1)pi,j(k)∥i,j∈H , à ìàòðèöà
Gk = ∥γi,jpi,j(k)∥i,j∈H èìååò ïðîèçâîäÿùóþ ôóíêöèþ

∞∑
k=0

zkGk =
1

λ(1− z)3
[λ(1− z)M(1) + Φ(λ− λz)−K1],Φ(s) =

= ∥fi,j(s)∥i,j∈H , fi,j(s) =

∫ ∞

0

e−sxdFi,j(x).

Òåîðåìà 2. 1) Ìàòðèöû ìîìåíòîâ ïðèðàùåíèé îáîáùåííûõ ðåãå-
íåðèðóþùèõ ñëó÷àéíûõ ïðîöåññîâ ξ(t) è ν(t) è ïåðèîäà èõ ðåãåíåðàöèè
óäîâëåòâîðÿþò ñëåäóþùèì óðàâíåíèÿì:

f(A) = f1(Pk, A),

X(l) = f1(Pk, X(l)) + Ll,

Y (l) = f1(Pk, Y (l)) +Nl, l = 1, 2;

Z(l) = f1(Pk, Z(l)) +Kl, l = 1, 2, 3.

2) Åñëè λα < 1, òî ýòè ìàòðè÷íûå óðàâíåíèÿ èìåþò îäíî è òîëüêî
îäíî ðåøåíèå è ýòè ðåøåíèÿ ìîãóò áûòü ïîëó÷åíû êàê ïðåäåëû ïîñëå-
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äîâàòåëüíîñòåé ìàòðèö

T (n) = f1(Pk, T
(n−1)) +N3,

X(n)(l) = f1(Pk, X
(n−1)(l)) + Ll, Y

(n)(l) = f1(Pk,

Y (n−1)(l)) +Nl, l = 1, 2;

Z(n)(l) = f1(Pk, Z
(n−1)(l)) +Kl, l = 1, 2, 3, n ⩾ 1,

ñîîòâåòñòâåííî, ãäå T (0), X(0), (l) , Y (0) (l) , Z(0) (l) ïðîèçâîëüíûå ìàòðè-
öû ñ ïîëîæèòåëüíûìè ýëåìåíòàìè, ïðè÷åì îöåíêè îøèáîê n-ãî ïðèáëè-
æåíèÿ ðàâíû, ñîîòâåòñòâåííî

∆n,1 ≡ ρ(T (n), T ) ⩽
(λα)n

1− λα
ρ
(
T (0), f1

(
Pk, T

(0)
)
+N3

)
,

∆n,2 ≡ ρ
(
X(n) (l) , X (l)

)
⩽

(λα)n

1− λα
ρ
(
X(0) (l) , f1(Pk, X

(0) (l)) + Ll

)
,

∆n,4 ≡ ρ(Z(n) (l) , Z (l)) ⩽
(λα)n

1− λα
ρ(Z(0) (l) , f1(Pk, Z

(0) (l)) +Kl)).
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ RQ-ÑÈÑÒÅÌÛ
MMPP/M/N Â ÓÑËÎÂÈÈ ÁÎËÜØÎÉ

ÇÀÃÐÓÇÊÈ

Å.À. Ô¼äîðîâà

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé

Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

Â ðàáîòå èññëåäóåòñÿ ìíîãîëèíåéíàÿ RQ-ñèñòåìà ñ âõîäÿùèì
ÌÌÐÐ-ïîòîêîì. Äëÿ íàõîæäåíèÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ
÷èñëà çàÿâîê íà îðáèòå ïðåäëàãàåòñÿ ìåòîä àñèìïòîòè÷åñêî-
ãî àíàëèçà â óñëîâèè áîëüøîé çàãðóçêè. Äîêàçàíî, ÷òî àñèìï-
òîòè÷åñêàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ èìååò âèä ãàììà-
ðàñïðåäåëåíèÿ ñ íàéäåííûìè ïàðàìåòðàìè.
Êëþ÷åâûå ñëîâà: RQ-ñèñòåìà, àñèìïòîòè÷åñêèé àíàëèç,
áîëüøàÿ çàãðóçêà.

RQ-ñèñòåìû ÿâëÿþòñÿ âàæíûìè ìàòåìàòè÷åñêèìè ìîäåëÿìè, øèðî-
êî èñïîëüçóåìûìè äëÿ àíàëèçà è îïòèìèçàöèè òåëåêîììóíèêàöèîííûõ
ñèñòåì, óïðàâëÿåìûìè ïðîòîêîëàìè ìíîæåñòâåííîãî äîñòóïà, êîãíè-
òèâíûõ ñåòåé, ñåòåé ìîáèëüíîé ñâÿçè, call-öåíòðîâ è äð. Îïèñàíèå RQ-
ñèñòåì è îñíîâíûå ðåçóëüòàòû èññëåäîâàíèé ñ ïðîñòåéøèì âõîäÿùèì
ïîòîêîì ïðèâåäåíû â ìîíîãðàôèÿõ Ã. È. Ôàëèíà [1] è J. Artalejo [2]. Îä-
íàêî ðåàëüíûå èíôîðìàöèîííûå ïîòîêè èìåþò áîëåå ñëîæíóþ ñòðóêòó-
ðó, â ñâÿçè ñ ýòèì, â ðàáîòå èññëåäîâàíà RQ-ñèñòåìà ñ âõîäÿùèì ÌÌÐÐ-
ïîòîêîì.

1. Ìàòåìàòè÷åñêàÿ ìîäåëü

Ðàññìîòðèì ìíîãîëèíåéíóþ RQ-ñèñòåìó (ðèñóíîê 1), íà âõîä êîòî-
ðîé ïîñòóïàåò MMPP-ïîòîê çàÿâîê (Markov Modulated Poisson Process),
êîòîðûé îïèñûâàåòñÿ ìàòðèöàìè D0 è D1.

Îáîçíà÷èì: n(t) � öåïü Ìàðêîâà, óïðàâëÿþùàÿ ÌÌÐÐ-ïîòîêîì (n =
1, 2, . . . , W ). Ìàòðèöà èíôèíèòåçèìàëüíûõ õàðàêòåðèñòèê óïðàâëÿþ-
ùåãî ïðîöåññà n(t) ðàâíà Q = D0 +D1. Ìàòðèöà D1 = Λ � äèàãîíàëü-
íàÿ ìàòðèöà ñ ýëåìåíòàìè λn (óñëîâíûìè èíòåíñèâíîñòÿìè). Î÷åâèäíî,
÷òî èíòåíñèâíîñòü ÌÌÐÐ-ïîòîêîì ðàâíà λ = rΛe, ãäå e � åäèíè÷íûé
âåêòîð-ñòîëáåö, r � ñòàöèîíàðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ñîñòîÿ-
íèé n(t), îïðåäåëÿåìîå èç ñèñòåìû óðàâíåíèé:

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ è Òîìñêîé îáëàñòè
â ðàìêàõ íàó÷íîãî ïðîåêòà � 19-41-703002.
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Ðèñ. 1. RQ-ñèñòåìà MMPP|M|N

{
rQ = 0,
re = 1.

(1)

Åñëè ïîñòóïèâøàÿ çàÿâêà çàñòàåò ëþáîé ïðèáîð ñâîáîäíûì, òî îíà
çàíèìàåò åãî äëÿ îáñëóæèâàíèÿ. Âðåìÿ îáñëóæèâàíèÿ êàæäîé çàÿâêè
ðàñïðåäåëåíî ïî ýêñïîíåíöèàëüíîìó çàêîíó ñ ïàðàìåòðîì µ′. Åñëè âñå
ïðèáîðû çàíÿòû, òî çàÿâêà ïåðåõîäèò íà îðáèòó, ãäå îñóùåñòâëÿåò ñëó-
÷àéíóþ çàäåðæêó, ðàñïðåäåëåííóþ ýêñïîíåíöèàëüíî ñ ïàðàìåòðîì σ.
Ïîñëå ñëó÷àéíîé çàäåðæêè çàÿâêà ñ îðáèòû âíîâü îáðàùàåòñÿ áëîêó
îáñëóæèâàþùèõ ïðèáîðîâ: åñëè õîòÿ áû îäèí ïðèáîð ñâîáîäåí, òî çà-
ÿâêà çàíèìàåò åãî äëÿ îáñëóæèâàíèÿ; åñëè âñå ïðèáîðû çàíÿòû, çàÿâêà
ìãíîâåííî âîçâðàùàåòñÿ íà îðáèòó äëÿ ðåàëèçàöèè ñëåäóþùåé çàäåðæ-
êè. Ââåäåì ïàðàìåòð ρ, õàðàêòåðèçóþùèé çàãðóçêó ñèñòåìû. Î÷åâèäíî,
÷òî ρ = λ/(Nµ′). Òîãäà ââåäåì îáîçíà÷åíèå µ = ρNµ′, òàêîå ÷òî λ/µ ≡ 1
èëè

rΛe = µ. (2)

Òîãäà â ïîñëåäóþùèõ óðàâíåíèÿõ áóäåì èñïîëüçîâàòü çàìåíó:

µ′ = µ/(ρN).
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Ïóñòü (t) � ÷èñëî çàÿâîê íà îðáèòå, à k(t) � ñîñòîÿíèå áëîêà îáñëóæè-
âàíèÿ, îïðåäåëÿåìîå ñëåäóþùèì îáðàçîì:

k(t) =


0, åñëè âñå ïðèáîðû ñâîáîäíû â ìîìåíò âðåìåíè t,
1, åñëè 1 ïðèáîð çàíÿò â ìîìåíò âðåìåíè t,
...
N, åñëè âñå ïðèáîðû çàíÿòû â ìîìåíò âðåìåíè t.

Îáîçíà÷èì P (k, n, i, t) = P{k(t) = k, n(t) = n, i(t) = i} � âåðîÿò-
íîñòü òîãî, ÷òî ïðèáîð â ìîìåíò âðåìåíè t íàõîäèòñÿ â ñîñòîÿíèè k,
öåïü Ìàðêîâà, óïðàâëÿþùàÿ ÌÌÐÐ-ïîòîêîì, íàõîäèòñÿ â ñîñòîÿíèè n
è íà îðáèòå i çàÿâîê. Î÷åâèäíî, ÷òî ïðîöåññ {k(t), n(t), i(t)} èçìåíåíèÿ
ñîñòîÿíèé äàííîé ñèñòåìû ÿâëÿåòñÿ Ìàðêîâñêèì. Äëÿ ðàñïðåäåëåíèÿ
âåðîÿòíîñòåé P (k, i, n, t) ñîñòàâèì ñèñòåìó óðàâíåíèé Êîëìîãîðîâà (äëÿ
i ⩾ 0, n = 1,W ):



∂P (0, n, i, t)

∂t
= −(λn + iσ − qnn)P (0, n, i, t) +

µ

ρN
P (1, n, i, t)+

+
∑
v ̸=n

P (0, v, i, t)qvn,

∂P (k, n, i, t)

∂t
= −(λn + iσ +

kµ

ρN
− qnn)P (k, n, i, t)+

+λnP (k − 1, n, i, t) +
(k + 1)µ

ρN
P (k + 1, n, i, t)+

+(i+ 1)σP (k − 1, n, i+ 1, t) +
∑
v ̸=n

P (k, v, i, t)qvn,

k = 1, N − 1,
∂P (N,n, i, t)

∂t
= −(λn +

µ

ρ
− qnn)P (N,n, i, t)+

+λnP (N − 1, n, i, t) + (i+ 1)σP (N − 1, n, i+ 1, t)+

+λnP (N,n, i− 1, t) +
∑
v ̸=n

P (N, v, i, t)qvn.

(3)

2. Ìåòîä àñèìïòîòè÷åñêîãî àíàëèçà

Îáîçíà÷èì âåêòîð-ñòðîêèP(k, i) = {P (k, 1, i), P (k, 2, i), . . . , P (k,N, i)},
ãäå P (k, n, i) = lim

t→∞
P (k, n, i, t). Òîãäà â ñòàöèîíàðíîì ðåæèìå â ìàòðè÷-
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íîé ôîðìå ñèñòåìà (1) ïðèìåò âèä:

P(0, i)(Q−Λ− iσI) +
µ

ρN
P(1, i) = 0,

P(k, i)(Q−Λ− kµ

ρN
I− iσI)+P(k − 1, i)Λ+

+σ(i+ 1)P(k − 1, i+ 1) +
(k + 1)µ

ρN
P(k + 1, i) = 0,

k = 1, N − 1,

P(N, i)(Q−Λ− µ

ρ
I) +P(N − 1, i)Λ+

+σ(i+ 1)P(N − 1, i+ 1) +P(N, i− 1)Λ = 0,

(4)

ãäå I � åäèíè÷íàÿ ìàòðèöà.
Ïåðåéäåì â ñèñòåìå (4) ê ÷àñòè÷íûì õàðàêòåðèñòè÷åñêèì ôóíêöè-

ÿì:
H(k, u) =

∑
i

ejuiP(k, i).

Ïîëó÷èì ñëåäóþùóþ ñèñòåìó ìàòðè÷íûõ óðàâíåíèé:

H(0, u)(Q−Λ) + jσ
∂H(0, u)

∂u
+

µ

ρN
H(1, u) = 0,

H(k, u)(Q−Λ− kµ

ρN
I) + jσ

∂H(k, u)

∂u
+H(k − 1, u)Λ−

−jσe−ju ∂H(k − 1, u)

∂u
+

(k + 1)µ

ρN
H(k + 1, u) = 0,

k = 1, N − 1,

H(N, u)(Q−Λ− µ

ρ
I) +H(N − 1, u)Λ+

−jσeju ∂H(N − 1, u)

∂u
+ ejuH(N, u)Λ = 0.

(5)

Äëÿ ðåøåíèÿ ñèñòåìû (4) ïðåäëîæåí ìåòîä àñèìïòîòè÷åñêîãî àíà-
ëèçà [3, 4] â óñëîâèè áîëüøîé çàãðóçêè ρ→ 1. Â ðåçóëüòàòå áûëà ñôîð-
ìóëèðîâàíà è äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Àñèìïòîòè÷åñêàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ÷èñ-
ëà çàÿâîê íà îðáèòå â óñëîâèè áîëüøîé çàãðóçêè RQ-ñèñòåìå MMPP|M|N
èìååò âèä õàðàêòåðèñòè÷åñêîé ôóíêöèè ãàììà-ðàñïðåäåëåíèÿ

h(u) =

(
1− ju

(1− ρ)β

)−α

(6)

ñ ïàðàìåòðàìè

α = 1 +
µ

σ
β, β =

µ

µ+ vΛe− µve
,
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ãäå âåêòîð v ÿâëÿåòñÿ ðåøåíèåì íåîäíîðîäíîé ñèñòåìû vQ = r(µI−Λ).

Çàêëþ÷åíèå

Òàêèì îáðàçîì, â ðàáîòå ðàññìîòðåíà ìíîãîëèíåéíàÿ RQ-ñèñòåìà ñ
âõîäÿùèì ÌÌÐÐ-ïîòîêîì. Äîêàçàíî, ÷òî àñèìïòîòè÷åñêàÿ õàðàêòåðè-
ñòè÷åñêàÿ ôóíêöèÿ ÷èñëà çàÿâîê íà îðáèòå â óñëîâèè áîëüøîé çàãðóçêè
èìååò âèä ãàììà-ðàñïðåäåëåíèÿ, êàê è äëÿ îäíîëèíåéíûõ RQ-ñèñòåì.
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We consider the probability P (n,N) of the event: under allocation
of 2n distinguishable particles by N different cells each cell contains
even number of particles and the probability P ′(n,N) of the event:
under allocation of 2n non-distinguishable particles by N different
cells each cell contains even number of particles. For various type
of the convergence N,n → ∞ we study assimptotical bihavior of
P (n,N) and P ′(n,N).
Keywords: Allocation scheme, Gaussian random variable, Pois-
son limit theorem, Berry-Essen inequelity, limit theorem, local limit
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Introduction

Let n,N be integer numbers. A homogeneous allocation scheme of n
distinguishable particles by N different cells is named the random variables
η1, . . . , ηN , with the joint distribution defined by formula

P{η1 = k1, . . . ηN = kN} =
n!

k1!k2! · · · kN !

(
1

N

)n

,

where k1, k2, . . . kN are nonnegative integer number such that k1 + k2 +
· · ·+ kN = n. Many papers deal with limit theorems for allocation scheme
of distinguishable paticles by different cells (see [1] and its references).

Denote by P (n,N) the probability of the event: in allocation scheme
of 2n distinguishable particles by N different cells each cell contains even
number of particles.

Observe that

P (n,N) =
∑

ki∈N, 1⩽i⩽N, k1+k2+···+kN=n

(2n)!

(2k1)!(2k2)! · · · (2kN )!

1

N2n
=

=
∑

ki∈N, 1⩽i⩽N, k1+k2+···+kN=n

α2k1

(2k1)!
α2k2

(2k2)!
· · · α2kN

(2kN )!

(αN)2n

(2n)!

=
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=

(
ch(α)

eα

)N ∑
ki∈N, 1⩽i⩽N, k1+k2+...+kN=2n

α2k1

ch(α)(2k1)!
α2k2

ch(α)(2k2)!
· · · α2kN

ch(α)(2kN )!

e−αN (αN)2n

(2n)!

.

Therefore, using Stirling formula for estimation of (2n)!, for α = 2n
N we

obtain

P (n,N) = (1 + o(1))
√
4πn

(
1 + e−2α

2

)N

P(ξ1 + · · ·+ ξN = 2n),

where ξ1, ξ2, . . . ξN are independent random variables with the distribution

P(ξi = 2k) =
α2k

(2k)!ch(α)
, k = 0, 1, 2 . . . ,

or

P (n,N) = (1 + o(1))
√
4πn

(
1 + e−2

√
α1

2

)N

P(ξ′1 + · · ·+ ξ′N = n),

where ξ′1, ξ
′
2, . . . ξ

′
N are independent random variables with the distribution

P(ξ′i = k) =
αk
1

(2k)!ch(
√
α1)

, k = 0, 1, 2 . . . , α1 = α2.

The expectation and the variance of ξi are

e(α) = αth(α), σ2(α) =
α2

ch2(α)
+ αth(α).

Using Poisson limit theorem for an estimation of the probability

P(ξ1 + · · ·+ ξN = 2n),

we obtain the following theorem.

Theorem 1. Let n,N → ∞ such that the family of numbers

N
α2

2
= λ

is bounded. Then we have

P (n,N) = (1 + o(1))
√
4πne−4n

(
e−λλ

n

n!
+O

(
1

N

))
.

In the next theorem for an estimation of the probability P(ξ1+· · ·+ξN =
2n) we use the local limit theorem from [2].

Theorem 2. Let 0 < α′ < α′′ <∞. Let n,N → ∞ such that α′ < α <
α′′. Then we have

P (n,N) = (1 + o(1))

√
1

α
ch2(α) + th(α)

(
1 + e−2α

2

)N

e−NC(α),

where
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C(α) =
Nαe−2α

2(α+ sh(α)ch(α))
.

In the next theorem for an estimation of the probability P(ξ1+· · ·+ξN =
2n) we use the local limit theorems from [3].

Theorem 3. Let n,N → ∞ such that α→ 0 and Nα2 → ∞. Then we
have

P (n,N) = (1 + o(1))

√
1

2α

(
1 + e−2α

2

)N (
e−NC(α) + o(1)

)
.

In the next theorem we use a local limit theorem tor the sum ξ1 + · · ·+
ξN = 2n as α→ ∞. Since ξi are latticed random variables with the step 2,
the probability P(ξ1+ · · ·+ξN = 2n) has the same estimation as in classical
local limit theorem but with the coefficient 2.

Theorem 4. Let n,N → ∞ such that α→ ∞. Then we have

P (n,N) = (1 + o(1))

(
1 + e−2α

2

)N (
2e−NC(α) + o(1)

)
.

Theorem 5. Let n,N → ∞ such that Ne−2α → β, 0 ⩽ β < ∞. Then
we have

P (n,N) = (1 + o(1))
eβ

2N−1
.

Theorem 6. Let n,N → ∞ such that ne−2α < β, for some β < ∞.
Then we have

P (n,N) = (1 + o(1))
1

2N−1
.

Allocation scneme of n non-distingushing paticles by N different cells
are the random variables η1, . . . , ηN with the joint distribution

P{η1 = k1, . . . ηN = kN} =
1

CN−1
n+N−1

,

where k1, k2, . . . kN are nonnegative integer numbers such that k1 + k2 +
· · ·+ kN = n.

Denote by P ′(n,N) the probability of the event: under allocation of
2n non-distingusning particles by N different cells each cell contains even
number of particles. We have

P ′(n,N) =
∑

ki∈N, 1⩽i⩽N, k1+k2+···+kN=n

1

CN−1
2n+N−1

=
CN−1

n+N−1

CN−1
2n+N−1

.

Theorem 7. Let n,N → ∞ such that N2

4n → β, where 0 ⩽ β < ∞.
Then we have

P ′(n,N) = (1 + o(1))
eβ

2N−1
.
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Consider N independent allocation schemes of 2n non-distinguishing
particles by 2 different cells. Let Ai, 1 ⩽ i ⩽ N , be the event: 1-th cell
contains even number of particles from i-th scheme. Then ∩N

i=1Ai, 1 ⩽ i ⩽
N , is the event: 1-th cell contains even number of particles from i-th scheme
for all 1 ⩽ i ⩽ N . Denote P ∗(n,N) = P

(
∩N
i=1Ai

)
. We have

P ∗(n,N) =

(
n+ 1

2n+ 1

)N

=
1

2N

(
1 +

1

2n+ 1

)N

=
1

2N
e

N
2n (1+o(1)),

as n→ ∞.
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In the paper, we investigate two semiparametrical estimators of dis-
tribution function in informative model of random censorship from
both sides. Under investigating of estimators, the characterization
properties of the considered informative model is used. The proper-
ties of the semiparametric estimators by using methods of numerical
modeling are discussed.
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hazards, exponential distribution.

Introduction

In biomedical studies of individuals for survival, in engineering tests of
technical devices for reliability, there may be cases when the tested objects
coming under observation after a certain random time after the start of
testing. This phenomenon is called delayed entry or left random censoring.
The random variable (r.v.) X that characterizes the lifetime of the tested
object becomes to observation under the condition X ⩾ L. Here L is the
moment when the object was placed under observation. In addition to
this, r.v. X may also be censored from the right by some other r.v. Y .
We are interested in r.v. X which will be subjected to random censorship
from both sides by random vector (L, Y ). Let r.v.-s L, X and Y are
mutually independent with continuous distribution functions (d.f.) K, F
and G respectively.

1. Informative model of random censorship from both sides

In this paper we present some asymptotic properties of power-type semi-
parametric estimator of survival function of the lifetime in informative
model of random censorship from both sides.

Let {(Xk, Lk, Yk) , k ⩾ 1} be a sequence of independent realizations of
the triple (X, L, Y ) and

S(n) = {(Zi, ∆i) , i = 1, ... , n}
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is the observed sample, where Zi = max {Li, min {Xi, Yi}} , ∆i =(
δ
(0)
i , δ

(1)
i , δ

(2)
i

)
, with δ

(0)
i = I (min (Xi, Yi) < Li) , δ

(1)
i = I (Li ⩽ Xi < Yi),

δ
(2)
i = I (Li ⩽ Yi < Xi) and I (A) standing for indicator of the event A.
Note that in sample S(n) the number of observed r.v.-s Xi is equal to

δ
(1)
1 + ... + δ

(1)
n . The statistical task is consist in estimating of d.f. F

from a sample S(n). However, such a general statement of the estimating
problem, d.f.-s K and G are considered as a nuisance. In this paper, we will
investigate the evaluation of d.f. F in the case of informative censoring from
two sources, when d.f.-s K and G functionally depend on F . To describe
such a model byH and N we denote d.f.-s of r.v.-s Zi and Vi = min (Xi, Yi) .
Then it is easy to see, that

H (x) = K (x)N (x) , N (x) = 1− (1− F (x)) (1−G (x)) , x ∈ R1. (1)

Assume that there are positive unknown parameters θ, β such that following
representations are valid for all x ∈ R1 :{

1−G (x) = (1− F (x))
θ
,

K (x) = (N (x))
β
,

(2)

where the parameter β is responsible for the power of censoring from the
left, and θ−from the right. The proximity of the values of these parameters
to zero determines the weakness of the corresponding censorship. Such a
special model of random censorship on both sides was introduced in [1]
and generalized for the case of competing risks in [2]. In this model, the
censoring parameters θ and β, which determine the deepness of censorship
from both sides. From formulas (1) and (2), it is not difficult to derive the
following representation for d.f. F :

1− F (x) =
[
1− (H (x))

λ
]γ
, x ∈ R1, (3)

where λ = 1
1+β , γ = 1

1+θ and therefore, the closeness of the pa-
rameters λ and γ to 1, denotes the weakness of the censoring. Us-
ing representation (3), we can construct a semiparametric estimate for
F over a sample S(n) by estimating a triple (H (x) , λ, γ) . For this
purpose, we also use the characterization properties of the model un-
der consideration. In this regard, we define the sub-distributions{
T (m) (x) = P

(
Zi ⩽ x, δ

(m)
i = 1

)
,m = 0, 1, 2

}
by the following formulas:

T (0) (x) =

∫ x

−∞
N (s) dK (s) , T (1) (x) =

∫ x

−∞
K (s) (1−G (s)) dF (s) ,
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T (2) (x) =

∫ x

−∞
K (s) (1− F (s)) dG (s) .

It’s easy to see that T (0) (x) + T (1) (x) + T (2) (x) = H (x) , x ∈ R1 and
because of representation (3) in the model (2):

TF = TG = TN = TK = TH = inf
{
x ∈ R1 : H (x) = 1

}
,

τF = τG = τN = τK = τH = sup
{
x ∈ R1 : H (x) = 0

}
.

The following theorem characterizes the model (2). It firstly announced
without the proof in paper [1].

Theorem 1. Equalities (2) hold if and only if the r.v.-s Zi and ∆i are
independent.

Suppose that conditions (2) hold. Then the calculation of subdistribu-
tion functions easy gives

T (0) (x)=(1− λ)H (x) , T (1) (x)=γλH (x) , T (2) (x)=(1− γ)λH (x) (4)

and under x→ +∞ from (4) we have

P
(
δ
(0)
i = 1

)
= 1− λ, P

(
δ
(1)
i = 1

)
= γλ, P

(
δ
(2)
i = 1

)
= (1− γ)λ. (5)

Estimating the probabilities p(m) = P
(
δ
(m)
i = 1

)
, m = 0, 1, 2 by the

corresponding frequencies p
(m)
n = 1

n

∑n
i=1 δ

(m)
i , m = 0, 1, 2 from formulas

(5), we find the following estimates of the parameters λ and γ : λn = 1−p(0)n ,

γn = p
(1)
n

(
1− p

(0)
n

)−1

. For d.f. H (x) we use an empirical estimator

Hn (x) =
1

n

n∑
i=1

I (Zi ⩽ x) , x ∈ R1.

Now, because of (3), we construct the corresponding estimate for d.f. F (x)
by the plug in method:

Fn (x) = 1−
[
1− (Hn (x))

λn

]γn

, x ∈ R1. (6)

2. Studies of the dependence of the estimator on unknown
parameters of censorship

Numerical studies were conducted using the python programming lan-
guage to clarify how much the estimate Fn (x) depends on the parameters,
demonstrating its proximity to the estimated function F (x) (see, figures 1-
4). As F (x) we use the standard normal and exponential d.f.-s. Simulated
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volume data was used for this purpose is n = 500. From figures 1-4, we can
see that when 0 < β, θ ⩽ 1 the estimator Fn (x) is well approximated to
F (x) (figures 1-2). In other cases, with an increasing of censoring from the
left and right the discrepancy between the estimate and d.f. is noticeable.

Figure 1. β = 0.3, θ = 0.2, n = 500 Figure 2. β = 0.3, θ = 0.2, n = 500

Figure 3. β = 4, θ = 2, n = 500 Figure 4. β = 4, θ = 2, n = 500

3. Parametric estimation of exponential distribution

Now let’s look at the case in model (2) Xi ∼ F (x, α) = 1 − e−
x
α , x ⩾

0, α > 0, Yi ∼ G (x, α) = 1 − (1− F (x, α))
θ
, θ > 0 and Li ∼ K (x, α) =

(N (x, α))
β
, β > 0. Then in accordance with (3) we have 1 − e−

x
α = 1 −[

1− (H (x))
λ
]γ

and we get for H (x) the expression H (x) =
(
1− e−

x
α·γ

) 1
λ

.

Differentiate this distribution over by x we have density of H(x) as h (x) =
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1
αλγ e

− x
αγ

(
1− e−

x
αγ

) 1−λ
λ

. Now we construct a maximum likelihood function

for h (x) using the sample from Zi :

L (Z, α) = ln

(
(αλγ)

−n · e−
∑n

i=1 Zi
αγ

((
1− e−

Z1
αγ

)(
1− e−

Z1
αγ

)
× . . .×

×
(
1− e−

Zn
αγ

)) 1−λ
λ

)
= −n ln (αλγ)−

∑n
i=1 Zi

αγ
+

1− λ

λ

n∑
i=1

ln
(
1− e−

Zi
αγ

)
.

Now calculate
∂L (Z, α)

∂α
:

∂L (Z, α)

∂α
= −n

α
+

∑n
i=1 Zi

α2γ
+

1− λ

λ

n∑
i=1

− Zi

α2γ e
− Zi

αγ

1− e−
Zi
αγ

.

We solve maximum likelihood equation
∂L (Z, α)

∂α
= 0 by α and get

α =
1

λγn
·

n∑
i=1

Zi ·

(
1− 1− λ

(H (Zi))
λ

)
. (7)

From (7), instead of (H,λ, γ) of supplying appropriate estimates (Hn, λn, γn),
we obtain an semiparametric estimate for the parameter α :

αn =
1

λnγnn
·

n∑
i=1

Zi ·

(
1− 1− λn

(Hn (Zi))
λn

)
. (8)

From (8), we obtain an estimate F (x, αn) for F (x, α). It is not difficult
to see that under absence of censoring from the left (i.e. λn = 1), estimator
(8) is coincides with well-known maximum likelihood estimator of parameter
α of exponential distribution. Now we draw the following graphs using
numerical methods, in order to compare the above estimate (6) and estimate
constructed using (8). In conclusion, we can say that the estimate F (x, αn)
would be very good (Figures 5-8).
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Figure 5. β = 1, θ = 1, n = 300 Figure 6. β = 2, θ = 1, n = 300

Figure 7. β = 1, θ = 2, n = 300 Figure 8. β = 4, θ = 2, n = 300
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Branching processes models are important field of stochastic pro-
cesses and extensively used in various parts of natural sciences,
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and so forth. In this paper we consider the continuous time branch-
ing process with state-dependent immigration. Transition phe-
nomenon in branching process with state-dependent immigration
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We consider the branching process with state-dependent immigration.
Foster J.H. [1] consider Galton-Watson processes modified to allow im-
migration of particles whenever the number of particles is zero. Let
{Zn; n = 0, 1, ...} be such a process. The asymptotic properties of such pro-
cesses were also studied by Pakes [2] and many other authors. Asymptotic
properties of the branching processes with decreasing immigration are inves-
tigated in [3, 4]. Under some additional assumptions, J.H. Foster showed
that the limit law of this processes with offspring law having mean 1 is
quite different from that of the original critical Galton-Watson processes
{Z∗

n; n = 0, 1, ...} . He proved that for any k > 0

lim
n→∞

P

(
logZn

log n
⩽ β|Z0 = k

)
= β

for 0 < β < 1, i.e., the limit distribution of logZn

logn is the uniform distribution

on [0,1]. On the other hand, it is known for original Galton-Watson process
that

lim
n→∞

P

(
Z∗
n

n
⩽
Bx

2
|Z∗

n > 0, Z∗
0 = 1

)
= 1− e−x

for x ⩾ 0, where B = varZ∗
1 .

We consider continuous time branching processes. Earlier such processes
were studied in [5, 6, 7, 8].
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Let {Z∗(t); t ⩾ 0} be a time continuous Markov chain on the non-
negative integers. The chain is called continuous time Markov branching
process if its transition probabilities

P ∗
ij(t) = P {Z∗ (t+ s) = j|Z∗(s) = i}

satisfy a) P ∗
ij(t) =

∑
j1+...+ji=j

P ∗
ij1

(t)...P ∗
1ji

(t) for all i > 0, j ⩾ 0 and

P ∗
00(t) = 0.
b) P ∗

1i(s) = δ1i+pis+o(s) as s ↓ 0 for i ⩾ 0, pi finite, {δ1i} – Kronecker
delta.

We use an abbreviation CTBP for such a chain. Note that p1 ⩽ 0 and
pi ⩾ 0 for i ̸= 1. From now on we assume p1 < 0.

For CTBP we define a generating function F (t, s) and an infinitesimal

generating function f(s) by F (t, s) =
∞∑
i=0

P ∗
1i(t)s

i and f(s) =
∞∑
i=0

pis
i.

Now, we recall some of their properties
1. f(1) = 0.

2.

{
∂
∂tF (t, s) = f (F (t, s)) ,
F (0, s) = s.

3.

{
∂
∂tF (t, s) = f(s) ∂

∂sF (t, s),
F (0, s) = s.

4.
∞∑
j=0

P ∗
ij(t)s

j = F (t, s)
i

The infinitesimal generator A∗ of CTBP is easily obtained from the
definition of CTBP and is given by A∗ =

(
a∗ij
)
, where

a∗ij =

{
ipj−i+1 if j ⩾ i− 1,
0 if j < i− 1.

It is known that if a1 = f ′(1) is finite, then solution of (2) satisfies
F (t, 1) = 1 for all t ⩾ 0.

That is, P ∗
ij(t) is uniquely determined by {pi} . Usually CTBP is called

supercritical if 0 < f ′(1) < ∞, critical if f ′(1) = 0, subcritical if f ′(1) <
0. P ∗

10(t) satisfies

lim
t→∞

P ∗
10(t) =

{
1 in critical or subcritical case ,
q < 1 in supercritical case.

For the generator A∗ of CTBP described above, the state 0 is an absorbing
barrier. We modify this state so that the resulting infinitesimal generator
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is A = (aij) , where

aij =

 ipj−i+1 if j ⩾ i− 1 and i ⩾ 1,
qj if i = 0,
0 otherwise.

From now on, we assume that q0 < 0, qi ⩾ 0, i > 0 and
∞∑
i=0

qi = 0.

The process generated by A is a continuous time analogue of ”branch-
ing process with state-dependent immigration”investigated by J.H.Foster,
A.G.Pakes.

Let {Z(t), 0 ⩽ t <∞} be a continuous time branching process with
state-dependent immigrations. We can easily determine by a1 = f ′(1)
whether {Z(t); t <∞} is transient or recurrent.

Theorem 1. (Yamazato). {Z(t); 0 ⩽ t <∞} is recurrent if and only
if a1 ⩽ 0.

Now we define one more generating function g(s) =
∞∑
i=0

qis
i . As is seen,

a1 = f ′(1) determines whether the process is recurrent or transient. Further,
does a1 determine null-recurrence and positive-recurrence of the process?
The answer is ”no”. We must into consideration the function g(s).

Theorem 2. (Yamazato). Let a1 ⩽ 0. If −
1∫
0

g(s)
f(s)ds <∞, then

{Z(t); 0 ⩽ t <∞} is positive recurrent. If this integral diverges, then the
process is null-recurrent.

Let a1 = 0. We assume that Z(0) = 0.

Theorem 3. (Yamazato). If a1 = 0, f ′′(1) = b1 < ∞ and g′(1) =
a2 <∞, then, for 0 < β < 1

lim
n→∞

P

(
logZ(t)

log t
⩽ β

)
= β.

Now we consider transition phenomenon in branching process Z(t).
Analogously to usual branching processes, phenomenon arising from

a → 0, t → ∞, are called transition. Transition phenomenon for usual
branching processes are investigated by B.A.Sevastyanov [9], C.V.Nagaev
and R.I.Mukhamedhanova [10] and others. Following to B.A. Sevastyanov,
generating function f(t) attribute to the class K(b0, c0), ifb1 > b0, f

′′′(1) ⩽
c0, 0 < b0 <∞, 0 ⩽ c0 <∞.
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Theorem 4. Let a→ 0, t→ ∞, at→ const, a2 <∞. Then

lim
t→∞

P

{
logZ(t)

log t
⩽ β

}
= β, 0 < β < 1

uniformly by all f(t) ∈ K(b0, c0).

Theorem 5. Let a→ 0+, t→ ∞. Then

EZ(t) ∼ b1
2

t

log b1
2a

; DZ(t) ∼ b21
4

· t2

log b1
2a

,
(
g

′′
(1) <∞

)
uniformly by all f(t) ∈ K(b0, c0).
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Today, the research community and standardization bodies seek for
a systematic answer to address the effects of temporal variability in
mobile traffic. One of a viable option for mitigating the impact of
traffic fluctuations is offloading in unlicensed bands. In this paper,
we have described model of offloading customers on unlicensed fre-
quency range of wireless network. We obtained the resource require-
ment distribution of offloading customers onto unlicensed band.
Keywords: Wireless network, queuing theory.

Introduction

5G New Radio (NR) technology, standardized as a part of 3GPP efforts,
promises drastic boost in the access rate at the last mile [1]. This is specif-
ically the case for NR operating in millimeter wave frequency band, where
a large set of resources has been made available worldwide [2]. Similarly to
the respective LTE specifications, NR-U documentation has been extended
to include the possibility of operation over the unlicensed bands.

In our previous study [3], we developed the model for collocated NR-U
design explicitly capturing the random access behavior in unlicensed band
and characterizing the NR-U customer loss probability. However, we utilized
very simple M/M/K/0 queuing model to capture the specifics of resource
allocation in the licensed band. In [4], we suggested a more accurate model
of the service process in the licensed band. However, we described only a
simple offloading strategy, where where customer offloading onto unlicensed
spectrum was determined by an only insufficient amount of resources in the
licensed band. In this study, we propose a strategy in which, in addition,
resource-intensive customers can be initially redirected to the unlicensed
range based on their “weight”.

The reported study was funded by RSF, project numbers 20-71-00124.
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1. Offloading Scheme

Since the coverage radii of the licensed and unlicensed bands are different
we consider two types of customers. The first type of customer can be served
in the licensed band only. Therefore, if there is not enough resources to
service this customer, the customer is lost. The second type of customers
can be potentially offloaded to the unlicensed band.

The system receives customers arrival flow with rate λ, which can be
represented as λ = λ1 + λ2, where λ1 and λ2 are the arrival rates of first
and second types of customers, respectively.

For “weight” based offloading strategy (Fig. 1) the pmfs of resource
requirements at NR-U BS depend on the threshold R1. The arrival flow
of the second type customers is divided according to the “weight” of the
customer. “Heavier” customers are initially directed to the unlicensed band
with a probability π2,1, and with probability (1− π2,1) “lighter” customers
are directed to licensed band. Thus, the overall rate of both types of cus-
tomers to the licensed band is λ1 + λ2 (1− π2,1) .

Observe, that the second type customers arrive to the unlicensed band
in two cases: (i) when the “weight” of the customer is more than a certain
threshold R1, (ii) when there are no sufficient amount of resources or servers
available for a customer that has been initially routed to licensed band.
The probability π1,2 that the second type customer will be directed to the
unlicensed spectrum is the sum of the probability π2,1 that the customer
was “heavy” and the probability π2,2 that a “light” customer cannot be
handled at the licensed band and thus offloaded to unlicensed one, i.e.,

π2 = π2,1 + (1− π2,1)π2,2. (1)

In this way, the arrival rate to the unlicensed part of NR-U BS can be
calculated as λ2π

∗
2 .

Figure 1. Illustration of the queuing model.



286 A. Daraseliya, E. Sopin

2. Model description

To model the customer service process in the licensed band we apply the
framework of resources queuing systems [5, 6, 7]. For this purpose, consider
a multiserver queuing system with K < ∞ servers and R < ∞ resource
units, where K denotes the maximum number of UEs in the system, i.e.,
the maximum number of customers that can be simultaneously served in the
licensed band. Customers of two types arrive to the system, both according
to the Poisson processes with arrival rates λ1 for the first type and λ2 for
the second one. Thus, the total arriving flow is Poisson with parameter
λ = λ1 + λ2. The service time distribution is exponential with the rate µ.

Service process of each customer requires a server and a random amount
of resources, 0 ⩽ r ⩽ R. The distributions of resource requirements for
considered customer types are given by {pl,j}j⩾0, l = 1, 2, where pl,j is the
probability that a customer of type l requires j resources. According to [5]
resource-based queuing system with two flows can be analyzed as a system
with one aggregated flow assuming the following

p̃j,1 =
ρ∗1
ρ∗
p1,j +

ρ∗2
ρ∗
p̃j,1,2, (2)

where ρ∗ = ρ∗1 + ρ∗2, and ρ
∗
1 = λ1/µ, ρ

∗
2 = λ2(1− π2,1)/µ.

The system operates as follows. An arriving customer is accepted to the
system if at the moment of arrival there are sufficient amount of resources
available. Alternatively, an arriving customer is dropped. In this case, a
first type of customer is lost while the customer of the second type is being
redirected to the unlicensed band. When the service time of a customer is
over, it leaves the system releasing all the occupied resources.

Denote by Pk(r) the stationary probability that there are k customers in
the system that totally occupy r resources. According to [8], the stationary
distribution is given by

Pk(r) = P0
ρi

k!
p̃
(k)
r,1 , k = 1, 2, . . . ,K,

P0 =

(
1 +

K∑
k=1

ρks
k!

R∑
r=0

p̃
(k)
r,1

)−1

, (3)

where {p̃(k)r,1}r⩾0 is k-fold convolution of pmf {p̃r,1}r⩾0.
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The probability that the second type customer requires j resources in
the licensed band is given by

p̃j,1,2 =

(
R1∑
i=0

p2,i

)−1

p2,j , 0 ⩽ j ⩽ R1. (4)

The probability that there is no sufficient amount of resources in the
licensed band to serve a session of the first type is

π1 = 1− P0

K−1∑
k=0

(ρ∗)
k

k!

R∑
r=0

p̃
(k+1)
r,1 . (5)

In the case of large values of K and R according to (5) calculations are
computationally demanding. For this reason, we can adopted a recurrent
computational algorithm proposed in [6]. Let us introduce an auxiliary
function G(K,R) as

G(n, r) =

n∑
i=0

(ρ∗)
i

i!

r∑
j=0

p̃
(i)
j,1, P0 = G−1(K,R). (6)

According to it, the the probability π1 from (5) can be rewritten as

π1 = 1−G−1(K,R)

R∑
i=0

p1,iG(K − 1, R− i). (7)

3. Resource requirement distribution of offloading customers

In this section, we will specify the probability distribution of resource
requirements and the intensities of second type customer offloads to the
unlicensed band.

The customer is considered “heavy” if it requires more thanR1 resources,
and is thus originally routed to the unlicensed spectrum. Then the proba-
bility π2,1 that the customer is “heavy”, can be calculated as follows

π2,1 = 1−
R1∑
i=0

p2,i, (8)

The probability π2,2 that a “light” customer cannot be served in the li-
censed band and thus offloaded to the unlicensed band is calculated similarly
to (5) as

π2,2 = 1− P0

K−1∑
k=0

(ρ∗)
k

k!

R∑
r=0

p̃
(k+1)
r,1 . (9)
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By analogy to (7), the probability π2,2 (9) is given by

π2,2 = 1−G−1(K,R)

R∑
i=0

p̃i,2G(K − 1, R− i). (10)

The probability that the customer requires j resources in the unlicensed
band needs to be calculated separately for two cases: (i) when a customer
is “heavy” and thus initially routed to the unlicensed band, and (ii) when
a customer is first routed to the licensed band but there are not enough of
resources available for its service. Reflecting on these cases we arrive at

1− π2,1
π2

p2,j

 R∑
r=0

PK(r) +

K−1∑
k=0

R∑
r=R−j+1

Pk(r)

, j ⩽ R1,

1

π2
p2,j , j > R1. (11)

After substituting the function G(n, r) into (11), the probability that
the customer requires j resources in the unlicensed band is

pj,2 =

{
1−π2,1

π1,2
p2,j

G(K,R)−G(K−1,R−j)
G(K,R) , j ⩽ R1,

1
π2
p2,j , j > R1.

(12)

4. Conclusion

In this paper, by utilizing the tools of queuing theory we have described
resource model with the “weight” based strategy of offloading customers
onto unlicensed band and obtained a resource requirement distribution of
offloaded customers. In further studies, we will consider a full-fledged two-
component model including service process in the unlicensed band in terms
of Markov chains and an additional offloading strategy with the priority of
“light” customers.
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1. Background, aim and basic assumptions

We consider a continuous-time Markov branching process allowing im-
migration. Our main analytical tool is the slow variation (or more general, a
regular variation) conception in the sense of Karamata. The slow variation
property arises in many issues, but it usually remains rather hidden. For
example, denoting by p(n) the perimeter of an equilateral polygon with n
sides inscribed in a circle with a diameter of length d, one can check that
the function π(n) := p(n)/d converges to π in the sense of Archimedes, but
it slowly varies at infinity in the sense of Karamata. In fact, it is known
that p(n) = dn sin (π/n) and then it follows π(λx)/π(x) → 1 as x→ ∞ for
each λ > 0. Thus, π(x) is so slowly approaching π that it can be suspected
that “π is not quite constant”.

Application of Karamata functions in the branching processes theory
allows one to bypass severe constraints concerning existence of the higher-
order moments of the infinitesimal characteristics of the process under study.
Zolotarev was one of the first who demonstrated an encouraging prospect
of application of the slow variation conception in the theory of Markov
branching processes and has obtained principally new results on asymptote
of the survival probability of the process without immigration.
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We deal with the model of population growth called continuous-time
Markov branching process allowing immigration (MBPI). This process can
have a simple physical interpretation: a population size changes not only as
a result of reproduction and disappearance of existing individuals, but also
at the random stream of inbound “extraneous” individuals from outside.
The population of individuals evolves as follows. Each individual existing
at time t ∈ T := [0,+∞) independently of his history and of each other
for a small time interval (t, t + ε) transforms into j ∈ N0\{1} individuals
with probability ajε + o(ε) and, with probability 1 + a1ε + o(ε), stays to
live or makes evenly one descendant as ε ↓ 0, where N0 = {0} ∪ N and N
is the set of natural numbers. Here {aj} are the intensities of individuals
transformation such that aj ⩾ 0 for j ∈ N0\{1} and

0 < a0 < −a1 =
∑

j∈N0\{1}

aj <∞.

Independently of these processes, for each time interval j ∈ N, new individ-
uals leave the population with a probability bjε+ o(ε) and the immigration
does not occur with a probability 1+b0ε+o(ε). The immigration intensities
bj ⩾ 0 for j ∈ N and

0 < −b0 =
∑
j∈N

bj <∞.

Newly arrived individuals undergo transformation in accordance with the
reproduction law generated by the intensities {aj}, see [9, Ch. VII, Sect. 1].
Thus, the process under consideration is completely determined by infinites-
imal generating functions

f(s) =
∑
j∈N0

ajs
j and g(s) =

∑
j∈N0

bjs
j for s ∈ [0, 1).

Let X(t) be the population size at a time t ∈ T in MBPI. This is a
homogenous continuous-time Markov chain with the state space S ⊂ N0

and transition functions

pij(t) := Pi {X(t) = j} = P
{
X(t+ τ) = j

∣∣X(τ) = i
}

τ, t ∈ T

for all i, j ∈ S. An appropriate probability generating function, see [4],

∑
j∈S

pij(t)s
j =

(
F (t; s)

)i
exp


t∫

0

g
(
F (u; s)

)
du

 ,
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where F (t; s) is generating function of Z(t) is the Markov branching process
initiated by a single particle without immigration components.

It is known that the classification of the state space S depends on a
value of the parameter m := f ′(1−). According to the general classification
of continuous-time Markov chains, the process X(t) is called subcritical,
critical, and supercritical if respectivelym < 0, m = 0 andm > 0, see [9, Ch
VII, Sect. 2]. We consider the critical case only.

We will substantially use the approaches of the theory of regularly vary-
ing functions in the sense of Karamata, see, for instance, [2] and [8]. We
recall that a function L(x) is called slowly varying at infinity (SV∞) if it is
defined on (0,∞), positive and

lim
x→∞

L(λx)

L(x)
= 1

for each λ > 0. The representation theorem states that each SV∞-function
may be written in the form

L(x) = c(x) exp

(∫ x

a

(
ε(u)

u

)
du

)
for some a > 0, where c(x) is a bounded function such that c(x) → c > 0
and ε(x) – continuous function and ε(x) → 0 as x → ∞. If c(x) ≡ c then
L(x) is said to be the normalised SV∞. A function V (x) is called regularly
varying at infinity (RV∞) with index ρ if it is defined on (0,∞) and

lim
x→∞

V (λx)

V (x)
= λρ for all λ > 0.

This is why each RV∞-function can be expressed as V (x) = xρL(x) for
some L(x) being an SV∞-function.

We make the following assumptions on f(s) and g(s):

[fν ] f(s) = (1− s)1+νL
(

1

1− s

)
and

[gδ] g(s) = −(1− s)δℓ

(
1

1− s

)
for all s ∈ [0, 1), where 0 < ν, δ < 1 and functions L(·), ℓ(·) are SV∞. By
the criticality of our process, the assumption [fν ] implies 2b := f ′′(1−) = ∞.
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If b < ∞ then [fν ] holds with ν = 1 and L(t) → b as t → ∞. Similarly,
a generating function g(s) of the form [gδ] generates the law of immigrants
arrival having the moment of δ-order. If g′(1−) < ∞ then [gδ] holds with
δ = 1 and ℓ(t) → g′(1−) as t→ ∞.

Throughout the paper [fν ] and [gδ] will be our Basic assumptions.

2. Main Results

Let

L(x) :=
ℓ(x)

L(x)
,

and γ = δ − ν.
All appearances, the three cases can be divided concerning the classifica-

tion of the state space S, depending on a sign of γ. It was shown in [6], that
S is positive-recurrent if γ > 0, and it is transient if γ < 0. The special case
γ = 0 implies that g(s) = f ′(s) and that L(t) → 1 + ν as t → ∞. And we
get another population process called Markov Q-process instead of MBPI.
We refer the reader to [3] and [5] for the details on the Markov Q-process;
see also [1, Ch I, Part D, §14] and [10] for the discrete-time case.

Our theorems observe asymptotic expansion of transition function p00(t).
Further we use a designation

τ(t) :=
(νt)1/ν

N (t)
,

where the function N (x) is SV∞ such that

N ν(t)L
(
τ(t)

)
→ 1 as t→ ∞.

Theorem 1. Let Basic assumptions hold. If γ > 0, then

lim
t→∞

p00(t) = constant ̸= 0.

More precisely there exists a SV∞-function L0(t), such that L0(t)L
−1(t) → 1

and

− ln p00(t) =
1

γ
L0(1)

(
1 + o(1)

)
as t→ ∞.

Theorem 2. Let Basic assumptions hold. If γ < 0, then

−
(
τ(t)

)−|γ|
ln p00(t) =

1

|γ|
L
(
τ(t)

)(
1 + o(1)

)
as t→ ∞.
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The above limit theorems allow us to obtain complete information about
all possible states of the process under consideration. After all, it is known
that the ratio limit{

µj := lim
t→∞

pij(t)

p00(t)

}
for i, j ∈ S

is an invariant measure, which is unique up to multiplicative constants.
Besides, it is known that the GF M(s) =

∑
j∈N µjs

j satisfies the Schroeder
type functional equation; see [4]. And therefore, the asymptotic form of
transition functions pij(t) follows from that of p00(t).
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We are dealing with well-known Galton-Watson Branching-Immigration
System (GWBI) describing the evolution of the number of particles of one
type. An evolution of the system will occur by following scheme. An initial
state is empty and the the evolutionary process begins due to the possible
flow of immigrants. Let N0 := {0} ∪N and N is the set of natural numbers.
Each particle at any time n ∈ N produces j progeny with probability pj ,
j ∈ N0 independently of each other so that p0 > 0. Simultaneously into
the population i immigrants possibly arrive with probability hi, i ∈ N0

in each moment n ∈ N. Particles entering the system undergo further
transformation in accordance with the offspring probability {pj}. We denote
Xn the population size of GWBI in time n. Then we can write the following
recursive equation:

X0 = 0, Xn+1 = ξ1 + ξ2 + · · ·+ ξXn
+ ηn+1 for any n ∈ N, (1)

where ξk and ηk are independent random variables with P {ξk = j} = pj
and P {ηk = j} = hj for all k ∈ N. Throughout the paper be assumed that∑

j∈N0
hj = 1. Letting

h(s) :=
∑
j∈N0

hjs
j and f(s) :=

∑
j∈N0

pjs
j

are the probability generating functions (GFs), it follows from (1) that
transition probabilities of the GWBI are

pij = coefficient of sj in h(s)
(
f(s)

)i
for s ∈ [0, 1).
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It is known that the sequence {Xn} is an homogeneous Markov chain
with state space S ⊂ N0 and its n-step transition probabilities

pij(n) := P
{
Xn+k = j

∣∣Xk = i
}

for any k ∈ N

are given by GF

∑
j∈S

pij(n)s
j =

(
fn(s)

)i n−1∏
k=0

h
(
fk(s)

)
for any i ∈ S

where fn(s) is n-fold iteration of GF f(s) for s ∈ [0, 1); see [1]. Thus the
transition probabilities {pij(n)} are completely defined by the probabilities
{pj} and {hj}.

The above defined population process {Xn} was first considered by
Heathcote [2] in 1965. Long-time properties of the system state space S
and existence problem and uniqueness properties of invariant measures for
GWBI were investigated by Seneta [3, 4], Pakes [5, 6] and by many famous
authors. In the above-mentioned articles, high-order moment conditions for
offspring law {pj} and immigration law {hj} was mainly required.

In 1957 Zolotarev [7] demonstrated the encouraging prospect of applica-
tion the Karamata’s slow variation conception in the theory of continuous-
time Markov branching processes. He obtained a fundamentally new result
on the probability of population survival. Afterwards due to the SV theory
principally new results were proved, for the simple Galton-Watson Process
without immigration by Slack [8] and Seneta [9], for GWBI by Pakes [10, 11];
see, also [12, 13, 14, 15].

Further we consider the critical case, i.e. the mean per-capita offspring
number

∑
j∈N jpj = f ′(1−) = 1. Discussing this case, we proceed from the

assumption that the offspring law GF f(s) admits for s ∈ [0, 1) the following
representation:

f(s)− s = (1− s)1+νL
(

1

1− s

)
, [fν ]

where 0 < ν < 1 and L(x) is slowly varying at infinity (SV∞).
And also we everywhere will consider the case that immigration GF h(s)

for s ∈ [0, 1) has the following form:

1− h(s) = (1− s)δℓ

(
1

1− s

)
, [hδ]

where 0 < δ < 1 and ℓ(x) is SV∞.
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In our previous paper [15] we considered the case δ > ν, in which S
is ergodic. Now we consider the case and δ < ν which implies that S is
transient; see [11] .

Further we use a designation

τ(n) :=
(νn)1/ν

N (n)
,

where the function N (n) is SV∞ such that

N ν(n)L
(
τ(n)

)
→ 1 as n→ ∞.

The following theorem is a main result of the paper. Put

L(x) :=
ℓ(x)

L(x)
.

Theorem 1. Let conditions [fν ], [hδ] hold and γ := δ − ν < 0. Then

−
(
τ(n)

)−|γ| · ln p00(n) =
1

|γ|
L
(
τ(n)

)
+O

(
1

n1−δ/ν

)
as n → ∞.

Theorem 1 allows us to obtain complete information on system state
space S. Actually, it is known that the ratio limit{

πj := lim
n→∞

pij(n)

p00(n)

}
for i, j ∈ S

is an invariant measure, which is unique up to multiplicative constants.
Besides, it is known that the GF P(s) =

∑
j∈N πjs

j satisfies the Schroeder
type functional equation; see [14]. And therefore, the asymptotic form of
transition functions pij(n) follows from that of p00(n).

In the case of δ = ν it follows that ℓ(u) ≡ (1+ ν)L(u) (1 + o(1)). There-
fore L(u) → 1+ ν as u→ ∞. This case lends us another population growth
system called Q-process instead of GWBI; see [16].
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Estimation theory of the parameters is an interesting and important part
of the progress of theory of stochastic branching processes from the point
of view of statistics. Several estimators have been developed to estimate
the per-capita offspring mean based on the observation of population size
function. One of the most popular and reasonable functions for estimating
the offspring mean is the classical Lotka-Nagaev estimator and its possible
extensions; see [1, 2, 3].

Our interest in this paper is focused on the estimate of the structural
parameter of the so-called Q-process.

Let Z(t) be the population size at time t ⩾ 0 in a homogeneous contin-
uous time Markov branching process (MBP) with transition probabilities

Pij(t) := P {Z(t+ τ) = j |Z(τ) = i} , τ ⩾ 0,

for all i, j ∈ N0 = {0} ∪ N, where N is the set of natural numbers. These
probabilities are equal to the i-fold convolution of P1j(t), i.e.

Pij(t) =
∑

j1+j2+···+ji=j

P1j1(t) · P1j2(t) · . . . · P1ji(t).

Herein transition probabilities P1j(t) are expressed using the local densities
{aj , j ∈ N0} by relation

P1j(ε) = δ1j + ajε+ o(ε) as ε ↓ 0, (1)

where δij is Kronecker’s delta function and aj ⩾ 0 for j ∈ N0\{1} such that

0 < a0 < −a1 =
∑

j∈N0\{1}

aj <∞;
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see [4, pp. 11–12, 26].
Define the stochastic matrix {Qij(t), j ∈ N0} by passing to the limit as

follows:

Qij(t) := lim
k→∞

P {Z(t+ τ) = j |Z(τ) = i, Z(t+ τ + k) > 0}

for t, τ ⩾ 0. Then
Qij(t) =

jqj−i

iβt
Pij(t), (2)

where β = exp
{∑

j∈N jajq
j−1
}
, and q is an extinction probability of the

MBP Z(t). Now define stochastic process {W (t), t ⩾ 0} with transition
functions

P {W (t+ τ) = j |W (τ) = i} = Qij(t).

This is so-called Markov Q-process (MQP) {W (t), t ⩾ 0}, defined as a
“long-living” Markov population growth system with transition functions
{Qij(t)}; see [6]. The asymptotic and structural properties of MQP were
studied also in [7, 8, 9].

Using (1) and (2) the probabilities Q1j(ε), for ε ↓ 0, can be presented as

Q1j(ε) = δ1j + pjε+ o(ε) as ε ↓ 0

with transition probability densities

p0 = 0, p1 = a1 − lnβ < 0, pj = jqj−1aj ⩾ 0, j ∈ N\{1}.

Therefore, the generating function (GF)

g(x) :=
∑
j∈N

pjx
j = x [f ′(qx)− f ′(q)]

completely determines the MQP, where f(x) is the infinitesimal GF gener-
ating the MQP Z(t), that is

f(x) =
∑
j∈N0

ajx
j .

In this notation β := exp {f ′(q)} and f(q) = 0; see [6].
It is known that the regulating parameter for the MBP is the value

f ′(1) and, according to the trajectory property, three types of processes
are distinguished, characterized by its value: f ′(1) < 0, f ′(1) = 0 and
f ′(1) > 0. Note that the evolution of the MQP is controlled (regulated) by
an essentially positive parameter β and it is known that β = 1 for f ′(1) = 0
and β < 1 if f ′(1) ̸= 0; see [6] and the literature therein. Thus, there are
two types of MQP, depending on the values of the parameter β. The above
is clearly described in the following local limit theorem.
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Theorem A [5]. Let b := g′(1) <∞.
1) If β = 1, then

t2Q11(t) →
2

bf(0)
as t→ ∞.

2) If β < 1, then

Q11(t) →
|lnβ|A
f(0)

as t→ ∞,

where the constant is

A = q exp

{∫ q

0

[
1

s− q
− f ′(q)

f(s)

]
ds

}
.

It is easy to verify that for q = 1 the positive constant A is the Sev-
astyanov constant from theory of subcritical MBPs (f ′(1) < 0); see [5].

Let us now consider the following GF:

Gi(t;x) := Eix
W (t) = E

[
xW (t)

∣∣∣W (0) = i
]
=
∑
j∈N

Qij(t)x
j .

It was proved in [6] that

Gi(t;x) = x

[
Φ(t; qx)

q

]i−1

· exp


t∫

0

b

(
Φ(τ ; qx)

q

)
dτ

 , (3)

where Φ(t;x) =
∑

j∈N0

P1j(t)x
j

and
b(x) =

g(x)

x
= f ′(qx)− f ′(q).

Differentiating at the point x = 1, it follows from (3) that

EiW (t) = (i− 1)βt + E1W (t)

=

 (i− 1)βt + bt+ 1, if β = 1,

(i− 1)βt + 1 + γ(1− βt), if β < 1,

and

VariW (t) =

 bti, if β = 1,

[γ + (i− 1) (1 + γ)βt] (1− βt) , if β < 1,

where VariW (t) = Var [W (t) |W (0) = i ] and γ = b/|lnβ|.
In view of all of the above, let us pose the problem of estimating the

parameter β from the observed values of W (t). It is obvious from (3) that

E
[
xW (t+1)

∣∣∣W (t)
]
=

[
Φ(1; qx)

q

]W (t)−1

G(1;x),
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where G(t;x) := G1(t;x). Hence we have

E [W (t+ 1) |W (t) ] = [W (t)− 1] · β + E1W (1).

The last relation allows us to write down the equation

W (t+ 1) = [W (t)− 1] · β +W (1) + ε(t)

with an error ε(t), having a zero mean Eε(t) = 0. Based on this equation,
we propose the following estimator for β with a known E1W (1):

β̂(t) =
W (t+ 1)− E1W (1)

W (t)− 1
, t > 1.

The estimator β̂(t) is unbiased for the parameter β. Indeed, according
to the Law of total expectation, taking into account the homogeneity of
MQP and (4), we have

Eβ̂(t) =
∑
j∈N

P {W (t) = j}E
[
W (t+ 1)− E1W (1)

W (t)− 1

∣∣∣∣ W (t) = j

]

=
∑
j∈N

EjW (1)− E1W (1)

j − 1
Q1j(t) = β

∑
j∈N

Q1j(t) = β.

The following theorems characterize the properties of the variance of the
estimator β̂(t).

Theorem 1. Let b <∞. If β = 1, then

t

2
· Varβ̂(t) = 1 +O

(
ln2 t

t

)
as t → ∞.

Theorem 2. Let b <∞. If β < 1, then

Varβ̂(t) = O (1) as t → ∞.

Theorem 3. Let b <∞ and β = 1. Then

P
{(
β̂(t)− 1

)
t < x

}
→ D(x) as t → ∞,

where
+∞∫

−∞

eiθxdD(x) =

+∞∫
−∞

xe−x+2iθ/xdx.

The method used in the proof of the above theorems is based on argu-
ments from the paper [2].
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In this paper we consider a general random censorship model and
prove approximation results for empirical Kac processes. This
model includes such important special case as random censorship on
the right. These results are used also for estimating of characteristic
functions in random censorship model on the right.
Keywords: censored data, empirical estimates, Kac estimate,
strong approximation, Gaussian process, characteristic function.

Introduction

Following of [1, 2, 3] we define a general random censorship model in
the following way. Let Z be a real random variable (r.v.) with distribu-
tion function (d.f.) H(x) = P (Z ⩽ x), x ∈ R. For a fixed integer k ⩾ 1
let A(1), ..., A(k) be pairwise disjoint random events, and define the subdis-
tribution functions H(x; i) = P (Z ⩽ x,A(i)), i ∈ ℑ = {1, ..., k}. Suppose
that when observing Z we are interested in the joint behaviour of the pairs

(Z,A(i)), i ∈ ℑ. Let {(Zj , A
(1)
j , ..., A

(k)
j ), j ⩾ 1} be a sequence of independent

replicas of the (Z,A(1), ..., A(k))defined on some probability space {Ω, A, P}.
We assume throughout that the functions H(x), H(x; 1), ...,H(x; k) are con-
tinuous. Let Hn(x) denote the ordinary empirical d.f. of Z1, ..., Zn and
introduce the empirical sub d.f. Hn(x; i), i ∈ ℑ

Hn(x; i) =
1

n

n∑
j=1

δ
(i)
j I(Zj ⩽ x), (x; i) ∈ R×ℑ,

where R = [−∞;∞], δ
(i)
j = I(A

(i)
j ) is an indicator of event A

(i)
j and

Hn(x; 1) + ...+Hn(x; k) =
1

n

n∑
j=1

I(Zj ⩽ x) = Hn(x), x ∈ R,

is the ordinary empirical d.f.. Properties of many biometrical estimates
depends on limit behaviours of proposed empirical statistics. The follow-
ing results are a straightforward consequences of exponential inequality of
Dvoretzky-Kiefer-Wolfowitz with exactly constant D = 2 from [5, 6] :
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For all n = 1, 2, ... and ε > 0:

P

(
sup

|x|<∞

∣∣Hn(x)−H(x)
∣∣ > ( (1 + ε)

2
· log n

n

)1/2
)

⩽ 2n−(1+ε), (1)

and

P

(
sup

|x|<∞

∣∣Hn(x; i)−H(x; i)
∣∣ > 2

( (1 + ε)

2

log n

n

)1/2)
⩽ 4n−(1+ε). (2)

A crucial role is played the vector-valued empirical process

{
an(t) =(

a
(0)
n (t0), a

(1)
n (t1), ..., a

(k)
n (tk)

)
, t = (t0, ..., tk) ∈ Rk+1

}
; where a

(0)
n (x) =

√
n(Hn(x)−H(x)), a

(i)
n (x) =

√
n(Hn(x; i)−H(x; i)), i ∈ ℑ.

1. Kac processes under general censoring

Following of [5] we introduce the modified empirical d.f. of Kac by the
following way. Along with sequence {Zj , j ⩾ 1} on a probability space
{Ω,A, P} consider also a sequence {νn, n ⩾ 1} of r.v.-s having Poisson
distribution with parameter Eνn = n, n = 1, 2, .... Assume throughout
that the two sequences {Zj , j ⩾ 1} and {νn, n ⩾ 1} are independent. Kac’s
empirical d.f. is

H∗
n(x) =

{
1
n

∑νn

j=1 I(Zj ⩽ x), if νn ⩾ 1 a.s.,

0, νn = 0 a.s.,

while the empirical sub-d.f. one is

H∗
n(x; i) =

{
c 1
n

∑νn

j=1 I
(
Zj ⩽ x,A

(i)
j

)
, i ∈ ℑ, if νn ⩾ 1 a.s.,

0, i ∈ ℑ if νn = 0 a.s.,

with H∗
n(x; 1) + ... + H∗

n(x; k) = H∗
n(x) for all x ∈ R. Here we sup-

pose that sequence {νn, n ⩾ 1} is independent of random vectors{(
Zj , δ

(1)
j , ..., δ

(k)
j

)
, j ⩾ 1

}
, where δ

(i)
j = I(A

(i)
j ). Note that statistics

H∗
n(x; i) (consequently also H∗

n(x)) are unbiased estimators of H(x; i), i ∈
ℑ (consequently also of H(x)):
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E(H∗
n(x; i)) =

1
nE

{∑∞
m=1E

[∑n
k=1 δ

(i)
k · I(Zk ⩽ x)

]
, νn = m

}
=

= 1
nE

{∑∞
m=1E

[∑n
k=1 δ

(i)
k · I(Zk ⩽ x)/νn = m

]
· P (νn = m)

}
=

= 1
n

∑∞
m=1H(x; i)mP (νn = m) = 1

nH(x; i)
∑∞

m=1m · nme−n

m! =

= H(x; i)e−n
∑∞

m=0
nm

m! = H(x; i), (x; i) ∈ R×ℑ.

Consequently,

E
[
H∗

n(x)
]
=

k∑
i=1

E
[
H∗

n(x; i)
]
=

k∑
i=1

H(x; i) = H(x), x ∈ R.

Let’s define a
(i)∗
n (x) =

√
n
(
H∗

n(x; i) − H(x; i)
)
, i ∈ ℑ and a

(0)∗
n (x) =√

n
(
H∗

n(x)−H(x)
)
the empirical Kac processes.

Theorem 1. If the underlying probability space {Ω,A, P} is rich
enough, then one can define k + 1 sequences of Gaussian processes

W
(0)
n (x),W

(1)
n (x), ...,W

(k)
n (x) such that for a∗n(t) =

(
a
(0)∗
n (t0), a

(1)∗
n (t1), . . . ,

a
(k)∗
n (tk)

)
and W ∗

n(t) =
(
W

(0)
n (t0),W

(1)
n (t1), ...,W

(k)
n (tk)

)
, t = (t0, t1, ..., tk),

we have

P

{
sup

t∈Rk+1

∥∥∥∥a∗n(t)−W ∗
n(t)

∥∥∥∥(k+1)

> C∗n−
1
2 log n

}
⩽ K∗n−r, (3)

where r ⩾ 2 is an arbitrary integer, C∗ = C∗(r)- depends only on r and K∗

is an absolute constant. Moreover, W ∗
n(t) itself is a (k + 1)- dimensional

vector-valued Gaussian process with expectation EW (i)(x) = 0, (x, i) ∈ R×ℑ
and for any i, j ∈ ℑ, i ̸= j, x, y ∈ R:

EW
(0)
n (x)W

(0)
n (y) = min

{
H(x), H(y)

}
,

EW
(i)
n (x)W

(j)
n (y) = min

{
H(x; i), H(y; j)

}
,

EW
(i)
n (x)W

(0)
n (y) = min

{
H(x; i), H(y)

}
.

(4)

In so far as lim
x↑+∞

H∗
n(x) = H∗

n(+∞) = νn

n , then by Stirlings formula

P (νn = n) = P
(
H∗

n(+∞) = 1
)
=
nne−n

n!
=

1√
2πn

(1 + o(1)), n→ ∞,

and

P
(
H∗

n(+∞) > 1
)
= P (νn > n) =

∞∑
k=n+1

nke−n

k!
= o(1), n→ ∞.
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Thus H∗
n(x) with positive probability to be greater than 1. In order to

avoid these undesirable properties, we propose following modifications of
Kac statistics:

H̃n(x) = 1−
(
1−H∗

n(x)
)
I
(
H∗

n(x) < 1
)
, x ∈ R,

H̃n(x; i) = 1−
(
1−H∗

n(x; i)
)
I
(
H∗

n(x; i) < 1
)
, (x; i) ∈ R×ℑ.

(5)

The following inequalities are useful in investigating of Kac processes.
Theorem 2. Let {νn, n ⩾ 1} be a sequence of Poisson r.v.-s with Eνn =

n. Then for any ε > 0 such that

n

log n
⩾

ε

8(1 + e
3 )

2
, e = exp(1), (6)

we have

P

(∣∣νn − n
∣∣ > 1

2

(
ε

2
n log n

) 1
2
)

⩽ 2n−εw, (7)

P

(
sup

|x|<∞

∣∣H∗
n(x; i)−H(x; i)

∣∣ > 2

(
ε log n

2n

) 1
2
)

⩽ 4n−4εw, i ∈ ℑ, (8)

P

(
sup

|x|<∞

∣∣H̃n(x; i)−H(x; i)
∣∣ > 2

(
ε log n

2n

) 1
2
)

⩽ 4n−4εw, i ∈ ℑ, (9)

where w =
[
16(1+ e

3 )
]−1

. Let ãn(t) =
(
ã
(0)
n (t0), ã

(1)
n (t1), ..., ã

(k)
n (tk)

)
, where

ã
(0)
n (x) =

√
n
(
H̃n(x)−H(x)

)
, ã

(i)
n (x) =

√
n
(
H̃n(x; i)−H(x; i)

)
,

(x; i) ∈ R×ℑ.

We shall prove an approximation theorem of the vector-valued modi-
fied empirical Kac process ãn(t) by the appropriate Gaussian vector-valued

process W ∗
n (t) , t ∈ Rk+1

from theorem 2.
Theorem 3. Let {Tn, n ⩾ 1} be a numerical sequence satisfying, for

each n, the condition Tn < TH = inf {x : H(x) = 1} ⩽ ∞ such that

min
i∈ℑ

{
P (A(i))−H(Tn, i)

}
⩾ 1−H(Tn) ⩾ 2

(
r log n

2wn

)1/2

. (10)

If for any ε > 0 condition (6) hold, then on a probability space of the-
orem 2 one can define k + 1 sequences of mean zero Gaussian processes
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W
(0)
n (x) ,W

(1)
n (x), ...,W

(k)
n (x) with the covariance structure (8) such that

for ãn(t)and W
∗
n(t) =

(
W

(0)
n (t0),W

(1)
n (t1), ...,W

(k)
n (tk)

)
we have

P

{
sup

t∈(−∞;Tn](k+1)

∥ãn(t)−W ∗
n(t)∥

(k+1)
> C̃n

1
2 log n

}
⩽ K̃n−β , (11)

where K̃ is an absolute constant, C̃ = C̃(ε) and β = min (r, εw) for any
ε > 0.

2. Estimation of characteristic function under random right
censoring

Let X1, X2, ... be independent identically distributed r.v.-s with com-
mon continuous d.f. F. We interpret them as an infinite sample of the
random lifetime X. Another sequence independent of {Xj} , of independent
and identically distributed r.v.-s Y1, Y2, ... with common continuous d.f. G
censors on the right the preceding one, so that the observations available
at the n-th stage consist of the pairs {(Zj , δj), 1 ⩽ j ⩽ n} = C(n), where
Zj = min(Xj , Yj) and δj is the indicator of the event Aj = {Zj = Xj} =
{Xj ⩽ Yj} . Let

C(t) =

∫ ∞

−∞
eitxdF (x)

is the characteristic function of d.f. F. The problem consist in estimating
of d.f. F from censored sample C(n). In a number of situations it is more
desirable to aim at estimating C(t) rather that F. We consider estimator
for C(t) in this model as Fourier-Stieltjes transform of estimator Fn(x) =

1− S1n(x) = 1− exp
(
−Λ

(1)
n (x)

)
:

Cn(t) =

∫ ∞

−∞
eitxdFn(x), t ∈ R.

Using the estimation above it follows that as n→ ∞

sup
x⩽Tn

|Fn(x)− F (x)| a.s.= O

(
b2n

(
log n

n

) 1
2

)
, (12)

where b−1
n = 1−H(Tn). Now from (12) also follows that as n→ ∞

1− Fn(Tn)
a.s.
= O (1− F (Tn)) , Fn(−Tn)

a.s.
= O (F (−Tn)) . (13)
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It is trivial that ∆n(τ)
a.s.→0 as n → ∞ for any τ < ∞, where ∆n(τ) =

sup
|t|⩽τ

|Cn(t)− C(t)|. Consider quantity ∆n(τn) for some special choosed nu-

merical sequence τn tending to +∞ as n→ ∞. In the following theorem we
prove result of uniform convergence for the empirical characteristic function.

Theorem 4. Let {τn, n ⩾ 1} be a numerical sequence tending to +∞
slowly as n→ ∞. Then, ∆n(τn)

a.s.→0 as n→ ∞.

3. Conclusion

In conclusion, this theme is such important in stoxastic analysis. Our
results uses strong approximation theory and build optimal approximation
rates. Cumulative hazard processes also investigated in a similar manner
in the general setting. These results can also be used also for estimating of
characteristic functions in random censorship model on the right.
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Field Programmable Field Arrays distinguish themselves from other
integrated circuits, by their reconfigurability. This, along with their
parallelism opens possibilities for implementing artificial neural net-
works with a high efficiency regarding cost and energy use. Research
conducted on the implementation of Neural Network Architectures
like VGG16 and AlexaNet in FPGAs can result in systems that are
faster and more power efficient than GPU implementations.
Keywords: FPGA, ASIC, Convolutional Neural Networks, Alex-
aNet, VGG16, Winograd, Matrix multiplication

Introduction

FPGA stands for Field Programmable Field Arrays. It is a device made
out of semiconductors that can be configured after being manufactured.
This characteristic gives it the advantage of allowing flexibility in its de-
sign, which saves time and costs at the moment of introducing changes to
it. FPGAs consist of programmable logic elements that are connected one to
another, as well as memory blocks. They stand in contrast to ASICs (Appli-
cation Specific Integrated Circuits) and ASSPs (Application Specific Stan-
dard Products). ASICs as their name implies, have a specific customized
particular use. This means that they are designed with a particular func-
tionality in mind. ASICs usually are sold to a specific user and ASSPs, while
also having a specific use, are sold to many users. The three are integrated
circuits, with the main difference being that FPGAs are reconfigurable while
ASICs and ASSPs are not [1].

1. Neural Networks

Neural Networks are algorithms that mimic the functionality of human
neural networks to create systems capable of analysing data. They can
be used for Artificial Intelligence tasks like image recognition and video
analysis. These networks are composed of at least three node layers: the
input layer, the hidden layer and the output layer. Each node is a neuron
that uses an activation function. An activation function is used to determine

Supported by FRBR, project number 19-29-06078.
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the output of the node, given the inputs coming from previous layers and the
weights assigned to them. The design of neural networks requires forward
and backward processes. The forward process focuses on the amount of
layers and the forward flow of the input and output information, while the
backward process focuses on defining the loss function to calculate the gap
between the prediction value and the actual values of the data samples
during the training phase. The result of the backward process is used to
alter the weights given to each node to make the final output more accurate.
When the system runs a forward and backward process it is known as an
epoch. Neural Networks require hundreds of epochs of training to reach
high levels of accuracy [2].

2. Why Use a FPGAs for Designing Neural Networks?

The idea of creating a semi custom high performance system for neural
networks that is able to outperform conventional processors is the main rea-
son behind the efforts to develop these systems. The results so far have been
that FPGAs are outperformed by ASICs. Nevertheless the structure of a
FPGA presents an alternative to the software inside a general purpose pro-
cessor, thus providing the possibility for delivering a superior performance
in relation to cost and energy consumption on specific applications. An-
other apparent alternative would be the use of ASIC systems, nevertheless
they have disadvantages over FGPAs.

Two important reasons exist as to why FPGAs are a better alterna-
tive than ASICs for developing systems capable of beating general purpose
processors in performance. The first one is that when developing ASIC
neurocomputers with a significant amount of flexibility, the final result is a
system with a structure that closely resembles a FPGA, while never reach-
ing the flexibility that a FPGA can attain. This is important because neural
networks require to be easily reconfigured since they are meant to be used
for different applications. The second fact is that the design and production
of custom neurocomputers has a limited user base, thus the development
of software for ASIC neurocomputers will lag behind FPGAs that will be
more widely used [3].

3. Parallelism

Other reason for the drive towards the use of FPGA for creating neural
networks systems are the perceived abilities that this technology has in
the realm of parallelism. Parallelism is the feature that allows one to run
two or more computational processes at the same time. FPGAs are more
suitable for parallelism than ASICs systems. These capabilities are suitable
for working with neural networks. To better understand this, we can take
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a look at different types of parallelism applicable to this topic. The first
one is Training parallelism, this refers to the ability of running different
training sessions for the neural network at the same time. Node parallelism
refers to the idea of going through the nodes of each layer of the neural
network in parallel, and this could be a great advantage for a FPGA system.
Nevertheless it is necessary to take into account that neural networks can
have up to a million nodes, and a system with that high amount will face
limitations that will not allow it to reach those high levels of parallelism.
Another promise of FPGA systems is the idea of computing the layers of
the neural network in a parallel way [3].

4. Implementation with Winograd Algorithm

In the article Evaluating Fast Algorithms for Convolutional Neural Net-
work, The authors evaluated the performance of two FPGA devices (Xilinx
ZC760 and ZCU102) on which they used the Winograd algorithm for ma-
trix multiplication as a way of making more efficient the implementation of
two CNN architectures (AlexaNet and VGG16). The Winograd algorithm
speeds the convolution process by simplifying the matrix multiplication.
This plays an important role in convolutional algorithms since they require
the multiplication of matrix filters in each layer of the neural network. Dur-
ing the experiment, other two FPGAs (VX485T and GSD8) were used as a
control group without the Winograd algorithm being implemented in them.
All models used the AlexaNet Architecture for CNN. [4] The results show
that the Winograd implementation improved the average convolution per-
formance from 61.6 Gop/s to 1006.4 Gop/s, while the CNN average perfor-
mance rose from 72.4 Gop/s to 854.6 Gop/s. The implementation of the
modified algorithms resulted in the use of less resources; this can be seen in
the energy efficiency rising from 3.79 Gop/s/W to 36.2 Gop/s/w.

5. Conclusion

The advantages of FPGAs over ASICs and ASSPs is their reconfigura-
bility, which opens the possibility for their flexible application by Artificial
Intelligence specialists. Processors have the advantage of using their power
to deliver systems with a higher analytical capacity as they are more accu-
rate, but the advantage of the FPGA comes from delivering a more efficient
use of resources (both computing power and energy). A recurring theme
on the implementation and modification of neural network algorithms for
FPGA, is that advantages in resource and power efficiency come at the
price of less accuracy. How much one is willing to sacrifice for the other
will affect the choice of using a FPGA or a GPU for the implementation of
a CNN. In the end, the existence of tasks that demand fast systems with
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low power consumption creates incentives for the use of FPGA. Another of
the promises of FPGA systems is parallelism, which would enable them to
fulfil several tasks of an algorithm at the same time. These reasons justify
the experimentation with CNN architectures and algorithms with the aim
of creating competitive configurable systems based on FPGAs.

REFERENCES

1. More A., Wilson R. FPGAs for Dummies. City: John Wiley & Sons Inc, 2017.
P. 3-6.

2. Yufeng H. A General Neural Network Hardware Architecture on FPGA //
Dept. of Electronic, Electrical and Systems Engineering University of Birm-
ingham, City: Birminham, 2017.

3. Omondi A., Rajapakse J., Bajger M. FPGA Neurocomputers // FPGA Im-
plementations of Neural Networks, Publisher: Springer, 2006.

4. Lu L., Liang Y., Xiao Q., Yan S. Evaluating Fast Algorithms for Convolu-
tional Neural Networks on FPGAs // IEEE 25th Annual International Sym-
posium on Field-Programmable Custom Computing Machines (FCCM), 2017.

Solis Romeu Edgar—PhD Student, Master, Faculty of Innovation Technology.
E-mail: solisromeu@mail.ru

Shashev Dmitry — Ph.D in Engineering, Deputy Dean for R&D at the Fac-

ulty of Innovative Technologies , Faculty of Innovation Technology. E-mail: dsha-

shev@mail.tsu.ru



ÈÒÌÌ � 2021

ÊÐÀÅÂÀß ÇÀÄÀ×À ÄËß ÎÄÍÎÃÎ ÊËÀÑÑÀ
ÓÐÀÂÍÅÍÈÉ ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ

Ì.Î. Àáóëîâ

Êàðøèíñêèé ãîñóäîðñòâåííûé óíèâåðñèòåò, ã. Êàðøè, Óçáåêèñòàí

Ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òðåòüåãî ïîðÿä-
êà ñìåøàííîãî òèïà â ÷åòûðåõóãîëüíîé îáëàñòè. Ñ ïîìîùüþ ìå-
òîäà Ãàëåðêèíà ïðè îïðåäåëåííûõ óñëîâèÿõ íà êîýôôèöèåíòû
è ïðàâóþ ÷àñòü óðàâíåíèÿ äîêàçàíî ñóùåñòâîâàíèå ñëàáî îáîá-
ùåííîãî ðåøåíèÿ â ïðîñòðàíñòâå Ñîáîëåâà. Ïðè ýòèõ æå óñëî-
âèÿõ äîêàçàíà åäèíñòâåííîñòü îáîáùåííîãî ðåøåíèÿ.
Êëþ÷åâûå ñëîâà: Êðàåâàÿ çàäà÷à, óðàâíåíèÿ òðåòüåãî ïîðÿä-
êà, óðàâíåíèÿ ñìåøàííîãî òèïà.

Ââåäåíèå

Òåîðèÿ êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñìåøàííîãî òèïà â ñèëó åå
ïðèêëàäíîé è òåîðåòè÷åñêîé çíà÷èìîñòè ñòàëà îäíèì èç âàæíåéøèõ
ðàçäåëîâ òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîä-
íûìè. Íà÷àëî èññëåäîâàíèé êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñìåøàííîãî
òèïà áûëî ïîëîæåíî â ðàáîòàõ Ô. Òðèêîìè è Ñ. Ãåëëåðñòåäòà, ãäå âïåð-
âûå ñòàâèëèñü è èçó÷àëèñü êðàåâûå çàäà÷è äëÿ ìîäåëüíûõ óðàâíåíèé
ñìåøàííîãî òèïà. Áèáëèîãðàôèþ âîïðîñà ìîæíî íàéòè â ìîíîãðàôè-
ÿõ [1, 2]. Â äàëüíåéøåì, â ðàáîòàõ [3, 4] ïðåäëîæåííûå ïîäñòàíîâêè
îáîáùàëèñü äëÿ óðàâíåíèé âûñîêîãî ïîðÿäêà, äëÿ ðàçëè÷íûõ êðàåâûõ
óñëîâèé äëÿ îïåðàòîðíûõ óðàâíåíèé è äëÿ óðàâíåíèé íåêëàññè÷åñêîãî
òèïà. Ñðåäè ïîñëåäíèõ ðàáîò ìîæíî îòìåòèòü [5, 6].

Â äàííîé ðàáîòå áóäóò èñïîëüçîâàòüñÿ îáû÷íûå ïðîñòðàíñòâà Lp,
Ñîáîëåâà W l

p. Îïðåäåëåíèÿ è ñâîéñòâà ýòèõ ïðîñòðàíñòâ ìîæíî íàéòè
â ìîíîãðàôèÿ [7].

Â îáëàñòè Q = { (x, t) : −1 ⩽ x ⩽ 1, 0 ⩽ t ⩽ T } ðàññìîòðèì
óðàâíåíèå

Lu ≡ uttt + µ(x)uxxx + a(x, t)uxx + b(x, t)utt+

+ c(x, t)ux + d(x, t)ut + e(x, t)u = f(x, t) (1)

ãäå xµ(x) > 0 ïðè x ̸= 0, µ(0) = 0.
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Êðàåâàÿ çàäà÷à

Íàéòè â îáëàñòè Q ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå êðàå-
âûì óñëîâèÿì

u |∂Q = 0, ut |t=0 = 0. (2)

Äëÿ ïðîñòîòû èçëîæåíèÿ áóäåì ïðåäïîëàãàòü, ÷òî êîýôôèöèåíòû
óðàâíåíèÿ (1) ÿâëÿþòñÿ áåñêîíå÷íî äèôôåðåíöèðóåìûìè ôóíêöèÿìè.

Îïðåäåëåíèå 1. Îáîçíà÷èì ÷åðåç H(Q) ïðîñòðàíñòâî ôóíêöèé,
ïîëó÷åííîå çàìûêàíèåì ôóíêöèé èç C∞(Q), óäîâëåòâîðÿþùèõ óñëîâè-
ÿì (2) ïî íîðìå

∥u∥2H(Q) =

∫
Q

(
u2xx + u2xt + u2x + u2t + u2

)
dQ.

Îïðåäåëåíèå 2. Ôóíêöèþ u ∈ H(Q) áóäåì íàçûâàòü ñëàáûì
îáîáùåííûì ðåøåíèåì çàäà÷è (1)�(2), åñëè äëÿ âñåõ v ∈ C∞

0 (Q) âû-
ïîëíÿåòñÿ òîæäåñòâî∫

Q

(utvtt − µuxxvx − µxuxxv + auxxv − butvt−

− btutv + cuxv + dutv + euv)dQ =

∫
Q

fvdQ. (3)

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ

a(x, t)− 3

2
|µx| ⩾ δ > 0, b(x, t) ⩾ 0. (4)

Òîãäà äëÿ ëþáîé ôóíêöèè f(x, t), òàêîé, ÷òî f ∈ L2(Q), ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå çàäà÷è (1)�(2) èç H(Q).

Äîêàçàòåëüñòâî. Ðåøåíèå çàäà÷è (1)�(2) áóäåì èñêàòü ìåòîäîì
Ãàëåðêèíà

um(x, t) =

m∑
i=1

ji(t)φi(x),

ãäå ôóíêöèè φi(x) ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷è

φi
′′ = −λiφi, φi(−1) = φi(1) = 0,
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à êîýôôèöèåíòû ji(t) íàõîäÿòñÿ èç ðåøåíèÿ ñèñòåìû îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé

(umttt, φi)0 + (µumxxx, φi)0 + (aumxx, φi)0 + (bumtt, φi)0+

+ (cumx, φi)0 + (dumt, φi)0 + (eum, φi)0 = (f, φi)0, (5)

ji(0) = ji(T ) = jit(0) = 0, i = 1, 2, . . . ,m. (6)

Ðàçðåøèìîñòü çàäà÷è (5)�(6) ïðè ôèêñèðîâàííîì m âûòåêàåò èç îá-
ùåé òåîðèè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ïîëó÷èì ðàâíîìåðíûå ïî m îöåíêè äëÿ Ãàëåðêèíñêèõ ïðèáëèæå-
íèé. Äëÿ ýòîãî óìíîæèì (5) íà (−ji(t)) è, ñóììèðóÿ ïî i, ïîëó÷èì

(umttt,−um)0 + (µumxxx,−um)0 + (aumxx,−um)0 + (bumtt,−um)0+

+ (cumx,−um)0 + (dumt,−um)0 + (eum,−um)0 = (f,−um). (7)

Îòñþäà, èíòåãðèðóÿ ïî tè èíòåãðèðóÿ ïî ÷àñòÿì, â ñèëó (2), (4),
ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé ïðèõîäèì ê íåðàâåíñòâó∫

Q

(u2mt + u2mx + u2m)dQ ⩽ C. (8)

Äàëåå, ðàññìîòðèì ñëåäóþùåå ðàâåíñòâî

(umttt, umxx)0 + (µumxxx, umxx)0 + (aumxx, umxx)0+

+ (bumtt, umxx)0 = (f − cumx − dumt − eum, umxx)0. (9)

Èç òîæäåñòâà (9), â ñèëó (2), (3) è îöåíêè (8), èíòåãðèðóÿ ïî t è
èíòåãðèðóÿ ïî ÷àñòÿì, ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé âûòåêàåò ñëå-
äóþùàÿ îöåíêà ∫

Q

(u2mxx + u2mxt)dQ ⩽ C. (10)

Èç îöåíîê (8), (10) ñëåäóåò îãðàíè÷åííîñòü ïîñëåäîâàòåëüíîñòè ïðè-
áëèæåííûõ ðåøåíèé {um(x, t)} â ïðîñòðàíñòâå H(Q), ìîæíî âûáðàòü
ïîäïîñëåäîâàòåëüíîñòü {umk

(x, t)} è ïåðåéòè ê ïðåäåëó ïðè mk → ∞
â ñèñòåìå (5). Íåòðóäíî ïðîâåðèòü, ÷òî ïðåäåëüíàÿ ôóíêöèÿ ïðèíàä-
ëåæèò ïðîñòðàíñòâó H(Q) è óäîâëåòâîðÿåò òîæäåñòâó (3). Ïîñêîëüêó
ñèñòåìà {φi(x)} ïëîòíà â L2(−1, 1).

Äîêàæåì, ÷òî ðåøåíèå çàäà÷è (1)�(2) åäèíñòâåííî.
Åñëè u, v � äâà ðåøåíèÿ çàäà÷è (1)�(2), òî w = u− v óäîâëåòâîðÿåò

óðàâíåíèþ

wttt+µ(x)wxxx+a(x, t)wxx+b(x, t)wtt+c(x, t)wx+d(x, t)wt+e(x, t)w = 0.
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Ðàññìîòðèì èíòåãðàë∫
Q

(wttt + µ(x)wxxx + a(x, t)wxx + b(x, t)wtt+

+ c(x, t)wx + d(x, t)wt + e(x, t)w)wdQ = 0

è èíòåãðèðóÿ ïî ÷àñòÿì, â ñèëó (2), ïîëó÷èì∫
Q

(w2
t + w2

x + w2)dQ ⩽ 0,

îòêóäà ñëåäóåò, ÷òî w = 0 â Q.

Â äàííîé ðàáîòå äîêàçàíû íîâûå òåîðåìû ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè ðåøåíèÿ êðàåâîé çàäà÷è (1)�(2), êîòîðûå ïîçâîëÿåò ðàñøè-
ðèòü êðóã ðåøàåìûõ ïðîáëåì â òåîðèè êðàåâûõ çàäà÷ äëÿ íåêëàññè÷å-
ñêèõ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè.
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Â äàííîé ðàáîòå èçó÷åíà íåëîêàëüíàÿ çàäà÷à äëÿ îäíîãî óðàâíå-
íèÿ ÷åòâåðòîãî ïîðÿäêà. Ïðè âûïîëíåíèè íåêîòîðûõ óñëîâèé íà
ïðàâóþ ÷àñòü óðàâíåíèÿ äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåí-
íîñòü ðåøåíèÿ ïîñòàâëåííîé çàäà÷è
Êëþ÷åâûå ñëîâà: íåëîêàëüíàÿ çàäà÷à, ñîïðÿæåííàÿ çàäà÷à,
óðàâíåíèå ÷åòâåðòîãî ïîðÿäêà.

Ââåäåíèå

Íåëîêàëüíûå çàäà÷è â íàñòîÿùåå âðåìÿ ÿâëÿþòñÿ èíòåíñèâíî ðàçâè-
âàþùèìñÿ ðàçäåëîì òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé. Èíòåðåñ ê
íåëîêàëüíîé çàäà÷å (êðîìå òåîðåòè÷åñêîãî çíà÷åíèÿ) âûçâàí, î÷åâèäíî,
âîçìîæíîñòüþ åå ôèçè÷åñêîé èíòåðïðåòàöèè: åñëè äèôôåðåíöèàëüíûå
óðàâíåíèÿ îïèñûâàþò íåêîòîðûé ôèçè÷åñêîé ïðîöåññ, òî íåëîêàëüíûå
êðàåâûå óñëîâèÿ ÿâëÿþòñÿ íåêîòîðûìè àëãåáðàè÷åñêèìè âûðàæåíèÿ-
ìè, ñâÿçûâàþùèìè èñêîìîå ðåøåíèå è åãî ïðîèçâîäíûå â äâóõ è áîëåå
òî÷êàõ íàáëþäåíèÿ ôèçè÷åñêîãî ïðîöåññà. Ïðîáëåìû ñîâðåìåííîé íàó-
êè è òåõíèêè âûäâèíóëè ðåøåíèå áîëåå ðåàëüíûõ ïðàêòè÷åñêèõ çàäà÷,
ñâÿçàííûõ ñ èññëåäîâàíèåì ðàçíîîáðàçíûõ êëàññîâ ìàòåìàòè÷åñêèõ ìî-
äåëåé. Èçâåñòíî, ÷òî ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ìíîãèõ áèîëîãè-
÷åñêèõ è òåõíîëîãè÷åñêèõ ïðîöåññîâ ïðèâîäèò ê èçó÷åíèþ íåëîêàëü-
íûõ êðàåâûõ çàäà÷ äëÿ ðàçëè÷íûõ êëàññîâ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé. Ïîýòîìó, èçó÷åíèå íåëîêàëüíûõ çàäà÷ äëÿ ðàçëè÷íûõ êëàññîâ
äèôôåðåíöèàëüíûõ óðàâíåíèé ïðèâëåêàëî âíèìàíèå ìíîãèõ ìàòåìàòè-
êîâ. Áèáëèîãðàôèþ âîïðîñà ìîæíî íàéòè â ìîíîãðàôèÿõ [1, 2]. Ñðåäû
ïîñëåäíèõ ðàáîò ìîæíî îòìåòèòü [3, 4, 5, 6, 7].

Íåëîêàëüíàÿ çàäà÷à

Â îáëàñòè

Q = {(x, y, t) : 0 ⩽ x ⩽ 1, 0 ⩽ y ⩽ 1, 0 ⩽ t ⩽ T}

ðàññìîòðèì óðàâíåíèå ÷åòâåðòîãî ïîðÿäêà

Lu ≡ uttxx − uxxxx − uyyxx + uxx = f(x, y, t) (1)
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Ïîñòàâèì çàäà÷ó íàõîæäåíèÿ â îáëàñòè Q ðåøåíèÿ óðàâíåíèÿ (1),
óäîâëåòâîðÿþùåå ñëåäóþùèì óñëîâèÿì

u |t=0 = e
λT
2 u |t=T , ut |t=0 = e

λT
2 ut |t=T ,

u |x=0 = u |x=1 = ux |x=0 = ux |x=1 = 0, u |y=0 = u |y=1 = 0 (2)

ãäå λ > 0−íåêîòîðûå ÷èñëà.
Íåòðóäíî âèäåòü, ÷òî äëÿ (1)�(2) ñîïðÿæåííàÿ çàäà÷à èìååò âèä:

L∗v ≡ vttxx − vxxxx − vyyxx + vxx = g(x, y, t) (3)

v |t=0 = e−
λT
2 v |t=T , vt |t=0 = e−

λT
2 vt |t=T ,

v |x=0 = v |x=1 = vx |x=0 = vx |x=1 = 0, v |y=0 = v |y=1 = 0 (4)

Îáîçíà÷èì ÷åðåç CL (ñîîòâåòñòâåííî CL∗) êëàññ ôóíêöèé, ÷åòûðå-
æäû íåïðåðûâíî äèôôåðåíöèðóåìûõ â îáëàñòè Q è óäîâëåòâîðÿþùèõ
óñëîâèþ (2) (ñîîòâåòñòâåííî (4)).

Îïðåäåëåíèå 1. Îáîçíà÷èì ÷åðåç H(Q) (ñîîòâåòñòâåííî H(Q)∗)
ïðîñòðàíñòâî ôóíêöèé, ïîëó÷åííîå çàìûêàíèåì ôóíêöèé èç CL (ñîîò-
âåòñòâåííî èç CL∗) ïî íîðìå

∥u∥2 =

∫
Q

(u2ttx + u2txx + u2txy + u2tt + u2tx+

+u2xx + u2xy + u2t + u2x + u2y + u2)dQ.

Îïðåäåëåíèå 2. Ôóíêöèþ u ∈ H(Q) áóäåì íàçûâàòü ñëàáûì
îáîáùåííûì ðåøåíèåì çàäà÷è (1)�(2), åñëè äëÿ âñåõ v ∈ CL∗ âûïîë-
íÿåòñÿ òîæäåñòâî

B(u, v) =

∫
Q

(uxttvx + uxxvxx + uxyvxy + uxxv)dQ =

∫
Q

fvdQ, ∀v ∈ CL∗ .

Òåîðåìà 1. Ïóñòü äëÿ ôóíêöèè f(x, y, t) ∈ W 1
2 (Q) âûïîëíåíû

óñëîâèè

f |t=0 = e
λT
2 f |t=T ,

x∫
0

f(w, y, 0)dw = e
λT
2

x∫
0

f(w, y, T )dw. (5)

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1)�(2) èç H(Q).
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Äîêàçàòåëüñòâî. Óìíîæàÿ óðàâíåíèå (1) íà eλtut, èíòåãðèðóÿ
ïî îáëàñòè Q, è â ñèëó óñëîâèé (2), (3) ïîëó÷èì∫

Q

(u2tx + u2xx + u2xy + u2x)dQ ⩽ C

∫
Q

f2dQ. (6)

Óðàâíåíèå (1) ìîæåì ïåðåïèñàòü â âèäå

uttx = uxxx + uxyy + ux +

x∫
0

f(w, y, t)dw + φ(y, t), (7)

ãäå φ(x, y)−íåèçâåñòíàÿ ôóíêöèÿ. Èç (7), â ñèëó (3), ïîëó÷èì

uxtt |x=0 = uxxx |x=0 + φ(y, t) = 0 ò.å φ(y, t) = −uxxx |x=0

òàê êàê

φ(y, 0) = −uxxx(0, y, 0) è φ(y, T ) = −uxxx(0, y, T ).

Îòñþäà, â ñèëó (2), ïîëó÷èì

φ(y, 0) = e
λT
2 φ(y, T ).

Òîãäà èç óðàâíåíèÿ (7) âûâîäèì, ÷òî

uxtt |t=0 = e
λT
2 uxtt |t=T . (8)

Äàëåå, óðàâíåíèå (1) äèôôåðåíöèðóÿ ïî t, ïîñëå ýòîãî óìíîæàÿ íà
eλtutt è èíòåãðèðóÿ ïî îáëàñòè Q, â ñèëó óñëîâèé (2), (6), (8), ïîëó÷èì∫

Q

(u2ttx + u2txx + u2txy + u2tx)dQ ⩽ C

∫
Q

(f2 + f2t )dQ. (9)

Òàê êàê, â ñèëó (2), (3), äëÿ ðåøåíèÿ çàäà÷è (1)�(2) âåðíà îöåíêà∫
Q

(u2ttx + u2txx + u2txy + u2tt + u2tx + u2xx + u2xy+

+u2t + u2x + u2y + u2)dQ ⩽ C

∫
Q

(f2 + f2t )dQ. (10)
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Òåïåðü ðàññìîòðèì ñîïðÿæåííóþ çàäà÷ó (3)�(4). Àíàëîãè÷íî, êàê â
(5), óìíîæàÿ óðàâíåíèÿ (3) íà (−e−λtvt) è èíòåãðèðóÿ ïî îáëàñòè Q è
â ñèëó (4), (8) ïîëó÷èì∫

Q

(v2tx + v2xx + v2xy + v2t )dQ ⩽ C

∫
Q

g2dQ. (11)

Çàìåòèì, ÷òî êàê â (8), âåðíî ðàâåíñòâî

vxtt |t=0 = e−
λT
2 vxtt |t=T . (12)

Äàëåå, óðàâíåíèå (3) äèôôåðåíöèðóÿ ïî t, ïîñëå ýòîãî óìíîæàÿ íà
(−e−λtvtt) è èíòåãðèðóÿ ïî îáëàñòè Q, èíòåãðèðóÿ ïî ÷àñòÿì â ñèëó (4),
(11), (12) ïîëó÷èì∫

Q

(v2ttx + v2txx + v2txy + v2tt)dQ ⩽ C

∫
Q

g2t dQ. (13)

Èç îöåíîê (10), (11), (11) ñòàíäàðòíûì îáðàçîì âûòåêàåò ñóùåñòâî-
âàíèÿ è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1), (2) (ñì. íàïðèìåð, [9, c. 19,
c. 35]) â ïðîñòðàíñòâå H(Q).

Íåòðóäíî âèäåòü, ÷òî çàäà÷ó (1)�(2) ìîæíî òðàêòîâàòü êàê îáðàò-
íóþ çàäà÷ó äëÿ îïðåäåëåíèÿ ïðàâîé ÷àñòè âîëíîâîãî óðàâíåíèÿ.

Çàêëþ÷åíèå

Â äàííîé ñòàòüå äîêàçàíû íîâûå òåîðåìû ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè ðåøåíèÿ íåëîêàëüíîé çàäà÷è (1)�(2), êîòîðûå ïîçâîëÿþò
ðàñøèðèòü êðóã ðåøàåìûõ ïðîáëåì â òåîðèè íåëîêàëüíûõ çàäà÷ äëÿ
íåêëàññè÷åñêèõ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè.
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ÐÅÑÓÐÑÎÂ È ÍÅÎÏÐÅÄÅË�ÍÍÎÑÒÈ ÇÀÒÐÀÒ È

ÄÎÕÎÄÎÂ

À.Ì. Áóëàâ÷óê1, Ä. Â. Ñåìåíîâà1,2

1Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, ã. Êðàñíîÿðñê, Ðîññèÿ
2Êðàñíîÿðñêèé ãîñóäàðñòâåííûé ìåäèöèíñêèé óíèâåðñèòåò èìåíè

ïðîôåññîðà Â.Ô. Âîéíî-ßñåíåöêîãî, ã. Êðàñíîÿðñê, Ðîññèÿ

Èññëåäóåòñÿ çàäà÷à êàëåíäàðíîãî ïëàíèðîâàíèÿ (RCPSP) äëÿ
èíâåñòèöèîííûõ ïðîåêòîâ. Ðàññìàòðèâàåìàÿ ïîñòàíîâêà ïðåä-
ïîëàãàåò íàõîæäåíèå ìàêñèìóìà ÷èñòîé ïðèâåäåííîé ïðèáûëè
â óñëîâèÿõ îãðàíè÷åííîñòè ðåñóðñîâ è íåîïðåäåë¼ííîñòè çàòðàò
è äîõîäîâ ïî ïðîåêòó. Çàïàñû è çàòðàòû ðåñóðñîâ â ìîäåëè îöå-
íèâàþòñÿ â äåíåæíîì âûðàæåíèè.
Êëþ÷åâûå ñëîâà: Êàëåíäàðíîå ïëàíèðîâàíèå, èíâåñòèöèîí-
íûé ïðîåêò, NPV.

Ââåäåíèå

Êàëåíäàðíîå ïëàíèðîâàíèå èíâåñòèöèîííûõ ïðîåêòîâ � âàæíàÿ
ïðàêòè÷åñêàÿ çàäà÷à, âîçíèêàþùàÿ â ñôåðå óïðàâëåíèÿ ïðîèçâîäñòâîì.
Ðàññìîòðèì èíâåñòèöèîííûé ïðîåêò, ïðåäïîëàãàþùèé âûïîëíåíèå çà-
äàííîãî êîëè÷åñòâà ðàáîò çà îïðåäåëåííûé ïðîìåæóòîê âðåìåíè. Êàæ-
äàÿ èç ðàáîò õàðàêòåðèçóåòñÿ äëèòåëüíîñòüþ å¼ âûïîëíåíèÿ, çàòðàòà-
ìè ðåñóðñîâ è äîõîäàìè, êîòîðûå îíà ãåíåðèðóåò. Êðîìå òîãî, èçâåñòíû
òåõíîëîãè÷åñêèå è îðãàíèçàöèîííûå âçàèìîñâÿçè ìåæäó ðàáîòàìè. Áó-
äåì ñ÷èòàòü, ÷òî âñå ðåñóðñû ïðîåêòà ìîãóò áûòü ñâåäåíû ê äåíåæíûì.
Äëÿ îöåíêè ðåçóëüòàòîâ ðåàëèçàöèè ïðîåêòà âîñïîëüçóåìñÿ ïîêàçàòå-
ëåì ÷èñòîé ïðèâåäåííîé ñòîèìîñòè (NPV ). Îñíîâíûìè ïðîÿâëåíèÿìè
ôàêòîðîâ íåîïðåäåëåííîñòè, äåéñòâóþùèõ â ïðîöåññå ðåàëèçàöèè ïðî-
åêòà, áóäóò íåäîïîëó÷åíèå çàïëàíèðîâàííûõ äîõîäîâ è ðîñò èçäåðæåê
ðåàëèçàöèè ïðîåêòà.

1. Ïîñòàíîâêà çàäà÷è

Áóäåì îïèðàòüñÿ íà ìîäåëü RCSP (Resource-constrained project
scheduling problem), ïðåäëîæåííóþ Â.Â. Ñåðâàõîì è Å.À. Êàçàêîâöå-
âîé [2]. Ïóñòü V = {1, 2, . . . , N} � ìíîæåñòâî çàïëàíèðîâàííûõ ðàáîò,
ñâÿçàííûõ äðóã ñ äðóãîì îòíîøåíèåì ÷àñòè÷íîãî ïîðÿäêà E. Êàæäàÿ
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èç ðàáîò õàðàêòåðèçóåòñÿ ñðîêàìè Q = (q1, q2, . . . , qN ), òî åñòü öåëûì
÷èñëîì ïåðèîäîâ, íåîáõîäèìûõ äëÿ åå âûïîëíåíèÿ. Îáîçíà÷èì ÷åðåç
cj(τ) ∈ F ñëó÷àéíûå âåëè÷èíû ïîñòóïëåíèé îò j-é ðàáîòû â ìîìåíò
âðåìåíè τ ∈ {0, 1, . . . , qj}. Äëÿ îòðèöàòåëüíûõ çíà÷åíèé cj(τ) ðå÷ü áó-
äåò èäòè î ðàñõîäàõ íà âûïîëíåíèå ðàáîòû. Ïóñòü T � ìàêñèìàëüíàÿ
äëèòåëüíîñòü ïðîåêòà â öåëûõ ïåðèîäàõ. Áþäæåò ïðîåêòà â ìîìåíò
t ∈ {0, 1, . . . , T − 1} îáîçíà÷èì ÷åðåç K(t), à ñòàâêó äèñêîíòèðîâàíèÿ
äëÿ ñîîòâåòñòâóþùåãî ïåðèîäà � ÷åðåç r0. Êðîìå òîãî, îáîçíà÷èì ÷åðåç
Nt ìíîæåñòâî ðàáîò, âûïîëíÿåìûõ â èíòåðâàëå [t; t+ 1). Áóäåì èñêàòü
îïòèìàëüíûå ñðîêè íà÷àëà êàæäîé èç ðàáîò, êîòîðûå îáðàçóþò ðàñïè-
ñàíèå âûïîëíåíèÿ ïðîåêòà S = (s1, s2, . . . , sN ), ãäå sj � ìîìåíò íà÷àëà
j-é ðàáîòû. Î÷åâèäíî, ÷òî sj ∈ {0, 1, . . . T − qj}.

Ïðè ïðèìåíåíèè ôîðìóëû ñëîæíûõ ïðîöåíòîâ ÷èñòûé ïðèâåäåííûé

äîõîä îò j-é ðàáîòû ðàññ÷èòûâàåòñÿ ïî ôîðìóëå: NPVj =

qj∑
τ=0

cj(τ)

(1 + r0)τ
.

Â êàæäûé ìîìåíò âðåìåíè äîëæíî âûïîëíÿòñÿ óñëîâèå äîñòàòî÷íî-
ñòè ñðåäñòâ. Èñòî÷íèêîì ñðåäñòâ âûñòóïàþò áþäæåò ïðîåêòà, ïðèáûëü,
ïîëó÷åííàÿ â ïðåäûäóùèå ïåðèîäû, à òàêæå äîõîäû îò ðåèíâåñòèðîâà-
íèÿ íåèçðàñõîäîâàííîé ïðèáûëè. Ïîñêîëüêó ÷àñòü óêàçàííûõ âåëè÷èí
íîñèò ñëó÷àéíûé õàðàêòåð, òî äîïóñòèìîå ðàñïèñàíèå, ñîîòâåòñòâóþùåå
êàêîé-ëèáî îäíîé ðåàëèçàöèè ñëó÷àéíîé âåëè÷èíû, äëÿ äðóãîé ðåàëèçà-
öèè îêàæåòñÿ íåäîïóñòèìûì. Íà ïðàêòèêå ïðîáëåìà íåäîñïóñòèìîñòè
âûáðàííîãî íà ñòàðòå ïðîåêòà ðàñïèñàíèÿ ðåøàåòñÿ ïóòåì ïðèâëå÷å-
íèÿ çà¼ìíûõ ñðåäñòâ. Ïðè ýòîì ñóììà äîïîëíèòåëüíûõ ðàñõîäîâ ñêëà-
äûâàåòñÿ íå òîëüêî èç ðàçìåðà äåôèöèòà âî âñå ìîìåíòû âðåìåíè, íî
è èç ïëàòåæåé çà ïîëüçîâàíèå äåíüãàìè. Ïóñòü r∗ � ðàçìåð ñòàâêè çà
ïîëüçîâàíèå äåíüãàìè â òå÷åíèå îäíîãî ïåðèîäà. Òîãäà äîïîëíèòåëü-
íûå èçäåðæêè íà ïîêðûòèå çàòðàò ïî ïðîåêòó ìîãóò áûòü ðàñ÷èòàíû
ïî ôîðìóëàì:

D(S) =

T−1∑
t=0

δtDt, (1)

ãäå Dt =

t∑
τ=0

K(τ)

(1 + r0)τ
+

t∑
τ=0

∑
j∈Nτ

cj(τ − sj)

(1 + r0)τ
, (2)

δt =

{
1 + r∗, åñëè Dt < 0,

0, åñëè Dt ≥ 0.
(3)
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Íàéäåííàÿ äëÿ äàííîãî ðàñïèñàíèÿ âåëè÷èíà äåôèöèòà ñðåäñòâ
D(S) äîëæíà ó÷èòûâàòüñÿ ïðè ðàñ÷åòå öåëåâîé ôóíêöèè îïòèìèçàöè-
îííîé çàäà÷è. Îáîçíà÷èì ÷åðåç NPVD(S) òåêóùóþ ñòîèìîñòü ïðèáûëè
ñ ó÷¼òîì çàòðàò íà ïðèâëå÷åíèå êðåäèòîâ. Òîãäà îïòèìèçàöèîííàÿ ìî-
äåëü ïðèìåò âèä:

NPV ∗
D(S) = max

S

∑
j∈V

NPVj
(1 + r0)sj

+D(S)

 = max
S

[NPV (S) +D(S)] (4)

si + qi ≤ sj , (i, j) ∈ E. (5)

Îãðàíè÷åíèÿìè â ìîäåëè (4) âûñòóïàþò óñëîâèÿ ÷àñòè÷íîãî ïîðÿä-
êà (5).

Âåëè÷èíà NPV (S) õàðàêòåðèçóåò ïðèâåäåííóþ ñòîèìîñòü ïðèáû-
ëè çà âåñü ñðîê ðåàëèçàöèè ïðîåêòà ïðè âûáðàííîì ðàñïèñàíèè S áåç
ó÷¼òà çàòðàò íà êðåäèòîâàíèå. Î÷åâèäíî, ÷òî NPV (S) è D(S) ïðåä-
ñòàâëÿþò ñîáîé ñëó÷àéíûå âåëè÷èíû, ðàñïðåäåëåíèå êîòîðûõ çàâèñèò
îò ðàñïðåäåëåíèé ñëó÷àéíûõ õàðàêòåðèñòèê ðàáîò. Îòìåòèì òàêæå, ÷òî
ïðè çàäàííîì ðàñïèñàíèè S ôóíêöèÿ NPV (S) åñòü ëèíåéíàÿ êîìáèíà-
öèÿ âåëè÷èí ïîñòóïëåíèé îò êàæäîé èç ðàáîò:

NPV (S) =

N∑
j=1

qj∑
τ=0

αj(τ)cj(τ), (6)

ãäå αj(τ) = (1 + r0)
−(τ+sj).

Çàäà÷à êàëåíäàðíîãî ïëàíèðîâàíèÿ ñ êðèòåðèåì ìàêñèìèçàöèè ïðè-
âåä¼ííîé ïðèáûëè ÿâëÿåòñÿ NP-òðóäíîé â ñèëüíîì ñìûñëå [2].

2. Ñëó÷àéíûå ïàðàìåòðû ïðîåêòà

Ïóñòü êîìïîíåíòû ïîòîêà ïëàòåæåé äëÿ êàæäîé èç ðàáîò â êàæäûé
ìîìåíò âðåìåíè ïðåäñòàâëÿþò ñîáîé íåçàâèñèìûå ñëó÷àéíûå âåëè÷è-
íû. Ïîâåäåíèå öåëåâîé ôóíêöèè áóäåò çàâèñåòü îò òîãî, êàêîå èìåííî
ðàñïðåäëåíèå èìåþò óêàçàííûå âåëè÷èíû. Ïðåäñòàâëÿåòñÿ öåëåñîîáðàç-
íûì âûáèðàòü îäíî ðàñïðåäåëåíèå äëÿ âñåõ ñëó÷àéíûõ õàðàêòåðèñòèê
ïðîåêòà, ïîñêîëüêó âñå îíè èìååþò îäíó è òó æå ýêîíîìè÷åñêóþ ïðèðî-
äó. Íàìè áûëè ðàññìîòðåíû íåñêîëüêî âàðèàíòîâ íåïðåðûâíûõ ðàñïðå-
äåëåíèé. Ïðèâåäåì ïðèìåð àíàëèçà äëÿ íîðìàëüíîãî ðàñïðåäåëåíèÿ.

Åñëè âñå êîìïîíåíòû ïîòîêà ïëàòåæåé ïîä÷èíÿþòñÿ íîðìàëüíîìó
çàêîíó ðàñïðåäåëåíèÿ cj(τ) ⊂= N (µj(τ), σj(τ)), òî äëÿ êàæäîãî ðàñïèñà-



326 À.Ì. Áóëàâ÷óê, Ä. Â. Ñåìåíîâà

íèÿ S âåðíî, ÷òî NPV (S) ⊂= N (µ(S), σ(S)), ãäå

µ(S) =

N∑
j=1

qj∑
τ=0

αj(τ)µj(τ), σ(S) =

√√√√ N∑
j=1

qj∑
τ=0

α2
j (τ)σ

2
j (τ). (7)

3. Âû÷èñëèòåëüíûå ýêñïåðèìåíòû

Ðàññìîòðèì ïðèìåð ïðîåêòà, ñîñòîÿùåãî èç 6 ðàáîò. Ïîðÿäîê ñëåäî-
âàíèÿ ðàáîò, à òàêæå ÷èñëî ïåðèîäîâ âûïîëíåíèÿ êàæäîé ðàáîòû ïðåä-
ñòàâëåíû íà ðèñóíêå 1.

0

0

1

1

2

2

3

1

4

3

5

3

6

3
7

0

j

qj

Ðèñ. 1. Ñåòåâîé ãðàôèê ïðîåêòà

Ìàêñèìàëüíûé ñðîê ðåàëèçàöèè ïðîåêòà � 8 ëåò. Ïðèìåì çàïàñ êà-
ïèòàëà â êàæäîì ãîäó ðàâíûì 5 åäèíèöàì, ñòàâêó äèñêîíòèðîâàíèÿ
ðàâíîé 10 % ãîäîâûõ, à ñòàâêó ïî êðåäèòàì � 20 % ãîäîâûõ. Â êà÷åñòâå
õàðàêòåðèñòèê äåíåæíîãî ïîòîêà äëÿ êàæäîé èç ðàáîò âîçüì¼ì âåðõ-
íþþ è íèæíþþ ãðàíèöû âåëè÷èíû ïîñòóïëåíèé

(
clj(τ), c

h
j (τ)

)
. Óêàçàí-

íûå õàðàêòåðèñòèêè ïðèâåäåíû â òàáëèöå 1.
Ðàññìîòðèì ñëó÷àé íîðìàëüíîãî ðàñïðåäåëåíèÿ õàðàêòåðèñòèê äå-

íåæíîãî ïîòîêà. Ïàðàìåòðû ðàñïðåäåëåíèé µj(τ) è σj(τ) ðàñ÷èòàåì ïî
ôîðìóëàì:

µj(τ) =
clj(τ) + chj (τ)

2
, σj(τ) =

µj(τ)− clj(τ)

3
. (8)

Ïðîâåäåì ñåðèþ èç 1000 ýêñïåðèìåíòîâ ïî íàõîæäåíèþ îïòèìàëüíî-
ãî ðàñïèñàíèÿ äëÿ äàííîãî ïðîåêòà ñ èñïîëüçîâàíèåì ðàíåå ðàçðàáîòàí-
íîãî àâòîðàìè ãåíåòè÷åñêîãî àëãîðèòìà [3]. Ðåçóëüòàòû ýêñïåðèìåíòîâ
ïðèâåäåíû â òàáëèöå 2.
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Òàáëèöà 1
Ãðàíèöû èçìåíåíèé âåëè÷èíû ïîñòóïëåíèé (clj(τ), c

h
j (τ))

j
τ

0 1 2 3
1 (−7,−3) (−3,−1)
2 (−7,−3) (−2,−1) (7, 3)
3 (−2,−1) (8, 12)
4 (−6,−4) (−6,−4) (1, 3) (6, 10)
5 (4, 7) (5, 7) (3, 6) (1, 3)
6 (−7,−3) (−3,−1) (−4,−2) (5, 11)

Òàáëèöà 2
Ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ

Ðàñïèñàíèå ×èñëî èñõîäîâ NPV (S) D(S) NPV ∗(S)
(1, 0, 2, 2, 2, 5) 685 8, 035 −1, 221 6, 814
(0, 2, 1, 2, 4, 5) 226 5, 091 −0, 177 4, 914
(1, 3, 2, 2, 5, 5) 89 3, 383 0 3, 383

Â çàâèñèìîñòè îò òåõ çíà÷åíèé, êîòîðûå ïðèíèìàþò ïàðàìåòðû ïðî-
åêòà, îïòèìàëüíûì îêàçûâàåòñÿ îäíî èç òð¼õ ðàñïèñàíèé. Áîëåå âûñîêî-
ìó ñðåäíåìó çíà÷åíèþ ïðèáûëè ñîîòâåòñòâóåò è áîëåå âûñîêàÿ ñðåäíÿÿ
ïîòðåáíîñòü â êðåäèòíûõ ðåñóðñàõ. Íà ðèñóíêå 2 ïðèâåäåíû ãèñòîãðàì-
ìû ïëîòíîñòè ðàñïðåäåëåíèÿ NPV ∗

D(S) êàæäîãî èç ðàñïèñàíèé.

Ðèñ. 2. Ðàñïðåäåëåíèå ïðèáûëè äëÿ ðàçëè÷íûõ ðàñïèñàíèé
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Òîëüêî îäíî ðàñïèñàíèå (1, 3, 2, 2, 5, 5) îêàçàëîñü äîñòóïíî áåç ïðè-
âëå÷åíèÿ çà¼ìíûõ ñðåäñòâ, îäíàêî îíî æå äåìîíñòðèðóåò õóäøèå ïîêà-
çàòåëè ñðåäíåãî ðàçìåðà ïðèáûëè. Ïî äàííûì î ðàñïðåäåëåíèè ïðèáû-
ëè îò ïðîåêòà áûëà ïðîèçâåäåíà îöåíêà ðèñêà îòêëîíåíèÿ NPVD(S) îò
îæèäàåìîãî çíà÷åíèÿ.

Çàêëþ÷åíèå

Ïðåäëîæåííàÿ ìîäåëü çàäà÷è êàëåíäàðíîãî ïëàíèðîâàíèÿ ïîçâîëÿ-
åò ó÷èòûâàòü íåîïðåäåëåííîñòü ïîòîêà ïëàòåæåé ïðîåêòà. Ïðè îïòèìè-
çàöèè ïðèíèìàþòñÿ âî âíèìàíèå òàêæå çàòðàòû íà ïðèâëå÷åíèå çà¼ì-
íûõ ñðåäñòâ. Íà îñíîâå àíàëèçà ìîäåëè ñäåëàíû âûâîäû î ðàñïðåäåëå-
íèè öåëåâûõ ïîêàçàòåëåé. Ïðîâåäåííûå âû÷èñëèòåëüíûå ýêñïåðèìåíòû
ïîäòâåðæäàþò ñäåëàííûå âûâîäû è äåìîíñòðèðóþò ïîäõîä ê âûáîðó
ðàñïèñàíèÿ â óñëîâèÿõ íåîïðåäåë¼ííîñòè.
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Â ðàáîòå îïèñàíî íîâîå ïîëåçíîå ïðèìåíåíèå ñïåöèàëüíîé êîì-
ïüþòåðíîé ñèñòåìû ìîäåëèðîâàíèÿ âåðîÿòíîñòíûõ îäíîìåðíûõ
ðàñïðåäåëåíèé NMPUD: ýòî âîçìîæíîñòü îáúåêòèâíîãî ñðàâíå-
íèÿ òðóäîåìêîñòåé îñíîâíûõ àðèôìåòè÷åñêèõ îïåðàöèé è âû-
÷èñëåíèé çíà÷åíèé ôóíêöèé.
Êëþ÷åâûå ñëîâà: Òðóäîåìêîñòü ìåòîäà Ìîíòå-Êàðëî, êîì-
ïüþòåðíàÿ ñèñòåìà NMPUD, ãåíåðàòîð ïñåâäîñëó÷àéíûõ ÷è-
ñåë, êîìïüþòåðíàÿ òðóäîåìêîñòü ìàòåìàòè÷åñêèõ îïåðàöèé.

Ââåäåíèå

Ïðè ïðîâåäåíèè íàó÷íûõ èññëåäîâàíèé ìíîãèõ ðåàëüíûõ ïðîöåññîâ
è ÿâëåíèé âàæíûì ÿâëÿåòñÿ ïîñòðîåíèå ñîîòâåòñòâóþùèõ ìàòåìàòè-
÷åñêèõ ìîäåëåé. Ýòè ìîäåëè ïîçâîëÿþò êàê óòî÷íÿòü ïàðàìåòðû íà-
òóðíûõ ýêñïåðèìåíòîâ (à èíîãäà è çàìåùàòü ýòè ýêñïåðèìåíòû), òàê è
ïðåäñêàçûâàòü íîâûå ýôôåêòû. Â ñâîþ î÷åðåäü, ìåòîäû âû÷èñëèòåëü-
íîé ìàòåìàòèêè ïîçâîëÿþò ïðîâîäèòü ïðèáëèæåííûå ðàñ÷åòû, ñâÿçàí-
íûå ñ òîé èëè èíîé ìîäåëüþ, íà ñîâðåìåííûõ êîìïüþòåðàõ.

Âàæíûì êëàññîì ñîâðåìåííûõ ìàòåìàòè÷åñêèõ ìîäåëåé ÿâëÿþòñÿ
ñòîõàñòè÷åñêèå (âåðîÿòíîñòíûå) ìîäåëè. Èì ñîîòâåòñòâóþò âû÷èñëè-
òåëüíûå (êîìïüþòåðíûå) àëãîðèòìû ñòàòèñòè÷åñêîãî ìîäåëèðîâàíèÿ
(èëè ìåòîäû Ìîíòå-Êàðëî; ñì., íàïðèìåð, [1, 2]). Â ýòèõ àëãîðèòìàõ
òàê èëè èíà÷å ïðèñóòñòâóþò àëãîðèòìû (ôîðìóëû) âèäà

ξ0 = Ψξ (α0;λ) (1)
äëÿ êîìïüþòåðíîãî ìîäåëèðîâàíèÿ âûáîðî÷íûõ çíà÷åíèé ξi îäíîìåð-
íûõ ñëó÷àéíûõ âåëè÷èí ξ ∈ (a, b);−∞ ⩽ a < b ⩽ +∞, èìåþùèõ çàäàí-
íûå (âûáðàííûå) ïëîòíîñòè ðàñïðåäåëåíèÿ

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÈÂÌèÌÃ ÑÎ ÐÀÍ (ïðî-
åêò 0251�2021�0002).
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fξ (u;λ) , u ∈ (a, b); (2)

çäåñü α0 ∈ U(0, 1) � ñòàíäàðòíîå ñëó÷àéíîå ÷èñëî (ñì. ðàçäåë 1.1 êíè-
ãè [1] è ðàçäåë 2.4 êíèãè [2]), ò. å. âûáîðî÷íîå çíà÷åíèå ñëó÷àéíîé âå-
ëè÷èíû α ∈ U(0, 1), ðàâíîìåðíî ðàñïðåäåëåííîé â èíòåðâàëå (0, 1) (ýòî
âûáîðî÷íîå çíà÷åíèå ðåàëèçóåòñÿ íà êîìïüþòåðå ñ ïîìîùüþ ñîîòâåò-
ñòâóþùåãî ãåíåðàòîðà � ñïåöèàëüíîé ïîäïðîãðàììû, èìåíóåìîé â ÿçû-
êàõ ïðîãðàììèðîâàíèÿ RAND èëè RANDOM), à λ � ïàðàìåòð (íàáîð
ïàðàìåòðîâ) ðàñïðåäåëåíèÿ.

Â òåîðèè è ïðèëîæåíèÿõ ñòàòèñòè÷åñêîãî ìîäåëèðîâàíèÿ àëãîðèòìû
(ôîðìóëû) (1) ÷àùå âñåãî èñïîëüçóþòñÿ â ïîñëåäîâàòåëüíûõ ïðîöåäó-

ðàõ ìîäåëèðîâàíèÿ âûáîðî÷íûõ çíà÷åíèé ξi =
(
ξ
(1)
i , ..., . . . , ξ

(d)
i

)
; i =

1, ..., n êîìïîíåíò ñëó÷àéíîãî âåêòîðà ξ =
(
ξ(1), ..., . . . , ξ(d)

)
äëÿ ïðèáëè-

æåííîãî âû÷èñëåíèÿ ñðåäíèõ âèäà I
(ξ)
q = Eq(ξ) ïî ôîðìóëå

I(ξ)q = Eq(ξ) ≈ Zn =
q(ξ1) + ...+ q(ξn)

n
(3)

(ñì. ââåäåíèå êíèãè [1] è ðàçäåë 1.4 êíèãè [2]).

Èçâåñòíî, ÷òî ïîãðåøíîñòü δn =
∣∣∣I(ξ)q − Zn

∣∣∣ ïðèáëèæåíèÿ (3) óáû-

âàåò ïðè ðîñòå ÷èñëà n âûáîðî÷íûõ çíà÷åíèé
{
q(ξj); j = 1, ..., n

}
äîñòà-

òî÷íî ìåäëåííî, à òî÷íåå, âûïîëíåíî ñîîòíîøåíèå

δn ≈ H

√
Dq(ξ)√
n

; Dq(ξ) = Eq2(ξ)− [Eq(ξ)]2; H ≈ 0.80...

(ñì. ïîäðàçäåë 1.9 êíèãè [2]). Ïîýòîìó â ïðàêòè÷åñêèõ ðàñ÷åòàõ áåðåòñÿ
áîëüøîå êîëè÷åñòâî n ≫ 1 âûáîðî÷íûõ çíà÷åíèé

{
q(ξj); j = 1, ..., n

}
, à

çíà÷èò è ÷èñëî d×n îáðàùåíèé ê ôîðìóëàì (àëãîðèòìàì) (1) ÿâëÿåòñÿ
âåñüìà áîëüøèì. Îòñþäà ñëåäóåò, ÷òî ôîðìóëû (1) ñëåäóåò âûáèðàòü
(äåëàòü) ìàêñèìàëüíî ýêîíîìè÷íûìè.

1. Êîìïüþòåðíàÿ ñèñòåìà NMPUD

Êîíñòðóèðîâàíèå, èçó÷åíèå è íàêîïëåíèå ýêîíîìè÷íûõ ìîäåëèðóþ-
ùèõ ôîðìóë (àëãîðèòìîâ) (1) ïðîèñõîäèò â êîìïüþòåðíîé ñèñòåìå
NMPUD (Numerical Modelling of Probabilistic Univariate Distributions),
ðàçðàáàòûâàåìîé â ëàáîðàòîðèè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ëè-
öåÿ � 130 ãîðîäà Íîâîñèáèðñêà (ïîäðîáíîå îïèñàíèå ñèñòåìû ñì. â ðà-
áîòàõ [3, 4]). Ýòà ñèñòåìà äîñòàòî÷íî àêòèâíî èñïîëüçóåòñÿ èññëåäîâà-
òåëÿìè è ñòóäåíòàìè, çàíèìàþùèìèñÿ èçó÷åíèåì, ðàçðàáîòêîé è (èëè)
èñïîëüçîâàíèåì êîìïüþòåðíûõ ñòîõàñòè÷åñêèõ ìîäåëåé äëÿ ðåøåíèÿ
âàæíûõ ïðèêëàäíûõ ïðîáëåì.
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Â íàñòîÿùåå âðåìÿ â áàíê ñèñòåìû NMPUD âõîäÿò ôîðìóëû ýëå-
ìåíòàðíûõ âåðîÿòíîñòíûõ ïëîòíîñòåé (2) (ñì. ðàçäåë 1.4.1 êíèãè [1]
è ðàçäåëû 2.5, 2.6 êíèãè [2]), ò. å. òàêèõ, äëÿ êîòîðûõ èìåþòñÿ ôîðìóëû
ò. í. ìåòîäà îáðàòíîé ôóíêöèè ðàñïðåäåëåíèÿ

ξ0 = F−1
ξ (α0;λ) (4)

(çäåñü Fξ (x;λ) = P{ξ < x} =
∫ x

−∞ fξ (u;λ) du � ôóíêöèÿ ðàñïðåäåëå-
íèÿ ñëó÷àéíîé âåëè÷èíû ξ), ïîëó÷àåìûå ñ ïîìîùüþ ðåøåíèÿ óðàâíåíèÿ∫ ξ0
a
fξ (u;λ) du = α0 îòíîñèòåëüíî âåðõíåãî ïðåäåëà ξ0 èíòåãðàëà èç ëå-

âîé ÷àñòè ýòîãî ñîîòíîøåíèÿ. Â áàíêå ôèêñèðóåòñÿ òàêæå òàêàÿ âàæíàÿ
õàðàêòåðèñòèêà ôîðìóëû (àëãîðèòìà) (1) èëè (4) êàê çàòðàòû íà ìîäå-
ëèðîâàíèå (ñðåäíåå âðåìÿ îäíîãî îáðàùåíèÿ ê ôîðìóëå (1) èëè (4) � â
íàíîñåêóíäàõ).

Ïîïîëíåíèå áàíêà ñèñòåìû NMPUD ïðîèçâîäèòñÿ ñ ïîìîùüþ òåõ-
íîëîãèè ïîñëåäîâàòåëüíûõ (âëîæåííûõ) çàìåí, ïîäðîáíî îïèñàííîé â
ðàáîòå [4] (ñì. òàêæå ïîäðàçäåë 14.2 êíèãè [2]). Àêòèâíî ðàçðàáàòûâà-
þòñÿ îòäåëüíûå áëîêè ïî àâòîìàòèçàöèè òåõíîëîãèè ïîñëåäîâàòåëüíûõ
çàìåí, à òàêæå ïî èñïîëüçîâàíèþ ðàçëè÷íûõ âàðèàöèé ìîäèôèöèðî-
âàííîãî ìåòîäà äèñêðåòíîé ñóïåðïîçèöèè (ñì., â ÷àñòíîñòè, ñòàòüþ [5]
èç íàñòîÿùåãî ñáîðíèêà).

2. Î ãåíåðàòîðå ñòàíäàðòíûõ ñëó÷àéíûõ ÷èñåë,
èñïîëüçóåìîì â ñèñòåìå NMPUD

Ïðè ðàçðàáîòêå êîìïüþòåðíîé ñèñòåìû NMPUD êðàéíå âàæíû-
ìè îêàçàëèñü ñëåäóþùèå èññëåäîâàíèÿ, ïðîâåäåííûå íàìè ñîâìåñòíî ñ
Ò.Å.Áóëãàêîâîé è Ñ.Â.Áóëãàêîâûì è êàñàþùèåñÿ ïðèíöèïèàëüíîãî âî-
ïðîñà î òîì, êàêîé ãåíåðàòîð ñòàíäàðòíûõ ñëó÷àéíûõ ÷èñåë α1 ∈ U(0, 1)
ñëåäóåò èñïîëüçîâàòü â ñèñòåìå. Çäåñü âåñüìà âàæíûì áûë ó÷åò ñëåäó-
þùåãî ñîîáðàæåíèÿ.

Çàìå÷àíèå 1. (ñì. ðàçäåë 1.1.4 êíèãè [1] è ðàçäåë 9.5 êíèãè [2]).
Êîìïüþòåðíûå ãåíåðàòîðû ñòàíäàðòíûõ ñëó÷àéíûõ ÷èñåë αi, äàæå ðåà-
ëèçîâàííûå îïòèìàëüíî äëÿ èñïîëüçóåìûõ ÿçûêîâ ïðîãðàììèðîâàíèÿ,
ÿâëÿþòñÿ îòíîñèòåëüíî òðóäîåìêèìè. Ïîýòîìó ïðè îïòèìèçàöèè àëãî-
ðèòìîâ ìåòîäà Ìîíòå-Êàðëî öåëåñîîáðàçíî ïî âîçìîæíîñòè óìåíüøàòü
÷èñëî îáðàùåíèé ê ïîäïðîãðàììå òèïà RAND.

Ìû ñëåäîâàëè âåñüìà ðàçóìíûì ðåêîìåíäàöèÿì èç ðàçäåëà 1.1 êíè-
ãè [1] è ðàçäåëà 9 êíèãè [2] î öåëåñîîáðàçíîñòè èñïîëüçîâàíèÿ îäíîãî èç
âàðèàíòîâ ìóëüòèïëèêàòèâíîãî ìåòîäà âû÷åòîâ

αj+1 = {Qαj} ; j = 0, 1, 2, ... (5)
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äëÿ çàäàííîãî α0 ∈ (0, 1); çäåñü ìíîæèòåëü Q ∈ N ÿâëÿåòñÿ ïîëîæè-
òåëüíûì öåëûì (íàòóðàëüíûì; êàê ïðàâèëî, Q≫ 1), à {A} îáîçíà÷àåò
äðîáíóþ ÷àñòü ÷èñëà A. Ìû òàêæå ó÷èòûâàëè, ÷òî â íîâîñèáèðñêîé
øêîëå ìåòîäîâ Ìîíòå-Êàðëî äëÿ âû÷èñëèòåëüíûõ ïðîöåäóð ñ ÷èñëîì
èñïûòàíèé ïîðÿäêà 109 è ìåíüøå (à èìåííî òàêèå èñïîëüçóþòñÿ â ñè-
ñòåìå NMPUD) äîëãèå ãîäû âïîëíå óäîâëåòâîðèòåëüíûì ñ÷èòàëñÿ è
ñ÷èòàåòñÿ ðåêóððåíòíûé ãåíåðàòîð ìåòîäà âû÷åòîâ âèäà (5) ñ êîíòðî-
ëèðóåìîé ìàíòèññîé äëèíû m = 40, ìíîæèòåëåì Q = 517 è äëèíîé
ïåðèîäà 238 (ñì. ðàçäåëû 1.1.4 è 1.1.5 êíèãè [1] è ðàçäåëû 9.5, 9.6 êíè-
ãè [2]), ïðîøåäøèé âñåñòîðîííåå ìíîãîëåòíåå òåñòèðîâàíèå. Ïîäðîáíîå
ñðàâíåíèå âðåìÿ ðàáîòû ýòîãî ãåíåðàòîðà ñ çàòðàòàìè äðóãèõ äàò÷èêîâ
ïîäòâåðäèëî öåëåñîîáðàçíîñòü èñïîëüçîâàíèÿ ýòîãî äàò÷èêà â ñèñòåìå
NMPUD.

3. Òåõíîëîãèÿ ñðàâíåíèÿ çàòðàò íà ìàòåìàòè÷åñêèå îïåðàöèè
è åå ïðèìåíåíèå

Ñ ó÷åòîì çàìå÷àíèÿ 1 è àíàëèçà èñïîëüçîâàíèÿ ãåíåðàòîðîâ â ôîð-
ìóëàõ è àëãîðèòìàõ ìîäåëèðîâàíèÿ ñëó÷àéíûõ âåëè÷èí, íàìè áûëè
ïðîâåäåíû çàìåðû çàòðàò íà âûïîëíåíèå àðèôìåòè÷åñêèõ îïåðàöèé è
ïîëó÷åíèÿ çíà÷åíèé îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé. Â êà÷åñòâå èòîãà
ïðîâåäåííûõ èññëåäîâàíèé ìîæíî ñôîðìóëèðîâàòü ñëåäóþùåå óòî÷íå-
íèå çàìå÷àíèÿ 1.

Çàìå÷àíèå 2. Èñïîëüçîâàíèå ãåíåðàòîðîâ ñòàíäàðòíûõ ñëó÷àé-
íûõ ÷èñåë ÿâëÿåòñÿ äîñòàòî÷íî òðóäîåìêèì, îäíàêî ñîîòâåòñòâóþùèå
çàòðàòû íå ïðåâûøàþò çàòðàò íà âû÷èñëåíèå çíà÷åíèé îñíîâíûõ ýëå-
ìåíòàðíûõ ôóíêöèé.

Â õîäå èññëåäîâàíèé âûÿñíèëîñü, ÷òî íàèáîëåå îáúåêòèâíûå ðå-
çóëüòàòû çàìåðîâ çàòðàò ïîëó÷àþòñÿ ïðè êîìáèíèðîâàíèè îïåðàöèé
è ôóíêöèé ñî ñòàíäàðòíûìè ñëó÷àéíûìè ÷èñëàìè. Ïîýòîìó âîçíèêà-
åò äîïîëíèòåëüíàÿ ïîëåçíàÿ ôóíêöèÿ êîìïüþòåðíîé ñèñòåìû NMPUD:
ñèñòåìà ïîçâîëÿåò ïîëó÷àòü îáúåêòèâíûå ñîîòíîøåíèÿ ìåæäó òðóäîåì-
êîñòÿìè óïîìÿíóòûõ îñíîâíûõ êîìïüþòåðíûõ ïðîöåäóð.

Ìû âûáðàëè âåðîÿòíîñòíûå ðàñïðåäåëåíèÿ (2), äëÿ êîòîðûõ ôîð-
ìóëû ìåòîäà îáðàòíîé ôóíêöèè ðàñïðåäåëåíèÿ (4) èìåþò âèä êîìáèíà-
öèè ñòàíäàðòíîãî ñëó÷àéíîãî ÷èñëà α0 è îäíîé èç âàæíåéøèõ êîìïüþ-
òåðíûõ ïðîöåäóð (àðèôìåòè÷åñêàÿ îïåðàöèÿ, âû÷èñëåíèå ýëåìåíòàðíîé
ôóíêöèè) è ïðîâåëè ñîîòâåòñòâóþùèå ðàñ÷åòû íà ìíîãèõ êîìïüþòåðàõ.
Â òàáëèöå ïîêàçàíû ðåçóëüòàòû õàðàêòåðíûõ çàìåðîâ çàòðàò ∆ ñîîò-
âåòñòâóþùèõ ìîäåëèðóþùèõ ôîðìóë â ñèñòåìå NMPUD è ñîîòíîøåíèå
çàòðàò ∆ ñ êîìïüþòåðíûì âðåìåíåì A îáðàùåíèÿ ê ãåíåðàòîðó ïñåâäî-
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ñëó÷àéíûõ ÷èñåë (ýòè ðåçóëüòàòû ïîëó÷åíû íà ïåðñîíàëüíîì êîìïüþ-
òåðå Acer Aspire 3 ñ ïðîöåññîðîì AMD Ryzen 3 2200U with Radeon Vega
Mobile Gfx (4 CPUs) 2.5GHz, 6 GB RAM).

Â õîäå ýêñïåðèìåíòîâ âûÿñíèëîñü, ÷òî êîìïüþòåðíûå çàòðàòû íà
ñëîæåíèå, óìíîæåíèå, äåëåíèå è âçÿòèå êâàäðàòíîãî êîðíÿ íåâåëèêè è
ïðèìåðíî îäèíàêîâû; ¾óìåðåííî áîëüøèìè¿ ìîæíî íàçâàòü çàòðàòû íà
âû÷èñëåíèå òðèãîíîìåòðè÷åñêèõ ôóíêöèé (è îáðàòíûõ ê íèì) è ëîãà-
ðèôìîâ; ¾ýêñòðåìàëüíî áîëüøèìè¿ ÿâëÿþòñÿ çàòðàòû íà âû÷èñëåíèå
ñòåïåííîé è ïîêàçàòåëüíîé ôóíêöèé.

Òàáëèöà 1
Ñðàâíåíèÿ òðóäîåìêîñòåé îñíîâíûõ àðèôìåòè÷åñêèõ îïåðàöèé è âû÷èñëåíèÿ
çíà÷åíèé ýëåìåíòàðíûõ ôóíêöèé ñðåäñòâàìè ñèñòåìû NMPUD.

Ïëîòíîñòü è èíòåðâàë Ìîäåëèðóþ- Çàòðàòû ∆ Ñîîò-

ðàñïðåäåëåíèÿ ùàÿ ôîðìóëà â ñèñòåìå íîøå-

NMPUD íèå ∆
A

fξ(u) ≡ 1; 0 < u < 1 ξ0 = α0 A = 170.00 1.00
fξ(u) ≡ 1; 1 < u < 2 ξ0 = 1 + α0 211.43 1.24
fξ(u) ≡ 1

2 ; 0 < u < 2 ξ0 = 2α0 187.88 1.11
fξ(u) ≡ 2; 0 < u < 1

2 ξ0 = α0

2 205.41 1.21
fξ(u) = 2u; 0 < u < 1 ξ0 =

√
α0 211.11 1.24

fξ(u) =
1√

1−u2
; ξ0 = sinα0 337.50 1.99

0 < u < sin 1
fξ(u) = cosu; 0 < u < π

2 ξ0 = arcsinα0 442.31 2.60
fξ(u) = 3u2; 0 < u < 1 ξ0 = 3

√
α0 1262.50 7.42

fξ(u) = (π + 1)u2; 0 < u < 1 ξ0 = (π+1)
√
α0 1261.25 7.42

Çàêëþ÷åíèå

Â ðàáîòå îïèñàíî íîâîå ïîëåçíîå ïðèìåíåíèå ñïåöèàëüíîé êîìïüþ-
òåðíîé ñèñòåìû ìîäåëèðîâàíèÿ âåðîÿòíîñòíûõ îäíîìåðíûõ ðàñïðåäåëå-
íèé NMPUD: ýòî âîçìîæíîñòü îáúåêòèâíîãî ñðàâíåíèÿ òðóäîåìêîñòåé
îñíîâíûõ àðèôìåòè÷åñêèõ îïåðàöèé è âû÷èñëåíèé çíà÷åíèé ôóíêöèé.
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ÏÐÈÁËÈÆÅÍÈßÌ ÈÕ ÏËÎÒÍÎÑÒÅÉ
ÐÀÑÏÐÅÄÅËÅÍÈß

À.Â. Âîéòèøåê1,3, Ì. Ã. Ãàäæèàõìåäîâ2, Ä.À. ×åðêàøèí3

1Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ãåîôèçèêè
ÑÎ ÐÀÍ, ã. Íîâîñèáèðñê, Ðîññèÿ

2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Íîâîñèáèðñê, Ðîññèÿ
3Ëèöåé � 130 ãîðîäà Íîâîñèáèðñêà, ã. Íîâîñèáèðñê, Ðîññèÿ

Â äàííîé ðàáîòå ïðîâåäåí ñðàâíèòåëüíûé àíàëèç âîçìîæíîñòåé
èñïîëüçîâàíèÿ âìåñòî âåðîÿòíîñòíîé ïëîòíîñòè ðàñïðåäåëåíèÿ
ñ òðóäîåìêîé ìîäåëèðóþùåé ôîðìóëîé êóñî÷íî-ïîñòîÿííîé èëè
êóñî÷íî-ïîñòîÿííîé àïïðîêñèìàöèé ýòîé ïëîòíîñòè. Íåñìîòðÿ
íà ýêîíîìè÷íîñòü ìîäåëèðóþùåãî àëãîðèòìà äëÿ êóñî÷íî-ïî-
ñòîÿííîé ïëîòíîñòè, ñëåäóåò ðåêîìåíäîâàòü èñïîëüçîâàíèå áî-
ëåå òî÷íîé êóñî÷íî-ëèíåéíîé àïïðîêñèìàöèè è ñîîòâåòñòâóþ-
ùåãî åé ìîäåëèðóþùåãî àëãîðèòìà ìåòîäà äèñêðåòíîé ñóïåðïî-
çèöèè.
Êëþ÷åâûå ñëîâà: òðóäîåìêèå ôîðìóëû è àëãîðèòìû ìîäå-
ëèðîâàíèÿ îäíîìåðíûõ ñëó÷àéíûõ âåëè÷èí, êóñî÷íî-ëèíåéíûå
è êóñî÷íî-ïîñòîÿííûå ïðèáëèæåíèÿ âåðîÿòíîñòíûõ ïëîòíî-
ñòåé.

Ââåäåíèå

Ïðåäñòàâëÿåìûé çäåñü ìàòåðèàë îïðåäåëåííûì îáðàçîì ñâÿçàí ñî
ñòàòüåé [1] èç äàííîãî ñáîðíèêà, â êîòîðîé îáîñíîâûâàåòñÿ íåîáõîäè-
ìîñòü ïîñòðîåíèÿ è èñïîëüçîâàíèÿ ýêîíîìè÷íûõ àëãîðèòìîâ êîìïüþ-
òåðíîãî ìîäåëèðîâàíèÿ âûáîðî÷íûõ çíà÷åíèé ξi îäíîìåðíûõ ñëó÷àé-
íûõ âåëè÷èí ξ ∈ (a, b) ñ çàäàííûìè ïëîòíîñòÿìè ðàñïðåäåëåíèÿ

fξ(u), u ∈ (a, b); (1)

Â ñâîþ î÷åðåäü, ýòè àëãîðèòìû ïðèìåíÿþòñÿ äëÿ ÷èñëåííîãî ðåøåíèÿ
îáøèðíîãî êëàññà çàäà÷ ñòîõàñòè÷åñêîãî ìîäåëèðîâàíèÿ (ñì., íàïðè-
ìåð, [2, 3]).

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÈÂÌèÌÃ ÑÎ ÐÀÍ (ïðî-
åêò 0251�2021�0002).
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Â ðàáîòå [1], â òîì ÷èñëå, ïîêàçàíî, ÷òî äàæå äëÿ ýëåìåíòàðíîé ïëîò-
íîñòè (1), ò. å. òàêîé, ÷òî èìååòñÿ âîçìîæíîñòü âûâåñòè àíàëèòè÷åñêóþ
ôîðìóëó ìåòîäà îáðàòíîé ôóíêöèè ðàñïðåäåëåíèÿ

ξ0 = F−1
ξ (α0); Fξ(x) =

∫ x

−∞
fξ(u) du (2)

(ñì. ðàçäåë 1.4.1 êíèãè [2] è ðàçäåëû 2.5, 2.6 êíèãè [3]), ìîäåëèðóþ-
ùàÿ ôîðìóëà (2) ìîæåò îêàçàòüñÿ âåñüìà òðóäîåìêîé (ÿðêèì ïðèìåðîì
çäåñü ÿâëÿåòñÿ ñòåïåííîå ðàñïðåäåëåíèå). Â ôîðìóëå (2) α0 ∈ U(0, 1) �
ýòî ñòàíäàðòíîå ñëó÷àéíîå ÷èñëî (ñì. ðàçäåë 1.1 êíèãè [2] è ðàçäåë 2.4
êíèãè [3]).

Â îïèñàííîé ñèòóàöèè ìîæåò îêàçàòüñÿ öåëåñîîáðàçíûì èñïîëüçî-
âàíèå âìåñòî ïëîòíîñòè (1) åå ÷èñëåííûõ ïðèáëèæåíèé. Â ðàáîòå [4]
ïîêàçàíî, ÷òî èç âñåãî ñïåêòðà âû÷èñëèòåëüíûõ êîíñòðóêöèé ïðèáëè-
æåíèÿ ôóíêöèé (ñì., íàïðèìåð, [5]) ïî êðèòåðèþ, ïîäðàçóìåâàþùåìó
ñî÷åòàíèå ìàëîé ïîãðåøíîñòè èñïîëüçóåìîé àïïðîêñèìàöèè ñ ýêîíî-
ìè÷íîñòüþ ìîäåëèðîâàíèÿ ñëó÷àéíîé âåëè÷èíû ïî ïðèáëèæåíèþ èñ-
õîäíîé ïëîòíîñòè, íàèëó÷øåé âèäèòñÿ èñïîëüçîâàíèå êóñî÷íî-ëèíåéíîé
àïïðîêñèìàöèè èñõîäíîé ïëîòíîñòè (1). Êàê ïîêàçàíî â [1, 4], èñïîëü-
çîâàíèå áîëåå ãëàäêèõ ïðèáëèæåíèé âåäåò ê óâåëè÷åíèþ òðóäîåìêîñòè
ñîîòâåòñòâóþùåãî àëãîðèòìà ìåòîäà ñóïåðïîçèöèè, à òàêæå ê ñëîæíî-
ñòÿì â îïðåäåëåíèè àïïðîêñèìàöèîííûõ êîýôôèöèåíòîâ ñ íåîáõîäèìû-
ìè ñâîéñòâàìè (â ÷àñòíîñòè, îíè äîëæíû áûòü ïîëîæèòåëüíûìè).

Ìîæíî, íàîáîðîò, èñïîëüçîâàòü áîëåå ýêîíîìè÷íîå ïðè ìîäåëèðî-
âàíèè ñëó÷àéíîé âåëè÷èíû êóñî÷íî-ïîñòîÿííîå ïðèáëèæåíèå èñõîäíîé
ïëîòíîñòè, îäíàêî çäåñü óõóäøàþòñÿ àïïðîêñèìàöèîííûå ñâîéñòâà ïðè-
áëèæåíèÿ. Ñðàâíèòåëüíîìó àíàëèçó èñïîëüçîâàíèÿ êóñî÷íî-ëèíåéíîãî
è êóñî÷íî-ïîñòîÿííîãî ïðèáëèæåíèÿ ïëîòíîñòè (1) ïðè ìîäåëèðîâàíèè
âûáîðî÷íûõ çíà÷åíèé íóæíîé ñëó÷àéíîé âåëè÷èíû ïîñâÿùåíà äàííàÿ
ðàáîòà. Â ðàçäåëå 2 ïðåäñòàâëåíû àëãîðèòìû ìîäèôèöèðîâàííîãî ìå-
òîäà ñóïåðïîçèöèè äëÿ êóñî÷íî-ïîñòîÿííîé è êóñî÷íî-ëèíåéíîé ïëîò-
íîñòåé. Îñîáî âûäåëåí ñëó÷àé ðàâíûõ âåðîÿòíîñòåé â èñïîëüçóåìûõ ìå-
òîäàõ ñóïåðïîçèöèè. Â ðàçäåëå 3 ïðèâåäåí àíàëèç ïîãðåøíîñòåé èçó÷àå-
ìûõ ïðèáëèæåíèé ïëîòíîñòè (1). Â ðàçäåëå 4 (â çàêëþ÷åíèè) ïðèâåäåíû
îñíîâíûå âûâîäû ðàáîòû.

1. Ìîäåëèðîâàíèå ñëó÷àéíûõ âåëè÷èí ñ êóñî÷íî-ïîñòîÿííîé
è êóñî÷íî-ëèíåéíîé ïëîòíîñòÿìè

Ïóñòü òðåáóåòñÿ ïîñòðîèòü ýêîíîìè÷íûå àëãîðèòìû êîìïüþòåðíîãî
ìîäåëèðîâàíèÿ âûáîðî÷íîãî çíà÷åíèÿ ξ̄0 ñëó÷àéíîé âåëè÷èíû ξ̄ ∈ [a, b),
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èìåþùåé êóñî÷íî-ïîñòîÿííóþ ïëîòíîñòü ðàñïðåäåëåíèÿ

fξ̄(u) ≡ v̄i, ai ⩽ u < bi; i = 1, ...,M ; v̄i ⩾ 0 (3)

è âûáîðî÷íîãî çíà÷åíèÿ ξ̂0 ñëó÷àéíîé âåëè÷èíû ξ̂ ∈ [a, b), èìåþùåé
êóñî÷íî-ëèíåéíóþ ïëîòíîñòü ðàñïðåäåëåíèÿ

fξ̂(u) = v̂i−1 + (u− ai)
v̂i − v̂i−1

bi − ai
, ai ⩽ u < bi; i = 1, ...,M, (4)

ãäå v̂i ⩾ 0; i = 1, ...,M è

−∞ < a = a1 < b1 = a2 < b2 < ... < bM−1 = aM < bM < +∞. (5)

Ïëîòíîñòè (3), (4) ÿâëÿþòñÿ ÷àñòíûìè ñëó÷àÿìè ñîñòàâíîé ïëîòíî-
ñòè âèäà

fξ(u) =

M∑
i=1

gi(u)χ
[ai,bi)(u); u ∈ (a, b) (6)

äëÿ ðàçáèåíèÿ (5); çäåñü χA(u) � èíäèêàòîð ìíîæåñòâà A.
Ïî àíàëîãèè ñ ðàññóæäåíèÿìè ðàçäåëà 11.3 èç êíèãè [3], ïðåäñòàâèì

ïëîòíîñòü (6) â âèäå

fξ(u) =

M∑
i=1

pifi(u)χ
[ai,bi)(u); u ∈ (a, b) (7)

ãäå fi(u) =
gi(u)∫ bi

ai
gi(v) dv

, pi =
∫ bi
ai
gi(v) dv; u ∈ [a, b).

Äëÿ ïëîòíîñòè (3) èìååì pi = v̄i(bi−ai), fi(u) ≡ 1
bi−ai

, à äëÿ ïëîòíî-

ñòè (4) pi =
(v̂i−1+v̂i)(bi−ai)

2 , fi(u) = Aiu+Bi äëÿ ai ⩽ u < bi; i = 1, ...,M ;

Ai =
2(v̂i − v̂i−1)

(v̂i−1 + v̂i)(bi − ai)2
, Bi =

2(v̂i−1bi − v̂iai)

(v̂i−1 + v̂i)(bi − ai)2
.

Ó÷èòûâàÿ, ÷òî äëÿ ñîñòàâíûõ ïëîòíîñòåé (7) ìåòîä îáðàòíîé ôóíê-
öèè ðàñïðåäåëåíèÿ ñîâïàäàåò ñ ìîäèôèöèðîâàííûì ìåòîäîì ñóïåðïî-
çèöèè, â ðàçäåëå 1.8.1 êíèãè [2] è ðàçäåëå 11.3 êíèãè [3] äëÿ ìîäåëè-
ðîâàíèÿ ñëó÷àéíûõ âåëè÷èí ñîãëàñíî ïëîòíîñòÿì (3) è (4) ïðåäëîæåíî
èñïîëüçîâàòü ñëåäóþùèå àëãîðèòìû.

ÀËÃÎÐÈÒÌ 1.
1. Ìîäåëèðóÿ ñòàíäàðòíîå ñëó÷àéíîå ÷èñëî α0 ∈ U(0, 1) è èñïîëüçóÿ

íàèáîëåå ýôôåêòèâíûé (ýêîíîìè÷íûé) èç àëãîðèòìîâ ìîäåëèðîâàíèÿ



338 À.Â. Âîéòèøåê, Ì. Ã. Ãàäæèàõìåäîâ, Ä. À. ×åðêàøèí

öåëî÷èñëåííîé ñëó÷àéíîé âåëè÷èíû µ̄ ñ ðàñïðåäåëåíèåì P{µ̄ = i} = pi =
v̄i(bi − ai); i = 1, ...,M (ñì. ðàçäåë 1.2 êíèãè [2] è ðàçäåë 10 êíèãè [3]),
ìîäåëèðóåì çíà÷åíèå µ̄0(α0) = m̄.

2. Ìîäåëèðóåì âûáîðî÷íîå çíà÷åíèå ξ̄0 ñëó÷àéíîé âåëè÷èíû ξ̄ ïî

ôîðìóëå ξ̄0 = am̄ + (bm̄ − am̄)β̄0(α0; m̄); β̄0(α0; m̄) =
α0−

∑m̄−1
i=1 pi

pm̄
.

Äëÿ âàæíîãî ÷àñòíîãî ñëó÷àÿ, êîãäà çíà÷åíèÿ v̄i, ai, bi ïîäîáðàíû
òàêèì îáðàçîì, ÷òî pi = v̄i(bi − ai) ≡ 1

M ; i = 1, ...,M , èìååì ñëåäóþùèå
ýêîíîìè÷íûå ôîðìóëû äëÿ àëãîðèòìà 1: m̄ = [Mα0] + 1, ξ̄0 = am̄ +
(bm̄ − am̄)(Mα0 − m̄+ 1); çäåñü [A] � öåëàÿ ÷àñòü ÷èñëà A.

ÀËÃÎÐÈÒÌ 2.
1. Ìîäåëèðóÿ ñòàíäàðòíîå ñëó÷àéíîå ÷èñëî α0 ∈ U(0, 1) è èñïîëüçóÿ

íàèáîëåå ýôôåêòèâíûé (ýêîíîìè÷íûé) èç àëãîðèòìîâ ìîäåëèðîâàíèÿ
öåëî÷èñëåííîé ñëó÷àéíîé âåëè÷èíû µ̂ ñ ðàñïðåäåëåíèåì P{µ̂ = i} =

pi =
(v̂i−1+v̂i)(bi−ai)

2 ; i = 1, ...,M , ìîäåëèðóåì çíà÷åíèå µ̂0(α0) = m̂.

2. Ìîäåëèðóåì âûáîðî÷íîå çíà÷åíèå ξ̂0 ñëó÷àéíîé âåëè÷èíû ξ̂ ïî

ôîðìóëå ξ̂0 =
−Bm̂+

√
(Bm̂+Am̂am̂)2+2Am̂β̂0(α0;m̂)

Am̂
; β̂0(α0; m̂) =

α0−
∑m̂−1

i=1 pi

pm̂
.

Äëÿ âàæíîãî ÷àñòíîãî ñëó÷àÿ, êîãäà çíà÷åíèÿ v̂i, ai, bi ïîäîáðàíû

òàêèì îáðàçîì, ÷òî pi =
(v̂i−1+v̂i)(bi−ai)

2 ≡ 1
M ; i = 1, ...,M , èìååì ñëåäó-

þùèå ýêîíîìè÷íûå ôîðìóëû äëÿ àëãîðèòìà 2: m̂ = [Mα0] + 1;

ξ̂0 =
−Bm̂ +

√
(Bm̂ +Am̂am̂)2 + 2Am̂(Mα0 − m̂+ 1)

Am̂
.

Äîñòàòî÷íî î÷åâèäíî, ÷òî äëÿ îäíîãî è òîãî æå M àëãîðèòì 1 ÿâ-
ëÿåòñÿ áîëåå ýêîíîìè÷íûì ïî ñðàâíåíèþ ñ àëãîðèòìîì 2.

2. Ñðàâíåíèå ïîãðåøíîñòåé êóñî÷íî-ïîñòîÿííîãî è
êóñî÷íî-ëèíåéíîãî ïðèáëèæåíèé ïëîòíîñòè

Äëÿ ïðîñòîòû ðàññìîòðèì êîíå÷íûé èíòåðâàë (ò. å. −∞ < a < b <
+∞) è åãî ðàçáèåíèå (5) òàêîå, ÷òî bi − ai ≡ h = b−a

M ; i = 1, ...,M Ïîëà-
ãàåì òàêæå, ÷òî äëÿ ïëîòíîñòè (1) ôîðìóëà (2) ÿâëÿåòñÿ òðóäîåìêîé, à
òàêæå fξ ∈ C2[a, b].

Ðàññìîòðèì äëÿ ôóíêöèè fξ(u) êóñî÷íî-ïîñòîÿííîå ïðèáëèæåíèå

fξ(u) ≈ ḡ(u) ≡ fξ

(
ai + bi

2

)
(8)

è êóñî÷íî-ëèíåéíîå ïðèáëèæåíèå

fξ(u) ≈ ĝ(u) = fξ(ai) + (u− ai)
fξ(bi)− fξ(ai)

bi − ai
(9)
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äëÿ ai ⩽ u < bi; i = 1, ...,M . Çàìåòèì, ÷òî ôóíêöèè ḡ(u) è ĝ(u) èç
ñîîòíîøåíèé (8) è (9) íå ÿâëÿþòñÿ, âîîáùå ãîâîðÿ, ïëîòíîñòÿìè � îíè
òðåáóþò íîðìèðîâêè. Ðåàëèçóÿ ñîîòâåòñòâóþùóþ íîðìèðîâêó, ïîëó÷à-
åì ïëîòíîñòè âèäà (3) è (4):

fξ̄(u) =
fξ
(
ai+bi

2

)
Ḡ

; Ḡ = h

M∑
k=1

fξ

(
ak + bk

2

)
è (10)

fξ̂(u) =
fξ(ai)

Ĝ
+(u−ai)

fξ(bi)− fξ(ai)

Ĝ(bi − ai)
; Ĝ =

h

2

M∑
k=1

[fξ(ak) + fξ(bk)] , (11)

äëÿ ai ⩽ u < bi; i = 1, ...,M .
Ìîäåëèðîâàíèå âûáîðî÷íîãî çíà÷åíèÿ ξ̄0 ñëó÷àéíîé âåëè÷èíû ξ̄,

ðàñïðåäåëåííîé ñîãëàñíî ïëîòíîñòè (10) ñëåäóåò ïðîèçâîäèòü ñîãëàñ-

íî àëãîðèòìó 1 äëÿ v̄i =
fξ

(
ai+bi

2

)
Ḡ

. Â ñâîþ î÷åðåäü, ìîäåëèðîâàíèå

âûáîðî÷íîãî çíà÷åíèÿ ξ̂0 ñëó÷àéíîé âåëè÷èíû ξ̂, ðàñïðåäåëåííîé ñî-
ãëàñíî ïëîòíîñòè (11) ñëåäóåò ïðîèçâîäèòü ñîãëàñíî àëãîðèòìó 2 äëÿ

v̂i−1 =
fξ(ai)

Ĝ
, v̂i =

fξ(bi)

Ĝ
.

Î÷åâèäíî, ÷òî çàìåíà ïëîòíîñòè fξ(u) íà ïëîòíîñòü fξ̄(u) èç ñîîòíî-
øåíèÿ (10) èëè íà ïëîòíîñòü fξ̂(u) èç ñîîòíîøåíèÿ (11) äàåò íåêîòîðîå
èñêàæåíèå èñõîäíîãî ðàñïðåäåëåíèÿ.

Îöåíèì ñîîòâåòñòâóþùèå ïîãðåøíîñòè δ
(C)
appr = ∥fξ − fη∥C[a,b] =

sup
u∈[a,b]

|fξ(u)− fη(u)|; η = ξ̄ ∨ ξ̂. Äëÿ η = ξ̄ ïîëó÷àåì íåðàâåíñòâî

δ̄(C)appr = ∥fξ − fξ̄∥C[a,b] ⩽
2 max
u∈[a,b]

|fξ(u)| ×Hh2 + max
u∈[a,b]

|f ′ξ(u)|h

2(1−Hh2)
, (12)

ãäå H =
(b−a) max

u∈[a,b]
|f ′′

ξ (u)|

24 . Âåðõíÿÿ ãðàíèöà ïîãðåøíîñòè èç ïðàâîé ÷à-
ñòè ñîîòíîøåíèÿ (12) èìååò ïåðâûé ïîðÿäîê ïî h ïðè h ↓ 0.

Â ñâîþ î÷åðåäü, äëÿ η = ξ̂ èìååì

δ̂(C)appr ⩽
max
u∈[a,b]

|f ′′ξ (u)|
[
2(b− a) max

u∈[a,b]
|fξ(u)|+ 3

]
h2

24(1− 2Hh2)
, (13)

Âåðõíÿÿ ãðàíèöà ïîãðåøíîñòè èç ïðàâîé ÷àñòè ñîîòíîøåíèÿ (13) èìååò
âòîðîé ïîðÿäîê ïî h ïðè h ↓ 0.
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Â äàííîé ðàáîòå ïðîâåäåí ñðàâíèòåëüíûé àíàëèç âîçìîæíîñòåé èñ-
ïîëüçîâàíèÿ âìåñòî âåðîÿòíîñòíîé ïëîòíîñòè ðàñïðåäåëåíèÿ (1) ñ òðó-
äîåìêîé ìîäåëèðóþùåé ôîðìóëîé (2) êóñî÷íî-ïîñòîÿííîé èëè êóñî÷íî-
ïîñòîÿííîé àïïðîêñèìàöèé ýòîé ïëîòíîñòè. Ïðèâåäåííûå çäåñü ñîîáðà-
æåíèÿ è ïðîâåäåííûå íàìè òåñòîâûå ðàñ÷åòû ïîêàçûâàþò, ÷òî, íåñìîò-
ðÿ íà ýêîíîìè÷íîñòü àëãîðèòìà 1 äëÿ êóñî÷íî-ïîñòîÿííîé ïëîòíî-
ñòè (10), ñëåäóåò ðåêîìåíäîâàòü èñïîëüçîâàíèå áîëåå òî÷íîé êóñî÷íî-
ëèíåéíîé àïïðîêñèìàöèè (11) è ñîîòâåòñòâóþùåãî åé àëãîðèòìà 2.
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Ì.Ë. Æàðêîâ, À.Ë. Êàçàêîâ, À.À. Ëåìïåðò

Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ

èìåíè Â.Ì. Ìàòðîñîâà ÑÎ ÐÀÍ, ã. Èðêóòñê, Ðîññèÿ

Ðàáîòà ïðîäîëæàåò ïðîâåäåííûå ðàíåå àâòîðàìè èññëåäîâàíèÿ,
â õîäå êîòîðûõ áûëà ïðåäëîæåíà ìåòîäèêà ìîäåëèðîâàíèÿ ðà-
áîòû ãðóçîâûõ æåëåçíîäîðîæíûõ ñòàíöèé, îñíîâàííàÿ íà òåî-
ðèè ìàññîâîãî îáñëóæèâàíèÿ. Äëÿ âûáðàííîãî îáúåêòà ñòðîèòñÿ
ìàòåìàòè÷åñêîå îïèñàíèå, èìåþùåå âèä ìíîãîôàçíîé ñèñòåìû
ìàññîâîãî îáñëóæèâàíèÿ ñ BMAP-ïîòîêîì, äëÿ êîòîðîé ÷èñëåí-
íî îïðåäåëÿþòñÿ îñíîâíûå ñòàöèîíàðíûå õàðàêòåðèñòèêè. Îä-
íàêî èçâåñòíî, ÷òî ïðè èññëåäîâàíèè ðàáîòû ñëîæíûõ òåõíè÷å-
ñêèõ ñèñòåì íåðåäêè ñëó÷àè, êîãäà ñòàöèîíàðíûõ õàðàêòåðèñòèê
íåäîñòàòî÷íî, è òðåáóåòñÿ òàêæå ðàññìîòðåòü ñâîéñòâà ïðîòåêà-
þùèõ â íèõ ïåðåõîäíûõ ïðîöåññîâ. Â ñâÿçè ñ ýòèì áûëî ðåøå-
íî âûïîëíèòü ñîîòâåòñòâóþùåå èññëåäîâàíèå äëÿ ðàçðàáîòàí-
íîé ìîäåëè. Ñ ýòîé öåëüþ ïðîâåäåíî ïîñòðîåíèå è èññëåäîâàíèå
ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà, îïèñûâàþ-
ùèõ çàâèñèìîñòü âåðîÿòíîñòåé ñîñòîÿíèé îò âðåìåíè. Ïðåäëî-
æåííûé ïîäõîä ïðèìåíåí ïðè àíàëèçå ðàáîòû òèïîâîé ãðóçîâîé
æåëåçíîäîðîæíîé ñòàíöèè, äëÿ êîòîðîé îïðåäåëÿþòñÿ õàðàêòåð
ïåðåõîäíûõ ïðîöåññîâ è ñêîðîñòü èõ âûõîäà íà ñòàöèîíàðíûé
ðåæèì.
Êëþ÷åâûå ñëîâà: Ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ, BMAP-
ïîòîê, ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà,
ãðóçîâàÿ æåëåçíîäîðîæíàÿ ñòàíöèÿ, ïåðåõîäíûé ïðîöåññ.

Ââåäåíèå

Òåîðèÿ ìàññîâîãî îáñëóæèâàíèÿ (ÒÌÎ) ÿâëÿåòñÿ ýôôåêòèâíûì èí-
ñòðóìåíòîì ïðè èññëåäîâàíèè ðàáîòû òåõíè÷åñêèõ ñèñòåì, ïîäâåðæåí-
íûõ âîçäåéñòâèþ ñëó÷àéíûõ ôàêòîðîâ, âîçíèêàþùèõ â ðàçëè÷íûõ ñôå-

Èññëåäîâàíèå âûïîëíåíî â ðàìêàõ ãîñçàäàíèÿ Ìèíîáðíàóêè Ðîññèè ïî ïðîåêòó
¾Òåîðåòè÷åñêèå îñíîâû, ìåòîäû è âûñîêîïðîèçâîäèòåëüíûå àëãîðèòìû íåïðåðûâíîé
è äèñêðåòíîé îïòèìèçàöèè äëÿ ïîääåðæêè ìåæäèñöèïëèíàðíûõ íàó÷íûõ èññëåäî-
âàíèé¿ (�ãîñ ðåãèñòðàöèè: 121041300065-9), ïðè ïîääåðæêå ÐÔÔÈ è Ïðàâèòåëüñòâà
Èðêóòñêîé îáëàñòè â ðàìêàõ ïðîåêòà � 20-47-383002.
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ðàõ ÷åëîâå÷åñêîé äåÿòåëüíîñòè: èíôîðìàöèîííî-òåëåêîììóíèêàöèîííûå
ñèñòåìû, ïðîèçâîäñòâî, òðàíñïîðò è ò.ä. [1, 2, 3]. Ðàíåå àâòîðàìè ñ èñ-
ïîëüçîâàíèåì äàííîãî ìàòåìàòè÷åñêîãî àïïàðàòà áûëà ðàçðàáîòàíà ìå-
òîäèêà ìîäåëèðîâàíèÿ ðàáîòû ãðóçîâûõ è ñîðòèðîâî÷íûõ æåëåçíîäî-
ðîæíûõ ñòàíöèé (ÆÄÑ) [4]. Ïðèìåíÿþùèåñÿ â íåé ìíîãîôàçíûå ñèñòåì
ìàññîâîãî îáñëóæèâàíèÿ (ÑÌÎ) [1] ñ BMAP -ïîòîêîì [5] ïîçâîëÿþò äå-
òàëüíî îïèñàòü íåñêîëüêî âõîäÿùèõ òðàíñïîðòíûõ ïîòîêîâ è ìàðøðóò
äâèæåíèÿ òðàíñïîðòà âíóòðè îáúåêòà ñ èåðàðõè÷åñêîé ñòðóêòóðîé, áëà-
ãîäàðÿ ÷åìó, âî-ïåðâûõ, äîñòèãàåòñÿ ïðèåìëåìàÿ òî÷íîñòü ìîäåëåé; âî-
âòîðûõ, ïîëó÷åííûå ìîäåëè îáëàäàþò óíèâåðñàëüíîñòüþ è ìîãóò áûòü
àäàïòèðîâàíû ïîä ðàçíûå òèïû ÆÄÑ çà ìèíèìàëüíîå âðåìÿ.

Â õîäå ïðåäûäóùèõ èññëåäîâàíèé ìîäåëèðîâàëàñü ðàáîòà ÆÄÑ â
ñòàöèîíàðíîì ðåæèìå. Îäíàêî äàííûå îáúåêòû ïðåäñòàâëÿþò ñîáîé äè-
íàìè÷åñêèå ñèñòåìû, ïàðàìåòðû êîòîðûõ ìåíÿþòñÿ ñî âðåìåíåì. Ïðåæ-
äå âñåãî ýòî êàñàåòñÿ èíòåíñèâíîñòè âõîäÿùèõ òðàíñïîðòíûõ ïîòîêîâ.
Êàê ðåçóëüòàò, â ðàáîòå ñòàíöèé âîçíèêàþò ïåðåõîäíûå ïðîöåññû. Ñî-
îòâåòñòâåííî, èññëåäîâàòåëþ íåîáõîäèìî îïðåäåëèòü: à) êàê äîëãî ýòè
ïðîöåññû áóäóò äëèòüñÿ äî òîãî, êàê ñèñòåìà ïåðåéäåò â óñòàíîâèâøèé-
ñÿ (ñòàöèîíàðíûé) ðåæèì ðàáîòû; á) íàñêîëüêî ñèëüíî õàðàêòåðèñòèêè
ðàáîòû â ïåðåõîäíîì ðåæèìå îòëè÷àþòñÿ îò ñòàöèîíàðíûõ. Â äàííîé
ñòàòüå ñòðîèòñÿ ìîäåëü ðàáîòû ãðóçîâîéÆÄÑ â âèäå òðåõôàçíîé ÑÌÎ,
íàõîäÿòñÿ âåðîÿòíîñòè åå ñîñòîÿíèé êàê ôóíêöèè âðåìåíè, è íà îñíî-
âå èõ àíàëèçà äåëàþòñÿ âûâîäû î ñâîéñòâàõ ïåðåõîäíûõ ïðîöåññîâ â
ðàññìàòðèâàåìîé òåõíè÷åñêîé ñèñòåìå.

1. Îáúåêò èññëåäîâàíèÿ

Ãðóçîâûå ÆÄÑ âûïîëíÿþò ïîãðóçî÷íî-ðàçãðóçî÷íûå è ìàíåâðîâûå
ðàáîòû ïî ïîäà÷å âàãîíîâ íà ãðóçîâûå ôðîíòû è èõ óáîðêå. Òèïîâàÿ
ñõåìà ãðóçîâîé ÆÄÑ âêëþ÷àåò ñëåäóþùèå îñíîâíûå ïîäñèñòåìû: ïàðê
ïðèáûòèÿ è îòïðàâëåíèÿ (ÏÏÎ), ñîðòèðîâî÷íûé ïàðê (ÑÏ) è ãðóçîâîé
äâîð (ÃÄ). Íà êðóïíûõ ñòàíöèÿõ ïàðê ïðèáûòèÿ è îòïðàâëåíèÿ ìîæåò
áûòü ðàçäåëåí íà äâå îòäåëüíûå ïîäñèñòåìû. Ïðè ýòîì ïàðêà îòïðàâ-
ëåíèÿ ìîæåò è íå áûòü, à åãî ôóíêöèè âûïîëíÿòü ñîñåäíÿÿ ÆÄÑ.

Ïîåçäà ïîñòóïàþò íà ÆÄÑ ñ äâóõ è áîëåå íàïðàâëåíèé è ïðèíèìà-
þòñÿ òîëüêî â ÏÏÎ. Äàëåå îíè îáðàáàòûâàþòñÿ â ÑÏ, ïåðåñòàâëÿþòñÿ â
ÃÄ äëÿ ïîãðóçêè/ðàçãðóçêè, çàòåì îáðàòíî â ÏÏÎ äëÿ îòïðàâëåíèÿ ñî
ñòàíöèè. Ïîäñèñòåìû èìåþò ðàçëè÷íûå ïàðàìåòðû: ÷èñëî îáñëóæèâàå-
ìûõ óñòðîéñòâ, òèï âûïîëíÿåìûõ â íèõ îïåðàöèé, âìåñòèìîñòü âàãîíîâ.
Â ÏÏÎ îñíîâíûì óñòðîéñòâîì ÿâëÿåòñÿ ñîðòèðîâî÷íàÿ ãîðêà, â ÑÏ �
ìàíåâðîâûå ëîêîìîòèâû, â ÃÄ � óñòðîéñòâà ïîãðóçêè/ðàçãðóçêè. Âõîäÿ-
ùèé ïîåçäîïîòîê è ðàáîòà ïîäñèñòåì ïîäâåðæåíû âëèÿíèþ ìíîæåñòâà
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ðàçëè÷íûõ íåãàòèâíûõ ñëó÷àéíûõ ôàêòîðîâ: ïîëîìêè òåõíèêè, îøèá-
êè ïåðñîíàëà è ò.ä., ÷òî ïðèâîäèò ê íàðóøåíèþ ðèòìè÷íîñòè ðàáîòû è
âûçûâàåò íåîáõîäèìîñòü ðàññìîòðåíèÿ âåðîÿòíîñòíûõ ìîäåëåé.

2. Îáîáùåííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü è ñèñòåìà
äèôôåðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà

Ñîãëàñíî ïðåäëîæåííîé ðàíåå ìåòîäèêå [4] êàæäûé âàãîí ñ÷èòàåòñÿ
çàÿâêîé íà îáñëóæèâàíèå, à ïîåçä � ãðóïïîé çàÿâîê. Îíè ìîäåëèðóþòñÿ
ñ ïîìîùüþ BMAP -ïîòîêà, ÷òî ïîçâîëÿåò îïèñàòü åäèíîé ìîäåëüþ âàãî-
íîïîòîêè, ïîñòóïàþùèå ñ íåñêîëüêèõ íàïðàâëåíèé è èìåþùèå ðàçëè÷-
íûå ïàðàìåòðû. Ìîäåëÿìè ïîäñèñòåì ÿâëÿþòñÿ ÑÌÎ, â êîòîðûõ êîëè-
÷åñòâî êàíàëîâ îïðåäåëÿåòñÿ ÷èñëîì îáñëóæèâàþùèõ óñòðîéñòâ, à äëè-
íà î÷åðåäè � ñóììàðíîé âìåñòèìîñòüþ âàãîíîâ â ïîäñèñòåìå. Ðàññìîò-
ðèì òîëüêî îäíî íàïðàâëåíèå äâèæåíèÿ âàãîíîâ: ÏÏÎ�ÑÏ�ÃÄ. Çäåñü
ó÷èòûâàþòñÿ îñíîâíûå îïåðàöèè ñ ïîåçäàìè: ïðèíÿòèå, îáðàáîòêà â ÑÏ
è ïîãðóçêà/ðàçãðóçêà. Îïåðàöèè ïî îòïðàâëåíèþ ïîåçäà ñî ñòàíöèè âû-
ïîëíÿþòñÿ çíà÷èòåëüíî áûñòðåå è íå âëèÿþò íà ðàáîòó äðóãèõ ïîäñè-
ñòåì. Òîãäà â òåðìèíàõ ÒÌÎ ìîäåëü ãðóçîâîé ÆÄÑ áóäåò èìåòü âèä
òðåõôàçíîé ÑÌÎ BMAP/M/n1/m1 → ∗/M/n2/m2 → ∗/M/n3/m3.

Äëÿ èññëåäîâàíèÿ ïåðåõîäíûõ ïðîöåññîâ â ÑÌÎ ðàññìîòðèì ñèñòå-
ìó äèôôåðåíöèàëüíûõ óðàâíåíèé óðàâíåíèé Êîëìîãîðîâà (ÑÄÓÊ) [6],
â êîòîðîé íåèçâåñòíûìè ôóíêöèÿìè ÿâëÿþòñÿ âåðîÿòíîñòè ñîñòîÿíèé
ñèñòåìû pi(t), i = 0, 1, . . . ,K (äàëåå � ïåðåõîäíûå âåðîÿòíîñòè ñîñòîÿ-
íèé), ãäå K � ìàêñèìàëüíîå ÷èñëî çàÿâîê â âûáðàííîé ÑÌÎ, à íåçà-
âèñèìîé ïåðåìåííîé � âðåìÿ. Íà÷àëüíûìè äàííûìè ÿâëÿåòñÿ ñîñòîÿ-
íèå ñèñòåìû â íóëåâîé ìîìåíò âðåìåíè. Ðàíåå àâòîðàìè áûëè ïîëó÷å-
íû óðàâíåíèÿ äëÿ ñîñòàâëåíèÿ ÑÄÓÊ äëÿ òðåõôàçíûõ ÑÌÎ ñ BMAP -
ïîòîêîì [7]. Îòìåòèì, ÷òî îíè ìîãóò áûòü ïðèìåíåíû äëÿ ÑÌÎ, â êîòî-
ðûõ ïîòîêè ìåæäó ôàçàìè ÿâëÿþòñÿ ïóàññîíîâñêèìè. Äàëåå ðàññìàò-
ðèâàåòñÿ ÑÌÎ, â êîòîðîé à) èíòåíñèâíîñòü âõîäÿùåãî ïîòîêà íèæå, ÷åì
èíòåíñèâíîñòü îáñëóæèâàíèÿ íà âñåõ ôàçàõ, ò.å. ïðàêòè÷åñêè âñå çàÿâ-
êè áóäóò îáñëóæåíû; á) âðåìåíà ìåæäó ïîñòóïëåíèåì çàÿâîê, îáñëóæè-
âàíèÿ â ôàçàõ è áëîêèðîâêè êàíàëîâ ïîä÷èíÿåòñÿ ýêñïîíåíöèàëüíîìó
ðàñïðåäåëåíèþ. Â ýòîì ñëó÷àå ñäåëàåì óïðîùàþùåå ìîäåëüíîå ïðåäïî-
ëîæåíèå, ÷òî ïîòîêè ìåæäó ôàçàìè îáëàäàþò òðåáóåìûìè ñâîéñòâàìè.
Ïîýòîìó ýòè ôîðìóëû èñïîëüçóþòñÿ ïðè ñîñòàâëåíèè ÑÄÓÊ. Ïîñêîëü-
êó ÷èñëî êàíàëîâ èçìåðÿåòñÿ äåñÿòêàìè, à äëèíà î÷åðåäè � ñîòíÿìè
åäèíèö, íåîáõîäèìî ïîíèçèòü äåòàëèçàöèþ ìîäåëè, ÷òîáû óìåíüøèòü
ðàçìåðíîñòü ÑÄÓÊ. Äàëåå ïðè ïîñòðîåíèè ìîäåëè ÆÄÑ ïðèìåì, ÷òî
âåñü ïîåçä ÿâëÿåòñÿ îäíîé çàÿâêîé íà îáñëóæèâàíèå. Äàæå â ýòîì ñëó-
÷àå ÑÄÓÊ áóäåò âêëþ÷àòü áîëåå ñîòíè óðàâíåíèé, ïîýòîìó äëÿ åå àíà-
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ëèçà ïðèìåíÿþòñÿ ÷èñëåííûå ìåòîäû. Íàèáîëåå ïîïóëÿðíûé èç íèõ �
ìåòîäû Ðóíãå-Êóòòû [8].

3. Âû÷èñëèòåëüíûé ýêñïåðèìåíò

×èñëåííîå èññëåäîâàíèå ïîäðàçóìåâàåò àíàëèç ìîäåëè êîíêðåòíî-
ãî îáúåêòà. Ïîýòîìó ðàññìîòðèì ìîäåëüíóþ ãðóçîâóþ ÆÄÑ, ïàðà-
ìåòðû êîòîðîé áëèçêè ê òåõíè÷åñêèì õàðàêòåðèñòèêàì äåéñòâóþùåé
â Èðêóòñêîé îáëàñòè òèïîâîé ãðóçîâîé ÆÄÑ Ñóõîâñêàÿ (ÂÑÆÄ).
Îíà ÿâëÿåòñÿ âïîëíå òèïè÷íîé äëÿ Ðîññèéñêèõ æåëåçíûõ äîðîã, êðî-
ìå òîãî àâòîðàì óäàëîñü ïîëó÷èòü äàííûå î åå ñòðóêòóðå è âõîäÿùèõ
ïîåçäî- è âàãîíîïîòîêàõ. Â ïàðêå ïðèáûòèÿ èìååòñÿ îäíà ñîðòèðîâî÷-
íàÿ ãîðêà, åãî âìåñòèìîñòü � 5 ïîåçäîâ. Â ÑÏ äåéñòâóþò äâà ìàíåâ-
ðîâûõ ëîêîìîòèâà, âìåñòèìîñòü � 8 ïîåçäîâ. Â ÃÄ èìååòñÿ 3 êàíàëà,
à î÷åðåäü îòñóòñòâóåò. Â òåðìèíàõ ÒÌÎ ïîëó÷èì òðåõôàçíóþ ÑÌÎ
BMAP/M/1/5 → ∗/M/2/8 → ∗/M/3/0. Ïî íàòóðíîìó îáñëåäîâàíèþ
óñòàíîâëåíî, ÷òî íà ñòàíöèþ â ñðåäíåì â ñóòêè ïîñòóïàåò 3 ïîåçäà ñ
÷åòíîãî è 2 ïîåçäà ñ íå÷åòíîãî íàïðàâëåíèé. Òîãäà ìàòðèöû BMAP

áóäóò èìåòü âèä D0 =

(
−0, 208 0

0 −0, 208

)
, D1 =

(
0, 1248 0, 0832
0, 1248 0, 0832

)
.

ÑÄÓÊ äëÿ äàííîé òðåõôàçíîé ÑÌÎ áóäåò âêëþ÷àòü (K1 + 1)(K2 +
2)(K3+3)−K2 = 408 óðàâíåíèé. Êîíêðåòíûé âèä ïîëó÷åííîé ñèñòåìû
ïðèâîäèòü íå áóäåì èç-çà åå áîëüøîãî ðàçìåðà.

Äëÿ ïîñòðîåíèÿ ðåøåíèÿ èñïîëüçîâàëñÿ ìåòîä Ðóíãå-Êóòòû ÷åòâåð-
òîãî ïîðÿäêà ïðè ïàðàìåòðàõ µ1 = 0,74, µ2 = 0,222, µ3 = 0,083 (ïîåçäîâ â
÷àñ), øàãå 0,05 è íà÷àëüíîì ðàñïðåäåëåíèè âåðîÿòíîñòåé, êîòîðîå îïðå-
äåëÿåò óñëîâèÿ Êîøè, p000(0) = 1, pi,j,z(0) = 0, i = 0, 6, j = 0, 11, z = 0, 4,
ãäå i, j è z � ÷èñëî çàÿâîê íà ôàçå 1, 2 è 3 ñîîòâåòñòâåííî. Ñî-
ñòîÿíèÿ pi,11,z(t) è pi,j,4(t) îáîçíà÷àþò áëîêèðîâêó êàíàëîâ ôàç 1 è
2 ñîîòâåòñòâåííî. Â ðåçóëüòàòå áûëè íàéäåíû ïåðåõîäíûå âåðîÿòíî-
ñòè ñîñòîÿíèé ðàññìàòðèâàåìîé ÑÌÎ. Äàëåå íà ðèñóíêå ïðåäñòàâëå-
íû ãðàôèêè èçìåíåíèÿ âåðîÿòíîñòè îòêàçà çà t = [0, 200] ïðè ðàçëè÷-
íûõ íà÷àëüíûõ ñîñòîÿíèÿõ ñèñòåìû: 1) p1,9,3(0) = 1, 2) p000(0) = 1,
3) p2,5,0(0) = 1, 4) p3,5,0(0) = 1, 5) p5,11,3(0) = 1 � áëîêèðîâêà êàíàëîâ
ôàçû 1, 6) p6,10,1(0) = 1. Â ïðàâîì âåðõíåì óãëó ïðèâåäåíû ëèíèè 1)�4)
â óâåëè÷åííîì ïî îñè îðäèíàò ìàñøòàáå.

Àíàëèç ïåðåõîäíûõ âåðîÿòíîñòåé ñîñòîÿíèé ïîêàçûâàåò, ÷òî èõ ïî-
âåäåíèå è ñêîðîñòü ñõîäèìîñòè ê ñòàöèîíàðíûì ïàðàìåòðàì ñóùåñòâåí-
íî çàâèñèò îò íà÷àëüíîãî ñîñòîÿíèÿ ñèñòåìû. Âî-ïåðâûõ, ìèíèìàëüíîå
âðåìÿ, çà êîòîðîå ïåðåõîäíûå âåðîÿòíîñòè ïðèáëèçÿòñÿ ê ñòàöèîíàð-
íûì ñ îòêëîíåíèåì 0,04%, äîñòèãàåòñÿ ïðè ñðåäíåé çàãðóçêå ñèñòåìû,
à ìàêñèìàëüíîå � ïðè íàèìåíüøåé/íàèáîëüøåé. Òàê, ïðè íà÷àëüíîì
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Ðèñ. 1. Âåðîÿòíîñòü îòêàçà ïðè ðàçëè÷íûõ íà÷àëüíûõ ñîñòîÿíèÿõ ÑÌÎ

ñîñòîÿíèè p3,5,0(0) = 1 âðåìÿ ñõîäèìîñòè ñîñòàâèò t = 92, 5 (÷àñîâ), ïðè
p000(0) = 1 èëè p6,10,1(0) = 1 îíî áóäåò ðàâíî t = 200. Êðîìå òîãî ïðè
ñðåäíåé çàãðóçêå ñèñòåìû ãðàôèê âåðîÿòíîñòè îòêàçà èìååò ýêñòðåìó-
ìû (ñì. ëèíèè 3 è 4), êàê ïðàâèëî, ëîêàëüíûå. Îäíàêî èìååòñÿ è îñîáûé
ñëó÷àé: åñëè ïðè t = 0 ïåðâàÿ ôàçà ñâîáîäíà, à îñòàëüíûå çàãðóæåíû, â
÷àñòíîñòè, ïðè p1,9,3(0) = 1, òî ïîÿâëÿåòñÿ ãëîáàëüíûé ìàêñèìóì, çíà-
÷åíèå êîòîðîãî ìîæåò â äâà ðàçà ïðåâûøàòü ñòàöèîíàðíîå (ëèíèÿ 1).

Ïåðåíîñÿ ðåçóëüòàòû èññëåäîâàíèÿ íà ìîäåëüíóþ ñòàíöèþ, ïîëó÷à-
åì ñëåäóþùåå. Âî-ïåðâûõ, ïðîäîëæèòåëüíîñòü ïåðåõîäíûõ ïðîöåññîâ
ÿâëÿåòñÿ çíà÷èìûì ôàêòîðîì äëÿ òàêîãî òèïà ñèñòåì. Òàê, ìèíèìàëü-
íîå âðåìÿ âõîäà â ñòàöèîíàðíûé ðåæèì ñîñòàâëÿåò áîëåå ÷åòûðåõ ñó-
òîê. Âî-âòîðûõ, íåîáõîäèìî ó÷èòûâàòü çàãðóçêó ñèñòåìû â íà÷àëüíûé
ìîìåíò âðåìåíè äëÿ îöåíêè åå ïðîïóñêíîé ñïîñîáíîñòè. Â ÷àñòíîñòè,
ïîñëå óñòðàíåíèÿ àâàðèè íà ãðóçîâîì äâîðå, ÷òî ñîîòâåòñòâóåò ñëó÷àþ
ïîëíîé çàãðóçêè ôàç 2 è 3, ïåðèîä âîññòàíîâëåíèÿ ðàáîòû ñòàíöèè ñî-
ñòàâëÿåò áîëåå ïÿòè ñóòîê, à âåðîÿòíîñòü îòêàçà óâåëè÷èâàåòñÿ â äâà
ðàçà ïî ñðàâíåíèþ ñ ïðåäåëüíûìè çíà÷åíèÿìè. Òàêèì îáðàçîì, ïðè èçó-
÷åíèè ðàáîòû ÆÄÑ ìîæíî íå ó÷èòûâàòü ïåðåõîäíûå ïðîöåññû à) ïðè
ââåäåíèè ñòàíöèè â ýêñïëóàòàöèþ, ò.å. ñèñòåìà ïðàêòè÷åñêè ïóñòà, á) â
ïåðèîäû áåñïåðåáîéíîé åå ðàáîòû. Â îñòàëüíûõ ñëó÷àÿõ äëÿ ïîëíîòû
èññëåäîâàíèÿ íåîáõîäèì àíàëèç ïåðåõîäíûõ ïðîöåññîâ.

Çàêëþ÷åíèå

Â ðàáîòå áûë ïðîâåäåí àíàëèç ïåðåõîäíûõ ïðîöåññîâ äëÿ òðåõôàç-
íîé ÑÌÎ, ìîäåëèðóþùåé ðàáîòó ãðóçîâîé æåëåçíîäîðîæíîé ñòàíöèè, â
ðåçóëüòàòå êîòîðîãî óñòàíîâëåíî, ÷òî ïîâåäåíèå è ñêîðîñòü ñõîäèìîñòè
ê ñòàöèîíàðíûì ïàðàìåòðàì ñóùåñòâåííî çàâèñÿò îò íà÷àëüíûõ ñîñòî-
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ÿíèé ñèñòåì. Òàê, ïðè ñðåäíåé èëè ìàêñèìàëüíîé çàãðóçêå ñòàíöèè â
íà÷àëüíûé ìîìåíò âðåìåíè íåîáõîäèìî ó÷èòûâàòü âëèÿíèå ïåðåõîäíûõ
ïðîöåññîâ. Â ñëó÷àå æå ìèíèìàëüíîé çàãðóçêè èìè ìîæíî ïðåíåáðå÷ü
ïðè ïðîãíîçèðîâàíèè ðàáîòû ñèñòåìû.

Ïðåäñòàâëåííûå ðåçóëüòàòû ñîñòàâëÿþò òîëüêî ÷àñòü ïðîâåäåííîãî
èññëåäîâàíèÿ. Â äîêëàäå ïîìèìî áîëåå äåòàëüíîãî ðàññìîòðåíèÿ ìî-
äåëè ãðóçîâîé ñòàíöèè, áóäóò èçó÷åíî âëèÿíèå âðåìåííîãî óâåëè÷åíèÿ
èíòåíñèâíîñòè âõîäÿùåãî ïîåçäîïîòîêà íà ïîâåäåíèå ïåðåõîäíûõ ïðî-
öåññîâ â ìîäåëè äàííîãî îáúåêòà. Äàëüíåéøàÿ ðàáîòà ïðåäïîëàãàåò ñî-
ïîñòàâëåíèå ïîëó÷åííûõ ðåçóëüòàòîâ ñ ðåàëüíûìè äàííûìè è ïðèìåíå-
íèå ìîäåëåé äëÿ ðåøåíèÿ ïðàêòè÷åñêèõ çàäà÷.
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ÎÁ ÀËÃÎÐÈÒÌÅ ÊËÀÑÒÅÐÈÇÀÖÈÈ
ÇÍÀÊÎÂÎÃÎ ÃÐÀÔÀ

Ý.È. Èáðàãèìîâà

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, ã. Êðàñíîÿðñê, Ðîññèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à êëàñòåðèçàöèè çíàêîâîãî ãðà-
ôà. Çàäà÷à êëàñòåðèçàöèè ïðåäïîëàãàåò íàõîæäåíèå ðàçáèåíèÿ
çíàêîâîãî ãðàôà ñ ìèíèìàëüíîé ñóììàðíîé îøèáêîé. Îøèáêà
ñêëàäûâàåòñÿ èç âíóòðèêëàñòåðíîé è ìåæêëàñòåðíîé îøèáîê â
çàâèñèìîñòè îò ïàðàìåòðà. Ïðåäëîæåí àëãîðèòì ðåøåíèÿ äàí-
íîé çàäà÷è äëÿ ïðîèçâîëüíîãî çíà÷åíèÿ ïàðàìåòðà. Àëãîðèòì
ÿâëÿåòñÿ ðàçâèòèåì äâóõ ïðåäëîæåííûõ ðàíåå àëãîðèòìîâ ðå-
øåíèÿ äâóõ ÷àñòíûõ ñëó÷àåâ ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è
êëàñòåðèçàöèè. Ïðèâåäåíû âû÷èñëèòåëüíûå ýêñïåðèìåíòû, äå-
ìîíñòðèðóþùèå ýôôåêòèâíîñòü ïðåäëîæåííîãî àëãîðèòìà.
Êëþ÷åâûå ñëîâà: Êëàñòåðèçàöèÿ, çíàêîâûé ãðàô, çíàêîâûå
ñåòè.

Ââåäåíèå

Çíàêîâûå ãðàôû áûëè âïåðâûå ââåäåíû F. Harary â 50-õ ãîäàõ XX-ãî
âåêà ïðè èçó÷åíèè ïðîáëåì ñîöèàëüíîé ïñèõîëîãèè. Âàæíåéøèå ðåçóëü-
òàòû â èññëåäîâàíèè çíàêîâûõ ãðàôîâ áûëè ïîëó÷åíû òàêèìè ó÷åíûìè
êàê F. Harary [1], T. Zaslavsky [2], P. Doreian [3, 4] è ìíîãèìè äðóãè-
ìè. Â ðàáîòàõ ýòèõ àâòîðîâ èññëåäîâàëèñü ñëåäóþùèå çàäà÷è çíàêîâî-
ãî áàëàíñà: ðàñïîçíàâàíèå ñáàëàíñèðîâàííîñòè, ïîèñê ìàêñèìàëüíîãî
ñáàëàíñèðîâàííîãî ïîäãðàôà, îïðåäåëåíèå èíäåêñà è ìåðû ñáàëàíñèðî-
âàííîñòè, çàäà÷à êëàñòåðèçàöèè çíàêîâîãî ãðàôà. Íà ïðàêòèêå çàäà÷è
çíàêîâîãî áàëàíñà íàõîäÿò ñâîå ïðèìåíåíèå ïðè àíàëèçå ìóëüòèàãåíò-
íûõ ñèñòåì [5], ñîöèàëüíûõ ñåòåé [6] è òåìàòè÷åñêîì ìîäåëèðîâàíèè
òåêñòîâ [7].

Â ðàáîòå ðàññìàòðèâàåòñÿ îäíî èç âîñòðåáîâàííûõ ïðèëîæåíèé çíà-
êîâîãî ãðàôà çàäà÷à ðàçáèåíèÿ (êëàñòåðèçàöèè) çíàêîâîãî ãðàôà [3, 4].
Âèä ðåøåíèÿ çàäà÷è êëàñòåðèçàöèè ñóùåñòâåííî çàâèñèò îò âûáîðà
ôóíêöèîíàëà êà÷åñòâà êëàñòåðèçàöèè èëè ôóíêöèîíàëà îøèáêè. Âû-
äåëÿþò ñëåäóþùèå âàðèàöèè çàäà÷è. Êîãäà êîëè÷åñòâî êëàñòåðîâ k çà-
äàíî, òî k ìîæåò âûñòóïàòü ïàðàìåòðîì êëàñòåðèçàöèè, òîãäà ðåøàåòñÿ
çàäà÷à î ðàçáèåíèè ðîâíî íà k êëàñòåðîâ èëè íå áîëåå (íå ìåíåå) ÷åì íà
k êëàñòåðîâ. Êîãäà êîëè÷åñòâî êëàñòåðîâ k íå çàäàíî, òî îíî ÿâëÿåòñÿ
ðåøåíèåì çàäà÷è [8]. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà
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êîëè÷åñòâî êëàñòåðîâ ÿâëÿåòñÿ ðåøåíèåì çàäà÷è. Â îáùåì âèäå çàäà÷à
êëàñòåðèçàöèè çíàêîâîãî ãðàôà ÿâëÿåòñÿ NP-ïîëíîé [7]. Â ðàáîòå [4]
ïðåäëîæåíû ýâðèñòè÷åñêèå ìåòîäû äëÿ åå ðåøåíèÿ.

Â ðàçäåëå 1 ïðèâåäåíû îñíîâíûå îïðåäåëåíèÿ è ïîñòàíîâêè çàäà÷
ðàñïîçíàâàíèÿ k-ñáàëàíñèðîâàííîñòè è êëàñòåðèçàöèè çíàêîâîãî ãðà-
ôà. Ââåäåíà ôóíêöèÿ îøèáêè, çàâèñÿùàÿ îò ïàðàìåòðà α. Ïàðàìåòð
α ðåãóëèðóåò âàæíîñòü âíóòðèêëàñòåðíîé è ìåæêëàñòåðíîé îøèáîê. Â
ðàçäåëå 2 ïðèâåä¼í àëãîðèòì äëÿ ðåøåíèÿ çàäà÷è êëàñòåðèçàöèè çíà-
êîâîãî ãðàôà, îñíîâàííûé íà ðàçðàáîòàííûõ ðàíåå àëãîðèòìàõ äëÿ ðå-
øåíèÿ çàäà÷è ïðè α = 0 è α = 1. Â ðàçäåëå 3 ïðåäñòàâëåíû ðåçóëüòàòû
âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ.

1. Îáùèå ïîëîæåíèÿ

Çíàêîâûì ãðàôîì íàçûâàåòñÿ ïàðà Σ = (G, σ), ãäå G = (V,E) �
íåîðèåíòèðîâàííûé ãðàô (n = |V | ≥ 2,m = |E| ≥ 1), íà ðåáðàõ êîòî-
ðîãî çàäàíà ôóíêöèÿ çíàêà σ : → {+,−}. Çíàêîâûé ãðàô íàçûâàåòñÿ
k-ñáàëàíñèðîâàííûì, åñëè ìíîæåñòâî åãî âåðøèí ìîæíî ðàçáèòü íà k
ïîïàðíî íåïåðåñåêàþùèõñÿ íåïóñòûõ êëàñòåðîâ òàê, ÷òî âñå ïîëîæè-
òåëüíûå ð¼áðà íàõîäÿòñÿ âíóòðè êëàñòåðîâ, à îòðèöàòåëüíûå ìåæäó
êëàñòåðàìè [2, 3]. Çàäà÷à ðàñïîçíàâàíèÿ k-ñáàëàíñèðîâàííîñòè çíàêî-
âîãî ãðàôà ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì [3].

Óñëîâèå: çàäàí çíàêîâûé ãðàô Σ = (G, σ), ãäå G = (V,E) �
íåîðèåíòèðîâàííûé ãðàô, n = |V | ≥ 2,m = |E| ≥ 1.

Âîïðîñ: ïðè êàêèõ k ãðàô Σ = (G, σ) ÿâëÿåòñÿ k-
ñáàëàíñèðîâàííûì?

Äàííóþ çàäà÷ó ìîæíî ðåøèòü çà ïîëèíîìèàëüíîå âðåìÿ ïîèñêîì â
øèðèíó [9]. Òàê êàê çíàêîâûå ãðàôû íå âñåãäà ÿâëÿþòñÿ k-ñáàëàíñè-
ðîâàííûìè, âîçíèêàåò çàäà÷à ïîèñêà òàêîãî ðàçáèåíèÿ, äëÿ êîòîðîãî
íåêîòîðûé ôóíêöèîíàë îøèáêè áûë áû ìèíèìàëüíûì.

Ââåäåì íåîáõîäèìûå îáîçíà÷åíèÿ. Áóäåì ãîâîðèòü, ÷òî ñèñòåìà ìíî-
æåñòâ C = {V1, V2, . . . , Vk} îáðàçóåò ðàçáèåíèå ìíîæåñòâà âåðøèí V íà
k ïîäìíîæåñòâ, ãäå k � ïàðàìåòð ðàçáèåíèÿ, åñëè ïîäìíîæåñòâà íåïó-
ñòûåè: Vi = ∅, i = 1, . . . , k, ïîïàðíî íå ïåðåñåêàþòñÿ: Vi ∩ Vj = ∅, i ̸= j,
è èõ îáúåäèíåíèå ðàâíî V : V = V1 ∪ V2 ∪ · · · ∪ Vk.

Îáîçíà÷èì Φ = ∪n
k=1Φk ìíîæåñòâî âñåõ âîçìîæíûõ ðàçáèåíèé V ,

ãäå Φk � ìíîæåñòâî âîçìîæíûõ ðàçáèåíèé V ðîâíî íà k ïîäìíîæåñòâ.
Ïóñòü C � êàêîå-ëèáî ðàçáèåíèå ãðàôà èç Φ. Ïîä îòðèöàòåëüíîé îøèá-
êîé N(C) áóäåì ïîíèìàòü ÷èñëî îòðèöàòåëüíûõ ðåáåð âíóòðè ïîäìíî-
æåñòâ, à ïîä ïîëîæèòåëüíîé P (C)� ÷èñëî ïîëîæèòåëüíûõ ðåáåð ìåæäó
ïîäìíîæåñòâàìè. Êðèòåðèåì êà÷åñòâà ðàçáèåíèÿ áóäåò ÿâëÿòüñÿ ôóíê-
öèÿ ñóììàðíîé îøèáêè � âûïóêëàÿ êîìáèíàöèÿ ïîëîæèòåëüíîé è îò-
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ðèöàòåëüíîé îøèáîê:

Eα(C) = αN(C) + (1− α)P (c), α ∈ [0, 1] (1)

Òîãäà çàäà÷à êëàñòåðèçàöèè çíàêîâîãî ãðàôà ìîæåò áûòü ñôîðìóëèðî-
âàíà ñëåäóþùèì îáðàçîì [3].

Óñëîâèå: çàäàí çíàêîâûé ãðàô Σ = (G, σ), ãäå G = (V,E) �
íåîðèåíòèðîâàííûé ãðàô, n = |V | ≥ 2,m = |E| ≥ 1.

Âîïðîñ: äëÿ çàäàííîãî α ∈ [0, 1] òðåáóåòñÿ íàéòè ðàçáèåíèå
C ìíîæåñòâà âåðøèí V çíàêîâîãî ãðàôà Σ ñ ìèíè-
ìàëüíîé ñóììàðíîé îøèáêîé Eα(C)

Äàííàÿ çàäà÷à ìîæåò èìåòü ìíîæåñòâåííîå ðåøåíèå.
Â ðàáîòå [7] ïîêàçàíî, ÷òî çàäà÷à ìèíèìèçàöèè ñóììàðíîé îøèáêè

ÿâëÿåòñÿ NP-ïîëíîé.
Â [4] ïðåäëîæåíû àëãîðèòìû ðåøåíèÿ äàííîé çàäà÷è. Îñíîâíàÿ èäåÿ

ïðåäëîæåííûõ ìåòîäîâ ñîñòîèò â òîì, ÷òî áåðåòñÿ íåêîòîðîå íà÷àëüíîå
ðàçáèåíèå ìíîæåñòâà âåðøèí ãðàôà, à çàòåì âåðøèíû ïåðåìåùàþòñÿ
èç îäíîãî êëàñòåðà â äðóãîé, ëèáî äâå âåðøèíû èç ðàçíûõ êëàñòåðîâ
ìåíÿþòñÿ ìåñòàìè ïîêà íå áóäåò ìèíèìèçèðîâàíà ôóíêöèÿ ñóììàðíîé
îøèáêè äëÿ íåêîòîðîãî α. Â çàâèñèìîñòè îò ìåòîäà ìåíÿåòñÿ ïðàâèëî,
ïî êîòîðîìó âûáèðàþòñÿ ïåðåìåùàåìûå âåðøèíû è êëàñòåðû.

Ðåøåíèåì çàäà÷è êëàñòåðèçàöèè çíàêîâîãî ãðàôà áóäåò ìíîæåñòâî
êëàñòåðîâ C∗, äîñòàâëÿþùèõ ìèíèìóì ôóíêöèè îøèáêè:

C∗ = arg min
C∈Φ

[
αN(C) + (1− α)P (c)

]
(2)

è k = |C∗| � êîëè÷åñòâî êëàñòåðîâ. Ïðè α = 0 è α = 1 äàííàÿ çàäà÷à
âûðîæäàåòñÿ â ïîëèíîìèàëüíî ðàçðåøèìûå ñëó÷àè ìèíèìèçàöèè ïîëî-
æèòåëüíîé è îòðèöàòåëüíîé îøèáîê, ñîîòâåòñòâåííî. Áîëåå ïîäðîáíî
äàííûå ñëó÷àè ðàññìîòðåíû â [9].

2. Àëãîðèòì SGClustα äëÿ ðåøåíèÿ çàäà÷è êëàñòåðèçàöèè

Íà ðèñóíêå 1 ïðèâåäåíà ñõåìà àëãîðèòìà SGClustα äëÿ ðåøåíèÿ
çàäà÷è êëàñòåðèçàöèè çíàêîâîãî ãðàôà.

Àëãîðèòì ÿâëÿåòñÿ äâóõôàçíûì. Íà ïåðâîé ôàçå Initialization äëÿ
çàäàííîãî ãðàôà Σ ñ ïîìîùüþ óäàëåíèÿ îòðèöàòåëüíûõ ðåáåð ñòðîèòñÿ
ãðàô Σ+ è âûäåëÿþòñÿ êîìïîíåíòû ñâÿçíîñòè C. Äëÿ ýòîãî íåîáõîäèìî
âûïîëíèòü íå áîëåå ÷åì O(n+m) îïåðàöèé.

Íà âòîðîé ôàçå Minimalization ôóíêöèÿ Separate(C) ïðîñìàòðè-
âàåòñÿ êàæäûé êëàñòåð è âûäåëÿåò â îòäåëüíûå êëàñòåðû âåðøèíû
ñ íàèáîëüøèì êîëè÷åñòâîì èíöèäåíòíûõ îòðèöàòåëüíûõ ðåáåð âíóò-
ðè êëàñòåðà, åñëè ýòè âåðøèíû åùå íå áûëè ïîñåùåíû ýòîé ôóíêöèåé,
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Ðèñ. 1. Ñõåìà ðàáîòû àëãîðèòìà SGClustα

à òàêæå ñîñòàâëÿåò ñïèñîê èçîëèðîâàííûõ âåðøèí isolated. Äëÿ ýòîãî
íåîáõîäèìî íå áîëåå ÷åì O(nm) îïåðàöèé.

Ïîñëå ýòîãî, åñëè ñïèñîê èçîëèðîâàííûõ âåðøèí íåïóñòîé, òî äëÿ
êàæäîé âåðøèíû èç ýòîãî ñïèñêà ôóíêöèÿ Add(C) ïðîâåðÿåò, óìåíü-
øèòñÿ ëè îøèáêà ïðè äîáàâëåíèè ýòîé âåðøèíû ê êàêîìó-ëèáî êëà-
ñòåðó. Åñëè îøèáêà óìåíüøèòñÿ, òî âåðøèíà ïðèñîåäèíÿåòñÿ ê ýòîìó
êëàñòåðó. Äëÿ ýòîãî íåîáõîäèìî ïðîñìîòðåòü âñå èíöèäåíòíûå âåðøèíå
ðåáðà, ÷òî òðåáóåò äëÿ âñåãî ãðàôà íå áîëåå ÷åì O(m) îïåðàöèé.

Ôóíêöèè Separate(C) è Add(C) ÷åðåäóþòñÿ äî òåõ ïîð, ïîêà íå áó-
äåò äîñòèãíóòà çàäàííàÿ òî÷íîñòü ε, ëèáî íå áóäóò ïîñåùåíû âñå âåðøè-
íû, ëèáî íå áóäåò âûïîëíåíî çàäàííîå êîëè÷åñòâî èòåðàöèé. Â õóäøåì
ñëó÷àå íåîáõîäìî áóäåò ïîâòîðèòü n ðàç.

Òåîðåìà 1. Âû÷èñëèòåëüíàÿ ñëîæíîñòü àëãîðèòìà SGClustα O()
ðàâíà O(n+m+ n(nm+ n)) = O(n4).

3. Âû÷èñëèòåëüíûå ýêñïåðèìåíòû

Äëÿ îöåíêè ýôôåêòèâíîñòè àëãîðèòìîâ áûëè ïðîâåäåíû âû÷èñëè-
òåëüíûå ýêñïåðèìåíòû, ðåçóëüòàòû êîòîðûõ ïðèâåäåíû â òàáëèöàõ 1,
2, 3. Äëÿ ïðîâåðêè èñïîëüçîâàëèñü ãðàôû, ñãåíåðèðîâàííûå ïñåâäî-
ñëó÷àéíûì îáðàçîì. Ýêñïåðèìåíòû äëÿ àëãîðèòìà SGClustα ïðîâîäè-
ëèñü ïðè α = 0, 5. Ýêñïåðèìåíòû ïðîâîäèëèñü íà ÏÊ ñ ïðîöåññîðîì
Intel®Core i7-10510U CPU @ 1.80ÃÃö è îïåðàòèâíîé ïàìÿòüþ îáúåìîì
8ÃÁ.

Â òàáëèöå 1 ïðåäñòàâëåíû ðåçóëüòàòû ðàáîòû àëãîðèòìà SGClustα
ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðà α. Â òàáëèöå 2 ñðàâíèâàåòñÿ àë-
ãîðèòì SGClust0 è îáùèé àëãîðèòìà SGClustα ïðè α = 0. Â òàáëèöå
3 ñðàâíèâàåòñÿ àëãîðèòì SGClust1 è îáùèé àëãîðèòìà SGClustα ïðè
α = 1.
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Ðåçóëüòàòû ýêñïåðèìåíòîâ ïîêàçûâàþò, ÷òî äëÿ ÷àñòíûõ ñëó÷àåâ àë-
ãîðèòìû SGClust0 è SGClust1 ðàáîòàþò áûñòðåå. Â íåêîòîðûõ ñëó÷àÿõ
àëãîðèòì SGClustα íå óñïåâàåò íàéòè îïòèìàëüíîå ðåøåíèå çà ïðèåì-
ëåìîå âðåìÿ.

Òàáëèöà 1
Ðåçóëüòàòû ðàáîòû àëãîðèòìà SGlustα äëÿ ðàçíûõ çíà÷åíèé α

n m SGClustα, α = 0.25 SGClustα, α = 0.5 SGClustα, α = 0.75
k E0.25 t k E0.5 t k E0.75 t

5 6 4 0.75 938 4 0.5 943 4 0.25 943
7 9 3 0.75 1 3 0.5 2 3 0.25 2
10 19 6 0 2 6 0 3 6 0 5
14 10 10 0 4 10 0 4 10 0 9
15 27 12 39.75 3815 12 26.5 3841 7 8.5 3
20 42 9 7.5 2719 9 5 2746 9 2.5 2755

Òàáëèöà 2
Ðåçóëüòàòû ñðàâíåíèÿ àëãîðèòìîâ SGClust0 è SGClustα ïðè α = 0

n m SGClust0 SGClustα, α = 0
k E0 t k E0 t

7 21 2 0 1 2 0 3
8 28 1 0 1 1 0 1
8 28 1 0 1 2 5 14552
15 12 11 0 1 11 0 5
15 105 1 0 1 1 0 4
30 50 5 0 1 5 0 5

Òàáëèöà 3
Ðåçóëüòàòû ñðàâíåíèÿ àëãîðèòìîâ SGClust0 è SGClustα ïðè α = 1

n m SGClust1 SGClustα, α = 1
k E1 t k E1 t

7 21 7 0 3 4 0 4
15 12 11 0 2 11 0 8
15 105 15 0 1 7 0 10
30 50 11 0 1 8 0 8
100 9750 93 0 2 99 0 165
500 24925 488 0 36 494 0 26649
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Çàêëþ÷åíèå

Äëÿ ðàññìàòðèâàåìîé çàäà÷è êëàñòåðèçàöèè çíàêîâîãî ãðàôà ïðè
ïðîèçâîëüíîì ïàðàìåòðå 0 < α < 1 ðàçðàáîòàí àëãîðèòì SGClustα.
Ïðèâåäåííûå âû÷èñëèòåëüíûå ýêñïåðèìåíòû, äåìîíñòðèðóþò ñëîæ-
íîñòü äàííîãî àëãîðèòìà. Îäíèì èç ïåðñïåêòèâíûõ íàïðàâëåíèé äàëü-
íåéøèõ èññëåäîâàíèé ÿâëÿåòñÿ îïòèìèçàöèÿ ðàçðàáîòàííîãî àëãîðèòìà
ñ öåëüþ ïîâûøåíèÿ åãî ïðîèçâîäèòåëüíîñòè, à òàêæå èññëåäîâàíèå çà-
äà÷è êëàñòåðèçàöèè ïðè çàäàííîì êîëè÷åñòâå êëàñòåðîâ.
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ÝÊÑÏÎÍÅÍÖÈÀËÜÍÎÌÓ ÇÀÊÎÍÓ

Àçàì À. Èìîìîâ, Ýðêèí Ý. Òóõòàåâ, Àáäèìóìèí Àáäèðàõìàíîâ

Êàðøèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

ã. Êàðøè, Óçáåêèñòàí

Â íàñòîÿùåé çàìåòêå èññëåäóþòñÿ îäèí êðèòåðèé ñïðàâåäëè-
âîñòè òåîðåìû î ñõîäèìîñòè ê ýêñïîíåíöèàëüíîìó çàêîíó è
ëîêàëüíî-äèôôåðåíöèàëüíûé àíàëîã îñíîâíîé ëåììû òåîðèè
êðèòè÷åñêèõ ïðîöåññîâ Ãàëüòîíà-Âàòñîíà. Îáñóæäàåòñÿ íåêîòî-
ðûå èõ ïðèìåíåíèÿ.
Êëþ÷åâûå ñëîâà: Ýêñïîíåíöèàëüíûé çàêîí, ëîêàëüíî- äèôôå-
ðåíöèàëüíûé àíàëîã îñíîâíîé ëåììû òåîðèè êðèòè÷åñêèõ ïðî-
öåññîâ Ãàëüòîíà-Âàòñîíà, Q-ïðîöåññû.

Â ñîâðåìåííûõ èññëåäîâàíèÿõ, ïðè äîêàçàòåëüñòâå ïðåäåëüíûõ òåî-
ðåì, íàðÿäó ñ òåîðåìîé íåïðåðûâíîñòè ÷àñòî èñïîëüçóåòñÿ õàðàêòåðè-
ñòè÷åñêèå ñâîéñòâà çàêîíà ðàñïðåäåëåíèÿ. Êîãäà ýòè ñâîéñòâà ïðåäñòàâ-
ëÿþò ñîáîé äèôôåðåíöèàëüíîå óðàâíåíèå, êîòîðîìó óäîâëåòâîðÿåò õà-
ðàêòåðèñòè÷åñêàÿ ôóíêöèÿ èëè ïðåîáðàçîâàíèå Ëàïëàñà (ÏË) ïðåäåëü-
íîãî çàêîíà, óòâåðæäåíèå òåîðåìû çàêëþ÷àåòñÿ â óñòîé÷èâîñòè ðåøå-
íèÿ ýòîãî óðàâíåíèÿ. Â ñëó÷àå íîðìàëüíîé àïïðîêñèìàöèè òàêîé ïîäõîä
ê çàäà÷å ñîñòàâëÿåò ìåòîä Ñòåéíà-Òèõîìèðîâà (ÌÑÒ); ñì. [1]. Â ðàáî-
òå [2] Ø. Ê. Ôîðìàíîâûì áûë ïðåäëîæåí óïðîùåííûé âàðèàíò ÌÑÒ,
ðåàëèçîâàííûé ïóòåì îïðåäåëåíèÿ îäíîãî äèôôåðåíöèàëüíîãî îïåðà-
òîðà äëÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè. Ñ ïîìîùüþ ýòîãî ìåòîäà èì
áûë óñòàíîâëåí êðèòåðèé ñïðàâåäëèâîñòè íåêëàññè÷åñêîé öåíòðàëüíîé
ïðåäåëüíîé òåîðåìû.

Â íàñòîÿùåé çàìåòêå áóäåò óñòàíîâëåí êðèòåðèé ñõîäèìîñòè ê ýêñ-
ïîíåíöèàëüíîìó çàêîíó, îñíîâûâàÿñü íà èäåè ðàáîòû [2]. Áóäåò äîêàçàí
òàêæå òàê íàçûâàåìûé ëîêàëüíî-äèôôåðåíöèàëüíûé àíàëîã îñíîâíîé
ëåììû òåîðèè êðèòè÷åñêèõ âåòâÿùèõñÿ ïðîöåññîâ Ãàëüòîíà-Âàòñîíà
(ÃÂÏ). Ìû çàìåòèì ïîëåçíîñòü ïðèìåíåíèÿ ïîëó÷åííûõ ðåçóëüòàòîâ
â èññëåäîâàíèÿõ òåîðèè ÃÂÏ è Q−ïðîöåññîâ.

Ðàññìîòðèì ôóíêöèþ ðàñïðåäåëåíèÿ ýêñïîíåíöèàëüíîãî çàêîíà

Γα(x) =

{
1− e−αx, x ⩾ 0,
0, x < 0,
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ãäå α > 0. Ñëåäóÿ Ôîðìàíîâó [2], ââåäåì ñëåäóþùèé êëàññ ÏË:

Φ =

{
ψ(θ) : |ψ′(0)| = 1

α
, θ > 0

}
.

Â êëàññå Φ ðàññìîòðèì îïåðàòîð

∆(ψ(θ)) := ψ′(θ) +
1

α
ψ2(θ). (1)

Ïîñêîëüêó ÏË ýêñïîíåíöèàëüíîãî çàêîíà

ψα(θ) :=

∫ ∞

0

e−θxdΓα(x) =
1

[1 + θ/α]
,

òî ìû ëåãêî çàìåòèì, ÷òî

∆(ψα(θ)) = 0, (2)

òî åñòü îïåðàòîð ∆(∗) ¾àííóëèðóåò¿ ÏË ðàñïðåäåëåíèÿ Γα(x).

Òåîðåìà 1. Ïóñòü {Gn(x), n ∈ N} (N = 1, 2, . . .), x ⩾ 0, åñòü ïî-
ñëåäîâàòåëüíîñòü ôóíêöèé ðàñïðåäåëåíèé è ñîîòâåòñòâóþùèå èì ÏË
ψn(θ) ïðèíàäëåæàò êëàññó Φ. Äëÿ òîãî, ÷òîáû ïðè n→ ∞

sup
x

|Gn(x)− Γα(x)| → 0, (3)

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

sup
θ⩽Θ

|∆(ψn(θ))| → 0, n→ ∞, (4)

ïðè ëþáîì Θ > 0.

Äîêàçàòåëüñòâî. Ðàññóæäåíèå ïî ÷àñòè íåîáõîäèìîñòè óñëîâèÿ
(4) îñíîâûâàåòñÿ íà ñâîéñòâàõ ÏË. Èç (1) è (2) ñëåäóåò, ÷òî

|∆(ψn(θ))| = |∆(ψn(θ))−∆(ψα(θ))|

⩽ |ψ′
n(θ)− ψ′

α(θ)|+
1

α

∣∣ψ2
n(θ)− ψ2

α(θ)
∣∣ . (5)

Ïîñêîëüêó ôóíêöèÿ ðàñïðåäåëåíèÿ è ÏË ÿâëÿþòñÿ îãðàíè÷åííûìè
ôóíêöèÿìè, òî äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå ïî ÷àñòÿì íàì
äàåò

|ψ′
n(θ)− ψ′

α(θ)| =

∣∣∣∣∫ ∞

0

xe−θxd (Gn(x)− Γα(x))

∣∣∣∣
=

∣∣∣∣∫ ∞

0

(1− θx)e−θx [Gn(x)− Γα(x)] dx

∣∣∣∣
⩽ L1 · sup

x
|Gn(x)− Γα(x)| , (6)
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ãäå L1 = L1(θ) ≡ const > 0, ïðè ëþáîì θ ⩽ Θ. Â ñâîþ î÷åðåäü, î÷åâèäíî,
÷òî ∣∣ψ2

n(θ)− ψ2
α(θ)

∣∣ ⩽ 2 |ψn(θ)− ψα(θ)| . (7)

Èç ñîîòíîøåíèé (5)�(7), ïðè íàëè÷èè óñëîâèÿ (3), ìû ïðèõîäèì ê
(4).

×òîáû äîêàçàòü äîñòàòî÷íîñòü óñëîâèÿ (4), ðàññìîòðèì (1) êàê äèô-
ôåðåíöèàëüíîå óðàâíåíèå ñ íà÷àëüíûì óñëîâèåì ψ(0) = 1. Òîãäà ëåãêî
óáåäèìñÿ â òîì, ÷òî

ψn(θ)− ψα(θ) = ψn(θ)ψα(θ)

∫ θ

0

∆(ψn(τ))

ψ2
n(τ)

dτ.

Îòêóäà ìû óáåäèìñÿ â ñïðàâåäëèâîñòè íåðàâåíñòâà

sup
θ⩽Θ

|ψn(θ)− ψα(θ)| ⩽ L2 ·Θ · sup
θ⩽Θ

|∆(ψn(θ))| , (8)

äëÿ ëþáîãî Θ > 0, çäåñü L2 = L2(θ) ≡ const > 0, ïðè ëþáîì θ ⩽ Θ.
Íåðàâåíñòâî (8) äîêàçûâàåò äîñòàòî÷íîñòü óñëîâèÿ (4) äëÿ ñõîäèìî-

ñòè (3).

Äàëåå ìû îáñóæäàåì ïðèìåíåíèå äîêàçàííîé Òåîðåìû 1.
Îáîçíà÷èì Zn (Z0 = 1) ÷èñëî ÷àñòèö ê ìîìåíòó âðåìåíè n ∈ N0

(N0 = {0} ∪ {N}) â ÃÂÏ, çàäàííûé ïðîèçâîäÿùåé ôóíêöèåé (ï.ô.)

F (x) =
∑
k∈N0

pkx
k, pk = {Z1 = k}, |x| ⩽ 1.

Áóäåì ðàññìàòðèâàòü ñëó÷àé, êîãäà ñðåäíåå ÷èñëî ïîòîìêîâ îäíîé
÷àñòèöû çà îäíî ïîêîëåíèå ðàâíî 1, ïðè êîòîðîì ÃÂÏ íàçûâàåòñÿ êðè-
òè÷åñêèì; ñì. [3]. Ïîñëåäíåå ðàâíîñèëüíî òîìó, ÷òî F ′(1) = 1; ïðåäïî-
ëîæèì, ÷òî B := F ′′(1) êîíå÷åí.

Ïóñòü Fn(x) = MxZn . Ââåäåì ôóíêöèþ Rn(x) := 1 − Fn(x), è çàìå-
òèì, ÷òî

gn(x) :=
∑
j∈N

P {Zn = j |Zn > 0}xj = 1− Rn(x)

Rn(0)
, (9)

ãäå âåëè÷èíà Rn(0) = {Zn > 0} ïðåäñòàâëÿåò ñîáîé âåðîÿòíîñòü ïðî-
äîëæåíèÿ ÃÂÏ.

Óòâåðæäåíèå îá àñèìïòîòè÷åñêîì ïðåäñòàâëåíèè Rn(x), ïî ñâîåé
çíà÷èìîñòè, íàçûâàåòñÿ îñíîâíîé ëåììîé òåîðèè êðèòè÷åñêèõ ÃÂÏ; ñì.
[3, ñòð. 19].
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Â íàøåì ñëó÷àå íåìàëîâàæíîå çíà÷åíèå ïðåäñòàâëÿåò è àñèìïòî-
òè÷åñêîå ðàçëîæåíèå ôóíêöèè R′

n(x). Ìû îáíàðóæèì ýòî ðàçëîæå-
íèå â îêðåñòíîñòè òî÷êè x = 1. Èìååò ìåñòî ñëåäóþùèé ëîêàëüíî-
äèôôåðåíöèàëüíûé àíàëîã îñíîâíîé ëåììû (ñì. [4] â íåïðåðûâíîì ñëó-
÷àå).

Ëåììà 1. Åñëè B <∞, òî ïðè x→ 1 ñïðàâåäëèâî ñîîòíîøåíèå

R′
n (x) ∼ −g2n(x), n→ ∞, (10)

ãäå ï.ô. gn(x) çàäàíà ðàâåíñòâîì (9).

Äîêàçàòåëüñòâî. Â óñëîâèÿõ òåîðåìû èìååì ðàçëîæåíèå

F (t) = t+
B

2
(t− 1)

2
(
1 + o (t− 1)

2
)
, t→ 1. (11)

Ñ ïîìîùüþ èòåðàöèè äëÿ F (x), ñ ó÷åòîì òîãî, ÷òî |Rn(x)| → 0, n→
∞ (ñì. [3, ñòð. 8]), èç (11) ïîëó÷èì

Fn (F (x))− Fn(x) =
B

2
R2

n(x) (1 + o(1)) , n→ ∞. (12)

Èñïîëüçóÿ òåîðåìó Ëàãðàíæà, èç (12) íàõîäèì

F ′
n (c(x)) =

B

2 (F (x)− x)
R2

n(x) (1 + o(1)) , n→ ∞, (13)

ãäå c(x) = x + (F (x)− x) θ, 0 < θ < 1. Ó÷èòûâàÿ àñèìïòîòè÷åñêîå
ïðåäñòàâëåíèè 11 èìååì c(x) ∼ x, x → 1. Îïÿòü-òàêè, ðàâåíñòâî (11)

óòâåðæäàåò F (x) − x ∼ B
2 (1− x)

2
, x → 1. Ñêàçàííûå âìåñòå ñ (13)

ïîçâîëÿåò íàïèñàòü, ÷òî ïðè x→ 1

F ′
n(x) ∼

[
1

1− x
Rn(x)

]2
, n→ ∞.

Ñ ïîìîùüþ îñíîâíîé ëåììû (ñì. [3, ñòð. 19]), ïîñëåäíåå ïðåäñòàâëå-
íèå ìû ëåãêî ïðåîáðàçóåì ê âèäó (10).

Òåïåðü èñïîëüçóÿ Òåîðåìû 1 â ñî÷åòàíèè ñ Ëåììîé, ïðèâåäåì íîâîå
äîêàçàòåëüñòâî ñëåäóþùåé èçâåñòíîé ïðåäåëüíîé òåîðåìû ßãëîìà.

Òåîðåìà 2. [3, ñòð. 20]. Ïóñòü B <∞. Òîãäà äëÿ ëþáîãî x > 0

lim
n→∞

P

{
Zn

M [Zn |Zn > 0 ]
⩽ x |Zn > 0

}
= 1− e−x. (14)
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Äîêàçàòåëüñòâî. . Íàì èçâåñòíî, ÷òî [Zn|Zn > 0] = 1/Rn(0). (ñì.
[3, ñòð. 19]). Òîãäà ÏË ðàññìàòðèâàåìîãî óñëîâíîãî ðàñïðåäåëåíèÿ

φn(θ) :=
[
e−θZn/[Zn|Zn>0]|Zn > 0

]
ìû ìîæåì çàïèñàòü â âèäå φn(θ) = gn(θn), ãäå θn = exp {−θRn (0)}.

Ïîñêîëüêó Rn(0) ∼ O(1/n), n→ ∞, òî äèôôåðåíöèðóÿ åãî, ñ ó÷åòîì
10, ïîëó÷èì

φ′
n(θ) ∼ −φ2

n(θ), n→ ∞.

Ïîñëåäíåå ðàâíîñèëüíî òîìó, ÷òî

sup
θ⩽Θ

|∆(φn(θ))| → 0, n→ ∞,

ïðè ëþáîì Θ > 0. Ñîãëàñíî Òåîðåìå 1, ýòîãî äîñòàòî÷íî äëÿ ñõîäèìîñòè
(14).

Â êîíöå ìû ïðîäåìîíñòðèðóåì îäíî ïðèìåíåíèå Ëåììû â òåîðèè
Q−ïðîöåññîâ. Ïóñòü âåëè÷èíà Wn îáîçíà÷àåò ñîñòîÿíèå Q−ïðîöåññà ê
ìîìåíòó âðåìåíè n, îïèñûâàåìûé ïîñëåäîâàòåëüíîñòüþ ï.ô. (ñì. íàïð.,
[3, ñòð.58]) {

Wn(x) := MxWn = −xR
′
n(x)

βn
, n ∈ N0

}
,

ãäå β = F ′(q) è ÷èñëî q ∈ (0; 1] åñòü âåðîÿòíîñòü âûðîæäåíèÿ ÃÂÏ.

Òåîðåìà 3. Ïóñòü F ′(1) = 1 è B <∞. Òîãäà

n2Wn(x) = µ(x) (1 + o(1)) , n→ ∞, (15)

ãäå ïðåäåëüíàÿ ï.ô. µ(x) =
∑
k∈N

µkx
k è ïîñëåäîâàòåëüíîñòü íåîòðèöà-

òåëüíûõ ÷èñåë {µn, n ∈ N} èìååò ñâîéñòâî

lim
n→∞

1

n2
[µ1 + µ2 + · · ·+ µn] =

2

B2
(16)

Äîêàçàòåëüñòâî. Â ðàññìàòðèâàåìîì ñëó÷àå q = 1 è β = 1; ñì.
[3, ñòð. 7]. Òîãäà

Wn(x) = −xR′
n(x). (17)

Ïîñêîëüêó Rn(0) ∼ 2/Bn ïðè n → ∞, òî ñ ïîìîùüþ 9 è îñíîâíîé
ëåììû (ñì. [3, ñòð. 19]), ñîîòíîøåíèå 10 ïðåîáðàçóåì ê âèäó

R′
n(x) ∼ − 4

B2n2
1

(1− x)2
, n→ ∞, (18)
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ïðè x→ 1. Ðàññìîòðåâ âìåñòå (17) è (18), ìû ïîëó÷èì (15), ãäå

µ(x) ∼ − 4

B2

1

(1− x)2
, x→ 1. (19)

Òåïåðü íàì îñòàåòñÿ âñïîìíèòü Òàóáåðîâó òåîðåìó Õàðäè-Ëèòòëâóäà,
ñîãëàñíî êîòîðîé êàæäîå èç ñîîòíîøåíèé (16) è (19) âëå÷åò äðóãîå.
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Ñàìàðêàíäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ñàìàðêàíä, Óçáåêèñòàí

Ðàññìàòðèâàåòñÿ ñèñòåìà äâóõ ïðîèçâîëüíûõ êâàíòîâûõ ÷àñòèö
íà òpåõìåpíîé påøåòêå ñ íåêîòîðûìè äèñïåðñèîííûìè ôóíêöè-
ÿìè (îïèñûâàþùèìè ïåðåíîñ ÷àñòèöû ñ óçëà íà ñîñåäíèé óçåë),
÷àñòèöû âçàèìîäåéñòâóþò ñ ïîìîùüþ ïîòåíöèàëà ïðèòÿæåíèÿ
òîëüêî íà áëèæàéøèõ ñîñåäíèõ óçëàõ. Èçó÷åíà çàâèñèìîñòü ÷èñ-
ëà ñîáñòâåííûõ çíà÷åíèé ñåìåéñòâà îïåðàòîðîâ h(k) îò ýíåðãèè
âçàèìîäåéñòâèÿ ÷àñòèö è ïîëíîãî êâàçèèìïóëüñà k ∈ T 3 (T 3−
3-ìåðíûé òîð). Ââåäåí âñïîìîãàòåëüíîé îïåðàòîð è ïîëíîñòüþ
îïåñàí åãî ñïåêòð. Ñ ïîìîùüþ ñïåêòðàëüíûõ ñâîéñòâ ýòîãî îïå-
ðàòîðà íàéäåíû óñëîâèÿ ñóùåñâîâàíèÿ ñîáñòâåííûõ çíà÷åíèé
ðàññìàòðèâàåìîãî îïåðàòîðà.
Êëþ÷åâûå ñëîâà: Äâóõ÷àñòè÷íûé ãàìèëüòîíèàí íà ðåøåò-
êå, ñîáñòâåííîå çíà÷åíèå, ïîëîæèòåëüíûé îïåðàòîð.

Ââåäåíèå

Â íåïðåðûâíîì ñëó÷àå èçó÷åíèå ñïåêòðàëüíûõ ñâîéñòâ ïîëíîãî ãà-
ìèëüòîíèàíà ñèñòåìû äâóõ ÷àñòèö ñâîäèòñÿ ê èçó÷åíèþ äâóõ÷àñòè÷íîãî
îïåðàòîðàØð¼äèíãåðà ñ ïîìîùüþ âûäåëåíèÿ ýíåðãèè äâèæåíèÿ öåíòðà
ìàññ, ïðè ýòîì îäíî÷àñòè÷íûå ñâÿçàííûå ñîñòîÿíèÿ ñóòü ñîáñòâåííûå
âåêòîðû îïåðàòîðà ýíåðãèè ñ îòäåëåííûì ïîëíûì èìïóëüñîì [1] (òàêîé
îïåðàòîð ôàêòè÷åñêè íå çàâèñèò îò çíà÷åíèé ïîëíîãî èìïóëüñà). Íà ðå-
øåòêå âûäåëåíèþ öåíòðà ìàññ ñèñòåìû îòâå÷àåò ðåàëèçàöèÿ ãàìèëüòî-
íèàíà êàê ¾ðàññëîåííîãî¿ îïåðàòîðà, ò. å. ïðÿìîãî èíòåãðàëà ñåìåéñòâà
îïåðàòîðîâ h(k) ýíåðãèè äâóõ ÷àñòèö, çàâèñÿùèõ îò çíà÷åíèé ïîëíîãî
êâàçèèìïóëüñà k∈T d (T d � d-ìåðíûé òîð) [2, 3]. ßâëÿåòñÿ ëè ÷èñëî äèñ-
êðåòíûõ ñîáñòâåííûõ çíà÷åíèé ìíîãî÷àñòè÷íîé ñèñòåìû êîíå÷íûì èëè
áåñêîíå÷íûì, çàâèñèò îò ÷èñëà âèðòóàëüíûõ óðîâíåé ïîäñèñòåì.

1. Ïîñòàíîâêà çàäà÷è è ôîðìóëèðîâêà îñíîâíûõ ðåçóëüòàòîâ

Ïóñòü T = (−π, π], L2(T
3) � ãèëüáåðòîâî ïðîñòðàíñòâî âñåõ

êâàäðàòè÷íî-èíòåãðèðóåìûõ ôóíêöèé, îïðåäåëåííûõ íà T 3.
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Ðàññìîòðèì h(k) � ñàìîñîïðÿæåííûé îïåðàòîð, äåéñòâóþùèé â
L2(T

3) ïî ôîðìóëå

h(k) = h0(k)− v, k = (k1, k2, k3) ∈ T 3,

h0(k) � îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ

Ek(p) =
1

m1
ε(p) +

1

m2
ε(p− k), ε(p) =

3∑
i=1

(1− cos pi),

v � èíòåãðàëüíûé îïåðàòîð ñ ÿäðîì v(p− s) = µ0 +
3∑

α=1
µα cos(pα − sα).

Îòìåòèì, ÷òî èç òåîðåìû Âåéëÿ î ñóùåñòâåííîì ñïåêòðå [4] ñëå-
äóåò, ÷òî ñóùåñòâåííûé ñïåêòð σess(h(k)) îïåðàòîðà h(k) íå ìåíÿåòñÿ
ïðè êîìïàêòíîì âîçìóùåíèè v è ñîâïàäàåò ñî ñïåêòðîì íåâîçìóùåííî-
ãî îïåðàòîðà h0(k). Ïðè ýòîì σess(h(k)) ñîïàäàåò ñ îáëàñòüþ çíà÷åíèé
ôóíêöèè Ek(·) :

σess(h(k)) = σ(h0(k)) = [m(k),M(k)],

m(k) = min
p

Ek(p), M(k) = max
p

Ek(p).

Ïîñêîëüêó v ≥ 0, ìû èìååì

sup(h(k)f, f) ⩽ sup(h0(k)f, f) =M(k)(f, f), f ∈ L2(T
3).

Ïîýòîìó îïåpàòîp h(k) íå èìååò ñîáñòâåííîãî çíà÷åíèÿ, ëåæàùåãî ïðà-
âåå ñóùåñòâåííîãî ñïåêòðà, ò.å.

σ(h(k)) ∩ (M(k),∞) = ∅.

Ïîëîæèì

µ±
i (k; z) =

ci(k; z) + si(k; z)±
√

(ci(k; z)− si(k; z))2 + 4ξ2i (k; z)

2[ci(k; z)si(k; z)− ξ2i (k; z)]
,

ãäå

ci(k; z) =

∫
T 3

cos2 sids

Ẽk(s)− z
,

si(k; z) =

∫
T 3

sin2 sids

Ẽk(s)− z
,
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ξi(k; z) =

∫
T 3

sin si cos sids

Ẽk(s)− z
, z ⩽ m̃(k),

çäåñü

Ẽk(p) =
1

m1
ε̃(p) +

1

m2
ε̃(p− k), ε̃(p) =

3∑
i=1

(1 + | cos pi|),

m̃(k) = min
p

Ẽk(p), M̃(k) = max
p

Ẽk(p).

Îòìåòèì, ÷òî ci(k; z)si(k; z) − ξ2i (k; z) > 0 (ñì. [5]). Ôóíêöèè
b(k; z), ci(k; z), si(k; z) è ξ

2
i (k; z) íåïðåðûâíûé â (−∞), m̃(k)]. Çàìåòèì,

÷òî m(k) < m̃(k). Ïîýòîìó

b(k;m(k)), ci(k;m(k)), si(k;m(k)), ξ2i (k;m(k))

ñóùåñòâóþò, ãäå b(k; z) =
∫
T 3

ds
Ẽk(s)−z

.

Ïîëîæèì

µ0(k) =
1

b(k;m(k))
, µc

i (k) =
1

ci(k;m(k))
, µs

i (k) =
1

si(k;m(k))
.

µ±
i (k) = µ±

i (k;m(k)), i = 1, 2, 3.

Ïðè ýòîì

µ−
i (k) ⩽ µ+

i (k) ïðè k ∈ T 3, i = 1, 2, 3.

Îïðåäåëèì ôóíêöèè

α(µ; k) =

{
0 ïðè µ0 ∈ (0;µ0(k)],
1 ïðè µ0 ∈ (µ0(k);∞),

βi(µ; k) =


0 ïðè µi ∈ (0, µ−

i (k)],
1 ïðè µi ∈ (µ−

i (k), µ
+
i (k)],

2 ïðè µi ∈ (µ+
i (k),∞)

äëÿ âñåõ i = 1, 2, 3.

Òåîðåìà 1. Ïóñòü µ = (µ0, µ1, µ2, µ3) ∈ R4
+. Òîãäà îïåðàòîð h(k)

èìååò íå ìåíåå ÷åì ñ ó÷åòîì êðàòíîñòè ðîâíî

α(µ; k) +

3∑
i=1

βi(µ; k)
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ñîáñòâåííûõ çíà÷åíèé, ëåæàùèõ ëåâåå ñóùåñòâåííîãî ñïåêòðà.
Â ÷àñòíîñòè µ0 > µ0(k) è µi > µ+

i (k), i = 1, 2, 3. Òîãäà îïåðàòîð h(k)
èìååò ñ ó÷åòîì êðàòíîñòè ðîâíî 7 ñîáñòâåííûõ çíà÷åíèé, ëåæàùèõ ëåâåå
ñóùåñòâåííîãî ñïåêòðà.

Çàìåòèì, ÷òî â ñëó÷àå k = 0 òåîðåìà 1 ôîðìóëåðóåòñÿ áîëåå êîì-
ïàêòíî.

Òåîðåìà 2. Äëÿ ëþáîãî µ ∈ R4
+, µ = (µ0, µ1, µ2, µ3) îïåðàòîð h(0)

èìååò íå ìåíåå ÷åì ñ ó÷åòîì êðàòíîñòè ðîâíî

α(µ,0) +

3∑
i=1

θ(i)

ñîáñòâåííûõ çíà÷åíèé, ëåæàùèõ ëåâåå ñóùåñòâåííîãî ñïåêòðà, ãäå

α(µ,0) =

{
0 ïðè µ0 ∈ (0, µ0(0)],
1 ïðè µ0 ∈ (µ0(0),∞),

θ(i) =

 0 ïðè µi ∈ (0, µc
i (0)],

1 ïðè µi ∈ (µc
i (0), µ

s
i (0)],

2 ïðè µi ∈ (µs
i (0),∞).
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À.À. Ñîëäàòåíêî1, Ä. Â. Ñåìåíîâà1,2

1Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò, ã. Êðàñíîÿðñê, Ðîññèÿ
2Êðàñíîÿðñêèé ãîñóäàðñòâåííûé ìåäèöèíñêèé óíèâåðñèòåò èìåíè

ïðîôåññîðà Â.Ô. Âîéíî-ßñåíåöêîãî, ã. Êðàñíîÿðñê, Ðîññèÿ

Â ðàáîòå ïðåäñòàâëåíû íîâûå ðåçóëüòàòû àíàëèçà äîðîæíûõ ñå-
òåé. Èññëåäîâàíà çàãðóæåííîñòü äîðîæíûõ ó÷àñòêîâ ñåòè ïðè
ïðîåçäå â òî÷êè èíòåðåñà � êîðïóñà âûñøèõ ó÷åáíûõ çàâåäå-
íèé. Àíàëèç âûïîëíåí íà îñíîâå ìíîãîêðàòíûõ ðåøåíèé çàäà-
÷è î êðàò÷àéøåì ïóòè â íåñòàöèîíàðíîé ìåòðè÷åñêîé ñåòè ñ
óñëîâèåì FIFO è â ðåñóðñîîãðàíè÷åííîé ñåòè ñ îäíèì ðåñóðñîì.
Äëÿ ïîëó÷åíèÿ ñâÿçíûõ îáëàñòåé äîðîæíîé ñåòè ïðåäëîæåí íî-
âûé ìåòîä ïðèìåíåíèÿ ìàêñèìàëüíûõ èíäóöèðîâàííûõ áèêëèê.
Àíàëèç äîðîæíûõ ñåòåé ïðîèçâîäèëñÿ ñ ïðèìåíåíèåì àëãîðèò-
ìîâ, ðàíåå ðàçðàáîòàííûõ àâòîðàìè.
Êëþ÷åâûå ñëîâà: Àíàëèç ñåòåé, äîðîæíûå ñåòè, ìàðøðóòè-
çàöèÿ, ìàêñèìàëüíûå èíäóöèðîâàííûå áèêëèêè.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ, ðàçâèòèå ãîðîäñêîé èíôðàñòðóêòóðû è ðàñøèðå-
íèå ñåòè Èíòåðíåò íåèçáåæíî âëå÷åò çà ñîáîé ðåñòðóêòóðèçàöèþ ñóùå-
ñòâóþùèõ ìîäåëåé, îïèñûâàþùèõ äîðîæíûå è òåëåêîììóíèêàöèîííûå
ñåòè. Ýòî çàòðàãèâàåò ìåòîäû àíàëèçà è ïðîåêòèðîâàíèÿ ñåòåé, â êîòî-
ðûå âõîäÿò ðåøåíèå òàêèõ çàäà÷ êàê ïîèñê êðàò÷àéøèõ ïóòåé â ñåòÿõ ñ
îãðàíè÷åíèÿìè, çàäà÷à î ïîêðûòèè, çàäà÷è ïåðå÷èñëåíèÿ ñïåöèôè÷íûõ
êîíôèãóðàöèé [1, 2, 3].

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ çàäà÷è î êðàò÷àéøåì ïóòè â
íåñòàöèîíàðíîé ìåòðè÷åñêîé ñåòè è â ðåñóðñîîãðàíè÷åííîé ñåòè ñ îäíèì
ðåñóðñîì, à òàêæå ïîèñêà âñåõ ìàêñèìàëüíûõ èíäóöèðîâàííûõ áèêëèê.
Ïðèâîäÿòñÿ ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ äëÿ äîðîæíûõ
ñåòåé ðåàëüíûõ ãîðîäîâ, ñ èñïîëüçîâàíèåì ðàíåå ðàçðàáîòàííûõ àâòî-
ðàìè àëãîðèòìîâ [4, 5, 6, 7].

Ðàáîòà ïîääåðæàíà Êðàñíîÿðñêèì ìàòåìàòè÷åñêèì öåíòðîì, ôèíàíñèðóåìûì
Ìèíîáðíàóêè ÐÔ â ðàìêàõ ìåðîïðèÿòèé ïî ñîçäàíèþ è ðàçâèòèþ ðåãèîíàëüíûõ
ÍÎÌÖ (Ñîãëàøåíèå 075-02-2020-1534/1).
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1. Òåîðåòèêî-ãðàôîâûå çàäà÷è äëÿ àíàëèçà ñåòåé

Â ðàáîòå ðàññìàòðèâàþòñÿ äâå çàäà÷è î êðàò÷àéøåì ïóòè è çàäà÷à
ïåðå÷èñëèòåëüíîãî òèïà î ïîèñêå âñåõ ìàêñèìàëüíûõ èíäóöèðîâàííûõ
áèêëèê. Äëÿ ôîðìóëèðîâîê çàäà÷ áóäåì èñïîëüçîâàòü ïîíÿòèÿ è îïðå-
äåëåíèÿ èç ðàáîò [4, 8].

Çàäà÷à î êðàò÷àéøåì ïóòè â íåñòàöèîíàðíîé ñåòè (TDSP). Çàäàíû
íåñòàöèîíàðíàÿ ñåòü G = (V,E) è (s, d, ts)-çàïðîñ. Òðåáóåòñÿ íàéòè çíà-
÷åíèå dist(s, d, ts) äëÿ êðàò÷àéøåãî (s, d, ts)-ïóòè è ïîñëåäîâàòåëüíîñòü
âåðøèí, îáðàçóþùèõ åãî. Çäåñü âåëè÷èíà dist(s, d, ts) îïðåäåëÿåò íàè-
ìåíüøåå âðåìÿ äâèæåíèÿ èç âåðøèíû s â âåðøèíó d, åñëè âûõîä èç
âåðøèíû s ñîâåðøåí â ìîìåíò âðåìåíè ts.

Çàäà÷à î êðàò÷àéøåì ïóòè â ðåñóðñîîãðàíè÷åííîé ñåòè (RCSP). Çà-
äàí îðèåíòèðîâàííûé ãðàô G = (V,E), íà äóãàõ êîòîðîãî îïðåäåëå-
íû ïîëîæèòåëüíûå âåùåñòâåííîçíà÷íûå ôóíêöèè we, r(e), âåëè÷èíà R.
Òðåáóåòñÿ íàéòè îïòèìàëüíûé (s, d)-ìàðøðóò.

Çàäà÷à ïîèñêà âñåõ ìàêñèìàëüíûõ èíäóöèðîâàííûõ áèêëèê (MIBGP).
Çàäàí ãðàô G = (V,E) áåç êðàòíûõ ðåáåð. Òðåáóåòñÿ íàéòè ìíîæåñòâî
âñåõ ìàêñèìàëüíûõ èíäóöèðîâàííûõ áèêëèê.

Äëÿ ðåøåíèÿ çàäà÷ èñïîëüçîâàëèñü ðàçðàáîòàííûå àâòîðàìè àëãî-
ðèòìû RevTree, HFindMIB è ìîäèôèöèðîâàííûé àëãîðèòì ALT [5, 6, 7].
Êëàññ ñëîæíîñòè çàäà÷ è âû÷èñëèòåëüíàÿ ñëîæíîñòü àëãîðèòìîâ ïðåä-
ñòàâëåíà â òàáë. 1.

Òàáëèöà 1
Ðàññìàòðèâàåìûå çàäà÷è è àëãîðèòìû èõ ðåøåíèÿ

Çàäà÷à Àëãîðèòì
Íàçâàíèå Êëàññ ñëîæíîñòè Íàçâàíèå Ñëîæíîñòü
TDSP P ALT O(n2)
RCSP NP -òðóäíàÿ RevTree O(n2)

MIBGP
Íå ëåã÷å NP -
òðóäíîé

HFindMIB
O
(
22∆ ·∆·(|MBC|+

∆3 · log(22∆)) + n2
)

2. Âû÷èñëèòåëüíûå ýêñïåðèìåíòû

Â ðàáîòå ïðåäñòàâëåíû íîâûå âû÷èñëèòåëüíûå ýêñïåðèìåíòû äëÿ
àíàëèçà äîðîæíûõ ñåòåé ãîðîäîâ: Òîìñêà (TOF), Êðàñíîÿðñêà (KJA),
Íîâîñèáèðñêà (NSK), Áàêó (GYD). Ìîäèôèöèðîâàííûé àëãîðèòì ALT
è àëãîðèòì RevTree ïðèìåíÿëñÿ ê ñãåíåðèðîâàííûì çàïðîñàì íà ïîèñê
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êðàò÷àéøèõ ïóòåé äî òî÷åê èíòåðåñà. Àëãîðèòì HFindMIB ïðèìåíÿëñÿ
äëÿ íåîðèåíòèðîâàííûõ âåðñèé ñîîòâåòñòâóþùèõ äîðîæíûõ ñåòåé.

Âû÷èñëèòåëüíûå ýêñïåðèìåíòû áûëè ïðîâåäåíû íà ÝÂÌ ñ ïðîöåñ-
ñîðîì AMD Ryzen 5 3600 6-Core Processor 3,60 ÃÃö è ÎÇÓ îáúåìîì
16 Ãáàéò. Ðåçóëüòàòû ýêñïåðèìåíòîâ ïðåäñòàâëåíû â òàáë. 2.

Òàáëèöà 2
Ðåçóëüòàòû ðàáîòû àëãîðèòìîâ ALT, RevTree, HFindMIB

Äîðîæíàÿ
ñåòü

n m
ALT RevTree HFindMIB
Âðåìÿ,
ñ.

Âðåìÿ,
ñ.

∆ MBC Âðåìÿ, ñ.

TOF 3840 9639 4,566 1,890 5 4084 26,527
KJA 4362 6005 5,975 6,038 5 4823 36,898
NSK 7357 19106 14,141 7,957 6 7927 103,115
GYD 12458 28936 50,722 12,575 6 11844 252,244

Â êà÷åñòâå òî÷åê èíòåðåñà â ñåòè KJA áûëè âûáðàíû êîðïóñà Ñè-
áèðñêîãî ôåäåðàëüíîãî óíèâåðñèòåòà. Â îñòàëüíûõ ñåòÿõ â êà÷åñòâå òî-
÷åê èíòåðåñà ðàññìàòðèâàëèñü âûñøèå ó÷åáíûå çàâåäåíèÿ. Íà îñíîâå
êðàò÷àéøèõ ïóòåé, ïîëó÷åííûõ àëãîðèòìàìè ALT è RevTree, ïîñòðîå-
íû òåïëîâûå êàðòû äîðîã, ïðè äâèæåíèè ê òî÷êàìè èíòåðåñà. Äîðîãà
îòìå÷åíà êðàñíûì öâåòîì, åñëè îíà ÷àñòî ÿâëÿåòñÿ ÷àñòüþ êðàò÷àéøå-
ãî ïóòè, ñèíèì öâåòîì â ïðîòèâíîì ñëó÷àå. Òî÷êè èíòåðåñà îòìå÷åíû
ôèîëåòîâûì öâåòîì. Êàðòû äëÿ ñåòè KJA ïðåäñòàâëåíû íà ðèñ. 1 è 2,
à äëÿ ñåòè TOF íà ðèñ. 3 è 4.

Ðèñ. 1. Ôðàãìåíò òåïëîâîé êàðòû
äëÿ ñåòè KJA ïî ðåçóëüòàòàì ðå-
øåíèÿ çàäà÷è TDSP ñ òî÷êàìè èí-
òåðåñà

Ðèñ. 2. Ôðàãìåíò òåïëîâîé êàðòû
äëÿ ñåòè KJA ïî ðåçóëüòàòàì ðå-
øåíèÿ çàäà÷è RCSP ñ òî÷êàìè èí-
òåðåñà
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Ðèñ. 3. Ôðàãìåíò òåïëîâîé êàðòû
äëÿ ñåòè TOF ïî ðåçóëüòàòàì ðå-
øåíèÿ çàäà÷è TDSP ñ òî÷êàìè èí-
òåðåñà

Ðèñ. 4. Ôðàãìåíò òåïëîâîé êàðòû
äëÿ ñåòè TOF ïî ðåçóëüòàòàì ðå-
øåíèÿ çàäà÷è RCSP ñ òî÷êàìè èí-
òåðåñà

Ñîãëàñíî ïðåäñòàâëåííûì ðåçóëüòàòàì, êðàñíûå ó÷àñòêè äîðîãè
ìîæíî èíòåðïðåòèðîâàòü êàê íàèáîëåå çàãðóæåííûå.

Ðåçóëüòàòîì ðàáîòû àëãîðèòìà HFindMIB ÿâëÿåòñÿ ìíîæåñòâî âñåõ
ìàêñèìàëüíûõ èíäóöèðîâàííûõ áèêëèê äîðîæíîé ñåòè. Ðàíåå áûëî îò-
ìå÷åíî, ÷òî ìàêñèìàëüíûå èíäóöèðîâàííûå áèêëèêè ðàçëè÷íîãî ðàç-
ìåðà ìîãóò îïðåäåëÿòü ðàçíûå ðåàëüíûå ñòðóêòóðû [4].

Âåðøèíû, êîòîðûå èìåëè ìàðøðóò ÷åðåç ìàêñèìàëüíûå èíäóöèðî-
âàííûå áèêëèêè îäíîãî ðàçìåðà, èìåþùèå õîòÿ áû îäíó îáùóþ âåðøè-
íó, îêðàøèâàëèñü â îäèí öâåò. Ðåçóëüòàòû äëÿ áèêëèê ðàçìåðà (2, 2) è
(4, 1) â ñåòÿõ KJA è TOF ïðåäñòàâëåíû íà ðèñ. 5�8.

Ðèñ. 5. Îáëàñòè ñåòè KJA, ïîëó-
÷åííûå èç ñìåæíûõ ìàêñèìàëüíûõ
èíäóöèðîâàííûõ áèêëèê ðàçìåðà
(2, 2)

Ðèñ. 6. Îáëàñòè ñåòè KJA, ïîëó-
÷åííûå èç ñìåæíûõ ìàêñèìàëüíûõ
èíäóöèðîâàííûõ áèêëèê ðàçìåðà
(4, 1)



Àíàëèç äîðîæíûõ ñåòåé ñ òî÷êàìè èíòåðåñà 367

Ðèñ. 7. Îáëàñòè ñåòè TOF, ïîëó-
÷åííûå èç ñìåæíûõ ìàêñèìàëüíûõ
èíäóöèðîâàííûõ áèêëèê ðàçìåðà
(2, 2)

Ðèñ. 8. Îáëàñòè ñåòè TOF, ïîëó-
÷åííûå èç ñìåæíûõ ìàêñèìàëüíûõ
èíäóöèðîâàííûõ áèêëèê ðàçìåðà
(4, 1)

Äàííûé ðåçóëüòàò ìîæåò èìåòü ñóùåñòâåííîå ïðèëîæåíèå ïðè êëà-
ñòåðèçàöèè è àòîìèçàöèè ðàçëè÷íûõ ñåòåé, îäíàêî òðåáóåò äîïîëíè-
òåëüíûõ èññëåäîâàíèé.

Çàêëþ÷åíèå

Â ðàáîòå ïðåäñòàâëåíû íîâûå ðåçóëüòàòû äëÿ àíàëèçà äîðîæíûõ
ñåòåé ñ èñïîëüçîâàíèåì ðåøåíèé çàäà÷ î êðàò÷àéøåì ïóòè â íåñòàöè-
îíàðíîé ñåòè ñ óñëîâèåì FIFO è â ðåñóðñîîãðàíè÷åííîé ñåòè ñ îäíèì
ðåñóðñîì, à òàêæå çàäà÷åé ïîèñêà âñåõ ìàêñèìàëüíûõ èíäóöèðîâàííûõ
áèêëèê â ñåòè.

Àëãîðèòì RevTree è ìîäèôèöèðîâàííûé àëãîðèòì ALT èñïîëüçóþò
íàêîïëåííûå äàííûå î çàãðóæåííîñòè äîðîæíîé ñåòè â ðàçíîå âðåìÿ
ñóòîê, ÷òîáû ñòðîèòü îïòèìàëüíûé ìàðøðóò ñ ó÷åòîì ýòèõ äàííûõ.
Ïîëó÷åíèå êðàò÷àéøèõ ïóòåé äëÿ ñåðèè çàïðîñîâ ïîçâîëÿåò íàõîäèòü
íàèáîëåå âîñòðåáîâàííûå äîðîãè â äîðîæíîé ñåòè. Èñïîëüçîâàíèå ìî-
äåëüíîé äîðîæíîé ñåòè ñ äîáàâëåíèåì íîâûõ äîðîã èëè ïåðåêðûòèåì
ñóùåñòâóþùèõ ìîæåò ïîçâîëèòü àíàëèçèðîâàòü ïîñëåäñòâèÿ òàêèõ ðå-
øåíèé. Îñíîâûâàÿñü íà èíôîðìàöèè î íàèáîëåå âîñòðåáîâàííûõ ðåáðàõ
â ñåòè ìîæíî âûïîëíÿòü ðåîðãàíèçàöèþ äîðîæíîé ñåòè è ìîäåëèðîâàòü
íîâûå îáúåçäíûå äîðîãè.

Àëãîðèòì HFindMIB äëÿ íàõîæäåíèÿ âñåõ ìàêñèìàëüíûõ èíäóöèðî-
âàííûõ áèêëèê ïîçâîëÿåò âûäåëÿòü â äîðîæíîé ñåòè áèêëèêè, êîòîðûå
ìîæíî èíòåðïðåòèðîâàòü êàê îòäåëüíûå äîðîæíûå ñòðóêòóðû (ïåðå-
êðåñòêè, ïðîòÿæåííûå äîðîãè, ãîðîäñêèå êâàðòàëû è ïð.), òåì ñàìûì
ýòî ìîæåò ïîçâîëèòü îöåíèâàòü ñêîïëåíèå òåõ èëè èíûõ ñòðóêòóð â îá-
ëàñòÿõ ñåòè. Ìåòîä îáúåäèíåíèÿ ñìåæíûõ áèêëèê â åäèíûå ìíîæåñòâà
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ÿâëÿåòñÿ èíòåðåñíûì äëÿ äàëüíåéøåãî èññëåäîâàíèÿ ñ òî÷êè çðåíèÿ
ìåòîäîâ êëàñòåðèçàöèè è äåêîìïîçèöèè ñåòåé ðàçëè÷íûõ ïðåäìåòíûõ
îáëàñòåé.
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ÇÀÏÐÎÑÀÌÈ

Í.Â. Ñòåïàíîâà1, À. Â. Êèòàåâà2, Ì.Ï. Ôàðõàäîâ1

1ÔÃÁÓÍ Èíñòèòóò ïðîáëåì óïðàâëåíèÿ
èì. Â.À. Òðàïåçíèêîâà ÐÀÍ, ã. Ìîñêâà, Ðîññèÿ

2Òîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Òîìñê, Ðîññèÿ

Â ðàáîòå ïðîâîäèòñÿ àíàëèç âðåìåíè ðåàëèçàöèè ñêîðîïîðòÿùå-
ãîñÿ ïðîäóêòà, èìåþùåãî çàäàííûé ñðîê õðàíåíèÿ, ïðè óñëîâèè
ïîñòóïëåíèÿ çàêàçîâ ôèêñèðîâàííîãî îáúåìà. Ïîñòóïëåíèå çà-
ÿâîê íà ðåñóðñ ïðîèñõîäèò â ñîîòâåòñòâèè ñ íåîäíîðîäíûì ïóàñ-
ñîíîâñêèì ïîòîêîì, ãäå èíòåíñèâíîñòü çàâèñèò îò òåêóùåé öåíû
ðåñóðñà. Ðàçìåð ïàðòèè â ïîñòóïèâøåé çàÿâêå ïðåäïîëàãàåòñÿ
ýêñïîíåíöèàëüíî ðàñïðåäåë¼ííûì. Èññëåäóåòñÿ ìîäåëü êîíòðî-
ëÿ ðîçíè÷íûõ öåí, ïîçâîëÿþùàÿ íàì ïî÷òè íàâåðíÿêà ïðîäàòü
ïàðòèþ áåç îñòàòêîâ â òå÷åíèå ñðîêà ãîäíîñòè ïðîäóêòà. Ïîëó-
÷åíû ïðåîáðàçîâàíèÿ Ëàïëàñà ïëîòíîñòè ðàñïðåäåëåíèÿ óñëîâ-
íîãî âðåìåíè äî îêîí÷àíèÿ ñåàíñà è óñëîâíîãî ñðåäíåãî çíà÷å-
íèÿ ýòîãî âðåìåíè. Â ðàáîòå ïðåäñòàâëåíû òàêæå ðåçóëüòàòû
èìèòàöèîííîãî ìîäåëèðîâàíèÿ ïðîäîëæèòåëüíîñòè âðåìåíè ðå-
àëèçàöèè ðåñóðñà. Ýòè ðåçóëüòàòû ñðàâíèâàþòñÿ çàòåì ñî çíà÷å-
íèÿìè, ïîëó÷åííûìè ðàíåå ñ ïîìîùüþ àïïðîêñèìàöèîííîé ìî-
äåëè.
Êëþ÷åâûå ñëîâà: Äèíàìè÷åñêîå öåíîîáðàçîâàíèå, íóëåâîé êî-
íå÷íûé çàïàñ, ïðîäîëæèòåëüíîñòü ïðîäàæè, ïðîäóêò ñ ôèêñè-
ðîâàííûì ñðîêîì ñëóæáû, íåîäíîðîäíûé ïóàññîíîâñêèé ñïðîñ,
ïðåîáðàçîâàíèå Ëàïëàñà.

Ââåäåíèå

Ñîêðàùåíèå îáðàçîâàíèÿ îòõîäîâ � ýòî îäèí èç îñíîâíûõ ñïîñîáîâ
óìåíüøåíèÿ íàøåãî âîçäåéñòâèå íà îêðóæàþùóþ ñðåäó. Âàðèàíòû ñî-
êðàùåíèÿ îòõîäîâ èìåþò âûñîêèé ïðèîðèòåò, ïîñêîëüêó óòèëèçàöèÿ
îòõîäîâ ìîæåò áûòü äîðîãîñòîÿùåé è ìîæåò âûçâàòü ýêîëîãè÷åñêèå
ïðîáëåìû; ñì. [2], [5] è [9]. Ýêîëîãè÷åñêèå è ñîöèàëüíûå ïîñëåäñòâèÿ
óïðàâëåíèÿ ñêîðîïîðòÿùèìèñÿ ïðîäóêòàìè íåäàâíî îáñóæäàëèñü â [1]
è [11], ãäå òàêæå ïîä÷åðêèâàëîñü âëèÿíèå äèíàìè÷åñêîãî öåíîîáðàçî-
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âàíèÿ íà îáúåì âûðó÷êè è èñïîð÷åííîé ïðîäóêöèè. Ìîäåëè äèíàìè÷å-
ñêîãî öåíîîáðàçîâàíèÿ îñîáåííî ïîäõîäÿò äëÿ ïîñòàâùèêîâ ñâåæèõ òî-
âàðîâ â ýëåêòðîííîé êîììåðöèè, ãäå èçäåðæêè ñâÿçàííûå ñ èçìåíåíèåì
öåí ìîæíî ïðàêòè÷åñêè íå ó÷èòûâàòü. Òàêèå ìîäåëè ìîãóò îáåñïå÷èòü
çíà÷èòåëüíîå óâåëè÷åíèå ðîçíè÷íîé ïðèáûëè; ñì., íàïðèìåð, ðàáîòó [3].
Íåäàâíèé êðàòêèé îáçîð ëèòåðàòóðû ïî ìîäåëÿì äèíàìè÷åñêîãî öåíî-
îáðàçîâàíèÿ ìîæíî íàéòè â [10]. Â ðàáîòå [6] ìû ðàññìîòðåëè äèíàìè-
÷åñêóþ ìîäåëü óïðàâëåíèÿ ðîçíè÷íûìè öåíàìè, êîòîðàÿ âûòåêàåò èç
òðåáîâàíèÿ ðàâåíñòâà ñðåäíåé ñêîðîñòè, ñ êîòîðîé êîëè÷åñòâî òîâàðà
Q(t) äîëæíî áûòü ïðîäàíî â òå÷åíèå âðåìåííîãî èíòåðâàëà [t, T ], ÷òî-
áû áûòü ïîëíîñòüþ ïðîäàííûì ê êîíöó ïåðèîäà æèçíè T , è ìãíîâåííîé
ñêîðîñòè, ñ êîòîðîé îí ïðîäàåòñÿ â ìîìåíò âðåìåíè t

a1λ(c(t)) =
Q(t)

T − t
. (1)

Çäåñü λ(c) - çàâèñÿùàÿ îò öåíû èíòåíñèâíîñòü ïóàññîíîâñêîãî ïîòîêà
ïîêóïàòåëåé, - ðîçíè÷íàÿ öåíà çà åäèíèöó òîâàðà; çíà÷åíèÿ îáúåìà çà-
êàçîâ - íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå (í.î.ð.) íåïðåðûâíûå
ñëó÷àéíûå âåëè÷èíû ñ êîíå÷íûìè ïåðâûì è âòîðûì ìîìåíòàìè, ðàâ-
íûìè ñîîòâåòñòâåííî a1 è a2. Ìû ïðåäïîëàãàåì, ÷òî ñïðîñ î÷åíü ÷óâ-
ñòâèòåëåí ê öåíå, è ïðîäóêò îáÿçàòåëüíî áóäåò ïðîäàí, åñëè öåíà áóäåò
äîñòàòî÷íî íèçêîé. Ýòî ìîæåò áûòü õàðàêòåðíî, íàïðèìåð, äëÿ òîâà-
ðîâ ïåðâîé íåîáõîäèìîñòè. Èç-çà ñëîæíîñòè òàêîãî ðîäà çàäà÷ øèðîêî
èñïîëüçóþòñÿ ÷èñëåííûå èëè ïðèáëèæåííûå àíàëèòè÷åñêèå ìåòîäû. Â
ðàáîòå [6] ìû ïðîàíàëèçèðîâàëè äèôôóçèîííóþ àïïðîêñèìàöèþ ýòîé
ìîäåëè, ïðåäïîëàãàÿ, ÷òî ïðîöåññ óðîâíÿ çàïàñîâ Q(·) ìîæåò áûòü îïè-
ñàí ñëåäóþùèì ñòîõàñòè÷åñêèì äèôôåðåíöèàëüíûì óðàâíåíèåì:

dQ(t) = −a1λ(c(t))dt−
√
a2λ(c(t))dw(t).

Çäåñü w(·) - ïðîöåññ Âèíåðà è Q(0) = Q0. Ýòà àïïðîêñèìàöèÿ õîðî-
øî ðàáîòàåò ïðè áîëüøîì êîëè÷åñòâå çàêóïîê. Ïðåäëîæåííàÿ ìîäåëü
óïðàâëåíèÿ öåíàìè (1) ðåøàåò ïðîáëåìó îñòàòêîâ, òî åñòü êîíå÷íûå
çàïàñû ïî÷òè íàâåðíÿêà ðàâíû íóëþ. Â òî æå âðåìÿ âåðîÿòíîñòü îòñóò-
ñòâèÿ çàïàñîâ â òå÷åíèå ñðîêà ãîäíîñòè ïðîäóêòà äîñòàòî÷íî ìàëà äëÿ
âûøåïðèâåäåííîé äèôôóçèîííîé àïïðîêñèìàöèè.

Â äàííîé ðàáîòå ìû ðàññìàòðèâàåì òî÷íîå ðàñïðåäåëåíèå ïðîäîë-
æèòåëüíîñòè âðåìåíè, íåîáõîäèìîãî äëÿ ïðîäàæè ïðîäóêòà, è åãî ñðåä-
íåãî çíà÷åíèÿ â ñëó÷àå ýêñïîíåíöèàëüíîãî ðàñïðåäåëåíèÿ ðàçìåðà ïàð-
òèè, òî åñòü ïðåäïîëàãàåòñÿ, ÷òî çíà÷åíèÿ ïîêóïîê ÿâëÿþòñÿ í.î.ð. ñëó-
÷àéíûìè âåëè÷èíàìè, èìåþùèìè ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå ñî
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ñðåäíèì a. Â ýòîì ñëó÷àå a1 = a è a2 = 2a2. Ìû âûâîäèì ñîîòâåòñòâóþ-
ùèå äèôôåðåíöèàëüíûå óðàâíåíèÿ ìåòîäîì è èñïîëüçóåì ïðåîáðàçîâà-
íèÿ Ëàïëàñà äëÿ ðåøåíèÿ ýòèõ óðàâíåíèé. Íàõîæäåíèå ðåøåíèÿ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ÿâëÿåòñÿ îäíèì èç òðàäèöèîííûõ ïðèìåíå-
íèé ïðåîáðàçîâàíèÿ Ëàïëàñà. Â ðàáîòå [4], ãäå ìåòîä ïðåîáðàçîâàíèÿ
èñïîëüçóåòñÿ â çàäà÷àõ ïðåäïî÷òåíèÿ ðèñêà, óïîìèíàåòñÿ ìíîæåñòâî
îáëàñòåé åãî ïðèìåíåíèÿ. Â [7] ïîëó÷åíû òî÷íûå ðàñïðåäåëåíèÿ ñïðîñà
è âðåìåíè ñåàíñà ïðîäàæè äëÿ íåîäíîðîäíîãî ïóàññîíîâñêîãî ïðîöåññà
ñïðîñà ñ ýêñïîíåíöèàëüíûì ðàñïðåäåëåíèåì ðàçìåðà ïàðòèè â ðàìêàõ
çàäà÷è ïðîäàâöà ãàçåò äëÿ ïîñòîÿííîé èíòåíñèâíîñòè ïîòîêà ïîêóïàòå-
ëåé. Ðàñïðåäåëåíèÿ óäàëîñü íàéòè â ÿâíîé ôîðìå áëàãîäàðÿ ñâîéñòâó
ýêñïîíåíöèàëüíîãî ðàñïðåäåëåíèÿ îòñóòñòâèÿ ïîñëåäåéñòâèÿ.

1. Ñðåäíåå âðåìÿ ðåàëèçàöèè ðåñóðñà

Îáîçíà÷èì ÷åðåç m(Q, t) îæèäàåìîå âðåìÿ äî îêîí÷àíèÿ ïðîöåññà
ïðîäàæè, åñëè â ìîìåíò t êîëè÷åñòâî òîâàðà ñîñòàâëÿåò Q(t) = Q. Äëÿ
âûâîäà óðàâíåíèÿ âîñïîëüçóåìñÿ ∆t ìåòîäîì, ïðè êîòîðîì ðàññìàòðè-
âàåòñÿ ïðèðàùåíèå èíòåðåñóþùåé íàñ ïåðåìåííîé çà èíòåðâàë âðåìåíè
∆t << 1, à çàòåì ∆t → 0. Â èíòåðâàëå âðåìåíè [t, t + ∆t] âîçìîæíû
ñëåäóþùèå âàðèàíòû:

à) Â òå÷åíèå âðåìåíè ∆t íå áûëî ñîâåðøåíî íè îäíîé ïîêóïêè. Âåðî-
ÿòíîñòü ýòîãî ñîáûòèÿ ðàâíà 1 − λ(Q, t)∆t + o(∆t) ïðè ∆t → 0, à
îñòàâøååñÿ ñðåäíåå âðåìÿ äî êîíöà ñåññèè ðàâíî m(Q, t+∆t).

á) Åñòü ïîêóïêà çà âðåìÿ ∆t. Âåðîÿòíîñòü ýòîãî ñîáûòèÿ ðàâíà
λ(Q, t)∆t + o(∆t) ïðè ∆t → 0. Åñëè ñòîèìîñòü ïîêóïêè ξ < Q, òî
îñòàâøååñÿ âðåìÿ ðàâíî m(Q− ξ, t+∆t); â ïðîòèâíîì ñëó÷àå ñåññèÿ
ïðîäàæ çàâåðøàåòñÿ.

â) Âåðîÿòíîñòü âñåõ îñòàëüíûõ ñöåíàðèåâ ðàâíà o(∆t) ïðè ∆t→ 0.

Òàêèì îáðàçîì, ìîæíî ïîëó÷èòü ñëåäóþùåå óðàâíåíèå:

∂m(Q, t)

∂t
− Q

a(T − t)
m(Q, t) (2)

+
Q

a(T − t)

∫ Q

0

m(Q− x, t+∆t)
1

a
e−

x
a dx = −1,

ïðè óñëîâèèm(0, t) = 0 èm(Q,T ) = 0. Îáîçíà÷èì òåïåðü ÷åðåç m̃(q, t) =∫∞
0
m(Q, t)e−qQdQ ïðåîáðàçîâàíèå Ëàïëàñà (ÏË) ñðåäíåãî âðåìåíè.

Óòâåðæäåíèå 1. ÏË m̃(q, t) ïðåäñòàâëÿåòñÿ â âèäå

m̃(q, t) = (T − t)(aq + 1)eaq
∫ ∞

q

e−ax

x2
dx. (3)
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Äîêàçàòåëüñòâî. Óòâåðæäåíèå ñëåäóåò ïóò¼ì óìíîæåíèÿ (2) íà
e−qQ è ïîñëåäóþùåãî âû÷èñëåíèÿ èíòåãðàëà ïî Q íà èíòåðâàëå îò 0 äî
∞ ñ ó÷¼òîì èìåþùèõñÿ ãðàíè÷íûõ óñëîâèé.

Ñëåäñòâèå 1. ÏË ñðåäíåé äëèòåëüíîñòè ñåññèè èìååò âèä

m̃(q, 0) = T (aq + 1)eaq
∫ ∞

q

e−ax

x2
dx = aT (aq + 1)eaqΓ(−1, aq),

ãäå Γ(·, ·) âåðõíÿÿ íåïîëíàÿ ãàììà-ôóíêöèÿ.

2. Ðàñïðåäåëåíèå âðåìåíè ðåàëèçàöèè ðåñóðñà

Ðàññìîòðèì ðàñïðåäåëåíèå ïðîäîëæèòåëüíîñòè âðåìåíè, íåîáõîäè-
ìîãî äëÿ ðåàëèçàöèè çàêàçà Q(t), äëÿ ñïðîñà, ìîäåëèðóåìîãî ñëîæíûì
ïóàññîíîâñêèì ïðîöåññîì ñ ýêñïîíåíöèàëüíûì ðàñïðåäåëåíèåì ðàçìåðà
ïàðòèè ñî ñðåäíèì a è óïðàâëÿåìîé öåíîâîé èíòåíñèâíîñòüþ (1). Îáî-
çíà÷èì ÷åðåç G(s,Q, t) = E[e−sτ |Q, t] ïðåîáðàçîâàíèå Ëàïëàñà óñëîâíîé
ïëîòíîñòè pτ (·|Q(t) = Q). Òåïåðü ïîëó÷èì óðàâíåíèå äëÿ G(s,Q, t). Â
èíòåðâàëå [t, t+∆t] âîçìîæíû ñëåäóþùèå ñëó÷àè:

a) Íåò ïîêóïîê íà èíòåðâàëå [t, t+∆t]. Â ýòîì ñëó÷àå îñòàâøååñÿ âðåìÿ
ðàâíî τ(Q, t+∆t).

b) Åñòü ïîêóïêà ξ < Q íà èíòåðâàëå [t, t + ∆t], òîãäà îñòàâøååñÿ âðå-
ìÿ ðàâíî τ(Q − ξ, t + ∆t), ãäå ξ - ýêñïîíåíöèàëüíî ðàñïðåäåëåííàÿ
ñëó÷àéíàÿ âåëè÷èíà ñî ñðåäíèì a.

c) Åñòü ïîêóïêà ξ ⩾ Q íà èíòåðâàëå [t, t+∆t], òîãäà îñòàâøååñÿ âðåìÿ
ðàâíî 0.

Âåðîÿòíîñòè âñåõ îñòàëüíûõ âàðèàíòîâ ðàâíû o(∆t) ïðè ∆t→ 0. Òàêèì
îáðàçîì, ñ ó÷åòîì (1), ñïðàâåäëèâî ñëåäóþùåå ñîîòíîøåíèå:

aT (1− t

T
)
∂G(s,Q, t)

∂t
− (saT (1− t

T
) +Q)G(s,Q, t) (4)

+Qe−
Q
a +Q

∫ Q

0

G(s,Q− x, t)
1

a
e−

x
a dx = 0

Ðàññìîòðèì òåïåðü ïðåîáðàçîâàíèå Ëàïëàñà ïî àðãóìåíòó Q, ò.å.
G̃(s, q, t) =

∫∞
0
e−qQdQ.

Óòâåðæäåíèå 2. Ôóíêöèÿ Ḡ(s, q, t) = es(T−t)G̃(s, q, t) óäîâëåòâî-
ðÿåò íåîäíîðîäíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ ÷àñòíîé ïðîèçâîä-
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íîé ïåðâîãî ïîðÿäêà,

aT (1− t

T
)
∂Ḡ(s, q, t)

∂t
+

aq

aq + 1

∂Ḡ(s, q, t)

∂q
(5)

+
a

(aq + 1)2
Ḡ(s, q, t) = − a2

(aq + 1)2
es(T−t)

Ñëåäñòâèå 2. ×àñòíîå ðåøåíèå (5) èìååò âèä

Ḡ(s, q, t) =

∞∑
r=0

φr(s, q)(T − t)r, ãäå

φr(s, q) =
a(aq + 1)

r!
eraqsrqr−1

∫ ∞

q

e−raxx−r

(ax+ 1)2
dx.

3. Èìèòàöèîííîå ìîäåëèðîâàíèå

(à) (á)

Ðèñ. 1. Ôóíêöèÿ Fτ (t) äëÿ ýêñïîíåíöèàëüíî ðàñïðåäåë¼ííîãî ðàçìåðà çàÿâêè,
a = 5, Q0 = 2000, τ̂ = 9.973 (à) è Q0 = 5000, τ̂ = 9.999

Çäåñü ðàññìàòðèâàåòñÿ ñðàâíèòåëüíûé àíàëèç äèôôóçèîííîé àï-
ïðîêñèìàöèè è èìèòàöèîííîãî ìîäåëèðîâàíèÿ. Äëÿ êóìóëÿòèâíîé
ôóíêöèè ðàñïðåäåëåíèÿ (CDF) Fτ (·) äëèòåëüíîñòè âðåìåíè, íåîáõîäè-
ìîãî äëÿ ïðîäàæè ôèêñèðîâàííîé ïàðòèè òîâàðà Q0, â ñëó÷àå áîëüøîãî
÷èñëà çàÿâîê èìååì

Fτ (t) = P[τ ⩽ t] = e−β T−t
t Q0 , ãäå β =

2a1
a2

=
1

a
. (6)

Íà ðèñóíêàõ 1 è 2 ñðàâíèâàþòñÿ òåîðåòè÷åñêèå (ïðèáëèæåííûå) CDF è
ñãëàæåííûå ýìïèðè÷åñêèå CDF äëÿ ýêñïîíåíöèàëüíîãî è ðàâíîìåðíîãî
ðàñïðåäåëåíèé çàêóïîê è äâóõ ðàçëè÷íûõ çíà÷åíèé êîýôôèöèåíòà βQ0.
Òàêæå âû÷èñëåíû âûáîðî÷íûå ñðåäíèå τ̂ ïðè âñåõ íàáîðàõ ïàðàìåòðîâ.
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(à) (á)

Ðèñ. 2. Ôóíêöèÿ Fτ (t) äëÿ ðàâíîìåðíî ðàñïðåäåë¼ííîãî ðàçìåðà çàÿâêè íà
èíòåðâàëå [0, 15], a1 = a = 7.5, Q0 = 2000, τ̂ = 9.977 (à) è Q0 = 5000, τ̂ = 9.989
(á)

Íà ðèñóíêàõ T = 10. Â ýòîì ñëó÷àå áîëüøèíñòâî ðåàëèçàöèé ïðîöåññà
áóäóò çàêàí÷èâàòüñÿ îïóñòîøåíèåì ñêëàäà äî ìîìåíòà ïîð÷è òîâàðà.
Êîëè÷åñòâî èòåðàöèé äëÿ ìîäåëèðîâàíèÿ τ ðàâíî 1000. Íà Ðèñ. 1(á) è
Ðèñ. 2(á) çíà÷åíèå βQ0 â 2,5 ðàçà áîëüøå, ÷åì íà Ðèñ. 1(à) è Ðèñ. 2(à),
ïîýòîìó êðèâûå íà ðèñóíêàõ, îáîçíà÷åííûõ áóêâîé (á), ðàñïîëîæåíû
áëèæå äðóã ê äðóãó.

Äëÿ ãåíåðàöèè íåîäíîðîäíîãî ïóàññîíîâñêîãî ïðîöåññà ïðèìåíÿåòñÿ
èíâåðñèîííûé ïîäõîä, ñì., íàïðèìåð, [8].

Çàêëþ÷åíèå

Ïîëó÷åíî ïðåîáðàçîâàíèå Ëàïëàñà óñëîâíîãî ñðåäíåãî âðåìåíè ïå-
ðåñå÷åíèÿ íóëåâîãî óðîâíÿ ïðîöåññîì óðîâíÿ çàïàñîâ äëÿ ïðåäëîæåí-
íîé ìîäåëè óïðàâëåíèÿ ÷åðåç çàâèñÿùóþ îò öåíû èíòåíñèâíîñòü ïóàññî-
íîâñêîãî ïîòîêà ïîêóïàòåëåé (1) ñ ýêñïîíåíöèàëüíî ðàñïðåäåëåííûìè
çàêóïêàìè, à òàêæå ïðåîáðàçîâàíèå Ëàïëàñà óñëîâíîé ïëîòíîñòè âå-
ðîÿòíîñòè ýòîãî âðåìåíè. Ìîäåëèðîâàíèå ïîäòâåðæäàåò àíàëèòè÷åñêèå
ðåçóëüòàòû äëÿ äèôôóçèîííîé àïïðîêñèìàöèè ïðîöåññà óðîâíÿ çàïà-
ñîâ ïðè áîëüøîì êîëè÷åñòâå çàêóïîê. Ìîäåëü óïðàâëåíèÿ öåíàìè (1)
îáåñïå÷èâàåò âûñîêèé óðîâåíü îáñëóæèâàíèÿ â òå÷åíèå ñðîêà ãîäíîñòè
T .
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Î ÄÈÍÀÌÈÊÅ ÏÎÏÓËßÖÈÉ Â ÐÅ×ÍÎÉ
ÝÊÎËÎÃÈÈ

Æ.Î. Òàõèðîâ, Ì.È. Áîáîðàõèìîâà

Èíñòèòóò ìàòåìàòèêè ÀÍ ÐÓç, ã. Òàøêåíò, Óçáåêèñòàí

Ïðîñòðàíñòâåííî-âðåìåííàÿ äèíàìèêà ïîïóëÿöèè ïðåäñòàâëÿåò
ñîáîé îäèí èç ñàìûõ èíòåðåñíûõ àñïåêòîâ è ïðîáëåì äëÿ ýêî-
ëîãè÷åñêîãî ìîäåëèðîâàíèÿ. Â ðàáîòå èññëåäóåòñÿ ìàòåìàòè÷å-
ñêàÿ ìîäåëü, îñíîâàííûé íà îäíîìåðíûõ óðàâíåíèÿõ ðåàêöèè-
äèôôóçèè-àäâåêöèè, äëÿ ðîñòà ïîïóëÿöèè â ãåòåðîãåííîé ñðåäå
îáèòàíèÿ. Ìû èçó÷àåì ÷àñòî ïðîòèâîïîëîæíûå ðîëè àäâåêöèè è
äèôôóçèè â óñòîé÷èâîñòè ïîïóëÿöèè. Êîãäà ýòî âîçìîæíî, ìû
äåìîíñòðèðóåì îñíîâíûå ìàòåìàòè÷åñêèå ìåòîäû è äàåì êðèòè-
÷åñêèå óñëîâèÿ, îáåñïå÷èâàþùèå âûæèâàíèå ïîïóëÿöèè â ïðî-
ñòûõ ñèñòåìàõ è â áîëåå ñëîæíûõ ðåñóðñàõ.
Êëþ÷åâûå ñëîâà: äèíàìèêà ïîïóëÿöèè, àäâåêöèÿ è äèôôóçèÿ,
óñòîé÷èâîå ñîñòîÿíèå.

Ââåäåíèå

Â ïîñëåäíåå âðåìÿ ìíîãèå èññëåäîâàòåëè ñîñðåäîòî÷èëèñü íà ìîäå-
ëèðîâàíèè ïðîñòðàíñòâåííîé äèíàìèêè ïîïóëÿöèé â àäâåêòèâíîé ñðåäå.
Î÷åâèäíî, ýòî ïðîèñõîäèò â ðåêàõ, ãäå îñîáè óíîñÿòñÿ âíèç ïî òå÷åíèþ
âîäíûì ïîòîêîì. Â [1] àâòîðû ïðåäïèñàëè ðàçíûå ãðàíè÷íûå óñëîâèÿ íà
êîíöàõ ââåðõ è âíèç ïî òå÷åíèþ, ìîòèâèðîâàííûå ðàçíûìè ýêîëîãè÷å-
ñêèìè ñöåíàðèÿìè. Êîãäà óñëîâèÿ àäâåêöèè âêëþ÷åíû â êëàññè÷åñêèå
êîíêóðåíòíî-äèôôóçèîííûå ñèñòåìû Ëîòêè-Âîëüòåððû, èçó÷åíèå ãëî-
áàëüíîé äèíàìèêè îáðàçóþùèõñÿ ñèñòåì ñòàíîâèòñÿ î÷åíü ñëîæíîé çà-
äà÷åé. Â íàñòîÿùåå âðåìÿ óðàâíåíèÿ ðåàêöèè-äèôôóçèè ÷àñòî èñïîëü-
çóþòñÿ â êà÷åñòâå ñòàíäàðòíûõ ìîäåëåé äëÿ ðåøåíèÿ çàäà÷, ñâÿçàííûõ
ñ ïðîñòðàíñòâåííîé ýêîëîãèåé è ýâîëþöèåé (ñì.íàïð. [2]). Â ÷àñòíîñòè,
À. Ãàñòèíãñ [3] ðàññìàòðèâàë äâà êîíêóðèðóþùèõ âèäà ñ åäèíñòâåííîé
ðàçíèöåé, çàêëþ÷àþùåéñÿ â èõ ñëó÷àéíûõ ñêîðîñòÿõ äèôôóçèè. Àâòî-
ðû ðàáîòû [4] èññëåäîâàëè áîëåå îáùóþ ìîäåëü â òîì ñìûñëå, ÷òî äâóì
ïîïóëÿöèÿì ðàçðåøåíî âåñòè ñåáÿ ïî-ðàçíîìó ñ òî÷êè çðåíèÿ ñêîðî-
ñòè ðàññåëåíèÿ, òåìïîâ ðîñòà è êîíêóðåíòîñïîñîáíîñòè, è îíè óñïåøíî
óñòàíîâèëè ïîëíóþ êëàññèôèêàöèþ âñåõ âîçìîæíûõ äîëãîñðî÷íûõ äè-
íàìè÷åñêèõ õàðàêòåðèñòèê ïîâåäåíèå. Ýòîò óñïåõ âî ìíîãîì îáóñëîâëåí
êëþ÷åâîé àïðèîðíîé îöåíêîé óñòîé÷èâîãî ñîñòîÿíèÿ ñîñóùåñòâîâàíèÿ,
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ñîãëàñíî êîòîðîé êàæäîå óñòîé÷èâîå ñîñòîÿíèå ñîñóùåñòâîâàíèÿ, åñëè
îíî ñóùåñòâóåò, ÿâëÿåòñÿ ëèíåéíî óñòîé÷èâûì. Îäíàêî, êîãäà óñëîâèÿ
àäâåêöèè âêëþ÷àþòñÿ â ýòè êëàññè÷åñêèå êîíêóðåíòíî-äèôôóçèîííûå
ñèñòåìû Ëîòêè-Âîëüòåððû, ãëîáàëüíàÿ äèíàìèêà âîçíèêàþùèõ â ðå-
çóëüòàòå ñèñòåì ðåàêöèè-äèôôóçèè îñòàåòñÿ äàëåêîé îò ïîëíîãî ïîíè-
ìàíèÿ. Îñíîâíàÿ ïðè÷èíà, ñ òî÷êè çðåíèÿ òåîðèè îïåðàòîðîâ, çàêëþ-
÷àåòñÿ â òîì, ÷òî ëèíåàðèçîâàííûé îïåðàòîð, òàêîé êàê äèôôóçèîí-
íàÿ àäâåêöèÿ, áîëüøå íå ÿâëÿåòñÿ ñàìîñîïðÿæåííûì, è, ñëåäîâàòåëüíî,
ðàçëè÷íûå ìåòîäû, ðàçðàáîòàííûå â îáëàñòè äèôôóçèîííûõ ìîäåëåé
Ëîòêè-Âîëüòåððà, ïî-ïðåæíåìó íåýôôåêòèâíû. Â [5] èññëåäóåòñÿ äèíà-
ìèêà ïîïóëÿöèé äâóõâèäîâîé êîíêóðåíòíîé ñèñòåìû Ëîòêà-Âîëüòåððà,
âîçíèêàþùåé â ðå÷íîé ýêîëîãèè. Èíòåðåñíàÿ îñîáåííîñòü ýòîé ñèñòåìû
ìîäåëèðîâàíèÿ çàêëþ÷àåòñÿ â ãðàíè÷íûõ óñëîâèÿõ â íèæíåì òå÷åíèè
ðåêè, ãäå ïîïóëÿöèè ìîãóò áûòü ïîäâåðæåíû ãèáåëè îñîáåé ðàçíîãî ðàç-
ìåðà. Àíàëîãè÷íàÿ çàäà÷à èññëåäîâàíà è â ðàáîòå [6].

1. Ïîñòàíîâêà ïðîáëåìû è î ðåçóëüòàòàõ

Â ýòîé ðàáîòå ìû ïîïûòàåìñÿ èññëåäîâàòü äèíàìè÷åñêîå ïîâåäåíèå
ñëåäóþùèõ äâóõ òèïîâ ñèñòåìû ðåàêöèÿ-äèôôóçèÿ-àäâåêöèÿ, êîòîðàÿ
ÿâëÿåòñÿ ðàçâèòèåì âûøåóïîìÿíóòûõ ðåçóëüòàòîâ. Ðàññìàòðèâàåòñÿ çà-
äà÷à 

ut = d1uxx − α1ux + u(r − u− v), 0 < x < L, t > 0

vt = d2vxx − α2vx + v(r − u− v), 0 < x < L, t > 0

d1ux(0, t)− α1u(0, t) = 0, d2vx(0, t)− α2(0, t) = 0, t > 0,

d1ux(L, t)− α1u(L, t) = −b1α1u(L, t), t > 0,

d2vx(L, t)− α2(L, t) = −b2α2v(L, t), t > 0,

̸≡ 0, v(x, 0) = v0(x) ⩾, ̸≡ 0, 0 < x < L,

u(x, 0) = u0(x) ⩾, ̸≡ 0, v(x, 0) = v0(x) ⩾, ̸≡ 0, 0 < x < L,

(1)

ãäå u(x, t) è v(x, t) � ïëîòíîñòè ïîïóëÿöèè äâóõ êîíêóðèðóþùèõ âîäíûõ
âèäîâ â òî÷êå x è âðåìåíè t > 0 ñîîòâåòñòâåííî. Ïðåäïîëàãàåòñÿ, ÷òî äâà
âèäà æèâóò â ðåêå ñ îäíîíàïðàâëåííûì ïîòîêîì âîäû, êîòîðûé çäåñü
îáîçíà÷åí îòêðûòûì èíòåðâàëîì (0, L), è ÷òî îáå ïîïóëÿöèè ñîâåðøàþò
íåêîòîðûå äèôôóçíûå äâèæåíèÿ çà ñ÷åò ñàìîäâèæåíèÿ ñî ñêîðîñòüþ
d1 > 0, d2 > 0, à òàêæå íåêîòîðûå ïåðåìåùåíèÿ èç � äëÿ ïîòîêà âîäû
âíèç ïî ïîòîêó ñî ñêîðîñòüþ àäâåêöèè α1 > 0, α2 > 0, à êîíñòàíòà r > 0
îçíà÷àåò âíóòðåííþþ ñêîðîñòü ðîñòà.Ïðåäïîëàãàåòñÿ, ÷òî
(H1)

0 < d1 < d2;
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(H2)
1 ⩽ b1 ⩽ b2 ⩽ ∞.

Ïîñêîëüêó ñèñòåìà (1) ïîðîæäàåò ìîíîòîííóþ äèíàìè÷åñêóþ ñèñòå-
ìó, ãëîáàëüíàÿ äèíàìèêà òàêèõ ñèñòåì âî ìíîãîì îïðåäåëÿåòñÿ óñòà-
íîâèâøèìèñÿ ñîñòîÿíèÿìè è èõ êà÷åñòâåííûìè ñâîéñòâàìè. Îñíîâíîé
ïðîáëåìîé ïðè ïðèìåíåíèè ìîíîòîííûõ äèíàìè÷åñêèõ ñèñòåì ÿâëÿåò-
ñÿ íàëè÷èå èëè îòñóòñòâèå ñîñóùåñòâóþùèõ óñòîé÷èâûõ ñîñòîÿíèé. Äëÿ
ýòîãî íåîáõîäèìî âûÿñíèòü ñòðóêòóðó ðåøåíèÿ ñëåäóþùåé ýëëèïòè÷å-
ñêîé çàäà÷è, ñîîòâåòñòâóþùåé ñèñòåìå (1)

d1uxx − α1ux + u(r − u− v) = 0, 0 < x < L,

d2vxx − α2vx + v(r − u− v) = 0, 0 < x < L,

d1ux(0)− α1u(0) = 0, d2vx(0)− α2v(0) = 0,

d1ux(L)− α1u(L) = −b1α1u(L),

d2vx(L)− α2v(L) = −b2α2v(L),

(2)

Íàøà îñíîâíàÿ öåëü � èçó÷èòü, êàê ðàçëè÷íûå ñòðàòåãèè ðàñïðî-
ñòðàíåíèÿ âëèÿþò íà ðåçóëüòàò êîíêóðåíöèè â îäíîðîäíîé ñðåäå. Ïðè-
ìåíÿÿ òåîðèþ ãëàâíûõ ñîáñòâåííûõ çíà÷åíèé è ìîíîòîííûõ äèíàìè÷å-
ñêèõ ñèñòåì, óñòàíàâëèâàåòñÿ ïîëíîå ïðåäñòàâëåíèå î ãëîáàëüíîé äèíà-
ìèêå. Ìû èññëåäîâàëè ñèñòåìó ðåàêöèÿ-äèôôóçèÿ-àäâåêöèÿ, êîòîðóþ
ìîæíî èñïîëüçîâàòü äëÿ îïèñàíèÿ êîíêóðåíöèè ìåæäó äâóìÿ âîäíûìè
âèäàìè, æèâóùèìè â îäíîíàïðàâëåííîé ðåêå. Ïðåäïîëàãàåòñÿ, ÷òî ýòè
äâà âèäà êîíêóðèðóþò çà îäíè è òå æå ðåñóðñû, êîòîðûå âñå ðåæå è ðåæå
ðàñïðåäåëÿþòñÿ â ïðîñòðàíñòâå è ïðåòåðïåâàþò ðàçíûå ñòðàòåãèè ðàñ-
ïðåäåëåíèÿ, ÷òî îòðàæàåòñÿ â èõ ñêîðîñòè ðàñïðîñòðàíåíèÿ è àäâåêöèè.
Îñíîâûâàÿñü íà ýòîì ïðåäïîëîæåíèè, ìû èññëåäóåì êîìáèíèðîâàííîå
âëèÿíèå ñòðàòåãèè ïóòåøåñòâèé è íåîäíîðîäíîñòè îêðóæàþùåé ñðåäû
íà ðåçóëüòàò êîíêóðåíöèè. Îêàçûâàåòñÿ, ïðèíöèï êîíêóðåíòíîãî èñ-
êëþ÷åíèÿ âûïîëíÿåòñÿ â áîëüøèíñòâå ñèòóàöèé, è êàêàÿ ôîðìà èìååò
áîëüøå êîíêóðåíòíûõ ïðåèìóùåñòâ, çàâèñèò îò ñîîòíîøåíèÿ çíà÷åíèé
èõ ñêîðîñòåé àäâåêöèè α1 è α2 ïðè ôèêñèðîâàííîì 0 < d1 < d2.

Çàêëþ÷åíèå

Â ðàáîòå íàìè èçó÷åíû ñèñòåìà ðåàêöèè-äèôôóçèè-àäâåêöèè, êîòî-
ðóþ ìîæíî ïðèìåíèòü äëÿ îïèñàíèÿ êîíêóðåíöèè ìåæäó äâóìÿ âîäíû-
ìè âèäàìè, æèâóùèìè â ðåêå ñ îäíîíàïðàâëåííûì ïîòîêîì âîäû. Ïðåä-
ïîëàãàåòñÿ, ÷òî äâà âèäà êîíêóðèðóþò çà îäíè è òå æå ðåñóðñû, êîòî-
ðûå ïîñòåïåííî ðàñïðåäåëÿþòñÿ â ïðîñòðàíñòâå è ïðåòåðïåâàþò ðàçíûå
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ñòðàòåãèè ðàñïðîñòðàíåíèÿ, ÷òî îòðàæåíî â èõ ñêîðîñòè ðàñïðîñòðà-
íåíèÿ è/èëè àäâåêöèè. Èñõîäÿ èç ýòîãî ïðåäïîëîæåíèÿ, ìû èññëåäóåì
ñîâìåñòíîå âëèÿíèå ñòðàòåãèè ïåðåäâèæåíèÿ è íåîäíîðîäíîñòè îêðóæà-
þùåé ñðåäû íà ðåçóëüòàò êîíêóðåíöèè. Ìû ðàçðàáàòûâàåì íîâûå èäåè
è àðãóìåíòû äëÿ àíàëèçà êà÷åñòâåííûõ ñâîéñòâ êàê ïîëóòðèâèàëüíûõ,
òàê è ñîñóùåñòâóþùèõ óñòîé÷èâûõ ñîñòîÿíèé.
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Ðàññìàòðèâàåòñÿ ïðîáëåìà îïòèìèçàöèè ïëàíîâ êîîðäèíàöèé íà
îñíîâå óïðàâëåíèÿ âûáîðîì çàäåðæêè ñèãíàëà äëÿ ñâåòîôîðíûõ
îáúåêòîâ ó÷àñòêà äîðîæíîé ñåòè. Â êà÷åñòâå ìàòåìàòè÷åñêîé
ìîäåëè ñâåòîôîðíîé ñåòè èñïîëüçóåòñÿ óïðàâëÿåìûé ìàðêîâ-
ñêèé ïðîöåññ ñ êîíå÷íûì ÷èñëîì äåéñòâèé è ñîñòîÿíèé, à çà-
äà÷à ìèíèìèçàöèè çàäåðæåê äâèæåíèÿ òðàíñïîðòíûõ ñðåäñòâ
ñâîäèòñÿ ê çàäà÷å ìóëüòèàãåíòíîãî îáó÷åíèÿ ñ ïîäêðåïëåíèåì
(MARL). Äëÿ èññëåäîâàíèÿ ïðåäñòàâëåííîé ìîäåëè áûëà ðàç-
ðàáîòàíà ïðîãðàììà èìèòàöèîííîãî ìîäåëèðîâàíèÿ â ñèñòåìå
AnyLogic è ïðîâåäåíû ñåðèè âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ.
Êëþ÷åâûå ñëîâà: MARL, Q-learning, MDP, ñèñòåìà óïðàâëå-
íèÿ ñâåòîôîðàìè.

Ââåäåíèå

Ïðîáëåìà óìåíüøåíèÿ çàäåðæåê â àâòîìîáèëüíîì äâèæåíèè àêòó-
àëüíà è âîñòðåáîâàíà â ñîâðåìåííûõ ìåãàïîëèñàõ. Îäíèì èç ïîäõîäîâ ê
ðåøåíèþ ýòîé ïðîáëåìû ÿâëÿåòñÿ îïòèìèçàöèè ïëàíîâ êîîðäèíàöèé íà
îñíîâå óïðàâëåíèÿ âûáîðîì çàäåðæêè ñèãíàëà äëÿ ñâåòîôîðíûõ îáúåê-
òîâ ó÷àñòêà äîðîæíîé ñåòè. Íà äàííûé ìîìåíò ñóùåñòâóåò ìíîæåñòâî
àäàïòèâíûõ ñèñòåì óïðàâëåíèÿ òðàôèêîì, îñíîâàííûõ íà èíòåíñèâíî-
ñòè òðàíñïîðòíîãî ïîòîêà � ÷èñëå òðàíñïîðòíûõ ñðåäñòâ, ïðîåçæàþ-
ùèõ ÷åðåç ñå÷åíèå äîðîãè çà åäèíèöó âðåìåíè [1, 2]. Â êà÷åñòâå àëüòåð-
íàòèâíîãî ñïîñîáà êîîðäèíàöèè ñâåòîôîðîâ â ïîñëåäíåå âðåìÿ èññëå-
äóþòñÿ ìîäåëè, îñíîâàííûå íà ìàðêîâñêèõ ïðîöåññàõ ïðèíÿòèÿ ðåøå-
íèé [3]. Äàííûå ìîäåëè ìîãóò íå îïåðèðîâàòü èíòåíñèâíîñòüþ ïîòîêà.
Â ðàáîòå ðàññìàòðèâàåòñÿ ïîäõîä, îñíîâàííûé íà ìóëüòèàãåíòíîì ïðî-
ãðàììèðîâàíèè. Â êà÷åñòâå àãåíòîâ ðàññìàòðèâàþòñÿ ñâåòîôîðû, âçà-
èìîäåéñòâóþùèå â ñðåäå, ïðåäñòàâëåííîé ñåòüþ ïåðåêð¼ñòêîâ ñ ìàøè-
íàìè. Ïðåäïîëàãàåòñÿ, ÷òî ñîñòîÿíèå ñðåäû îòðàæàåò àêòèâíîñòü ôàç
ñâåòîôîðîâ. Â îáó÷åíèè ñ ïîäêðåïëåíèåì èñïîëüçóþòñÿ âîçíàãðàæäå-
íèÿ àãåíòà, îïðåäåëåííûå íà êàæäîì øàãå è çàâèñÿùèå îò òåêóùåãî
ñîñòîÿíèÿ ñðåäû è ñîâåðøåííîãî äåéñòâèÿ. Â êà÷åñòâå âîçíàãðàæäå-
íèÿ â ìîäåëè èñïîëüçóåòñÿ ñóììàðíîå âðåìÿ, çàòðà÷åííîå ìàøèíàìè íà
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ïðåîäîëåíèå ïåðåêðåñòêà. Îòñ÷¼ò âðåìåíè ïðîåçäà íà÷èíàåòñÿ çà 100 ì
äî ñòîï-ïîëîñû è çàêàí÷èâàåòñÿ ïðè ïðåîäîëåíèè ïåðåêðåñòêà. Çàäà-
÷à êàæäîãî àãåíòà � âûáðàòü äîïóñòèìûé ñèãíàë, êîòîðûé îáåñïå÷èò
ìàêñèìàëüíîå ñóììàðíîå âîçíàãðàæäåíèå. Â êà÷åñòâå ìàòåìàòè÷åñêîé
ìîäåëè ñâåòîôîðíîé ñåòè èñïîëüçóåòñÿ óïðàâëÿåìàÿ îäíîðîäíàÿ ìàð-
êîâñêàÿ öåïü ñ êîíå÷íûì ÷èñëîì äåéñòâèé è ñîñòîÿíèé, à çàäà÷à ìè-
íèìèçàöèè çàäåðæåê äâèæåíèÿ òðàíñïîðòíûõ ñðåäñòâ ñâîäèòñÿ ê çà-
äà÷å ìóëüòèàãåíòíîãî îáó÷åíèÿ ñ ïîäêðåïëåíèåì (MARL � Multiagent
Reinforcement Learning) [3, 4]. Äëÿ íàõîæäåíèÿ ðåøåíèÿ èñïîëüçóåòñÿ
àëãîðèòì Q-îáó÷åíèÿ [5], îïðåäåëÿþùèé îïòèìàëüíûé âûáîð äåéñòâèé
êàæäîãî èç àãåíòîâ â òåêóùåì ñîñòîÿíèè ñðåäû ñ ó÷åòîì ñîâîêóïíûõ
âîçíàãðàæäåíèé. Äëÿ èññëåäîâàíèÿ ïðåäñòàâëåííîé ìîäåëè áûëà ðàç-
ðàáîòàíà ïðîãðàììà èìèòàöèîííîãî ìîäåëèðîâàíèÿ â ñèñòåìå AnyLogic
è ïðîâåäåíû ñåðèè âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ.

1. Çàäà÷à MARL äëÿ ñâåòîôîðíîé ñåòè

Ïóñòü ñâåòîôîð � ýòî àãåíò, íå ðàñïîëàãàþùèé ðåñóðñàìè. Â êà-
÷åñòâå ñðåäû áóäåì ðàññìàòðèâàòü ïåðåêðåñòîê ñ ìàøèíàìè, ãäå íà
îòðåçêàõ äîðîã çà 100 ì äî ñòîï-ëèíèé çàñåêàåòñÿ âðåìÿ ïðîåçäà
÷åðåç íåãî. Ñîñòîÿíèå ñðåäû îòðàæàåò àêòèâíîñòü ôàçû ñâåòîôîðà.
Îáîçíà÷èì ïðîñòðàíñòâî ñîñòîÿíèé àãåíòà êàê S, à ìíîæåñòâî ðå-
øåíèé àãåíòà êàê A. Â ðàáîòå èññëåäóþòñÿ äâóõôàçíûå ñâåòîôîðû
êàê àãåíòû ñ ïðîñòðàíñòâîì ñîñòÿíèé S =

{
s(0) = 0, s(1) = 1

}
, ãäå

s(i) èíòåðïðåòèðóåòñÿ êàê ¾àêòèâíà ôàçà i¿, è ñ ìíîæåñòâîì ðåøåíèé
A =

{
a(0) = 0, a(1) = 1

}
, çäåñü a(0) èíòåðïðåòèðóåòñÿ êàê ¾îñòàâèòü ôà-

çó¿, à a(1) � ¾ñìåíèòü ôàçó¿. Ôàçû ñâåòîôîðà ìåíÿþòñÿ ïîñëåäîâà-
òåëüíî. Ñîñòîÿíèå s′, â êîòîðîå ïåðåéä¼ò ñèñòåìà èç ñîñòîÿíèÿ s ïðè
ðåøåíèè a, îäíîçíà÷íî îïðåäåëÿåòñÿ ïî ôîðìóëå s′ = (a+ s)mod 2. Ïî-
âåäåíèå àãåíòà â ìîìåíò âðåìåíè t áóäåì ïðåäñòàâëÿòü ïàðîé îáúåêòîâ
(st, at), ãäå st ∈ S � àêòèâíàÿ ôàçà ñâåòîôîðà, à at ∈ A � ñîîòâåòñòâó-
þùåå t ðåøåíèå. Áóäåì ñ÷èòàòü, ÷òî ñìåíà ôàç ñâåòîôîðà îïèñûâàåòñÿ
ìàðêîâñêîé öåïüþ ñ äèñêðåòíûì âðåìåíåì ξ(t). À ñåìåéñòâî ðåøåíèé at
îáðàçóåò ñòðàòåãèþ δ = {at, 0 ≤ t < ∞}. Òîãäà ïîâåäåíèå àãåíòà áóäåì
îïèñûâàòü óïðàâëåìûì îäíîðîäíûì ìàðêîâñêèì ïðîöåññîì (ξ, δ) ñ êî-
íå÷íûì ÷èñëîì äåéñòâèé A è ñîñòîÿíèé S è äèñêðåòíûì âðåìåíåì [6].
Íà ðèñ. 1 ïðåäñòàâëåí ñòîõàñòè÷åñêèé ãðàô óïðàâëÿåìîãî ïðîöåññà ñìå-
íû ôàçû äëÿ äâóõôàçíîãî ñâåòîôîðà.

Ïîä çàäåðæêîé íà ôàçå áóäåì ïîíèìàòü ñóììàðíîå çàñå÷¼ííîå âðå-
ìÿ âñåõ ìàøèí, ïðîõîäÿùèõ ÷åðåç îòðåçîê äîðîãè. Çàäåðæêà íà ôàçå st
ïîñëå äåéñòâèÿ at åñòü ôóíêöèÿ r(st, at; st+1), êîòîðàÿ âñåöåëî îïðåäå-
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s(0) s(1)
p01

p10
p00 p11

Ðèñ. 1. Ñòîõàñòè÷åñêèé ãðàô óïðàâëÿåìîãî ïðîöåññà ñìåíû ôàç äëÿ äâóõôàç-
íîãî ñâåòîôîðà. Çäåñü ïóíêòèðîì îáîçíà÷åíû ïåðåõîäû ïðè äåéñòâèè a(0), à
ñïëîøíîé ëèíèåé ïåðåõîäû ïðè ðåøåíèè a(1). Âåðîÿòíîñòü pij åñòü âåðîÿò-
íîñòü ïåðåõîäà èç ñîñòîÿíèÿ s(i) â s(j), i, j = 0, 1.

ëÿåòñÿ òåêóùèì ñîñòîÿíèåì st, âûáðàííûì ðåøåíèåì at è ñîñòîÿíèåì
st+1, â êîòîðîå ïåðåéäåò ïðîöåññ íà ñëåäóþùåì øàãå. Òîãäà ôóíêöèÿ
ñóììàðíûõ äîõîäîâ/âîçíàãðàæäåíèé àãåíòà ïðè âûáðàííîé ñòðàòåãèè

ïðèìåò âèä V
(
{St, δ}

)
=

∞∑
t=0

γtr(st, at), ãäå 0 ≤ γ ≤ 1 � êîýôôèöèåíò

ïåðåîöåíêè, {St}� ðåàëèçàöèÿ ñëó÷àéíîãî ïðîöåññà ξ(t) ïðè âûáðàííîé
ñòðàòåãèè δ = {at, 0 ≤ t <∞}.

Çàäà÷à îáó÷åíèÿ ñ ïîäêðåïëåíèåì (RL � Reinforcement Learning)
äëÿ îäíîãî àãåíòà â îáùåì âèäå ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì:
íàéòè òàêóþ îïòèìàëüíóþ ñòðàòåãèþ δ∗ = {a∗t , 0 ≤ t < ∞} ïîâåäåíèÿ

àãåíòà, ïðè êîòîðîé ôóíêöèÿ ñóììàðíûõ äîõîäîâ V
(
{St, δ}

)
äîñòèãàåò

ñâîåãî ìàñèìóìà.
Ðåøåíèå çàäà÷è RL äëÿ îäíîãî ñâåòîôîðà èùåòñÿ ìåòîäîì äèíàìè-

÷åñêîãî ïðîãðàììèðîâàíèÿ íà îñíîâå ïðèíöèïà îïòèìàëüíîñòè Áåëë-
ìàíà è áàçèðóåòñÿ íà èäåå Q-îáó÷åíèÿ, êîòîðàÿ çàêëþ÷àåòñÿ â îöåíêå
íåâû÷èñëèìîé ïðàâîé ÷àñòè [6, 5, 4]:

Qt+1(s, a) = Qt(s, a) + αt

(
r(s, a) + γmax

a′∈A
[Qt(s

′, a′)]−Qt(s, a)

)
. (1)

Â [4] óñòàíîâëåí êðèòåðèé ñõîäèìîñòè èòåðàöèîííîãî ïðîöåññà (1). Òà-
êèì îáðàçîì, îïòèìàëüíîå óïðàâëåíèå äëÿ îäíîãî ñâåòîôîðà â ìîìåíò
âðåìåíè t èùåòñÿ â âèäå at = argmax

a′∈A
Qt(s, a

′).

Ðàñøèðèì çàäà÷ó îáó÷åíèÿ ñ ïîäêðåïëåíèåì íà ñåòü ñâåòîôîðîâ.
Ðàññìîòðèì ìíîæåñòâî èç K àãåíòîâ, äëÿ êàæäîãî èç êîòîðûõ îïèñàíû
ìíîæåñòâî ñîñòîÿíèé Sk è ìíîæåñòâî ðåøåíèé Ak, k = 1, . . . ,K. Îáî-
çíà÷èì st = {s1t , s2t , . . . , sKt } ∈ S1×S2× . . .×SK � ñîâîêóïíîå ñîñòîÿíèå
ñðåäû â ìîìåíò âðåìåíè t, à at = {a1t , a2t , . . . , aKt } ∈ A1×A2× . . .×AK �
ñîâîêóïíîå óïðàâëåíèå â ìîìåíò âðåìåíè t. Îòìåòèì, ÷òî ñìåíà ôàçû
ëþáûì àãåíòîì ïðèâîäèò ê èçìåíåíèþ îáùåãî ñîñòîÿíèÿ ñðåäû s. Äëÿ
óïðîùåíèÿ ðåàëèçàöèè ïðèíÿòî ðàññìàòðèâàòü âçàèìîäåéñòâèå àãåí-
òîâ ïîïàðíî. Äëÿ êàæäîãî ñâåòîôîðà k îïðåäåëèì ìíîæåñòâî ñîñåä-
íèõ àãåíòîâ N(k), ñ êîòîðûìè îí âçàèìîäåéñòâóåò. Äëÿ ôèêñèðîâàí-
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íîé ïàðû àãåíòîâ k è j ∈ N(k) ìíîæåñòâî èõ ñîâìåñòíûõ äåéñòâèé
akj ∈ Ak × Aj è ñîâìåñòíûõ ñîñòîÿíèé skj ∈ Sk × Sj ïðåäñòàâèìû
â âèäå ìàòðèö ðàçìåðíîñòè |Ak| × |Aj | è |Sk| × |Sj | ñîîòâåòñòâåííî.
Äëÿ ñëó÷àÿ, êîãäà ðàññìàòðèâàþòñÿ ñåòü ñâåòîôîðîâ ñ äâóìÿ ñîñòîÿ-
íèÿìè, ñëåäóþùóþ ôàçó ñâåòîôîðà ìîæíî íàéòè ñ ïîìîùüþ îïåðàöèè
¾èñêëþ÷àþùåãî èëè¿: s′ = a ⊕ s. Îïòèìàëüíîå óïðàâëåíèå äëÿ ôèê-
ñèðîâàííîãî àãåíòà k áóäåì èñêàòü êàê ðåøåíèå çàäà÷è MARL â âè-
äå [3]: ak = arg max

ak∈Ak

∑
j∈N(k)

∑
aj∈Aj

Qkj
t (s,akj)p(s′|(s,akj)). Çäåñü ôóíêöèÿ

Qkj
t (s, a) îïðåäåëÿåòñÿ àíàëîãè÷íî (1) ñ ó÷¼òîì ìíîæåñòâ ñîâìåñòíûõ

ñîñòîÿíèé è äåéñòâèé àãåíòà k ñ ìíîæåñòâîì åãî ñîñåäåé N(k). Âåðîÿò-
íîñòü p

(
s′|(s,akj)

)
� ýòî âåðîÿòíîñòü òîãî, ÷òî àãåíò j âûáåðåò äåéñòâèå

aj ñ ó÷¼òîì òåêóùåãî ñîâìåñòíîãî ñîñòîÿíèÿ s è âûáðàííîãî àãåíòîì k
äåéñòâèÿ ak.

2. Âû÷èñëèòåëüíûå ýêñïåðèìåíòû

Äëÿ èññëåäîâàíèÿ ïðåäñòàâëåííîé ìîäåëè áûëà ðàçðàáîòàíà ïðî-
ãðàììà èìèòàöèîííîãî ìîäåëèðîâàíèÿ â ñèñòåìå AnyLogic è ïðîâåäåíû
ñåðèè âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ. Ýêñïåðèìåíòû ïðîâîäèëèñü íà
ÏÊ ñ ïðîöåññîðîì Intel Core i7-10510U CPU @ 1.80ÃÃö è îïåðàòèâíîé
ïàìÿòüþ îáúåìîì 8ÃÁ. Öåëüþ ýêñïåðèìåíòîâ áûëî ñðàâíåíèå âðåìåíè
çàäåðæêè ìàøèí äëÿ äâóõ ìîäåëåé. Äëÿ ïåðâîé ìîäåëè äëèòåëüíîñòü
ôàç (Tra�cLight state) äëÿ ïåðâîãî (TLs0, TLs1) è âòîðîãî ñâåòîôî-
ðà (TL1s0, TL1s1) ïîëó÷åíà ïåðåáîðîì. Äëÿ âòîðîé ìîäåëè äëèòåëü-
íîñòü ôàç ïîëó÷åíà êàê ðåøåíèå çàäà÷è MARL íà îñíîâå Q-îáó÷åíèÿ.
Íà ðèñ. 2 ïðåäñòàâëåíû âòîðàÿ ìîäåëü ñâåòîôðîíîé ñåòè è ñîîòâåò-
ñòâóþùèé åé ñòîõàñòè÷åñêèé ãðàô óïðàâëÿåìîãî îäíîðîäíîãî ìàðêîâ-
ñêîãî ïðîöåññà ñìåíû ôàçû äëÿ ñåòè èç äâóõ äâóõôàçíûõ ñâåòîôîðîâ.
Èìèòàöèîííîå ìîäåëèðîâàíèå ïðîöåññà óïðàâëåíèÿ ñâåòîôîðîì ïðîâî-
äèëîñü ñ ó÷¼òîì ñëåäóþùèõ óñëîâèé: ìàøèíû ïðèáûâàþò íà êàæäûé
èç ïåðåêðåñòîêîâ ñ òð¼õ íàïðàâëåíèé, îòìå÷åííûõ çåëåíûì öâåòîì, ñ
èíòåíñèâíîñòüþ 1000 â ÷àñ è óíè÷òîæàþòñÿ â îáëàñòÿõ, îòìå÷åííûõ
ñèíèì; íàïðàâëåíèÿ äâèæåíèé ìàøèí óêàçàíû áåëûìè ñòðåëêàìè íà
ïåðåêðåñòêàõ; â ìîäåëè óïðàâëÿåìîé îäíîðîäíîé ìàðêîâñêîé öåïè ñ êî-
íå÷íûì ÷èñëîì äåéñòâèé è ñîñòîÿíèé êîýôôèöèåíòû ñêèäêè α è ïåðå-
îöåíêè γ ïîäîáðàíû ýìïèðè÷åñêèì ïóò¼ì; äèñêðåòèçàöèÿ ïî âðåìåíè
ðàâíà 5 ñåêóíäàì. Ïðè ïåðåñå÷åíèè ïîëîñû, íà ðàññòîÿíèè 100 ìåòðîâ
äî ñòîï-ëèíèè, ïàðû, ñîñòîÿùèå èç óêàçàòåëåé íà îáúåêò ìàøèíû è òå-
êóùåãî âðåìåíè ìîäåëè, äîáàâëÿþòñÿ â îäíó èç êîëëåêöèé tcf, . . . , tcf7
(time collection forward). Äàëåå, ìàøèíû óäàëÿþòñÿ èç êîëëåêöèè, ïðè
ïðîåçäå ÷åðåç ïåðåêðåñòîê è ðàçíèöà âðåìåíè ñèñòåìû è õðàíÿùåãîñÿ â
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Ðèñ. 2. Ìîäåëü ñåòè èç äâóõ äâóõôàçíûõ ñâåòîôîðîâ è ñîîòâåòñòâóþùèé åé
ñòîõàñòè÷åñêèé ãðàô óïðàâëÿåìîãî ïðîöåññà ñìåíû ôàç. Çäåñü sl îòðàæàåò
ñîâîêóïíîå ñîñòîÿíèå ñâåòîôîðîâ l (l =0b00, 0b01, 0b10, 0b11). Ïðè äåéñòâèè
a(m) (m =0b00, 0b01, 0b10, 0b11) ïðîöåññ ïåðåéäåò â ñîñòîÿíèå n = l ⊕ m, c
âåðîÿòíîñòüþ pln.

êîëëåêöèè ïðèáàâëÿåòñÿ ê âåëè÷èíå TIMESUMM. Äëÿ âòîðîé ìîäåëè
â òå÷åíèè 5 ñåêóíä âûçûâàåòñÿ ñîáûòèå QLEARNING, ðåàëèçóþùåå ðå-
øåíèå çàäà÷è MARL. Íà åãî îñíîâå ïðèíèìàåòñÿ ðåøåíèå îá îñòàíîâêå
èëè ïðîäëåíèè ôàç ñâåòîôîðîâ. Ìîäåëü, óïðàâëÿåìàÿ ìàðêîâñêèì ïðî-
öåññîì, ïîêàçàëà óìåíüøåíèå ñóììàðíîé çàäåðæêè â ñðåäíåì â 1.2 ðàçà
ïî ñðàâíåíèþ ñ ñèñòåìîé óïðàâëåíèÿ ñâåòîôîðîì, äëèòåëüíîñòü ôàç êî-
òîðîé ïîäîáðàíà ïåðåáîðîì (ðèñ. 3). Ñèíèì öâåòîì óêàçàíî ëó÷øåå äî-
ïóñòèìîå çíà÷åíèå TIMESUMM . Ñåðûå òî÷êè ïîêàçûâàþò íåêîòîðûå
íàèáîëåå ÷àñòûå îòêëîíåíèÿ îò ëó÷øåãî çíà÷åíèÿ.

Ðèñ. 3. Çíà÷åíèå TIMESUMM äëÿ ìîäåëåé

Ðèñ. 4. Ñïðàâà íà îñè îðäèíàò ïîêàçàíî çíà÷åíèå TIMESUMM äëÿ
ìîäåëè, óïðàâëÿåìîé ìàðêîâñêèì ïðîöåññîì, ñëåâà íàïîêàçàíî çíà÷åíèå
TIMESUMM äëÿ ìîäåëè ïåðåáîðà. Íà îñè àáöèññ óêàçàíî êîëè÷åñòâî ýêñ-
ïåðèìåíòîâ.
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Çàêëþ÷åíèå

Â ñòàòüå èññëåäóåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïðîöåññà âûáîðà ôàç
ñåòè ñâåòîôîðîâ, êîòîðàÿ ó÷èòûâàåò ñîñòîÿíèÿ ñâåòîôîðîâ è èõ çàãðó-
æåííîñòü. Çàäà÷à MARL ôîðìóëèðóåòñÿ êàê äëÿ äâóõ, òàê è äëÿ ëþ-
áîãî ÷èñëà ñâåòîôîðîâ íà ïåðåêðåñòêå. Ðåøåíèå çàäà÷è ìèíèìèçàöèè
çàäåðæêè òðàôèêà ðàññìàòðèâàåòñÿ êàê èòåðàöèîííûé ïðîöåññ, äëÿ êî-
òîðîãî ïîëó÷åí êðèòåðèé ñõîäèìîñòè è ïðåäñòàâëåí àëãîðèòì ïîèñêà
ðåøåíèÿ.
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