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ANALYSIS OF END-TO-END REQUEST TIME FOR
QUIC SERVER IN PROXY MODE COMPARING
TO HTTP

G. Kindra!, V. Bogatyrev!-2, S. Bogatyrev!, A. Moshnikov'

YITMO University, Saint Petersburg, Russian Federation
2Saint Petersburg State University of Aerospace Instrumentation, Saint
Petersburg, Russian Federation

The paper considers an experimental analysis of the performance
of network connections implementation based on the QUIC pro-
tocol (Quick UDP Internet Connections) in comparison with the
HTTPS protocol. To implement a QUIC connection, it is used the
implementation of a QUIC server running in reverse proxy mode
to interact with a test HTTP echo server. As part of the testing,
launches were made in an environment with emulation of network
delays, transmission rate limits and packet losses. The results of
the evaluation show that this mechanism allows to reduce the re-
quest execution time for configurations with 2G and 3G network
parameters, however, in high-speed networks with low signal de-
lay, the QUIC connection increases the execution time compared to
the HTTPS protocol due to the overhead costs of proxy requests.
Keywords: quick UDP connections (QUIC), HTTP-over-QUIC,
HTTP proxy mode, netwoks delay emulation.

Introduction

The QUIC protocol is an experimental transport protocol that was cre-
ated by Google in 2012. This protocol was developed in order to reduce
network delays in data transfer compared to data transfer via the HTTP
protocol. This task is solved by providing network interaction based on the
UDP protocol (rather than TCP), the implementation of a mechanism for
fast connection initialization (0-RTT), multiplexing of data streams, as well
as improved error correction mechanisms. Based on QUIC, a new version
of the HTTP protocol, HTTP/3, is being designed. In May 2021, the RFC
9000 standard was adopted, which represents the official specification for
the first version of the QUIC protocol.

The purpose of this work is to study ways to migrate the network interac-
tion of information systems from the HTTP protocol to the QUIC protocol,
to analyze the change in the end-to-end time of requests execution during
client-server interaction in networks with different levels of packet losses.
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1. QUIC server implementations overview

Despite the presence of an approved specification for the QUIC protocol
in open source, there is no project with default implementation. The Quic
Work Group team takes into account existing implementations and checks
for code compliance with the current protocol standard. The most popular
implementations are Chromium (implementation from Google), nginx-quic
modules for the NGINX web server (solutions from F5, CloudFlare, VKon-
takte), AppleQUIC, MsQuic and others. Existing implementations allows
to create servers that will have APIs that work only by the QUIC protocol,
or work as a server for distributing static files using the QUIC protocol, or
as proxy servers for HT'TP servers.

Let’s take a closer look at how to start the QUIC server in the proxy
mode. If we have an implementation of some server that has an HTTP API,
then we can take this server without changing its code base, create a client
that implements the QUIC protocol, and install a QUIC server in proxy
mode ”in front” of the existing HTTP server.

2. Test environment overview

A test environment was developed to check the difference in query execu-
tion end-to-end time on the QUIC server comparing to HTTP. The main re-
quirements for it were: the presence of two interfaces - HTTP and QUIC for
single application server; having a client capable of running queries against
both servers; having automation to run queries multiple times; having the
ability to simulate various network parameters.

So as it is pointed at Figure 1 our testbed consists of:

1. Chromium implementation of QUIC server with proxy mode[4]
Simple echo server on NodeJS

Nginx HTTPS proxy server

Java client app, with QUIC implementation in flupke[5] library
tc-netem bash scripts to emulate network losses

Ol L

Server

NGINX HTTPS HTTP ™ QuIC chromium
proxy server e ECHO server e proxy server

HTTPS
java-client

Quic

-— java-client

Figure 1. Testbed structure elements

Running the QUIC server from the Chromium project in proxy mode is
used in test environment. The launch is carried out using the command:
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1 quic_server --quic_mode=proxy --
quic_proxy_backend_url=$BACKEND_URL #...cert
options

Application server is a regular echo service with an HTTP API which was
developed with NodeJS. This test service implements the ”echo” function
and also contains static content (files from 1Kb to 2Mb). We decided to
create a proxy layer similar to the quic-server with nginx to redirect traffic
via HTTPS in order to ensure the transparency of the experiment and
create an equivalent load for secure requests via HTTP and QUIC. This
interaction had to be configured due to the fact that the connection via the
QUIC protocol can only be carried out through a secure connection.

The client application is a console application developed in Java. To
execute QUIC requests, the flupke library is used, which has an implemen-
tation of the HttpClient interface as HT'TP3 interaction. Thus, the source
code of the client application allows you to make QUIC and HTTP requests
through one interface. Also, the java client implements a query repetition
mechanism to ensure the statistical significance of the results.

Simulation of network problems on the client interface is implemented
using the netem module of the tc utility. With the help of automation
scripts, during test runs, such parameters are transferred to the system:
delay (5ms, 10ms, 25ms, 50ms, 100ms), bandwidth (256Kbit/s, 2Mbit/s,
30Mbit /s, 100Mbit /s, 1Gbit/s); loss probability (0%, 5%, 10%).

3. Test evaluation results

Let’s consider the obtained results. When a set of repeated requests is
executed in an environment with the same network settings for a set of con-
secutive requests, the query execution time for each of the protocols under
the same conditions is displayed. Figures 2-4 show the request execution
time (blue — HTTP, red — QUIC) for a set of consecutive requests. As a
result of the runs, there are 3 situations: HTTP requests are always slower
(Fig. 4), always faster (Fig. 2), or the difference is within the measurement
error (Fig. 3). The results of all runs was collected in a single summary
table for further analysis.

Let’s take a look at summary table of our experiment at Table 1. In this
table the value A t,5s shows how many milliseconds the execution time of a
client request via the QUIC protocol is less than the execution of exactly the
same request in a network with similar parameters via the HTTP protocol.
It is worth noting that a value with a “+” sign means that a QUIC request
is faster than an HTTP request, and a value with a “-” sign means that it
is slower. The A t,.; value shows a similar value of the change in the query
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5ms; 0%:; 100mbit; 512Kb

180 4
160 +
140 +

120 4

100 4

80+
T T T T T T T T

Figure 2. Response times distribution for HTTP(blue) and QUIC(red) times in
network with low delays

25ms; 0%; 100mbit; 512Kb

360

340 +

320 o

300 4

Figure 3. Response times distribution for HTTP(blue) and QUIC(red) times in
network with medium delays

50ms; 0%; 100mbit; 512Kb

Figure 4. Response times distribution for HTTP(blue) and QUIC(red) times in
network with high delays

execution time, but in percentage terms. Since the test runs use different
request sizes and network latency, we will use the relative value for further
summary analysis.

Let’s consider the value of A t,.; when aggregating the results of all runs
by network parameters (delay, loss, throughput) in Figure 5. In networks
with low latency, low error rate and high throughput, the query execution
time difference takes a negative result, which indicates system slowdown
when using the QUIC protocol. However, as the quality parameters of the
network deteriorate, the delays in the QUIC protocol take on a proportional
gain. If we roughly approximate the parameters of 2G/3G/4G/5G networks
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Table 1
A fragment of summary table with evaluation results

€error . response

Ataps, ms | Atyer, % dillasy’ rate, Ba&iﬁlzth’ size,

% bytes
142.4 21.9 50 5 100 512
97.2 13.1 50 ) 100 1024
21.2 6.1 25 5 100 512
63.2 14.5 25 ) 100 1024
-24.2 -14.0 10 5 100 512
-66.9 =274 10 ) 100 1024
-42.0 -31.8 5 5 100 512
-83.9 -45.4 ) 5 100 1024

and correlate them with the network parameters used in the tests, then we
can find that the QUIC protocol works the better, the smaller the network
generation used.

5

Figure 5. Heat maps of: 1) improvement indicators of request execution end-to-
end time from network quality parameters (delay/throughput on the X-axis, noise
level on the Y-axis); 2) compliance of network generation with network quality
parameters

Conclusion
We obtained the results, from which it follows that replacing the HTTP
communication protocol with QUIC using a proxy mode justifies itself in
networks with high latency, low bandwidth and high loss. However, in
high-speed networks, this mechanism has the opposite effect — the costs of



QUIC server proxy mode comparing to HTTP 11

proxying requests do not pay off and lead to a slower system response time
compared to basic HTTP communication.
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SIMULATION OF RETRIAL QUEUEING SYSTEM
WITH TWO-WAY COMMUNICATION IN
DIFFERENT SCENARIOS

A. Téth?, J. Sztrik!
! University of Debrecen, Debrecen, Hungary

The aim of this paper is to examine a finite-source retrial queue-
ing system with two-way communication. The customers arrive
from a finite-source (primary customers) according to an exponen-
tial distribution. The service of these customers starts if the service
unit is idle, otherwise, they are forwarded to the orbit, and after
a random time, they try to reach the server. The main feature of
this system is that when the server becomes idle, an outgoing call
(secondary customer) is performed to the orbit and to the source
with different parameters. The service time of the primary and sec-
ondary customers is exponentially distributed with different rates.
The novelty of this investigation is to carry out a sensitivity analysis
using different distributions of retrial time of the customers on the
main performance measures in two different cases. The different
comparisons and the results are presented graphically.

Keywords: finite-source queuing system, retrial queues, two-way
communication, sensitivity analysis, simulation.

Introduction

The two-way communication scheme is quite a popular topic because
those systems can be modeled with the help of retrial queueing systems in
many areas of life. One outstanding example is the operation of call centres
where agents perform other particular activities during an idle period such
as selling, advertising, and promoting products apart from handling the
calls of the customers. One of the most important measures is utilization,
and how to optimize the efficiency of the service units or agents which
is always a key issue, see for example [1], [2], [10]. The characteristic of
two-way communication relies on performing calls inside and outside of the
system when the server is idle. In our model, it can perform outgoing calls
to the source or to the orbit. In the past, researchers investigated infinite
source retrial queueing systems with two-way communication, and here are
some examples: [4], [9]. Dragieva and Phung-Duc [5] have investigated the
scenario when a secondary outgoing call returns to the source after the
service. This paper is the natural continuation of [7] where a more realistic
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scenario was considered. Instead of sending back the secondary outgoing
customers to the source, they will be sent back to the orbit where the call has
the opportunity to retry his request for servicing the original incoming call.
The novelty of this work is to accomplish a sensitivity analysis to check
the effect of various distributions of retrial time on several performance
measures. The results are generated by our stochastic simulation program
using the basics of SimPack ( [6]). This is a collection of C/C++ libraries
and executable programs for computer simulation to support discrete event
simulation, continuous simulation, and combined (multi-model) simulation.
It gives the freedom to model any type of queueing system and any type
of simulation model calculating any performance measure using arbitrary
random number generators for the desired random variable. The table of
input parameters and graphical illustrations of the results of the comparison
of the operation modes and different distributions are presented.

1. System model

In this section, the considered finite-source retrial queueing model with
one server is introduced. Altogether N requests are located in the source,
and each of them is capable of generating a primary incoming call toward
the server, and the inter-request times are exponentially distributed ran-
dom variables with parameter \;. In the case of an idle server, the service
of an incoming customer begins instantaneously that follows an exponential
distribution with parameter p;. After the successful service, the customers
go back to the source. When the incoming customer finds the service unit
busy, those customers will not be lost and they are transmitted to the orbit.
These will be the secondary incoming jobs from the orbit that may retry to
reach the service unit after a random waiting time. The distribution of this
period follows gamma, hyper-exponential, Pareto, and lognormal distribu-
tion with different parameters but with the same mean value. However, the
idle server can make outgoing calls from the source and the orbit as well.
We differentiate two types of outgoing calls:

— the service unit may call a job from the source to be served (primary
outgoing call) after an exponentially distributed period Ag,

— the service unit may perform a call from the orbit (secondary outgoing
call) after an exponentially distributed period vs.

The service time of the outgoing customers is exponentially distributed
with parameter us. Two scenarios are distinguished when an outgoing call
comes from the orbit:
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— Case 1: The call has an unserved incoming request so that call is sent
back to the orbit after the outgoing service is finished to have its incom-
ing call be served,

— Case 2: Here, the call has also got an unserved incoming request but
after the outgoing service is done the service unit serves the incoming
request right away. This will result in a two-phase service, first the
outgoing call then the incoming one is executed. The call returns to the
source after both service phases are finished.

It is assumed that the arrivals of primary incoming calls, retrial intervals
of secondary incoming calls, service times of incoming and outgoing calls,
and the time to make outgoing calls are mutually independent.

2. Simulation results

SimPack is used to obtain the results as a basic block of our program and
it was extended with the desired features. We used a statistical package that
can estimate the desired measures. It utilizes the batch means method which
is a quite popular method. Briefly, the running period is divided into batches
(altogether T') and in every batch, s = R — M/T are executed. M denotes
the warm-up period observations at the beginning of the simulation which
are rejected, and R is the length of the simulation. After the initial phase,
the sample average of the whole run is calculated. To have appraisable
outcome batches should be long enough and the sample averages of the
batches should be independent. More detailed information about the used
process you can find in these papers: [3], [§].

The confidence level of 99.9% is employed throughout the simulations,
and 0.00001 is the amount of the relative half-width of the confidence in-
terval to pause the actual simulation sequence. The size of a batch in the
initial transient period can not be too small, therefore, its value is set to
1000.

In Table 1 the used values of input parameters are presented.

Table 1
Numerical values of model parameters
N | p1 | p2 | A2 | ve
10 1 1 0.2 | 0.2

The next table (Table 2) contains the parameters of the retrial time of
the customers, to achieve a valid comparison parameters are chosen accord-
ing to have the same mean and variance value. The simulation program
was tested by many parameter values, and in this paper, the most inter-
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esting ones will be revealed. As seen in the table the squared coefficient of
variation is more than one in this scenario to check the influence of peculiar
random variables. In the extended version, we plan to show results under a
different parameter setting when the squared coeflicient of variation is less
than one.

Table 2
Parameters of the retrial time of the customers
Distribution Gamma | Hyper-exponential | Pareto | Lognormal
Parameters a=0.02 p = 0.489 a=2.01| m=—4.258
B8=02 A1 = 9.798 k=0.05 o =1.978
Ay = 10.202

Mean 0.1

Variance 0.49

Squared coefficient of variation 49

Mean waiting time of an arbitrary

— T T oo o
0103 0507 09 11 1,3 1,5 1,7 19 21 23 25 2,7 29 31 33 35 3,7 39 41 43 45 47 49 51
A

~Gamma =Hyper-exponential ~Pareto -Lognormal -Exponential

Figure 1. Mean waiting time of an arbitrary primary customer vs. arrival intensity

On Figs. 1 and 2 the mean waiting time of the calls is represented in
the function of the incoming generation rate for Case 2 and comparing the
different cases. Fig. 1 demonstrates five cases, the four different distribu-
tions and the exponential case. In the case of the exponential distribution,
the maximum feature can be observed which is a general characteristic of
the retrial queues under a suitable parameter setting. Greater mean waiting
time appears in the cases of gamma and exponential distribution among the
applied ones.

On Figure 2 the comparison of the scenarios is shown using gamma dis-
tributed retrial time. There is a “No outgoing” label that means, that there
are only incoming calls in the system representing a common finite source
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retrial system. This figure reflects and ensures the expected behaviour of
Case 1 and 2, finding lower mean waiting time in Case 2, but the lowest
values are experienced when there are no outgoing calls at all. However,
the utilization of the service unit will be higher when outgoing calls are
produced as can be seen in the extended version of the paper.

Mean waiting time of an arbitrary
primary customer

01030507 09 1,1 1,3 1,5 1,7 1,9 2,1 23 25 2,7 29 3,1 3,3 3,5 37 39 41 43 45 4,7 49 51
A
~Case 1 =Case 2 ~No outgoing

Figure 2. Comparison of the mean waiting times of the different scenarios

3. Conclusion

A finite-source retrial queueing system is introduced with a two-way
communication scheme applying different distributions of retrial times. We
investigated several scenarios where different parameters are used to carry
out a sensitivity analysis to figure out focusing on the mean waiting time
of the customers and the utilization of the service unit. The results are
gathered by using our simulation program, and several graphical figures
demonstrate the effect of using various distributions of retrial time on the
operation of the system. In our figures, slight differences are observed among
the values of several performance measures when the squared coefficient of
variation is greater than one showing how pivotal applying a distribution
can be. The curves also reveal the impact of outgoing calls and in Case 2 we
obtain better values in the most important performance measures (waiting
time, utilization) than in Case 1. In the future, we plan to continue our
research work, examining other types of finite-source retrial queuing systems
with two-way communication or adding another service unit for backup
purposes.
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Hayuonasvnoti uccaedosamenveruti Tomekuti 2ocydapemeennnili ynueepcumen,
2. Tomck, Poccus

B pabote mpemiaraercss MaTeMaTHIeCKas MOIEIb OOJIATHOTO y3i1a
B BHUJE CUCTEMBI MAaCCOBOTO OOCJIYyKWBAHUs C IErpajartmeil 006CIy-
JKMBaHUsI, BO3HUKAIOIIEH C yBEJIMUICHUEM HNCIA 3asBOK B CHCTEME.
Paccmarpusaerca CMO ¢ HeOrpaHMYeHHBIM YHUCIOM HPUOOPOB U
aByMs (pazamu 00C/Iy’KMBAHHUS 3asIBOK, TIPH 9TOM XapaKTep Irepe-
XOZ0B Mexkay (a3aMu U BBIXOJA U3 CUCTEMBI HOCUT CJLy<IaiHbIN Xa-
paktep. Wccnemyercs ciaydafiHbIil mporecc KOJIMIeCTBA 3asIBOK HA
kaxx 1o daze. Haiimeno pemrernne ypaBHeHMIT JIOKAJIHHOTO DasaHca
U yCJIOBUS UX YKBUBAJIEHTHOCTHU yPABHEHUSAM IJ100aI5HOTO OaJiaHca.
KimroueBble cj10Ba: cucmema macco8ozo obcayscusanus, dezpada-
YUA 00CAYHCUBAHUA, AOKAADHBLY basaHC.

BBemenune

B kauecTBe MaremMarnveckoil MOIEIM HCIOJIB30BAHUS PECYPCOB 00Jat-
HBIX y3JI0B, MOTPEO/IsIEMbIX BUPTYAJIbHBIMI MAITUHAME, B PA0OTE Tpeia-
raerca asyxdasnas cucrema maccoporo obcayzkupanus (CMO) ¢ neorpa-
HUYEHHBIM YUCIOM TPUOOPOB U Jerpajaryeii O0CIyKUBAHUS, T/1€ MOMEHTHI
HosBJIeHUs BUpTyasbublx Mawud (VM) obpasyior BXousiiiuii 1OTOK, Ha-
xoxkaerre VM B y3/ie xapakTepusyercs AByMsi (ha3aMu, YCIOBHO MOXKHO UX
HasbBarh "akTuBHON" U "maccuBHON". AkTHMBHOM cuuTaercsa daza, Tpedy-
OI11as1 OOJBIIHE BHIYUCIUTEIHHBIE 1 6MKOCTHBIE Pecypchbl. B akTuBHOM (hase
VM BbInosHSET HEKOTOPBIE 3aIPOCHI, & CJIEIOBATEIHLHO, CKOPOCTH 0OCIIy-
JKUBAaHUSL 3aBUCUT OT TEKYIIErO COCTOfHMs y3usa (Hanuuus apyrux VM).
CKOpPOCTH BBITIOJIHEHUS 3aITPOCOB MAJAET MpU yBejaedennn dnuciaa VM B y3-
JIe, a CjIeloBaTeIbHO mMeeT mecto "merpamarusa” obciykuBanus. JddexT
Jerpajarnuu 00CIyKUBAHUS B O0JIQYHOM y3Ji€ TIOATBEPXK/IEH BO MHOTHX Da-
6orax, nanpumep B [1, 2]. OgHako Jerpasaiys B CUCTEMaX MaccoBOro 06-
cayKuBaHuSA HccaeqoBana ciaabo. Hanbosee qacToBCTpedaiomasicsa MOIEb

Vccnenopanne BBHIIOJHEHO NPU MOAJEPXKKEe IIporpaMMbl paspuTusa TOMCKOTO TOCy-
napcreerHOro yamsepcurera (IIpmopurer-2030)
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¢ "merpaganumeii” umeer crynendarbiii Bu Bpemenu obciyxuBanus [3]. B

JAPYIUX UCTOYHUKAX Jerpajalyeil Ha3bIBACTCs MOIEIb ¢ U3HAIIUBATOLLUMCE
npudopoM [4].

1. MaremaTndyeckKkass MOJ€EJIb

B pabote uccienyercss asyxdasnas cucrema MacCOBOTO OOC/TY KUBAHUS
C HEOIDAHWYEHHBIM YHCJIOM ITPUOOPOB U Ierpajarmeit odcrykuBanus. Bxo-
JSIIEA MOTOK 3aABOK - IMPOCTEHINUil ¢ MHTEHCUBHOCTHIO A. B MomeHT mo-
CTYILUIEHUS 3asBKa C BEPOATHOCTBIO T, HAYUHAET CBOIO pabory Ha HA N-it
daze, tne n = 1,2 (1 — akrusnas dasa, 2 — nmaccusnas). Iycts i1(t) n
i9(t) — 9MCII0 3aABOK, HAXOANIUXC B y3Ji€ B aKTUBHON U TacCUBHON a3ax
B MomeHT BpeMmenu t. ObOciykuBanue 3asBKU Ha n-it ¢a3e pacupeseseHo
SKCIIOHEHITHATLHO C EPEMEHHON WHTEHCHBHOCTHIO

/”'nfn(ih i2)a

e n = 1,2, u, ! — cpeanee Bpems obcay:kupanus Ha n-it gase B 1mycToit
CMO, a fn(i1,i2) — 970 DYHKIMHU J€rpasaIiun 00CTy >KUBAHNS.

ITocite okoHUamHMST OOCIYKUBAHUS HaA N-ii (pase 3asBKa, ¢ BEPOATHOCTHIO
Ty TEPeXonuT Ha a3y j WK C BEPOATHOCTHIO v, HOKHIaeT cucremy. Oue-
BHJIHO, 9TO JII BBEIEHHBIX O0O3HAMEHUHA COPABEIJINBLL CIeIyIOMINE PaBeH-
cTBa:

ro1 +ro2 =1,
riz+v1 =1,
ro1 + vo = 1.

CrpykTypa onmucaHHO! cucTeMbl n3o0paxkena Ha Pucynke 1.
O6o3naunM:

— rg = (o1, 702) — BEKTOD BEPOATHOCTEH BHIOOPA aKTUBHOI WJIU ACCUBHOI
$a3 B MOMEHT NPHUXO/a 3asBKU;

— v = (v1,V2) — BEKTOD BEPOSTHOCTEH BBIXOJA 3a4BKU U3 CUCTEMbI [OCJIE
OKOHYaHHMs COOTBETCTBYIOMmEH (pasbr;

— R = [r,;] — MaTpwuIa BeposaTHOCTE! TIEpexonoB MekK Iy (asammu:

_ 0 12
()

Pemaercs 3aav1a HAXOK/IEHUs] CTAIMOHAPHOTO PACIIPEETECHUST BEPOIT-
HOCTel JIByMepHOTO caydaiiHoro mpomecca {41 (t), i2(t)}.

O6osnaunm P(iy,ig,t) = P(i1(t) = i1,i2(t) = i2) — BEPOATHOCTH TOTO,
9TO B MOMEHT BPEMEHU t HA MepBOil (a3e i1 3asgBOK, & HA BTOPOI — iy. s
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vy
o1 Hofilin, ) e
I M
% Va
fo; Haofo iy, 1) — *

Puc. 1. dsyxdaznaas CMO c gerpagaunueil o6cyKuBanus

pachpejesienus BeposaTHocTel P(i1,42,t) HECIIOXKHO 3amucarh CJeyIonee

ypasuenue Kosmoroposa (muis i3 > 0,49 > 0):
OP(i1,1i0,1 . L. . .. L.
% = —(A+irp fi(iv, i2) +dopa fo(ir, i2)) P(i, 2, )

+)\T01P(i1 — 1,i2,t> + )\TOQP(il,iQ — 1,t)+

+U1(i1 + 1)M1f1(i1 =+ l,ig)P(il + 1,i2,t>+

+vg(ia + Vpafo(ir,ia + 1) P(iy, 42 + 1,1)

ri2(in + Dpa fi(in + 1,i0 — 1) P(iy + 1,42 — 1,1)+

+ro1(ia + Vpa fa(iy — 1,dp + 1) P(in — 1,42 + 1, 1).

B cranmonapuom pexkume cucrema (1) mmeer cremyrommnii BuI:

— (A +dvpy frin, i) +igpa fa(ir, i2)) Py, i2) + Aror P(in — 1,42)+
+Aro2P(i1,ie — 1,t) + v1 (i1 + V)pa fr(in + 1,42) P(in + 1,42)+
—|—’l]2(i2 + 1)u2f2(i1,i2 + 1)P(21, i2 + 1)—|—

+7‘12(’i1 + 1)M1f1(21 + 1,i2 — 1)P(Zl + l,ig - 1)+

+7‘21(i2 + 1)M2f2(21 — 1,i2 —+ 1)P(21 — 1,i2 —+ 1)

Tak Kak aHATUTHYECKOE perrenne ypasHenus (1) He mpeicTaBageTcs BO3-
MOYKHBIM, TIepeii/ieM K ypaBHEHUsIM JIOKAJIHHOTO OaJlaHca JJis UCCeayeMoit

CMO.
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2. YpaBHeHHS JIOKAJIbHOTO GaJjlaHca

N306pa3um rpad mepexomsoB MeXIy COCTOSHUSMY IBYMEDHOTO CJTydaii-
Horo mporecca {i1(t),i2(t)} (Pucynok 2).

Valia+ 1y,
fz(fl+1! f2+1}

vy{ip+ 1)1,
foliy, i+1)

vo(i+1)uafi (i +1, ir+1)

Puc. 2. I'pad mepexomos

JI71s1 SKBUBAJIEHTHOCTH yPAaBHEHUH JIOKAJTBHOTO U 106 IbHOrO OastaHnca
HEOOXOIMMO BBITIOJTHEHUE CJICIYIOIINX YCIOBHUIA:

T01T12V2 = T027217%1,
filin +1,42) fa(i1,i2) (3)

filin+ 1,02 4+1)  fa(in + 1,24+ 1)

Ilpn Bemonnenun (3) pemenne ypasHeHus ryiobanbHoro Gamanca (1)
MOKHO CBECTH K PEIICHHIO 60Jsiee JIerKOH CHCTeMbl yPABHEHWH JIOKAJILHO-
ro 6amanca:

P(i17i2)T01>\ = P(il + 1,i2)U1‘LL1(i1 + l)fl(il + 171'2)’
P(i1,42)roeX = P(i1,ia + 1)vapa(io + 1) fo(ir, iz + 1),
P(i,ig + 1)ro1pia(ia + 1) fa(ir, iz + 1) =
= P(iy + 1,d2)r1op1 (i1 + 1) f1 (i1 + 1,42).



22 A.A. Hazapos E. A. ®égoposa, O. . /luziopa, C. B. Mayns, A. H. Moucees

Orciona npeobpa3oBanuil ObLINA MOTYYEHBI CIeLyIomue (POPMYIIbL:
i1
Pirip) = P(iy — 1,ig)—1 = 1 P(0,4y),
infiliniz) ,
i [T fr(k.i2)
k=1

Qo
P(ir,is) = Pliy,ip —1)—12 = P2 P(i1,0),
ia fa(i1,iz) v2
iQ!Hfl(ilak)
k=1

rae
7’01/\ Tog)\
P1 = ’ P2 = .
V11 Va2
OKoHYATEILHO noay4daeM CJIeayIOnry o (bOpMyJ'[y JJId CTallMOHAPHOT'O

pacipe/iesieHust BEPOATHOCTE JBY MEPHOIO i1y daitHoro nupouecca i (t), iz(t):

P(i, iz) = prpy P(0,0), (4)
itis! [T fi(kyio) TT folin,m)

k=1 m=1

rae BepograocTb P(0,0) HAX0AMTCH U3 yCJI0BUS HOPMUPOBKHU.

3akJiroueHue

Takum obpazom, B pabore npemioxkena npyxdaznas CMO ¢ veorpanu-
YEHHBIM YUCJIOM PUOOPOB C IerpaJaiineit O0CIyKUBAHNS KaK MAaTeMaTude-
cKasi MOJIe/Ih 0bJavHoro y3ia. HaiieHo aByMepHOe CTalMOHAPHOE PacIpe-
JIeJIeHNEe YHUCJIa 3asBOK Ha KaxKI0W (ra3e Kak pelleHne YpaBHEHUH JIOKaIb-
HOrO OajlaHca, a TAKYKE MPUBEJEHBI YCJIOBHS IKBUBAJEHTHOCTH ypPaBHEHUH
JIOKAJILHOTO U TJIODATHHOTO OastaHca.
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NCCJIEJOBAHUE TAHJIEMHOII CUCTEMBI
MACCOBOTI'O OBCJIV2ZKUBAHUA C IBYMHA
OPBUTAMUNU METOJ0OM ACUMIITOTUYECKOTI'O
AHAJIN3A

A.A. Hazapos!, C.B. Iayap!, T. ®ynr-Iyx?, M. A. Moposzosa'

1 . . . .
Hayuonasvnut uccaedosamenvckuti Tomerxul 2ocydapemeeroil
yrusepcumem, 2. Tomck, Poccus
2 Vuusepcumem Iyxy6a, 2. Iyxyba, Inonus

B nmanHO#l cTaThe PACCMATPUBAETCS TAHIEMHAsSI CHCTEMa MaCCOBO-
ro OOC/Iy’KWBAHWS C IIyaCCOHOBCKUM BXOMSIIAM IOTOKOM, JIBYMSI
[IOCJIEJOBATEILHO 00CIIyKUBAONMME IPUOOpaMu u opburaMu Ipu
KaXJO0M W3 HUX METOIOM ACHMIITOTHYECKOTO aHa/m3a. [Ipmbopst
00CIy)KUBAIOT 3adBKU B TeYEHUE HKCIIOHEHITNAIHHO PACIIPE/Ie/IeH-
HOTO CJIy9IaifHOTO BpeMeHH. BBIIO TOJIy9YeHO TpereshHoe IBYMep-
HOe PaCIIpeie/ieHie BePOITHOCTel UrC/Ia 3adBOK Ha OPOMUTaxX B pac-
CMaTPUBAEMOU CHCTEME IPHU YCJIOBUU OOJIHIION 3aJEPXKKHU 3adBOK
Ha opburax. KirrogeBbie ciioBa: mandemMHan cucmema maccosozo
06CAYHCUBAHUA, CUCTIIEME MACCOB020 00CAYNHCUBGHUA C TOBTIODHbL-
MU BbL308AMU, ACUMNMOMUYECKUT GHAAUS.

BBemenue

DeHOMEH [OBTOPHBIX BHI30BOB €CTECTBEHHBIM 00PA30M BO3HHUKAET B Pa3-
JIMYHBIX CHCTEMAaX. B KauecTBe KIACCHUECKOTO MPUMEPA MOYKET BHICTYIATH
KOJIJI-IIEHTD: €CJIM OTePATOP 3aHSAT, KJIUEHT CJBIIIUT COOTBETCTBYIOIIEE CO-
obrenne ¢ mpockboii mepe3BoHnTh mo3aHee [3]. CucTeMbl ¢ HCTOYHHKAMA
HOBTOPHBIX BbI30BOB (OpOMTaMM) MMPOKO M3ydasuch B jureparype [1, 2].
Ananu3 takux Mozeseii 0ojiee CJIOXKEH 3a CYET TOro, YTO ODIIee KOoJaumde-
CTBO IOMNbBITOK 3asBOK BCTATh HA MPUOOP YBEJIUYMBACTCS MO MEPE 3aI0Ji-
HeHust OpOUTHI. 1o 3TON MpUYMHE TOIyUYeHNne aHATUTHIECKUE PE3yIbTATOR
JIJIsT CHCTEM C TTOBTOPHBIMU BBI30BAMU MOYKHO TOJIHKO B HECKOJIBKO YACTHBIX
CIy4asix ¢ OJHUM WK JABYMS OOCTYKUBAIOIIUME CEPBEPAMU.

Tangemubie cucrembl MmaccoBoro obcyxusanus (CMO) ¢ noBropHbIME
BBI30BAME UCIOJIb3YIOTCs JJIsi MOJEJMPOBAHUS [IPOIIECCOB 0OPAbOTKU, KOTJIA
BXOZAIINE 3asIBKU MTPOXOIST TIOCTIEIOBATEIBHBIN MPOIECC 0OCTY > KUBAHWUS HA,
HECKOJIBKUX dTanax. Takas moTpeOHOCTh BO3HUKAET, HATPUMED, TIPU TIEepe-
Jlade MyJnbTHMenuiHON uHbopMannu [4], Opu ynpaBieHHH TOTOKOM JaH-
HBIX MEXK/Iy JIEMEHTAMK MYJIbTHAIEHTHOH POOOTOTEXHUYECKOI cucreMbl [5]
u T
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Hackonbko Ham u3BeCcTHO, HE TAK MHOIO PA0OT ITOCBSAIIEHO TaAHIEMHBIM
cucTeMaM C LOBTOPHbIMK Bbi3oBaMu. B pabore [7] upexcrasien acumuroru-
veckmit ananu3 tamgeMuoir CMO ¢ MOCTOSHHON MHTEHCHBHOCTHIO MTOBTOP-
HBIX BBI30BOB. B crarbe [6] aBroph! paccmarpusator Tangemuyio CMO Ge3
IPOMEXKYyTOIHOrO Oydepa misa oxuganus. Ecau nepsorit mpubop 3aHST, TIPO-
HCXOIUT KOJIU3WS, B PE3YIbTaTe KOTOPOil mpuObIBIIas 1 0OCIIyKHBAIOIIA-
JCS 3ag4BKU yXOUAT HA OpPOUTY, OTKY/[a CHOBA IBITAIOTCSH BCTATH HA 0OCJIYy-
JKUBAHHUE C TMTOCTOSHHOM YaCTOTOM.

B mammoit pabore paccmorpum targemuyio CMO ¢ aBymst mpubopamu
u opburamu mpu KaxkaoM u3 HuX. C MOMOMIbI0 METOIa ACUMITOTHIECKOTO
aHaIn3a HaliIeM JBYMEPHOE PACIPE/IeIeHIe BePOATHOCTEH YMCIIa 3asBOK HA
opburax u pacipe/iejieHne BePOATHOCTeH COCTOSHUN TPUOOPOB 1PH yCIOBAN
OOJIBINION 3a/IePKKHU 3aABOK HA opbuTax. [IpemcraBieHHoe UCCIeI0BAHNE B~
JISIETCS TPOIOJIKEHIEM 00Jiee PAHHErO, B KOTOPOM PACCMATPUBAJIACH MTOXO-
JKast MOJIesIb ¢ obmieit opburoit [9].

1. MaremaTnucekass MO/JI€eJIb

PaccmorpuM TaHmeMHYIO CHCTEMY C MOBTOPHBIMH BBI30BAMY W JIBYMSI
HocJIe10BaTeabHo obciykuBatomumu npubopamu (pucyHok 1), Ha BXoJ Ko-
TOpPOil MOCTyIIAeT MPOCTEHIMHII MOTOK 3asBOK C MHTEHCUBHOCTHIO A. Ec-
JIM 3asBKa, BXOMSIIErO MOTOKA, OOHAPYKWBAET MEPBBIi MprOOp CBOOOIHBIM,
TO OHA, BCTAET HA HErO W OOC/IYKHUBAETCH B TEUYEHWN SKCIOHEHIHAIHHO-
pacIpeiejieHHOI'O BPEMEHHU C IIapaMeTpPOM (i1, TIOCJIe 4ero obparaercs Ko
BTOpOMYy Tipubopy. Ecan Bropoit mpubop cBOOOmEH, 3asgBKa BCTAET HA HETO
1 ODCITyKMBAETCSL B TEYCHUH IKCIIOHEHITUATbHO-PACIPEIEIEHHOIO BPEeMEeH!
C MapaMeTrpoM fio. ECau 3asBKa BXOMSIIErO TOTOKA 3aCTAET MEPBBIH TPU-
00p 3aHATHIM, OHA MIHOBEHHO OTTIPABJISETCS HA MEPBYI0 OPOUTY, T MOCe
CJIy9alfHOHN 9KCIOHEHIINAIbHO-PACIIPE/ITICHHON 3aJePZKKH C ITIapaMeTpPOM 01
CHOBA TIBITAETCSA BCTATh HA MEPBBIA IpuOOp i obcykuBanus. Ecim mocie
obC/Ty>KMBaHUS HA MMEPBOM MPHUOOpE 3asgBKa 3aCTAET BTOPO mpubOp 3aHs-
THIM, OHA MI'HOBEHHO OTIIPABJISETCS HA BTOPYIO OPOUTY, e HOCe Cay4aii-
HO¥ 9KCTIOHEHIINATHHO-PACTTPEIEIEHHON 3a/IePKKH C TApaMeTPOM 09 CHOBA
MBITAETCS TOMACTh HA OOC/IY’KUBAHNE BTOPHIM MTPUOOPOM.
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Puc. 1. Mogens TaHIEMHOM CHCTEMBI ¢ ABYMsT OpOUTaMu

Bsenem obosnauenusda:

n1(t) — cocrosiaue nepBoro npubopa B MoMeHT Bpemenu t: 0, eciu npuGop
cBobozen; 1, ecsiu mpubOp 3aHAT;

ny(t) — cocrosgHUe BTOPOro mMpubOpa B MOMEHT BPEMEHH ¢ 110 aHAJIOTUH
C IEPBBIM;

i1(t), i2(t) — HEOTpULIATEILHOE YUCIIO 3asBOK, HAXOISAIIMUXC Ha OpOUTaxX
B MOMEHT BpemeHu t.

Crapurcsa 3ama9a HAXOKIECHUS IBYMEPHOTO PACTIPEAETIEHUsT BEPOSTHO-
creit dncia 3asaBok {i1(t),i2(t)} Ha opburax.

2. Cucrema ypasHenuii Kosmmoroposa

O6o3HaYNM BEPOSITHOCTH:
Pn1n2 (il,ig,t) = P{m (t) = nl,ng(t) = N2, il(t) = il, ig(t) = ig}, (1)

Coyuaiinbiii npouecc {nq(t),n2(t),1(t),i2(t)} aBaserca mapkoBcKuM.
g pacripenenenus sepoarnocteii (1) cocrasum cucremy muddepennnab-
HBIX ypaBHeHuii KosMoroposa u 3amuieMm ee B CTAIMOHAPHOM BHJIE:

—(A 4 i101 + i202) Poo (i1, 02, t) + poPoi(i1,42,t) = 0,
APoo(i1,72,t) + (i1 + 1)o1 Poo (i1 + 1,42, ¢)—
—(A+ig09 + p1)Pro(i1, i, t) + APio(i1 — 1,49,t) + paPr1(i1,ia,t) =0,
(i2 + 1)o2Poo (i1, 02 + 1,t) + p1 Pro (i1, d2,1)—
—(A+i101 + p2)Por (i1, i, t) + p1 Pr1(i1,i2 — 1,) = 0,
APo1(i1,42,t) + (i1 + 1)o1 Po1 (i1 + 1,42, )+
+(iz + 1)oaPio(i1, 32 + 1,8) — (N + pa1 + p2) P11 (i1, i2, t)+
+AP11(i1 — 1,d2,t) = 0. (2)
BBejieM yacTHYHBIE XapaKTepucTHIecKne (PYHKINHE, 0003HAYHB j = v/—1

oo o0

thnz (ulauQ) = Z Z 6ju1iej“2ipm7"2 (il’i2)' (3)

11 =01i2=0
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IMepenmmem cucremy (2) ¢ yaerom onpeenenns (3):

OHoo(u1,uz) +ijo OHoo(u1,uz)

—\H j
oo(u1, ug) + jou oy 2 9y

+ poHop (ur,uz) =0,
OHoo(u1,us)
8’&1
OHo(u1,us)
U2

. i OHoo(ur,u
—jose™? 2% + piHio(ur, ug) — (A + p2) Hoy (ur, ug)+

)\HOO(’LLl,'LLQ) —jo‘leju1 — ()\ + p1 — )\ejul)H10(u17UQ)+

+jo2 + poHyy (ur, ug) = 0,

OHo (u1,us)

+jo1 By

+ 1€’ Hyq (ug, ug) = 0,

OHo1 (w1, u2) jorgeiue OHo(u1,us)
Oouq Oug

“ (N i+ i — AP Hyy (g, ug) = 0. (@)

Brenem maTpuiibt

AHo1 (u1, u2) — jore 7™

-\ A 0 0
AZO—()\-F/M) H1 0
U2 0 —()\+M2) A ’
0 12 0 —(A+ p1 4 p2)
00 0 0] 00 0 0 10 0 0
00X 0 0 00 0 0 00 00
Bi=1o0 0 o/'B=lo0 0 of'" |0 01 o
0 0 m A 00 wm O 00 00
01 0 0] 1 00 0 0010
00 00 010 0 00 0 1
=19 00 1'% 10 00 0o/'®=1{0o 00 0 (5)
00 0 0 00 0 0 00 0 0

[Tepenumenm cucremy (4) B MarpudHoM Buje u 100aBUM K HEil CKaJsgpHOE
ypaBHeHI/Ie, r[o.nyquHoe HyTeM yMHO}KeHI/Iﬂ MaTPpUYIHOTO ypaBHeHI/Iﬂ Ha €1n-
HUYHBII BEKTOP-CTOJIOEI] € :

8H(u1, (15)

H(’u,l,UQ) {A+8ju1B1+6ju2B2}+le ou ) {Io—e_julll}—f—
1
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OH j
+j02% {Io —e7"2I3} =0,
2
, . OH
(7" —1) {H(ULUZ)BI +j01€_JulwIO} or
_ . OH
("2 —1) {H(ul,uz)Bz + joge "2 gz;’w)lz} e=0, (6)

rae H(ui,ug) = {Hoo(u1, u2), Hio(ur,u2), Hoi (u1,uz), Hiy(ur, uz)}.

JlawHas cucremMa ypaBHEHUI sIBJASIETCS OCHOBHOW B JAJTBHEHUINTNX MCCIIE-
JOBaHUAX. BymeMm pemrarh ee METOIOM ACHUMITOTUYECKOTO AHAIU3A B MpE-
JeTBHOM yCJIOBHHU OOJBINON 331€p:KKH 3asBOK HA OpOUTAX.

3. HepBbIﬁ 9Tall aCUMIITOTUYECKOI'o aHaJin3a

Ob6o3nauum o1 = 071, 03 = 02, 0 = € U BbINOJHUM B cucreme (6)
3aMEHBI:
up = ewn, us = ews, H(uy, ug) = F(wy, we, €). (7)
[Tomyamm

F(wl, wa, E) {A + GjEwIBl + ejEwZBg} +

OF (w1, wa,

. € —jew
M g0, ){10—6” RO

OF (w1, wa, .
+j727(ugw:l)2 2 {I, —e77""2I3} =0,

. . OF
(= —1) {F(wl,w2,5)Bl + jye 7 O w1, wa, ) IO} e+
8101
BF(wl, wa, E)

+ (ej“”2 - 1) {F(wl,wg,s)Bg + jrygeIEw2
81()2

12} e=0. (8

Cucremy (8) 6yzem pemiarb B HPEANOJONKEHUH O TOM, 4TO y (DyHKuuii

F(w1,ws,€) U UX HPOU3BOAHBIX CYLIECTBYIOT Lpeiebl upu € — 0.
Teopema 1. Ilycrb i1(t) u ia(t) — umcso 3as8BOK HA HEPBOH U BTO-

poit opburax COOTBETCTBEHHO, TOI/IA BBIIMOIHAETCHA CJIEILYIOIIEE [IPEIEIbHOE
PaBEHCTBO

lim lim Mejwlo'lil(t)+jw20'2i2(t) — 6jw1a1+jw2a2 (9)
o1— 00'2*) 0 ’

I7Ie BEKTOP BEPOATHOCTEH COCTOSHHUIT MPHUOOPOB I' OMPEIETACTCA CHCTEMOMN
YPaBHEHUil, a; U Gy OLPEEAI0TCA MAaTPUYHbIM yDaBHEHUEM, Y1 U Y2 ABJId-
IOTCA TTapaMeTpaMy aCUMIITOTHYECKOrO aHAJIN3a

I'(A + B1 + Bg) — Yi1a1r (IO - Il) — 7Y2a2T (IQ - 13) =0
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r (Bl - ’YlalIo) e — 0,
r (By — 120212) e =0,
re = 1. (10)

Takum obpaszom, nosyuusiu cucremy ypasaenuii (10), koropas 103B0-
JITeT HAMTU BEJIWYUHBI 1 U Qo — ACUMITOTUYECKHUE CPETHUE UNCIIa, 3asdBOK
Ha, TIEPBOit W BTOPOii OpOMTAX COOTBETCBEHHO W I' — BEKTOP BEPOSATHOCTEH
COCTOSTHMI TTPUOOPOB.

4. BTOpOﬁ 9Tall aCUMIITOTUYE€CKOIo aHaJIn3a

B cucremy (6) moacraBum ciieyiomiee BbIPAsKEHUE

. a . a
H(ui,uz) = exp (]Ull + JU22> H (uy, us). (11)
01 g2

[Homyamm
H(Q) (U17 U2) {A + €ju1B1 + €ju2B2 — 'ylal(Io — €_ju111)—

8H(2) (u1 y UQ)

Ouy {Io — e/ L} +

—yas(Iy — e 7" I3) } + joy

oH®) )
(U17U2) {12 _ e—juzI3} _ O7
8“2

(¢ 1) {H(Z)(Ula u)(By — e ayylo)+

+jo2

) (2)
I GHOWIO} ot
8’[1,1

(eu2 —1) {H(z) (u1,u2)(Bg — €77 "2ayy1)

. OH®
+j026“286(;21’u2)12} e=0. (12)

B (12) cmemaem 3ameHbI
2
01 =07Y1,02 =07%2,0 =& ,U1 = EW1, U2 = EW2,

H(Q)(ul, ug) = F® (w1, wa, €). (13)

Iomyanm

F(z) (wl, wa, 6) {A + ejswlBl + ejsszQ - ’}/10,1(10 — e_jawlll)—
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8F(2) (wl, wa,

) ) c iew
—Yoa(Iy — e 7" I3) } + jen ) {Io —e77"" 11, } +

65’[1)1

OF (2 (wy,ws, €)

Jewy {12 - e_jEwQIS} =0

+jer2

(ej“”1 — 1) {F(z) (w1, wa,€)(B1 — 7" a1 o)+

8’&11

(e75v2 — 1) {F(2)(w1,w275)(132 — e agTy) +

2
P ) il CI M) 12} o0, (14)

8’[02

Cucremy (14) 6yaem pemiars B IPEANIOJOKEHUH O TOM, 4TO Y (DYHKIMI
F®) (w1, we,€) ¥ UX TPOU3BOAHBIX CYIIECTBYIOT Mpeiessl pu & — 0.

Teopema 2. B xontekcre Teopembl 1 BEpHO Caeayrolee mpeaebHOe
PaBeHCTBO

lim lim Mejw“/a(il(t)_%)“w"‘\/E(”(t)_%) =

o1 —> 00’2*) 0
‘LL/2 ‘UJ2 . .
= 61211(11""]2*2 K22"“le]’1112Kw7 (15)

rae Kq1, Koo, K192 — KOpPeIdAIUOHHBIE MOMEHTHI, OTPE/IedeMble KaK

(f2(B2 — az2lI2) + agvyerlz)e
("YQI'IQ)G

(f1(B1 — a1m1lo) + aimrIp)e
(’ylrIO)e

(f2(B1 — aymiIy) + f1(B2 — azel3))e

K11 = 7K22:

)

Kio = 16
. (r(nIy +9203))e (16)
Perterne cucTeMbl MOYKHO 3alMCATD B BHIE
fi =Cr + Kiugii + Ki2812 — 21,
fo = Cr + K12821 + Kaa822 — 2o. (17)

3nech C' — KOHCTaHTA, BEPOSITHOCTHU I' ONPEIEJIEHBI BBIIIE, a BEJIMIUHBL 11,
€12, 821, 822, Z1, Zo ABIAIOTCS YACTHBIMYU PEIIEHUSAMYI HEOTHOPOIHOM CUCTE-
MBI

g11(A+B1+By—aivi(Io — 1) —axye (I — I3)) = yir(Ip — Iy),
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gi2(A +B1+Ba —a171(Io — I1) — azye(lz — I3)) = yor(Iz — I3),
21 (A +B; + By —a1mi(Io — 1) — az72(I2 — I)) = r(By — a1m1Lp),
grie=0, gine=0, z;e =0,
g21(A +B1+Ba — a1 (Io — 1) — azye(lz — I3)) = mir(Ip — Iy),
g22(A +B1+Ba —a171(Io — I1) — a27e(lz — I3)) = yer(Iz — I3),
22(A+B1 + By —a1mi(Io — ) — az72(I2 — I3)) = r(B2 — az721a),
go1e =0, gaoe =0, zoe =0. (18)

Takum 00pa3oM, BTOpas HAiIeHHAsd ACHMIITOTHKA IOKA3BIBAET, H9TO
ACUMITOTHYECKOE DACIPE/IEJIEHUEe BEPOsTHOCTelH uucia i1(t) u is(t) 3asaBoK
Ha, TIEPBOIi ¥ BTOPOil OPOWTAX B PACCMATPUBAEMON CUCTEME SIBJISIETCS JBY-
MEPHBIM HOPMAJBHBIM C ACHMITOTHYECKUMH CPEIHUMH a1/Y10, a2/7V20,
mucnepcusaymu K1 /v10, Koo /v20, u ko3ddunuenrom koppensiuu Kio. 3a-
JaB OBYMEPHYI0 HOPMAJBHYIO ILIOTHOCTH PACIPEIEJCHUS BEPOATHOCTEH C
JAHHBIMHU [IapaMETPaMH, IOJIY9UM PACIpeNe/eHIe BePOATHOCTEH JhcIa 3a-
SABOK Ha, MEPBOil W BTOPOH OpOWTAX B ACHMIITOTHYECKOM YCIOBUH GOIBITON
3a/IEP’KKU 3adBOK HA OpOUTAX.

3akJroueHne

UccnenoBanne TanmeMHON| CHCTEMbBI MacCOBOIO OOCIYKMBAHUS C JIBYMs
opOUTAMH TIPH KaXKIOM OOCTYKHBAOIIEM TPHOOpPe MOKA3aI0, 9TO ACHMIITO-
THUYECKOe paclipelesieHne BEPOATHOCTEN YUCa 3adBOK Ha IIEPBON U BTOPOIL
opbuTax MmMpU yCJIOBHUHU OOJIBINON 33/IE€PKKH 3asBOK HA OPOUTAX SBJISETCH
JIByMEPHBIM HOPMAJIHHBIM.
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COMPARISON OF MACHINE LEARNING
ALGORITHMS IN THE PROBLEMS OF
PREDICTING THE NUMBER OF USERS OF
MULTI-ACCESS EDGE COMPUTING SYSTEMS

I. V. Filianin, A. A. Kapitonov

ITMO University, St. Petersburg, Russia

The paper considers the existing problems in multi-access edge com-
puting, highlights the tasks of optimizing the mechanism for alloca-
tion services in multi-access edge computing systems. Particular at-
tention is paid to the mechanism for predicting the number of users
in 4th and 5th generation networks depending on time and loca-
tion. Keywords: multi-access edge computing, RAN, kubernetes,
machine learning algorithms.

Introduction

The development of virtualization, containerization and optimization
of computing time has allowed large data and infrastructure providers to
reduce costs by unifying both the software and hardware of data centers.

Communication networks of the 5th generation have become a logical
conclusion, allowing you to connect IoT systems, self-driving cars and other
devices.

The use of some of these devices is highly dependent on service providers
computing, and changing the latency of data transmission to computing
services can be an insurmountable obstacle. The development of multi-
access edge computing technology can be the key to the implementation of
these systems.

1. Problem statement

The basis of MEC technology lies in the field of distributed and cloud
computing and is one of the solutions to the problem of distribution of
computing services to reduce the delay between the data source and their
processor.

In the course of its research, the ETSI has developed and standardized
interfaces for interaction between the RAN controller and multi-access edge
computing platforms, and also described examples of using MEC technology
to offloading data processing.

At the moment, there are several unresolved issues such as:
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— Decision-making mechanism for placing applications on MEC networks.

— Tools for automatic organization of virtual communication channels
within the RAN before the application.

— Provision of roaming between application instances for the client device.

In the studies carried out earlier [1], the MEC system is presented as an
abstract computer and a certain cellular network, and the whole description
is reduced to the following model of a communication network (1), where
W is the channel width, K is the number of client devices using MEC, P,
is the client device’s transmitter power, h,, is the client device’s link level,
Ny is the variance of the channel’s complex white Gaussian noise.

W P, xh
n = —1 1y 1
" K°g<+vg*N0> (1)

N
: o o l
rg};ln; anCy + (1= ay)Cl, (2)

s.t. Cl:a, €0,1,¥Yn €N, C2:(1—a,)T, +a,T° <7,,Yne N

N
C3:0< f, <a,F,¥n € N, C’4:Zanfn§F,Vn€N

n=1

The optimization problem is reduced to the following formula 2, where
C? is the delay in processing data of 1 client device in MEC, «,, is the value
of using or not using MEC when processing data, where alpha, = 0 is the
use of local computing, and «, = 1 is the use of MEC for data processing,
C! is the delay in processing client device data 1 directly on the device.

In the course of this study [1], several of the reinforcement learning
algorithms such as “Q-learning” and “Deep Q-learning” were used, for the
use of which 3 elements of these algorithms were described:

— State of the system at a point in time as s = (Cuy, F — ZZIO fn)

— The mechanism of action that makes changes to the system is described
by the vector a = [ay, Qay .oy Oy f1, f2, oy fn]

— The reward function described as R(s, a)

As a result of the experiment, which tested the operation of these al-
gorithms, they really reduce the data processing latency when using MEC,
but this is done by changing the number of client devices that can use MEC
and the computing resources allocated to them, as described earlier.

This method does not take into account the following points:

1) Server with MEC platform, not required to be located at every cell tower
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2) Client device data is not an abstract set of bytes, it is tied to specific
services used, such as IoT platforms, CDN platforms, self-driving car
assistance systems, and others.

3) Proceeding from paragraph 2, it turns out that the MEC platform must
decide on the assignment of a particular service to a specific server, the
service does not have to be located on each server.

4) Proceeding from paragraph 3, it turns out that between the client device
and the computing service there may be a network model different from
(1) due to the fact that intermediate nodes appear.

5) Accordingly, when using supervised ML algorithms, it must be taken into
account that the existing MEC platforms [5] are based on the Kubernetes
containerization system.

6) Kubernetes, in turn, must allocate computing services in a geo-
distributed network, allocate resources for computing services, and or-
ganize optimal communication channels [2] between service instances.
Which in turn changes the approach to modeling network topology and
reward functions for ML algorithms with reinforcement.

In accordance with these theses, the purpose of this work is to com-
pare ML algorithms in the problems of predicting the number of users
of multi-access edge computing systems, as part of the future solution of
decision-making methods for placing applications in MEC networks, tak-
ing into account the operation of existing MEC platforms [5] and ETSI
recommendations.

2. Problem analysis

The distribution of the load on the communication network can be rep-
resented as a regression. As a confirmation of this thesis, the article [3]
contains a graph of load distribution on the cellular network of an operator
from London, depending on the time of day.

At the same time, this is the total load on the cellular network depending
on the time of day, but the MEC platform assumes that data processing
acceleration is used for various services, which means that the distribution
of the load on the different platform on will be different, so how different
people will be end users in them.

Since MEC technology involves reducing the delay between the source
of information and its processor, for this it is necessary to place the most
relevant services on cell towers, and for this it is necessary to have a decision-
making system that would place computing services depending on the day of
the week, time connection to the network, the identifier of the base station
of cellular communication and the number of unique users per unit of time.
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To take into account all of the above parameters, a whole set of algo-
rithms is needed that should predict the possible number of users depending
on these parameters, the delay for the end user and decide on the placement
of a particular service in a geo-distributed MEC network.

But within the framework of this work, only the prediction of the possible
number of users is considered, therefore, in the course of the work, the
following supervised ML algorithms were chosen to analyze and compare
the quality of load prediction in a test environment:

— Linear Regression

— Polynomial Regression

— Kernel ridge regression

— Gaussian Process Regression.

3. System modeling

Python 3 was chosen as the programming language, and “scikit-learn” [6]
was chosen as the off-the-shelf ML library due to its performance and ease
of use in Python 3.

To test MEC technology, ETSI has developed an electronic resource
ETSI MEC Sandbox [7], which allows you to emulate a cellular communi-
cation network, set the type of communication network, the possible equip-
ment used and the number of clients.

As a result of the work, “Allomec DataCollector” software was developed
for collecting data from the ETSI MEC Sandbox and saving them to the
MongoDB database, as well as “Allomec Backend” for extracting data from
MongoDB and organizing the work of ML algorithms.

4. System Testing

To compare ML algorithms, an experiment was performed with the fol-
lowing initial data:

— base station ID 1: 4g-macro-cell-4

— base station ID 2: 5g-small-cell-14

— time sample: 71800 seconds - 76050 seconds from the beginning of the
day with a step of 10 seconds

As a result of the experiment, the M SE and R? est. are shown in Table

Analyzing the results of estimating M SE and R?, we can conclude that
the algorithms under consideration are not suitable for predicting the num-
ber of users in cellular networks. But this is not entirely true.

The reason lies in the fact that this portal does not emulate a real
communication network, but provides an ETSI MEC API interface for in-
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Table 1
Values of root mean square error and coefficient of determination depending on
the base station, the algorithm used for the initial data from MEC Sandbox

1d BS Score | Lin.reg. | Poly.reg.| KRR GPR
4g-macro-cell-4 | MSE 3.04 3.00 3.05 4.52
4g-macro-cell-4 | R2 0.00487 | 0.01853 | 0.00143 | -0.48
5g-small-cell-14 | MSE 0.10 0.10 0.10 0.13
5g-small-cell-14 | R2 0.00066 | 0.00087 | 0.00027 | -0.27

teraction between the communication network controller and the client of
this data.

To confirm this theory, data was generated in accordance with the load
distribution discussed in the article [3] and an experiment was performed
with the following initial data:

— base station ID 1: 4g-macrocell-66
— time sample: 0 seconds - 86395 seconds from the beginning of the day
with a step of 5 seconds

As a result of the experiment, the M SE and R? est. are shown in Table

Table 2
Values of the mean square error and determination coefficient depending on the
base station, the algorithm used for the initial self-generated data

1d BS Score | Lin.reg. | Poly.reg.| KRR GPR
4g-macrocell-66 | MSE 12009.76 | 6724.23 | 24882.8 | 0.0018
4g-macrocell-66 | R2 0.4497 0.6919 -0.1401 | 1

Analyzing the results of the second experiment, we can confidently say
that:

— The GPR ML algorithm is the best among those presented in the prob-
lems of predicting the number of users, since the M SE and R? est. were
0.0018 units. and 1 unit. respectively.

— The ETSI MEC Sandbox portal is not intended for tasks in which it is
necessary to evaluate a real communication network.
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Conclusion

As a result of the research, a program was developed in the Python 3
programming language that allows collecting data from the MEC Sandbox
using the MEC API and predicting the number of users of cellular networks
using ML algorithms.

A comparative analysis of the algorithms led to the conclusion that none
of the presented algorithms is optimal for solving the problem of predicting
the number of users with the initial data from MEC Sandbox.

At the same time, the GPR ML algorithm is the best among those
presented in the problems of predicting the number of users, since the M SE
and R? est. were 0.0018 units. and 1 unit. respectively, with initial data
generated based on the load of a real communication network. Accordingly,
this algorithm can be used in the future as part of the decision-making
system for the placement of computing services in the MEC network.
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3AJAYA ABTOMATHNYECKOI'O

PACITIOBHABAHUY 3TAHUI B
BOJIOOXPAHHBIX S3OHAX HA CIIYTHNKOBBIX
CHUMKAX

C.B. I'mmn

Cubupcrutl gedeparvhoti ynusepcumem, 2. Kpacroapck, Poccus

Pazpaborka cucrem pacriodHaBaHusA U300PaKEHUN ABJIAETCS OTHUM
U3 aKTyaJIbHbIX M BOCTPEOOBAHHBIX HalpaBjeHuil B obJjactu wuc-
KYCCTBEHHOT'0 WHTEJIJIEKTA, MAIIUHHOTO OOYJYEHUsI M aHAJIN3a, JaH-
vbIX. B mammoit pabote paccMarpuBaeTcs mpobaeMa OOHAPYKEHUs
Ha CILyTHUKOBbBIX CHUMKAX 3/JQHUN U [IOCTPOEK, HAXOAAIIUXCH B BO-
JOOXpaHHBIX 30HaX. KiroueBbie ciioBa: pacnosnasarue 00pa3os,
pacnoznasanue 30anut, Pacno3nasanue 80000TPAHHHLE 30H, PACNO-
3HABAHUE NG CNYMHUKOGHLET CHUMKAT, GEMOMAMUYECKOE PACNO3HA-
sanue 00pa3os.

BBenenue

Pa3paboTka cucreMm pacro3HaBaHWsA W300paKeHUil SBIACTCA OJHWM W3
AKTYaJbHBIX W BOCTPEOOBAHHBIX HAMPABJIEHUN B 00JIACTH MCKYCCTBEHHOTO
MHTEJIIEKTa, MAIIMHHOTO OOyYeHHMs W aHAMN3a JAHHBIX. B maHHO# pabdore
paccMmarpuBaercd 1podsemMa OOHADPY2KEHHSI HA CILy THUKOBBIX CHUMKAX 33~
HU# U MOCTPOEK, HAXOSIINXCS B BOJIOOXpAaHHBLIX 30Hax. B Bonrnom Komekce
P® nmpuHATHI HOPMBI PACCTOSTHUS HAXOXKIEHUS MOCTPOEK TIO OTHOIIEHUIO K
BOZHOMY PECypcy, T.e. B 3aBUCHMOCTH OT pa3Mepa BOI0EMa MOCTPOUKH Pas-
PEeIIeHO TPOU3BOAUTD HA CTPOrO OIIPeIeIEHHOM paccTosiauu. VIHauBuyatb-
HOE CTPOHUTEJIbCTBO B BOJIOOXPAHHON 30HE OCYIIECTBIISETCS C YIeTOM I10JI0-
xennii ¢r. 65 Bomnoro komekca P®. Ceemennst 0 TPAHUIAX BOJOOXPAHHBIX
30H M T'PAHUIAX MPUOPEKHBIX 3AIMUTHBIX TOJIOC BOIHBIX O0bEKTOB BHECEHBI
Epwmbiit rocymapcTBennsiit peectp HenprmkumocTr. CBeeHms 00 OXpaHHBIX
30HAX BOJHBIX OOBEKTOB HAXOASATCH B IOCYJAPCTBEHHOM BOIHOM DPeecTpe.
[TosTomy 3amaga obHApYKeHHS 3aHUI U TOCTPOEK, HAXOAIIUXCA B BOJIO-
OXPAHHbBIX 30HAX, ABJLAETCH BAXKHOM 1 npakrudecku 3uaqaumoil. llenpio uc-
CJIeOBaHUsS SBJISETCS Pa3pabOTKa HOBOTO aJrOPUTMA PACITO3HABAHUS 31a-
HU# B BOJOOXPAHHBIX 30HAX Ha CIYTHUKOBBIX CHUMKaxX. [[7s1 aBTOMaTmM3a-
AU MPOIECCa HEOOXOIUMO HAYIUTh AJTOPUTM JT0OABIATH HA KAPTHI MHOTO-
YTOJIbHUKY [IOMOB 0€3 y4acTusi JIIO/e, & TAKXKE OMpeIesaTh — HAXOAATCS
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JIA TOCTPOIKM HA PA3PEIIeHHOM PACCTOSHUU OTHOCHTEIHLHO BOIOEMOB. B
JIAHHOM paboTe OTPAKEHbI CJIeyIOIINe PE3Y/IbTATHI:

1. Beoimonmena momuduKaIus METOMA OIMpeIe/IeHrs KOHTYPOB 3/IaHus,
KOTOpas 3aK/JII0YaeTCs B OOHOBJEHUN ODJIACTU CKOJIB3SAIMIEr0 OKHA IIyTEM
MCKJIIOYEHUs] UCKYCCTBEHHBIX OOBEKTOB, HE COOTBETCTBYIOIIUX MOPOTOBBIM
3HAYEHUSIM BBITYKJIOCTH 00HeKTOB. VccnemnoBamsr u chOpMyInpOBaHbI OC-
HOBHbBIE yYCJIOBUS IIPUMEHEHUS MeTO/Ia.

2. Jlms meToma omnpegeeHust BOAHBIX O0bEKTOB IIPEITOXKEHA HOBAs MaC-
Ka m3o0pakenus. [Ipumenenne pa3pabOTaHHON! MACKH TTO3BOJISIET BLIIETIATD
TepenaIbl 3HAUYEHUH I[BETOBOM KOIMPOBKY TTHKCEJeH Oe3 yuera uxX OpueHTa-
WY TTPYW TIOMOIIN MPUMEHEHUs JBYMEPHBIX onepaTopos Jlammaca.

3. B pabore BmepBble MPEIJIOKEH METOJ ONPEIE/ICHUsT HE3AKOHHOCTU
MIOCTPONKNA — OODHAPYKEHNE CTPOEHUH, HAXOASIIINXCSI B BOIOOXPAHHBIX 30-
Hax. B merome mcmonb3yercs HamOXKeHWE Ha M300parkeHne KOOPINHATHBIX
JaHabIX PoccTara, KOTOPbIE TO3BOJISIIOT COKPATATD BBIYUCIATEIbHYIO CIOK-
HOCTBH aJITOPUTMA U YBEJUYUTH CKOPOCTH ero paborwl. damunie Poccrara
MIPEICTABJISAIOTCS B BUJE BBIJIEJEHHBIX 30H HA KapTe ¢ 00O3HAYEHHBIMU Ka-
JACTPOBBIMU HOMEPAMHU W KOOPAUHATAMH.

1. 3agaua pacno3HaBaHusi 06pa3oB

Bamada pacnozHaBaHusi OObEKTOB HA CITyTHUKOBBIX CHUMKAX SBJISETCS
YaCTHBIM CJIy4aeM TaKWuX 33134, KaK pacio3naBanue 06pa3os, Kiaccuduka-
ust ¥ MaIuaHOe OOy denwue. [lepedncinM OCHOBHBIE STATTBI PEIIEHUST 33Ia9N
pacrno3HaBaHus OObEKTOB — BBISIBJIEHHE OOBHEKTOB OMpPEIEIEHHBIX 3aaH-
HBIX KJIACCOB HAa CHUMKAaX:

1. Bormenenne o6beKTOB HA M300PAXKEHUH IIyTEM CEIMEHTAINN C JAJTb-
HEHIMM TTpeobpa30BAHNEM BBIIEICHHBIX CEIMEHTOB JIJIST 3aluCH OOhEeKTOB B
3aBUCHMOCTH OT METOJA JeMH(pPUPOBAHUSI.

2. Ananm3 06BHEKTOB.

3. Knaccudukanusi 06beKTOB.

4. HaxoxKeHue pacCTOSHHUSA MEXK/Y PaCIO3HABAEMbIMU OOHEKTAMHE.

5. BbiBox pesysibrara pelleHust 3a/a94.

[Ipu onpenenenuu pacno3HABAEMBIX OOBEKTOB, JIS COKPAIIEHNS BHIOO-
pa IOCTPOeK, MPeIIaraeTcs UCIOJb30BaTh HAJIOXKEeHHe JaHHbIX PoccraTa o
[IPOBEPEHHBIX 3JaHUAX. B JaHHON paboTe paccMaTpUBAIOTCA JABA METOIA
pacuo3HaBausi OObEKTOB Ha, CIyTHUKOBBIX CHUMKAX: aBTOMATHYECKOE Pac-
MTO3HABAHME TTOCTPOEK W PACIO3HABAHNE 0OHEKTOB C MOMOIIBIO (PUIHTPAIIAN
C WCIIOJIF30BaHMEM MacKu Jlamaca.
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2. MeTO,H ABTOMATHU4Y€CKOIr'o paClio3HaBaHUAd KOHTYPOB 3,E[aHI/II.71

s BBIABJIEHWS OOBEKTOB C CXOXKWM BHEITHUM BUIOM HCIOJIb3YETCs
TPYTIIUPOBKA, 00JIacTell ¢ OMHAKOBBIME BU3YaJIbHBIMU XaPAKTEPUCTUKAMU
(cermenranust). B nannoii pabore Mbl paccMarpuBaeM AJTOPUTM CErMEH-
TAIUK CO CABUTOM CPEJIHEro, KadeCTBO PEe3yJibraTa KOTOPOH OmpesesisieTcs
TPeMsi IapaMeTPAMU: IBETOBbIM pa3perneHueM h., IPOCTPAHCTBEHHBIM Pa3-
perierrieM hg ¥ MUHUMAJIBHBIM Da3MepOM CerMeHnTa. ECan y4ecTthb, 9To y
MTOCTPOEK CJIoyKHAast (hOpPMa, TO MBI HE CMOYKEM DACIIO3HATH J1arKe OINH 00b-
€KT U3 HeoOXOMMOro KJacca 10 oJHoMy Habopy mapaMeTpos. B takom ciy-
9ae TPeJIoaraercs, 9ro napaMerp h. Oyaer u3MeHAThCs. JTO MO3BOJISIET
HAM TOJIyYUTb Pa3HbIE Pe3yJbrarbl pacrno3naBanus. llepen knaccudura-
nmeit 00beKTa — HAM HEOOXOIMUMO H3YUHWTh €r0 XapaKTEPUCTHKY, U4TOOBI
MMOHSATD, SBJSETCS JIU OH HEKOTOPOM YacThi0 TOCTPOMKHU. s 3TOro Mbi
HCIIONIB3YeM ODIee CBOMCTBO MCKYCCTBEHHBIX OOBEKTOB: OHU HUMEIOT JIr0O
MAJTyIO MOCTOSIHHYTO KPUBU3HY, JIUOO HECKOJIBKO TOYEK BBICOKON KPUBU3HBI
(unu BooGmie He umerorT Kpusu3Hbl). Cpeqnsas KpuBm3Ha obmactua R; pac-
CYUTBIBACTCS CJIEIYIONUM 00Pa30M:

fBR kds
Cy(R;) = ——F——— < bcurv, 1
ul(fs) length(Bg,) — " 1)
rae k — JNOKaJbHAd KPUBH3HA, Opypy — HEKHH mOpor. IS BO3MOMKHO-

CTH Pa3/IN9aTh HCKYCCTBEHHbIE O6’beKTbI HUCIIOJIB3YyE€TCA BBIIIYKJIOCTH OO KaK
cJIeyIoIIee yCJAOBUE JIJIs PACIO3HABAEMbBIX ITOCTPOEK:
Area(R;)
Area(H;)
3necy mox H; obo3nadena BbImykjas obomouxka R;. s kjaaccudukamum
AIeHTUOUITTPOBAHHBIX KAH/IMIATOB UCIOIb3YIOTCS TPHU KJIACCA 00BHEKTOB:

Co(Rj) S 5curvla (2)

1. PacrurenbHOCTD;
2. Tenm;
3. HckyccTBenHas coOpyKeHUs.

L1t 6oJ1ee TOYHOTO PE3y/IbTaTa MbI UCKJIIOYAEM ODJIACTH TE€HU W PACTH-
tenpHOCTH. V300paxkenue mepesonum u3 RGB mpocrpancrBa B «OTTEHOK-
HacblenHocrb-3uadenue» (HSV). g kaxmoro kiacca obsacreil cozna-
I0TC MACKH, KOTOPbIe paccmorpuM Jastee. Co3maercs OuHApHAsS MACKA Pac-
TUTEILHOCTH. Ha ClIemyIoneM 1are Macka PacTUTENIHHOCTH UCIOJIb3YeTCs
JTA KJIaccuguKanuu 061acTeil pacno3HaBaeMbIX MOCTpoeK. Ecmu 6omee 60%
UIeHTUDUITTPOBAHHOM 00/1aCTH 00BHEKTA COOTBETCTBYET OEJIBIM YACTIM MaC-
KM PACTUTEILHOCTH, BCA 00JACTh KJIACCH(PUITUPYETCsS KaK 0OJIacTh PACTH-
TeIbHOCTH. JacTo IepeBbsa 3aCTIOHSIOT 3aHUs UK UX TeHH. UTOObI yaecThb
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STy CUTYalUIO, JOLOJIHUTENIbHO K MacKe pacruresbHoctu My, co3naercs
Macka 1epeBbeB M, ce. JlepeBbsiMu CINTAIOTCS CEIMEHTUPOBAHHDBIE 00IACTH
R; co caemxyiomuMu CBOMCTBAMH:

Cu(R;) > 0.2, (3)
Area(R;) < 100m?, (4)
Area(R; N My cg)
> 0.6.
Area(R;) 206 5)

Obnapy»xenne 00aCTel TEHN BHIMOJHIETCS IPY TOMOIIH BHIYUCIEHUS Bbi-
corbl CostHITa W BBICOTHI 3/1amuii. VIMest 3TH TaHHBIE, MOYKHO BBIIEIUTH TE-
HU, OTOpAChIBAEMbIE 3IAHUAMU-KAHUAaTaMU. [ yBeludeHus: KOHTPACT-
nocru, HSV-uzobpazkenne puiabTpyercs cieyronum o6pa3om:

H(zy) — \H(x.9)* + S(a,y)* + V(a,y)*

H(ay) + \/H(x.9)* + S(a,y)* + V(2,y)*

(6)

4
o(z,y) = —tan™"(
™

s co3manus OMHAPHOM TEeHEBOU Macku ucmoah3yercs mopor Otsu. ITuk-
CeJThI HUZKE HTOTO MOPOra CINTAIOTCH OTHOCAIIMMUCH K TeHu. J[J1s KarXK a0ro
00bEKTa CTPOWTCSH TEHEeBasi MACKa, HO WHOTA TEHW MOTYT OBbITh MCKAXKe-
HBI, JTUOO CAUTHI M3-3a JHUITHHX O0ObEeKTOB. I MCKIOYEeHNs HCKAYKEHUH
TeHb BHIOPAHHOIO OOBEKTA CPABHUBAETCS C MACKON TEHU U MACKAMU JIPYIHUX
00bekTOB. B pe3ynbrare MCKIIOUEHUS MACKU PACTUTEIBHOCTH U MPOEKINN
BCEX MACOK TEHW MbI MOYKEM OIPEIEINTh — SIBJISETCS JIM PACIIO3HABAEMbIi
00bEKT UCKYCCTBEHHO# MOCTPOIKOi#t. Jlj1a yBenmuenns: CKOpocTr paboThI aJl-
TOPUTMA CO3AETCS JBA CIHMCKA OOBEKTOB: CIHCOK BCEX PACIO3HABAEMBIX
00BEKTOB U IMyCTOH CIUCOK. Tak Kak i1 KaxKI0T0 00bEKTa CO31AeTCsA CBOS
MacKa, TO P OOHOBJIEHUH CIUCKA OOBEKTOB — TOYHO PACIO3HAHHBIN 00b-
€KT MEPEHOCUM B OTIE/IHHBII CIIUCOK, 9TO MO3BOJISIET COKPATUTH KOJIMIECTBO
WTepaImii aJropuTMa paclo3HaABaHUs MOCTPOeK. Ha aspocHmMKax ObIBaeT
TPYAHO OTJIMYUTH GOJIBIINE MYCThIe MIOMAAM (/Ui IPUMEPa MOXKHO B3sTh
HAPKOBKH) OT OObIYHBIX 3JaHU, IO9TOMY J1Jisi UCKJIIOUEHUS JJAHHDBIX KaH /1=
JIATOB HUCIIOJIb3yeTCs IIPOBEPKa HA HaIM4Iue OTOPAChIBAEMOIl TEHH.

3. Meton ompeejieHUsI BOOOOXPaHHBIX 30H

[Toce HajIOXKeHWsT CIYTHUKOBOTO W300payKEHWsT HA KAPTY MECTHOCTHU
¥ COOTHECEHWS OMOPHBIX TOYEK MPOM3BOIUTCS KOPPEKTUPOBKA (hoTom300-
PaXKeHWsI 33 CYET MACIITAOMPOBAHUS W IMMOBOPOTA yYIaCTKA. 3aTEM MOXK-
HO TMEPEXOIUTh K MPOIEIyPe HEMOCPEICTBEHHOrO PACIIO3HABAHKSA 0DIacTei,
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JITsl 9er0 HeOOXOUMO MOJIYIUTh KOHTYPbI PA3IUYHBIX Y9aCTKOB HA CHUM-
Kax. s ompemesienns BOIOOXPAHHBIX 30H IIpejjiaraercs mpu obpaborke
n300paskeHus ¥ BBIJEJEHUN KOHTYPOB OOBEKTa HMCIOJb30BATH AJrOPUTM
duabTPaAIMK C WCIOJL30BAHHEM MAacKh omeparopa Jlammaca. Ilpm 3apa-
Hee 3aJIaHHBIX 3HaYeHusX 1BeroB B dopmare RGB Bomubie pecypcwr Oy-
JLyT BBLIETEHBI TEMHBIM [IBETOM, 9TO MO3BOJIUT COKPATUTH KOJIUYIECTBO 00-
Jacreil pacrnosnaBanus. Jlanjacuan Oyner 3alucaH B CJEAYIONEM BHJIE:
L(f(xvy)) = —f(l’—l,y—l)—2~f($(},y—l)—f<.’1?+1,y—1)—2-f(.’17—1,y)+
12- f(z,y)—2-flz+1,y) — flz—1,y+1) =2 f(z,y+1)— f(z+1,y+1).

s moBbIeHust OBICTPOAEHCTBUS HCIOJIb3YETCS MPEIBAPUTEIHHO CO-
3/aBaeMblii MACCHB aJpecoB m3oOparkenwns. Ilocaemayiomas pabora ¢ agpe-
CAMU 3JIEMEHTOB MOBBIIIAET CKOPOCTH PabOThL AJIrOPpUTMA B 5—8 pa3 o cpas-
HEHUIO C TPSIMBIM ODPAIEHNeM K MUKCEISIM M300ParXKEeHUsI, UTO AKTYAJTHHO
It n300pazkeHuii GOIBINIONO Pa3pPeNIeHnsi, TAKUX KAK CIYyTHUKOBBIE CHUM-
KU. AJICODUTM COCTOUT U3 CJIEAYIONINX ITATOB:

1. Tlepesom RGB -uzobpaxkenus B useToByio momens Y UV ( mBerosas
MO/IEJIb, KOTOpast COCTOUT W3 SAPKOCTH Y U JABYX IIBETOPA3HOCTHBIX KOMIIO-
weur (U u V), KoTopasi 3a7aercsi CAeAyonmM o6pa3oM:

Y =0,299R + 0,587G + 0,114, (7)
U =0,493(B - Y), (8)
V =0,877(R-Y). (9)

2. Ilpumensierca dopmyna L(f(x,y)) noacrabissa KaxKIblii TUKCEJIb C
KOOP/IMHATAMU L, Y.

3. PacmosnaBanue BOJTOOXPAHHBIX 30H IO 33JAHHBIM XaPAKTEPUCTUKAM
(koHTypaMm u HopMe, TPATUEHTY LBETA).

4. OueHKa TOYHOCTH OOHAPY?KEHUs BOJHBIX OOBHEKTOB TOJIyY€Ha ITyTeM
JIEJIEHUsST CYMMbBI BEPHO KJIACCU(DHUIMPOBAHHBIX IIMKCETEH BOJHOTO OObEKTA,
[IOJIy 9€HHOTO C MIOMOIILIO BOJHOTO MHJIEKCA, K OOIIEeMY IUCy TUKCEei ITa-
nonrHoi Macku: O = 100 X Ny — Ny /Num.

3mech N, — YHCIO BOIHBIX HHUKCEEH AHAIU3UPYEMOro M300paskKeHus: U
Ny — 494CII0 BOJAHBIX IIMKCeJell dTasioHHON Macku. JlaHHas omeHnka mos-
BOJIIIIA OOJIEe TOYHO HAMTHU MOPOTH 3HAYEHUIT, TPU KOTOPBIX MHKCEH MOYKHO
CYUTATH TPUHAIEIKAIUM BOJIHBIM 00bEKTaM.

4. OnpegeisieHne pacCTOSHUS MeXKy pacHo3HaBaHUSIMU
obbeKTaMu

st pereHns TaHHON 3a1a49u OyIyT MCIOIB30BAThCA M300parKeHus, B
KOTOPBIX IHKCEJI0 H300PaKeHHsi COOTBETCTBYET 00IACTh HA MECTHOCTH Pa3-
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mepoum 3 X 3 merpa. Umes namuyio uH(OPMAIINIO, BEIYUCISETCS PACCTOSHIE
OT KOHTYPa OObEKTa IIPOBEPSEMOr0 KJIacca /10 00beKTa, KOTOPLIi oIpe/ie-
JISTeTCS KJIACCOM BOIOOXPAHHON 30HBI. B mawwoit pabore mjis ompeaeseHus
PaCCTOSAHUSA WCIOJIB3YeTCs MeTPUKa, BBefeHHas ['epmanoM MUHKOBCKHM, &
WMEHHO PACCTOSHUE TOPOJICKUX KBAPTAJIOB:

m n

di(p,q) = Ipi, — ai, ], (10)
1

j=1i=

rae d — paccrogHue MexKay OObeKTaMu, P; U ¢; — TOYKHU, COeIUHSEeMbIe
HPSIMOIi, § — PA3MEPHOCTD IJIOCKOCTH, ] — KOjim4ecTBo nukcesiei. C yuyerom
BBIIIENIEPEUNCIEHHOIO MOXKHO MOCTPOUTD CJHEYIOMMNI aJITOPUTM:

1. Bpibupaiorcsi CpaBHUBAEMbBIE TI0 PACCTOSHUIO OOBEKTHI M3 KAXKIOTO
KJTACCa.

2. OupenensroTcsi BCEBO3MOYKHBIE PACCTOSHUST MEXKJLy KaKJIOi mapoit
TOYEK P U ¢, KOTOPbIe 6ePyTCs U3 KazK/I0ro KJacca.

3. C mnoMomuipbio COPTHUPOBKHU OTPEIENIAETCS HANMEHbINee PACCTOSHNE
MEXKTy OObEKTAMU.

4. TIpoeepsieTcsi COOTBETCTBUE TOJIYYEHHOIO PACCTOSHUS € KOHTPOJIb-
apiMu cooTHOIeHusIME BK P®. KoHTpOoIbHBIE COOTHOITEHNS OIPEAeISIIOTCS
B COOTBETCTBUHU € MAaKCHUMAJbHOW MUPUHON Bopoema. KOHTPOJIbHBIE COOT-
HOIIIEHUST 33A0TCA (HOPMYJIOH:

0<d; <dy(W), (11)

rae d,, 3aBUCHAT OT IMHUPUHBI Bomoema, W.
5. Eciwm mocTpoiika He IPOXOIUT TPOBEPKY, TO 00BEKT MOXKHO CAUTATH
HE3aKOHHBIM.

3akJiroueHue

B mammoii crarbe paccmorpena mpodsiemMa paclio3HaBaHUS 3IaHUI B BO-
JIOOXPAHHBIX 30HAX HA CIYTHUKOBBIX CHMMKax. B pamMkax mnocraBiieHHO
3aJaun ObLT pa3pabOTaH MOAMMHUIINPOBAHHBIN AJTOPUTM PACITO3HABAHWS
TOCTPOEK, & TAKXKEe METOJ PACIO3HABAHUS BOIHBIX OOBEKTOB MpPU MTOMO-
mm macku Jlammaca. Ilocme pacno3naBanusg u kimaccudukammn 00bEKTOB
— HAXOMWTCS PACCTOSHWE MeXKy Kiaaccamu oObekToB. s ompenesnenus
3aKOHHOCTH HOCTPONKHU HCIIOJIb3YIOTCH KOHTPOJIbHBIE COOTHOIIEHUS, Olpe-
JIEJISTIOIINE TOCTYTTHOE PACCTOSTHNE, Ha, KOTOPOM Pa3perieHbl CTPONTEThHbIE
00bekThl. Ha BXO mporpaMme mogaroTcs n300paskeHuns ¢ BpEMEHHBIM [THa-
ma30HOM B 16 aHelt B 0HO U TO ke BpeMms. /laHubIil nHTEpBa ObLI BHIOpAH
JIJISE UCKJTIOYEHUS IBUKYIINXCsT 00beKTOB. ljist mpumepa BO3bMEM CJIe/IyIo-
e 0ObeKThI: 00/1aKa, JTOAKH, KaTepa, MAIIMHLI U Tak gasee. 300pakenns
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coorsercrByior pazmepam 9002 mpu ycjaoBHM, YTO pasMep OJHOIO IHKCEsa
3 x 3 merpa. @uiibrpanus n300paKeHust /115l PACIIO3HABAHMUS 3/IAHII [IPOU3-
BOIUTCS TIPU TIOMOIIM METO/1a Mpeobpas3oBanus @ypbe BEpXHUX YACTOT, 4TO
¥ TTO3BOJISIET TIOACBEYUBATH KOHTYPHI. [T MCKITIOUeHN HETOIXOIIINX TI0
pa3mepam OOBEKTOB UCIIOJIb3yeTCs TeHeBas Macka. JlamHas 3amada comep-
JKUT B cebe CKpenuBaHue ajropuTMOB PACIIO3HABAHUS [TOCTPOEK M BOTHBIX
pecypcos.
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B nannoi paboTe paccMaTpUBAIOTCSA aJrOPUTMbI PAOOTHI M APXUTEK-
TYPbL CBEPTOYHbIX HEHPOHHBIX CETEH, KOTOPbIe ObL/IU UCII0/Ib30BAHbI
JJI pelleHus 3aa9u PaclO3HaABaHWS KOPOHABUPYCHON WHQEKIUN.
TIpusenennt pesynabTarbl paboThl PA3IUYIHBIX APXUTEKTYP, CPaBHE-
HUSL UX pabOTHI, & TaK¥Ke BU3YAJIU3alnst pabOThl HEHPOHHBIX CeTel
¢ nomompio asropurma Grad-CAM. B 3ak/iiouennn mpeacTaB/IeHbl
BBIBOJIbL, C/IEJIAHHBIE 110 aHAJU3Y PE3y/IbTAaTOB PabOTHI.
KuroueBslie ciqioBa: python, pytorch, ceepmounvie Hetiportbie ce-
mu, 2aybokoe 0byvenue, KAaCCUPuUKaUUA u300parcerut.

BBemenue

CrpemurenpHoe pacapocrpanenne nadeknun COVID-19, okazano orpom-
HOE BJIMSIHUE W MPUHECTO HEMONPABUMbINA yIepd YKU3HH MHOTUX JIOJEH.
Jist auarHoCcTHpOBaHUA U OOHAPYKEHMS TAKOrO poia HHQEKIUil B HACTOsI-
IIiee BpeMsi TPUMEHSIIOT KOMITBIOTEPHYI0 TOMOTpadhUi0 U PEHTTeHOrpaduio,
HO JIa’Ke TPU YCJOBUM ODECIEYEeHHOCTH HYKHBIMHU ANTApPATAMUA W MEIUKA-
MEHTAMH HE BCET/Ia MOYKHO TOYHO U MPABUJIHBHO MOCTABUTH JUATHO3, BBUJLY
OOJIBITIOTO TTOTOKA MaIleHTOB. PerenneM 3To# mpobieMbl MOTYT SIBIASITHCS
OBICTPOPA3BUBAIOIINECS HEHPOHHBIE CETH, CIIOCODHDBIE PElIaTh 33/1a49u, CBsi-
3aHHbIE C AHAJIM30M U KJlaccupukanmmein MeJIMIMHCKUX n300parKeHuil.

1. Onucanme u 06paboTKa McCaeayeMbIX JaHHBIX

L1t TOro, 9ToOBI PACCMOTPETh PADOTY HEHPOHHBIX CeTell B 337a4e pac-
TO3HABAHMUS KOPOHABUPYCHOM WHMEKINN ObLIT WCIOIH30BAH HAOOD JTAHHBIX
¢ caiira kaggle.com [1] o 18868 peHTIreHOBCKMX CHUMKAX MAI[EHTOB, COIEP-
xkauit 4 knacca (0 - covid, 1 - nHeBMOHUS, 2 - IOMYTHEHHUsI B JIETKUX, 3 -
YKUCTBIE JIEKUE), KOTOPbIH OblI Pa3/esieH Ha TPEHUPOBOYHYIO, TECTOBYIO U
BaJIMJAIMOHHYIO BRIOOPKH (Tabmnna 1).
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Tabymma 1
Pacupepenenue 1aHHBIX B BBIOOPKAX
Tun BeibOpKH Knacc 0 | Kmace 1 | Kmace 2 | Knace 3
TpennpoBounast 3315 1045 3416 9892
Banupanuonnast 150 150 150 150
TecToBas 150 150 150 150

Uccnemyembrit HaOOp JaHHBIX SABJSETCS HECOATAHCHPOBAHHDBIM, TIOITOMY
JIJ1si KOpPEKTHOro obydenus 6oLt npumenen merosa WeightedRandomSampler,
KOTOPBIi MO3BOJIUT PACCMATPUBATE B KaXKJIOM OaT4e MPUMEPHO OJNHAKOBOE
KOJINYECTBO M300paskeHnil KazK/I0ro Kiacca. st ero ucroib30BaHus Hy K-
HO:

1) mosy4YuTh 3HAUEHME KOJIUYECTBA U300PAKEHUI B KAXKIOM KJIACCE;

2) pacuuTaTh BECOBBIE KOIDPHUIMEHTHI M1 KaXKIOTO KJIacca an, rie n;
— KoJmuecTBo u3obpaxkenuii B Kiacce ¢ (BecoBble K03bUIMEHTDI Jjis
kmaccos: 0 - 0.0003, 1 - 0.0010, 2 - 0.0003, 3 - 0.0001);

3) NPHUCBOUTH KAXKIOMY M300PAKEHUIO U3 KJIACCA COOTBETCTBYIOUIMH BECO-
BO# KO3(DPUITHEHT.

s oOydenusi ObLIM BHIOPAHBI CJIEIYIOIINE APXUTEKTYPHI HEHPOHHBIX
cereii: ResNet-18, DenseNet-121, EfficientNet-BO.

2. ITogbop runepirapamMeTpoB

KoanmdecTBO HEHpOHOB B CKPBITOM cJjoe. KommaecTBo HeffpoHOB
B CKPBITOM CJIO€ KJIacCHPHUKATOPA ObLIO BHIOPAHO OMUHAKOBBIM JIJIsi BCEX
Momenaei: 512.

Ckopocrb obydenus. /s omenkn 3(hHEKTUBHON CKOPOCTH 00y IeHUS
(CO), momenu 00y4aauch CO CKOPOCTBHIO, KOTOpas M3HAYAJIbHO HU3Kas, &
3aTeM IKCHOHEHIMAJIbHO MOBBIMIAIACH C KAaXKJIOU UuTepalueii:

* , o
lrmaz = lrinitqn; q= (llrmaw) ) lri = lrinitql = lrinit (lrmam> ;
Tinit Iinit
rie ITmae — KOHEYHAsl CKOPOCTh OOyueHus (BEpPXHssd PAHULA), ITinit —
HAYaJIbHAsL CKOPOCTh OOydeHUst (HUKHsS IPAHMLA), 78 — KOJIUYECTBO UTe-
paruii, I7; — CKOPOCTh ODYUYEHUs HA, §-OM IIIare.

ITocse oby4enust MoV BHIOMPAETCS WHTEPBAJ CKOPOCTU 00y deHMsI, Ha
KOTOPOM 3HadeHue (DYHKIMOHAJIA, OITUOKN YMEHbITaeTCs ObICTPEe BCEro, Ta-
KOl MHTEPBAJI OyIeT HA3BIBATHCS ONTUMATbHBIM. JlanbHeiiee obyaeHnne Mo-
JleJId MOXKET IPOBOJUTCS PA3HBIMU CHOCODAMHU: &) C BEPXHUM 3HAYEHUEM
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OIITUMAJIHOI'O UHTEPBAJIA, 0) ¢ HUKHUM 3HAYEHUEM OLTHMAJILHOIO MHTED-
BaJla, B) €O 3HadenueM B 10 pa3 MeHblie 3HaYeHUs BEDXHEIO OLTUMAJILHOIO
unTepBasa (Jydinas BEpXHss TPAHUIEA), I') C TIOMOIIBI0 IUKJIAIECKOr0 00y-
4eHus [2].

Hauanbable WHTEPBATBI CKOPOCTH OOyYeHHUsi ObLTH BBHIOPAHBI OTHHAKO-
BBIMH JJISI BCEX APXUTEKTYD: (Tmaz = 1 X 1077, Irins = 1 x 1071, TTocse
0o0y4eHust BCexX MOJEJIeil CO CKOPOCTBIO 00yY€HUsT 13 HAYAJIbHOIO HHTEPBAJIA
(pucynok 1), mjia Kaska0# MOJIequ ObLIN BHIOPAHBI ONTHMAILHBIE HHTEPBA-

JIBL, JIydIlIue BEpXHss U HUXKHAs ITpaHuibl (tabauna 2).

3HaueHue owneKu

3HaueHue oWNGKM OT CKOPOCTU OBYUYeHUs
i

CkopocTb 06y4eHuns

Oumbka cetnt ResNet-18

Ownbka cetnt DenseNet-121

Oumbka cety EfficientNet-B0
OnTuMansHeIi MHTepsan ResNet-18
OnTuManbHbIi MHTepean DenseNet-121
o) i MHTEpBaN BO

Puc. 1. Onrumasbible HTEPBAJIBL i BHIOPAHHBIX aPXUTEKTYD

Tabauma

BHavenus mapaMerpoB CKOpPOCTU O0ydeHus: Jjisi PA3HbIX MO/IEsei

Apxurekrypa Buz ckop. 00yd. 3Hadyenne CKOp. 00yd.
[IOCTOSIHHAS 1x 1076
=7
ResNet-18 MOCTOAHHASA 3 X 10_5
NOCMOAHHAA 3 x 10
UUKAUNECKAA [5x 10753 x1077]
NOCMOAHHAA 1x1076
=5
DenseNet-121 NOCTMOAHHAA 9,5 X 10-@
TTOCTOSTHHAS 9,5 x 10
MUKTAICeCKAS [1,5x1075;9,5x1077]
MOCTOSHHAA 1x107°
=z
EfficientNet-B0 NocmoaHHas 9 x 1075
NOCMOAHHAA 9 x 10
MUKJTAIECKAsT [1,5 x 107°;9 x 1077]
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3. O6yuenue momeeit

st 00y4eHHBIX MOjesieil ObLIH TOCTPOEHBI IPAMUKU CO 3HAUEHUSIMU
MeTpHUKHU accuracy (IpaBUJILHOCTH) /i KaxKI0i u3 Mojeseil (pucynku 2a-
2B).

3HaueHue NpaBUILHOCTY ANA Moaeneii ceTn ResNet-18 3HaueHue NpaBUNLHOCTU ANA Moaeneii ceTn DenseNet-121

Lo, C PAsHBIMU NapaveTpamm ckopocTn 06yueHus Lo C PAsHBIMY NapameTpamm ckopocTu 06y4eHus

095= = = = = = = = 0.95

°
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©
8

3HaueHMe NpasuIbHOCTI
o
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&

3HaueHue nNpaBuILHOCTH
o
o
&

o
®
&
o
©
8

—— ResNet-18: 1x10"-6
o —— ResNet-18: 3x10"-4 075
— ResNet-18: 3x10"-5

ResNet-18: [5x107-6; 3x10"-5]

—— DenseNet-121: 1x10"-6

—— DenseNet-121: 9.5x10"-5

—— DenseNet-121: 9.5x10"-6
DenseNet-121: [1.5x10"-6; 9.5x10"-5]

o070 0 5 10 15 20 25 o070 0 5 10 15 20 25
Homep anoxun Homep anoxu
a) 6)
3HaueHue npaBUnbLHOCTU ANsA Moaeneii cetu EfficientNet-BO 3HaueHMe NPaBUILHOCTU BbIGPaHHbLIX Mogenei
c pamu ckopocTy 06y 096
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—— EfficientNet-B0: 1x10"-5
075 —— EfficientNet-B0: 9x10"-4 086 —— Resnet-18: yuknmdeckas
—— EfficientNet-B0: 9x10"-5 —— Densenet-121: 9.5x10"-5
EfficientNet-B0: [1.5x10"-5; 9x107-5] Efficientnet-BO: 9x10"-4
070 5 10 15 20 25 0 5 10 15 20 25
Homep anoxu Homep anoxu

B) r)

Puc. 2. 3nauenne npasmwisnocru: a) ResNet-18, 6) DenseNet-121,
B) EfficientNet-B0, T) Momeneii, KOTOpbIe TIOKA3a/IU JIydiAe 3HAIEHUS METPUK

Wcxoast u3 rpadukoB, ObLIN OMPEIEHBI MOIEH JJIsi PA3HBIX APXUTEKTYP,
KOTOpBIE OBICTPEE TOCTUTAIOT MAKCUMAJIHHOW MPABUIBHOCTH, TAKUE MOIEN
B TabJInIe 2 BBIIEJIEHBI KYPCUBOM.
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4. OneHuBaHUEe PEe3yJIbLTATOB

Onenka paboThl PA3HBIX MOJENeH CBEPTOYHBIN HEHPOHHBIX ceTeil, ObLIa
TPOBEJIEHA C TTOMOIIBI0O METPUK: accuracy, recall, precision, Fj-mepa.

JIst KaxK 10 n3 Mozeseil ObLTN BBITUCICHBI 3HAYECHIS METPHUK 71T KasK-
Joro kimacca. B Tabmuie 3 aj1d KaxKAoro KJacca MPeACTABIEHBI MOIEIH,
KOTOPBIE IOKA3bIBAIOT JIYUIIYI0 METPHUKY accuracy. depHbiM B Tabmwmie 2
BBIJIEIEHBI MOJEJIN, KOTOPbIe TOKA3aJIM JIYUITyI0 TPeACKa3aTeIbHYI0 CIO-
COOHOCTb.

Tabymua 3
SHaveHre METPUKU aCCUracy JIydIreil MOIes N It KaXKJ0r0 KJIacca
Kuacc | Apxurekrypa Moueib Accuracy
0 EfficientNet-B0 9x10~% 1.000000
1 DenseNet-121 9,5 x 107° | 0,996540
2 EfficientNet-B0 9x10~% 0,968067
3 DenseNet-121 9,5 x 10~° | 0,961603

st Mojiesieil, KOTOpbIe MOKA3aJIM JIYUIYIO MPEeJICKA3aTeIbHYIO CIIOCO0-
HOCTb, ObLIIU IOCTPOEH rpaduKu 3HAYEHUS METPUKHU accuracy (PUCYHOK 2r).

5. Busyanusanusa pesysabraTroB ¢ nomorinbio Grad-CAM

Anropurm Buzyanmzanuun Grad-CAM 6bu1 mpuMeHeH K Kjaccam, JiJist
koropbix apxurekrypa EfficientNet-B0 nokaszana siydiuii pesysibrar (pu-
CYHOK 3).

a)ibd

OpuruHanbHoe usobpaxeHue GradCAM (EfficientNet-BO) OpuruHanbHoe usobpaxeHue GradCAM (EfficientNet-BO)
a) 6)

Puc. 3. Busyasmzanuus paborsr meiiponnoii ceru EfficientNet-B0:
a) maa kmacca «covidy, 6) g KIacca «IIOMyTHEHWS B JIETKHAX»
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3akJroueHne

ITo Bcem MeTpmkam [jisi BCEX apXUTEKTYp W JJIs BCEX KJIACCOB M300-
paXKeHui JTOCTUTHYTA OY€Hb BHICOKAS TOYHOCTD TNpeacka3anwmii. [Ipu mpak-
THUYECKOM HCITOJIb30BAHUU B MEIUITUHCKOM YUPEXKIEHUU TIPHU MOJA03PEHNH,
qaro desopek 6oern COVID, Bpady ciemyer mojararbCs Ha MpeICKa3aHUE,
KOTOpOe BbLIaeT Mojesb apxurekTypbl EfficientNet-BO0.

MoskHO MpeamosoKuTh, uro apxurekrypa EfficientNet paboraer uyrh
JIydIlie IPYTHUX, TaK KaK B HEl MEHbIIE TapaMeTPOB, COOTBETCTBEHHO MEHBb-
111€ BECOB, CJIE0BATEIbHO IPAJIMEHT MEHBIE 3ATYXAeT UJIU B3PBIBAETCH, O~
TOMY ceTb PaboTaeT CTabWIBHO U TOYHOCTD MpeIcKa3anus Boiie. Qcraib-
Hble JBe ceru paboraror He cuiibHO xyxke EfficientNet, rak kak ux uaes
COCTOUT B MOOABJIEHUN TTPOMEKYTOIHBIX CBsi3eil mexmy ciaosimu. DenseNet
mo cpaBaennio ¢ ResNet paboraer 6ojtee TOUHO, TaK KaK B HEll MepeIar0TCs
HE TIPOCTO CBSI3H, & IeJIble CJIOU, U TIPU YeM K KayKJIOMy [oCeyonemMy 6J1o-
Ky, IIO3TOMY (PUHATIBHBIN OJIOK MOJyYIaeT BCE BO3MOXKHBIE BAPHAHTHI Pabo-
THI CBEPTOYHBIX HEHPOHHBIX ceTeil 1 MOXKeT 3(pPHeKTuBHO OTOPOCUTH JACTh
HEHYKHBbIX (PUIIBTPOB U OCTABUTH TOJIBKO BAXKHBIE.

Takxke CTOUT OTMETHUTDh, YTO BCE APXUTEKTYDPHI UMEIOT BBICOKYIO TIPEJI-
CKA3aTEJIbHYIO CIIOCOOHOCTDH [JIsi KJIACCOB «COVid» ¥ «ITHEBMOHHUs», UyThb
MEHBIITYIO MPEICKA3ATETbHYIO CIIOCOOHOCTD [IJIsi KJIACCOB <IIOMYTHEHWS B
JIETKUX» U «9UCThbIE jlerkuey. [Ipu mpakTu4ecKoM HMCIOIb30BAHUN JTAHHBIX
apXUTEKTYDP MEIUIMHCKOMY PAbOTHUKY cieyeT ObITh O0Jiee BHUMATEIbHBIM
MIPY TTOCTAHOBKE JHATHO3A.
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ITPOBJIEMA OLIEHKW PABOTbBI AJITOPNUTMOB
TEMATNYECKOTI'O MOAEJINPOBAHUN A

B.E. Comnomnos, T. B. Kabanosa, E. FO. Tlerpos

Hayuornanvnot uccaedosamenveruti Tomekuti 2ocydapemeertbili ynueepcumen,
2. Tomcx, Poccus

B crarbe paccmarpuBaercs nponece CPaBHEHUS TEMATUIECKUX MO-
nesteit. I13-3a cymmecTBOBaHuS GOIBIION0 KOJIMIECTBA METOI0B U IIOI-
XOIOB K OII€HKE PE3Yy/JIbTaTOB TEMATUYIECKOTr0 MOJAETNPOBAHUA TPY/I-
HO OIIpeJIe/nTh, KaKoil Habop omeHok Jyume. Ha ocrHoBe amasmsa
MpeMeTHON 00/IaCTH COCTaBJIEH HAOOp KPUTEPHWEB W OIEHOK JIJIst
IIpOBEeAEeHUA CPABHUTEJIbHOTO aHaJIU3a TEeMAaTUYECKUX MO,HeJ'I(i‘I‘/JI7 Huc-
110JIb30BaHbl KaK BHYTPEHHNE OLECHKHN, TaK U BHEIIHUE (3KCHepTHOe
muerne). [lomygennnii HabOp ONMEHOK ObLI TMPUMEHEH K TPEM Te-
MaTUYECKUM MOIEIAM, O6y‘IeHHbIX C IIOMOIIIHIO TaKUX aJI'OPUTMOB,
kak LDA, LSI, NMF. Mogenu o0y4danuch Ha COOpaHHOM KODILyCe
TEKCTOB, CBA3aHHBIX C TEeMATUKON M3MEHEHUs KJIMMaTa.
KiroueBble ciioBa: memamuueckoe modesuposarue, obpabomxa
ECMECTBEHH020 A3BLKG, KOPNYC MEKCMOB, S6HYMPEHHAA OUEHKQ,
BHEWHAA OUEHKQ.

BBemenue

ExxenmneBno nabiroaercss yBeandeHne o0beMa MepeIaBaeMbIX JTaHHBIX
[1], u Gosbliyto ux yacTb cocraBisger TekcroBasd unbopmanus. [Io srum
[IpUYAHAM HA CErOMHSNIHUI /1eHb HAOUPaeT MOMmyJISPHOCTH HAIPABJIEHUE
Natural Language Processing. Oamno w3 mHambojee y3KWX HAMPABJIEHWI B
NLP — 310 remarudeckoe moaeaupoBanne. OHO MOXKET MO3BOJUTH U3 OOJIb-
IIIOT0 KOJIMYECTBA TEKCTOBOH MHMOPMAIINY BBIIEIUTD KJIACTEPHI TEM, KOTO-
PbI€ ONMUCHIBAIOTCH KIOYEBBIMU CJIOBAMHE, YTO SABJISIETCS OY€Hb AKTYAJIbHBIM
P KCCIEIOBAHUN OOJBIMX 00bEMOB TeKCTOBOI mHpopmamnuu. Ho B 00-
JIACTU TEMATUYECKOI'O MOJIEJMPOBAHUSA CYIIECTBYET 1IPODOJEMA B OLEHKE U
cpaBHenun mojesel. Ha maHHbI MOMEHT HET ODIIEro moaxoaa B CPABHEHUN
Pe3yabTaTOB PAOOTHI AJITOPUTMOB TEMATUIECKOTO MOIEIupoBanus. Takoii
BBIBOJ, OBLT CI€/TaH HAa OCHOBAHWW JINTEPATYPHOTO 0030pa HAYIHBIX paboT
Ha JAHHYIO TEMY, & TAKKe [PU OIMPOCE COODIIECTBA CIIENNATINCTOB, 3AHNMA-
IONUXCA TEMATUYECKUM MOZeJnpPOBaHueM. B HaydHbIX paborax 3a4acryio
WCIOJIB3YIOT TOJHKO BHYTPEHHHE OIEHKW , 8 HA MPAKTHUKE CIEIHAJIUCTHI
CKJIOHHBI TIPUMEHSATH TOJBKO COOCTBEHHYIO IKCIEPTHYIO OIeHkKy. [losTomy
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OBLT COCTaBJIEH HADODP KPUTEPHUEB M moaydeHus: wHdopMaimn o6 obiem
Ka4decTBe HOJyYeHHONW MOZE/U ¥ CPABHEHUS C JPYTUMU MOJEJISIMHU.

1. Bpibop olieHOK

[Tpu mpoBeneHuM TUTEPATYPHOTO 0030Pa OBLIO UCCIETOBAHO MHOMKECTBO
TO/IXOIOB K OIIEHKE TEMATUIECKUX MOJEJIel, KOTOPbIE JIeIATCS Ha, JBa KJIac-
ca: BHyTpeHHUE U BHemHue. [|j1st mpoBeneHns JaHHON PabOThI CPEIU OIEHOK
ObLTN BBIOPAHDI: COMIACOBAHHOCTD, PA3PEKEHHOCTh, CJIOBECHAS W TeMaTHde-
ckasg unrpysus [2]. OcuoBanueMm Jyisi BbIOOPA ITUX METOJIOB OLEHUBAHUS
TEeMATHIECKUX MOJIEJIEN SBISIETCS UX MPUKJIAIHAS [IEHHOCTE. J[aHHbBIE OIleH-
KU JIETKO WHTEPIPETUPYEMBI, 8 TAKXKe MPOCTHI B MPUMEHEHUH.

CoracoBaHHOCTH U PA3PEKEHHOCTH — BHYTPEHHWE OIEHKH, UCIIOJIB3Y-
OIe I BEIYUCICHWH pe3yabTUpyolLyo Marpuily moaeau. CormacoBan-
HOCTbH OITUCBHIBAET YACTOTY BCTPEY CJIOB B JOKYMEHTAX B OJHON TeMme, a pa3-
PEKEHHOCTD MCIIOJIb3YeT IMPOIEHT YCTHhIX 3HAYEHUIN PEe3yJIbTUPYTONIEil MaT-
DUIIBI.

CrioBecHast ¥ TEMATHYIECKAS UHTPY3UsT — BHEITHIE OIIEHKHN, /IS BEITUCIE-
HHUsI KOTOPOTO UCIOJIB3YIOT BO3MOXKHOCTH WHTEPIPETAIINHA PE3YIBTATOB MO-
genedt moapmu. ClioBecHasi HHTPY3Usl U3MEPSeTCs 32 CYeT MPOBEJIEHUs Te-
CTa, B KOTOPOM 3KCIEPTY MOKA3BIBAETCH HAOOP CJIOB, OMUCHIBAIOIIAX TEMY.
Cpenn HUX HEOOXOAWMO BHIOpATH JmiTHee. Kcau B OOJBITMHCTBE CIyYaen
9TO yIaercs, TO Tema HauboJsiee mHTEpnperupyemoil. 3mepenue temaru-
9eCKON MHTPY3UHU MPOBOAUTCH MOXOKUM 00Pa30M € MOMOIIBIO COCTABJICHNE
TecTOB. B 3TOM Cilyuae SKCOepTy MOKa3blBaercs (hpparMeHT TEeKCTa U KJTIO-
4YeBbIe CJIOBA U3 HECKOJIBKHUX TeM. IIpu 9TOM O/iHA U3 T€M He MPUCYTCTBYET
B JaHHOM (parMeHTe W SKCIEepTaM HYKHO BBISBUTH MOCTOPOHHIOK TEMY.

Jlaiee Ha, OCHOBE TIOJTy YEHHOT'O HAOOPA OIEHOK MBI IIPOBEJIH SKCIIEPUMEHT
IO HAXOXKJEHWIO JAHHBIX OIEHOK JJI TEMATUYECKUX MOJENe, 00y IeHHBIX
Ha OFHOM HabOpe MaHHBIX, 9TOOBI CPABHUTH PE3YJIbTATHI C COOCTBEHHBIM
9KCIIEPTHBIM MHEHHEM O Ka4eCTBE MOJIyYEHHBIX MO,

2. Coop u MOJATOTOBKA JAHHBIX

Jlist mpoBeieHnst SKCIIepUMEHTa, ObLT cOOpaH HAGOP COMUATBHBIX BBICKA-
3BIBAHUI HA TEMY M3MEHEHUs KJIMMAaTa C TOMOINBIO0 cucreMbl « Kpubpyms.
Jlannas cucrema cOOMpaeT JAHHBIE W3 PA3HBIX MCTOYHUKOB HA OCHOBE IIO-
MCKOBBIX 3ampocoB. C MOMOIIBIO UTEPATUBHOIO PACITUPEHNS N3HAYATHHOTO
HAbOpa 3ampocoB yaaioch cobparh 77635 3amuceit. C moOMOINBIO MeTaTaH-
HBIX, COJIEPKAIIUXCS B 3AMKUCAX, ObLIM TOCTPOEHBI UAIPAMMbI, OIUCHIBAIO-
mme coopanubiii Habop. [lpu n3yvyennn MeTaTaHHbIX OBLIO BBISIBJIEHO, UTO B
OCHOBHOM HA0OP COIEPKUT PYCCKOS3BITHBIE 3AIMUCH U3 COIUATBHBIX CETel.
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K cobpanmnomy HaAOOpPY JAHHBIX MPUMEHSIUCH KJIACCHIECKHE CIIOCOOBI
1peobpabOTKU TEKCTA, TAKKE KAK TOKEHU3AIWs, yIAJeHUe pa3ieauresei u
TOKEHOB JJINHOW MEHBIIE By X, IPUBEIEHNE K OMHOMY PETUCTPY U TaK JIaJIee.
Hasee mjisi cHUKeHnst WHMOPMAIMOHHOTO 1Ty Ma, ObLIIa, TPOBEIEHA, IEMMATHU-
3aldst — METO/I, MPUBOISIINI CJIOBA K HOpMasbHOH dopme. [Ipenmyinecrso
JIEMMATH3AIMUA B TOM, 9TO B JAJbHEHIIEeM MPU IKCHEPTHON OIEHKE TeMbl
OyyT OoJiee MHTEPIPETUPYEMbI, Y€r0 HeJib3sl CKA3aTh O CTEMMUHIE, KOTO-
PBIil OCTaBJISIET TOJBKO OCHOBY CJIOBA. TakKke IJIsi OUMCTKHU KOPIyca, ObLIO
HCIIOJIb30BAHO YIAJIEHUE CTOM-CJIOB — CJIOB, KOTOPhIE HE HECYT B cebe 3Ha-
IUMYI0 WHMOPMAIHIO, I STOTO UCIOIb30BAJICSI TOTOBBII HAOOD CTOI-CJIOB
JIJTsl PyCCKOTO si3bIKa. Vcmosib3yeMblii HaMu HAOOP PACIIUPSIICS ¢ MOMOIIBIO
aHAJN3a 00PATHON YACTOTHI TOKYMEHTOB IO (POPMYJIE:

D
IDF(t;,d;, D) = logz(w>a (1)
1=

rae D — Habop HOKyMeHTOB, |t;ed;| — BCe JOKyMEHTBHI, B KOTOPBIX BCTpeta-
erca t;. Ilocie Beraucienus: IDF Ob11 mocTpoen rpaduk ImIOTHOCTH pacipe-
nenenus (pucynok 1). Ha ocHoBe 1aHHONW METPUKHU MOKHO OTCEYb OBIIEYTIO-

30

25

20

Density

10

0.5

0.0 T T T T T
2 4 & 8 10

idf_weights
Puc. 1. IlnorrOCTE pacupenesenus ciaos no IDF

TpebuTEeNbHBIE U MEHee yIIoTpeOuTe IbHbIE CJI0Ba. [Ipu n3yvennu maI0THOCTH
pacmpenenenns ciaos no IDF, 661510 penreHo oTcedb XBOCTHI pacIpeaeIeHni
— 3HAYEHUs HUXKE [IBYX WJIM BBIIIE JECATH, TAK KAK JIEBBIIl XBOCT PaCIpe/Ie-
JIEHUST HUKE JIBYX BECbMa HE3HAUYUTEJIEH, a MPAaBbIf XBOCT PACIpPeIeIeH st
“MeeT aHOMAaJIbHO BbIcOKme mokasarenu IDF mo cpaBHeHHio co Bceil BbI-
6opkoit. IloMuMO mEpeInCIEHHBIX ITAOB OBLIO HCIOIH30BAHO BBISIBJ/ICHHE
n-rpaMM U J00ABJIEHNE X K HAYAJBHOMY CITUCKY TOKEHOB, a [IJIsi BEKTOPU3a-
mu 00pabOTAHHOTO KOpIyca ObLIn ucmob30Baubl Meronsl BoW u TFIDF.
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3. I/ICIIOJ'IBByeMbIe AJITOPUTMbI TeEMAaTHU4Y€CKOIr'o MoaAeJINPpOBaHUA

Haubosee momynsipHble B HACTOSINNYE MOMEHT METOIbI TEMATUIECKOTO
MO/IEJIUPOBAHUS MOXKHO PA3JEIUTh HA, IBE OCHOBHBIE IPYIIIIHI — ajredpan-
9YecKHue U BepOATHOCTHbIE (rereparusubie) [3]. Boibop Momeneit nponcxomun
10 CJIEYIOIUM KPUTEPUSM: YIIOMUHAHUSAM B HAYYHOI JiuTepaType u y100-
CTBO HCIIOJIb30BaHusA. B pabore uCIoOIb30BaINCh B aarebpandecKux Mo-
JIeJTU: JIATeHTHO-ceManTuIeckoe nuaekcuposanue (LSA), mHeorpunarensuoe
marpuanoe padsoxkenne (NMF), a takke 0/[Hy BEPOSTHOCTHYIO MOJIEJIb: Jla-
rerrHoe pa3menienre JIupuxse (LDA). JlareHTHO-CeMaHTHIECKOE UHIEKCH-
pOBaHWE WM JIATEHTHO-CEMAHTHIECKAN aHAJIN3, 8 TAKKE JIATEHTHOE Pa3Me-
wienue JJupuxiie, saBisitorcs naubosiee HOMY/IsPHBIMUA B CBOUX Ipynnax [3],
YTO COOTBETCTBYET HAIlleMy BBIOOPY Momeneii. Takyke maHHas TpoOiika aJ-
ropuTMOB OblJIa OIMCaHa aBTOpaMHU B pabore [4], B Ty1aBe 0 TeMaTHYECKOM
moenupoBannn. [IoMuMO 3TOro BEIOpaHHBIE AJITOPUTMBI BOIILIXA B HAOOD Me-
TOOB TEMATUIECKOTO MOJIEINPOBAHNS, KOTOPbIE ObLIM HA3BAHA OCHOBHBIMHA
B pabore [3]. Dru ke mMeroxbl onuchiBaer aBrop paborsi [5]. Ha npakru-
K€ HCIIOJIb30BAHUE TAKOH CBA3KH aJIOPUTMOB OKA3aJIOCh BECHMA YAOOHBIM,
TaK KaK BCE OHM OBIIN peaJN30BaHbI B OXHOI 6ubamoreke Gensim Ha, S3bI-
ke Python. Takoe perienne BecbMa yn00HO, TaK KaK B KOJE UCIIOIb30BAHNE
KaXKJI0f MOJEH OIMHUCHIBAETCS CXOKHMM 0OPA30M, & TaKXKe He MPUXOIUTCS
[IPUBOAUTD PE3yJIbTAThI PAOOTHI K OTHOMY (POPMATY WA UCIIOIH30BATH Pa3-
HbI€ A3bIKU IPOrPAMMUPOBAHUS.

4. IIpoBeneHMe 3KCIIEPUMEHTA

1151 BBISIBJIEHUST WHTEPIPETUPYEMOCTH TOZO00PAHHOTO HAOOPa OIEHOK
MBI OOYYHJIM IIECTh TEeMATHYECKUX MOJeNeH, Tak KakK I KayKIOro u3
BBIOPAHHBIX AJITOPUTMOB HCIIOJIH30BAIOCH JBA BAPUAHTA BEKTOPHU3AINNA CO-
OpaHHBIX JAHHBIX. B mporecce oOydeHust Moaenei Ijisi KaxKI0ro U3 BapH-
aHTOB OBLT MOMOOpAH BaKHEHINNH THUIEPIAPAMETP TEMATHIECKOH MOIETn
- Kojim4ecTBo TeM. JlaHHoe 3HadeHue 10J0UpaIoCh C IIOMOIIBI0 U3MEPEHUs
METPUKH COTJIACOBAHHOCTH JJjIs PA3HBIX 3HAYEHWI KomdecTBa TeM. Ilo pe-
3YJABTUPYIONIAM MATPUIIAM MMOJIYIEHHBIX TEMATUIECKUX MOeed ObLm mo-
CYUTAHBl BLIOpAHHbIE BHYTPEHHUE OLEHKHU. Jlajiee ¢ MOMOIIbIO OIMCAHHBLIX
[IO/IXOJIOB, 110 BHEIIHEH OleHKe, ObLIM cocTaBjieHbl TecThl. IloydeHnHble Te-
CTbI JIj1s1 BbIABJIEHHUS CJAOBECHOM U TeMaTHYeCKONR MHTPY3uK ObLIM LIPE/II0ZKe-
HBI TATH JIIOJIAM, KOTOPBIE He SBJISIOTCSA KCIEPTAMUA B TeMATUIECKOM MOIe-
supoBanun. [1o pesynbraraM TECTHPOBAHUS TMOJIYYEHBI CIEIYIOIMNE 3HATE-
Hus O1eHOK (cM. Tabst. 1). Jlasee 1yis BCeX OIEHOK ObLIO IIOCYUTAHO CPEIHEE
ob1iee 3HaveHue Jjis yao6cTBa cpaBHeHus momesei (cm. tabi. 2).
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Tabymma 1
Pesysiprarsr onenox
Corna- | Paspe-
Mognenn/ Kon- CioBecnass | Temaruueckas
COBaH- ZKEeH-
BekTo- BO WHTPY3Ud WHTDPY3UA
HOCTH HOCTH
pu3aa TeM (%) %) (%) (%)
LDA/BoW 6 62 70 26.48 100
LDA/TF-IDF | 12 58 76 43.4 80
LSA/BoW 9 50 31 24.2 0
LSA/TF-IDF | 21 53 34 34.2 60
NMF/BoW 10 65 7 38 60
NMF/TF-IDF | 18 58 79 23 100
Tabyma 2
Cpentiee 110 pe3yJbTaTaM OIEHOK
Cpenusis
BexkTo- Kon-Bo
Moneib OIICHK3,
pu3amnusa | TeM (%)
LDA BoW 6 64.62
LDA TF-IDF | 12 64.35
LSA BoW 9 26.32
LSA TF-IDF | 21 45.3
NMF BoW 10 60
NMF TF-IDF | 18 65

ITo Tabaune BuIHO, 9TO HAMOOJIBIINYIO OIEHKY IMOJIYYUJI BAPUAHT O0Y-
qJeHns Mozeau ¢ momoinbio anroputma NMF na kopmyce, TeKCTbl KOTOPO-
ro 6 BekTOpH3oBaHbl ¢ momombio TF-IDF. Ho mpu paccyxperunsax o
PEJIEBAHTHOCTH HCIOJIb3YEMbIX HAMU OIEHOK MbI IOCYUTAJM, YTO BAPUAHT
LDA c sexropusarueit TF-IDF jyuriie cipaBisieTcst ¢ M3BJIEUECHUEM TEM U3
HAITIero KOPIyCca TEKCTOB, TaK KAaK UTOrOBas OIEHKA OTJIMYAETCST BCETO Ha
0.65. 3aTo OIeHKa CJIOBECHON WHTPY3WHM — MAKCHMAJIbHAS CPEIN PACCMAT-
pUBaeMbIX BapUAHTOB. BBIBOJA O 3HAYUMOCTHU JTAHHON OIEHKHU MbI CIEIAJN
mocsie 0OCY2K/IEHUS C MPUBJIEYEHHBIME YKCIIEPTAMHE, & TAKKEe P COOCTBEH-
HOM U3YYEHUH II0JIy YeHHbIX TeM. Pacxozk/1eHue OneHOK C COOCTBEHHBIMU 33~
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KJTIOYEHUSIME TOBOPUT O TOM, UTO BHIOPAHHBIN HaMHU HAOOP OIEHOK Tpedyer
10/160pa BECOB B COOTBETCTBUU CO 3HAYMMOCTBIO JIJIsi KAXKJIOI'O KPUTEPUSL.

3akJiroueHne

B pesynbrare paborsr ObLT MOmOOpaH HAOOP OIEHOK IJIs TEMATHIECKUX
MoOjIeIeil ¥ MPOBEIEH HKCIEPUMEHT MO WX WCIIOIH30BAHUI0. Bbul coOpan u
obpaboran HAOOpP JAHHBIX MO TEMATHKE M3MEHEHWs KJIMMAaTa, HA KOTOPOM
ObLTH 00y YEHBI PA3HBIE BADUAHTHI TEMATHYIECKUX MOJENEH, MOCIe 9ero K uX
pesysibraram ObLI IPUMEHEH MoJ00paHHbIil HaMu Habop oneHok. Craesranbl
BBIBOJIBI, O TOM, UTO MTPEJIOKEHHBIN HADOP OIEHOK HYXKIAeTCs B JOpabOTKe
B COOTBETCTBUU C PEJIEBAHTHOCTHIO MCIOJIB3YEMbIX KDUTEPHUER.
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This paper analyses a discrete-time (s, S) inventory model with per-
ishable items having a common life time. Demand is assumed to be
a Bernoulli process and service time and lead-time follow geometric
distributions. The customer has a choice to accept or reject an item
by considering its remaining lifetime. The Matrix Analytic Method
is used to analyze the model. Numerical experiments are conducted
by considering a suitable cost function on the basis of the relevant
performance measures. Keywords: bernoulli process, perishable
inventory, age-dependent demand, matriz analytic method.

Introduction

In the present day highly competitive market scenario, people are much
concerned about the manufacturing date and expiration date of commodities
they purchase. The customer’s concern about his/her health demands the
availability of fresh items in stock. The present model is relevant and which
is applicable in the case of managing baked items, tin food, processed meat
and fish, cosmetics, medicines, etc.

A perishable inventory model with positive lead time was first introduced
by Nahmias(1979)[1]. Deteriorating inventory system considering demand
for items as a linear function of time was first studied by Dave and Pa-
tel(1981)[2]. Pal(1989)[3] considered a deteriorating item inventory model
with Positive lead time and without fixed ordering cost. Anilkumar and
Jose(2020)[4] studied a Geo/Geo/1 inventory system with local purchase.
In recent work, Adrian(2021) [5] developed a perishable inventory model
by considering two types of degradations both physical and freshness con-
ditions of an inventory. Chen J. and et. al. (2016)[6] proposed an EOQ
model considering expiry date and displayed volume as the major factors of
demand. Dobson et. al.(2007) [7] studied a single item perishable inventory
model considering the product’s lifetime. A recent work on Discrete time
queues was by Anilkumar and Jose (2021)[8] by introducing self interrup-
tion in priority queues. Feng et. al.(2017)[9] proposes an inventory model
considering demand as a function of freshness, displayed stock, and price.
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In this paper, we extend the concept of the age-dependent model by
giving a choice to the customer. He or she can accept or reject an item
whose remaining lifetime is known. We assume that the probability that a
customer accepts a product will reduce with increasing age.

1. Mathematical Modelling and Analysis

In this model, we study a discrete-time (s, S) perishable inventory model
with positive service time and positive lead time. The arrival is assumed to
be a Bernoulli process with parameter a. Both service time and lead time
are assumed to be geometric with parameters b and c respectively. When
the lead time is realized we will discard all the items already in the inventory
so that the remaining new items have a common lifetime m. A customers
demand is for exactly one item and the customer is not allowed to join the
system when the inventory level is zero.

We hypothesize that the demand depends on age. The age of the fresh
items in the inventory is assumed to be m units and after which the item
becomes spoiled. We assume that the customer’s decision to buy a product
depends on the freshness of the product. We assume that when the product
is fresh the probability that the customer choose them is high and there is
a high probability that a customer not buy a product whose expiry date is
near. For an item with remaining lifetime 4, where ¢ = 1,2,3,.--- ,m, we
assume that the customer will choose the item with probability £; and not
choose the item with probability 1 — j3;.

Notations

X,, : Number of customers in queue at an epoch n.
Y, : Inventory level at the epoch n.
Z,, : The remaining life of the product at an epoch n.

e:(1,1,1,...,1)", column vector of 1’s of size Sm + 1.

Then ¥ = {(X,,Y,,Z,);n = 0,1,2,3,..} is a Quasi-Birth-Death Process
on the state space

E={@{,j k)i >00<j <81<k <m}}.

Now the transition probability matrix of the process is



62 Jijo Joy, K. P. Jose

0 1 2 3
0/C G
1] Ay A A

p_ 2 Ay AL A
3 Ay A Ag

where the blocks Ag, A;, Ay are square matrices whose (j, k)" element
with phase i is given below. Here jx = j — (i — 1)m — 1, ix = (i — 1)m,
B% = Bjub + Bj«, B** = (ab+ab)B;.b+ af;. and § = afj. + af;.b.

¢, ifj=1k=1
ac, ifi=1,--,8j=ix+2k=Sm+1

acfx,  ifi=1,---,s;j=1i%+3,--- im+1jk=Sm+1
ac, ifi=1 sj=ix+2k=1

afj—1bc, ifi=2,--- myj=i+1Lk=1

Ax(j, k) = aBj.c,  ifi=1,---,sj=ix+3,---,im+ k=41

afs, ifi=s+1,---,5j=ix+3,---,im+Lk=5—1
a, ifi=s+1,---,S;7=ix4+2;k=1

apj<be, ifi=2,--- 8j=i%x+3,--- im+Lk=j-—m—1
afj+b, i=s+1,---,8;j=1i%x43,---,im+Lk=j—-—m—1

0, otherwise
¢ if j=1k=Sm+1
ac, ifi=1,---,8j=i*x+2;k=SSm+1
cf3 * *, ifi=1,---,s;j=i%+3,--- ,im+ Lk=Sm+1
ac, ifi=1,---,85j=ix+2;k=1
aBj_1be, ifi=2,--- myj=i+L;k=1

Ai(j, k) = { e, ifi=1,,8j=ix+3,-im+Lk=75—1
o, ifi=s+1,---,8;j=i%x43,---,im+L;k=75—-1
a, ifi=s+1,---,8j=ix+2;k=1
afBjbe,  ifi=2,--- s55=i%x+3,--- ;im+Lk=j—m—1
af;b, t=s5+1,---,8j=i%43,---,im+1Lk=j-—m—1
0, otherwise
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aBjbe, ifi=1,2-- s;5=i%+3,--- ,im+ L;k=Sm+1

Ao k) = aﬁj{;é, ifi=1,---,8j=ix+3,--- ,im+1Lk=j—1
aBjb, ifi=s+1,---,Sj=ix+3,--- ;im+Lk=5-1
0, otherwise

2. Stability Condition

The stability of the considered queueing inventory model is the same as
that of ordinary discrete-time Geo/Geo/1 queue with inter-arrival time and
service time being geometrically distributed with parameters say a and b
respectively. Then, the system is stable if a < b.

3. Steady-State Analysis
We use Matrix Geometric Method for analyzing the model.

4. System Performance Measures

We, partition the stationary probability vector 7w as m = (mg, 71,72 ... )
and m; = (750, Ti11 - - - » Wi, Ti21 + -+ Ti2ms - - s TiS1 - - - Tism) (1 > 0). The
performance measures of the system under steady state are

1) Expected inventory level,

o S m
El = ZZ Zjﬂ'ijk
i=1 j=1k=1

2) Expected reorder rate,

00 S oo m
ER = Z Z Tij1 + Z Zﬁkbﬂ'i(s-i-l)k

i=0 j=s+1 i=0 j=1

3) Expected loss rate of customers
oo
EL=a Z T30
i=0

4) Expected number of customers waiting in the system when the inve-
tory level is zero,

EW = i iyiO
i=1
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5) Expected perishable Quantity,

oo S o S S
EPQ = Z Zjﬂ_mn'ﬂ + ZZ(] —1)fimij1 + ij)jl
j=1

i=1 j=1 i=1 j=1

5. Cost Analysis
Define the expected total cost of the system per unit time as

ETC = [co + Sc1](ER) + co(EI) + c3(EW) + c4(EL) 4+ ¢5(EPQ)

where,

co : The fixed ordering cost

¢1 : Procurement cost/unit

¢o : Holding cost of inventory/unit/unit time

cs : Holding cost of customers/unit/unit time

¢y 1 Cost due to loss of customers/unit/unit time
¢5 @ Disposal cost/unit Perished

6. (s,S5) Pair
For fixed parameter values, the optimal (s,.S) pair is given in the follow-
ing table.

Table 1
a=0.3,b=0.8,c=0.6,m=15,¢c0 =50,c1 = 15,c2 =4,c3 =3,c4 = 15,¢c5 =1
s S 14 15 16 17 18
6 52.5199 | 52.2080 | 53.0113 | 54.9641 | 57.9154
7 58.8076 | 57.2699 | 56.7648 | 57.4316 | 59.2979
8 66.5386 | 63.8129 | 62.0200 | 61.3216 | 61.8519
9 75.8634 | 71.8685 | 68.8181 | 66.7700 | 65.8785
10 | 87.4268 | 81.6039 | 77.1983 | 73.8233 | 71.5200

Concluding Remarks

In this article, we studied a discrete (s,.S) perishable inventory system
with positive service times and positive lead times. The primary demand
constitutes a geometric process. Service time follows a geometric distri-
bution. We analyzed the system using Matrix Analytic Method. Some
important system performance measures are derived. The expression for
expected total cost is also obtained. One can modify this model by allowing
backlog when the inventory level is zero.
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Shifted exponential distribution arises in many real-life cases in-
cluding point processes in vehicular traffic control problems. We
develop a new Goodness-of-Fit (GoF) test for composite hypothesis
of shifted exponential probability distribution. The test is based on
on the conditional distribution of the sample given sufficient statis-
tics. This approach was advicated by R.A. Fisher but is less used
than parameter estimation and Monte-Carlo technique to obtain p-
values, or searches for characterizations of parametric distribution
families and construction of test statistics from such a characteriza-
tion. We apply the developed GoF test to vehicular data and pro-
vide the limiting autocovariance finction for the empirical processes
involved. Keywords: goodness-of-fit test, exponential distribution
with shift, sufficient statistics, conditional distribution, empirical
process.

Introduction

One of important tasks of applied mathematical statistics is develop-
ment of goodness-of-fit tests for composite hypotheses of given parametric
family of probability distributions. When using parameters estimates in
place of unknown parameters, popular Pearson’s chi-square test and one-
sample Kolmogorov test suffer from spoiled distribution of its test statistics
under true null hypothesis (cf. e.g. [1]). To resolve this issue, specialized
goodness-of-fit tests have been developing for popular parametric families
of distribution, e.g. gaussian, exponential, poissonian etc.

Let us focus on the family of exponential distribution with a shift. For
example, one needs to test for exponentiality with a shift when composing
a non-local description for point processes on a line [2]. A useful hack is
recommended in [3]: the least sample value is subtracted from each sam-
pled value, and the zero result then excluded from the sample. Thus the
sample size is reduced by one. Then under the null hypothesis the remain-
ing differences remain i.i.d. and belong to a zero-shift exponential family
with the same rate parameter. Now, any of composite hypothesis tests for
exponentiality, e.g. collected in [4, 5, 6], can be applied.
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In the present work we construct a test based on the conditional dis-
tribution of the sample conditioned on sufficient statistics, and inverstigate
some of its asymptotic properties. Finally, the test is applied to vehicular
traffic data from [2].

1. The test

Let X, X5, ..., X, be i.i.d. random variables with the probability
density

0 ifx <8,
f(x) = AO—z)
e ifx>0
with some A > 0, —oo < 6 < #. By the factorization criterion, statistics

T(x1,...,2,) = min{zy,..., 2z},
S(x1,.. . xp) =a1+ ...+

are sufficient statistics for the vector parameter (6, \).
Let us recall that the maximum likelihood estimators are
O(x1,...,20) = 2(1),
“ n

)\(CCh...,JM) = S(l‘l,..-,xn)_nT(xl""7x”)'

We want to find a representation of the conditional distribution of the ran-
dom variables X, ..., X, given T(X1,...,X,,) =tand S(X1,...,X,) = s.

Let us assume in what follows that the sample size n > 3. No-
tice that there’s a unique with probability one index r such that X, =
min{Xy,..., X, }. Let us introduce new random variables Y7, ..., Y,,_5 as
follows:

Y. {Xj - Xra Xr = min{Xl’ te ’X"}’ ] <r
j =

Xj+1 — XT, Xr = min{Xl, e ,Xn}, j 2 r.

Theorem 1. The joint density of (Y1,...,Y,—2,T,5) is

i Yoo, 815 Yn—2,t,8) =
nAPeA0=S) iy >0, 0., yp 0 =0, >0,
= Y1+ ... FYn—2 +nt < s;
0 otherwise.
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The marginal density of (T, 5) for t > 0, s > nt is

n)\n(s — nt)n_2 —A(nf—s)

Jrsts) = =5

The conditional density of Y1, ..., Y,_2 given T =¢, S = s, t > 0, and
s > nt equals

Yoo W1 yn2 | T =1,5 =5) =
(n—2)!

B

0 otherwise.

ify1>0,...,yn_g>O,y1—|—...+yn_2<s—nt;

We see that the conditional distribution of the vector (Yi,...,Y,_2)
coincides with the probability distribution of a vector

Uy, Uay = Uy, s Um—2) — Um—s))

where Uy, ..., Upy_g) are the order statistics from the (n — 2) values
sampled form the uniform distribution in the interval (0, s — nt).

A sampling algorithm is given in the followins theorem.

Theorem 2. Let "=t and S = s. Put, by definition, Y1 = U(y),
ng = U(Q) — U(l), ey Yn_g = U(n—2) - U(n—3) as above. Set (X{, ‘e ,X;)
equal to any of hg(Y1,...,Y,—2,7,S), k =1, 2, ..., n with equal proba-
bility 1/n. Then (X7,...X],) has the same joint probability distribution as
(X1,...,Xy) conditioned on T and S.

As usual, denote by E, (u; 1, 9, ..., T,) the empirical cumulative dis-
tribution function from a sample x1, x2, ..., T,, and let

0, u <0,
Fo(u;9,2) = {1 — 0wy >

be the probability distribution function for the shifted exponential distribu-
tion with shift # and rate A.

To test for exponential distribution with a shift, let us consider the
Kolmogorov statistic

Fn(u;xl, ey Tp)—

D,(z1,...,2,) = sup
—oo<u<oo

Fo(u; T(z1,. .. x0), (S(x1, ..., 20) /0 —T(21,... ,xn))_l)’ (1)
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and build a test with critical domain D, (z1,...,2,) > D, o where the
critical threshold D, , is selected to deliver the significance level a:

Py, (Dn(X1,..., Xn) > Dy o|T(X1, ..., X)) = 6,5(X1,...,X,) = 5) = o

With respect to the conditional distribution, the random variables X3, ...,
X,, are statistically dependent, hence the probability distribution of D,
under Hj differs from the Kolmogorov distribution. To determine the upper
quantile Dy, o (or to estimate the p-value) one needs to sample from the
conditional distribution in order to obtain a sample distribution of D,,.

2. Numerical example
In [2], another study of the Bartlett’s Traffic data [7] was conducted. The
stop line crossing times reported in [7], were grouped into vehicle batches
using a sophisticated algorithm, and the following time intervals between
'slow vehicles’ in the head of each batch were obtained (read along lines):

44.4,112.9,38.7,53.9, 36.8, 40.1, 70.5, 73.5, 23.7, 23.8, 33.1, 72.2, 87.1,
32.4,72.6,119.8,19.6, 46.6, 134.2, 22.8, 44.4, 51.5, 28.7,45.2, 75.7, 55.7,
101,33, 66.4, 58.1, 37.5, 19.4, 29.3, 34.9, 50.6, 29.7, 73.5.

The empirical cumulative distribution function is shown in Fig. 1 with an
shifted exponentila probability distribution function added. Here the sample
size is m = 37 and the sufficient statistics take on the values T = 19.4,
S = 1993.3. The Kolmogorov—Smirnov test statistics equals 0.61627 and
the Monte-Carlo estimate for p-value is 0.647. Hence, the null hypothesis
of exponential distribution with a shift must be accepted.

3. Asymptotic property of empirical process

The test statistic (1) can be written as

D,(z1,...,z,) = sup lil’(%_t <7ln(1—z))72"

0<z<1m = s—nt n
i=

Let Y3, Y5, ..., Y,_1 be the lengths of intervals obtained from dropping
at random of (n — 2) points on the unit interval (0,1). Then the probabil-
ity distribution of the random variable D, (X1,..., X, ) coincides with the
probability distribution of

n—1

1 1 In(1 —
sup f—I—fZI(Yi<—7n( Z))—z‘
o<z<1i M A n
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Figure 1. Empirical cumulative distribution function for intervals between ‘slow’
vehicles (on the left) vs empirical density for the Kolmogorov—Smirnov test statis-
tic and its value for the discussed data (on the right)

Let us consider the empirical process

Cn(Z)Z\/ﬁ(TlLTSI(Yi<—In(1_Z))—z), 0<z<l

Theorem 3. Wei?ave:
st =i 1 (1 222y )
EC(21)Co(22) = n—1 (1 B (1 . In(1 — m;n(zl, zz))>n72)+

+(n—1)n—2 ( ( 1—z1))"*2_(1+1n(1;z2))"*2+
+@+1mfm'kﬂ”) )—mW—DO—@+EQ%Q5%3—
—zo(n — 1)(1 - (1 + @)nﬁ) + nz12s.

The proof relies on complex integral representation for mathematical
expectation of functions of Y3, ..., Y,,_1 [8]. As a corollary, as n — oo,
covariance cov((y(21),¢n(22)) tends to

min(z1,22) — 2122 — ((1 — 21) In(1 — 21))((1 — 22) In(1 — 22)),

and the limiting distribution of the empirical process (,(z), 0 < z < 1
cannot be a Brownian bridge as in the classical Kolmogorov test.
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4. Conclusion

We have devepoled a test for the composite hypothesis of shifted expo-
nential distribution. So far its p-value can by found only by Monte-Carlo
simulation, since the limiting empirical process in not a Brownian bridge.
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A MAP/PH(1),PH(2)/2 INVENTORY MODEL
WITH VACATION DURING PRODUCTION
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In this paper, a MAP/PH(1), PH(2)/2 multiple vacations produc-
tion inventory model is considered in which time between successive
arrivals follow MAP, both the production facility and the two het-
erogeneous servers avail multiple vacations. Servers have a phase
type distributed service time and the time for producing an item
is exponentially distributed. Once the stock level of goods reaches
S, the production unit goes on vacation and if the stock level of
goods drops to s when returning after the vacation, the production
unit will start production until the inventory level reaches S. The
production unit will go back to another vacation if the stock level
of goods is greater than s, even after returning from vacation. The
algorithmic solution to the model is obtained by Matrix Geomet-
ric Method. Keywords: production inventory, multiple servers,
multiple vacations, cost analysis, production vacation.

Introduction

Production vacation is the cessation of production for a short period of
random length. In the production process, the strategy of most manufac-
turing companies is to produce products based on customer demand, stock
items at that level, and then start production based on demand. Servers
may take a vacation due to system outages or other tasks assigned to them.
Levy and Yechiali [5] were the first to study the queueing systems with
one or more vacations. Manna et.al [6] discussed a single item imperfect
production system in which the demands depend upon the rate of advertise-
ment and the rate of producing defective items depends on the production
rate. Goyal and Giri [2] analyzed a production—inventory problem in which
the demand, production, and deterioration rates vary with time, and short-
ages are allowed. A production inventory system with multiple servers and
varying production rate was discussed by Beena and Jose [1]. A produc-
tion control inventory model for deteriorating items in which two different
rates of production are discussed by Ajantha Roy and Samantha [8]. They
reached the conclusion that the two different production rates will yield
more profit and customer satisfaction than the single-production rate. Yue
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and Qin [9] analyzed a production inventory system with production time
and production vacation times exponentially distributed and service time
positive. Krishnamoorthy et al. [4] considered a production inventory sys-
tem in which the production time of each item and service time follow Erlang
distributions. Jose and Beena [3] studied production inventory model with
retrial and server vacations.

1. Description of the Model

Two heterogeneous server (s,S) production inventory model that pro-
duces a single type of product is considered, in which customers enter into a
system according to the Markovian arrival process (M AP) with Dy and Dy
as its parametric matrices having dimension [. The servers recommended
a heterogeneous phase type distributed service time with representation
(a,8)m and (B,T), respectively. The time required for the machine to
build an item follows an exponential distribution with the rate n. The
server will go on multiple vacations when there are no customers in the sys-
tem or the stock runs out or there is no stock and customers in the system.
Servers returning after vacation will restart service only when the stock level
is positive and customers are waiting on the system. Otherwise, the servers
will go back to vacation and this pattern will continue until the customer
level and stock level are positive. The duration of the vacation time of both
servers is exponentially distributed with parameters 6; and 6. Once the
stock level of goods reaches S, the production unit goes on vacation with an
exponentially distributed rate §. On return from the vacation, if the stock
level of goods drops to s, the production unit will start production until
the inventory level reaches S. The production unit will go back on another
vacation of random duration having the same distribution rate if the stock
level of goods is greater than s, even after returning from vacation.

2. Analysis

The notations and assumptions used in this model are

N(t) indicates the number of customers in the system at time ¢, I(t) describes
the level of stock at time ¢, C(t) indicates the status of servers 1 and 2,
F(t) denotes the production status, Jy(t) indicates the phase of the arrival
process, J1(t) and Jy(¢) indicate the phases of the service processes of servers
1 and 2, e1,e2 and e3 are column vectors of appropriate dimensions.

The process {X(t) = (N(£), C(t), F(t), I(t), Jo(t), J1(£), Jo(5)),¢ > 0} is a
continuous time Markov chain with state space

Q=10)Ul1)UL2) Ul3),
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1(0) = (4,0,0,k,50)0<k<S U (4,0,1,k,jo)0<k<S—1;:>0

(1) =(:,1,0,k, o, j1)1 <k <S U (4,1,1,k,jo, 1)1 <k<S—-1;i>1

1(2) =(3,2,0,k,j0,52)[1 <k <S U (4,2,1,k,j0,72)|[1<k<S—-1;0>1

1(3) = (4,3,0,k,Jo,j1,72)|2 < k < SU(4,3,1,k,j0,J1,72)[2 < k < S —1;0 > 2
where 1 < jo < 1,1 <5 <m,1 < js <n.

Now the infinitesimal generator of the process is

Bog Boi 0 0 0

By Bii B2 0 0
Q=1|0 Ba Ar Ay O
0 0 Ay Ay A

where Ag, A1, As are square matrices of order 85 — 4.

Stability Analysis and Steady state probability vector

To prove the stability of the system, define a transition rate matrix A = Ag+
A1+ A,. Aisirreducible so there exists a steady state probability vector w =
(7'('[0],0 =0,1,2,3) which confirms wA = 0 and we = 1. The necessary and
sufficient condition required by the system to reach the stability condition
is mAge < wAze (refer Neuts [7]). The transition probability vector of @
is

x = (®oy®1,...). The sub vectors of x can be derived by using

wizilti_l*R7 22374,5 (1)

where R is the minimal non-negative solution to the matrix quadratic equa-
tion R2As + RA; + Ag = 0. The vectors xg, 1, 2 and ;,4 > 3 can be
calculated using equations 1,2,3,4 and 5.

o Boo + x1B10 =0 (2)
ToBo1 + 1 B11 +x2B21 =0 (3)
.’1)1312 + 582[141 + RAQ] =0 (4)
and
xoes + xreg +xa(l — R) ley =1 (5)

3. Performance Measures

(i) Expected number of buyers in the system,

Epc = x1ea +x2[2(I — R)"' 4+ R(I — R) ?e;
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(ii) Expected inventory level,

oo S—1 1
EEI - § E E kyv 0,0,k,70 + § § § kyv ,0,1,k,50
=0 k=1 jo=1 1=0 k=1 jo=1
oo S l oo S—1 1 m
+Y 3D E it 0kgods + O 0 D D kYt ko
i=1 k=1 j():]. j1 1 i=1 k=1 j[):l ]1:
oo S l oo S—1 n
53D 3D ID SIS 3 Z BYi2,1 o i
i=1 k=1 jo=1 j2=1 i=1 k=1 jo=1 j2=1
[e%S) l m n S—1
+ § § § § [ § kyi,3,0.k.50,51.52 + § kyi,3,1,k, Jo,Jl,Jz]
=2 jo=1j1=1j2=1 “k=1 k=2

(iii) Expected number of departures after completing service,

oo S—1
EEDS—ZZyz,l,Ok (I, ® S 6+Zzyzl,1,k I ®S%e+
1=1 k=1 =1 k=1
co S co S—1
+Zzyz20k IZ®T06+ZZ%,2,1,I< (I, T e
i=1 k=1 i=1 k=1

+Z |:Zy130k+zy13,1,k:| (L ®(S"eT)e
=2 =

(iv) Mean Production rate,

oo S—1 oo S—1 oo S—1
Epp = U{Z D vioakt+ DD Wirak+vizasl YD yi,S,l,k:|
i=0 k=0 i=1 k=1 =2 k=2

4. Cost Analysis

The expected total cost (Teost) of the system per unit per unit time is
given by Tiost = c1Epc + c2Epps + c3Epr + c4Epp where, c;= holding
cost of customers per unit per unit time, co= cost due to service per unit
per unit time, c3= holding cost of inventory per unit per unit time, c;=
cost of manufacturing per unit per unit time.
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Different combinations of arrival processes are
1. Hyper- exponential of order 2 :

Do |55 0 D, _ [467855 082145
71 0 —0.55)"7t T |0.467855 0.082145

2. Erlang of order 2 :
—4.6924  4.6924 0 0
Do = [ 0 4.6924} D= {4.6924 0}

3. Exponential : Dy = [—2.3462], D; = [2.3462]
4. Map with negative correlation :

—1.195 1.195 0 0 0 0
Dy = 0 —128 0 ,Di=1] 15 0 126.5
0 0 —128 126.5 0 1.5

5. Map with positive correlation :

—1.195 1.195 0 0 0 0
Dy = 0 —128 0 ,Di = [1265 0 1.5
0 0 —128 1.5 0 126.5

Three different Phase -type service processes are
1. Erlang distribution :

a=[1 0],6=1 0}75:{ 0 ~5.1613

T —5.0746  5.0746
- 0 —5.0746
2. Hyper exponential :

a=[08 02].5=[07 03],5= {

—7.437 0
e[

—5.1613  5.1613 }

—4.2665 0
0 -1’

3. Exponential distribution :
a=1[1],8=1],5 = [-2.5806],T = [-2.5373]

Concluding Remarks

In the present scenario, it is highly recommended to study the impact
of providing vacation to both production and servers. Further studies can
be made by introducing the Markovian Production Process and Phase type
distributed lead time.
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A retrial inventory system with an additional control policy for ser-
vice pattern is presented in this article. An arriving customer who
finds the server busy joins a buffer of finite size. The server only
starts to offer service when N customers have accumulated in the
buffer and it shuts down when the buffer is empty or the inventory
drops to zero. Using the Lyapunov test function and the Neuts-
Rao truncation approach, respectively, the stability of the system
and steady state probability vectors are determined. Several per-
formance measures and a suitable cost function were obtained.
Keywords: retrial inventory, N-Policy, Neuts-Rao truncation
method.

1. Introduction

Many real-world day-to-day, as well as industrial situations, involve re-
trial queueing problems. The most common issue involved in the retrial
queueing system is controlling the admission and service of the customers.
Control policies for queuing systems are widely applicable in wireless com-
munication networks, manufacturing systems, computer systems, produc-
tion systems, etc.

Artalejo, Krishnamoorthy, and Lopez-Herrero [1] were the first attempt
to study inventory policies with positive lead-time and retrial of customers.
Krishnamoorthy and Jose [3] analyzed and compared three production in-
ventory systems with positive service time and retrial of customers. Salini
and Jose [2] analyzed a MAP/PH/1 production inventory model with retrial
of customers and varying service rates.

The concept of N-policy was first introduced in 1963 by Yadin and
Naor [7] in queuing literature to minimize the total operational cost in a
cycle. Tao et.al [4] studied M/M/1 Retrial Queue with Working Vacation
Interruption and Feedback under N-Policy. Thresiamma and Jose [5] in-
troduced the N policy on production inventory system with positive service
time. They observed that introducing the N policy to production inventory
will reduce the total cost. In this paper, we introduce N-policy to a retrial
inventory system with a finite buffer.
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2. Mathematical Modelling and analysis of the problem

We Consider an (s, S) retrial inventory system with a finite buffer of size
S and orbit of infinite capacity. An arriving customer joins the buffer. The
server only starts to offer service when N customers have accumulated in the
buffer, and it shuts down when the buffer is empty or the inventory drops
to zero. When the buffer overflows, the customer either leaves the system
or enters the orbit. From the retrial orbit, the customers reattempt the
service. When the inventory level depletes to s, an order for replenishment
is placed. The following assumptions are made for modeling this problem.

e The Arrival of customers forms a Poisson distribution with rate A and
the service pattern follows an exponential distribution with rate u.

e The lead time follows an exponential distribution with rate g

e The inter retrial time is exponential distribution with linear rate 6,
when there are ¢ customers in the orbit.

e An arriving customer who finds the buffer full is directed to an orbit
with probability v and is lost forever with probability (1 — ).

e A retrial customer in the orbit finds the buffer full returns to the orbit
with probability ¢ and is lost forever with probability (1 — ¢).

The following notations are used in this model.

N(t) : Number of customers in the orbit at time t.

M (t) : Number of customers in the buffer at time t.

0 if server is idle at time t,

I(t) : Inventory level at time ¢t. C(t) : ) . )
1 if server 1 is busy at time t.

X(@t)={(N®),C(),I(t),M(t)):t>0.}

Then X (¢) is a CTMC on the state space {(i,0,0,m) : i > 0;m =0,1,...5.}
U{G,0,k,m) : i > 0k=1,...,8 :m=0,1,.N — 1.} U{G,1,k,m) : i >
0;1<k<Sm=12..5}

The infinitesimal generator G of the process is a block tri-diagonal matrix
and has the form:

Ao Ao
A A1 A
G = Aso Aia A

Ays Aiz A

where the block matrices Ay, A1, and Ag;; (¢ > 0.) are square matrices of
order S(N + S +1) + 1 and has the following form.
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System Stability

Define the test function ¢(s) as, ¢(s) = 4, if s is a state in level 4. Then
the mean drift y, for any s belonging to the level ¢ > 1, is given by
Ys = Dpss Csp(P(P) — 9(5))
. —i0(1 — &) + Ay;if the buffer is full,
18, Ys = . .
—i60;  otherwise.

Since (1 —§) > 0, for any € > 0, we can find n large enough that y, < —¢
for any s belonging the level i > n. Hence by Tweedi’s [6] result, the system
under consideration is stable.

3. Steady state probability vector

As X(t) is a level dependent QBD process, we obtain a truncation level
n using Neuts-Rao truncation. So we choose n in such a way that

In(n) =n(n+ [ <e

where € is an arbitrarily small value and n(n) is the spectral radius of R(n).
Let the steady state probability vector x of G be

(2(0),2(1),...,x(n — 1),2(n),...) The x(i)’s are given by z(n +r — 1) =
z(n — 1)R",(r > 1) where R is the unique non negative solution of the
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equation R2A, + RA; + Ay = 0; for which the spectral radius is less than
1. The vectors z(0), z(1), ...,z(n — 1) are obtained by solving the equations

ZL’(O)ALO -+ I(l)AQJ =0
z(i—1)Ag+2(i)Ar1; + (i +1)A2,41 =0;(1 <i <n—2)
I’(T‘L — 2)A0 + I’(’fl — 1)(141’”_1 + RAQ) =0
subject to the normalizing condition [Y7- > z(i) + x(n — 1)(I — R)']e =1
Partition x according to the levels as
ZE(Z) = (171',0,0,0,%,0,0,17 -+ 24,0,0,85 L4,0,1,05 L4,0,1,15 -+-» L4,0,1,N—15 ---» L£4,0,5,0
Z4,0,8,1y +-+» £4,0,8,N—15L4,1,1,1, L3,1,1,25 -+, L3,1,1,85 L§,1,2,15 L4,1,2,25 -++» L3,1,2,S5 -+,

T31,8,15Li1,8,2, - &i,1,8,5); (i) contain S(N + S + 1) + 1 elements. Some
important performance measures are

(i) Expected inventory Level

oo S oo S S
EI=> 3" jzioje+ Y D> iTitik

=0 j=1 k=0 =0 j=1 k=1

N-1

(ii) Expected Number of customers in the orbit

= (Z zx(z)) e= (Z ix( (n(I —R)™' 4+ R(I — R)2)> e

(iii) Expected Number of customers in the buffer

co S co S N-1 co S S
EB=3 > kvioon+ D > kriosn+Y > D kwiri
i=0 k=0 i=0 j=1 k=1 i=0 j=1k=1
(iv) Expected number of departures after completing service
~ S S
EDS =} > > @itk
i=0 j=1k=1

(v) Expected Number of external customers lost before entering orbit.

ELl=(1-~ szOOS‘FZZ%,l,J,

1=0 j=1
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(vi) Expected Number of customers lost due to retrials.
EL2=6(1-90 ZZ%OOSJFZZWH,JS
i=1 j=1
(vii) Overall rate of retrials
ORR =10 <i zx(z)) e
i=1

(viii) Successful rate of retrials

oo S—1 o S N-1 © S S-1
SRR=0> > izigon+ Y > iTiognt+ > D 1Ti1,5,k
i=1 k=0 i=1 j=0 k=0 i=1 j=1 k=1

(ix) Expected Re order rate

o~ S
FERO = /LZ in,l,s—o—l,k

1=0 k=1

Cost Function: The Expected total Cost is defined as

(C7; — Cs)EDS

where C' = Fixed cost, C; =procurement cost/unit, Co = holding cost
of inventory /unit/unit time, C5 =holding cost of the customers in the
orbit/unit/unit time, Cy =holding cost of the customer in the buffer/u-
nit/unit time, Cs =cost due to loss of primary customers/unit/unit time,
Cs =cost due to loss of retrial customers/unit/unit time, C7 =cost due to
service/unit/unit time and Cs = Revenue from service/unit/unit time.

Graphical Illustrations
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4. Conclusion

In this paper, we studied the incorporation of the N-policy into a retrial
inventory model with positive service time. The figure depicts the varia-
tion in expected total cost with respect to N and s. It can be seen from

the numerical experiments that implementing the N-policy minimizes the

expected total cost and achieves the minimum cost within the specified val-
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ues of the parameters. One can extend this model to a buffer of varying
capacity and to a retrial production inventory system.
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We consider a queuing system with a single server where inventory
is served. The inter arrival times as well as inter service times both
follow exponential distribution. Inventory is replenished according
to (s, S) policy, in the sense that when the inventory level drops to
s an order is placed, the order quantity being fixed as Q = S — s.
Here in this model lead time is taken as zero. In addition to reg-
ular arrival of customers we also consider an arrival of destructive
customers whose arrival completion results in the destruction of the
entire inventory in the system. The inter arrival times of destruc-
tive customers are also assumed to follow exponential distribution.
Stability of the above system is analyzed and steady state vector
is calculated explicitly. Keywords: (s,S) inventory model, positive
lead time, catastrophe to inventory, explicit solution.

Introduction

The pioneers in the study of queueing inventory models are Melikov and
Molchano [1] and Sigman and Simchi- Levi [2]. In Sigman and Simchi- Levi
customers are allowed to join even when there is no inventory in the system.
They also discuss the case of non exponential lead time distribution. Later
Berman and et.al [3] considered an inventory system where a processing
time is required for serving the inventory. Here they considered determin-
istic service time and the model was discussed as a dynamic programming
model. Berman and Kim [4] and Berman and Sapna [5] later discussed
inventory queueing systems with exponential service time distribution and
with arbitrary distribution.

There are several papers on inventory queueing models by Krishnamoor-
thy and his co-authors [6, 7, 8, 9]. They mainly used Matrix Analytic Meth-
ods to study these models. In most of the models service time for providing
the inventoried item is assumed. Schwarz etal considered a queueing inven-
tory model with Poisson arrivals and exponentially distributed service and



86 Smija Skaria, Sajeev S Nair, Sandhya E

lead times. Queueing models with disaster and repair have wide applica-
tions in modeling many practical situations .It has been studied by many
researchers in the past few decades (refer [17, 18, 21, 22, 14]).

1. Mathematical Model

The system under consideration is described as below. There is a single
server counter where inventory is served to which regular customers arrive
for service. The number of arrivals of regular customers by time t follows
a Poisson process with parameter A. Inventory is replenished according
to (s,S) policy, replenishment being instantaneous. Service times follow
exponential distribution with parameter p. In addition to regular customers
we also consider an arrival of destructive customer whose arrival completion
results in the destruction of entire inventory in the system.

We denote by N(t) the number of the customers in the system including
the one being served (if any) and L(¢) be the inventory level. Then

Q= X(t) = (N(t),L(t)) will be a Markov chain. The state space of this
Markov chain can be described as E = {(i,7): ¢ >0, s+ 1< j < S}. The
above state space can be partitioned into levels L(i) where

L) ={(,s+1),(i,s+2),...,(:,5); i > 0}. The Markov chain described
above is a level independent quasi birth death process whose infinitesimal
generator matrix is given by

By Ao 0 0 _ _ _
Ay AL A9 0 0 )
0 Ay A, Ay 0
0 0 Ay A A

o O
|

Here all the matrices are of order @ x @Q where @ = S — s. The different
transitions in the Markov chain 2 = X (t) = (N(t), L(t)) are given below.

i) Transitions due to arrival of regular customers
(i) = (4 1,0):i > 0, s +1<j < 5
ii) Transitions due to service completion of customers
(i,j) S5 (i—1,j—1);i>0,s+1<j<S;
iii) Transitions due to arrival of destructive customers
(i:4) = (,Q); i > 0.

The diagonal entries of By and A; are such that each row sum of T is zero.
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2. Analysis of the Model

Stability condition
Define A = Ag + Ay + As and 7 = (7sy1, Tsy2,--.,Ts) be the steady state
vector of A. We know the QBD process with generator matrix T is stable
if and only if TAge < wAsze (see Neuts). The stability condition reduces to

A1+ o2+ ..o+ 7] < p[Tsi1 + Moo + ...+ 7S],

that is A < p. Thus we have the following theorem for the stability of the
system under study.

Theorem 1. The Markov chain  is stable if and only if A\ < u.

Computation of steady state vector

We first consider a system identical to the above system expect for service
time is negligible. This system Q = X (t) = {L(t)} will be a Markov chain
where L(t) is as defined for the original system. The state space of this
Markov chain can be described as E = {s+1,s+2,...,5}. The infinitesimal

generator matrix of the process is given by T = —(n+X)Ig —|-77Jé21) + )\J(Z),

where Ig is the identity matrix of order @, JS) is a square matrix of order
Q with
1 ,j=Q—s
TV, 5) = ’
Q (i) 0 , otherwise
and Jg) is a square matrix of order @ with
1 ,j=i—1,i>1

IG5 =1 . j=Qi=1
0 , otherwise

Let x :~(m5+1,xs+g, ...,xg) be the steady state probability vector of the
process ). Then 2T = 0 gives

—(n+ Nz + Aryy1 =0 forall i # Q,
-+ Nzs + Avsq1 =0,

NTst1 + Toqg2 4+ ..+ Ts—s41 + Ts—s1 + ... + Ts] + Axg11 — Azg = 0.

A S
Let <77j;) = (. Solving the above set of equations and using > z; =1
1=s+1

Ls41+4i — Cl.’ESJrl, 1= 1,2,...,5—28— ].,
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TQ+i = — (g) Ci71 + §Q78+i71xs+17 1= 17 2a sy S
) ¢
A (@ —1"

Let m = (mg, 71,72, .. .) be the steady state probability vector of the process
Q, where m; = (nw(i,s + 1), 7(i,s + 2),...,7(4,5); ¢« > 0. Then 7 satisfies
7T =0 and me = 1. We have the equations

where 441 = (

moBo+mAs =0, mAg+ mit1A1 + miqeAs =0; >0 (1)
If we assume 7(i,j5) = é7r(z — 1,7) for all j, each set of equations in (1)
reduces to the steady s/‘zate equations T = 0. Also by adding all the
equations in moBy + m1 Az = 0, we get 7(1) = é7r(()). Similarly by adding
all the equations in m; Ag + m; 1141 + 1242 = 0 and using the previous set
of equations we get 7(i) = i7r(z — 1), where m(i) = ES: 7(0, 7). Thus we
have the following 8 =

70,5 +1+i)=Cn(0,s4+1),i=1,2,...,8 — 25 — 1,

7(0,Q+i) == () ¢+ R0, s 1), i = 1,2,

where

70,5 +1) = g (CQCi 1) (0)

3. System Performance Measures

1) The expected number of customers in the system,
& A
ENCS = > in(i) = ——
i=1 p—=A
2) The expected inventory level in the system,
[eS) S
EIL= % > jn(i,])
i=0j=s+1
3) The expected rate of ordering,
o) 00 S
ERO =3 pr(i,s+1)+ > > nm(i,j)
i=1 i=0 j=s+1
4) The probability that the server is busy,

PSB=5 ¥ (i)

i=1j=s+1
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4. Numerical Illustration

Effect of regular arrival rate on the various performance measures
n=9n=5s=8 S=21

A PSB EIL ENCS ERO

3 0.3333 | 18.7445 | 0.4999 5.1668
3.2 | 0.3555 | 19.3618 | 0.5517 5.1975
3.4 | 0.3777 | 20.0269 | 0.60714 | 5.2311
3.6 | 0.3999 | 20.7451 | 0.6666 5.2677
3.8 | 0.4222 | 21.5224 | 0.7307 5.3077
4 0.4444 | 22.3657 | 0.7999 5.3511

Effect of service rate on the various performance measures
A=3n=5s=8 §=21

m PSB EIL ENCS | ERO
7 0.4285 | 21.8686 | 0.7499 | 5.1514
7.2 | 0.4166 | 21.4223 | 0.7142 | 5.1525
7.4 | 0.4054 | 21.0166 | 0.6818 | 5.1538
7.6 | 0.3947 | 20.6462 | 0.6521 | 5.1551
7.8 | 0.3846 | 20.3066 | 0.6249 | 5.1566
8 0.3749 | 19.9942 | 0.5999 | 5.1582
8.2 | 0.3658 | 19.7058 | 0.5769 | 5.1598
8.4 | 0.3571 | 19.4388 | 0.5555 | 5.1615

Effect of catastrophe rate on the various performance measures
A=3 pu=9s=8 §=21

n PSB EIL ENCS | ERO

4 0.3333 | 18.6569 | 0.4999 | 4.2602
4.2 | 0.3333 | 18.6734 | 0.4999 | 4.4373
4.4 | 0.3333 | 18.6908 | 0.4999 | 4.6168
4.6 | 0.3333 | 18.7086 | 0.4999 | 4.7983
4.8 | 0.3333 | 18.7266 | 0.4999 | 4.9818
5 0.3333 | 18.7445 | 0.4999 | 5.1668
5.2 | 0.3333 | 18.7624 | 0.4999 | 5.3533
5.4 | 0.3333 | 18.7799 | 0.4999 | 5.5411

Table 1

Table 2

Table 3
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Conclusion

In this paper we could derive an explicit expression for the steady state

probability vector for an inventory queuing model with catastrophes to in-
ventory. We wish to extend this paper by considering positive lead time
as well which may have several applications in real life situations. We also
intend to do the transient analysis of this model and its extensions.

10.

11.
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Customers enter into a single server queuing model in accordance
with a Poisson process where inventory is served. The inter ser-
vice time follows exponential distribution. Upon arrival, finding
the server busy the customers enter into an orbit from where they
retry for service at a constant retrial rate. While the server serves a
customer the service can be interrupted, the inter occurrence time
of interruption being exponentially distributed. Following a ser-
vice interruption the service restarts according to an exponentially
distributed time. Inventory is replenished according to (s,S) pol-
icy, replenishment being instantaneous. Explicit expression for the
steady state distribution is calculated and several performance mea-
sures are evaluated explicitly. Keywords: (s,S) inventory model,
positive lead time, retrial, server interruptions, explicit solution.

Introduction

The pioneers in the study of queueing inventory models are Melikov and
Molchano [1] and Sigman and Simchi- Levi [2]. In Sigman and Simchi- Levi
customers are allowed to join even when there is no inventory in the system.
They also discuss the case of non exponential lead time distribution. Later
Berman and et.al [3] considered an inventory system where a processing
time is required for serving the inventory. Here they considered determin-
istic service time and the model was discussed as a dynamic programming
model. Berman and Kim [4] and Berman and Sapna [5] later discussed
inventory queueing systems with exponential service time distribution and
with arbitrary distribution.

There are several papers on inventory queueing models by Krishnamoor-
thy and his co-authors [6, 7, 8, 9]. They mainly used Matrix Analytic Meth-
ods to study these models. In most of the models service time for providing
the inventoried item is assumed. Schwarz etal considered a queuing inven-
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tory model with Poisson arrivals and exponentially distributed service and
lead times. They could obtain a product form solution for the system steady
state. But they assumed that that no customers join the system when the
inventory level is zero. For a detailed description of papers in inventory
queuing models we refer to the papers [15, 16].

1. Mathematical Model

The system under consideration is described as below. We consider a
single server queuing model where inventory is served to which customers
arrive for service. The number of arrivals of by time ¢ follows a Poisson
process with parameter . Inventory is replenished according to (s, S) pol-
icy ,replenishment being instantaneous. Service times follow exponential
distribution with parameter pu. Upon arrival, finding the server busy the
customers enter into an orbit from where they retry for service at a con-
stant retrial rate. The time between two successive retrials also follow expo-
nential distribution with parameter §. While the server serves a customer
the service can be interrupted, the inter occurrence time of interruption
being exponentially distributed with parameter §;. Following a service in-
terruption the service restarts after an exponentially distributed time with
parameter 65. For the model under study the following assumptions are
made.

i) No inventory is lost due to server interruption.
ii) The customer being served when interruption occurs waits there until
his service is completed.
iii) No arrivals or retrials are entertained when the server is on interruption.
iv) An order placed if any is cancelled while the server is on interruption.

We denote by N(t) the number of the customers in the orbit, I(t) the
inventory level and S(t) the server status at time t. Let

S(t) =0,1,2 if the server is idle, busy and on interruption respectively.

Then Q = X (t) = (N(¢), S(t), I(t)) will be a Markov chain .The state space
of this Markov chain can be described as E = {(i,5,k) : ¢ > 0; j =
0,1,2; s+1 < k < S}. The above state space can be partitioned into levels
L(i) where L(i) = ((i,7,k); 7=0,1,2; k=s+1,s+2,...,5); i > 0 in
the lexicographic ordering. The Markov chain 2 described above is a level
independent quasi birth death process whose infinitesimal generator matrix
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By, Ao 0 0 _ _ _
Ay Ay Ay 0O 0 _
0 Ay, A Ay 0 0

0 0 A, A Ay 0

is given by T' = . Here all the matrices are

of order 3Q) x 3Q) where Q = S — s. The different transitions in the Markov
chain Q = X (t) = (N(¢),S(t),I(t)) are given below.
i) Transitions due to arrivals
(i,0,k) = (i, 1,k), (i, 1,k) = (i+1,1,k); i >0, s+ 1<k < S
ii) Transitions due to service completion of customers
(i,1,k) 2 (i—1,0,k—1); i >0, s+2<k<S
(i,1,s +1) 25 (1 —1,0,8); i >0
iii) Transitions due to retrials (i,0,k) — (i — 1,1,k); i > 1
iv) Transitions due to interruptions (i, 1, k) LN (4,2,k); >0
v) Transitions due to repairs (i,2, k) SN (1,1,k); i >0

2. Analysis of the Model

Stability condition
Define A = Ag+ A1 + Ay and 7 = (7(0,8 + 1),...,7(0,5),7(1,s + 1),...,
m(1,8),m(2,s +1),...,m(2,85)) be the steady state vector of A. We know
the @BD process with generator matrix T is stable if and only if 7 Age <

0 0 0 0 0Ip 0
wAge (see Neuts). Since Ag = |0 Mg 0| and A, = |0 0 0], the
0o 0 0 0 0 O

stability condition reduces to
Ar(l,s+1)+...+7(1,9)] < 0[r(0,s+ 1) +...4+7(0,5)],
A+ 0
that is A % < 6. Thus we have the following theorem for the stability
of the system under study.

Theorem 1. The Markov chain is stable if and only if% (M) <1
W

Computation of steady state vector

We compute the steady state vector of the model explicitly. Let m =
(o, 1,72, . ..) be the steady state probability vector of the process €2, where
m = (r(4,0,s + 1),...,7(¢,0,5),7(¢, 1, s + 1),...,m(i,1,9),n(3,2,s + 1),
.., m(1,2,8)); i > 0. Then 7 satisfies 7T = 0 and me = 1. We have the
equations mgBy + m A =0, mAg+ 7Ti+1A1 + 7Ti+2A2 =0;¢>0.

We first consider a system identical to the above system expect for
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no inventory is served. This system Q = X(t) = (N(t),S(t)) will

be a Markov chain where N(t) and S(¢) is as defined for the origi-

nal system. The state space of this Markov chain can be described as

E = {(i,0),(3,1),(5,2)}; i > 0. The infinitesimal generator matrix
By A4 0 0 _ _ _

Ay A 4 00 o
0 Ay A A 0 O
0

of the process is given by T = ~ ~ - , where
0 0 Ay Ay A _
3 —)\ A 0 ] 3 (A+0) A 0
By = )\+M+51) o1 |, A = H —Atp+d0) & |,
—02 0 02 —d9
0 0 0 0 0 0
0 X 0| and A4y = [0 0 0| Let 2 = (zg,z1,...), where
0 0 0 0 00

(1,2)) be the steady state probability vector of the
process Q The 5teady state equations are given by T = 0. We know that
x; = x;_1R; i > 1, where the matrix R satisfies R2As+RA;+Ag = 0. Since
the first and third rows of Ag are zeros, so are that of R. From R?As+RA; +
Ap =0, we obtain pure = (A+0)ry, 0172 = darg, Ar1 —(A+p)re+rir20+ X =

0 0 0
0. Soving for ri,7r3,73 we get R = é AA+O) A+ 0)0, Now
0 m 01192
0 0 0
>\ Aoy
xo = (x(0,0),2(0,1),2(0,2)) = (1, - A 2(0,0) and from the normal-
2
izing condition zo(I — R)"te = 1, Where I is the identity matrix of order
1 AA+06)
3 and e is column vector of ones we get x(0,0) = 5 gﬂ Now
1
dap
the steady state equations of ) are given by n7T = 0. If we assume

(i g, k) = %x

7T = 0 reduces to that of T = 0. The intuition behind this is that since
the replenishment is instantaneous there is an equal probability for each
inventory level to be visited. It is verified that the above values satisfy
7T = 0.

(4,7); s+ 1 <k <8, each of the ) equations in the set
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3. System Performance Measures

A0
The probability that the server is busy PSB = [911—)\2—)\9} x(0,0)
0
The probability that the server is on interruption PST = <61> PSB
2
)\2
The probability that the server is idle PIDL = [1 + QM—)\L)\@] x(0,0)
S 1
The expected inventory level in the system FIL = ors+l
The expected number of customers in the orbit
] S
ENCO=% %) 5 in(ijk)
i=0 =0 k=s+1
The expected rate of ordering, ERO = > um(i,s + 1)
i=1
4. Numerical Illustration
Table 1

Effect of regular arrival rate on the various performance measures

u=960=56=27866=3s=55=11

A PSB PINT | PIDL EIL | ENCO | ERO

3 0.4545 | 0.1818 | 0.3637 | 8.5 0.8701 | 0.1928
3.2 | 0.479 0.1916 | 0.3294 | 8.5 1.1112 | 0.2143
3.4 | 0.5029 | 0.2011 | 0.296 8.5 1.4354 | 0.2364
3.6 | 0.5274 | 0.2109 | 0.2617 | 8.5 1.9167 | 0.2603
3.8 | 0.5562 | 0.2201 | 0.2237 | 8.5 2.6055 | 0.2837
4 0.5603 | 0.2241 | 0.2156 | 8.5 3.0369 | 0.2943
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Table 2
Effect of retrial rate on the various performance measures
A=3 pu=966=266=3s=55=11
0 PSB PINT | PIDL | EIL | ENCO | ERO
4 0.4545 | 0.1818 | 0.3637 | 8.5 1.1272 | 0.241
4.2 | 0.4545 | 0.1818 | 0.3637 | 8.5 1.0575 | 0.229
4.4 | 0.4545 | 0.1818 | 0.3637 | 8.5 1.0031 | 0.2191
4.6 | 0.4545 | 0.1818 | 0.3637 | 8.5 | 0.953 0.2096
4.8 | 0.4545 | 0.1818 | 0.3637 | 85 | 0.909 0.2008
5 0.4545 | 0.1818 | 0.3637 | 8.5 | 0.8701 | 0.1928
Table 3

Effect of interruption rate on the various performance measures
A=3u=960=508=3s=5S5=11

61 PSB PINT PIDL EIL | ENCO | ERO
1 0.3999 | 0.0999 | 0.5002 | 8.5 0.8429 | 0.2076
1.2 | 0.4117 | 0.1176 | 0.4707 | 8.5 0.8487 | 0.2045
1.4 | 0.423 0.1346 | 0.4424 | 8.5 0.8543 | 0.2014
1.6 | 0.4339 | 0.1509 | 0.4152 | 8.5 0.8598 | 0.1985
1.8 | 0.4444 | 0.1666 | 0.389 8.5 0.865 0.1956
2 0.4545 | 0.1818 | 0.3637 | 8.5 0.8701 | 0.1928

Conclusion

In this paper we could derive an explicit expression for the steady state
probability vector for an inventory queuing model with retrial and server
interruptions. We wish to extend this paper by considering positive lead
time as well which may have several applications in real life situations. We
also intend to do the transient analysis of this model and its extensions.
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ANALYSIS OF MULTI-SERVER PRIORITY
QUEUEING SYSTEM WITH SERVERS
RESERVATION AND DISASTERS

A. Dudin'?, S. Dudin', O. Dudina'

! Belarusian State University, Minsk, Belarus
2RUDN University, Moscow, Russian Federation

A multi-server queueing system with an infinite buffer and two types
of customers is considered. The flow of customers is described
by two Markovian arrival processes (M APs). Type-1 (or HPT)
customers have the preemptive priority over type-2 (or LPT) cus-
tomers. To avoid frequent interruption of service of LPT customers,
reservation of a certain number of servers for HPT customers is as-
sumed. LPT customers, who are not accepted for service upon ar-
rival or service of which is interrupted, may decide to go to the buffer
of an infinite capacity or abandon the system. An HPT customer
who meets all servers busy by HPT customers is lost. The M AP
flow of disasters arrives. An arrival of a disaster causes instanta-
neous departure of all customers from the buffer. The behavior of
the system is described by the multi-dimensional continuous time
Markov chain. The form of the generator of this chain is highlighted
and the way for computation of the stationary distribution of this
chain is outlined. Keywords: priority queue, servers reservation,
disasters.

Introduction

Multi-server queueing systems with heterogeneous customers of two
types and preemptive priority of one of the types often arise as the adequate
mathematical model of various real-world systems. E.g., in cognitive radio
systems (see [1]) the primary (licensed) HPT users have the preemptive
priority over cognitive LPT users who can obtain service opportunistically
when some part of resource of the system is not used. Since arrival of an
HPT user may interrupt service of an LPT user, it is desirable to reduce
the frequency of such interruptions. Ome of the known opportunities to
reach it is to reserve some amount of servers exclusively for service of HPT
users. An LPT user can be rejected when not all servers are busy at the

The work of the first author has been supported by the RUDN University Strategic
Academic Leadership Program
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moment of his/her arrival, but the number of busy servers exceeds some
fixed threshold.

Such schemes of interruption avoidance are well known in the literature,
see, e.g., [2]. The overwhelming majority of the existing literature assumes
that arrival flows are defined by the stationary Poisson processes what is
not realistic, e.g., in modern telecommunication networks. As more realistic
model of such flows, the M AP flow is recommended, see for definition and
relevant research [3, 4, 5, 6]. Therefore, results for such a type of systems
with the M AP flows of users already exist, see, e.g., [7, 8, 9].

In this paper, we briefly show how the result of [9] can be extended to
more complicated system subject to so-called disasters. Here, we mean that
a disaster (see, e.g., [10, 11]) is the item, arrival of which implies instanta-
neous departure of all LPT users from the buffer. Servers are assumed to
be not affected by disasters.

1. Mathematical model

We consider an N-server queueing model providing service to two types
of customers. Type-k customers arrive according to the Markovian arrival
flow MAP,, k = 1,2. The M AP, is defined by the underlying process
Vt(k), t > 0, which is an irreducible continuous-time Markov chain with the
state space {0,1,...,Wy}. Arrivals occur only at the epochs of jumps in
the underlying process Vt(k),t > 0. The intensities of transitions of the

process z/t(k), t > 0, that are accompanied (not accompanied) by the arrival

of a type-k customer are defined by the square matrix ng)(D(()k)) of size

Wi = Wy, + 1, k = 1,2. The matrix D) = D(()k)
generator of the process z/t(k). The invariant probability vector x(*) of this
process satisfies the system of equations x(¥) D) = 0, x(*)e = 1. Here and
throughout this paper, 0 is a zero row vector, and e denotes a unit column
vector of an appropriate size. The average intensity Ax (fundamental rate)
of the MAP, is defined by A, = x®) DMe.

The service times of type k customers have an exponential distribution
with the parameter pg, k£ =1,2.

We assume that there is no buffer for type-1 customers and an infinite
buffer for type-2 customers. Type-1 customers have the preemptive priority
over type-2 customers. If there is a free server during a type-1 customer
arrival epoch, this customer starts service immediately. If all servers are
busy during a type-1 customer arrival epoch and there are type-2 customers
in service, service of one type-2 customer is interrupted and type-1 customer
occupies the corresponding server. The type-2 customer whose service is

+ D%k) is an infinitesimal
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interrupted moves to the buffer with probability p and departs with the
complimentary probability 1 — p. If all servers are busy by type-1 customers
during the type-1 customer arrival epoch, this customer is dropped (lost).

To reduce the probability of interruption of service, we assume reserva-
tion of servers defined as follows. A threshold is fixed. We denote it as M,
0 < M < N. A type-2 customer is accepted to the system if the number of
busy servers at the arrival moment is less than M. Otherwise, this customer
moves to the buffer with probability ¢, and abandons the system with the
complimentary probability.

The described queueing model exactly corresponds to the model anal-
ysed in [9]. Here, we suggest additionally, that the flow of disasters arrive to
the system. This flow is described by the M AP defined by the underlying
process 7 with the state space {1,..., 2z} and matrices Z; and Z;. Transi-
tions of the process 7; with intensities given by the entries of the matrix Z;
lead to emptying the buffer.

The goal of this paper is the analysis of the system with disasters based
on the results of the analysis of the system without disasters.

2. The process describing behavior of the system
Let i, iy > 0, be the number of type-2 customers in the buffer, ny, ny =
0, N, be the number of busy servers, l;, I; = 0, min{n;, M }, be the number of

type-2 customers in service, z/t(k), Z/t(k) = 0, Wy, be the state of the directing
process of the M AP, k = 1,2, n;, ns = 1, z, be the state of the directing
process of the M AP flow of disasters at the epoch t, ¢ > 0.

The behavior of the system under study in [9] was described by the
regular irreducible continuous-time Markov chain

& = {i,ne, v vy, 1> 0.

The behavior of the system considered in our paper is described by the
regular irreducible continuous-time Markov chain

€t = {ita ng, lt7 Vt(l)a Vt(Q)a nt},t Z 0
The generator @) of the Markov chain & was obtained in [9] in the block

form
Qoo Qo1 O 0
Qio Qi1 Q12 O ...
Q= O Q21 Q22 Q23 ... (1)
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where the blocks (Qij)nns n,n' =0, N, max{0,i—1} < j <i+1, contain
intensities of transition of the chain & from the states having the value (i, n)
of the first two components to the states having the value (j,n') of these
components listed in the lexicographic order. The size of the blocks Q; ; is
equal to KW where K = (M + 1)(N +1 — M/2) and W = W;W,. The
explicit form of these blocks is presented in [9] if the parameter «, which
characterizes the impatience of customers in the buffer that is not suggested
in the model under study here, is set to be equal to 0.

When a = 0, then Q;; = Q°, Qiiy1 = QF, Qi1 = Q7, for
i > 1 and the Markov chain with the generator @ is the level independent
Quasi-Birth-and-Death process which can be easily analysed via the use of
well-known results by M. Neuts, see, e.g., [5], [12]. Therefore, the stationary
distribution vectors of this chain has the matrix geometric form.

Let now Q be the generator of the Markov chain &;.

3. Relation of generators Q and Q

Theorem 1. The generator Q of the Markov chain &; has the follow-
ing form
Qoo Qo1 O 0 0
Qio Qi1 Qg2 O 0
Q20 Q21 Q22 Qa3 O ...
Q=] Qv O Qi2 Qi3 Qz4 ... (2)
Qio O O Qi3 Qua

where the blocks (Qi j)nn, n,n =0,N, j =0 andmax{0,i — 1} < j <
1+ 1, contain intensities of transition of the chain &; from the states having
the value (i,n) of the first two components to the states having the value
(j,n') of these components listed in the lexicographic order.

The relations between the blocks @; ; and Q; ; are given by the formulas:

Qiiv1 = Qiit1® 1., 1 >0,
Qo0 = Qo0 P (Zo + Z1), Qii =Qii ®Zo, i >1, (3)

Qio=0Q0®L+( Oxxi—x)y | Ix )®Z,
Qii-1=Qii-1®1,, i >2,
Qio=( Okxri-x) | Ix )®Zy,i>2.
where O, denotes a zero matrix of size a x b, I, denotes an identity

matrix of size a, ® and @ are symbols of Kronecker product and sum of
matrices, see [13].
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Proof evidently follows from the fact that the Markov chain &; is obtained
from the Markov chain & by supplementing it by the additional compo-
nent 7; that is independent of the rest of the components and properties of
Kronecker product and sum of matrices.

The principal difference between the generators having structures (1)
and (2) is that (1) is a three-block diagonal matrix while matrix (2) has
additional non-zero blocks @); 9, # > 0. The Markov chains with the struc-
ture of type (2) of the generator are investigated in much less extent than
Markov chains with the structure of type (1) of the generator. However, the
algorithms for computation of the stationary distribution of discrete-time
Markov chains with the structure of type (2) of the one-step transition prob-
ability matrices exist. The algorithm based on the use of the property of
analyticity of the vector generating function in the unit disc was elaborated
in [10]. In [11], more numerically stable algorithm based on the idea similar
to M. Neuts approach via the use of the matrix S was elaborated and its ad-
vantage is illustrated. Using the notion of the jump Markov chain, analogs
of algorithms from [10, 11] can be obtained and used for computation of
the stationary distribution of the Markov chain &; and key performance
measures of the considered system.

4. Conclusion

In this paper, possibility of analysis of a multi-server queueing system
with preemptive priority of one of the two types of customers and reser-
vation of servers for service of high priority customers in presence of the
flow of disasters based on the results of analysis of analogous system with-
out disasters is demonstrated. Results can be extended to the cases when
the arrival of a disaster causes instantaneous removal of all customers from
service (with instantaneous or non-instantaneous recovering of servers) or
complete emptying the system.
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In this paper we apply numerical methods for analysis of the time-
scale queueing systems (TSQS) evolution dynamics under the the
assumption that the number of single-services tends to infinity. We
suppose that TSQS implements a service discipline so that for each
incoming request is provided a random selection a server from ran-
dom selected m-set servers that has the s-th shortest queue size.
The evolution dynamics TSQS can be describe using the function
that can be found by solving a system of differential equations in-
finite degree. We formulate the singularly perturbed Cauchy prob-
lem for this system of differential equations with a small parame-
ter. We use the truncation procedure for this singularly perturbed
Cauchy problem and formulate the finite order system of differ-
ential equations. We apply a high-order non-uniform grid scheme
for numerical solving of the truncated Cauchy problem. We use
different sets of small parameters for time-scaling processes anal-
ysis for TSQS. The grid scheme demonstrates good convergence
of solutions of the singularly perturbed Cauchy problem when a
small parameter tend to zero. The results of the numerical simu-
lation show that this TSQS can hold with a high incoming flow of
requests. Keywords: shortest queue problem, countable Markov
chains, time-scale network analysis, singular perturbed infinite sys-
tems of differential equations, stability analysis for infinite systems
of differential equations with a small parameter, numerical analysis
of the Cauchy problem, layer-adapted piecewise uniform Shishkin-
type meshes.

Introduction

The research of time-scale queueing systems (TSQS) with a lager number
of servers is extremely important because of the development of 5G/6G
networks and Internet of Things (IoT) sets the problem of using not only
analytical methods but also numerical ones [1], [4]. The modern research of

Supported by the RUDN University Strategic Academic Leadership Program.
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TSQS with complex routing discipline focused on the problems of stability
analysis of infinite servers TSQS [2], [3].

In this paper we use Dobrushin approach for TSQS [5]. We apply numer-
ical methods for analysis of the time-scale evolution of TSQS shortest queue
dynamics with n — oo single-services, each with its own exponentially dis-
tributed service times of mean t = 1/, where p is a service intensity. We
use a Poisson incoming flow of requests with the intensity nA. TSQS imple-
ments the service discipline so that each input request provides a randomly
selection from any m-set servers such server that has the s-th shortest (or
equivalently, the (m — s)-th longest) queue length, where 1 < s < m. The
evolution of the shortest queue dynamics TSQS can be describe using the
function u;™(t) (k =0,1,2,...;8,m =1,2,...;1 < s <m). The function
uy™ (t) can be found by solving a system of differential equations infinite
degree which can be obtained using the Markov chains approach. We formu-
late the singularly perturbed Cauchy problem for this system of differential
equations with a small parameter. We use the truncation procedure for this
singularly perturbed Cauchy problem and formulate the finite order system
of differential equations. We apply a high-order non-uniform grid scheme of
the Shishkin-type for numerical solving of the truncated Cauchy problem.
We use different sets of small parameters for time-scaling processes analysis
for TSQS. The grid scheme demonstrates good convergence of solutions of
the singularly perturbed Cauchy problem when a small parameter € — 0.
The results of the numerical simulation show that this TSQS can hold with
a high incoming flow of requests.

1. Time-scale queueing systems model with a small parameter

We consider TSQS with n — oo infinite-buffer FCFS single-services,
each with its own exponentially distributed service times of mean ¢ = 1/u.
We suppose that there is Poisson arrivals of requests with rate p = nA,
where 0 < A < p.

Assuming that we can select m servers for each request upon it arrival
randomly and immediately and we can choose one server among the selected
m servers that has the s-th shortest ((m — s)-th longest) queue length in
the choice moment, where 1 < s < m. If there happen to be more than one
server with the s-th shortest queue size, we select one of them randomly.
The request is sent to the chosen server after this server selection procedure
immediately.

Let u™™ = {u;™(t)},, be shares of the servers that have the queues
lengths with not less than k, where 1 > ug™ (t) > ui™ (t) > ... > u)™(t) >

ow") = M n (ke 21, 20 = {0,1,2,...}, ssm € NN =
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s,m

{1,2,...}), 0 < ™ < n are non-negative integers and » ;- up™ () < oo
for any t > 0.

As was shown [5], the elements of the sequences {u; ™ (t)},, becomes
deterministic in the infinite limit n — oo and the evolution of this large-
scale system is described by solutions of an infinite system of differential
equations

ap™ () = p(up (1) —up™(#) +
+)\ (hs,m(uzinl(t)) - hs,m(“i’m(t))) 7k Z 17 t Z 07 (1)
ug" () =1, u;™(0) =gr >0, k> 1,

where g = {gk}zozo (9o = 1,9k > gr+1) is non-increasing non-negative
sequences and the function hg ., (u) ™ (t)) has the form for 1 < s < m
(5,m € N) B (W™ (1)) = S5m0 CL (1 — ™ () (™ (8)) .

When we study scale invariance in time (i.e. scales transformation of
time intervals change), we can analyze the transformation properties of
solutions of differential equations. Scaling transformations are similarity
transformations and form a group of scale transformations.

We can investigate scaling properties of solutions for Cauchy problem of
infinite system of differential equations with small parameter such form

erap™ (t) = p (upy () —ug™ (1) +
+/\(h5,m(uz’ln1 (t)) - hS,m(uZ’m(t))v

k>1,t>0,

uy™ () =1, up™(0) = g > 0, k > 1, g > gr+1,

(2)

where € > 0 is a small parameter and b = {b},-, (bx > 0) is a numerical
sequence of real numbers. Thus, the system (1) is the singular perturbation
system and we can describe processes of rapid changes of the solutions of
this system with scaling transformations this form 7, = e~%#t.

This Cauchy problem (2) can be transformed into a Tikhonov problem,
ifweassume by =0,k =1,2,... 0, by, >0, k=1+1,1+2,... (1 >2).

2. Truncation time-scale network model and numerical analysis

We can write Tikhonov problem for the truncation system of differential
equations (2)

W™ (t) = e [ (wi () — wp™ (1)) +
AP, (W7 (1)) = B (W™ ()], 1 < k
we™ (t) = 1wy (t) = 0, wy™(0) = g >
1<k<n, gk > grt1s

B

<n,0<t<T
0,
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where by = 0,k = 1,2,...,0, by >0,k =1+11+2,....n (2<1<n)
and the parameter T is the right border of the time interval for Tikhonov
problem.

We apply a piecewise-uniform grid Q; (0 = 9 < t; < ... < ty =
T) for numerical analysis of this Tikhonov problem (4) Q; = (t;|t; = iTy;
1 =0,1,2,....K;t; =tk + (@ — K)rn; i = K+1,...,N), n = §/K,
7= (T—368)/(N—K),§ =Celn(s71)), where a parameter C is determined
by the coefficients of singularly perturbed system of differential equations.
Thus, this piecewise-uniform grid Q; has K small steps 7 and (N — K) big
steps 7o on the segment [0, 7.

We can consider a finite-difference approximation of the system (2) in
the following form h; = t; —t;_1, w,‘ifh = w,‘i’_ﬁ(ti), where a vector notation
for this numerical scheme has the form: w;;; = F(w;,t;), i = 0,1,..., N,
0<t <T, wy™ =g, w; = {w}?,;n}kﬂv F(wi, t;) = {Fe(wi ti)},

=1
Fr(wisti) = wi+ hie = (wil = w7 ) Ao (w7 )~ hom (w1
n
L<k<n o wy™ = {oli ] el = Lunli =008 = o (o >
Jr+1)-

We use the the fourth-order Runge-Kutta method to calculate a nu-
merical solution for this problem and use the following formulas: q} =
q? =F(w; +L‘]§Ji +hi), Wip1 = W; + %(qz1 +2q9? + 24} + qf}), where
q € R" (i=0,N, j =1,4) are vectors.

w2
wiA(
wigo ||
we

12
Wyt

12
wZ(h

Figure 1. The evolution of the function w,ﬁ’Q, A = 4 for the left graph, A = 6 for
the right graph, u =5, € = 0.1 solid line, € = 0.01 long dash line, € = 0.001 short
dash line
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Figure 2. The evolution of the function wi’2, A = 4 for the left graph, A = 6 for
the right graph, u = 5, € = 0.1 solid line, € = 0.01 long dash line, ¢ = 0.001 short
dash line

The numerical analysis of the solutions w,"™(t) (k = 1,5,10, 15, 20, 25;
m = 2; s = 1,2) is presented in the figures (see Fig. 1-2). For numerical
simulation we used the following parameters: the arrival request rates are
A = 4 (the low incoming mode) and A = 6 (the high incoming mode), the
service intensity is 4 = 5, the dimension of the system of the differential
equations is n = 25, the number of the differential equations without a small
parametersis = 9 (i.e. 1 <k <9), the number of the differential equations
with a small parameters is n — 1 = 16 (i.e. 10 < k < 25), the degrees of
a small parameter are by, = 0,1 < k < 9 and by = 1/k,10 < k < 25, the
number of steps of the grid is N = 10%, the permissible error is § = 107°.
The values of the initial conditions are presented as the set of the numbers
20 =1, 2z, = (28 — 9k)/30, k = 1,25. The values of the parameters s,m, e
are presented in the captions under the figures (see Fig. 1-2). In the Fig. 1
we can see the results of the numerical stimulation of the solution wi’Q. It is
shown that T'SQS has an unstable service mode under overload conditions.
There are the left and inner transition layers. The transitions become more
sharper when € — 0. In the Fig. 2 we can see the results of the numerical
stimulation of the solution wi’2. It is shown that TSQS has a stable service
mode under overload conditions. Thus, an increase in the parameter s
leads to the stably service. There are only the left transition layers. The
left transitions become more sharper when ¢ — 0.

3. Conclusion

In this paper we show how numerical methods may be applied for anal-
ysis of the evolution of TSQS dynamics. The results of the numerical simu-
lation show that this TSQS can hold with a high incoming flow of requests
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and there are time-scale effects in the behavior of the solutions w; "™ (t). It
is demonstrate the appearance of boundary layers solution of the equation
with a small parameter. We suppose that it is possible to formulate an op-
timal control problem for such TSQS and successfully solve it. Our ability
to solve such problems is very important because it will save technical and
financial resources for 5G/6G networks implementation.

This paper has been supported by the RUDN University Strategic Aca-
demic Leadership Program (recipient S.A. Vasilyev, mathematical model
development, simulation model development, numerical analysis).
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There is a wide range of such queuing systems in which the service
time is deterministic. In this paper, the dependence of the param-
eter of the Poisson distribution of the number of customers in the
system with the deterministic service time and infinite number of
servers in the presence of a peak in the intensity of the input flow is
investigated. This dependence is investigated analytically and nu-
merically and it is shown how reducing the service time smooths out
the peak in the number of customers in the system. Keywords:
multi-server queuing system, deterministic service time, smoothing
of pike load.

Introduction

Stationary multi-server queuing systems are usually investigated un-
der the assumption of no queue, i.e. with an infinite number of servers.
Such models appear in computer program testing systems [1] — [3]. They
are closely adjacent to systems with failures or to systems with unreliable
servers. When analysing such systems, it is assumed that there is some
functional relationship between the intensity of the input flow and the ser-
vice.

However, systems with no queue (an infinite number of servers) and non-
stationary Poisson input flow can also be investigated with a deterministic
service time. Of particular interest in the analysis of such systems are peak
lode modes and ways of smoothing them. In this paper, the study is based
on the relationship between the intensity of the Poisson input flow and the
parameter of the Poisson distribution of the number of customers in the
system at a given time [4]. Non-stationary queuing systems are widely used
in modelling of computing systems (see, for example, [5]). But algorithms
of their analysis and numerical investigation are very complicated even in
simple versions.

However, the abundance of practical applications: production processes
and communications, trade processes and consumer services. raises the
question of the development of these models, despite their large analytical
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and computational complexity. In this regard, it should be noted such
important practical research programs as ”Smart city ”Digital economy etc.,
which require the development of analysis and calculation methods for non-
stationary queuing systems [6] — [8]).

In this paper, such service systems are presented as continuous networks
with deterministic service times and with no queues at the nodes. A spe-
cial mathematical technique is being developed for them, combining both
probabilistic calculations and elements of graph theory.

1. Queuing systems with an infinite number of servers and
deterministic service time

The mathematical model of such a service system can serve as a non-
stationary Poisson flow with intensity A(¢), ¢t > 0, of the moments of users
arrivals, stationary time a of service and hence the user’s stay in the system,
as well as the number of users n(t) in the system at the time ¢ > 0. Queuing
systems with an infinite number of servers have been repeatedly investigated
from both theoretical and applied points of view . However, all these models
were built under the assumption of stationary input flow and service process.

This paper focuses on a model with non-stationary input flow. There-
fore, the paper [1] can be considered the closest to this model, in which the
intensity of Poisson input flow and the intensity of the service process are
non-stationary and connected by some relation. As already noted, this is a
special assumption about the input flow and service intensities. However,
the mathematical technique of studying such a model is not quite suitable
for systems with deterministic service time. In turn, such systems are often
found in applications, for example, in models of sport complexes or cine-
mas, in which the user immediately goes to service having the character of
a certain session with a deterministic duration.

At the first stage, we assume that the intensity of the Poisson flow
A(t), 0 <t < T is a continuous function of time ¢. However, for conve-
nience of calculations, it should be assumed that for ¢ < 0 and for ¢ > T,

the function A(t) = 0. In this case, the number of users n(t) has a Poisson
t

distribution with the parameter A(t) = / A(T)dr. As an example, cus-
t—a

tomers may be considered as visitors to a swimming pool in regime of free

swimming mode.

The mathematical model of the continuous service system proposed in
this section is based on observations of a really functioning sports complex.
The transition in this complex to a continuous service system significantly



Peak load in infinite-server queuing system with deterministic service time 113

improved the quality of service, smoothed the load on the system in real
time and allowed users to not depend on the changeable transport situation
in the city. This model may be used for the ”Smart city” program.

The elementary technique of the theory of random sets is more suitable
here, in which the number of points of a Poisson flow on a certain segment
is determined by the integral of the intensity of the flow on this segment [?]
— [?]. Indeed, let the deterministic customer service time be a, and the
intensity of the Poisson input flow is a continuously differentiable function
A(t) > 0, t > 0. Then the random number of customers in the system at
time ¢ coincides with the random number of points of Poisson intensity flow
A(t) on the segment [max(0,¢—a),t] and therefore has a Poisson distribution
with the parameter \

At) = / Au)du.
max(0,t—a)
2. Peak loads in a system with infinite number of servers and
deterministic service time

Suppose that the intensity of the Poisson input flow A(t) >0, ¢ > 0,

at the point ¢, has a single extremum-maximum and the equality A(¢,) = A*

is satisfied. Our task is to derive the point ¢*, at which function A(t*) = A*
has a maximum.

To do this, first write out the value of the continuous function A(t) ¢ >

A) :/Ot/\(u)du 0<t<a, At) :/ti MNu)du a<t. (1)

To use the maximum condition of function A(t), we calculate from formula
(1) its derivative for 0 < ¢ # a, which is a continuously differentiable func-
tion

Oy o<ica B ) ai—a) a<t (2)

dt dt
(1) Consider the case 0 < t. < a, A(0) > A(a), when, due to formulas
(1), (2), the following relations are fulfilled
dA(t) dA(t)
—_— < —_— .
7 >0 0<t<a, p <0a<xt (3)
Then it follows from formula (3) that function A(¢) has a single extramum-
maximum and

a
A= / AMu)du, t* = a.
0
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This statement is not difficult to obtain using formulas (1), (2) and piecewise

dA(t
continuity of function ( )

(2) In turn, for 0 < t. < a, A(0) < A(a), function A(¢) has a single
extremum-maximum at some point t*, ¢, < t* < ¢, +a. This statement may

be easily obtained because function —, ¢ > a, is continuously differentiable
and the following inequalities are true
dA(t) dA(t)

dA(t
7 >00<t<a, i |t:a+0> 0, Tl(f) |t:t*+a< 0.

(3) Now let‘s move on to the case a < £, < oo, then function A(¢) has a
single extremum-maximum at some point t*, t, < t* < t, + a. This state-
A
ment may be easily obtained because function —, ¢ > a, is continuously
differentiable and the following inequalities are true
dA(t) dA(t) dA(t)

—>00<t — >0 t<ty, —2 |i= 0.
a > <t <a, i >Ua<ts i lt=t. +a<

3. Smoothing of peak load by parameter a decreasing

If one of the conditions (1), (2), (3) is met the following inequality is
true .
t
A= / < ar". (4)
t*—a
Thus, reducing the parameter a allows to decrease the value A*.
In turn, the lower estimate for the value A* may be obtained, for exam-
ple, under the following condition

/ CNwdu > A = A > Adg) > A (5)
0

This relation can also be obtained by replacing the inequality (5) with the
condition A\(¢) > A, 0 < ¢t < a, al, > A*. Figure 1 shows that as a
increases, the maximum A* of function A(t) also increases, and the point
t*, at which function A(t) reaches a maximum, shifts to the right relative
to the point t,.
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Figure 1. Graphs of functions A(¢) (dotted line), A(t) (solid line) for T = 10, b =
5, c=1

4. Discussion

Analytical analysis showed that function A(¢) depends on the parameter
a significantly. If a decreases then function A(t) is smoothed out. Otherwise,
the magnitude A* of the peak increases, and the peak itself shifts to the left.
This means that parameter a, which characterizes the deterministic service
time, significantly affects the number of customers in the system.
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Conclusion

The properties of the queuing model with the infinite number of servers
and deterministic service time and computational experiments shows de-
pendence of the system behaviour on deterministic service time. This de-
pendence makes it possible to control the system in the peak load mode,
determined by the intensity of the input Poisson flow, and smooth out the
peak load.
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This article deals with sensitivity analysis using analytical methods,
as well as a numerical study. On the example of a repairable k-out-
of-n system, which is one of the most common ways to improve
reliability, it is shown that under rare failures condition and a fixed
average repair time, the steady-state characteristics of the system
are insensitive to the shape of the repair time distribution as well
as its coefficient of variation. Keywords: system reliability, k-
out-of-n system, steady-state probabilities, sensitivity analysis, rare
failures.

Introduction

The study of sensitivity is an important issue in both theoretical and
practical problems. The theory of sensitivity (or invariance) of stochastic
systems arose in the middle of the last century. Many authors have dealt
with this problem, for example, B. Sevastyanov, 1. Kovalenko, B. Gnedenko,
A. Soloviev. An overview of some earliest works can be found in [1].

Nowadays, the problem of sensitivity has been investigated to various
mathematical models which prove conclusions of the previous works. In the
current paper, a k-out-of-n system is considered as a new example which, in
addition to theoretical aspects, requires research in the field of sensitivity.
k-out-of-n systems have been a popular object of research for many years.
These systems are a simple example of redundancy, which is considered as
a method of increasing reliability.

The paper is organized as follows. In the next section, some notations,
assumptions as well as problem setting will be done. Section 2 deals with
analytical results for steady state system reliability characteristics with the
help of markovization method. Section 3 provides sensitivity analysis of a
3-out-of-6 system, which is proved by numerical example in Section 4. The
paper ends with the conclusion.

Supported by RFBR according to the research project No. 20-01-00575A and the
RUDN University Strategic Academic Leadership Program, as well as funded by RSF
according to the research project No. 22-49-02023
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1. Notations and Assumptions

Consider a repairable k-out-of-n (k < n) system. A repairable system is
one that is repaired not only after a component failure (partial repair), but
also after the failure of the entire system (full repair). Suppose that there is
one unit for repair procedure. Introduce some assumptions about the shape
of components life and repair time distributions. Suppose that
— the lifetimes of system components are exponentially distributed with

parameter o and mean time a = oz_l;

— the repair times for any failed components (partial repair) are indepen-
dent identically distributed (i.i.d.) random variables (r.v.’s) B; (i =
1,2,...) with common cumulative distribution function (c.d.f.) B(z) =
P{B; < x} which is absolute continuous with its probability density
function (p.d.f.) b(z);

— the repair times for failed system (full repair) are also i.i.d. r.v.’s F; (i =
1,2,...) with corresponding c.d.f. F(x) = P{F; < z}, its p.d.f. is f(x);

— the 1nstantaneous repalrs are impossible, their mean times are finite,

B(O):F(O)—O,b—f(l— B(z))dr < o0, f= fl— (z))dz < oo;
0
— correbpondmg Laplace transformb (LTs) of p.d.f. s b(t) and f(t) are
fe*“b tydt, f( fe*“f

— given elapsed repair time x the conditional intensities of partial and full
_ b= _ _f(=@)

repair are, respectively, S(z) = =B o(z) = Ry
Denote the system state space as E = {0, 1, ...k}, where 0 — all n elements
operate; j — j elements out of n (j = 1,k — 1) have failed, one of them is
being repaired, and others (n — k) operate; and k — k elements have failed
which means the system failure and its restoration.

To perform reliability analysis, introduce a random process J =
{J(t), t > 0} on a space set F as a description of the system behav-
ior, J(t) = j, j € E, if the system is in state j at time ¢. Suppose that
J(0) = 0. The paper is devoted to time-dependent system state probabilities
(t.d.s.s.p.’s) 7;(t) and steady-state probabilities (s.s.p.’s) m; calculation,

m(t) =PI = j}, = lim PUI@) =4}, jEE,

as well as properties of their asymptotic sensitivity to the shapes of system
components’ repair time distribution.

2. Markovization Method and Steady-State Probabilities

Present analytical results of the s.s.p.’s calculation of a k-out-of-n sys-
tem with the help of the method of supplementary variables (one of the
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markovization methods) [2]. In the case under consideration, as a supple-
mentary variable, the elapsed repair time of the failed component is used.
Thus, denote by

Z(t) ={J (), X(D)}e=0

a two-dimensional Markov process with extended states’ space E =
{0,(i,z) | i = 1,k}. In this notation J(t) is defined as above, and X (t)
means the elapsed repair time of the failed component or the whole sys-
tem. Figure 1 represents the states’ transition graph of the process Z(t).
Here A; = (n —i)a, (i = 0,k — 1) is the system failure intensity, when ¢

o(x)

12 ﬂk-z

@@ SRR = N
TR

Figure 1. Transition graph of the process Z(t)

components out of n fail.
Denote by

— 7o(t) = P{J(t) = 0} — the probability of a working state of all system
components at time t;

— mi(t;x) =P{J(t) =i; x < X(t) < x+dx} — the joint probability that at
time ¢ there are i failed components, among which one is repaired with
the elapsed repair time in the interval x and x 4+ dx, ¢ = 1, k.

From the graph 1 as well as by comparing the process Z(t) in the closed
interval ¢t and ¢t + 9, the Kolmogorov forward system of partial differential
equations for the t.d.s.s.p.’s calculation can be obtained [3]

The process Z(t) is a Harris one, so according to the Harris Markov
processes theory, it has a stationary regime. Thus, as t — oo the following
expressions hold,
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/0°° Blz)m (z)dz + 7 o (x)m(z)dz,

AoTo =
0
m(z) = —(\i+B(x)m(z),
mi(x) = —(Ni+B(x)mi(x) + Nioamima (), i =2,k —1,
(@) = —p(@)m(z),

jointly with the initial mo(0) = 1 and boundary conditions

m1(0) = Aomo Jr/ooo B(x)me(x)dx,

m(0) = /°° Ba)mipa(x)de, i =2,k -2,
0
7Tk,1(0) = 0,
m(0) = )\k,l/ -1 (x)dx,
0

the solution of which can be found with the help of the method of constants
variation [4].
3. Sensitivity Analysis

Consider a 3-out-of-6 system as an example. The s.s.p.’s and the avail-
ability coefficient K, have the following form,

6 1 —b(5a) 3 14 4b(5a) — 5b(4cr)
T = — - = = 7o, Ty = — = =
5 1+ 5b(5a) — 5b(4a) 2 14 5b(5a) — 5b(4r)

_ 6af(1+4b(5a) — 5b(4a)) 1S
T T i mGa) —shda) O T 2 m

7o,

3

(1)

i=1,3
B 37 + 58b(5a) — T5b(4ar)
 60af (1 4 4b(5a) — 5b(4a)) + 37 + 58b(5ar) — 75b(4ar)”

Ky =1—m3

The formulas (1) are presented in terms of LT of partial repair time
distribution of the system components. Full repair time is defined only as a
mean value. The obvious dependence of s.s.p.’s on the shape of repair time
distribution is observed. On the other hand, some papers, for example [5],
show that with “rare” failures, the shape of such a distribution does not
affect the reliability measures. In stochastic systems, this property is called
insensitivity.
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So, consider the behavior of the s.s.p.’s under the rare failures condition.
Suppose that ¢ = max(}\;) — 0. Applying Taylor series up to the second

order of q,
- b2\2
b()\z) ~ 1—b)\i+Tz, i = 1,2,

with substitution p; = ab and ps = af from (1) the following ones can find,

6p1(2 = 5p1) 30p?
T s a0, Mo R T, (2)
2—=5p1(2 - 9p1) 2—=5p1(2 = 9p1)
120p7p2 N 2—5p1(2 —9p1)
T3 T 5 A To, To= ’
275p1(2*9P1) 2+p1(2+15p1(3+8p2))
P 2+ 2p, + 4503

2+ p1(2+15p1(3 4 8p2))

4. Numerical Example

Consider further some numerical example to show the rate of conver-
gence of the availability coefficient K,, in case of rare failures, different
distributions of repair time as well as different values of its coefficient of
variation v. The following distributions are used for the repair time:

— Erlang (Erl(1,0)) with b=1-0"", v = V1/I,
— Gnedenko-Weibull (GW (k,A)) with b=X-T (1+ 1),
b I

. i+b b—a
— Uniform (U(a, b)) with b = a—2|- y U= &%1-5 : W'

Suppose b =1, v = 0.5, 1, 2, mean full repair time f = 2. Mean lifetime
of system elements a = 0.1, 20, so the failure intensity o = a~!. Fig. 2 shows
the dependence of the coefficient of availability K, from the mean lifetime
of system elements for different repair time distributions, as well as the case
of rare failures (in the legend it defines as Approx.). Other notations of the
legend is defined as in [4].

vV =

5. Conclusion

Fig. 2 shows that over the entire interval a all curves become very close
to each other despite the different values of v. As a ~ 10, the asymptotic
expression (2) shows the absolute accuracy in comparison with the obtained
expression (1) for each value v with Erl and GW, and U with v = 1. The
results provided indicate the presence of asymptotic insensitivity of the sys-
tem’s stationary characteristics to the shape of the repair time distribution
and its coefficient of variation at its fixed mean and o — O.
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Figure 2. K, of a 3-out-of-6 system under rare failures condition
REFERENCES
1. Kovalenko I.N. Sevastyanov’s famous theorem // Proc. Steklov Inst. Math.

2013. Vol.282. P.124-126. doi: 10.1134/S0081543813060114

Kalashnikov V. Mathematical Methods in Queuing Theory. Dor-
drecht: Springer, 1994. 389 p.

Rykov V.V. On steady state probabilities of renewable system with Mar-
shal-Olkin failure model // Stat Papers. 2018. Vol.59. P.1577—1588. doi:
10.1007/s00362-018-1037-6

Rykov V. V., Ivanova N.M., Kozyrev D.V. Sensitivity Analysis of a k-out-of-
n:F System Characteristics to Shapes of Input Distribution // In: Vishnevsky
V.M., Samouylov K.E., Kozyrev D.V. (eds) Distributed Computer and Com-
munication Networks. DCCN 2020. Lecture Notes in Computer Science,
Cham: Springer, 2020. Vol. 12563. P.485-496.

Houankpo H.G.K., Kozyrev D.V. Mathematical and Simulation Model for Re-
liability Analysis of a Heterogeneous Redundant Data Transmission System //
Mathematics. 2021. Vol.9. Art.num. 2884. doi: 10.3390/math9222884

Ivanova Nika — Junior Scientific Researcher, ICS RAS; Ph.D. Student, RUDN
University. E-mail: nm_ivanova@bk.ru



ITMM - 2022

STOCHASTIC DATA NETWORK MODEL
T. Rusilko, D. Salnikov, A. Pankov

Yanka Kupala State University of Grodno, Grodno, Republic of Belarus

The focus of interest in the paper is a data network consisting of
terminal devices connected by routing devices and communication
channels. The problem of mathematical modeling of such a data
network is solved using a closed exponential G-network of single-
server queueing nodes with positive requests and signals. The model
is studied under the critical assumption of a large number of requests
being processed. The mathematical approach used make it possible
to calculate the main statistical characteristics of a Markov process
describing the model state, as well as to reconstruct analytically its
normal probability density function based on the Gaussian approx-
imation method. The results of the study allow us to analyze the
data network performance measures in both transient and steady
state. Keywords: G-network, data network, mathematical model,
queueing network, asymptotic analysis, Gaussian approrimation.

Introduction

To date, the development of technology has led to the widespread use of
systems that provide parallel and decentralized information processing. A
feature of these systems is the set of incoming tasks that are quite simple
to process. These tasks come to the system nodes, requesting resources for
processing. Due to the peculiarities of such systems, it is necessary to create
new and modify existing methods for their analysis, and for solving problems
of increasing their efficiency. Queueing networks are effective mathemati-
cal models for studying discrete probabilistic systems with a network-like
structure. The G-networks were first introduced by Erol Gelenbe and have
been studied in a steady state [1, 2, 3]. The study of G-network models
in a transient state is presented in the articles [4, 5]. Other applications of
G-networks with signals have been discussed in [6, 7].

The purpose of this paper is mathematical modeling and efficiency anal-
ysis of the data network using a closed exponential G-network with signals.
An asymptotic analysis of the model is performed, which implies an approx-
imation method of queueing network study under the assumption of a large
but limited number of requests [8, 9, 10, 11]. The mathematical approach
used in this paper is based on a discrete model of a continuous Markov pro-
cess and the theory of diffusion approximation of a Markov process [11, 12].
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1. Model description. Problem formulation

The focus of this paper is the data network consisting of terminal devices,
connected by routing devices and communication channels (data links). The
terminal devices function is the transfer and reception of data, they are
communication endpoints. Each terminal or routing device has many inputs
and outputs. Each of the communication channels has one input and one
output, which are connected to the inputs and outputs of the devices, they
provide data transfer. Data is transmitted over the network in the form of
discrete packets. The bandwidth of data links is limited. Network devices
and channels process information packets at a limited rate.

In general, a payload (information useful to the user), a malicious code
(malware) and a service information can be transmitted over data networks.
By service information we mean commands that provide load balancing
between devices. The load balancing is the process of distributing a set
of packets over a set network units, with the aim of making their overall
processing more efficient and avoiding overloading some units.

The problem of mathematical modeling of such a data network can be
solved using a G-network with signals. As a model of a data network we will
use a closed exponential G-network, consisting of n queueing nodes (queues)
and an external environment. We set K is the total number of requests
circulating in the G-network. The requests in the G-network correspond
to data packets transmitted over the data network, positive requests are
assigned to payload, signals are assigned to malware and service information.
All terminal and routing devices, as well as data links, are represented in
the form of queueing nodes with -/M/1 structure.

Each data packet can be in one of following states corresponding G-
network nodes with the same number: Sy — in the external environment, S;
— in one of the devices or data lines (in the i-th G-network node), i = 1, n.
The transition of a request from the state Sy to S; corresponds to the arrival
of a packet in the network. The arrival requests flow is divided into a flow
of positive requests and signals. Requests arrive from outside following a
Poisson process with rate Ag. The probability of a payload arriving at time

interval [t, t + At] is Aopg; At + o(At), a malicious or service packet arrival
n

probability is Aopg; At + o(At), i = I,n, Y (pg; +py;) = 1. A payload
i=1

packet transfers from S; to S; without modification with probability p;"j,

transfers from S; to S; as a packet containing malicious code or service

information with probability p;j, or leaves the network with probability
n

pio=1—Y (o +pi;), i 5 =Tn

j=1
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All queueing nodes S; are single-server, the waiting buffer is unlimited.
The service time of positive requests is exponentially distributed with the
service rate ji;, i = 1, n. Requests are served according to FIFO rule. Signals
arriving at a node are not served by the node servers. A signal arriving at
node §; either instantly moves a positive request from the system S; to the
system S; with a probability of g;;, note that in this case the signal is called
a trigger, or destroys a positive request located at the same node S; with a

n

probability of gio =1 — > ¢;; and immediately leaves the network.
j=1
The state of this network at time ¢ is represented by a random process

k(t) = (k1(t), ko(t), ..., kn(?)), (1)

where k;(t) is the number of requests (packets) in the state S; at the time
t,0<k(t)<K,i=1,n. Itis obvious that the number of requests serving

in the G-network at the time ¢ is Z ki(t) = K — ko(t). The allocation of

data packets according to possible states at time ¢ fully describes the state
of the data network at that time. Accordingly, the allocation of requests
by queueing nodes completely determines the state of the G-network. Tak-
ing into account the above-described, the process k(t) is a continuous-time
Markov chain with a finite state space.

2. Asymptotic analysis of the G-network

Asymptotic analysis implies an approximation method of queueing net-
work study under the critical assumption of a large number of requests K.
Using the technique described in [8, 9, 10, 11}, it is possible to derive a set
of ordinary differential equations for the main statistical characteristics of
a random process k(t).

Data networks typically handle a large number of information packets.
In connection with this, we proceed to the limit from the Markov chain

k(t) to the continuous Markov process £(t) = (]“T(t), sz(t), ey k"T(t)) when

K tends to be very large. The state space of relative vector £(¢) is X =
{z = (21,29, ..., %,) 12 > 0,i =T1,n,>;, x; < 1}. The increment of &(t)
in the short time At — 0 is Az; = ¢, where ¢ = 1/K. As K — oo, the
increment of &;(t) decreases, and in any small time interval At — 0 the
process &;(t) has some small change in the state Az; — 0. We can assume
that the limiting distribution of &;(¢) is continuous. The vector £(t) will
be continuous-time continuous-state Markov processes with a probability
density function p(z,t).
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Similarly to [8, 9, 11], it was proved that the density p(z,t) satisfies the
following Fokker—Planck—Kolmogorov equation

(x, n 2
ap ’ Z oz, (@, ) + ;”Zl 887 (Bij(x, t)p(z, 1)),

l‘ial‘j
(2)

Ai(z, t) = Xo <1 - Ziﬁz) (P — poi) + Y _ Ao <1 - Z%) Po; i —
i=1 =1 i=1

—pi min (25, €) prj(l —6(z;)) + Zﬂj min (z;,€) (P;ri —pj; — 0ji)+
j=1 j=1

n
+ > pjmin (x;,€) pj.gsi,
7,5=1
where the drift coefficients A;(x, t) characterize the rate of change of the
process &(t), d;; is the Kronecker delta, 6(z) is the Heaviside step function.
The diffusion coefficients B;;(z, t), ¢,j = 1,n, are also linear in x, their
form is not given because of paper size limitation.

The probability distribution of the vector £(¢) given by the density
p(x, t) is a complete and exhaustive characteristic of the G-network state
at time ¢t. However, such an exhaustive characteristic cannot be found,
since equation (2) is not explicitly solvable. Therefore, instead of the den-
sity p(z, t), we will use an incomplete approximate description of a random
process £(t) using its moments. It is often enough to know what ”average
value”of £(t) is, how far from this average value the values of £(¢) typically
are, and how the statistical relationship between its components &;(t) and
&;(t) is characterized. The minimum number of parameters by which an
n-dimensional random process can be characterized is as follows: the ex-
pected values E¢;(t), the variances DE;(t) and the mixed raw moments of
the second order E(&;(t)¢;(t)), 1,7 = 1,n.

It was found [10] that the set of ordinary differential equations for the
first-order and second-order raw moments of the state vector elements &;(t)
with an accuracy of O(1/K?) is

dvi(t) _ dE(&(1))

= = A1), i =Tm; (3)
dvij(t) _ dE(GO)E®) s
= 7 = E(&(t)A;(€(1)) +

+E (&) Ai(E(1)) + eByy (v (1), 4,5 = T n.
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Solution of (3) with a certain initial condition, firstly, makes it possible
to predict the mean and the dispersion of the number of data packets at
each model state with time, and, secondly, draw a conclusion about the cor-
relation of the number of packets at different data network units with time.
These results are useful in decision making and network load analysis. They
are applicable with a specified accuracy in both the transient and steady
state, this is a fundamental advantage of the used asymptotic method.

In this paper, we restrict ourselves to considering only the set of differ-
ential equations for expected values v;(t), i = 1,n, of the defined form

dv;(t) =X (1 — Zyi(t)> (pg; — Poi)+

=1
+> o (1 -
j=1 ‘

7

= &
Sy

Vi(t)> PojQyi — Himin (v(t),€) prj(l —0(z;))+ (4)
j=1

1

n n
+3  pymin (v;(t),€) (pf; — py; — 650) + D, pymin (v;(£),€) pjgsi-
j=1 Grs=1
In the asymptotic case of large K under study, the Gaussian approx-
imation method [12] can be used to reconstruct analytically the normal
probability density function p(z,t) from the found moments of the process
&(t) and to analyze this process using normal density properties [13].

Conclusion

In this paper, the G-network with signals was presented as a stochastic
data network model. Requests in the G-network correspond to data packets
transmitted over the data network, positive requests are assigned to payload,
signals are assigned to malware and service information. The model was
studied in the asymptotic case of a large number of requests. As a result, the
main statistical characteristics of the number of requests at each network
unit were found in both the transient and steady state. The presented
technique allows us to reconstruct the normal density of the state process
&(t) based on the Gaussian approximation method.
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ACUMIITOTUYECKU-IN®DY3MOHHBII
AHAJIN3 RQ-CUCTEMBI M/M/1 C
HETEPIIEJIUBBIMU 3ASIBKAMU,

KOJIJINSNAMMN N HEHAZ[E}KHI:)IM ITIPUBOPOM
E.FO. Janumok, A. C. ITnexanos, C.II. MouceeBa

Hayuonasvnuti uccaedosamenveruti Tomekut 2ocydapemeennnvill ynueepcumen,
2. Tomck, Poccus

Paccmorpena cucremMa MacCOBOTO OOCIYy>KHMBAHUSL C IOBTOPHBI-
mu BbrzoBamu tuna M/M/1. Knaccuueckas mozmens RQ-cucremst
YCIIOXKHEHA HAJINYNEM KOH(MIIMNKTOB 3asBOK B CHUCTEME, <HETep-
[IeJIMBBIX» 3adBOK HA OpOWTe, a TaKKe <«HEHAJAEXKHBIM» Npubo-
POM, KOTODBIN BBIXOAUT W3 CTPOS M PEMOHTHPYeTCd B (QYHK-
IMOHMPYIONIEH CHCTeMe MacCOBOTO OOCayKuBaHms. Pernena 3a-
Jada HAXOXKIEHUS DPACIIpeIesIeHNs BEPOSTHOCTEH €HCIa 3asIBOK
Ha OpOMTE METOIOM ACHUMIITOTHIECKH-Iud@y3NOHHOrO AHAIN3A B
YCJIOBMHU JOJTON <«TEepIeJMBOCTH» 3asBOK Ha opbure. IlpmBesme-
HBl YWCJIEHHBIE PEe3Yy/IbTAThI, JEMOHCTPHUPYIONIHE 00/IaCTh TpPUMe-
HeHUd IIOJIYY€HHbIX TEOPETUYICCKHUX BBIBOAOB, a TaKzXKe€ [TaH CpaB-
HUTEJILHBINM aHAJIN3 METOAA ACHMIITOTHYECKOTO AHAIM3Aa W METOA
acHMOTOTHIeCKHU- (b Y3MOHHOTO aHAIN3A IS PACCMOTPEHHOM 3a-
nmaqau. KorodeBble ciioBa: acumnmomuiecku-ouddyauonmsil ana-
aus, RQ@Q-cucmema, KoAAUUL, HEMEPNEAUBHE 3GA6KY, HEHAIEHC-
HOoLl NPUbOp.

BBemenue

B nacrosiee BpeMs BOCTpeOOBAHBI HCCIEIOBAHKISA CHCTEM MaCCOBOTO 00-
CJIy2KWBAHWS C IOBTOPHBIMU BHI30BAMHY, O Y€M CBHIETEIHCTBYIOT MHOTOYHUC-
JIEHHBIE PADOTHI B 9TON 00JIACTH W IPAHTOBAS IOJJIEPKKA. ITU CHUCTEMbI
KaK MATEeMATHYECKHE MOJIEIN OYEHBb TOIXOIAT IJIsi ONMUCAHUS COBPEMEH-
HBIX TEJIEKOMMYHUKAIIMOHHBIX CHCTEM, CeTel, MOOMIbHBIX cereii. Hapsmy
C MOCTpPOEHWEM MaTeMaTudeckux mozeneii RQ-cucrem paspabarwbiBaroTcs
HOBBIE METOJbI WX HUCCJIeN0BaHusA. JIOCTATOYHO HOBBIM METOIOM SIBJISIETCS
METO/T AaCUMITOTHIECKA-Tn(DPY3UOHHOr0 aHaaun3a. Kak u MeTosm acCHMIITO-
THYECKOTO aHAJN3a, OH aKTUBHO PA3padaThIBAETCS TOMCKOM HAYYIHOM KO-
70ii, W ecTh WHTEpecHBbIe paboThl [1, 2, 4, 3], B KOTOPBIX MCIOIB3YETCS Me-
oz, acuMmuToTHYecKu-1uddy3unonnoro anaausa. llpuvenenune nuddy3unon-
HO# anmpPOKCUMAIUH JIJIsi CACTEM MAaCCOBOTO OOCIIYKWBAHUS TTPE/ICTABIIEHBI,
Hanpuwmep, B [6], [7].
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Hacrosmas crarbs HOCBsAIIEHa pa3spabOTKE METONA aCHMITOTHYECKH-
nuddysuonnoro anaausa na upumepe RQ-cucrembr M/M/1 ¢ nerepuesu-
BBIMW 3aBKAMH, KOJUIN3USAMU W HEHAJEKHBIM MPUOOPOM, IJIsT KOTOPOii aB-
TopaMu B [5] perreHa 3a/1ada HAXOMKIEHHS DACTPeEIeHNs BEePOSTHOCTEH
YUCIIA 3aABOK Ha opbuTe acMnTormaeckum MetonoM. O6a MeTona npuMeHs-
I0TCS B YCJIOBUH JOJITOM «TEPIENUBOCTH» 3asABOK HA OPOUTE, YTO IO3BOJIAET
CPaBHUTH OOJIACTU MX HPUMEHUMOCTH I PA3/MYHbIX 3HAYEHUI mapamer-
POB CHCTEMBI.

1. IToctaHoBKa 3aJa9i 1 IIpeJABapuTeJibHble pe3yJbTaTbl

IMompobHoe omucanve MaTeMaTUIECKONH Momean ucciemayemoin RQ-
CHCTEMbI JAHO aBTOpaMM B TEpBOM paziene [5]. Urobbl mosyduTh pac-
npenenenne BeposatHocteil P{k(t) = k,i(t) =i} = Pp(i,t), k = 0,1,2,
i = 0,1,2,..., dyncja 3asgBOK HA OpOUTE B MOMEHT BPeMeHH ! MeTO0M
ACHMIITOTHIECKU-TU(DPY3NOHHOTO aHAIN3A, 3AIAIIEeM cucTeMy auddepen-
anbHbIX ypaHenuii Koamoroposa (1) [5] B TepMHHAX 9aCTHYIHBIX XapaK-
repucrHaeckux byrkuuii (1)

Hy(u,t) =Y e/""P(i,t), k=0,1,2, (1)
=0

rae j = +/—1. Ouesumno, uro H(u,t) = Ho(u,t) + Hy(u,t) + Ha(u,t).

Torna cucrema (1) [5] npumer Buz (2) u Oyger ABAATHCH OCHOBHOH Cu-
cremoit ist uccaenopannst RQ-crnereMbl ¢ HeTepreInBbIMU 3asiBKAMHU, KOJI-
JM3WSIMA U HEHAIEKHBIM TPUOOPOM.

Ho(u,t ,
OHo(wt) _ _ (A70) Ho(u, t)+ (pn+Xe?™) Hy(u, t)+v2 Ha(u, t)

+j (0 +a—ae ") Hj(u,t) — joel" Hi(u,t),

aHl(u’t) . —Ju 12

———= = AHp(u,t) — A+ p+ ) Hi(u,t) — joe 7" H|(u,t) 2)
+j (0 +a—ae ") H{(u,t),

OHs(u,t A A
ﬂ:VoHo(U,t)+’Yl€JuH1(U,t)—()\+’}/2—>\6Ju) HQ(U,t)

+ja zl — e~ I") Hi(u, 1),

OH,,(u, t o
OHy(wt) _ S el P(i,t), k= 0,1,2.

rae H (u,t) = 9 2
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CkuazpiBas ypaBHeHUs cUCTeMbI (2), MOIydaeM JOLHOJHUTEILHOE yDaB-
nenue (3)

OH (u,t)

= (1—e ) {[A (7 + 1) + 7] Hi(u,t) + AHa(u,t) 3
+je I (o+a) Hy(u, t)+j (e ™" —0) Hi (u, t)+joe " Hy(u,t)} .

2. OcHOBHBIE PE3YyJILTATHI

s nonydenus audy3nMOHHON AMIPOKCUMAIINYA PACIPEIETICHUS Be-
pPOSITHOCTEH dHCJa 3asBOK HA OpPOHMTE MCCIIeNyeMOil CHCTEeMbI MeTOIO0M
ACHMIITOTHIECKU-TU(PY3NOHHOTO AHATN3A CJIEAYeT MOCAeI0BATENHHO pea-
JIN30BATH ITAIMBIL: HOJIydeHre KO3 DUIrenTa CHOCA, MEHTPUPOBAHNE CTOXA~
CTUYECKOTO TPOIIECCa, moaydenne Kodhdunuenta nuddy3un, — B yCIOBUA
JIONITOH «TEpPHeUBOCTU» 3asdBOK Ha opbure (0 — 0, o — 0). PesymbraTs
ncceoBanns npuseieHbl B Teopewme 1.

Teopema 1. [duddys3nonnas anmpoKCUMANWs PACIPEIETHENS BEPO-
sATHOCTEl Yncia 3asdBok Ha opoure RQ-cucrembr M/M/1 ¢ HeTeprennBsiMu
3asgBKAMU, KOJJIU3UAME U HEHAIEKHBIM IIPUOOPOM (C BXOASIIUM IPOCTEdi-
IITUM TOTOKOM 3asiBOK MHTEHCUBHOCTH A, SKCIIOHEHITHATBLHBIM 3aKOHOM Pac-
npejesieHust 00CIyKUBAHUS 3asiBKU MPUOOPOM € IIAPAMETPOM [i, IKCIOHEH-
[IMAJTFHBIM 3aKOHOM DACIIPEIEIeHUs CIyYaiiHON 3a1ep:KKU 3asABKHU Ha OpOu-
Te C MapaMeTpoM o, IKCIOHEHINATHHBIM 3aKOHOM PACIpPeIeIeHNs] HeTepIie-
JINBOCTH 3asiBKU C IapaMeTpoM & = ¢o, rje ¢ > (0 — KOHCTaHTa, SKCIOHEeH-
[HAJTBHBIM 3aKOHOM pAaClpe/e/ieHusl BPEMEeHU, B TeYeHne KOTOPOTO CePBEp
HAXOAUTCs B paboydeM cocrosiHuu (ecau npubop 3aHdT - € IapMETPOM 71,
eci CBODOJIEH - € LIAPMETPOM 7p); IKCIOHEHLMAJILHBIM 3AKOHOM Paciipe/ie-
JIEHUsI BDEMEHH, B TE€YEHNE KOTOPOTrO JJIUTCSI PEMOHT BBIIIEIIErO U3 CTPOs
cepBepa, ¢ MapaMerpoM 2) B YCJIOBUH JOJINON «TEPHEUBOCTUY 3agBOK Ha
opbuTe mMeeT BHI

Pdiffusion(i) = Ool_[(#)a (4)
> (ko)
k=0
rie
I(z) = b(cz)exp i/zg))dx ,  C — KoHCTaHTa, (5)

0

K03 purmenTsl cHoca u AU y3un COOTBETCTBEHHO OMPEIETAIOTC PABEH-
CTBAMH

a(x) = 2A4+71+2) Ry (2)+ARa(z) — xRy () — gz, (6)
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b(z) = alz) +2((2A + 7 +2) g1 (x) + Aga()

—xgo(x) + zRo(x) + ARy (z) + qa:),

BEPOSITHOCTHU
Ro(z) = Yo A+ p+7 + )
’ (Yo +72) A+ i+ +a) + (1 +72) A+ a)’
Ru() = 72 (A +2) (8)
(o+712)A+p+mn+x)+ (1 +7) A+x)’
RQ(JZ) =1- Ro(ﬂ?) — R1($),

Ay
Yo+v2) At ptyta)+(n+r)(Ata)

go(x) = (

Ay
Yo+72) A+ pt+m+x)+ (n+7) (M)

gi1(z) = (
g2(r) = —go(z) — g1(z),

Do = (1 +72) [2Roa) + (a(x) + g2) Ba(a)]
+ (4 m+) [ (al@)+gr—A) Ba(a) - B ()],

A= (A +2) [(a(@) + o = A) Ba(w) = 11 Ra ()]
~ (20 +72) [2Ro(2) + (a(x) + gz) Ba (=) .

3. YncieHHble pe3yJIbTaThI

Homoxxum =1, 9% =0.1,v1 =0.2, 72 =1, a = 20.

Jng pa3siuYHBIX 3HAYEHHWH DApPaMETPOB CHUCTEMBI 0 W A IOCTPOUM
Posympt (1) T Paiffusion (i) — ANIPOKCHMAINE PACIPEIETEHHS] BEPOSTHO-
CTeil 4mca 3agBOK Ha OpPOMTE, MOJyYeHHBIE METOILOM ACHMITOTHIECKOIO
aHaIN3a ¥ METOIOM ACUMMTOTHYECKU-TU((Y3NOHHOTO aHAIN3a COOTBECT-
BEHHO, W CPABHWUM WX C JIONPENENbHBIM Pyatriq (1), TONYyUEHHBIM HEMOCPeI-

CTBEHHBIM pellleHneM cucreMbl ypasuenwuit (1) [5] mqma ¢ = 0,1,2,...,N
N = 500.

)



RQ-cuctema ¢ HeTepRENNBOCTbIO, KONAN3NAMU U HeHaaéxHbim npubopom 133
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Puc. 1. CpaBuenue nonpenensHoro (CIUIOMIHAS), ACHMITOTAYECKOTO ( — — —) H
muddysuonnoro (---) pacupenesnennit nng o = 0.1, A = 0.9

003

01064
Pmamx (1) / \

‘E::.gymp:(i) 048 / ‘
Lgigsion © / \

0nté
/ N
hcai®!

DD 45 9% 135 18 225 27 315 36 405 45

I

Puc. 2. CpaBrenue monpenesbHOro (CIUIOMIHAST), ACUMITOTHYECKOTO ( — — —) |
muddysmonnoro (- - - ) pacnpenenennit qug o = 0.01, A = 0.7

B kauecTBe kpurepus 61u30cTH pacupenesaeHuit P, qiriz (1) 1 Py f fusion ()
OyJeM HCIOIb30BaTh paccTognue Kosmmoroposa

% A
AADA = maXx ‘ZP iz (2 —ZP' 5 )
0<i<N — matrzx( ) kio dszuazon( ) )

paccrosane Konvoroposa A 4 4 ams pacnpenene it P qtrip (1) 1 Pysympe (1)
HaifieHo B [5].

B Tabauue 1 npusenenbl 3Hadenus Aaa, Aapa, aHAJIU3 KOTOPBIX C
y9ETOM PHCYHKOB TO3BOJIAET CIEIATH CJEAYIOIINe BHIBOIBI:
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1) upu GUKCMPOBAHHOM 3HAYEHUM 3AIDY3KHU CUCTEMbBL A/ [l C YMEHbIIEHHEM
o paccrogaue Kosimoroposa A yMeHbIIAeTCs;

2) npu GUKCUPOBAHHOM 3HAYEHUU TTAPAMETPA BPEMEHU 33EPKKU 3aIBKU
Ha OpOUTE 0 U (¢ C POCTOM 3HAUEHUS 3arPy3KHU CUCTEMbI A/l PACCTOSTHUE
KonmoropoBa Ay ymenbinaercs g o > 0.1 u yBenuduBaercs Jijist
o < 0.01 (rakoe nosenenue A XapaKTEPHO JJisi CUCTEM C KOJLJIM3UAMMU),
paccrosare KosimoropoBa Agp4 yMEHBIIAETCSH;

3) IPpU OAMHAKOBBIX 3HAYCHUAX IMTapaMETPOB CUCTEMBI METOJ ACUMIITOTHIECCKHN-

nuddy3nOHHOTO aHAIN3a TOYHEE B CMBIC/IE paccTosHus KomMoroposa.

Tabymmia 1
Snagenme paccrogamii  Kommoroposa gma  acmmnrormueckoro  Aaa  m
acnMrrorraecKu-anud dy3monaoro A p 4 MeTOIOB

M c=0.1 o =0.01 o = 0.005
Aaa | Aapa | Aaa | Aapa | Aaa | Aapa
0.5 | 0.161 0.082 0.0230 | 0.0057 | 0.0160 | 0.0039
0.7 | 0.117 | 0.049 | 0.0200 | 0.0041 | 0.0160 | 0.0028
0.9 | 0.092 0.026 | 0.0210 | 0.0031 | 0.0200 | 0.0021
1.5 | 0.055 | 0.009 | 0.0300 | 0.0017 | 0.0290 | 0.0012

3akJiroueHne

B pabore mccremosana RQ-cucrema M/M/1 ¢ HeTepHenuBBHIME 3asiB-
KaMU, KOJUTU3USAMU ¥ HEHAJIEXKHBIM MPUOOPOM METOIOM ACHMIITOTHYECKH-
g dy3UOHHOTO aHATM3A B YCJIOBUU B YCJIOBHH JIOJTOH «TEPHeTUBOCTUA
3agBOK Ha opbure. Ilomydena muddys3monnas ammpoKcUMaIus pacipe-
JIeJIeHNsT BEPOSITHOCTEN dMcjaa 3asiBOK Ha OpOWTE ¥ TMPOBENEH CPaBHU-
TEJbHbI aHaIN3 C Pe3yJabTaTaM¥ TPUMEHEHUs MEeTOJd aCHMIITOTHYECKO-
ro aHaju3a, IOKa3aHa 0oJiee BHICOKAs] TOYHOCTH METO/A ACHMIITOTHYECKH-
audy3noHHOr0 aHanm3a. JlOmoTHUTENBHO ILTAHUPYETCS HAWTH 3HaUe-
HUsI BEPOSITHOCTHBIX XAPAKTEPUCTUK CUCTEMbI, KOMILJIEKCHO OTPAXKAIONIIX
ee (byHKIIMOHWPOBAHUE, W TOKA3aTh UyBCTBUTEILHOCTH PACTPENETEHNs K
mapaMeTpaM CUCTEMBbI. AHaIN3 MpeIOKEHHON MATeMATHYeCKOH MOen
MOKeT OBbITh HCIIOJIb30BAH [IJIsi OIIEHKH ITPOMU3BOUTEIHLHOCTHA DPEAJbHBIX
cucreM W JajbHednei#l ux MoaudUKAIUNA, B TOM YUCTe WHMOPMAIHOH-
HO—KOMMYHUKAITMOHHBIX CETEH, & TAKIKE B JIPYTUX U3BECTHBIX TPUIOKEHUIX
TEOPUU MACCOBOIO OOCJIyKUBAHUSI.
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ACUMIITOTUYECKUI AHAJIN3 RQ-CUCTEMBEI
M|M|1 C KOJIJINBNAMU U H,, H

HACTOMNYUBBLIMU 3AABKAMU
A.B. Ionxosckast, C.II. Mouceesa

Hayuonaavnut uccaedosamenveruti Tomekutd 2ocydapemeennsill ynusepcumen,
2. Tomcxk, Poccus

B crarpe paccmarpuBaercs R(Q-crcTema MaccoBOTO 0OC/TYKUBAHUS
trma M/M/1 ¢ omamMm obciykuBaOmUM TpUGOPOM, KOJUIA3HAME
(rxoudmkTaMM) 3a9B0K M 0TKazamMu. HOBM3HA 3aK/IIO9AETCA B TOM,
9T0 B TPEIBIIYINEe WCC/IeI0BaHNe OBbLIN J00ABJIEHB BEPOSTHOCTH
oTka3a 3a#BoK Hi, Ho. Ha Bxoa cuctembl mocTymaer mpocTeinrmit
MOTOK, TIPOJIOJIKUTETHHOCTh OOC/TYKUBAHUS W CIIyUIAHAsT 3a/IepiK-
Ka, KOTOPYIO OCYIIECTB/IsI€T 3asBKa HAa OpOUTe B CIydae BOSHUKHO-
BeHUs KOH(JIMKTA SKCIIOHEHIMAIBHO pacipezesenbl. Ins Haxox-
JEeHUsT pacIpeesieHnsT BEpOSATHOCTEN UnCIa 3asBOK HA OpOUTE WC-
MOJIb3YEeTCS METOJT aCUMIITOTUIECKOTO aHam3a. B kadecTBe acumir-
TOTUYECKOTO YCIOBUS UCIOJIb3yeTcs GoJiblas 3a/iepKKa Ha opoure.
CdopmynupoBana u J0Ka3aHa TEOPEMa, O TAyCCOBOM (hOopMe achMII-
TOTHYIECKOTO PACIIPE/Ie/IEHNST BEPOSTHOCTEN UnC/Ia 3asTBOK Ha OpOm-
te. KirroueBbie cioBa: RQ)-cucmema, KoAAU3UU, HEMEPNEAUBHLE
30A6KU, GCUMNIMOMUYECKUT GHANUS.

BBenenune

Hacrosinast craThs nmocssiena ucciegoannio RQ-cucremsr ¢ onanM 06-
CJIYKWBAIOIINM MPUOOPOM, Kojmu3usamu u Hy, Hy HAaCTONYMBBIMU 3asiBKa-
mu. Pacemorpenne RQ-cucrem ¢ curyanmeil KoH(MIUKTA 3aBOK HOAPA3Y-
MEBAEeT, 4TO 3adBKa, HAIeAIIas TPUOOP 3aHATHIM B MOMEHT [IPUOBITUS €€ B
CUCTEMY, U 3a:BKA, HAXOIAIAACH HA 00CIIyKUBAHIY, BCTYIIAIOT B KOH(MDJIUKT
[1-8]. RQ-cucTembl ¢ KOHMDINKTAMU 3a5IBOK MMHTHPYIOT MOBEIEHIE MHOIHMX
pPeaIbHBIX CUTYyaIlnii, HAPUMED, B TEJIEKOMMYHUKAIIMOHHBIX CETSX, T/e Ie-
penada JAHHBIX J0IKHA OBITH TapAHTHPOBAHA O6€30MIMO0THON TOTHOCTHIO C
HEKOTOPOI 3aJaHHOU BEPOATHOCTBIO.

B peanbHOil Ku3HU HETEPIEJUBOCTD K OXKUIAHUIO SABJISETCH HambOoee
3aMeTHON OCOOEHHOCTBIO JIIOIEH, KOTIa OHU XOTSAT TOJYYUThH OOCIIY>KUBa-
uue. JIjisi XapaKTepPUCTUKN MOBEIEHWS HETEPIEJIUBBIX KJIMEHTOB MTOMUMO
TEPMHUHOB <«HETEPIIEJINBOCTD», «HEHACTONIMBOCTHY, UCIOIb3YIOTCS TEPMUH
«OTKa3», MOHMMAEMbIil KaK PEIIeHUe He HPUCOSAUHATHCA K JuHuu (nputo-
py) LOC/e HeyJaqHOI [MOUBITKH HOJLIYYUTh OOCILYKUBAHUE C HOCJIELYOLIUM
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yxomnom u3 cucrembl [7,8]. B nannoii pabore ucnosib3yercs moHsATUE OTKA-
34, B CMBICJIE HETEPIIEJTUBOCTH € (PUKCHPOBAHHON BEPOSATHOCTHIO U B CMBICJIE
OCTaBJIEHUs 3aBKU 0€3 00C/TyKUBAHUS MTOCJIE TTPUCOETUHEHUS €€ K JIMHUMU.

1. MaremaTrundyeckas MoOAOeJib CUCTEMBbI

Paccmorpum oguosmueiinyio RQ-cucremy ¢ koHdIUKTaAMU 3asIBOK U OT-
Ka3aMu, n300parKeHHYI0 HA PUCYHKe 3.

Puc. 1. RQ-cucrema M/M/1 ¢ xom3usmu u Hi, Hy HacTOMMuMBbBIMU 3as1BKaAMU

SasgBka, 3acTaBias MprOOp CBOOOIHBIM, 3AHUMAET €r0 W HAYMHAET 00-
CJIyKWBAHWE, KOTOPOE 3aKAHIYMBAETCs YCIIEITHO, €CJIM BO BPEMs HErO JIpy-
rre 3asgBKH He MOocTynann. Ecin npubop 3aHAT, TO MOCTYIHUBINAS W 00OCTy-
JKUBaeMas 3asIBKU BCTYyHalOT B KOH(MIUKT. [Ipu 3Tom, OGymem cuurarh, 9TO
3asgBKa ¢ mIpubOpa yXOAUT Ha OPOUTY C BEPOATHOCTHIO H1, 3as1BKA, BHI3BAB-
mas KOHMJIMKT, YXOIUT HA OPOUTY C BEPOATHOCTHIO Hs, & ¢ BEPOSTHOCTHIO
1 — H; mokugaer cucremy. Ha BX0/I cuCTEMBI TOCTYTAET MPOCTEUTITHI TTOTOK
3asgBOK C MHTEHCHBHOCTBHIO A. IIpOmOIKHTENBHOCTD OOCTYKUBAHUS HMEET
SKCIIOHEHITUATBHYTO (QDYHKIMIO pacupenenenus ¢ napamerpom ji. Cirydaiinast
33/IEP2KKa, KOTOPYIO OCYIIECTBIISET 3asiBKA HA OPOHUTE B CJydae BOZHUKHO-
BeHMsT KOH(JINKTA, SKCIIOHEHIINAIHLHO PACIPEIEIEHA C MTapaAMETPOM O.
[Tycrs i(t) — uncio 3asiBOK Ha opbuTe B MOMEHT BpeMeHH t,[(t) Gymer omnpe-
JIeJIATH COCTOsIHUE MPUOOPA, CJIEIYIONIM 00pa30M:

- 0, ecott mpubOpP CBOOOIEH,

1, ecim mpubOp 3aHAT.

P(l(t) =1,i(t) = i) = P,(i,t) — BEPOATHOCTH TOrO, 9TO IPUOOD B MOMEHT
BPEMEHU HAXOJUTCA B COCTOAHWHM [, ¥ B UCTOYHHKE MOBTOPHBIX BBI3OBOB i
3a7ABOK.

CraBurcd 3a/1a4a UCcaeA0Banus ciydaiinoro npouecca [(t),4(t).
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Cucrema ypaBHeHuii KosmMmoropona
st monyuenusi pacnpenenenusi BepostHocreit P(I(t) = 1,i(t) = i) =
P,(i,t) cocrognuii paccmarpusaemoii RQ-cucrembl BoiBeseM cucremy auc-
depenmuatbHbIX ypaBuennit Komvoroposa:
1= 0:
OPUOD — APy (0, 1) + puPr(0,8) + A(1 = H1)(1 — Hz) Py(0,0)+
+0’(1 — Hl)(l — HQ)Pl(l’t)7
OPOL — (1 + A Py(0,8) + APy(0,8) + o Py(1,1).

1= 1:

IR — (N 4 ) Py(1,t) + pPi(1,8) + A(1 — Ha) Hy Py (0, £)+

+)\(1 — Hl)HQ.Pl(O,t) + /\(]. — Hl)(]. — HQ)Pl(O,t) + 0'(1 — HQ)
-Hlpl(].,t) + (7(]. - Hl)ngl(l,t) + 20’(1 - Hl)(l - HQ)P1(2,t),
%: _(/J/ + A + 0>P1<1at) + )\PO(Lt) + 20'P0(27t)

1> 2

IR — (X +i0) Py(i, t) + Py (i, t) + NHLHa Py (i — 2,8)+

A1 — Ho)H Py (i — 1,t) + A(1 — Hy)Ho Py (i — 1,t)+
+A1 — Hy)(1 — H)Py(iyt) + (i — 1)oHyHa Py (i — 1,6)+
+io(1 — Ho)H, Py (i, t) +io(1 — Hy)Ha Py (i) + (i + 1)o-
(1= H1)(1 — Hy)Pi(i +1,t),

Ot — (14 A+ o) Py (i, t) + APy (i, £) + (i + 1) Py (i, £).

Banumem cucremy (1) B cTanmoHAPHOM pesKHEMe tlirgo P(i, t) = I (x):
1= 0:
0 = —Allp(0) + pII1 (0) + A(1 = Hy)(1 — H2)IL (0) + o(1 — Hy)-
(1= Hp)I (1),
1= 1:
HQHl(O) + )\(1 - Hl)(l - HQ)Hl(O) + 0'(1 - HQ)H1H1(1)—|—

+O’(1 — Hl)HQI_Il(l) + 20’(1 - Hl)(l - H2)H1(2)7
0=—(u+ A+ o)1 (1) + MIo(1) + 2011 (2).
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1> 2:

0= —(A+i0)g(i) + pIly(3) + NXH HoIT1 (i — 2) + A(1 — Hy)-

HiTLy (i — 1) 4+ A(1 — Hy)HoXLy (i — 1) + M1 — Hy)(1 — Hy)-

T04(7) + (i — 1)o Hy Holly (i — 1) + io(1 — Ho) H 111 (3)+ (2)
+io(1 — Hy)HoII (i) + (i + 1)o(1 — Hy ) (1 — H)I (i + 1),
0=—(pu+ A+ o) (i) + Mo(7) + (i + 1)oTIy(4).

2. AcuMmnrornyeckuil aHan3

Bsenem gactuunble Xaparepucruieckue QyHKITHT:

o0

hl(u) = Zejuinl(i)a 1= {071}7

i=0

Ohl i T (i

e j = +/—1 - MEUMasa eInHUIIA.
Torma u3 cucTeMsbl (2) MOJIyYUM CUCTEMY JIBYX YPABHEHUN OTHOCUTEIHHO
byuxmit hy(u):

—Aho(u) + jo 220t 4k, (u) + AHy Hoe® Ry (u) + AN(Hy (1 — Ha)+
FHy(1 — Hy))el hy(u) + M1 — Hy)(1 — Ho)hy(u) — joHy Hy-
/0 o (Hy (1 Ha) + Ha(1— Hy) 22 — jo(1 - Hy).
(1 — Hy)e w2l — ¢
0 = —phi(u) + Ahy(u) —i—ja% + Mo(u) — jae‘j“% =0.

(3)

CyMMupyst mepBoe ypaBHEHUE CHCTEMbBI CO BTOPHIM YPABHEHUEM, YMHO-
JKEHHBIM Ha e/, TOIydnM:

— Mho(u) 4 phy(u) + Ae?" (A — Ce ") hy (u)—
Ohy (u)
ou

riae A= H1H27B = H1(1 — HQ) + Hg(l — Hl),C = (1 — Hl)(l — HQ)

—jo(A+4Ce ™" —1) =0, (4)

IMosnyuennoe ypasuenue (4) 6yJem pewarb METoJOM aCUMITOTUYECKOIO
aHaJIN3a B IpeJlesIbHOM ycjaoBuu o — 0.
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2.1 AcuMnOTOTHKA MEPBOTO IMOPAIKA

1t HaXOK IeHWS ACUMIITOTUKN TIEPBOTO TIOPSIIKA, B CHCTEME BBITTOJTHUM
CIeTYIOTHE 3aMEHBI:

o=c¢c,u=cw, h(u) = file,w).

Torna cucrema ypasuenuii (3) u ypasuenue (4) upumyT BUI;

2jew

_)\fO(E,A'lU) —+ Mfl (57 ’U)) + )\(Aee
_j(AeeJEw +B +C€_j6w)w -0,

. _jew Ofo(e,w) LOf1(e,w)
Mo(e,w) = pfi(e,w) = Mu(e, w) + jemiew o) 4 johfEw) — g
)\fo(€,w) - /’(‘fl(57'lU) —+ )\ejs“’(A _ Ce—jgu))f1(57w) o ja’(A I Ce—jsw_
—1)2hfen) g,

B 4 O) fi(ew) +

w

(5)

Teopema 1. Ilpenenbuoe 3nauenue dbyukuuu fi(e, w) npu e — 0 ume-
€T BUJI:

fi(w) = red™>,

rae

Hr1

=T g

U 7,71 OUPEAeNdIOTCd CUCTEMON YPaBHEHUN:

___A—pn — )\ _ _#7m
(1-A-C)r1 A=A 1-2ry?

r+7r9=1,

Ilonydennast BeMInHA ¢ ONpPeAeaseT aCHMITOTHYIECKOe CpeaHee 3Ha-
Jenne L gmuciia 3agBOK Ha OPOUTE B CHCTeMe COBMECTHOTO JOCTYyTIa ¢ HeHa-
CTORYMBBIMHE 3asABKaMH, KOH(DIUKTaMA 1 OTKa3amu. s mocTpoeHus rayc-
COBCKOI1 almpOKCHMAIINK PACTIPEIEIEHNsT BepOsTHOCTEH dnciia i(t) 3asBOK
Ha 0pOUTE PACCMOTPUM ACHMITOTHKY BTOPOTO MOPSIKA.

2.2 AcuMnOToTMKa BTOPOTO MOPSIKA

Beimosnnus B cucreme (5) 3aMeHbI

Jusey
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OJIY YUM

— (A + 5)B (1) + (1 + M(Ae¥¥ + Beit 4+ C) + (Aed* + B+
. (2) . .

+Ce )56 )0 (u) + jo 28 _ o (Aeiv 4 B+ Cemim).

_ - op®
(A + e 730 )W (u) = (i + A+ 500) P (u) — jae’ﬂuah%iu(u)+ (6)

A (1) + (AT (A = Ce™9%) — pi+ (A+ CeI — )30 )b (u)—

. (2)
—jo(A+ Cemiv — )2

Cremaem 3aMeHBI:
o= u=cw, hi® (u) = {7 (e, w),
rorga (6) mpuMeT BHUJ
—(A+30) f (2, w) + (1 + MAeH 4 Bed=v 4 C) + (Aei+
, 2) ,
+B + Ce )30 2 (e, w) + je 25E0) — je(Ae™ + B+
+CeIew).

I Ew) g

O @) 2) : (7)
A+ e o7 (e,w) — (p+ A +a) f17 (6, w) — jee I

(2) (2)
.8f0 1(1;8’1”) _’_jgaflai)sfw) — 07

o
AP (e, w) + (ATSW(A — Cem350) — i+ (A + Ce™35% — 1)3¢)-
. (2)
. 1(2)(5,11)) —je(A+ Ce7ew — I)L1 85’“)) =0.

Teopema 2. Ilpenensuoe npu € — 0 dyukuuii f(w) pemenus umeer
BUJL:

filw) = rl@(j?zuz)z |

rjie 1o, T1 OMPEJIETIeH B TeopeMe 1, a CKasipHas BEJTUYNHA 31 ONPEIeIIsieTCst
dopmyoit

(A4 3e1)go — 21 Ro — (A + p+ 2a1) g1
Ry — Ry ’

B KOTOPO#l go, g1 ABJIAIOTCA PELIeHUAMU CUCTEMbl yPaBHEHUN:

o =

(Atsa)go—sx1Ro—(A+ptsa)g

R R
MGt R OANE—Coe)t g1 AMA-AC—pu—(1—A—C)31)
= A-D R, ;

go+g1=0.
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Takum o6pazom, HallleHHAS ACUMITOTHKA BTOPOIO MOPSIKA MOKA3BIBA~
€T, 9YTO ACMMIITOTUYECKOE DACIPEIETCHNE BEPOATHOCTEH ducaa, i(t) 3asBOK
Ha, OpOUTE B PACCMATPUBAEMO CHCTEME SBJISIETCS TayCCOBCKUM C aCHMIITO-

21 )
TUYECKUM CpeqHuM “1 m nucmepcueit 2.
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ACUMIITOTUYECKUI AHAJIN3 RQ-CUCTEMBEI
M|M|N C KATACTPO®AMMH B BJIOKE
OBCJIY2KNIBAHUA

E. A. ®énoposa, H. II.Menomnukosa, /1. A. Ilnakcun

Hayuonasvnoti uccaedosamenveruti Tomekuti 2ocydapemeennbili ynueepcumen,
2. Tomck, Poccus

B pa6ore nposoaurca ucciaepoBanure Muorosmuelnoi RQ-cucrembr
C OTPHUIATEJIbHBIMU 3asBKAMN KaK MAaTEMAaTHUYIECKONH MOIENN Cep-
BHCA ODJIQYHBIX BBIYUCICHUN. BXOmAMMiT MOTOK ITOI0KUTETHHBIX
3asBOK MPOCTenii, BpeMsi 00C/IyKUBaHUSA Ha IPUOOPE paciipeie-
JIEHO 3KCIIOHEHIIMAIHHO. 3asIBKM, HE MOJIyYMBIINE OOC/Iy’KUBaHUE,
HaXOJATCS Ha OpOMTe CiIydaiiHoe BpeMsl, PACIpPEIe/IeHHOe JKCIIO-
HEHIINAJIHHO, TOCJIE KOTOPOTro 00pamaoTcs K 0/I0Ky 00CIyKUBaHUS
COTJIACHO TIPOTOKOJLY CJLy9ailHOTO MHOYKECTBEHHOTO JocTyma. Kara-
CcTpod Bl OMHUCHIBAIOTCS TTOTOKOM OTPUIATEIHHBIX, KOTOPhIE OKa3bI-
BAIOT felicTBue HA OJI0K 00CIyKuBaHus, 00HyssAsA BCce mpubopnl. B
paboTe HANIEHO CTAIMOHAPHOE PACIIPEe/IeHIe BePOSITHOCTEN InCiIa
3asBOK Ha OpOMTE METOJOM ACHMITOTUIECKOTO aHAJIN3a B YCJIOBUU
6osbmioii 3amepxkku. Kirouesbie ciioBa: RQ-cucmems, ompuya-
MEALHBLE 3AAEKU, 0POUMA, GCUMNMOMUYECKUT AHAAU3, 00ALUWGA
3adeporcka, Kamacmpogo

BBemenue

RQ-cucremst [1, 2] (cucremsl ¢ HOBTOPHBIMA BHI30BAMH) ITO HOBBIE MaTe-
marugeckue mogean TMO, KoTopbie 9acTo TPUMEHSIIOTCS /sl AHAIM3a, WC-
CJIEJIOBAHUS U ONTUMU3AIUU PA3HBIX TEXHUYECKUX CUCTEM: COTOBOM CBsi3H,
cucreMm mepegadn wHdopMalnn, call-rieHTpoB, MEeHTPOB OOJAYHBIX BBIUWC-
nennii u ap [5]. Ocobennocthio RQ-crcrem siBisieTcst HajM4Ine OpOUTHI 1715t
XpaHeHusT HeOOCTY X KEeHHbBIX 3asIBOK, KOTOPBIE MOT'YT TIOBTOPHO ODPATHTHCS K
obcatykuBatoieMy ycrpoiicrBy (uiu 610Ky nupubopos). RQ-cucremst ¢ or-
pULATeIbHbIMU 3asBKamu [3, 4] upeacrasisor ocobblil uHTEpPEC, T.K. JJisd
nHGPO-KOMMYHUKAIIMOHHBIX CHCTEM XapaKTEePHO HAJINYNE HETATHBHBIX BO3-
JIefCTBUIl - BUDYCOB, XaKEPCKUX aTaK, MOJOMOK, COOEB U JIp.

VccnenoBanme BBIIOJHEHO Hpu noagep:kke llporpammbr pa3sutus TOMCKOro rocy-
napcrBerHoro yuusepcurera (IIpuopurer-2030).
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1. Onucanme mogesn

B nmammoit pabore paccmarpuBaercss mMHOronmHehdHas RQ-cucrema, Ha
BXO/T KOTOPO# MOCTYIAET MPOCTEHIIHNII OTOK 3asiBOK C MapaMeTpoMm A, Oy-
JIEM HA3bIBATH TU 3asIBKU MOJOXKUTETbHBIMEA. [0I0KUTENbHBIE 3aIBKY 110~
crynaioT Ha obciyKuBalonme npubopbl (CepBepbl), 10 MOMEHTA, KOrJa BCe
N 1upubopoB OyayT 3aHATHI, OyAeM CIATATH BCE IPUOOPHI SKBUBAIEHTHIMU.
Bpewms ob6cy:KuBanus KasKIONH 3asBKU PACIPEIEICHO 10 IKCIIOHEHINAb-
HOMY 3aKOHY ¢ mapamerpom . Eciau Bce mpubopbl 3aHSITHI, TO BXOIAIIAST
3asiBKa WJIET Ha OPOUTY, I/I€ OCYIIECTBIISET CIYyIANHYI0 3a1epKKY, TTPOIOJI-
JKUTETBHOCTH KOTOPOW WMEET SKCIOHEHIHATBLHOE PACIpPeIe/ieHre ¢ mapa-
merpoM ¢. C opOuTHI [OCJIE CIy9aifHOrO BPEMEHHU 33/IEPKKH 3asBKA BHOBb
obpaIaercss K 0OC/Iy>KHUBAIOIIUM MPUOOPAM € MOBTOPHOM TOMBITKON MOJTY-
YUTH O0CJIYKUBAHNE.

Tak>ke Ha BXOJ TOCTYTAET MOTOK OTPHUIATEILHBIMYU 3asBKaMU, C Mapa-
merpoMm . OrpunaresbHas 3asiBKa He HyXKIaercsa B obciay:kuBanuu. [Ipu
HOCTYILJIEHMH B CHCTEMY, OTpULIATEIbHAsA 3asgBKa "obHysiger" Bce mpubopol,
TO €CTh BCE 0OC/IyKHBAaEMble 3asBKU ITOKUIAIOT CHCTEMY U OJIOK OOCITYKH-
BaHUs CTAHOBUTCS CBOOOMHBIM. BymeM Ha3bIBATH OMUCAHHYIO Mozenb (Pu-
cyrok 3) RQ-cucremoii ¢ karacrpodamu [5] B 6i10Ke 0OCITYKUBAHNUSI.

o
o

o

Puc. 1. RQ-cucrema M|M|N ¢ orpunarensHbIMU 3adBKaMU
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Iycrs i(t) — coayvaiinbiii npomece, XapakTepu3y oKl YUCI0 3adBOK HA
opburte, a k(t) — oupeueser cocroguue upubopa cieiaynommum 00pa3om:

0, Bce MpUOOPHI CBOOOTHEI,

1, omuH pubOp 3aHsT,

k, k mpnOOpPOB 3aHATHI,

K, Bce mpubOpHI 3aHATHI.

Crapurca 3a7a9a HAXOXKICHUS CTAIMOHAPHOTO PACIPEIETICHUST BEPOSAT-
HOCTei 9mciia 3asBOK Ha opouTe.

O6osnaunm P{k(t) = k,i(i) = i} = P(k,i) — craiuoHapHbIe BepOSTHO-
CTH TOrO, 9YTO TPUOOP HAXOAUTCS B COCTOsiHUY k, & Ha opbure i 3as1BOK. Oue-
BUJIHO, 9TO AByMepHbIii mponece {k(t),i(t)} smasiercss Mapkosckum. st
pacnpeenenus BepostaHocreit P(k,i,t) cocrosauii paccmarpusaemoii RQ-
CHCTEMBI COCTABUM CHCTEMYy ypapHeHWi KoIMoroposa, KOTopast B CTammo-
HADHOM PEXXKHMME MMEET B

—P(0,))(A+1i0) + P(1,0)p + f:l P(n,i)y=0,

—P(k,i) AN+ ku+ioc+~v)+ Pk —1,i))\+ P(k—1,i+ 1)o(i+ 1)+
+P(k+1,i)(k+ 1)p=0,tne 1 <k < K —1,
—P(N,i)(A+ Nu+7) + P(K — 1,i)A + P(N,i — 1A+
+P(N—-1,i+1)o(: +1)=0.
(1)
g naxoxgenus sepogrnocreil P(k, 1) k cucreme ypasuenuii (1) meob-
XOIMMO TaKzKe JODABUTDH YCJIOBHE HOPMHPOBKH:

K oo
YOS P(ki)=1. (2)
k=0 i=0

CocraBuM cucreMy ypaBHEHHIA, OIPEAEISIONNX IACTUIHDIE XAPAKTEPH-
cTudeckne QyHKINN

oo

H(k,u) =Y e P(k,i).

=0
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IMepenumem cucremy (1):

_OH(0,u) .
—jo g = ~AH(0,u) + pH (1) + kE:IWH(n,UL
. OH(k—1,u)  0H(k,u)
Ju — —_— —
joe - oy A+ kg + ) H (b, u)+

+AH(k—1Lu)+ (k+)pH(k+1Lu), tne 1 <k < K -1,

L OH(N —1 ;
jae”"% =—N1—-¢e"")+ Nu+v)H(N,u)+
+AH(N — 1,u).
[lepenumieM CHCTEMY B MATPHYIHOM BHJIE:
OH(u 4 .
jU 075 ) (Ao + e_juAl) = H(u)(Bo + €]uB1), (3)

H(0)e = 1, (4)
rae H(u) = {H(0,u), H(1,u), ..., H(k,u), ..., H(N,u)} — BeKTOp-CTpOKa 4a-

CTHYHBIX XapaKTepUCTHIecKuX GyHKImit, a marpunbl Ag, A1, Bg u B,
CcJIeTyfotIme:

-1 0 0 0 0
0 -1 0 0 0
0 0 0 0 0

A= -1 0o ol
0 0 0 -1 0
0 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0

Ar=1g o 0 0 0]’
00 0 0 1
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B, =
- A 0 0
pty —At+pty) - 0 0
~ 20 0 0
- ~y 0 A 0
a % 0 oo =M+ Eu+y) - 0
v 0 0 A
v 0 0 A+ Kp+7)

0 0 0 0

0 0 0 0

0 0 0 0

Bi=1¢ o 0 0

00 -0 --- 0

00 --- 0 - \

s pemtenus cucremsl (3)-(4) B pabore mpejiaraercd MeTOJ ACHMII-
TOTHYIECKOrO AaHANN3a B YCJIOBHU OOJBINON 33JE€PKKH 3asiBOK HA OpOUTE
(¢ —0).

2. AcumnroTmyeckuii aHaIN3
Obozraanm:
oc=c¢,u=cw H(u) =F(w,e).
Torna ypasHenust (3)-(4) nMeror Bu:

.OF (w, ¢)

(A + ¢ AY) = F(w,)(Bo + €UBY), (5)

F(0)e =1.

B xoze peutenus cucrembr (5) Obuia J0Ka3aHA CIEYIOIAs TEOPEMa.
Teopema. ACMMTITOTHYECKAS XAPAKTEPUCTHYECKAA (DYHKIWS IUCIA 3a-
sBOK i(t) Ha opbure B RQ-cucreme M|M|N ¢ karacrpodbamu B 6i10Ke 06CTy-

N
xkusanus h(u) = Y, H(n,v) B ycaoBuu 6omnbInoil 3a1epKku o — 0 nMeer
n=0
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dopmy xapakTepUCTUIECKON (DYHKIMH IayCCOBCKOIO PAaCIPeIe/IeHns

k iu)? k
h(u) = exp{ju—l n (ju) i}’
o 2 o
rae ki ompeaesnsiercss ypaBHEHNEM:
R(Bl - klAl)e = 0,

ko BBIUmCIISIETCS 11O (POpPMYyIIe:

g1 (Bl — klAl)e + %R(Bl + klAl)e

ko = ,
2 —g,(B; —k1A1)e + RAje

rje e-euHUYHBINA BekTOp, BekTop R = R(k1) onpenensercs cucremoii

{ R((Bo +B1) +ki(Ag+Ay)) =0,
Re =1,

a g U gy OLPEJEJIAIOTCS CUCTeMOI:

g.(Bo+B1)+ki(Ag+ A1) +R(Ag+ A1) =0,
gz((BO + Bl) + kl(Ao + Al)) + R(B1 — klAl) =0.

3akJiroueHue

B xome uccnemoBanms ObLT MPOBEIEH ACHMITOTHYECKHH AHAIN3 MHO-
ronuueitnolt RQ-cucreMsl ¢ OTpunaTeIbHBIME 3aSBKAMU U KaTacTpodamu
B OJ0Ke OOCITYy:KMBaHWS B YCJIOBUH DOJIBINON 3a/epKKu. Bbuta goka3zana
TeopeMa, KOTOPasi MOKA3hIBAET, YTO ACHMITOTHIECKAsST XaPAKTEPUCTHIECKAsT
GYHKIM IUCTIA 3aABOK HA OpOUTE mMeeT BUI [ayCOBCKOTO pacipeaeeHust
C TIOIyYeHHBIMH TTapaMeTPAMU.
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ACUMIITOTUYECKUI AHAJIN3 RQ-CUCTEMBEI
MMPP|M|1 C TIEPEKJ/IFOUEHUEM ITPUBOPA B

VCJIOBUU BOJIBIIION 3ATPY3KN
K. P. Xamku-Ornwr, E. A. ®énoposa

Hayuonaavnuti uccaedosamenveruti Tomekutl 2ocydapemeernsill ynusepcumen,
2. Tomcxk, Poccus

B crartbe ucciemyercs omaonuneiinas RQ-cucrema ¢ mepekioueHn-
eMm npubopa, rje UHTEeHCUBHOCTh ODCJ/IyKUBAHUS 3aBUCUT OT YUCIIA
3a9BOK Ha opOmTe (MMeeT IBa 3HAUEHWd ). BXoasmuii moTOK 3aaBOK
— MMPP, Bpems 3amep:kku Ha OpOUTE PACIPEIEICHO SKCIIOHEHIIN-
asibHO. [lJIsi HAXOXKAEHWs CTAIMOHAPHOTO PACIIPE/IEICHUS YUCIIA 3a-
SIBOK Ha, OPOWTE TIpe/yIaraeTCs METOI aCUMIITOTHYECKOTO aHAIN3d B
ycaoBuu 0OJIBIIOIM 3arpy3ku. B craTbe mpuBoanTcs (popMyImpoBKa
JIOKA3aHHOW TEOPEMbI O TOM, YTO B ACUMIITOTHYECKAs XapaKTepu-
cruyeckas (PYHKINS UCCIIETyEMOTO TIPOIECCa UMeeT (POPMY TaMMa-
pacupenenenus. KaroueBsbie ciioBa: RQ)-cucmema, nepexarovenue
npubopa, MMPP-nomox, acumnmomuyeckutl anaru3d, 6040ULaA 30-
2py3Ka.

RQ-cucremsr (Retrial Queue) — 310 cucrembl MaccoBoro o6CyKUBaHUS
C MOBTOPHBIMHU BbI30BaMH. [JTABHOE OT/IMYME TAKUX CUCTEM B TOM, UTO 3a-
SIBKM, KOTOPbIE NPUILIM B CUCTEMY W OODHAPYXKUJIM, 9TO NpubOp 3aHAT, HE
MOKUIAIOT CUCTeMy, a WayT Ha opbuty. ITocne ciydaiinoii 3amep>KKu OHI
CHOBA, TIBITAIOTCS TOOUTHCS OOCIyKUBaans. Takme MOIEIN UMEIOT MIPOKOe
MPUMEHEHNUS B PA3JIMIHBIX TEJIEKOMMYHUKAIMOHHBIX CETAX, B TOM UHCJIE Ce-
Tsx coroBoii cBsa3u, FANET u ap.

B pa6orax [1] u [2] paccmorpenbt ocHoBHbIe Tulbl RQ-cucrem u pasHo-
00pa3HbIe METOIbI UCCIICIOBAHMUS.

RQ-cucremspr ¢ mepeMenHoil HHTEHCUBHOCTBIO OOCIy?KMBAHUS PACCMOT-
peHbI B pabotax [3, 4]. OgHako B yKazaHHBIX paboTaxX KJIHEHTHI OCTYIAIOT
B CHCTEMY B COOTBETCTBHU C IyACCOHOBCKUM IIPOLIECCOM, 9TO JATEKO HE BCe-
/18 XOPOIIO ONUCHIBAET PeaTbHbIe MH(POPMAIMOHHBIE TOTOKH.

Wccnenopanne BBHITIOJHEHO NPH MOLJEPXKKE [IporpaMMbl passuTusa TOMCKOTO TOCy-
napcreerHOro yrmsepcurera (IIpmopmrer-2030)
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1. Maremarndyeckass MOJ€eJIb

Paccmorpum RQ-cucremy (pucyuok 1) ¢ oqaum 00CTyKUBAIOIIAM TPHU-
6opom u Bxoasmum MMPP-norokom 3assok (Markov Modulated Poisson
Process), koropbiit onuceiBaercs Mmarpunamu Do u Dy.

.

MMPP

—_— M1/l

Puc. 1. RQ-cucrema MMPP|M|1 ¢ nepeksrouennem mpubopa

O6o3naunm nens Mapkosa MMPP-noroka n(t) (rpe n = 1,2, ..., N).
Marpuna nHGUHATE3UMATBHBIX XaPAKTEPUCTUK YIPABJISIONIErO TPOIECca
n(t) pasaa Q = Do + D1 n nmeer snementst Q = {g,, }, tae n,v = 1,2,
..., N. Marpuna Dy = diag{p\,,}, 371eMeHTBI KOTOPOIi NUMEIOT CIIey ol
CMBICTT: A, — ycaoBuble narencusHoctu MMPP-noroka, p — 3arpyska cu-
crembl (onpezpenum ero nuxke). Torna obosznauus A = diag{\,}, moxuo
z3amucarb: Dy = pA.

I — BEKTOP-CTPOKA CTAIIMOHAPHOTO PACTIPEIEICHNs BEPOATHOCTEH COCTO-

auuit npouecca n(t):
{ra- )

re = 1.

Herpynno nokazarb, 4T0 MHTEHCHBHOCTD BXOJSIIErO IIOTOKA PABHA A = T
pAe, T1ie € — eIMHUYHBIN BEKTOP CTOJIOEII.

Ecnu Bxosias 3asBKa BUAUT TPUOOP CBODOIHBIM, TO OHA 3AHUMAET €0
JIJIsE OOC/Ty’KUBAHUS B TEYEHUE CJIYIANHOTO BPEMEHM, PACIPEIETEHHOTO M0
SKCIIOHEHITUAIHHOMY 3aKOHY C WHTEHCHUBHOCTDBIO (i1 WJIH (g, T/I€ IMapaMerp
obciryKuBaHus OyIeT 3aBUCETH OT KOJTUIECTBA 3asIBOK HA OPOUTE B JTAHHDIN
momeHT. [lycth I — HeKOTOpasi 3aJaHHAsT TPAHUIA YHCJIA 3asBOK HA, OpOU-
Te, IPY JOCTUKEHUU KOTOPOI MEHSeTCsl MHTEHCUBHOCTH 00C/IyKuBaHusi. 10
€CTb, ecJIi Ha OpOuTe 3agBOK MEHbIIE, YeM 33 IaHHas rpannia I, To mpubop
OyzeT 0OC/Iy»KHUBATH 3asiBKH C MAPAMETPOM (i1, U COOTBETCTBEHHO, €CJIA HA
opbuTe HAXOIUTCA OOJbINEe WK PaBHO I 3adBOK, TO OOCIyKHBaHHE OyaeT
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[IPOUCXOUTD C APAMETPOM fi2. Eciu mocrynusinas 3asiBKa BUUT, 9TO TPH-
6Op 3aHAT, TO OHA IIEPEXOUT HA OPOUTY, [J/I€ HAXOIUTCs CJIydailHOe BpeMs,
MMeloIlee SKCITOHEHITNAILHOE pacnpeesnenne ¢ nmapamerpoM o. C opouTsr
3asiBKa eIe pa3 obpairaercs K obciIyzKupamoneMy ycrpoictsy. Ecan mpu-
60p cBODOMIEH, TO 3asIBKA HAUMHAET OOCTYKHUBAHNE, CTU YK€ OH 3aHAT, TO
3asiBKa MIHOBEHHO BO3BPAIIAETCs HA OPOUTY [Jisl Pear3alyu Caeayomei
3aJ€epKKHU CIIy YaHOU IIPOJOJIZKUTEIbHOCTH.

IIycts BoIMOSHSIETCS: rpAe = o, TOTIA 3arPy3Ka CUCTEMbBI OTIPE/IeseT-
cs Kak

p = A
O603nauuM

— i(t) — caydaitublil Ipolece YKcIa 3asdBOK Ha 0pouTe;
— n(t) — uenp Mapkosa, yupasasiomas MMPP-norokom;
— k(t) oupenensier cocrosinue npubopa Kak:

k() = 0, eciii ipubOP cBOOOIEH,
| 1, ecam mpubGop 3aHAT.

OueBnHO, UTO TPEXMEPHBIH ciydaitublii porecc {k(t), n(t),i(t)} apas-
ercss Mapkosckum. CraBuTcs 3a/a4a HAMTH CTAIMOHAPHOE PACIDE/IEICHHe
BEPOATHOCTEH YHCJIa 3a9BOK B MCTOYHUKE MOBTOPHBIX BBI30BOB TAKOH CH-
CTEMBL.

2. Cucrema ypasHenuii Kosmmoroposa
O6osuaunm P(k,n,i,t) = P{k(t) = k,n(t) = n,i(t) = i} — BeposTHOCTH
TOro, 4To HpubOp B MOMEHT BPeMeHU { HAXOAUTCH B COCTOAHUU K, yIpaB-
gstomass MMPP-norokom 1iens MapkoBa — B coCcTOsiHMM 7, U HA OpOUTE
HaxoauTces ¢ 3aaBoK. CocraBum muddepennnanbubie ypasuerus Kommoro-

posa:
<1
oP(0,n,i,t . - j
% = —(pAn +i0 = gnn) P(0, 1,4, 1) + p1 P(1,m, 4, 1)+
T Z P(0,v,4,t)qun,
vEN

. 2
) = _(p)‘n"i',u/l _an)P(lanaZ7t)+ ( )
+p A P(0,n,4,t) + (i + 1)oP(0,n,i+ 1,£)+
oA P(Lnyi = 1,1) + > P(1,0,0,)gon.
vFEN
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i>1
OP(0,n, it ‘ ‘ .
% = —(pAn ti0 — gnn) P(0,n, 0, 1) + p2 P(1,n, 0, 1)+
+ZP(Oavaivt)QUn;
v#EN
OP(L,n, it ,

—|—p§,LP(O, n,i,t) + (i + 1)oP(0,n,i+ 1,t)+
oA P(Lnyi — 1) + Y P(1,0,i,t)qun.
vFEN
O6o3naunm Bekrop-crporn: P(k, i) = {P(k,1,1), P(k,2,4),..., P(k,N,i)},
riae P(k,n,i) - cranmonapubie BepositnocTH miponecca {k(t), n(t),i(t)}. To-
/I3 B CTAIlMOHAPHOM DEXKuMe B MarpuuHoil ¢popme cucrema (1)—(2) npumer

BHT:
1< I
P(0,1)(Q — pA —iol) + u; P(1,7) = 0,
P(1,i)(Q — pA — 1) + P(0, i) pA+ (4)
+o(i+1)P(0,i+1) +P(1,i—1)pA =0,
i>1

P(Oa ’L)(Q — pA - ZUI) + /’(‘2P(1a Z) = 07
P(1i)(Q — pA — pual) + P(0,i)pA+ (5)
+o(i+ 1)P(0,i+1) + P(1,i — 1)pA = 0,
rae I — ennEMYHasa MaTpuia.
[epeiieM K 4aCTUYHBIM XapPaKTEPUCTHICCKUM (DYHKITHSIM

o0

H(k,u) =Y e"P(k,i),

=0

riae j = v/—1 — MEUMag eJIMHUIIA.
Takum obpazom, u3z cucrembt (4)—(5) umeeM CJaeayOLULyIO CUCTEMY YPaB-
HEHUH 715 XapaKTePUCTUIECKUX (DyHKITHIA:

H(0,u)(Q — pA) +J’0W + p151(u) + p2S2(u) = 0,
H(1,u)(Q — pA) — a1 () — 1255 () + H(0, u)pA— (©)
%?ju) +e"H(1,u)pA = 0.

—joe It
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rae
I-1

Si(u) =Y P(1,i)e™,
=0

So(u) = ZP(L i)elv,
-1

Ouesuano, 9ro Sy(u) + Sa(u) = H(1, u)

3. Meroa AcUMITOTHYECKOTO aHaJN3a B YCJOBHUU OOJIBIMOMN
3arpys3Ku

Bynem pemars cucremy (6) MeToZOM ACHMIITOTHYECKOrO aHAIN3a B
ycnoBun GosbInoit 3arpy3kn p — 1 [5]. B pesysnbrare mcciaenoBanmii Obl-
JIa OKA3aHA CJIEIYIONIast TeopeMa.

Teopema 1. AcuMmnrornyeckasi XapakKTepUCTHUYECKas (DYHKIUS YUC-
Jla 3asgBOK Ha opbuTe B ycjoBuu Oouiblioil 3arpy3ku B RQ-cucreme
MMPP|M|1 ¢ nepekitodenpuem npubopa UMeeT BHJ XaPAKTEPUCTUUECKOI
dyHKIME TaMMa-pacipe/eseHus.

hu) = (1 - (lf“pw) (7)

C mapaMerpaMu

H2
to +vAe — pove’

a=1+25 p=
o

[JIe BEKTOD V sIBJISIETCS PEIlIeHueM HEOIHOPOAHOM cucreMbl vQ = r(usI—A).

3akJiroueHue

Takum obpazom, B pabore uccienoBana oxnonuneiinas RQ-cucrema c
Bxoggmum MMPP-orokom 3agBOK ¢ mepeksodeHneM mIpudopa, rae WH-
TEHCUBHOCTH OOC/Iy’KUBAHWS 3aBUCUT OT YMCJIA 3asdBOK Ha opbure (umeer
JIBa 3HaYeHus). BbLIO I0KA3aHO, 4TO ACHMOTOTUYECKAS XAPAKTEPUCTHYE-
ckas QPYHKIUS YUCTIA 3aABOK HA, OPOUTE B yCJIOBUH OOJIBINON 3arpy3Ku MMe-
er Buj ramma-pacnpegesenus (7) ¢ HaifleHHbIMU HapaMerpamu. JuciieH-
HBII aHAIU3 PE3YJIHTATOB MOKA3AJ OIPAHUYEHHYTO 00JACTH IPUMEHUMOCTH
MTPEJIOKEHHOTO MeTO/Ia, B CBSI3M C €M B OYIYIONINX NCCIEOBAHNAX TIIaAHN-
pyeTrcs pa3paboTaTh HOBbIe MOAMMDHUKAINNA METOA aCHMIITOTUYIECKOTO aHa-
m3a [6] ms RQ-cucreM ¢ nepekiodenneM npubopa.
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ACUMIITOTUYECKNIT AHAJIN3 CUCTEMBbI
M/M/1/N-1 C HPUOPUTETAMU U
OBPATHBIMU CBA3IMU

C.B. Poxxosa!?, E. 0. Turapenxo!-?

! Haoyuonaavnudl uccaedosamenvcruti Tomerud zocydapemeentio
yrusepcumem, 2. Tomck, Poccus
ZHauuona/Lmeﬂ uccaedosamenvcekuti Tomekul nosumernuveckud
yrnusepcumem, 2. Tomck, Poccus

B pa6ore uccaenosana RQ-cucrema M/M/1/N-1 ¢ MruosenHoii u
OTJIOXKEHHOH 06paTHBIMU CBaA3sMHU. [IpropuTeTHbIE 3adBKN IIPUXO-
JST ¢ HEKOTOPOU BEPOSTHOCTHIO U MOIAIAIOT HA OOC/IyKUBAHUE, €C-
Jm 06CIyKuBAIOIMI Tpubop cBOOOIEH, a ecaum HpuOOp 3AHAT, TO
CTAHOBATCS B o4epeab. Ecim Oydep 3amosten, To 3asBKa [I0MAJA€T
Ha OpOUTY, I7e OXKUIAET CIAydaliHOe BpeMs W MOBTOPSET IOIBITKY
[IOIIACTH HA 00C/IyKUBaHUE WK B ouepeanb. He npuopurerHbie 3aa8-
K1 cpal3y momagaioT Ha opbuty. Ilocie obcrykuBanust 3asBKa b0
MMOKU/IAeT CHUCTEMY, JinOO TIOBTOPHO IOCTYIAeT Ha OOC/IyKHBAaHUE,
smbo mepexomutT Ha opbury. B pabore mokazaHo, 9TO aCHMITOTH-
“eCKOe pPAaCIpee/ieHne BepOsITHOCTE Tncja 3asBOK Ha OpOuTe mpu
YCIOBUU PACTYIIErO CPEHEer0 BPEMEHU OKUIaHUs Ha OpOUTe SBIIsA-
ercs rayccopckuM. KJIrodeBbIe CJIOBA: ACUMNMOMUYECKUT GHA-
aus, RQ-cucmema, 06pamnas c6A3b, NPUOPUMEMHOLE 3AACKU.

BBemenue

B coBpemeHHBIX ceTsX K rereporeHHoMy rpaduky (rosoc, BUmEO, KOM-
[bIOTEPHbIE JIAHHBIE U T.J1.) [IPEIbsIBJILAIOTCS PA3IndHble TPEOOBAHUS K OKA-
3aresisiM KadecTBa 00c/TyKuBanus. JMQMEKTUBHBIM CIOCODOM YIOBIETBOPE-
HUs [IPOTUBOPEYUBBIX TPEOOBAHUIN PA3HOPOIHBIX BbI30BOB (11AKETOB) siBJLsi-
€TCsl UCITOTb30BAHNE CXEM MPUOPUTETOB. Pa3IMYHbIe TUIIBI CXEM TTPUOPUTE-
TOB B MOJIEJISIX MAcCOBOTO OOCJy>KMBaHUs yKe ucciaeqoBansbl [1]. B mocaen-
Hee BpeMsl MHTEHCUBHO UCCJIEYIOTCs HOBbIE THIIbI CXEM PUOPHUTETOB [2, 3.
[Tone3ubIMEU HHCTPYMEHTAMHE JJIi MOJETUPOBAHNS CTOXACTUIECKUX TPOIEC-
COB, BO3HHMKAIOIIUX B CETSAX CBA3M, KOJUI-IIEHTPAX, CUCTEMAX Odepeneil sB-
JISFOTCS OYepen C MOBTOPHBIMY BBI30BAMH W OOPATHOMN CBs3HIO [4].

B nawmmoit craTrhe paccMaTpWBAETCS CHCTEMA C MOBTOPHBIMU BBI30BAMHU,
uMeromas OauH o0C/IyxKuBaomuit npudop u Oydep, comepxkarmmit N — 1
MecT Jiisi oXKujaHusg. [Ipuopurernas BXOJIAIIAs 3asBKA CPa3y MOCTYIAET
Ha oOC/TyKMBAaHUE, & 3aCTAB IPUOOD 3aHATHIM, MOMAIAET B Oodepensb. Ecin
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Oyep 3amosiHeH, TO 3asgBKa MOMAIAET HA OPOUTY, I/ OKUIAET CIydaiiHOe
BpPEMs U IOBTOPSET HOLBITKY HOIACTH HA 00CIyKuBaHue uiu B odepe/ib. He
MTPUOPUTETHAS BXOISINAs 3adBKa CHAYAJIA MTOMAaerT Ha opoury. B cucreme
YUIUTBIBAETCS BO3MOXKHOCTD TOBTOPHOTO OOC/IyKMBAHNS B BUE MTHOBEHHOM
U OTCpOUYeHHON ob6paTHOil cBa3u. CucreMa UCCIeAYeTcss METOIOM ACHMIITO-
THYECKOTO AHAJM3A [IPU YCJIOBUU PACTYINErO CPEIHEr0 BPEMEHU OXKWIAHWS
3asgBOK Ha opbure.

1. Onucanwme MOdeJiId M IIOCTAaHOBKa 3aJaYu’

Paccmorpum RQ-cucremy M/M/1/N-1 (puc. 1). Ha Bxon mocrymaer
MPOCTEHINiT TTOTOK 3asBOK C MHTEHCUBHOCTHIO A. C BEpPOATHOCTHIO p TPHU-
XOIUT TPUOPUTETHAS 3asIBKA U MOCTYMAeT HA OOC/Iy:KUBAHUE, €CJIU TPUOOD
cBobosier. MHave 3asiBKa CTAHOBUTCS B OYEPE/Ib, & MPU OTCYTCTBUU MECT B
0y depe nmomamaer Ha opbutry. He mpropurerHas 3asBKa cpa3y IOMAIaeT HA
opbuty. Bpemst obcyKuBanust pacipe/Ie/IeHO 0 SKCIOHEHITUATBHOMY 3aK0-
HY C TapaMeTpoM . 3asBKa, OOCIYKUBAHUE KOTOPO 3aBEPINEHO, TOKUIAET
CUCTEMY C BEPOSTHOCTHIO T, MTHOBEHHO MOCTYIAET HA, TIOBTOPHOE 00CIIy KU~
BaHUE C BEPOSITHOCTBIO 1"y WM MEPEXOJUT HA OPOUTY € BEPOSATHOCTHIO T2, T.€.
ro+71+ 712 = 1. Ha opOuTe 3adBKH 0:KHIAI0T TOBTOPHOIO OOCTYKUBAHUS B
TEYEHHE BPEMEHHU, PACIIPE/ICTIEHHOrO [0 IKCIIOHEHITUAIBHOMY 3aKOHY € [apa-
METPOM O, TTOCJIE Y€ro0 JeNAaI0OT TOMBITKY BCTAaTh B ouepens.[lpu orcyTcTBun
MecT B Oydepe 3adBKU OCTAIOTCA HA OpOUTE.

o o - .
}\,M N-1 ) 7o
7] n —

N

Puc. 1. Cxema cucteMsl

O6o3nauum i(t) — 4muciI0 3asBOK Ha OpOUTE B MOMEHT BpeMeHu f, 1po-
necc n(t) onpesesnsier cocrostHne Mpubopa n Gydepa Iyist OXKUIAHUS CIey-
oM obpasom: n(t) = 0, ecam npubop cBobGoxen; n(t) = n, eciau Npu-
Gop 3amaT U B ouepeau n — 1 3agBka, n = 1, N. JIBymepHblii mporecc
{i(t),n(t)} sBnsierca nenpio MapkoBa ¢ HenpepbIBHBIM BpemeHeMm. O6Go3Ha-
YUM BEPOATHOCTH YHCJIA 3aABOK Ha OpOMTE C yYETOM COCTOSHHA Ipubopa
P,(i,t) = P{i(t) =1, n(t)=n},n = 0,N; i = 0,00. Tpebyercsa naiiru
CTAIIMOHAPHOE PACTIPEIEJIeHNe BEPOATHOCTEH YMCIa 3asBOK Ha OpOuTe.
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2. ¥YpaBuenusa Kosmoroposa
st cTaloHapHOro pacnpe/enenusi Beposithocteit Py, (i) = Py, (i,t), 3a-
HOUIIeM CUCTEMY ypaBHeHUi
—AN+i0)Po(i) + X1 —p)Po(i — 1) + puroPy(3) + pro P1(i — 1) = 0;
ApP—1(1) + (i 4+ 1D)oPp_1(i + 1) + A(1 — p) P (i — 1) — (A + pro + pra—+
+1i0)Pp(i) + proPos1(i) + proPoi1(i—1) =0, n=1,N —1;
(t+1)oPy_1(i+1) — (A + pro + pre) Pn(3) + ApPn—1(4)+
+APy(i—1)=0.

Beenem wacTuunble XapakrepucTuaeckue GyHKINE 9UCIa 3agBOK HA OP-
N juip (s
Gure Hy(u) = > .~ ,e’" P, (i) u npeobpasyem cucremy K BHIY

6H0 (u)

— AHy(u) —‘rjO’T + M1 — p)e? Ho(u) + (,u?”o + ,urgej") Hiy(u) = 0;
. OHp 1 (u) , . OH,(u)

— Ju_ TN _ Ju o
ApH,—1(u) — joe 5 + A1 —=p)etH,(u) + jo 9 (1)
— (AN + pro+ pre) Hy(u) + (uro + ;u‘ge”) Hyp1(u)=0, n=1,N—1;

. Hn_ )
ApH N1 (u) — jae‘”al\éiul(u) — (A= X" + prg + pre) Hy(u) = 0.

TTonnas xapakTepucTudeckas (pyHKIMSA IHUCIa 3agBOK HA OPOUTE MMeeT
N
Bug H(u) = > Hy(u). Cioxum ypaBHenus: cucteMsl (2), MOy dum

N N—1 CN-lag (u)
e Z Hy(u) 4+ (1 —p)A Z H,(u) + joe Z # + AHpy(u) = 0.
n=1 n=0 n=0

(2)
3. AcuMmnToTuKa mepBoro mopsiKa

Pemum ypaBHenus [jig xapakrepuctudeckoil dynkuuu (2), (3) mpu
ACHMIITOTHYECKOM yCJIOBUH PACTYIIETO CPEHETO BPEMEHHN OXKUIAHUST HA OP-
6ure, TO ecTb OyseM mosararb, 9ro o — 0.

Teopema 1. Ilycts () — umcio 3asBOK Ha opbmure B RQ-cucreme
M/M/1/N — 1 ¢ npuopureraMn ¥ OODATHBIMHU CBSI3SIMH, TOTJA JUIS MO-
CJIEJIOBATEHFHOCTH XaPAKTEPUCTHICCKUX (DYHKITAH BBITIOTHSIIETCS PABEHCTBO
hi% M {eiwi()o} = eIW*1 pue s ABAAETCHA PEIICHHEM ypABHEHH
g

aNy —1 abv+1t —1 Ap + 2
=(A=A - Apd" d() = —

71 = A=At pre) ———— — pra + Apd”, d(x) o & s
(3
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Hokasamesvcmeo. Obo3naduM o = € u caenaeMm B cucreme (2), (3)
samensr: u = cw, H,(u) = F,(w,e), n = 0, N. B nomy4ennoii cucre-
Me ypaBHEHWl BBIMOJHUM MpEeIeNbHbIH Tepexon mpn € — 0 u 0603HAYNM
F,(w) = Z113(1) F,(w,e). Bynem uckarh penienue cucreMbl B Buie F,(w) =

R, ®(w) 4+ O(e). Tocse npeobpa3oBaHuil HOJTYIUM CHCTEMY

o, P (w)
— ARy + jRo B(w) + X1 = p)Ro + (pro + prz) Ry = 0;
, ' (w) D (w)
=Ry - -
— (A pro + pra) Ry + (pro + pr2) Rppr =0, n=1,N—1; (4)
P’ (w)

ApRNn_1 — JRN—1 — (pro + pre2) Ry =05

®(w)
N N-1 &' (w) N-1
uw;RnJr (1 —p)Anzz:o Rt 300} ;RnJrARN =0.

N3 cucremsr (7) BuznHo, uro O’ (w)/®(w) He 3aBUCHT OT W, TOTJA MOXK-
HO obo3nauuth P’ (w)/P(w) = jr; u 3anucars P(w) B Buge P(w) =
exp {jw }, ur0o u yrBepxKuaerca B GOpMyIUpOBKe TeopeMbl. Peras nep-

. N
Boie N + 1 ypasnennii cucremsr (7) ¢ yaerom yciaosud y . R, = 1, momy-
d"(d—1

qum R, = ﬁ, a 13 HOCJIEJHErO YPABHEHUS CUCTEMBI I10J1y YuM aJjirebpa-
udeckoe ypasaenue (3) ms s . B obuiem ciaydae airebpandeckoe ypaBHEHNe
N crenenn nmeeT N KoOpHeH. MHOTOYNCIEHHBIE YUCTIEHHBIE SKCTIEPUMEHTHI
MOKA3aJiu, 4TO CPeJu KOPHEll TOJbKO OJUH AEeUCTBUTEJbHBIA MOJIOXKUATEb-
HBII KOPeHb, KOTOPBIil 1 Oyaer 3HadeHueM 1. B

U3 Teopemsbr 1 caenyer, uto Fy,(w) = R,e?% . n = 0, N, Torga acumi-
TOTHYECKAA XAPAKTEPUCTHIECKAsA (PyHKINS YUCIA 3asBOK Ha OPOUTE MMeEeT

N N
Bug H(u) = Zo F,(w,e) =~ 20 F,(w) = exp{jriw} = exp {j%u} .

4. AcuMmnToTmkKa BTOPOro MOpsaKa

Teopema 2. Ilycrb i(t) — uucio 3agBok Ha opbure B RQ-cucreme
M/M/1/N — 1 ¢ upuopureramMu u OOPATHBIMU CBH3SMU, TOTAA IS I10-
CJIEIOBATELHOCTH XaPAKTEPUCTHIECKUX (DYHKIUI BLIIOIHACTCA PABEHCTBO

lim M {ejw\/g(i(t)_"l/")} = exp {(jw)2%2/2} , T

oc—0

1 (1 — Ryn) — prago + (Ap + 1) gn
L= Ry + prapo — (Ap + 2a1) on

(5)

Moy —
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(n— N)d"™N*+t + (N —n+1)d"*™N — (n+1)d" + nd™ 1
(AN+ = 1) (uro + pr)

a DYHKIINU gy U gN SIBJIAIOTCS PEIIEHUEM CUCTEMbI YPABHEHUI

<pn: 7n:O7N’

— (Ap + 21)go + (uro + pre) g1 = —A (1 — p) Ry — praRy;
(Ap 4 201) gn—1 — (Ap + 2e1 + pro + pra2)gn + (pro + pr2) gnyr =

= Ry1 — A1 —p)R, — praRyy1, n=1N—1;
(Ap+s01) gn—1 — (uro + pra) gy = a1 Ry—1 — ARN.

Hokasameavcmeo. B cucreme ypasuenuit (2), (3) BblmosHUM 3aMe-
vy H,(u) = H7(L2)(u)ej“%1/‘7, n = 0,N. 3aech H,(LZ)(u) — XapaKTepuCTH-
Jeckast (DYHKIMS IEHTPUPOBAHHON CIIy9aiiHOW BeqndanHbl i(t) — 31 /0. 3a-
Tem 0003HaIMM 0 = £2 W BBeJEM 3aMeHy U = cw, Hr(tz)(u) =F? (w, e),
n = 0,N. Pemenne mony4eHHOl CHCTEMBI 3aIUIIEM B BUJIE DA3IOKEHUS
F,(LQ)(w7 g) = ®a(w) (R, + jewfn) + O(e?). Iocae npeobpasopanuii, anasao-
TUYHBIX TIPOBEICHHBIM TIPH JTOKA3ATEIHLCTBE TEOPEMBI 1, MOKHO 0OO3HAIHTH

Sa(w) .y sarmcats @ (w) = ex G2 0\ Torma moce samens
wPs(w) 2 2 B p 2 2f .

fon=C- Ry + gn+ s02p,, n=0,N noayaum (5). B

Teopema 2 TMOKa3BIBAET, YTO ACUMIITOTUIECKASA (DYHKIMA THUCIIA 3asABOK
Ha opbure B RQ-cucrembr M/M/1/N — 1 ¢ npuopureramu u 0OpaTHbIMU
CBA3SMH ABJISIETCS XaPAKTEPUCTUIECKON (PYHKIHEH TayCCOBCKOH Ciydaii-
HOJ BEJIMUMHBI C MATEMaTHYECKUM OXKHUIAHWEM 371 /0 W IUCTepcHueii s /o,
9TO MO3BOJISET MUl pactpeenernst P(i) mocTpouTh ammpoKCHMAII0 BUIA
Prsimp(t) = %, rae G(z) — GyHKuus HOPMAJILHOIO pacipe-
JIEJIEHUSI.

5. HucuaeHHble pe3yIbTaThI

PaccmoTrpum cucremy ¢ mapamerpamu A = 2,19 = 0.5,71 = 0.3,75 = 0.2.

OHpe,ELeJII/IM TOYHOCTH QAIIIPOKCUMAIIUH C IIOMOIIIBIO PACCTOAHUA Kommoro-
k

poBa A = max | (Pusimp(i) — P(7))|. 3mecs pacupenenenune P(i) momy-
0<k<N |5

YEHO B pPE3yJIbTaTe MMUTAIMOHHOTO MojeaupoBanus. B rtabGmune 1 mpuse-
JIEHBI PACCTOSIHUS TP PA3JIMYHBIX 3HAYEHUSIX [APAMETPA P, 0 U 3arpy3Ke
cucreMbl p = A\/(urg).

W3 Tabaunbl BUAHO, YTO ACHMITOTHYECKHI METO MOXKHO MPUMEHSTH
npu ¢ < 0.1 uau ¢ < 0.01 B 3aBUCUMOCTH OT 3arpy3KH CHCTEMBI.
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Tabymma 1
Paccrosanus Kosamoroposa

P p |o=1]0c=0.1]|0c=0,01
0.8 | 0.5 | 0.122 0.019 0.017
0.9 | 0.167 | 0.075 0.029
0.2 | 0.5 | 0.065 0.012 0.007
0.9 | 0.163 0.093 0.044

3akJiroueHne

B pabore nmpoBemeHO MCCIEI0BAHIE CUCTEMBI MACCOBOTO OOC/TY KUBAHUST
M/M/1/N —1 ¢ npuopureramu, OGpaTHBIMI CBA3SIMU U TTIOBTOPHBIMH BBI30-
Bamu. IToKazaHo, 9TO ACHMITOTHYECKOE PACITPEIEIeHNe BePOATHOCTEH JuC-
J1a, 3a4BOK Ha, OPOUTE IIPH YCIOBUH PACTYIIErO CPEIHETO BPEMEHU OXKHIAHKA
Ha OpOUTE ABJIACTCA FAyCCOBCKUM C MAPAMETPaMu 1 /0 u 4/ 33 /o. Tlomyae-
Hbl YPABHEHHs Il HAXOXK/ICHUS [TAPAMETPOB PACIPE/ICICHHS.
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CHUCTEMBI MACCOBOTI'O OBCJIV2Z KIBAHUN
C I'PVIIIIOBBIM OBCJIY2KVBAHNEM
TPEBOBAHUNUN

M. IMarano!, E.II. Crankesuu?, 1. E. Tananko?

 Tusamexui yrusepcumem, 2. IHuaa, Hmanua
2 Capamoscrud HAYUOHAADHDOLT UCCAE0BAMENLEKUT 20CYIaPCMEEHHBLT
ynusepcumem umenu H. I. epuviwescrozo, 2. Capamos, Poccus

PaccmarpuBaercs cucreMa MacCOBOrO OOC/IyKHWBAHUS C OJHUM 00-
CJIy)KUBAIOIAM TPUOOPOM, O09epe/Ibl0 ODECKOHEIHON [IJIMHBL U IIyac-
COHOBCKUM BXOISAINM MTOTOKOM. [Ipnbop obciysknBaeT TpeboOBaHMSsT
rpynmnamMu (pUKCHPOBAHHOTO pa3mepa. JlimresbHOCTH 00CTYyKUBa-
HUSI TPYOIB TPEOOBAHUHN SABJISETCS CIIyYIAHON BEJIMIUHON, MMEO-
el SKCIIOHeHINAIBHOEe pacrpeesenre. I[Tomyuerno mpubnkeHHoe
BBIPAYKEHUE [jIs BHIUUC/ICHUS ONMTUMAJIbHON WHTEHCUBHOCTH BXO/IsI-
1ero MmoTOKa, IPU KOTOPO# 00ecriedunBaeTcss MUHMMYM MAaTeMAaTH-
YEeCKOTO OKUIAHUS JJIUTETHHOCTH TPeOhIBaHNs TpeOOBAHMI B CH-
creme. KirroueBble cioBa: cucmema Macco6020 00CAYAHCUBAHUA,
2pynnogoe obcayscusanUe, UHMEHCUBHOCTID BT00AULE20 MOMOKQ,
ONMUMUS GYUA.

BBemenue

B nacrosimee BpeMsi CHCTEMBI U CETH MACCOBOTO ODC/TYKUBAHUS TIHPOKO
MPUMEHSIOTCS B KA4eCTBE MATEMATHYECKUX MOJEJIel MHOTMX JUCKPETHBIX
CTOXaCTUIECKUX CUCTEM. B CBSI3M C TPAKTUIECKON 3HAYNMOCTHIO TAKUX MO-
Jiesieii MHTEpPeC MPEeJCTBABJIAET DPelleHue 337349 ONTUMUBANNKA U YIIPaBJie-
nus [1, 2, 3], koropoe obecreunBaer KOHOMUYECKU BbINOAHOE (DYHKIMO-
HUOBaHWE PeaTbHbIX cucTeM. OIHUM U3 aKTYaIbHBIX U aKTUBHO PA3BUBAIO-
IIUXCA HAPABJIEHUN TEOPUHM MACCOBOTO OOC/IYKWBAHUS SBJISETCS AHAJIN3,
ONTUMU3BANNS ¥ UCCJIEIOBAHNE CUCTEM U CETEi C IPYIIIOBBIM OOCIIYKUBAHU-
em rpebosanuii [4, 5, 6]. B pabore [6] asist oTKpbITO# ceru MaccoBoro o6eiy-
JKABAHU C I'PYNIOBBIM 00CIyKuBanueM TpebOBaHMi HAN/IEH ONTHMAJIbHBIE
pa3Mep rpymnm TpeOOBaHUM, KOTOPHIE MTOJKHBI 0OCTYKUBATHCS B CHCTEMAX
CeTH, 9TOOBI M. O. IJINTEIHFHOCTH TpeObIBaHNS TPEOOBAHUIT B ceTH ObLIO MU-
HUMaJbHBIM. B mannHoit pabore mjs cucreM OOCTYKUBAHUS, BXOASAIIAX B

Pabora Boimonnena npu mopmepkke Munobpuaykum Poccunm B paMKax BBIIOIHEHHS
rocysapcrsentoro 3aganusa (npoexkt Ne FSRR-2020-0006)
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cocTaB CceTH, PAcCMOTPeHHOI B [6], noiy4eHo npubJuzKEeHHOe BbIPaXKeHUe
JJ1d BbIYUC/IEHUA UHTEHCUBHOCTU BXOJALIEIO 1I0TOKA, IIPU KOTOPOM MatTe-
MATHYECKOE OXKHUAAHUA (M. 0.) JJIUTEIHHOCTH NpeOblBaHus TPeOOBAHUI B
cucTeMe MUHUMAJIbHO.

Omnucanme cucremsl

Paccmorpum cuctemy MaccoBOTrO OOCTyKHBaHMS, B KOTOPYIO MOCTYIIAET
[IyaCCOHOBCKMI MOTOK TPebOBaHWM € WHTEHCHUBHOCTHIO A. CHcremMa BKIIIO-
qaeT OfWH OOCTYKHBAIOMNM MPUOOP, KOTOPBIH OOCTYyKHBAET TPEeOOBAHUSA
rpynmnavu (GUKCHPOBAHHOTO pa3Mepa b, a Takke ouepeib OECKOHETHOMN IJTH-
ubl. Ecim mpubop 3akoH4mI 00CIyKIUBAHNE TPYIIIBI TPeOOBAHUI U B 0Yepe-
¥ B 9TOT MOMEHT HAXO/JWTCs MEHbIE ueM b TpeboBanwmit, TO mpubop Oymer
MIPOCTANBAThH JI0 TEX IMOP, MOKA B CHCTEMe HAKOMWTCs b TpeboBaHwmit, nHade
Ha 00C/Iy2KHBaHUEe BHIOMPAETCa POBHO b Tpeboanwmii. JmnreabHOCTH 00CTy-
JKUBaHUs T'PyHIbl TPeOOBaHUl sBIASETCS CaydalHOW BEJIUYUHON, KOTOPAs
MMeeT SKCIOHEHINAIBHOE PACIIPEIe/IEHNE C MapaAMETPOM [i.

[Ipenmonaraercs, uTo cucrema GhyHKIHOHUPYET B CTAIHOHAPHOM DEXKU-
Me, TTI03TOMY KO3 (MUIMEHT UCIOTH30BAHNS

A
=— <1

B paGore [5] mokazano, 9TO WHTEHCHBHOCTH OOCIyKUBaHUS [i(N) SKBU-
BAJIGHTHOTO IIPOIECCa PA3MHOKEHHUs W THOETH, 3aBUCSIINE OT COCTOSTHUAS N,
ONpenendrTCd CUCTEeMOR

)\b
pn) =\— u= e~ ,1<n<g<b—1,
fin) 'u,u(n +1)-...-pu(b+n) " (1)
AP b
p(n) = A — = — , n=b.
fin) th Mﬂ(n—i-l)m..-u(b—i-n) "

O6o3naunm M = lim fpi(n). Iocne ynpormenus cucrema ypasaenwuit (1)
n—oo
CBOJIMTCS K YPaBHEHHIO, MOJIyYeHHOMY B pabore [5],

MY — (X p)M® + \p =0, (2)

MMEIOIEMY TIPH JIIOOBIX b TOJIBKO OIUH KOPEHB, YIOBIE€TBOPSIOIIWH yCIO-
Buio crabusnbnocru. Kak mokasano B pa6ore [5], 9T0T KOpeHb NPUHAIIEKUT

HHTEPBAJLy
(b(A ) A+p)tt - A”u)
b+1 ' (A+p)b ’

OTKy/la, B 9aCTHOCTH, ciemyer, uro M > A.

3)
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3agaua oNTHUMU3AIANA

Maremarndyeckoe OXKWIAHUE JJIUTEJIHHOCTH TPeObIBaHNs TPeOOBAHMI B
cucreme M |MP®|1 momy4eno B pabore [6]

b—1 1
o T ()

u =

Ncnonb3yst bopMysIbl TPOM3BOIHBIX CIOKHBIX U HESBHBIX (DYHKIH [7]
st (2) m (3), mosydaem

dM DN — MY

- b I (5)
b
dA MP — =t
du b—1 1 dM
@ 1- 22,
- o 4'(MA)2< a\ ) (©)

Harmra mess HAWTH MHTEHCHBHOCTD BXOJSINErO TOTOKA, TIPU KOTOPOH
M.O. JIJTATEJIHHOCTH MPeObIBaHNS TPEOOBAHUI B CHCTEME U MUHUMAJIBHO. [l1s
3TOTO PacCMOTPUM ypaBHEHUE

du

= =o. (7)

[Moncrasue Beipaykenns (4) u (5) B ypasuenune (7), moiaydnm

b—1 1 bAb~ Ly — MP
53 +UW—A%<1+ YO =0. (8)

IMocne ynpoienus, soipaxkenue (6) IpUHUMAET BUT,

b(3—b
MwﬁfMVﬂ+w+lfj%V“:Q (9)

rae M npunazgexut uarepsaiy (3).
Ecm b = 2 u b = 3, 10 ypaBuenue (7) uMeeT KOPHH Aoy = M/2 u
Aopt = %ﬂM , YIOBJIETBOPSIOIINE YCAOBUIO CTAOUIBHOCTH, COOTBETCBEHHO, &
JIJTsT OCTATbHBIX 3HAYEHUH b HAWTYH KOPEHb B SBHOM BH/IE HE IPEJICTABISETCS
BO3MOXKHBIM.
Haiinem upubsinrkennbie 3Havenust KOpHs ypasuenus (7) mius b > 3.
O6osznasmm &L = z u nepermmenm ypapuenne (7) B Brze
b(3 —b)

b1 _ (140 - 7
x (1+b)z+ T %

=0 pgnax>1.
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Paccymorpum dyukmmio

b(3 — b)
1-b

flz) =2 — Q4+ b)x + opu b > 3.

Haiinem mpousBoaHyo
fl@) = (b+1)(=" —1).

Ipoussomnas f/(x) > 0 mpm & > 1, TO ecTh BO3PACTAET TIPH BCEX 3HAYEHNSIX
M, npunannexanmx uarepBaiy (3). Jlerko mposeputh, uto f(1) < 0 m
f(2) > 0, arak kax f(x) Bo3pacraer npu x > 1, To upu x € (1,2) ypaBuenue
f(x) = 0 umeer onun kopenb. CiienoBaTesibHO, (7) TOKE UMEET OJUH KOPEHb,
SABJIAIOIUHCH TOYKOH MUHUMYMa Ji1s (3).

IIpencraBum = B Buze

x(b)—1+(g+o<2>,

TOTJA
oINS ( a) b(3 —b) 1\
1+ — — (1+ — - | =
(+b) (b+1) +b+1—b +0b 0
i
e“—b—a—-14+b—240(1) =0,
e* —(a+3)=0.
Pemaa wmcmenno 3To ypaBHEHWE, TOJIyYaeM JIBa KOpHA o = —2,9475 u
ags = 1,5052. Tak xak & > 1, a 3HaqyuT u o > 0, MoIyIaemM
1,5052
z(b) =1+ ’T (10)
Takum obpa3zom,
A(b+1,5052
py = Mo 15052) (11)

b

IMoncrasnsa (11) B (3), monyuaeM TPUOIUKEHHOE 3HAUCHUE M. O. JJIATEb-
HOCTH TIpeObIBAHNS TPEOOBAHUN B CHCTEME
_ b—1 n b
u ; = .
e 2\ A(b+0,5052)

Pasnennv ypasnenme (2) ma AP

p\ M
1 f)— E_o.
+5) 5 S

b+1
= ’( A

)\b-‘rl
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Ucnonb3yst BBEIEHHOE BBIIIE 00O3HAMEHIE % = I, TOJIy9IUM
zb(b) — 1
2+ (b) — 2(b)’

KOTOPOeE SIBJISIETCS ONTUMAJIbHON MHTEHCUBHOCTHIO BXO/ISIIEr0 IOTOKA, 0bec-
[EeYUBAIOUICH MUHUMYM U.

A=pu

YuciieHHBIH TIpTMep

B Taba. 1 mpuBemeHbI YNCIEHHBIE 3HAYEHUS U MPUOJINKEHHBIE 3HAUE-
HUSI ONTUMAJIBHBIX HTHTEHCUBHOCTHU BXOJAIIETO TTOTOKA U M. 0. JJINTETbHOCTH
npeObIBaHust TPEOOBAHUIT B CHCTEME, a TAKYKE COOTBETCBYIOIINE OTHOCUTE -
HbIE MTOTPEITHOCTH Bbraucaeruit 1is b > 3. I3 rabu. 1 Bugno, 910 Hanbob-

Tabymma 1
Tabsmua TOYHBIX ¥ IPUO/THKEHHBIX 3HAYCHUN A U U

b Dopt | Nappr | RE (%) || Umin | Gappr | RE (%)
4 | 1.7965 | 1.9168 | 6.6928 || 2.1617 | 2.1689 | 0.3371

5 || 2.3146 | 2.4307 | 5.0175 || 2.1850 | 2.1894 | 0.2008

6 || 2.8320 | 2.9455 | 4.0094 || 2.1991 | 2.2020 | 0.1332
7

8

9

3.3491 3.4609 3.3371 2.2084 | 2.2105 | 0.0947
3.8662 3.9766 2.8572 2.2151 | 2.2166 | 0.0708
4.3831 4.4926 2.4976 2.2200 | 2.2212 | 0.0549
10 4.9001 5.0088 2.2182 2.2238 | 2.2248 | 0.0439
20 10.0689 | 10.1742 | 1.0460 2.2394 | 2.2397 | 0.0103
40 || 20.4064 | 20.5101 | 0.5083 2.2463 | 2.2464 | 0.0025
70 || 35.9129 | 36.0159 | 0.2869 2.2491 | 2.2491 | 0.0008
100 || 51.4193 | 51.5222 | 0.1999 2.2502 | 2.2502 | 0.0004

IIast OTHOCHTEJIbHASA TOTPENIHOCTh COCTAB/ISAET OKOJIO 7 % IIPH BBIYHMCICHUN
npubINKEHHOrO 3HAYeHHs MHTEHCHBHOCTH BXOJMAIIEro MOTOKA Iid b = 4,
a IpYU yBeJHYeHHH Pa3Mepa CPyIHbl TPeGOBaHMil OTHOCHTEbHAA IIOrPell-
HOCTh cTpeMuTcd K Hy/a0. OTHOCHTE/IbHAS HOrPEIIHOCTD IIPY BBIYMCICHUI
IPUOIMIKEHHOTO 3HAYEHNS M. O. JJINTEJLHOCTH TpeOhIBAHUA TpeOOBAHMI B
cucreme menbine 1 % npu mobbrx b.

3akJiroueHune

[Tonyvennbie mpub/InKEHHBIE BHIPAYKEHUST TIO3BOJISIOT BHIYUCAATD MUHM-
MaJIbHOE 3HAYEHUE M. O. JJIMTEILHOCTH TpeObiBaHus TpeboBaHmit 1y pa3-
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JINYHBIX WHTEHCHBHOCTEH BXOILAIIUX MOTOKOB U Pa3MEPOB I'PYII TPeboBa-
wmit. Pe3ysbrar paboThl MOXKET OBITH HCIIOJIB30BAH I AHAJM3A CHCTEM C
TPYTIIOBOi 00PAOOTKOIM HOIBIITOTO YUCIa OOHEKTOB.
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CPABHEHUNE OCHOBHBIX KPUTEPVEB
OIITUMAJIBHOCTMU VYIIPABJIEHNA JJIA
AJITOPUTMA C NTH®OPMATNBHBIM
ITEIMTEXOJHBIM ITOTOKOM

C.A. Jlem6puxkos, E. B. KyBbikuna

Hayuonasvnoti uccaedosamenvcruti Huorcezopodexuti 2ocydapemeertbit
yrusepcumem um. H. U. Jlobauescroeo, 2. Huorcnuti Hoezopod, Poccus

PafoTa mocBAIEHa H3y9IEeHUIO CIEMTUATLHOTO KJIACCA AJTOPATMOB C
00pPAaTHOH CBA3BIO IPUMEHUTEHHO K YIIPABIEHHUIO TOTOKAMI TPAHC-
MopTa ¥ TENIeXOJ0B Ha TepeKpécTke. V3MeHeHue WHTEHCUBHOCTU
¥ BEPOSTHOCTHON CTPYKTYPBI BXOJHBIX TIOTOKOB SIBISAETCS OTIAYIHU-
TEJIbHOW 9epPTON CHCTEM yIPaBJIEHUs JOPOKHBIM JIBHKeHneM. Pac-
CMOTDEH Dsif] TIOKa3aTesieil ONTUMAIHFHOCTH PabOTHI JAHHOTO aJIro-
PUTMa, a UMEHHO, CPETHHUE 3aJIePKKHU IMPOU3BOJHHOTO TPEeOOBAHUS
Ha MEPEKPECTKE U CPeIHee 3HAYCHUE OYePe/ I 10 MOToKaM. 3ydena
3aBUCUMOCTDH MAPAMETPOB YITPABJICHUS, TTOJIYUYEHHBIX TPU TTOMOIIN
JIAHHBIX KPATEPUEB ONMTUMATBLHOCTH, OT MTAPAMETPOB MOTOKOB BapT-
sierra. IIpoBefIeHO CpaBHEHME PACCMOTDPEHHBIX MOKa3aTesel Kade-
cTBa pabOThl CHCTEMBI B 3aBUCUMOCTH OT KOHKDPETHON CUTyaIuwu.
KiroueBble ciioBa: cpedhue 3a0epicku, cpednan OAuHG 0uepedi,
nomox Bapmaemma, nomox IIyaccona, mpancnopmmusii nomox, ne-
WeTO0OHBLT NOMOK, MPAHCNOPIMHAA NAYKA.

BBemenue

Sagaun peryupoBaHUS MEPEKPECTKOB TPEACTABIAIOT 3HAYATEIHHBII
uaTepec. DQGEeKTUBHOE ypaBIeHre TIOTOKAMY MAIIUH U TEIeX010B H1aro-
TBOPHO CKA3bIBAETCS HA YKOJOTHIECKON CHTyaruu u G€30HaCHOCTH JIOEH.
Crenuduaeckoit 0COGEHHOCTHIO TPAHCIOPTHBIX CHCTEM SBJIAIOTCS U3MEHe-
HUST BEPOSTHOCTHON CTPYKTYPBI BXOJHBIX MOTOKOB IO/ BIUSHUEM CJIydJaii-
HBIX YCJIOBHUI, TAKUX KaK aBAPUU, YXY/IIIEHNE TIOTOIHBIX YCIOBUHA U IPyTHE.
O1u HaKTOPBI MPUBOIAAT K OTPDAHNIEHUIO BO3MOYKHOCTEH MAHEBPUPOBAHUS.
3a ManuHaAMU, IBUXKYIIUMUCS C MAJTBIMU CKOPOCTSIMHU, CKAILTUBAIOTCS OBICT-
pble, oxKuaoime OJIaronpusaTHOIO MOMEHTA /IJisi OOrOHA, W 9TO HPUBOIUT
K 00pa30BaHMI0 TPAHCMOPTHHIX mauek [1]. OrMernm, uTo B paccmaTpuBa-
eMOii crCcTeMe MpPEeIyCMOTPEHBI CIEeNUAIbHBIE TIEPUOIBI JIJI 00CTy K UBAHWS
[IOTOKA IIeIIeX010B. DTO aKTyaIbHO, HAIPHUMED, JJIsi IePEKPECTKOB, PacIIo-
JIO’KEHHBIX BOM3U MKOI. JIaHHAS CTAThsl MOCBAIIEHA U3YYEHUIO0 OCHOBHBIX
KpurepueB 3P PHeKTUBHOCTH PAOOTHI TAKUX CHCTEM.



CpaBHeHne OCHOBHBIX KPUTEPUEB ONTUMANLHOCTH ynpasnenusi cuctemsl 169

1. ITocranoBKa 3aJga4n

B crarpe paccmarpuBaeTcs paboTa mepekpécTKa, KOTOPhIH MPeICTaB/IeH
KaK CHUCTEMa MAaCCOBOIO OOC/Iy>KMBAaHUs C OXKugaHueMm. B cucremy mocTy-
MaeT TPW HE3aBUCHMBIX KOHMIUKTHBIX moTtoka Iy, Il u Il3, rme II; u Ils
SABJIAIOTCS MOTOKaMu MaiuH, a [I3 — morokom mermexonos. IIpu sTom Bce
oHM 00CJIy?KMBAIOTCS B HEIEPECEKAIOIUECH IPOMEXKYTKH BPEMEHH.

O6cayxupamormee ycrpoiictso (OY) umeer Bocemb cocrosmmii (D)
r®, .. T®. B cocrosmmn T2~ npomcxomur obcayknBanue mOTO-
ka II;,j = 1,3. Kpome Toro, nemexonustii motok I3 momomaurensuo 06-
cayxusaercs B cocrosuuu (7)., Tlepexon B cocrosinust I'®) u T npoucxo-
JIMT JIAIIb B CJIy49ae, eCIu O49ePe/ib 10 MOTOKY I3 mpeBbIliaeT KPUTUuIecKue
suadennst Ny u Ny coorsercrsenno. Cocrosirust ['(2) T4 T6) 1 () coor-
BETCTBYIOT JKEITOMY cBeTy. B Kazk oM cocrosamu (") OV maxommres Heko-
TOpoe (PUKCUPOBAHHOE BpeMsi 1., MPUIEM JJIUTEIbHOCTH YKEJITOTO CBETA W
mmreasbaocTu 15 u 17 0OCayKUBaHWS MEITEX00B SABISIOTCH KOHCTAHTAME
¥ BHIOMPAIOTCS U3 yCI0BHiT 6€30IMACHOCTH [IBUKEHUS HA JJAHHOM [TEPEKPECT-
Ke [2]. Yupapisomumu napaMerpaMu CUCTeMbl ABJIAIOTCs BpeMeHa 1pebbi-
parnst OY B cocrostamsx I'D i T'4) . Cumena cocrostamit OY mpoucxoant B
COOTBETCTBUY C HAIPABJIEHHBIM IpadOM, MPUBEIEHHOM HA, pUC. 2.

Puc. 1. T'pad cmewnst cocrosianit paborsr OY

Ilemexonnbrit moTok II3 mosaraeTcss myacCOHOBCKUM, TaK KaK JBUKEHUE
Ienrexoa0B IIPOUCXOAUT C OTHOCUTEIBHO MaJIoi CKOPOCTBIO U HE 3aBHCHUT OT
BHermHux ycaosuit. Iloroku I1; u Ils momaratorcsa morokamu Baprierra, Ko-
TOPBIE ABJIAIOTCA MaTeMaTU4YeCKOit MOIEJIBIO TOTOKOB TPAHCIIOPTHBIX TTaYEK
¥ ONUCBLIBAIOTCH HEJOKAJIBHO C IMOMONIBI0 BEKTOPHON CAydaiHON MOCIem0-
BaTeabHOCTH {(7;,M1,4,72,i),% = 0} [3, 4]. B KauecTBe MOMEHTOB HAOIIOME-
Hus T;,%¢ > 0 BBIOMPAIOTCS MOMEHTBHI MOCTYILIEHUs] TEPBLIX TPeOOBAHUI B
IIaYKaX. Cﬂy‘{aﬁHbIe BE€JINYNHDBI 77],2 OIIKXCBIBAIOT YHCJIO 3adABOK, IIOCTYIIUB-
mmx 110 NoToKy II; 3a i-pIit TaKT HAOIIOEHUSA [Ti 7'7;+1), TO €CTb YUCJIO 3a4BOK
B {-0if mauKe MOTOKa 1, W mMeIoT cieylomee pacmpe/eaeHne:

P(nji=1)=1-r;

_ (1)
P(i=k)=r;-(1—g;) - g;" 2 k>2,
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rje r;,g; — Lapamerpbl pacupejenenus, 0 < rj;,g; <1,7=1,2.

ITapamerp g; cBa3an co cpefHeil NMMHON ITaYKN WX, IPYTHMHI CJIOBAMH,
CPeTHIM KOJHYIECTBOM 33ABOK B mauxe M, ;. IlapameTp r; — 30 Bepo-
SITHOCTb TOTO, YTO B CHCTEMY IMOCTYMAET TavYKa W3 IBYX W 0OOJiee 3asdBOK,
7 =1, 2. Huxxe mpuBegeHa popMyiTa, OMUCHIBAIONIAS UX COOTHOIIECHHE:

Tj:<M77j7i_1)'(1_gj)7j:172 (2)

JL71st cucTeMbl C O2KUTAHIEM MOYKHO BBIIETNATD JIBE BarKHEHIINE XapaKTe-
PUCTHUKY, KOTOPBIE OMPEIEISIOT Ka4eCTBO €€ paboThl. [lepBoii n3 HUX SBJIs-
I0TCS1 CPEJTHIE 3a/IePKKH 7y TIPOM3BOJILHOTO TpeGOBaHUS Ha epeKpécTke [5],
KOTOPBIE BBIYUCJIAIOTCA O Cjemayomeit opmyae:

y=A1 v+ A2 y2 - Az y3) /(A1 + Ao 4 Az), (3)

rge A; — wmHTeHCHBHOCTDH II;, a <; — cpennme 3amep:KKH IPOU3BOIBLHOM
3asBKM B cucTeme mo noroky 11, j =1, 3.

B kagectBe BTOpOro Kpurepusi pabOThI CHCTEMBI B TAHHON CTATHE PaC-
CMaTpUBaeTcs cpennss odepeb O, KOTOPast BHIMUCIISETCS CJIELYIONNM 00-
paszom:

O=(M 014+ X024 A2-02)/ (M1 + A2 + A3), (4)

rae O — cpeanue odepean 1o Kazxaomy u3 norokos I1;, j =1,3.

Bynem mnpemmosararh, 9TO ONTUMAILHBIMU TAPAMETPAMU YIIPABJISIO-
IIIEr0 aJITOPUTMA, SIBJISIOTCS T€, TPU KOTOPBIX JOCTUTAIOTCH MUHUMAJIBHBIE
CpemHue 3aJep:KKWA Y B TEPBOM ClIydae, W MUHUMAJbHAs CPEIHAS Ode-
peabp O — Bo BropoMm. B nannoit pabore 3aa4a onpe iesieHusi ONTUMATBHBIX
[IAPAMETPOB PEIIAETCs YUCIEHHO € UCIOIb30BAHMEM METO/Ia UMUTAIIMOHHO-
0 MOJIEJIMPOBAHMS HA si3bIKe TporpamMmmupoBanust C++.

2. YucieHHbIe HccJjaeaJ0BaHuA

B crarbe wmcciie1oBaHO TOBEIEHWE IBYX KPUTEPHUEB KAYECTBA PADOTHI
JTAHHOI cuCTeMBbI. uC/IeHHbIE SKCITEPUMEHTHI TTOKA3AJIN HAJIUINE MOT00HBIX,
HO, TEM HE M€Hee, PA3IUIHBIX 3aBUCHMOCTEHl JAHHBIX XaPAKTEPUCTHK OT
IapaMeTpoB ¢; IPW HEM3MEHHOH cpenmell aymmHe madek, j = 1,2. Taxxke
YCTAHOBJIEHO, YTO IIEPBBI II0/IXOJ B OIPE/IEJEHUN OINTUMAJIBHON PabOTHI
CUCTEMBI Ta€T, B CPEIHEM, MEHbINNE 3HAYEHUsST ONTUMAJIbHBIX TapaMeTpoB
yrupasieaus. Jis niTiocTpaluu JAHHOTO TTOJIOXKEHHUST PACCMOTPHUM CJIEJTY-
OIKI puMep.

ITpuMEP 1. Ilycths mymmrenbHOCTH KEmTOro cBera 1p = Ty = Ty =
Ts = 3 (¢), a gymreapHocTr 06caykuBanus nerexonos T = T = 30 (c).
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Kpurndeckune 3nadenus s ogepe/ieii mo noroky merexonos N1 = Ny =0
(3asBoK). Ilycrs unrencusnocru norokos IIq,IIs u I3 coBuaparor: Ay =
A2 = A3 = 0,1 (3asBoK B cekynmy). Ilorok nermexonos I3 mpezamosara-
erca myaccoHOBckuM, a motoku 1I; m Il — morokamm Baptaerra ¢ omm-
HAKOBO# cpejueit jmmuoit madku M, ; = Mn; = 2 (3aaBok). Ilapamer-
pul g;,7 = 1,2 mensrorca B upegenax or 0,1 go 0,9 ¢ marom B 0,1 u B
npegenax ot 0,9 1o 0,99 ¢ marom B 0,01. Ilapamerper 75, j = 1,2 MensOT-
cs1 coracto opmyite (2). Cpenmne 3nauenns odepeseii O; B dbopmyie (4)
OTTpeIeIATOTCA B MOMEHTHI OKOHYaHNA 00CIyKIBanns moTokos 11,7 =1, 3.

s 3a1aHHbIX TAPAMETPOB gj,j = 1,2 B pabore HOCYUTAHLI 3HAUCHUS
MUHHAMAJbLHBIX CPEJIHUX 33JI€PKEK Y ¥ MUHUMAJbHOU cpeaHeil ouepemu O.
Tem He MeHee, CPDABHUTD JaHHbIE XaPAKTEPUCTUKN MEXK/Ly CODOM HAIIPAMYO
HEe TIPEICTABJISETCS BO3MOXKHBIM. JIeJI0 B TOM, UTO 3HAUEHUS 3aIEPIKEK -y
Bapbupytorcsa ot 34,7 (c) mo 168,64 (c), a suauenus ogepeau O — ot 0,23
(3agBok) 10 10, 64 (3agBok). Hopmanu3yeMm JaHHBIE ¢ MOMOIIBIO CJIe/ Ly IOIei

dopmyibI:
z= (J? - xmin)/(wmaz - l‘min)v (5)

IJie & U T — UCXOIHOE U HOPMAJIM30BAHHOE 3HAYEHUS OJHOW U3 JBYX JIaH-
HBIX XapPAKTEPUCTUK COOTBETCTBEHHO, & Tymin U Tinary — UX MUHUMAJILHOE U
MaKCHMaJIbHOE 3HAYEHUsT COOTBETCTBEHHO [6].

JlanHoe mpeoOpa3oBaHue MO3BOISET BBIIOJHATH CDABHUTETHHBIN aHAINS
3aBUCHAMOCTeHl DPAacCMATPHBAEMBIX XapaKTePHCTHK OT NapaMeTpoB gj,] =
1, 2. Tlonrygennbie KpUBbBIE MIPEICTABIEHBI HA PUC. 2:

I't- |==+ HopMamusoBaHHbIe 3amepxku y (1)
09 |- HopMmanusoBaHHas ouepens O (1)
0,8
0,71
0,6
0,51
0,4
0,3
0,2
0,1

0 i - +*

0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1

3HaueHus napameTpoB g;, j =1, 2

-
-
—————

HopmanuzoBanHbie 3HaueHus1 y u O

Puc. 2. BaBucumocTu HOpMaAIM30BaHHBIX 3a/epxkek v u ouepenu O ot g;,j = 1,2



172 C. A. Jlembpukos, E. B. Kysbikurna

W3 puc. 2 Bugno, uro kpuBas [ Jiekut Bbime Kpusoit I1. 1o roBo-
pUT O TOM, 4TO C POCIOM llapaMerpos ¢j,j = 1,2 MunuMa/bHble CpeJHUe
3a/IEPKKHU Y PACTyT ObICTpee, YeM MWHWMAJIbHAsS cpenHsis ouepens O.

Ha crienyromem pucyHke mpeicTaBieHbl rpaduKu 3aBUCUMOCTH CpPeJIHe-
r'0 3HAYEHWS ONTUMAJIBHBIX TAPAMETPOB yipasiaeHus 11 u 13 oT mapaMerpos
9j,3 = 1,2, KoTOpBIE OBITN MOTYYEeHBI C TIOMOIIBIO IBYX PACCMATPHBAEMBIX
kpurepues. OTMeTHM, YTO B JAHHOM CJIy4ae PACCMATPUBAETCS IOJIYCYM-
Ma TlapaMeTpoB ympanyieHusd 17 u T3, MOCKOJIbKY B MPUBEIEHHOM TTPUMEPE
CHUCTEMAa CUMMETPUIHA OTHOCUTETHHO BXOAHBIX MOTOKOB 117 u Il,.

10 . "
90 =- yxpurepuii (1) @

301 —e— (O xpurepuii (II)

70
60—
50
40
30~
)] Eemm e A R EEE Rl e e

10~

___.,_-----r‘
.

| | | | | | | |
0,2 0,3 04 0,5 0,6 0,7 0,8 0,9 1

3HaueHus napameTpoB g;, j = 1,2

oo
—_

[Tapamerps! yripaBnenust: (T,4+73) /2, ¢

Puc. 3. T'padukn 3aBucuMoCcTr CpeIHNX 3HAYECHHI MAPAMETPOB YIPABIEHUS OT
gj,J = 1,2, HocYuTaHHBIX Id PA3JIMYIHBbIX KPATEPUEB ONTAMAJIbHOCTH

W3 puc. 3 BuaHO, 9TO KPUTEPHl ONTUMAIBHOCTH PAOOTHI CUCTEMBI, OCHO-
BAHHBIN HA MUHUMAJIBHBIX CPEIHUX 33/I€PKKAX 7Y, IPAKTUIECKH BCETA JAET
MEHBIIINE 3HAYEHUS IAPAMETPOB YIIPABJIEHUS, Y€M T€, 9TO ObLIU 110y YeHbI
C TIOMOIIBI0 MUHUMAJBHON cpemueit ouepenu O. VckiroduenveMm siBIsieTCS
KpaiiHsas mpaBasg TOYKA MPU KPUTUYECKHW BHICOKOM 3HAYEHUU TApaMeTPOB
g; = 0,99,7 = 1,2 — B Heil 3HadeHMa NapaMeTpPOB yIpPaBJIeHUs COBIA-
maior. J{aHHbIi pe3ysbTaT TMOKA3bIBAET, YTO BHIOMPATH MPUOPUTETHBIA KPHU-
Tepuii JJId OIpPe/iesIeHUs] OINTUMAIbHON PAOOThI CUCTEMBI CTOUT MCXOMS U3
KOHKperHO# curyarmuu. K npumepy, B ciiydae Majioro PacCTOAHUS MEXKLY
MEPEKPECTKAMU TIPEINOYTHTEIhHEE MUHUMU3HPOBATEH CPEIHION odyepenb O.
B nmporuBHOM ciydae, JydininM KpUTEepueM OyIeT MUHUMU3BAMUS CPETHUX
3a/IePKEK Y MPOU3BOJIBHON 3aBKU HA TEPEKPECTKE.
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3akJroueHne

B crarbe paccMOTpeHBI 1Ba BAXKHEUIITUX KPUTEPUS PADOTHI CHCTEMBI —
CpemHue 3aep>KKU Y MPOU3BOJIHLHOTO TPEOOBAHNS HA TEPEKPECTKE U CPEJl-
usst oaepenb O. Ilokazano, 9TO JaHHBIE XAPAKTEPUCTUKU UMEIOT CXOXKYIO,
HO, TEeM HE MeHee, PA3JINYHYI0 3aBUCHUMOCTH OT IIapaMeTPOB IMOTOKOB Bapt-
slerTa. BplgcHeHO, 9TO MUHUMU3AUA 33/J€PKEK Y J1aéT, B CPEJHEM, MEHbIIIIE
3HAYEHNS ONTUMAJbHBIX TTAPAMETPOB YIIPABJIEHU, YeM MUHUMHU3AINI Ove-
peau O. Takum 06pa3oM, JaHHOE UCCIEIOBAHUE TTO3BOISET CAEIATH BBIBOI,
0 TOM, YTO OIMPEIEIATh ONTUMAJIBHYIO PAOOTy CUCTEMBI IO TOMY UJIU HHOMY
KPUATEPHUIO MOXKeT ObITh I1e71eCO00Pa3HO B 3aBUCUMOCTH OT KOHKPETHOU CH-
ryaruu. [Ipu 3moM cpesHme 3a/1ep:KKH 7y U cpefHsis odepeib O B HEKOTOPOM
CMBICJIE MOTYT OBITH B3aMMO3AMEHSIEMBIMUA XaPAKTEPUCTUKAMU.
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NICCJIEJOBAHUE IMHAMUNYECKON
RQ-CUCTEMBI M/M/1 C HEHAJE>KHBIM
ITPNBOPOM

H. M. Boponuna!, C.B. Poxxkosa,'?, C.II. Monceepa?

! Hoyuonaavnoitl uccaedosamenvcrut Tomerud noiumernuseckud
yrusepcumem, 2. Tomck, Poccus
zHauuoua/wHua uccaedosamenvcekuts Tomexut 2ocydapemeennoil
yHusepcumem, 2. Tomck, Poccus

B pabore paccmarpuBaercsa omHosmHenHas R(Q-crcrema MaccoBoro
00C/Iy)KUBAHUS C HEHATEKHBIM IIPUOOPOM, yIPaBdeMas IUHAMU-
YECKUM TPOTOKOJIOM CJIy‘-IaﬁHOI‘O MHOXKECTBEHHOTO JOCTYTIa. Hp0Be—
JI€HO WUCCIIeOBAHUE IOLPEIe/ILHOIO PACIpe/Ies e sl BEPOSITHOCTEH
qucsa 3agdBOK Ha opbure. s ncciiejoBaHus 3TOM CUCTEMbBI UCIIOJIb-
3yercst Meron mpousBoasaumux dbyuknuit. Kiarogyesbie caoBa: R(Q)
cucmema, OUHAMUNECKUT NPOmoKos docmyna, HeHadedHcHvl npu-
bop.

BBemenue

UccaenoBanuio monesneil cereil nepesadu JAHHBIX C PA3JIAYHBIMEA IIPO-
TOKOJIAMH JOCTYTIa TIOCBSIIEHO GOJIBITOe KOINYecTBO paboT. st perenns
mpobJIeM TTOBTOPHBIX OOpAIeHUil 3agBOK MPEIJIArafoTCs PA3IUIHbIE MOIU-
dukanum nporokonos gocryna. B [1, 2] paccmarpuBaioTcs aJanTHBHBIE
opoToKoJIbL Jocryna. B paGorax [3, 4, 5| paccmarpuBaercs uccieqoBaHKEe
CHCTEM MAaCCOBOI'O OOCJIYKMBAHUSA C JMHAMUYECKUM IIPOTOKOJIOM JIOCTYIIA.
B nammoit pabore nccienyercss ogHokaHaimbHas RQ-cucrema ¢ Henamek-
HBIM TTPUOOPOM, YIpaBJIsieMas TUHAMUYIECKUM TTPOTOKOJIOM gocrymna. [lpu-
0Op CYNTAETCST HEHAJIE’KHBIM, €CJIU OH BPEMsI OT BPEMEHU BBIXOIUT U3 CTPOS
u rpebyer BoccranoBsenus (pemonTa). Tosbko mocse 3roro nputop Bo306-
HOBJIsIET OOCI/Iy?KHBAHUE BHOBb IIOCTYIAIOIIAX 3aIBOK.

1. ITocranoBKa 3aJgaun

Jliobas cerp mepejadu TaHHBIX, CDOPMHUPOBAB 3aSBKU, OTIPABIILET UX
Ha, obmmwuii pecypc (mputop). Ecau nputop cBoboIeH, TO 3asBKa 00CIIY KUBa-
ercs. Ecau Bo Bpemst 00C/Iy)KUBaHUS 3aBKY MTPUOOD BBIIIEJ U3 CTPOSI, TO OH
OTIIPABJIIETCS] HA PEMOHT, & 3asBKa IepexonuT Ha opbury. s ucciemsosa-
HUsI TAKMX CHCTEM PACCMOTPHUM opHoNmHeiHy0 RQ-cucremy ¢ HeHAIEKHBIM
npubOPOM, YIPABISEMYTO JUHAMUYECKUM IIPOTOKOJIOM jtocryna. 1lenbio pa-
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0OOTBI SIBJISIETCSI uccijaea0Banmue TaKoO# CHUCTEMBI, a TaKzKe HaXOxKJIeHue ee OC-
HOBHDIX XapPaKTE€PUCTHUK.

2. Onmcanme Momaen

Ha Bxom cucrembl ¢ IUHAMWYECKUM MPOTOKOJIOM HJOCTYIA MOCTYIAET
MIPOCTEHINiT TOTOK 3agBOK C MApaMeTpoM A. 3asBKA OOCTyKUBAETCS TPHU-
6opoM CiIy4aiiHOe BpeMs, PACIPE/IeIeHHOe 0 SKCIOHEHIINAIbHOMY 3aKOHY
C ApaMeTpoM [i1.

Henanexabiit mpubop MozKeT ObITh B OJHOM U3 COCTOsIHMI: CBOOOJIEH,
3aHAT OOC/IyKUBAHUEM WJIM HA peMoHTe. Ecan npubop cBOOOIEH, M HA BXOT,
MTOCTYTIAET 3asBKa, TO MPUOOpP cpaly ke HAYMHAET OOCIYy:KUBAHWE TOCTY-
nuBIIel 3adBKU. Kcn 3asBKa MOCTYAeT B MOMEHT, KOUJA MPHUOOD 3aHSIT,
TO TOCTYIUBIIAS 3agBKa MEPEXOIUT HA OPOUTY W OKHUIAET BO3MOXKHOCTHU
3aHATh TPUOOD MPU CJIEIYIOMIEH MOMbITKE.

Iocne ciyvafiHOro MHTEPBATA BPDEMEHU 3asBKa C MHTEHCHUBHOCTBIO 0 /i
BHOBB MBITAETCS 3aHATH MPUOOP HA OOCIYKUBAHUE, TI€ | - TUCJIO 3asIBOK HA
opbure B MomenT Bpemenu t (puc. 1). Bpemsa Gecniepeboiinoit paGoTsl cep-
Bepa PaCIpPEIeIEHO 110 FKCIOHEHITHATHLHOMY 3aKOHY C ITapaMeTpPoOM 7Y, €CITH
OH IPOCTAUBAET, U C TMAPAMETPOM Yo, €CJIU CEPBEP 3AHAT O0OCITYKUBAHHEM.

Kaxk To1bKO nporcxouT MOJI0MKa, CEPBEP OTHPAaBJIsieTcs Ha peMonT. Bee
MTOCTYTIAIOIINE 3asIBKU TEPEX0OAaT Ha opouTy. Bpems BoccTanOBIeHUS MTOCTE
PEMOHTA PACIPE/IETIEHO YKCIIOHEHITHATIHHO C TAPDAMETPOM [i2.

S

— 4/

Puc. 1. Momenb cucTeMbr

IMycrs i(t) - gucno 3asaBok Ha opbute, a k(t) ompeiessier coCTOsHUE
obcaykuBatomero upubopa: k(t) = 0, eciu upubop csobouen, k(t) = 1,
ecan ipubop 3ansT, k(t) = 2, ecan npnbop Ha PEMOHTE.

3. Metoa npousBoaaminx yHKIUI
O6oszuaunm P {i(t) = i,k(t) = k} = P(k,i,t) - BEPOSITHOCTH TOTO, YTO B

JAHHBIA MOMEHT BpeMeHH! t mpubOop HAXOAUTCS B COCTOSHWH k W Ha opOuTe
1 3asIBOK.
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Cocrasum cucremy nuddepeniuanbubix ypasaennii Kosvoroposa s
¢ > 1:
OP (0,4, t) /Ot = —(A+ 0 +7) P (0,4, t) +p P (1,4, t)+
+ uaP(2,1,1),
OP (1,i, t) /Ot = — (A + p1 +2) P (1,4, t) + AP (0,4, 1) +
+oP(0,i4+1,t) + AP (1,i — 1,¢),
OP (2,4, t) /Ot = — (A + p2) P (2,4, t) + 1P (0,4, t)+
+7P(1,i—1,t) + AP (2,i—1,t).

(1)

Bynem canrars, 9o cucrema pyHKIIMOHUPYET B CTAITMOHAPHOM PEKUME,
T.€.

P(k,i,t) = P(k,t)
Banumiem cucremy (1) jig CTallMOHAPHOINO PACIPEIEIeHUs:

— (A +71) P(0,0) + 1P (1,0) + poP (2,0) = 0,7 = 0,
A+ g1 +72) P(1,0) 4+ AP (0,0) + 0P (0,1) = 0,4 = 0,
A+ p2) P(2,0) + 4P (0,0) = 0,7 = 0,

A4 04+ 71)P(0,i) + P (1,i) + poP (2,i) = 0,5 > 1,
— A+ p1472) P(1,0) + AP (0,i) + 0P (0,i+ 1)+
+AP(0,i—1)=0,i > 1,

— (A +p2) P(2,0) + 1P (0,4) + 2P (L,i—1)+
+AP(2,i—1)=0,i > 1.

—~ o~~~

(2)

Yro6bl pemurh cucremy (2), HEOOXOAUMO ONMPENEIUTh MPOU3BOIAIINE
dyuKkIIIN

G(k,x)= ixiP (k,9) .
=0
Torga MOy anM CIEIYIONTYI0 CHCTEMY yDABHEHWIA:
— A+ 0+7)G0,2) + G (1, 2) + u2G (2,2) = —cP (0,0),
()\—&—%)G(O,:c)—i—()\:c—)\—ul—fyg)G(l,a:):%P(0,0)7 (3)
MG (0,2) + 722G (1,2) + Az — A — p2) G (2,2) = 0.
Pemmenne nomydenHoii cucremsl (3) 6yJeM HCKATh, 0O03HAYNB

G(z)=G(0,2)+G(1,z)+G(2).
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Torma momy4aunm:
G(z) = P(0,0)a((x — DX — v — p2)((z — DA — 72 — p1) /((2* — x)*
* A a0+ m)e— o —m =2 — )N+ (((—r2 — 1 — p2)o—  (4)
= (2 + p1))x + op) A+ opz(ye + p)).

Yuuresag ycnosue HOpMupoBku G (1) = 1, momyuaem BbIpazkeHue st

P(0,0) :

(=72 — p2)A? = (op2 + (0 +71)72 + M)A + opa(ye + p1)
o(y1 + p2)(y2 + 1)

P(0,0) =

Ioncrasass P(0,0) B paBeHCTBO (5), MOIyYNM BbIparKeHHE JJIst TTPOH3-
BoZIsAIIEH PYHKITHN:

G(z) = (=72 — p2)A* — (72 + p2)o + 71 (72 + p1))A + oz (2 + p1))*
# (@ = DA =71 — p2)((z = DA =72 — 1) /(1 + p2) (22 — )X+
+z((0+7)e—0—y1 =72 — )N + (=72 — 1 — p2)o—

=712 + )z + op)A + opa(ye + 1)) (2 + 1))

3HadeHWs CTAIMOHAPHOIO pacmpejesenns Ry OyayT uUMeTh CJIeiyoIuii
BHU/I:

(A + 72+ p)p2 — A2 A

(v2 + pa) (1 + p2) Bi=6G11) =

Ry =G(0,1) = =

A+ v+ 1)y + A2
(v2 + p1) (71 + p2)

Y066 BEPOSITHOCTD OBLIA MOJIOKUATETbHA JTOTKHO BBIOTHATHCS CIIETY-
OLlee HEPABEHCTBO:

Ry = G(2,1) =

A op(ye + 1)
— < :S, 5
p1 — (A o)(yepr + pop) + yipa(ye + pa) (5)

rae S - IPOIMYyCKHAs CIOCOOHOCTh PACCMATPUBAEMON CHCTEMBI.
IIponycknast criocObHOCTD — 3TO BepXHssS TPAHUIA TeX 3HAYEHUN 3arpy3-
KA p = ﬁ, JJIs1 KOTOPBIX CYIIECTBYeT CTAIMOHAPHBIA PEXKIM.
Hepagencrso (6) oupezensier ycjaoBue CylIeCTBOBAHUS CTALMOHAPHOIO
pexumMa JJid pacCMaTpUuBaEeMOi NJUHAMUYECKONU CUCTEMBI.
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4. YuciaeHHble pe3yJIbTaThI

st Toro, 4Tobhl HaliTH pacrpeieseHne BepositHocTel P(i), mocrarod-
HO K XapaKTEPUCTUIECKON PyHKINN MPUMEHUTH 00paTHOE Mpeodpa3oBaHme
Oypne.

™

/e_j“iH(u)du7

—T

1
P(i) = —
rie H(u) = G(e/Y), j = /—1 - vunvas eqununa.
PaccmoTpum cuctemy ¢ mapaMerpamu: (1 = 5, po = 2, y1 = 0.03, o =
0.03,A =1,0 = 1. B taba. 2 u Ha puc. 2 TOKA3aHO PACIPEICTIEHUE TUCTIA
3asBOK Ha OpOWTe I JAHHON CHCTEMBI.

Tabymma 1
Pacrmipenesienre BepOATHOCTEH YnC/Ia 3adBOK Ha 0pOUTe

) 0 1 2 3 4 5
P(i) | 0,48213 | 0,19421 | 0,12012 | 0,07523 | 0,04734 | 0,02985

) 6 7 8 9 10 11
P(i) | 0,01883 | 0,01188 | 0,00750 | 0,00473 | 0,00299 | 0,00189

) 12 13 14 15 16
P(i) | 0,00119 | 0,00075 | 0,00047 | 0,00030 | 0,00019

.5

Pli) o2

0.2

Puc. 2. Pacupenenenune BepossTHOCTEN Yuc/ia 3asdBOK Ha OpouTe
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3akJroueHne

B mammoit paboTe mpoBeaeHo uccaeaoBanne gunaMmmndeckoit RQ-cucremsr
M/M/1 ¢ HeHame:kHbIM MpUOOPOM. B pesynbrare nccie0BaHNs TTOJLY Y€HBI
MIPOM3BOIAIIAS U XapaKTepucTudecKkne OYHKIMY I PACIPEIeTeHns BEPO-
ATHOCTEN Yncia 3asaBoK Ha opbure. Haiimeno cramuonapuoe pacmpeaenenne
cocrosinuii pubOpa U MPOILyCKHAS CIOCOOHOCTH PACCMATPUBAEMON CHCTE-
MBI.
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NCCJIEJOBAHUE IMUKJIMYECKO CUCTEMBI
C ITIOBTOPHBIMUM BBIBOBAMU M,;|M,|1

A. A. Hazapos, C.B. ITayns, K. C. lllyasruna, P. P. Canum3snos

Hayuonasvnoti uccaedosamenveruti Tomekut 2ocydapemeennnvill ynueepcumen,
2. Tomck, Poccus

B pabore BBIIIOJIHEHO UCCIEIOBAHUE MATEMATUIECKONR MOJETN TIHK-
JIAYIECKON CUCTEMbl B BU/E OJHOJIMHENHON CHCTEMBI C HOBTOPHBIMU
BBI30BAMHM, Ha BXOJ KOTOPOWH ITOCTYIIaeT ABAa MPOCTEHIIMX TOTOKA
3a4BOK, IIPOAOIZKUTEJIbHOCTHA O6CJ’Iy)KI/IBaHI/IH KOTOPBIX UMEIOT 3KC-
IOHEHINAIbHYI0 OYHKIUIO pacupenesnserus. llapy noTok u coorser-
CcTByOUIyIO eMy opbuty HazoBeM RQ-cucremoii. IIpubop mocemaer
RQ-cucrembl B UK IM9YECKOM TIOPsIJIKE, BPEMs HAXOXK/IEHUs IPUbO-
pa y TAKOIl CHCTEMBI C IIOBTOPHBIMHU BbI30BaMH HMEET IKCIIOHEHIIU-
aIbHYIO (DYHKIMIO pacupenaeseHus. [l puMensis MeTo aCUMIITOTIHYIE-
CKOT'0 aHaJM3a HANIEHO HpeesIbHOe CTAIMOHAPHOE PACIIPejieIeHne
BEPOATHOCTEN 4ucCJia 3asdBOK Ha OPOMTAX B LMKJIUYECKOH CHCTEME
C ABYyM$ BXOOAIMUMHA ITIOTOKAMM. KJIIO‘{eBbIe cJIoBa: yuxauvecrkasn
CUCNEMA C NOSMOPHBLMU 6b1306aMU, RQ)-cucmema, acumnmomue-
cKull aHaAu3.

BBemenue

B mannoit pabore paccMaTpuUBaETCs IMTUKINIECKAS CHCTEMA C TTIOBTOPHbBI-
Mu BbI3oBamMu [1, 2, 3], B KOTOpPO# IMKJI ONpENENseTcs CyMMOJi MHTepBa-
JIOB TIOJKJIIOUEHUsT 00C/Iy2KuBaromero npubopa k RQ-cucremam (cucrembl
¢ mOBTOpHBbIMU Bbi3oBamu) [4, 5, 6, 7]. OcobeHHOCTbIO TAKOW CHCTEMBbI $iB-
JIAETCA TO, 9TO HPOJOKATEIbHOCTH TAKMX WHTEPBAJIOB CIIydYailHble W HE
3aBUCAT HE TOJIbKO MEXKJ1y CO60ﬁ, HO W OT BXOJAIIMX IIOTOKOB 3a4dBOK U
MTPOIOJIKUTETHHOCTEN WX obcy:kuBanusi. Ha BX0a mpeajiaraeMoii 1uKJIn-
9eCKO¥M CHCTEMBI MOCTYMAI0T /IBA MPOCTEUINNX MOTOKA 3aSBOK, HWHTEDPBAJIBI
nozkaodenus npubopa Kk RQ-cucremam (Bxozsiiuii HOTOK U COOTBETCTBY-
0last eMy 0opOuTa) UMEIOT IKCIOHEHIUAIbHYI0 (DYHKIHMIO PACIPE/IEIeHus.
Juist uccsejoBaHust UCIIOJB3YETCs METO/ ACUMIITOTHYECKOro anauu3sa |8, 9]
B aCUMIITOTHYECKOM YCJIOBUY OOJIBINON 3aIePyKKU 3aBOK HA OpOMUTAX.

1. MaremaTndeckas MoO/eJib M IIOCTAHOBKA 3aJa4n

PaccMOTpUM DUKIAIECKYIO CUCTEMY C TIOBTOPHBIMHU BBI30BaMU (PUCYHOK
1), Ha BXOJ KOTOPOIl IOCTYNAIOT JABA MNPOCTEHNINX MOTOKA COOBITHI C WMH-
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TEHCUBHOCTBIO A1 ¥ Ag. 3asiBKM KazKJOr0 MOTOKa (POPMHUPYIOT CBOIO OPOUTY
HEOI'PAHUYIEHHOT'O 00beMa.

Bynem mazwBaTh mapy n-ro moTOKa W COOTBETCTBYIOIIYIO €My OpOuTy
«n-oit RQ-cucremoiis, n = 1,2. [Ipubop mocemaer RQ-cucremsbr B 1uk/in-
YECKOM TOPsiIKe, HAYWHAs C TEePBOl M 3aKaHYMBasg BTOPO, MOTOM IUKJI
noBropsiercs. Bpemsi HaxoxK 1eHust TpubOpa y 1n-0# CUCTEMBI ¢ TIOBTOPHBIMU
BBI30BAMU MMEET IKCIIOHEHIIUAIbHY IO (DYHKIMIO PACIPEIEICHNs C HapAMeT-
poM ay,, n = 1,2. B Tedenne 3TOro Bpemenu npubOp OOCIY>KUBAET 3asIBKH,
KOTOpBIE TTOCTYTAIOT U3 71-Or0 BXOISAIIETO MOTOKA U ¢ opouThl. Bpems 00-
CJIyKWBAHUS 3a5BOK UMEET IKCIOHEHIINAIbHYIO (DYHKIIAIO PACIPEIETIEHHUS C
mapamerpamu f,, n = 1,2. Eciu mocrynusinas 3asBKa BXOSIIETO MOTOKA
obHapyKuBaeT MpubOp 3aHATHIM UM HE MOJKIIOYEHHBIM, OHA MIHOBEHHO
YXOUT HA COOTBETCTBYIONIYIO OPOUTY, TJE OCYIIECTBISET CIyUalHyIO 3a-
JIEpKKY B TEUEHUE HKCIIOHEHIINATBHOIO BPEMEHHU C TAPAMETPOM 0y, o = 1,2
mocJie KOTOPOi BHOBH oObpartmaercs K mpubopy. Byaem paccmarpuBaTh 1uK-
mudeckyio RQ-cucremy, Korma mocie uCTedeHus BPEMeHU MOIKIIYeHUsT K
n-oit RQ-cucreme 3asgBKa yXOIUT HA COOTBETCTBYIOILYIO OPOUTY.

M ) o

R o, oy 21| "
A % 15

—E e Qo Qe

Puc. 1. llukimyeckas cucTeMa ¢ MOBTOPHBIMHU BBI30BAMU

O6o3nauum nponecc k(t) — cocrosinme npubopa B MOMEHT BPEMEHH .
DTOT NPONECC MOXKET MPUHUMATH Cjeayfomue 3Hadenus: 0 — upubop moj-
KJIIOYeH K mepBoit RQ-cucreme m cBobomen, 1 — mpubop MOAKIIOUEH K Tep-
Boit RQ-cucreme u 3amsr, 2 — mpubOp MOIKIIOUEH KO BTOpoit RQ-cucreme n
cBOOOMIEH, 3 — mpubOpP MOAKJIIOYEH KO BTopoii RQ-cucreme n 3amAT.

Takzke BBeseM ciydaiiHble npouecchl: 41 (t) — 4UCI0 3as8BOK Ha IIEPBOIi
opbure B MOMeHT BpemeHu t, ia(t) — 4mMCIIO 3asBOK Ha BTODPOi opbure B
MOMEHT BpEMeHN ¢.

CraBurcs 337a49a HAXOXKICHUS CTAIMOHAPHOTO TPEXMEPHOTO PaCIpejie-
JICHUS YHCJIa 3asBOK Ha MEPBOI 1 BTOPOit opburax. /st 370r0 paccMoTpum
TpexMepHbIii MapkoBckuil npouecc {k(t),i1(t),i2(t)}. dusa pacupenenenus
Bepositaocreit P{k(t) = k,i1(t) = i1,i2(t) = ia} = Py(i1,12,t), cocraBum
cucremy Kommoroposa.

Brenem gacTuuHble XapakTepucTudeckue hyHKIUH, 0003HAUNB
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j= VT Hy(unu) = % 3 @"ie/= iy ip), k = 0,3. Cucre
i1:0i220

MYy [JIsT YACTUYHBIX XaPAKTEPUCTUICCKUX (PYHKIUI 3aIUIIIEM B MATPUIHONR
dopme, 0603HATNB

—(A1+A2+ar) A1 ay 0
A = 1 —(A1+Ae+p1tar) 0 0
s 0 —(A1+A2+a2) A2 ’
0 0 2 —(MHA2+p2taz)
8 A0 0 8 A2 000
_ 1 Q1 _ 0 X200
B= |:0 0 X O :|’C - [ 0 02 00 :|7
00 0 X\ az 0 0 A2

0000 0000 0000 0000
I, = 0000 = 0000 o= 0010 A3 = 0001 [*
0000 0000 0000 0000

ITony4yum cucremy, B KOTOPO# CKAaJISIPDHOE yPABHEHUE IIOJIyYEHO IyTeM
YMHOXKEHUS MATPUYHOIO YPABHEHUsI HA BEKTOP €IUHUYHOIO CTOJIONA €

, . oH ;
H(u, uz)(A + /1B + e’“2C) —|—j01%(10 — e/ )+
oH -
+j02%(12 —el"?13) =0,
: .. OH
(ejul — 1)(H(U1,’LL2)B + joe 7™ Mll)e-i-
3u1
. .. OH
(&7 — 1)(H(uy, u2)C +jage*3“2W13)e = 0. (1)
2

Cucrema (1) ypaBHeHUil gBJIIeTCS OCHOBOMH Jijisl JaJbHEHIIUX UCCIIEZO0-
Bauuii. MBI pemmM ee MEeTOIOM ACHMIOTOTHYIECKOTO AHAIN3A B IPEIETbHOM
YCJIOBHU COIJIACOBAHHO GOJILIION 3aJIepXKKK 3agBOK Ha opbutax (07 — 0 u
o9 — 0)

2. AcuMOToTuyecKmnii aHaJIn3 IIepBOIro ImopdaKa

Teopema 1. Ilycrs iq1(t) u ia(t) - uMCa0 3as9BOK HA TIEPBOIT U BTOPOH
opOHUTaxX COOTBETCTBEHHO, TOTIA BBIMOJHSIETCS CJIEIYIONIee PEIeIbHOE pa-
BEHCTBO

lim Mejwlo"ylil(t)Jrjsz"/ziz(t) — ejwlalJrngaQ

o—0 ’
rJie BEKTOD BEPOATHOCTEH COCTOSHUIM MpubOpa, r sIBJISETCs] KOPHEM ypaBHe-
HUS

I‘(A —+ B —+ C) — ’)/10,11‘(10 — Il) — ’YQCLQI‘(IQ — 13) = 0 (2)
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a1 U ao ABJISIOTCS KOPHAMM MATPUYHBLIX ypaBHEHU
r(B—yia1I)e =0,
r(C — ya2l3)e = 0,
rjue Y1, Y2, Wi U W ABILAIOTCA LapaMerpaMd MeToJa acUMITOTHYECKOIO

aHaJInu3a.

Takum 06pa3om, MOSTYIHIH CHCTEMBI yPABHEHNI, PEIIeHre KOTOPBIX 03~
BOJIUT HAM HaWTU BEJIUYUHBI a; U ag - aCUMITOTUYECKUE CpeHue 4ucjia
3as7BOK HA TEPBO W BTOPOil OpOUTAX COOTBETCBEHHO W T - BEKTOD BEPOST-
HOCTEH COCTOsTHM mpubopa.

3. AcuMmnrormueckuii aHaIn3 BTOPOTO IMopdAJdKa

Teopema 2. B kontekcte Teopembl 1 BepHO ciieyioliee mpeieTbHOe
PaBEeHCTBO
a . . a j 2 J 2 . .
lim M-e?@vomn (31 (t)— U—A{ll)-ﬁ-]wm/o'm(zz(t)— U—%) _ e%K11+%K22+jw1]w2K12
o—0 ’
rme Ki1, K12, Koo - KOppPEISAIUOHHBIE MOMEHTBI, KOTOPBIE OIPEIEISTIOTCS
paBeHCTBaMu

Ky = (811 + 812 —21)(B —aimli) + aimirly)e
(mrIy)e ’

Ky — ((821 + 822 — 22)(B — a1mIi) + (811 + 812 — 21)(C — azyely))e
(r(nIi +7203))e ’
((821 + 822 — 22)(C — asyels) + asyorls)e (3)
(vorlz)e '
31ech BEKTOP BEPOATHOCTEH COCTOSIHUI MpUOOpa I SBJISETCS PEIIeHuEM
ypaBHenus (2), a BEKTODPbI €11, 12, o1, a9, Z1, Zo ABJISIOTCH YACTHBIMU
PELIEHnsIME HEOHOPO/HBIX CUCTEM

g11(A+B+C—am(lo —T) —azy(la — I3)) = ynir(lp — 1),

812(A+ B+ C —arm(lo — L) — azye(Iz — I3)) = vor(Iz — I),

21(A+B+C—ayi1(Ip— 1) —azye(ls — I3)) = (B — a1 1y),
g e=0,g,e=0,z1e=0.

821 (A +B +C —a1m(lo — ) —azy(I2 — I3)) = yir(lp — 1),

822(A + B+ C —a1mi(lo — 1) — azy2(I2 — I3)) = 7or(Iz2 — I3),

z2(A+ B+ C — a1y (Ip — 1) — azye(Iz — I3)) = r(C — axy.13),

g, e =0,g5e=0,ze =0.

Koo =
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Bropasi acuMITOTHKA IOKa3bIBaeT, YTO ACUMIITOTHYECKOE JBYMEpHOEe
pacnpesiesienne BepoaTHOCTeH ucaa i1(t) u io(t) 3adBOK Ha MEPBO U BTO-
POii OPOUTAX ABIACTCA HOPMATBLHBIM PACIPEIETICHAEM ¢ ACUMITOTHIECKAMHA
CPEITHUMU: a1 /710, a2 /ve0, quctepcusivu: K11 /v10, Kog /720, n k03bdunn-
€HTOM KOPPEJIAIAN IUCIIa 3asBOK Ha MEePBOii u BTOpoit opburax Kis/v1720.

4. YUncaeHHBIA aHaAJIN3

JI71st IOCTPOEHMS IIOTHOCTH PACIPEIETEHAS BEPOSTHOCTEH IBYMEPHOTO
HOPMAJIBHOTO PACIpeeeHnsT IUCIa 3asdBOK Ha IEPBOM W BTOPOiT opOmTax
ObIIa MCITOIH30BAHA CUCTEMa, MareMaTndecknx Boranciaenwii Mathcad. 3a-
JTIaB HEOOXOIUMbIE HAYAJIbHBIE TapaMeTpbl: Ap = 0.2, A0 = 0.4, 1 = 1, uo =
2,a1 = 07,00 = 0.6,71 = 1,79 = 2,0 = 0.01,01 = 710,090 = 7920, WO-
CTPOUM ILJIOTHOCTDH PACIPEIETEHUS BEPOSITHOCTEH IBYMEPHOrO HOPMAJThHO-
T'O pacIpeIe/ieHns 9uCia 3asdBOK Ha MEPBOil M BTOPOiT opOuTax

2 2
1 _ 1 A (Z1—=31) 72p(x1—31?(m2—%2)+(m2—%2)
fl($1,l’2) _ e 2(1—p2) ( 52 s182 52 )7
2ms1894/1 — p?

_ a1 _ a2 _ [/ Kn _ Koo — _Ki2 _
rae s = 0'1’%2 - 0-2781 - 01’82 - UQap_ 7172073K03¢®H
IIMEHTHI a1, G2, K11, K12, Koo ObLIN HaiIEHBI C TIOMOIIBIO TIEPBO U BTOPOIA
acumnToTuky B (2) u (3).

fi (a:l,:vZ)

Puc. 2. I'paduk m10THOCTH ACHMITOTHYIECKOTO ABYMEPHOIO HOPMAJIHLHOTO PACIIPe-
JIeJIEHUSI 9MCJIa 3asBOK HA IEPBOM M BTOPOil opOmTax
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J1s1 onpesiesieHns TOIHOCTH [OJIy YeHHBIX AHAJMTUYECKUX PE3YJIBTATOB,
CPABHMM ACHUMUTOTHYECKME DE3YJbTaTbl ¢ HMIUPUYECKUM DACIPEIEJICHH-
eM, TIOJlyYeHHbIM B pe3yJbrare paboThl MMATAIMOHHON Momenn. TodHOCTH
ACHMITTOTHYECKUX Pe3YJIbTATOB Oy/IeM OIEHWBATH C MOMOIIBI0 PACCTOSHHS
KonMoroposa MexK/ly aHATUTHIECKEM U IMITUPHIECKAM DACTIPEICTCHASIMH.
B Tabnuue 2 npuBeAeHbI 3HAYEHHS STUX PACCTOMHUI Il PA3IUIHBIX AP~
METPOB 0 JJIsl PACIPE/IeJIeHUsT BEPOATHOCTEN YUC/Ia 3a:ABOK HA 1ePBOit (A1)
u BTOpoit (Ag) opbure.

Tabymma 1
Paccrosame Komvoroposa A1 m As

c=1|0c=01| 0c=0.01 | c=0.001
A7 | 0.0701 | 0.0129 0.0029 0.0011
Ay | 0.1533 | 0.0194 0.0027 0.0006

Ananusupys ganHbie TabIUIBI 2, MOYKHO CIEIATh BBIBOJ, YTO TOYHOCTH
ANMMPOKCUMAIINN PACTET C YMEHbIeHneM mapamerpa o. [loykupHbiM B Ta0-
Jaie 2 BBIJEJEHBI T€ 3HAYEHUs, NMPU KOTOPBHIX OyIeM CYUTATh TOYHOCTH
ANMIPOKCUMAIHI YIOBIETBOPUTEIbHOM. V3 TOMyYIeHHBIX 3HAMEHUH MOXKHO
c/ies1aTh BBbIBOJ, YTO AIIIPOKCUMAIUd, [10JIy4eHHasd C [IOMOIIbIO aCUMIITOTH-
YEeCKOro aHajan3a, JAeT XOPOIINe Pe3yAbTaThl TPW HU3KON MHTEHCUBHOCTHU
noBTopHOro 06caykuBanusa (o < 0.1) obpamienus ¢ OpOUTHL.

3akJiroueHne

TakuM 00pa3oM, HaiiIeHHAsS ACHMITOTHKA MEPBOTO W BTOPOTO TOPS-
Ka IIOKA3BIBAET, YTO ACHMITOTHYECKOE PACIHPENE/ICHAe BEPOATHOCTEH dmC-
aa i1(t) u i2(t) 3a4BOK Ha 1EPBOil U BTOPO OpPOUTAX B PACCMATPUBAEMOI
IUKJIMIECKON CHCTeMe SBIeTCd OBYMEPHBIM HOPMAJIBHBIM C ACHMIITOTH-
YeCKUMHU CPEJTHUMU: a1 /710, az/¥20, mucnepcusavu: Ki1/v10, Koo /vy20, n
KO3(DPHUITNEHTOM KOPPEJAINH UNCIa 3aABOK Ha MEPBO M BTOPOH OpOMTaX
Kia/71720.
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NCCJIEJIOBAHUE YUCJIA [IOBTOPHBIX
OBPAIIIEHUIT B CUCTEME M(i)|M|co C
OBPATHOI CBSI3bBIO

E.T. Yeromaesa', A.3. Memukos?, C.II. Mouceena' E.II. Iomus'

lHauuoua/meﬂ uccaedosamenvcekut Tomexut 2ocydapemeennoit
yrnusepcumem, 2. Tomck, Poccus
2 Mnemumym cucmem ynpaeaenus HAH Asepbatidocana,
2. Baxy, Asepbaiidocan

B pabore mpoBoaurca uccieioBaHEe IIOTOKa IMOBTOPHBIX obpailie-
Huit B 6eckoneuynosmHeiHo CMO ¢ 0OpaTHOl CBA3HI0O W WHTEH-
CHUBHOCTBIO BXOJSMIETO ITOTOKA, 3aBUCAIIEH OT COCTOTHUSA CUCTEMBI.
KimroueBble CJI0Ba: Cucmema macco6020 00CAYHCUBAHUA, NOMOK
nosmoprox 0opawerut, CMO ¢ o6pamnoti c6A3v10.

BBemenune

C yBennyueHneM BBIMUCIUTEIHHO MOIIIHOCTA COBPEMEHHOM TEXHUKN BO3-
POCJIO BHUMAHUE K BAXKHOMY PAa3/I€Ty TEOPUU BEPOSATHOCTH — TEOPUS MACCO-
BOro obciykuBaHus. B HACTOsIIIEe BpeMst HAanOO b HHTEpeC HabII0 aeT-
Csl K UCCJIEZIOBAHUIO COLIUAIBHO-9KOHOMUYecKux cucreMm [4, 5]. Ussecrno, uro
JIIS TAKAX CHCTEM KJIACCUYECKUE MOJEN TIOTOKOB (Takue, KaK IMyacCOHOB-
CKH€) MCKAYKEHHO OIUCHIBAIOT MOBEIEHUE PEATIbHBIX, 110 9TOH IPUYINHE ObLIO
PEIIIEHO OCTAHOBHUTHCS HA MCCJIE/IOBAHUH ITOTOKA C ITI€PEMEHHOH MHTEHCHB-
Hocrbio [1]. TiaBHbIME OCOBEHHOCTSMU PACCMATPUBAEMON MOJIEJIU SBJISAETCS
3aBUCHUMOCTH BXOZSAIIErO [TOTOKA OT KOJUYECTBA 3aHATHIX IPUOOPOB cucTe-
Mbl U Hajmuue o0parHoil cBsizu. [Togobusie CMO npencraB/isifor OrpoOMHbI
WHTEPEC B COBPEMEHHBIX MCCIeJOBaHUAX [3].

1. MaremaTrndeckas MoO/eJib M IIOCTAHOBKA 3aJa4n

Paccmorpum CMO ¢ HEOrpaHUYEHHBIM YHUCIOM OOCIYKWBAIOIIAX TIPU-
6OpOB, HA BXOJ, KOTOPOIi TIOCTYIIAET [OTOK, UMEIOIIUH WHTeHCUBHOCTD A(%) =
a + bi, re a ABIseTCs MOCTOSHHOM, BbIPAXKAIOIell He3aBUCUMYI0 CKOPOCTh
LOCTYIIJIEHUs 3a54BOK; b MMeer CMBIC/ BEPOSITHOCTH, C KOTOPOI KaxK/asi 3a-
SIBKA, COJIEPIKAIIAsICsl B CHCTEME, BJIEUET 3a CO0Oi TOsIBIIeHNe HOBOM, i(t) —
MIPOIIECC U3MEHEHNS YNCJIA 3AHATHIX TPUOOPOB B CHCTEME B MOMEHT BPEMEHU
t. Bpems obcyxuBanus OygeM CIATATH CIy9aiiHON BEJIMYIWHON, MMEIOIIei
SKCIIOHEHITHATLHOE PACIPEJICTICHNE C TAPAMETPOM fi. THCIIO TOBTOPHBIX 00-
pallenuii, peajau30BaHHbIX 3a BpeMs ¢ 0003Hauum 3a n(t).
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A()=a+bi P l1-r ;
\
n(t)
/
u

Puc. 1. Maremarnaeckaa mogeasr CMO Buma M (i)| M |oo

[MocraBum 3amady HaxOXKIEHHS MPOU3BOJLAIIEH (DYyHKIUU pacipeese-
Hus BepoaTHOcTel P(n,t) umcna moOBTOPHBIX OOpalnenuii 3a Bpems ¢

F(yat) = Zynp(n,t)
n=0

i sroro BBeneM aByMepHbIi MapkoBckuit nporecce {i(t), n(t)}, pacupene-
JIEHUE BEepPOsATHOCTENl KOTOPOTO MUMEET BU/I:

P(i,n,t) = P{i(t) = i,n(t) = n}.

2. Cucrema auddepennuanbabix ypaBaenuii Kosimoroposa

st pacipeiesienusi BEPOATHOCTEN PACCMATPUBAEMOIO CJLy 9aifHOIO 11PO-
mecca cocraBuMm At — MeTomoM cucreMy nuddepeHnualbHbIX ypaBHeHUH
Komnmoroposa [1]. Banuiiiem nonpejieinbHble PaBeHCTBA, UCIOIb3Ysi (HOpMy-
J1Iy HOJIHOI BEpOATHOCTU:

P(0,n,t+ At) = P(0,n,t)(1 — aAt) + P(1,n,t)(1 — r)uAt + o(At),
P(i,n,t + At) = P(i,n,t)(1 — (a + bi)At)(1 — ipAt) + P(i,n — 1, t)iurAt+
+P(i— Ln,t)(a+ (i — Db)AL+ P(i 4+ 1,n,t)(i + 1)(1 — r)uAt + o(At), i > 1.

Cucrema nuddepennuanpabix ypaBaenuit Koamoroposa npumer Bu;:

% = —aP(0,n,t) + u(l —r)P(1,n,t),
W — —(a+bi+ip)P(i,n,t) + iprPli,n — 1,6)+ (1)

+(a+bi —1)P(i —1,n,t) + (i + V(1 —r)P(i + 1,n,t), i > 1.

, 1, ecmi=0
Hauasbubie yciosus: P(i,n,0) =< 7
0, ecau ¢ > 0.
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3. IlpousBojagrmiasa GpyHKIUA 0OIero 4mcija 3agdBoK B CHCTeEMe

[Ipoussomsinas GyHKIUS OMpesensaercs Kak
o oo )
Glz,y,t) =Y > a'y"P(i,n,1).
=0 n=0

U3 cucremsr (1) mus dyakuuu G(z,y,t) noaydaem suneitnoe nudde-
PEHIHMAILHOE YPABHEHHE B 9aCTHBIX IIPOU3BOAHBIX 1-ro mopsaka

0G(x,y,t)
ot

+ [(b+:u‘)z — ba® —pu(l—=r) f,u,’r'xy] M —

ox (2)
=a(z — 1)G(z,y,1).
Hnst (2) 3anumem cucremy quddepeHnnanbHBIX ypaBHEHWH BUIA

dt dx dG(z,y,t)

1~ (b+wa—ba?—p(l—r)—pray  alz — DG(x,y.t)

Haitinem nBa nmepsbix maTErpasna cucrembl. llepBoiit u3 ypaBaenus:

dt dzx

1 (b+pax—ba?—p(l—r)—pray

PaziioykuM Ha MHOXKUTEIUM MHOIOYJIEH B 3HaMeHaTeJe:
dat dx _ Adx n Bdx
L (—mi(y)(r—22y) z—a1(y) z—x2(y)’

rae

=+ p(1 —ry) £ /(b= pu(l —ry))? + 4bur(1 —y)
r12(y) = —% :

D(y) = (b — pu(1 —ry))* + 4bur(1 — y).

Boraucius ko3gpdunpenrtor A, B MeTosoM BbIYEPKUBAHUS U IIPOUHTE-
TPUPOBAB TIOJIyYE€HHOE BBIPAYKEHUE, TMEEM:

mEm W e
b x — z2(y)

O\ = exp { r;<y>t}m —n(y) @)

z —a(y)

Orcrona
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Jlpyroit naTErpas HaliieM U3 ypaBHEHUS:

dG(z,y,t)

—1)dt = —"F"—.
W= Gy
Bernecem u3 (3) z — 1:

D(y)t

b
Cyexp {”Iz(y)t} -1
IMoxcrasuM 370 BhIpaXkenue B (4) U IPOUHTErPUPYEM:

exp {a(z2(y) — 1)t}Cy

(01— {520} )

CuaenoBaresbro, obiee pelenue ypaBHeHus (2) MOXKHO 3aIUCATh CJie-
JytoruM 00pa3om

r—1=

+ x9(y) — L.

G(z,y,t) =

exp {a(ray) - DY
(01— o {51

re Co = ®(C4) — npoussonsHas auddepenimpyemast byukims, a Cq onpe-
JIEJISIETCST PABEHCTBOM (3).
Ob6iuee pemenue G(z,y,t) nepenunem B BUIE

_ « D(y), |z —z(y) exp {(z2(y) — 1)t}
G(z,y,t) = (e P{ b t}m— wz(y)> eXp{i\/DbW)t} (&%yi _ 1)

G(.’L‘, Y, t) = (I)(Cl>

a

z—z2(y

Oupesesium 9acTHOE pelieHre ypaBHeHus (5) OPU HAYAIBHOM YCJIOBHUU:
- )
1—
G(z,y,0) = g(z) = (M) :
p(i=r)

rae g(x) — nponsBozsmas (GYHKIMs CTAIMOHAPHOTO PACIPEIeNIeHUsT BepO-
SITHOCTEHN YWCIIa, 3aHATHIX MPUOOPOB B TAHHOU CHCTEME.

Nmeem
b ¢ e—a1(y)
( L i ) _o(=8)
1 e—zi(y) _ 1)"
(mnl(y) 1)

b
T aa-nt
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IMosaras, 4To iiiifiﬁ = 2, TOJIy4nM
%
#(11)—7”) -1
P(z) = (2 - 1)"
1—r v D(y)
% - b(z—f) —2(y)

TMoncrasasist sro Bepazkenne nyst Gyukiwpn P(z) B (5), nmeem

b
pd—=r) -1
G(z,y,t) = . x
O e ()
b<exp{ Db<y>t}m—ml<y>,1) (6)

z—x3(y)

. (exp {a2(y) ~ D& — 21(y)) — exp {(@a(y) ~ i} (o~ xz(y») )
VD) ’

b

rae

=+ p(l-ry)) £+/D(y)
r12(y) = — :

D(y) = (b — p(1 —ry))* + 4bur(1 — y).

4. Ilpom3sBongainasa PYHKIHUA YHCJIa IOBTOPHBIX oOpalreHuii B
cucreme

13 Buga npomsBogsmeil GyHKIUKM ABYMEPHOTO PACITPENETIEHHST MOKEM
HaliTy npousBogsume GyHKIuM JIO60r0 M3 OJHOMEPHBIX MAPTHUHAIbHBIX
pacupenenenuii [2|. Jna (6) umeewm:

F(y,t) = G(1,y,t).

Haiinem ee Bum;

H(lbfr) —1
F(y,t) = G(Ly,t) = x
pd-=r) VD) o $2(’Ll/)
b b(exp{\/Db(y>t} 1oy (v) g (7)

1-z2(y)

y <exp{<xz<y> — D1 = 21(y) — exp (@) — DEH1 - m(y») )
VD) '

b
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3akJroueHne

B nacrosimeil crarhe MPOBEIEHO WCCIIEOBAHUE CIYYaitHOrO MPOIECCa,
XapaKTepU3yIONIero W3MeHEeHHe YNCJIa MOBTOPHBIX OOpAIEeHWH B CHCTEMY
Buga M (i)|M|oo ¢ MHTEHCUBHOCTBIO BXOJMIIErO MOTOKA, 3aBUCAIIEH OT JucC-
na 3a4BOK B cucreme. [[ory4eH0 aHATMTHIECKOE BBIPAZKEHHE JIJIsi COBMECT-
HOU npou3BoAsAIEell DyHKIMU YUC/Ia 3aHATHIX IPUOOPOB U YUC/IA IIOBTOPHBIX
oOpaInenuii B CHCTEMY.
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MATEMATNYECKAA MOJAEJIb ISMEHEHIN A
KOJIMYECTBA TOBAPA B BUJIE CMO

M| M| Msy)|...| M, |occ
1. A. Koposnes, T.B. Bymkosa, C.II. Mouceesa

Hayuonaavhwi uccaedosamenveruti Tomexutd 2ocydapemeentsill ynusepcumen,
2. Tomcxk, Poccus

B pabore paccMaTpwBaeTCs MaTeMaTWudecKas MOe/b M3MEHEHUS
YUCJIEHHOCTH €JFIHUI] TOBAPOB B BHJIE CHUCTEMBI MaCCOBOTO O0CJIYy-
JKUBAHUSA C BXOJANIUM IIyaCCOHOBCKHAM ITIOTOKOM TPeOOBaHMIl Ha pe-
CYPCHI CJLy9aiiHOTO 06beMa. I1oJIyYenH B MHOTOMEPHO TTPOU3BO/IsI-
et pyHKImMU I CTAIMOHAPHOIO MHOTOMEPHOIO PACIIPEIEICHIS
BEPOATHOCTEH KOJMIeCTBa 3aHATHIX pecypcos. KiroueBbie ciioBa:
CMO, cucmema Macco6020 06CAYHCUBAHUA, NOMOKY OMPUYATNEND-
HOLL 3aA60%K, MeMod Npoussodauets GYHKUUY.

BBemenue

B nacrositiiee Bpems BHUMaHWE K TEOPUHM MAacCCOBOTO OOCIIY:KHWBAHUS B
3HAYUTEPHOU CTENeHN CTUMYJIUPYeTCs HeOOXOAMMOCTHIO NMPUMEHEHUs €€
PEe3yJIbTaTOB /Il BAXKHBIX MPAKTUYECKUX 33/1a4, BO3HUKAIOIIUX B 2KHU3HE-
JIeSITEIBHOCTH I€JIOBEKa.

CucreMbl ¢ HEOrpAHUYIEHHBIM YHCJIOM TPHOOPOB ABJISIOTCA HamboJee
NpUOIMKEHHBIMI K PeanbHbIM cucTeMaM. IlepBble pe3yabraThl A OeCKo-
HEYHOJIMHEWHBIX CHCTEM MAaCCOBOI'O ODCIIyKMBAHUSA ObLIN MOJIyYEHBI €Ie B
cepe/iHe [IPOIILIOr0 BEKA, OIHAKO, MHTEPEC K TAKUM CUCTEMAM COXPAHAETCS
u B Hamu gHU. CucTeMbl ¢ GECKOHETHBIM YHCJIOM OOCITYKUBAIOIINX TPUOO-
POB MPUMEHSIIOTCS B MPOIECCAX UMMUTPANNN, B OMOJOTHIECKUX CHCTEMAX,
B (DUHAHCOBBIX MOJIEJISAX, B HAJIEXKHOCTH OOJIBINNX cucreM [1, 2, 3, 4].

1. IlocranoBKa 3ajjaun

Paccmorpum ckita mpomsoBOIBLCTBEHHBIX TOBAPOB. BymeM cuurarh, 910
IIOCTaBKHU IIPO/IOBOJIbCTBEHHBIX TOBAPOB IIPOUCXOJIAT B C/IydaiiHble MOMEH-
Tbl BPEMEHH, KOTOPbIE 00Pa3yIoT IyaCCOHOBCKHUI IIPOCTENIINI IOTOK C WH-
TeHCUBHOCTHIO A. Karkjgas mocraBka MOXKET BKJIIOYATH B Ce0sT HECKOJIBKO
rpynm ToBapoB. Tak KaK TOBaphl MPOAYKTOBBIE, TO OHU UMEIOT CPOK pea-
nu3anuu. Bymem cYuTarh, 9YTO CPOK PeaTu3aluud — TO IKCIOHEHIIHATHHO
pacmpenesieHHas CiydaiiHas BeJIUYUHA C mapamerpamu fp, k= 1,2,...,n.
ITocsie okoH4aHUS CPOKA MOIHOCTH TOBAP «YHUUTO)KAETCsH». Kpome Toro, mno-
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TOKH HOKYTIATEseld, ITOCTYNAOIIUe 38 OMPE/IeTEHHBIMU BUIAME TOBAPOB TO-
2Ke Oy/IeM CYMTATD IyaCCOHOBCKUMU C MHTEHCUBHOCTAMY Ok, k = 1,2, ... n.
Torga, mpurieaIuii MOKYIATE b OCYIIECTBIAET TMOKYIKY JIFO0OH eIMHUIIhI
TOBapa OIIPE/IEJIEHHOTO THIIA U TTOKHIaeT cuctemy. CTaBUTCS 3a/1a49a HAXO0XK-
JIEHUST PACIPEICSIEHIsT BEPOSITHOCTEN €IMHUI TOBAPA KAXKIOIO TUIA, HAXO-
JISAIIAXCST HA, CKIIAJIE.

PaccmarpuBaercs cucrema ¢ n 6J0KaMu OOCTyKUBAHUA, KAaXKIbIA 3
KOTOPBIX COIEPYKUT HEOTPAHWYEHHOE UHMCJIO TPUOOPOB. MOMEHTHI MPUX0Ia
TOCTABOK OOPA3yIOT MOCTYITaeT MpoCcTelmuii ¢ mapamerpom A. B momenT
HACTYIJIeHHUs COOBITHS B PACCMATPUBAEMOM TIOTOKE B CHCTEMY OIHOBPEMEH-
HO [OCTYIIAIOT 7 PA3JIMYAONIUXCs 110 TUIly TpeboBanuil (rpynn ToBaposB).
Juctuniamaa o0C/Iy X KUBAHUS ONMPEIESIeTCs TeM, 9TO KayKJasi MPYIIa TOBa-
POB OTJIMYAETCS CPOKOM peasn3anuu. ByzeM caurarh, 9TO 3TOT CPOK pea-
JIM3AIUN OTMCHIBAETCA CIYYaWHON BEJIMYMHON, PACIPEIESIEHHON 1O IKCIO-
HEHIIHAJIHHOMY 3aKOHY C MapPaAMETPAMU (L1, [12, ..., fby /IS KAXKIOH TPYIIIHI
coorBeTcTBeHHO. KpoMe TOro, B CHCTEMY MOCTYHAIOT 1 MyaCCOHOBCKHUX MO~
TOKA OTPUIATETBHBIX 3aBOK C 33/IAHHBIMU MHTEHCUBHOCTIAMU (V1 , (9, ..., Oy,
UMEIOIIAX CMbICJI HHTEHCUBHOCTH HOCTYIJIEHUS 3AlIPOCOB HA, OLIPECJIEHHBIE
TPYTIIBI TOBAPOB.

3asiBKa COOTBETCTBYIOIIErO MOTOKA YHWUYTOXKAET OJHY 3asBKY B OJIOKE
(ocyiecTBiisier MOKYIKY eauHulpl ToBapa). Eciu B Gi10Ke HeT 3asBOK, TO
HA COCTOSTHHME CUCTEMBbI HE BJIMSIET, KJIMEHT YXOIUT HEYIOBJIETBOPEHHBII.

B kadecrBe MareMaTHYecKON MOJEIU PACCMOTPHUM CHCTEMY MAaCCOBOIO
obemysxupanms M| M| Ms|...|M,|oo (pucynox 1), rae ToBaphl o6ben-
HEHBI B OJIOKW 1O CBOEMY THUIY, U IIPOBEIEM WCCJIEIOBAHWME YNCJIA €IWHWII
TOBAPOB, HAXOIAIIUXCS HA, CKJIAJE.
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Puc. 1. CMO M ™) |M;|Ms|...| M,,|00 ¢ mapasiie/ibHbv 06C/ Ty KHBAHKEM U 1L HOTO-
KaMU OTPUIATEBHBIX 3a5BOK

O6o3nauum i (t) — uucao eaunui ToBapa k-oro tuna , k = 1,...,n.
CrasuTcd 3a1a49a HAXO0KICHAA PACIIPEIETCHAS BEPOATHOCTEH MHOTOMEPHOI
nenu Mapkosa {i1(t),i2(t), ..., in(¢)}.

2. Cucrema auddepennuaiabHbiXx ypaBHeHuit KosmMmoropona
0O603na4umM
P(il,iz, N ,in,t) = P{i1<t) = il,ig(t) = ’ig, ce ,in(t) = Zn} — pacmpe-
JleJIeHne BepOSITHOCTEH COCTOsSTHMIT MHOTOMEpHO# menm MapKoBa, XapakTe-
puU3yIOIIell 9uCI0 €IUHUIl TOBAPA B KAXKJIOM OJIOKE B MOMEHT BPEMEHH {.
CocraBum npsimyio cucremy auddepeHnuaabHbix ypapaenuit Koivoropo-
Ba:
OP(i1,42,...,in,t)
ot
Un(fn + @) + AP( — Lig — 1, .. i — 1 6)+
(i1 + 1) (1 + 1) Pis + Lin, . ims )+ (1)
(i2 + 1) (2 + az) P(ir,iz + 1, yin, 1) + -+ +
(ln + 1)(/1477, + an)P(ilvi% cee ainflvin + 17t),

C Ha4aJIbHBIMHA YCJIOBUAMHU

=—(A+ir(p + o) +io(pe +o2) +--- +

1,8CHHi1:i2=~'~:in=0

P(iy,ig,...,in,0) = {

0, maaxe
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3. Metoa npomusBoaaminx yHKIIUI

Omnpenennm MpoOn3BOIAIILY0 (DYHKIMIO MHOTOMEPHOTO PACTIPEIEICHAsT
P(i1,42,-..,in,t) B BUZIE

oo o0 oo
_ i1 i in s s .
F(zy,z9,...,2p,,t) = E E E xitay .o xpr Pin, g, ...y in, )

11=012=0 i =0

711 MHOTOMEPHO# TTPOU3BOAAIIEH (DYHKIINYM TOIydaeM JuHeiHoe aud-
depeHImaAIBHOE YPABHEHNE B YACTHBIX MPOU3BOIHBIX MIEPBOTO TMOPSIKA!

8F($1,$2,...,.Tn,t) 8F($1,$2,...,$n,t)+

+ (u1 + ) (z1 — 1)

ot ey
OF (z1,%2,...,%Tn,1)
-1
R 75 et )
(i + ) — 1) 2T o l)
Mzrzs ...y — V) F (21,22, ..., 2Zp, 1)

Paccymorpum cucremy anddepeHIuanbHbIX YpaBHEHTI:

@ B dl’l _ d:BZ _ _
T (pta)(er—1) (g2 +ag)(z2 —1) 3)
dz,, dF(x1,%9,...,%n,t)

)

(o + ) — 1) Mayzo...2p — D)F (21,22, ..., 75,1
pelienne KOTOpoii mMeeT BUJT

F(xy,x9,...,xpn,t) =

<p[e_(’“+“1)t(m1 - 1), e_(”2+0“2)t(a:2 —1),... ,e_(”"JrO‘”)t(:z:n —1)]x

exp § —5i- D
D ps o =1 Y s+ as = M
s=1 s=1,s7#l
n—2n—-1 n
Mz — D(zs — D) (zp — 1)
exp X
{; siz:lnz::s (ul +al) + (.us +as) + (/’Ln +an)

S Aoy - D)(ws— 1) "Ny — 1)
eXp{ Z(uz+az)+(us+as)+z W+ }

=1
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Ucnonp3ys nadanbHbIE YCIOBUS U yCTPeMJisid t — 0O MOXKHO 3aIUCATh
BBIPAKEHHE [jIs CTAIMOHAPHOMN npoussodiieil pyHkiuu HGuHAIBHOIO pac-
IpeiesIeHn s BepOATHOCTE:

F(zy,za,...,2,) =

n n
AM@s—1) o A I (@s—1)
s=1 s=1,57#1 Az —1)
expQ kY gk E n
1+
> s + =1 > ps+as - M
s=1 s=1,s#1l
W3 Buna npoussomsineil (pyHKIUU, OYEBUIHO, CJIEIYeT, YTO OJHOMEpP-
HbIE€ MAPIUHAJIbHBIE PACIIPE/IEICH)s] BEPOATHOCTEN YUC/a 3a4BOK B KA2KIOM
6/10Ke OOCTYKWUBAHWS SIBJISTIOTCST TIYyACCOHOBCKUMU U MMEIOT BUI:

Zm Plin(t) =i} = exp{ukiak(@"k - 1)},

k=1,...,n,
[O9TOMY MHOIOMEPHOE pacupezesenue sepositnocreit P(iq, g, . . ., iy, ), Onpe-
nensiemoe npoussoigineil dyukuueit F(x1,xo,...,2,), OyleMm Ha3blBaTb

MHOTOMEPHBIM TTyaCCOHOBCKUM PACITPEIEICHNEM BEPOSITHOCTEH 3aBUCHMBIX
CJIyYaliHBIX BEJIMYUH.

MaremaTnaeckoe OKHIAHUE W TUCIIEPCHAS TUCIA 3adBOK B KazKIOM OJI0-
ke (mozcucreme) OyyT PABHBI COOTBETCTBEHHO:

M{iy = E@L T, 20) S R
83:1 T1==znp=1 l+al7 gLy ooy
) A
D{i} = 1=1,2,...,n
W+

B Tom ciyuae, Korga HEOOXOAMMO OLPENEJUTb XaPAKTEPUCTUKH CYM-
MAapHO 3aHMMAEMbIX PECYPCOB HA CKJIQJIE B BbIPAKEHUH JIJisl IIPOU3BOIsIIEH
byHKIIUT HAIO MOJIOKUTD T = Ty = «++ = Ty, = u. meem

AMu —1)" " Au-—1)"t " AMu-—1
(u—1) *Z (u—1) +Z (u—1)
Z:us—"_as =1 E Ms + s =1 put i

Yacrusrit cryvait npu n = 2:

A(l’l — 1)(1‘2 — 1) )\(Il — 1) + A(l‘g — 1)}
H1+ pe + o+ o w1+ o Ho +og |

F(x1,22) = eXP{
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Ecsin ToBaps! xpausarcs Ha OIHOM CKJIaE, TO [IJI TOrO, 9TO0bI PACCINTATD
00BbEM 3TOrO CKJIAJA AOCTATOYHO U3 AByMEPHON (pyHKIuN mepeiftu K OmHO-
MEPHOH, MOJOXKUB T = Ty = U

AMu—1)2 +)\(U1)+)\(U1)}.

F(u)exp{
M1+ pe + o+ o 1+ oq M2 + Qo

3akJirloueHne

B namnoit pabore Oblia NOCTPOEHA W MCCIIEIOBAHA MAaTeMaTUYecKasi MO-
JeJib U3MEeHEHU A YUCTeHHOCTU €IMHUI] TOBAPOB C IOTOKAMU OTPHUIIATEIbHBIX
3asABOK. Dbl Haiizen By npou3Bossnieil GbyHKIUU YUCIO0 TPy TOBAPOB B
YKa3aHHOU cucreMe.
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O IIOJXOAE K OBPAIIIEHIIO
XAPAKTEPUCTNYECKON ®YHKIINN

A.JI. Baarunwun, U. JI. Jlanarun

Hayuonasvnot uccaedosamenveruti Tomekuti 2ocydapemeerubili ynueepcumen,
2. Tomcx, Poccus

B mannoit pabore paccMaTpuBaeTcs METOJ, IACKPETH3AIUN XapaK-
Tepuctraeckux Gyuknuii uacrpymentamu Pypoe-ananusa. Beuay
HCIIO/Ib30BAHMS XaPAKTEPUCTUIECKUX (DYHKIMI B Ka4eCTBe NHCTPY-
MEHTa aHaJU3a B TEOPUU MACCOBOIO OOCJIyKUBAHWUS U TEOPUU CJIy-
YalfHbIX IIPOLECCOB, MX [Pe00Pa30BaHUE ABJIAETCH BAXKHBIM ITa-
[TOM WCCJIEZIOBAHUS. AHAJUTUYECKN CJIOKHOCTH XapaKTEPUCTHYE-
cKOll pyHKIMM HE urpaer GOJILIION POJIM, OJHAKO IIPU MIPOBEIEHUN
YUCJIEHHBIX YKCIEPUMEHTOB UHTEIPDUPOBAHUE CTAHOBUTCH TPYA0EM-
KO 3ajadeii, b0 BOBCe HEBO3MOXKHOM. Ilo 3T0it mpuumHe B pa-
6ore mpejsaraeTcs MCIOJIb30BAHUE JIUCKPETHOrO MPeodbpa3oBaHMs
Qypbe Aia OOpAINEHUs XAPAKTEPUCTUIECKNX (DYHKIUH, a TaKKe
IPOBOIUTCS OIfeHKA 3(h(EKTUBHOCTH BBIYUC/ICHNUSI B CPABHEHUM C
WHTErpaJibHbIM IpeoOpas3oBanuem. KirroueBbie cjoBa: xapaxme-
pucmuueckan Pynryus, pad DPypve, duckpemmnoe npeobpasosarue
Dypve, duckpemnvie pacnpedescHus, MeoPUA MACCO6020 00CAYNHCU-
B8aHUA.

BBemenue

Kak m3BectHO, mobas ciydaiinas BETUIHHA MOXKET OBITH OJHO3HAYTHO
omnpe/iesieHa pyHKIMEH pacipe/iesieHust BEPOATHOCTEN WIld XapaKTEPUCTUYe-
ckoii dynkimeii [1]. TIpn sToM XapakTepucTrdeckas QYHKIMS MOKET ObITh
olpee/iena s 060l ¢y YaiiHoil BeJMuuHbI (JUCKPETHON WU HelpepbiB-
HOIA).

OOBEKTOM HCCIIeIOBAHUS TEOPUU MACCOBOTO OOCIYKUBAHUS SBJISIOTCS
CilydaliHble BEJIMYMHbI U CJIy9aflHbIe MPOIECChl, KOTOPbIE MOIYT ObITh KAK
HENpepbIBHBIMEU (HAIIPUMED, BpeMsl OXKUIAHWS 3asdBKU 10 Hadaja 06CITy-
JKUBaHUSA, MEPUOJ] 3aHATOCTU CUCTEMbI, 00bEM 3aHATOrO0 pPecypca), Tak u
JIUCKPETHBIMYU (HAIPUMED, YUCJIO 3adBOK B OUEPEM, YUCIO COObITH, Ha-
CTYNHBINUX B IMOTOKE 32 HEKOTOPBIH MPOMEKYTOK BPEMEHH, THCJIO 3aHATHIX
KaHAJIOB 00C/1yKuBanus). IIpu 9T0M 3TU BeJIM4uHbL O CBOEH 1IPUPOJE [IpU-
HUMAIOT B OCHOBHOM HEOTPHUIATEIHHBIE 3HAUYCHUSI.

VccnenoBanme BBIIOJIHEHO Hpu noagep:kke llporpammbr pa3surtus TOMCKOro rocy-
napcrBenHoro yuusepcurera (IIpuopurer-2030)



200 A.J1. Bnarvunnu, V. J1. Jlanatun

Jlj1st HEOTPHUIATETHLHBIX CIIyIafiHBIX BEJUINH XapaKTEePUCTUICCKAst (DYHK-
LUl SBJISETC 9aCTHBIM CJlydaeM npeobpaszoBanus Jlammaca-Cruiirbeca or
dyHKIINT pacnpeaeenns BepOATHOCTeH ¢ MEUMBIM apryMmenToMm. CooTBer-
CTBEHHO, XapakTepucruieckas GyHKIns 00JIaJaeT CBOfCTBaMU peodpa3o-
Banus Jlamnaca-Crunrbeca. C apyroii CTOpOHBI, B OOIIEM CJIyYae B3AUMHOE
COOTBETCTBUE XAPAKTEPUCTUUIECKON (DyHKIuU U (DYHKIUU PACIPEIETeHUs
BeposiTHOCTE cooTBercTBYyer Teopun DPypbe-anasusa, OGE3yCJIOBHBIM IIpe-
UMYIIECTBOM KOTOPOTO SIBJISTETCSI CBOWCTBO JIBONUCTBEHHOCTH, TO €CTh CXO-
JKECTh TIEPEXOJ0B OT OJHON (DYHKIMHM K JPYroil. DTO MO3BOJISET, peras
3329y [IJIsT XapPaKTePUCTUIeCKUX (DYHKIH, B MOCJIEICTBUHU TI0 SBHBIM HH-
TerpajbHbIM (DOPMYJIaM TEPEXOIUTh K (DYHKIUIM PACIPEIETeHI.

st AMCKPEeTHBIX PACIPEIESIEHUI IPUHATO UCIIOIb30BATH HE XAPAKTEPH-
cTnaeckyio GYHKINIO, a TPOM3BOASIINYTO [2], HO Bo MHOrMX paborax [3, 4, 5]
JIJISE IUCKPETHBIX PACIPEIEIEHNH UCIOIb3YETCs TOXKE XaPAKTEPUCTUIECKAS
dyHKIHA. DTO MO3BOJISET MOMIyYaATh (DOPMYJIBI MEPEXOJA K PACIpEIesie-
HUIO B TepMuUHAX PsifioB Pypbe 4epe3 MHTErPUPOBAHNE XAPAKTEPUCTUIECKON
dysrupu mo nepuony 27. C rouku 3peHus 3anucu (GpopMys HUKAKUX [MPO-
6JieM He BO3HHMKAET, HO 1IPU IIPOBEJICHUN YUCJIECHHBIX IKCIIEPUMEHTOB, B 3a-
BUCHMOCTH OT CJIOKHOCTH BHIa XaPAKTEPUCTUIECKON (DYHKIINU, INCIEHHOE
WHTErPUPOBAHNE SIBJISIETCS 3aad9ell in0O0 OUeHb TPYA0EMKOii, Jrub0 BOOOIIE
HEBO3MOYKHOM.

B mammoit pabore mpeaaraeTcs UCIOIbL30BaTh Teopuio Pypoe-anannusa
CUTHAJIOB JIJ1si OOPAIEHNs] XapAKTEPUCTUIeCKUX (PYHKIU JIUCKPETHBIX PAC-
npenenenuii. lges 3ak0YaeTcs B MPUMEHEHUN TPUHITUIIOB Teopembl Ko-
TeNbHUKOBA [6, 7| Il IUCKpeTH3alnuy XapaKTephCTHIecKnX (GyHKIMH u
MPUMEHEHUN UCKPETHOro mnpeobpasoBanus Pypbe, KOTOPOE BMECTO WHTE-
IPUPOBAHUS MCIOJIb3yeT CYMMHUPOBAHUE U YMHOXKEHUE.

1. CBa3p xapakTepucTUYECKNX (PyHKIOUA C CUrHAJIAMU U AX
cneKTpamu

Xapakrepucruueckoii dbyakuueit h(u) caydaiiHol BemInHbI £ HA3BIBA-
ercs

h(u) = M{el"¢}. (1)

Xapakrepucruydeckoii dbyukuueit h(u) 1ucKperHoil ciydaiiHol BeauIuHbL §
C pacrpejiejieHeM BEPOSITHOCTEH p; Ha3bhIBAETCs

h(u) = M{e?"} = Z e’"Sip;. (2)

Xapakrepucruueckoii Gynkuueii h(u) AMCKPETHON HEOTPULATEIHHON Ie-
JIOYMCJIEHHON ciydaitnoit Beswmuunbl (€ = 0,1,2,...) ¢ pacupezueseHuem
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Bepositaocreii p;(i = 0,1,2,...) Ha3biBaercs

h(u) = M{e?*} = Zej“ipi. (3)

=0

ITpu sTOM JI71s1 HAXOK IEHUST pacipeiesienns BeposrHocreii p; (i = 0,1,2,...)
[0 XapakrepucTudeckoil ¢byukiuu h(u) ucnonb3yercs Gpopmyiia obpaleHus

™

pi = L e I h(u)du. (4)
2 J_,

Moxuo 3amerutb, uro dbopmysbl (2) u (3) sapuastorca dopmynamu pas-
aoxenus curnana h(u) B pan @ypbe B KomiuiekcHoit ¢dopme [9], a dop-
mysa (4) HAXOXKJEHUs BEPOATHOCTER p; coBlajaer ¢ GOPMYJION BblYUC/Ie-
Hust KoadbduimenTor psga @ypre [9]. Takum 06pa3oM, B TepMUHAX TEOPUH
CUIHAJIOB XapaKTepucTuieckas (pyHKIMs (3) sABJISETCA HEMpPePbIBHBIM KOM-
IJIEKCHO3HAMHBIM MEPHOJMIECKAM CHTHAJIOM, & PACIpPEIeTeHne BEPOATHO-

creit p;(i =0,1,2,...) dBgeTcd CIIEKTPOM 3TOrO0 CUIHAJIA.

2. JInckpern3alius XapaKTepUCTHYECKON DyHKIun

OCHOBHBIE BBIMHCUTENLHBIE CJIOKHOCTU B 3a/a9aX TEOPUM MACCOBOIO
00CTyKUBAHWS BO3HUKAIOT KAK Pa3 MpHU UHTErpupoBanuu mo dopmyse (4)
JIIS HAXOKJICHUsl PACHpPEeIeHus BeposaTHocTel p;. Ipu ycioxuenun Buga
HOJIy YeHHON XapaKTepUuCTUUeCcKoi GpyHkiumu h(u) B 3aBUCUMOCTH OT BbIYUC-
JIATENBHBIX PECYPCOB KOMIIBIOTEPA BEPOATHOCTH P; JTHOO CIUTAIOTCA JOJTO,
00 UX BOBCE HE YJIAETCA BBIYUCIIHTD.

11 yMEHBIIEHUS BLIYUCIUTE/ILHOM CJI0XKHOCTH HAXOXKJICHUA BEPOATHO-
cTeil mpeIaraeTcsa BOCIOIB30BATHCs annaparoM [IucKpeTHoro mpeobpaso-
Baunst @ypoe [10], KOTOpOe B COOTBETCTBHE AUCKPETHOMY CHUTHAIY hy (MO-
CIIeIOBATENBHOCTh N 3HAMEHNUiT) CTABUT B COOTBETCTBHE €r0 CHEKTPATHHBIE
orcuersl p; (mocrenoBarenbHOCTh N 3HAYEHHIR)

N-1
* 1 h 7j-i~2ﬁ"k
P |y e

Takum o00pa3oM, HEOOXOAUMO IUCKPETH3UPOBATH XAPAKTEPUCTHIECKYTIO
dbyuxmmio h(u) Ha mepuoge 27 TakuM 06pa3oM, ITOOBI TUCKPETHOE Hpe-
obpazoBanue Pypbe p; OT HEro OBIIO MAKCUMAJBLHO OJIH3KO K p;

i=0,1,...,(N—1). (5)

Au:%”,hk:h(k*Au),kzo,l,...,N—l. (6)
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IIpu nuckperusanuu curnana (xapakrepucrudeckoit pyukuuu h(u)) ¢ ma-
rom Au ero cuekrp (pacupezesenue BepostHOCTel pf) Haduuaer ay6aupo-

BAaThCA C TEpUOIOM )

2T
QQ=—=N.
Au (7)

B stom cayuae, ecau pacrpe/iesienne BeposTHOCTEH p; HA wHTepBaje ot 0
10 N paBHO min OAU3KO K 1, TO mepmoam3anus CIEeKTPa HE BHECET B HErO
3HAYNMBIX u3MeHenuit wa nepuoge N. Ecau ke mnrepsan or 0 mo N me
CONEPKUT BCel miid moduT Beeil mHMOpMANUU O PACIpENeSIeHUH, TO MPU
JMCKPETH3AIMYA XaPAKTEPUCTHYECKON (DYHKIMU U HEPUOIUBAIUN CIEKTPA
OyIeT MPOMCXOIUTH HAJOXKEHNE KOMUi ¢ mepronoM N, 9TO MTPUBEIET K PaC-
XOKJIEHUIO BBIYUCJICHHOTO P; ¥ UCTHHHOIO p;. PaKT nyOIUpOBAaHUA CIEKTPA
[P TIEPUOIU3AIUYN CUTHATIA U BO3MOXKHOTO €10 HAJIOXKEHUST JIEXKUT B OCHOBE
reopeMbl KOTeIbHUKOBA, KOTOPasi ONPEIesseT BIOOD 9acTOThl TUCKPETH-
3allUH, [103BOJISIONIEe N30eKATH TAKOIO HAJIOXKEHHs CIIEKTPOB.

3. Nnarocrpanug paboThl moaxo a Ha OMHOMHAJIbHOM
pacupeaejieHIn

PaccMoTpum mpuMep JAMCKPeTH3AIMH XapaKTEePHUCTHYECKOH QYHKIMN Ha
npuMepe OMHOMHAIBHOTO PACTIPe/IeeHNs ¢ MapaMerpaMu 1 (KOJIH94ecTBO
UCIHBbITaHWI) U p (BEPOATHOCTH HACTYILJIEHUS COOBITHUS).

XapaxTepuctudeckas QyHKIHUA OyIeT UMeTh BHUT

h(u) = (q 4 pe™)". (8)

[TponemoncTpUpyeM, 9TO OOpAIEHNEe XaPAKTEPUCTUIECKON (DYHKITIHH MOXK-
HO MPOBECTH KAK MPHU TOMOIIN WHTETPAJIHHOTO 00PATHOrO Mpeodpa3oBaHMs
Dypbe s JUCKPETHBIX CJIyYaiiHbIX BeauduH (4), TaK ¥ IPU MOMOIIU JUC-
kperHoro npeobpasosanus Pypee (5). Pesyubrar Bbruucienuil npeacrasied
Ha rpaduke
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Puc. 1. O6pamenue xapakTepucTuIeckoit ¢yHKImn

Borauciienne 6p110 mpousseeno Ha a3bike Python ¢ 3amanmbivu mapa-

MeTpamMu
n=20,p=0.7, N = {20, 12}.

N3 pucynka 1 BUAHO, 9TO TeOpeTHYECKOe OMHOMUATBLHOE pacipeaenerue P,
pesysbrar 06parHoro uaTerpaibHoro p (4) u muckpertoro p* (5) nupeobpa-
goBanmit copnagaor npu N = 20. OgHako, Kak MOKa3biBaeT rpaduk, npu
HEBEPHOM BBIOOpE Tara auckperusanuu (B ganuaom ciaydae N < n, N = 12)
pachpee/ieHne HAUMHAET UCKAYKATHCH, TAK KaK yCJIOBHE TeopeMbl KoTemnb-
HUKOBA [6] He BBIMOIHSIETCSI.

4. Nurrocrpanus paboTsl Moaxoga Ha 3ajayve TEOPUU MaCCOBOTO
obciry >KuBaHUS

B mammom pazmene npoaeMoHCTpuPYeM 3P PEKTUBHOCTD MTPEIIaraeMoro
LO/AXO0JA LIPU PeAIU3aluU YUCJIEHHbIX pacueroB B 3ajade u3 [11]. B aawn-
HOI paboTe TOJYyYeHO ACHMITOTHYECKOE MPHUOINIKEHNE XAPAKTEPUCTUUIE-
ckoit pyrkuu h(u, t) aucia 06C/IyKEHHBIX 3a8BOK B CUCTEME C TOBTOPHBIME
OOpAIEHUSIMU U BHI3BIBAEMBIMU 3aBKAMU

h(u,t) = ReGWIE, (9)

Koropas npu (pukcupoBaHHOM t sIBIdgeTCH (DYHKIUEH TOJIHKO OT U.
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Baecy marpuna G(u) comepxkur koddduimenTs cucrembl auddepen-
nuasibubix ypasHenuii Konmoroposa. Ee sjieMeHTbl BBIpaXKaOTCs 4epes mna-
pamerpbl Mozenn. R — BekTop-cTpoka, E — eIMHUYIHBIH BEKTOP-CTOJIOEII.

it BBIMUCIIEHUST XapaKTEPUCTUIECKON (DyHKIMM HEOOXOIMMO BBIUUC-
JATH MATPHUHYIO IKcnoHeHTy €& (W) | uT0 Ge3ycI0BHO IemaeT 3a1ady Tpy-
JIOEMKOM. 371eChb MATPUYHYIO SKCIOHEHTY BBIYUCISEM TIPU MOMOIIH Tpeod-
pasoBanus 10400us Marpui [8]:

6G(u) _ T(u) . GJ(U) .T(u)ﬂ,

rae T'(u) — mMaTpuna cobcTBeHHBIX BeKTOpoB G(u), GJ (u) — nnaroHanbHast
MaTpuia cobcrBeHHbIX uuces A, marpunst G(u).

Borauncenue pacnpeenieHus BepoaTHOCTEH 9ucia 00CTy ) KEHHbBIX 3agBOK
B CHCTeMe 33 HEKOTOpOe (PUKCHPOBAHHOE BpeMs t depe3 WHTErPUPOBAHUE C
nomoIbio (GopMyasl (4) gBaseTcs, KaK yKe ObLIO YIOMSHYTO, JOCTATOY-
HO TPYJOEMKOH BBIYUCIUTEIBHON 3amadeii. s perenus 3Toi mpoOIeMbr
pe/jiaraeTcs BOCHoib3oBarbesa dhopmysioii (5) ITID.

Ha pucyske 2 BuamHO, 9TO pe3yabTaT JUCKPETHOrO Ipeobpa3opanus Oy-
pbe (p*) IONHOCTHIO COBLAJAET C PE3YJIbTATOM BBIYMCJIEHHs DU [IOMOLIU
unrerpuposanus (p)

014 )
variable

——]
0.12 e

01

0.08

P

0.06
0.04

0.02

Puc. 2. CpaBuenue pacupeiesieanii BEpOATHOCTEH, IOy YEHHBIX C IIOMOIIHI0 UHTE-
rpupoBanus u 1D
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JL71st IpOBEPKH CKOPOCTH PAOOTHI JAHHOIO MOAX0A K BBIUUCTEHUIO OBLT
uposejed psj recros (400 3a1LyCKOB) CO CDABHEHMEM CKOPOCTU PABOTbl AJ1ro-
PUTMOB ¥ TOYHOCTH MOJIy9IAEMOT0 PACTPEIE/IEHUsT TPU TOMOIIN PACCTOSTHUS
Komamoroposa

A = max
0<i<oo

S (Polw) - P1(v))‘-

B cpeanem [I11® GpicTpee naTerpupoBanust bosee, gem B 100 pa3, a cpeHee
paccrosgaue Konmoroposa — 4.16 - 1076.

3akJiroueHue

Tak, MOXHO 3aKJIIOYUTH, YTO METOJ, OOPAIIEHUs C MPUMEHEHUEM JUC-
KpeTHOro mnpeobpazopanue @ypbe He HPOUrPHIBAET B TOYHOCTH W, B TO XK€
BpeMsi, CYIIECTBEHHO 3D (MEKTUBHEE, YTO MO3BOJISET €r0 MPUMEHSTh Ha pPe-
AJIBHBIX 33/1a9aX, COMEPIKAIINX OOpAIIEHNE XapPAKTEPUCTHIECKOH (DYHKIUN
1 TPeOYIONMX MACIITAOHBIX BbIYHCIEHHH.

Peanuzamus JaHHOrO MOAX0JA MO3BOJISET CYIECTBEHHO ONTUMHU3UPO-
BaTh MPOIECC TPOBEIEHUS IKCIIEPUMEHTOB [IJIsl PEIIeHUs] 3329 TEOPUH MaC-
COBOT'O ODCJIyKMBAHUS U CJIy4ailHbIX HPOIECCOB, & TAKXKE APyrux obiacreit
uccaeaoBanus, rae GUrypupyoT XapaKTepucTudeckue (DYHKITNH, TaK KaK
BpeMsl BBIYWCJIEHUs] JUCKPETHOTO mpeobpasoBanus Pypbe BO MHOrO pa3
MEHbIIIE.
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OIITIMUN3AIINA G-CETU C CUCTEMAMMUM C
KAPAHTVHHBIMU 11 KOHTPOJIbHBIMU
OYEPEIAMU, IIAPAMETPAMN 3ABUCAIIIVIMUA

OT BPEMEHMU, 1 CJIYYAVHBIMU JOXOJIAMI
OT IIEPEXO/J0B ME2K/JIY EE COCTOSHUSIMI

. 4. Komars

I'poduencruts 2ocydapemeennod yrusepcumem umernu Anku Kynaav, 2. I'podno,
Pecnybauxa Berapyco

CTaTBﬂ TIOCBAIIIEHHa aHAJIN3Y MaTeMaTUIECKON MOIeJ I I/IH(i)OpMaJ_[I/IOHHO—
renexkommyHuKamouHoH cetr (UTC), B KOTOPOM MHOTOIIPOIECCOD-
HOM yCTPONCTBE KOTOPOH yCTAHOBJIEHO aHTHBHUPYCHOE IIPOrPAMMHOE
obecrieaenme (AIIO) - G-ceTn ¢ cuCTeMaM” ¢ KOHTPOJBHBIMA W Ka-
PAaHTHUHHBIMU OY€pEaAMU. HGHBIO UCC/IeI0BaHUA ABJIACTCA IIOJIyYe-
HHE BbIPA2KE€HUA /14 O2KUJAE€MbIX JTOXOJI0B CUCTEM CeTH U HaXO0XK/e-
HHE OIITUMAJIBHOTO KOJIUYECTBa dJ€P B KaXKI0M KOMITBIOTEpE KC
BHa‘IaHe CTaThU IIPUBEIECHO OITUCAHUE BbIH.[eyKaBa,HHOIl/.I BEPOATHOCT-
HOIL MOJ€eJIb CeTU B CJIy4dae, KOrJa 3adBKU, IIOCTYyIIUBIINE B CUCTEMbI
CeTw, TepexomaT Ha 00C/IyKMBAHUE B CIy9ae yCIEMHOCTH TMTPOBEp-
KN Ha CTAaHIAPTHOCTH, a B IIPOTHUBHOM CJjIy4da€ IIPOXOAAT JICYUCHUE
B KapanTtuue. [IpoBepka 3agBOK Ha 00CIyKMBAaHUE SBJISETCI HEHA-
JEXKHON: ¢ HEHYJIEBOU BEPOATHOCTHIO OTPHUIIATE/IHFHAS 3asBKA TOTIa-
JaeT B oUepeab Ha O6Cﬂy)KHBaHHe U yaandeT OAHY IIOJTO0XKHUTEIbHYIO
3a4dBKY. BO BTOpOﬁ JaCTHU II0JIYY€HbI BbIPpazK€HUA /14 OKHUIAEeMbIX
JIOXOJIOB CUCTEM CETH W TPUBEJICHA 331294 OTITUMHU3AITAN TaKOH ce-
tu. KiroueBbie cioBa: Ootcudaemuvie doxodsi, onmumusayua G-
CEMU € CUCTNEMAMYU C KAPAHMUHHLMY U KOHMPOALHUMY 0%ePed-
MU, KOMNBIOMEPHAA CEMD

BBemenne

IMepBas mozenb moBenenus urdopmarmonnbix cucrem u cereii (MCC) ¢
YUYEeTOM MOMAJAHNS B HUX KOMIIBIOTEPHBIX BUPYCOB B CTAIHOHAPHOM DEXKH-
Me ObliIa HccleoBaHa B craThe [1], a MoJeInpoBaHue TEKYIIEro MOBe/IeHIs
G-cereil ¢ Te4eHHEM BPEMEHHU UCCIIEN0BATIOCH B cTarbe [2]. Maremarnveckue
mozenu MCC ¢ yuérom ycranosku B Hux ATIO, Ho 6e3 yuera mOBeIeHNS BU-
PYCOB ¢ moMmoIIpio ceTeil MaccoBoro obcaykusanusi (CeMO) Brepsbie Gbln
HCCIIeTIOBAHBI TOJIBKO B cTaThe [3] depes 26 jier mocie BBIXOAA B CBET CTAThH
[1]. Crarbs Gbl1a MOCBsmEeHa [4] HOTYyYeHUIO BBIPAYKEHUH IS OXKH/IAEMBIX
joxons G-cerw ¢ cHCTeMaMU ¢ KapaHTHHHBIMU U KOHTPOJIBHBIME O4Yepe/is-
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MU B caydae GYHKIMOHUPOBAHUS B CETU OJHOMPOIECCOPHBIX KOMIIBIOTEPOB.
Hannast crarbst 06001aer pesy/abrarbl crarbu [4] Ha ciydail Hajaudus B
CeTH MHOTOMPOIIECCOPHBIX YCTPOHCTB, M 3aBUCUMOCTH OT BPEMEHH TTapaMeT-
POB OOCJIy’KMBaHWS CETH C IIPUEMCTBEHHOCTDHIO MTOBEIEHNUST OTPHUIATEIHFHBIX
3asBOK €O crarbéii [1].

1. Onucanme croxactuueckoit mogesiu MCC ¢ ATIO

[MpuBenem omucanue MHOrOTUHENHHOW G-CETH, COCTOSIILYIO U3 N CUCTEM
maccosoro obcnyzxkusanus (CMO). Cucrema S;, i = 1,n, cocrour u3 m; + 1
munnit obcayxkusanuii (JIO). Jannas ceTh SBISETCA CTOXACTHYECKONW MO-
penpio ICC ¢ amtuBupycubim 110, cocrositiieit m3 MHOTOIPOIIECCOPHBIX
yerpoiicrs. B UCC mocTymaloT mpocTeiinme MOTOKH TOJOKUTEIbHBIX 3a-
aBOK (HeomacHbx (ailiioB) u orpunareabHbix ((aiiibl npeacTaBisionme
YTPO3Y /71l KOMIIBIOTEPA) 3adBOK ¢ HHTeHCUBHOCTAME \(; (), Ag; (),1 = T, 7,
COOTBETCTBEHHO.

[Tepen moctymiennem Ha OOCTyKUBaHUE 3asBKa, mocTynumias B i-10 CMO,
CTAHOBUTCS B KOHTPOJIBHYIO OU€epeib JJjIs MPOBEPKU HA CTAHIAPTHOCTD, YTO
coorBeTcTBYeT mpoBepke daiina Ha Hanwuame Bupyca. [locie 3aBeprienus
OXKUJAHUS 3a9BKU B OY€PE/Id OHA MPOBEPSIETCA HA CTAHJIAPTHOCTD B TEYe-
HUU BPEMEHU, UMEIOIIEr0 SKCIOHEHIIUAIBHOE PACIIPEIESICHIE C TapaAMeTPOM
,ugv) (t),i = 1,n . Iox KOHTPOJLHOI o4epe/bio OyJeM NOHUMATh YacTh Me-
cra RAM ognoro simpa mporeccopa, oTBejienHoe jiisi antusupycaoro 110.
[To pe3ynbraraM mpoBEpKU HA CTAHAAPTHOCTH B KOHTPOJLHOW odepeu i-it
CMO nosoxuTebHas 3adBKa IPU3HACTCH TAKOBOIl ¢ BEPOATHOCTBIO p; 1
MIEPEXOJUT B OYEpeIh TOM CHCTEMBI /st 06PabOTKM; & ¢ TIPOTHBOTOIOKHOMN
BepoATHOCTLIO 1 —p. mosoxkuTe bHas 3agBKa GyleT TpU3HAHA OTPUIIATE b
HOIT (coorBercTByeT TOMY, 4TO (paili OyJer Npu3HaH BPEJIOHOCHBIM) U OT-
IPaBUTCA B KapaHTHUH HA jedeHne. C BEPOATHOCTBIO p; OTPULATEIbHAL 3a-
sIBKA MOCJIE IPOBEPKHU HA CTAHJIAPTHOCTb B KOHTPOJIBHON ouepenu i-it CMO
MPU3HAETCST TAKOBOI ¥ MEPEXOIUT B KAPAHTUHHYIO OUEpeNh HA JIEUEHWE; C
BEPOSATHOCTBIO 1 — p; OTpUIATENbHAS 3a8BKA IPU3HAETCS MOI0KUTEIbHOM
u mocrynut B ouepens i-it CMO na 00paboTKy, e OHa aKTUBU3UPYETCS
HEMEJJIEHHO YHUYTOXKAET MOJOKUTEIbHYIO 3asBKY B HEIIYCTOM CHCTEME TN
[MOKU/IAET CETh B IPOTHBHOM CJIy9ae.

[Tocse yemenmnoit MpoBepKH Ha CTaHIAPTHOCTDL B cucreme S;,i = 1,n, 1o-
JIOKWUTETHLHAS 3asiBKA, MOCTIe 3aBEPIeHNs OXKUIAHNST B OYepen Ha 00CTy-
JKUBaHUE, oOpabaTbiBaeTcs oxHOM u3 cBoOOmHbIX JIO B TeueHwn BpemeHwm
PACIIPe/IEIEHHOrO 3KCIOHEHIMATBHO ¢ apamerpoM u;(t),i = 1,n u no 3a-
BEpIIIEHUN OOCIIYKUBAHUS C BEPOATHOCTHIO pj'j MEPEXOAUT B KOHTPOJIBHYIO

odepenb CHCTeMBI S; KaK MOJIOXKHUTeTbHAas 3adBKa, C BEPOATHOCTHIO Pij —
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n
KaK OTPHUIATEJbHASA 3adBKa U C BEPOATHOCTBIO pjg = 1 — Z(pjj + p;;) mo-
j=1
KHUJIAeT CeTh, 4,] = 1, n.
3adgBKM, HE HPOLIE/IIIUE IIPOBEPKY Ha CTAHJAPTHOCTb, CTAHOBATCA B O4e-
penpb Ha Jedenne B KapanTure. [IpeamnosoKuM, 9To IINTeIhHOCTh JeIeHnst

zagBku B Kapauture i-it CMO - 3ro CB 3kcrnoHeHnInaabHO pacipeIeeHHas
(e)

. (t),i=1,n. [Ipu nevennn daitn gocTaéTcs U3 MANKA IO

muciunae FIFO. Onpenenuv BepogaTHOCTD pgs),i = 1,n , 4TO 3asABKa B
KapaHTHHE OyJIET BbLIEYEHA, II0CIE Yer0 OHA HAIIPABJIAETCS HA 00C/Iy 2KUBa-
ame B ouepens i-it CMO. Torga ¢ BepoarnocTsio 1 —pgs),i = 1,n 3agBKa U3
KapaHTuHa yrajasercs u3 ceru. COCTOSTHUE OMUCAHHON CETH OMpeesIsieTcst

BEKTOPOM pa3MepHOCTH 4n:

C mapaMerpoM i

(k,1,t) = (k1, ..., kn,l1, ..y 1n, ) (1)

e ki = (B k)L = (11,01, kP k) - s1o komruectso monoxm-
TEeJIbHBIX 33£BOK B OYepeJH HA [IPOBEPKY CTAHIAPTHOCTH U HA OOC/IyKUBa-
nuu i-it CMO coorsercrsenno, a lg"), lgc) - 4HCJI0 OTPULATEIbHDBIX 3aABOK B
KOHTPOJIbHOIN ouepenu i-it CMO u uuncso 3asaBok B kapautuue i-it CMO co-
OTBeTCTBEeHHO. 1lycTh 3adABKM BHIOMpAIOTCA Ha MPOBEPKY Ha CTAHIAPTHOCTH
U3 oUepeny CayJaiHeIM 006pa3oM. Torga BepoaTHOCTE TOTO, UTO OyAeT Mpo-
BEPEHA HA CTAHJAPTHOCTb IOJIOKUTE/IbHAA 3agBKA MOXKET ObITh AlllIPOK-
CUMUPOBAHA OTHOLICHUEM OXKHJIAEMOI'O 4HMCJ/Ia IOJIOKUTEIbHBIX 3a4BOK B
KOHTPOJIBHOM O‘IepefLI)/I K OXKMJIAeMOMY UHCIIy BCEX 3aSBOK B KOHTPOIHHON
Blk;"]

odepenan: q; = — - -
penu: q; E[kgp)ﬂgn)]

2. HaXO)KI[eHI/Ie o2KmnJgaeMbIX JJOXOJO0B CUCTeEeM CeTHu

Paccmorpum JuHAMAKY W3MEHEHUS JTOXOI0B HEKOTOPOI cHCTEMBI S; ce-
. Bocnonpsyemes meronukoit, onucanuoit 8 [9]. O6o3uatum uepes V(1) ee
JIOXOZT B MOMEHT BpeMeHu t. I[IycTh B HaJYaIbHBIH MOMEHT BPEMEHM JOXOJ
cucrembl paser V;(0) = v;o. doxox sroit CMO B MoMmeHT Bpemenu t + At
MOZKHO TIPEJICTABUTH B BHJE

‘/i(t + At) = ‘/z(t) + A‘/i(tv At)a (2)

rae AV;(t, At) — u3MmeHenue JOXOJa CUCTEMbI S; HA UHTEPBAJIEC BPEMEHU
[t,t + At). Beenst o6osnadenne v;(t) = E{V;(t)}, ucnonp3ys onpenenenune
NPOU3BOJHOM U JIMHEAHOCTh MATEMATHYECKOTO OKUIaHus (M.0.), IOy YrM:

dv; (t) ~ im E{AV;(t,At)}
dt At—0

At ’ (3)
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SanwuiemM BO3MOXKHbIE H3MEHEHHsI JIOX0/[a, CHCTEMbI 31 HA MHTEpBaJje BpeMe-
Hu [t,t + At) u UX BEPOATHOCTH:

1) B KOHTDOJIbHYIO OYEPEIh CUCTEMBI S; TOCTYMAET TOJOKUTEIbHAA 3a5B-
Ka W3 BHEIHeH Cpejbl W TPHHOCHT CHCTeMe J0X07 R ¢ BepoaTHOCTBIO
MG (AL + o(A), tie Rf; — CB ¢ maremarmaeckuM OxuaHmeMm (M.0.)
E{R{;} = ag;,i = 1,n, xapakTepusyromas IeHHOCTb TOCTYTHBIIEH HHPOP-
Malluu;

2) B KOHTPOJIbHYIO ouepenp i-it CMO 3a Bpemsa At TIOCTYIIUT OTPUIATEb-
HEBIiT aifal 1 TO0XO CHCTEMBI YMEHBITHTCA Ha BeJININHY R, ¢ BEPOATHOCTHIO
Aoi(H)At + o(A) , tme Ry, — CB ¢ m.0. E{Rg;} = ag; , XapakTepu3yomast
MMOTEHIIHAJILHY 0 OMACHOCTD 3aPAXKEHUsl y3Jia CeTH;

3) nosioxkurenbHblil (aiiyl nocje npoepku Ha craHgaprHocrs B i-it CMO
OymeT MpU3HAHA TAKOBBIM U TIEPEHJET B OUepenb /st 0OCIYKWUBAHUS, PN
STOM JIOXO/JT, CHCTEMBI COCTABUT —T; € BEPOSTHOCTHIO ugv) (t)qj'pju(k:l(p))At—F
o(At), tme =7 — CB ¢ mo. E{—r;"} = b coorsercrByer cHuMEHHIO TPO-
U3BOJUTETHLHOCTU CUCTEMBI BO BpeMsi IPOBepKH (aiiia;

4) oTpunaresbHasa 3asgBKa MOCIE TPOBEPKU HA CTAHAAPTHOCTH B i-oif CMO
Oy/meT MpU3HAHA MOJIOXKUTEIBHON, Tiepeii/ieT B ovYepesh Ha OOCTy:KUBAaHWE
u yTammuT 1 MOMOKATENbHYIO 3adBKY, JOXOM CHCTEMBI COCTaBUT — R ¢ Be-

POSATHOCTHIO ,ugv)(t)qj(l - pj)u(lgc))u(kgp))At + o(At) , rie —R; - CB
¢ mo. E{R]} = a , coorsercreyer undurmposanmo baiina B y3re ce-
TH, 33 CYET Yero OH CTAHOBUTHLCSA HEAOCTYIHBLIM s obpaborku. Ecmu B
CHCTEME B 3TOT MOMEHT BPEMEHHU HeT 3asBOK Ha OOC/Iy?KUBAHWUU, TO OTPU-

nareabHbI (Gaiia TOKNIAeT CeTh U JIOXOJ CHCTeMBI COCTABUT 1, C BEPOST-
HOCTBIO ugv) (t)g (1 —pj)u(ll(c))(l —u(kgp)))At—l—o(At) ;e r; —CB cwm.0.

E{r;} = b; ,i = 1,n, COOTBETCTBYET yCTPAHEHWIO MOTEHIUAIBHONR yrpO3bI
nH(MUIUPOBAHUS BCEl CeTH;

5) nosoxkurenabHbIH (aiiy nocje mpoBepku Ha craHaaprHocTh B i-it CMO
Oy/leT IPU3HAH OTPUIATEIHLHBIM U IepeiiieT B KAPAHTUH JIJIs1 JIEY€HUST TOXO/T
CHUCTEMBI COCTaBUT —RZ(C) C BEPOSITHOCTHIO ,ugv) (t)q;r(1—pj)u(l£c))At+o(At),
rie Rl(-c) - OB ¢ m.0. E{REC)} = agc), i = 1,71, XapaKTepu3yeT yOLITKH CBf-
3aHHBIE C OJIOKUPOBAHUEM AHTUBUPYCOM JeruTuMuoro 110);

6) oTpunaTebHbIi (haiia nocse NpoBepKYU Ha CTaHAaPTHOCTD B i-it CMO 6y-
JIeT TPU3HAH OTPUIATEIbHBIM U TePeiieT B KapaHTHH It JIEUEHUs, TOXOT

CHCTEMBI COCTABHT 7; C BEPOSTHOCTHIO ,ugv)(t)(l — q;r)p;u(lgn))At + o(At),

rae r; — CB ¢ m.0. E{r; } =b;, i =1,n, COOTBETCTBYeT yCTPAHEHHIO IIO-
TEHIUAJIbHOM yrpo3bl nHMUINPOBAHUS BCEHl CeTH;
7) xapanrunuomy yziy i-it CMO yznacrest BbUeYnTh 3apazKeHHbIH (haiin

U OHa OTHpaBisgercs B odepenb Ha obciayxkupanwe B i-to CMO ¢ Bepo-
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ATHOCTHIO ugc) (t)pgs)u(kis))At + o(At) , noxox cucrembl Hyjer paBeH KO-

JINYECTBY BOCCTAHOBJIEHHOW WH(MOPMAIUU W COCTABUT R;r , 1 = 1,n; B
MPOTUBHOM CJIy4ae 3apaKeHHbIH (DAl TMOKUIAET CETh C BEPOSTHOCTHIO

uz(-c) )1 — pz(-s))u(kgs))At + o(At) , He npuHecs eil Bpesa, Pacxol, CUCTe-
MblL Oy/ieT paBeH KOJIMYeCTBY [MOTEPSHHON MH(MOPMAIMHA U COCTABAT —R;r ,
1 =1,n;

8) Bpems obciyxusanus daiina B j-it CMO 3aKOHYMIOCH U OH HAIPABUTCS

B KOHTPOIbHYIO oueperns i-it CMO kak momoxkurenbHBIH (ailn, 10xon cu-
n

CTEMBI COCTABHUT R;ri C BEPOSATHOCTBHIO Zuj(t)mm(k;s), mj)pj'iu(kl(s))At +

j=1
o(At) , tme Rf; — CB ¢ mo. E{R};} = af},i,j = 1,n , xapaxrepusyro-
mas MeHHOCTh MOCTYNHBINell WHMOPMaNNW; TP 3TOM J0XO07, CHCTEMBI S; He
YMEHBIITATHCS, TAK KAK BCE MPOIECCHI, CBI3aHHBIE C 00pabOTKOI 3TOro daii-
J1a B CUCTeMe, OyIyT yiKe BBITOJTHEHDL;
9) Bpems obcayxuBanus 3asisku B j-ii CMO 3akoHYMIOCH U OHA HAIPAB-
JieTcst B KOHTPobHYT0 ouepepb i-it CMO kak orpunaresbabiiit daiii, 10X01
n

CHCTEMBI COCTABUT R € BEPOATHOCTBIO Z Wi (t)min(k§s), m; )pj_iu(kl(s))At—i—
j=1

o(At), rme R;; - CB ¢ mo. E{R};} = a5 , i,j = 1,n , xapaxrepusyiomas
HOTEHIMAIBHYIO ONMACHOCTH IoTepyn MHMOPMAaIMK 32 cuerT MHGUIUPOBAHUI
y3Jla CeTH; IPU STOM JIOXOJL CUCTEMBbL Sj HE yMEHbIINTHCH, TaK KaK BCe IPOo-
IIECChI, CBI3aHHBIE ¢ 00PAbOTKON dTOTO (daiiia B cucreme, OYIyT yKe BBI-
MOJTHEHBI;

10) ¢ BEpOATHOCTBIO LU (t)min(kis), m; ) At+o(At) Bpemsi o6ciyKUBaHUS 32~
aBku B i-it CMO 3aKOHIMIIOCH U OHA yXOJUT U3 CUCTEMBI, HE U3MEHAS JOXO/L
cucrembr S;, i = 1,n ;

11) ¢ BeposTHOCTBIO 1 — Z A () + Ag; (8) + pi(t)ymin(k;, kl@) + ugv) +

i=1
ul(-c) At + o(At) cocrosinne ceTn He U3MEHUTCS.

Kpowme Toro, 3a Kaxkipiit Masibiii tpoMekyToK Bpemeru At cucrema S; Hecer
yOBITKY (yMEHbBIIEHNE TIPOU3BOJUTETHHOCTH, CHUKEHIE CKOPOCTH BBHITIOJIHE-
HUsI PYTUHHBIX onepaluii 3a cuer nmorpedsenus AB I1O pecypcos mporecco-
pa) B pasmepe r;At, rae r; — CB ¢ m.o. E{r;} =b; ,i=1,n . Byuem Takxe
caurarh, uro CB RZT;, Ry, rj' , RS aBnaroTca He3aBUCUMBIME 110 OTHOIMIEHUIO
kCBr;,i,j=1n.

Myers N = Bk}, NP = B{E), L = B}, E{min(k{”,m;)} =
min(N,my), wk®) = min(NP,1),u(l!?) = min(L?,1),u(ll™) =
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min(Lgn), 1) IIpu dukcuposannoit peamusamuu nponecca (k,1,t) u mocae

yepenuenns no (k,1,t), m.o. m3menenns: noxona i-it CMO B pexknume HACHI-

IeHns OyJIeT PaBHO:

dvi (t)
dt

vai P min(L9, 1) + i (1 — ¢;) (b7 af af pi)—

7 7

—b7 (1= py ) (1 — g ymin(LM, 1)+

= BIAVi(AL 1)) = |agidg + agidg; + —bi + 1" ((af — b7 )py af)ai+

K3

At + o(At). (4)

n
+ 3 pilafph — agpy)m
j=1

Bnag navasibHble yeaosus v;(0) = v, = 1,1 , 1 CpeTHIE XapaKTePUCTUKH
MOYKHO HAfiTH OXKHJaeMBble JOXOALI cucTeM ceTr. CpelHne XapaKTepHCTHKH
Lgn),LEC),Ni(p ),Ni(s) MOTYT OBITH HaliJeHBI U3 CIIeAYIOMme cucTeMbl aud-

dbepennmanbubix ypasuenuii (IY):

aN® @) dE[EP @] i B[k (t, At)]
a dat = A At '
NG @ dB[RO®] B[R a0)
& = dat = AtSo At ,
M@ _ EN0] B[NV a0
e At ’
L@@ _ dEPm] i B[1{9(t, A1)
T = dt = Jm At ’

At—0
TIe W3MEeHEeHHUsI 9HMCJIa 3asIBOK B CHCTeMe .S;, a 3HAYUT U MPOU3BOIHBIE CPEI-

HEro 9ucCjia 3adBOK IIO BPEMEHU HaXOAATCA U3 CUCTEMBI ,Hy

NP (1) WONP@ |y in(N®
—a )\&(f) - m +Zﬂj(t)p;‘ mln(Nj (t)amj)v
i i J=1

ar{™ (1)

~ ) () L
= Mi(t) — T W, 0

n
TN > i), min(N;s)(t), m;),
K2 K2 j:l

(e) _ () —7(n)
AL — ) (1) SN O B0 ) ) min( L (1), 1),

di NP (4L (1) Hi
dN{ (1) () P NP ()= (1—p; )L™ (#) min(mi, N (1))
G = () N () (0) +

+pd (0)pl min(L{ (£),1) — i (8) min(N (), ms).
IIycts cerb QyHKIHMOHMPYET B PEKUME HACBIIIEHHS, T.€. min(Ni(S),mi) =
m;,Vt > 0. Beeas obo3nadeHus

ai(t) = w" (1) [ / (1) + Aq,(1) = (1) + 3 iymy(pF; + p37))dr +

j=1
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t
N (0)+ L (0 ] m( )+ A7) =) + 3 s+
0
Jj=1
pﬂ ))dr, A(t / a(7)dT MOMKHO TIOJYYNTh CJEIYIOINee DEIleHre BhIlie-
0

ykazannoro IV:

t n
NP (t) = NP (0)eA@ =AW 4 =4 /O AT (A&-(T) + M;-Wﬁ) dr,

j=1

t n
L (t) = LV (0)eA0 =AW 4 =AW /O A (Aa,» N+ Mjmjpﬁ(7)> dr,

j=1
_ () —r(n)
L0 = UM 00 [0 / WO (R)dr + 190),
0

NP (6)+L™ (1)

¢ +N® () L
NOw = (aﬁ%)“ T i R

i (T)ml> dT

O6o3naunm yepes d; — 3aTpaThl Ha comeprKaHne oamoil 3asaBku B i-oit CMO
(B ouepenu u Ha obcyxkuBanun), F; — 3arparst Ha cogepxkanue oquoii JIO B
i-oit CMO, i = 1,n .3ama4a onTUMH3AIMHA JTOXOI0B JAHHON CETU IIPU Orpa-
HU4YeHHAX Ha gucyao JIO mmeer Bum;

W(t,m) = W(t,ml,m27~--7 / Z Uz z ) Eml)dT ( )

M1, M2, ..., My (6)

{ W(T,my,ma,....;my) — max

3akJiroueHue

B crarbe Bnepewie npegacraiena momens KC ¢ anruBupycusiv 11O ¢
mHoromporneccopubimu yerpoiicrsavu B KC. Haitnenbr oxuiaeMmble J10X0/TbI
cucrem KC ¢ anruBupycubiv [1O u ykazan kpurepuii OnTuMaaIbHOCTH.
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IIOCTPOEHUE MATEMATUYECKON MOJEJIN
ITPOIIECCA ITNKJIMYECKOI'O VIIPABJIEHNA
ITEPVNOJNYECKIVIMU KOH®JINKTHBIMUI
IIOTOKAMMUA

B.JI. Homukos, A.B. 3opun

Hayuonanvnot uccaedosamenveruti Huorcezopodewuti 2ocydapemeersbiti
yhusepcumem um. H. U. Jlobauescxozo, 2. Huscnuii Hoszopod, Poccus

B pabore m3ywaercs cumcrema MaccoBOrO OOCI/Iy:KWBAHWS, OTPa-
JKAIOIIasi, B YaCTHOCTH, (HPYHKIIHOHNPOBAHNE CUCTEMBI YIIPABJICHUS
TPAHCIOPTHBIMU TIOTOKAMHU B KJIACCE MUKJIMYECKUX AJITOPUTMOB C
GUKCUPOBAHHBIM PUTMOM IepekJirodeHusd. 1101pobHo paccmaTpuBa-
€TCsT TIPOTIECC YITPABJICHUST KOH(MDIUKTHBIMU TTOTOKAMHU OTHOPOTHBIX
TpeboBaHUi C MEPUOIUIECKON NHTEHCUBHOCTHIO. CTPOodTCsa ocen0-
BATEJIbHOCTU CJLyYailHbIX BEJMYUH, OLUCHIBAIOUIUX IIPOLECCHL, IIPO-
UCXOdIre B cucteme. 110/ IydeHnl peKyppEeHTHBIE COOTHONTEHUST TSt
BEKTOPHO [TOC/I€0BATEILHOCTH, KOTOPAs ONPE/IeIgeT MOMEHT Bpe-
MEHU C Ha4daJja CyTOK, COCTOfHUE OOC/LyKUBAIOLIEr0 yCTPOWCTBA U
BEJIMYUHBI OYepesieil Mo MOTOKAM, JI0KAa3aHO MapKOBCKOE CBOMCTBO.
KimroueBble ciioBa: KoOHPGAUKMHbLE NOMOKY, HECNAUUOHAPHBLE N0~
mox Ilyaccona, yurauueckoe ynpasienue ¢ GuKCuUpPoOGAHHbLM PUIT-
MOM, cuémmuaa yenv Maprosa, PYHKUUOHAADHO-CTNATNUCTIUYECKOE
onucanue.

BBemenue

Bosbioe gucio 3a1a4 Teopur MaccoBOro 00CIyKUBAHUS TPEIIOIATAET,
YTO BXOJHOM MOTOK B CHCTEMY SIBJISIETCs CTAIMOHAPHBIM, OPJMHAPHBIM, €3
rocyieieficTByA, T. €. mpocreiimuM. Ha mpakTnke, MHOTHE peasbHbIe TTOTOKN
He 00J1a/1al0T HEKOTOPBIMU U3 3TUX CBOWCTB. B 3T0il cBs3M OOJIbIION TOMY-
JISPHOCTBIO TIOJB3YIOTCS JIBAYK/IBI CTOXACTUYECKHE MOTOKH, PEKYPPEHTHBIE
[MOTOKYU WJIM MOTOKHU ODIIEro Tuia, o6JIaIafonme MOMEHTAMY PEreHePAIIUH.
[Mo-Buumomy, Jist 3a/1a49 yIpaBjieHus TPAHCIOPTHBIM JIBUZKEHUEM [0JIE3HO
pPacCMOTpeTh MOTOKU C Mepuoanydeckoil marTencnsHocThio. CMO ¢ Takumn
MOTOKaMH PACCMaTPHBAJINCh, HAIpUMep, B [1].

B pabore paccmarpuBaeTcsi TPAHCHOPTHBII MEPEKPECTOK KaK YIPaBJIs-
TOIIAsi CACTEMA MacCCOBOrO OOCIyKuBaHus. IIpumensercsa GyHKITHOHATLHO-
crarucTudecKuil (KubepHeTHIeCKUil MOIX0), IPeJIOKEeHHbIH B [2, 3].
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1. Onucanme cucTeMbl

B cucremy obciayxKuBaHWs MOCTYMAIOT M < OO BXOJHBIX TMOTOKOB Il7,
IIy, ..., II,,. Tpebosannsa mo moToky II; 0Opa3yoT HecTanmuOHAPHBIA MOTOK
[Tyaccona, A;(t) — MrHOBeHHAsI HHTEHCHBHOCTH OTOKA II; B MOMenT ¢. Tpe-
6osanus 1oroka lI; nomematorca B nakouuresnp O HEOIDAHHYEHHON BMe-
crumoctu. [loguekném, 910 paccMaTpUBaeM MIHOBEHHY O HHTEHCUBHOCTD HE
KaK KOHCTAHTY, & KaK BEJIMINHY, 3aBUCSIIYIO0 OT Bpemenu. [TocKoibKy B Te-
YeHWE JHS WHTEHCUBHOCTH JIOPOYKHOTO NIBUYKEHWSI MEHSIeTCS, W W30 JTHSA B
JIeHb HEKOTOpbIe 3aKOHOMEPHOCTH COXPAHSAIOTCH (HAIPUMED, yTPOM 6OJib-
Iasi ”HTEHCUBHOCTH TpaduKa B CTOPOHY MEHTPA TOPOJA, a BE9ePOM — Ha-
060pOT, B CTOPOHY CLAJIbHBIX PANROHOB), TO 11€1eCO00PA3HO PACCMATPUBATH
bynxmmo \;(t) kax nepuoduveckyro: \;(t+Tp) = Aj(t), rne Tp > 0 — nHeko-
TOpasi KOHCTAHTa, K TPUMepy, cyTKH, 24 daca. Tak Kak w3BecTHa QyHKIWS

xr

A;(t), To Gynem cumrars ussectnoil n dynkmmo Aj(z) = [A;(¢)dt, j =1,
0

2, ..., m.
O6cyzxuBafoIiee yCTPOHRCTBO MPEACTABISET CO00i CBETOMOD, KOTOPBI
umeer 2m Buyrpennux cocrosuuii IV, ') . T(2™) B cocrosuun susa

I'(%1=1) oBeiryKUBAIOTCS TOIBKO TPEOOBAHUS IOTOKA I1;. B cocroganun Buia
I'(%9) ppeGoBanus He 06CIYAKUBAIOTCS: ITU COCTOSHUA BBOLATCH LISl Pa3pe-
neHust KOHQIMKTHOCTH MOTOKOB (COCTOSHUS MEPEHANAIKY U IEPEOPUEHTA-
WK, T.H. <KEITHI cBeT» ). BpeMs npebbiBanusa 0OCIyKUBAIOLIErO yCTPOi-
ctBa B cocrosnn 1) mecygaiino u pasuo T).. 3a Bpems T5;_1 u3 oyepeu
II; moxer obcmyzkuThes He Goiee, deM {; TpeboBaHUil (B mOpAIKe Odepe-
mu, FIFO. TpeboBanust kak Te, 9410 ObLIM B HAYaje [MPOMEXKYTKA, TAK W
MNOCTYTIHBIIKE 33 CaM MPOMEKYTOK). JIaHHYIO BEJIMYMHY TAKYKE HA3BIBAIOT
NOMOKOM HACHIULELHUA.

Beeném mekoropsie obozuauenusd. [lycts 79, 7, T2, ... — MOMEHTBHI CMe-
HBI COCTOSTHUsT OOCTY>KMBAIOIIET0 yeTpoiicTBa, ['; obo3Hagaer cocTosinne 00-
CJIyZKUBAIOLIErO yCTPOCTBA Ha IPOMEXKYTKe [T;_1,7;), ¢ = 1, 2, ...; 0,

— uncio Tpebosanuit moroka II;, TOCTYMMBIIMX Ha TIPOMEXKYTKe [T;, Tit1),
»;,; — uucao TpeboBanmit B odepean O; B MOMEHT T;; &;; — MAKCUMAIHHO
BO3MOXKHOEe Y110 TpeboBanmit w3 odepean O}, KOTOPbIe MOXKHO OOCITyKITh
HA IIPOMEKYTKE [T;, Tit1), & f_ﬂ — 90 (PAKTUIECKH OOCTYKEHHBIX TPebo-
Banuil u3 odepenu O; HA HPOMEKYTKE [T;, T;11). BBeIéM Besuduubl 7, = T;
(mod Tp), To ecrb ocraroK or Jejenus 7; Ha Tp (Oyuer umerb cMbICI Bpe-
MEHH CYTOK).

Bynem npenmonararh, 9To Bce Beaudauubl 11, To, ..., Toy m Tp coms-
MEPHUMBI, TO €CTh CYIIECTBYET HEKOTOPBIA OTPe30K BpemeHu A, KOTOPBIi
YKJIA/IBIBAETCS II€JI0€ YHCJIO PAa3 B KAXKIbII U3 BCEX YKA3aHHBIX BpeméH. U3
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3TOTO MPEAIIOIOKEHN CIIeAyeT, 9TO Y BETMINH T{ CYIIECTBYET JIUIIb KOHEY-
HOe 49HCJI0 3HAYEHUIA.

2. Popmasimzaiusg paboThl 0OCIIY>KHBAIOIIEr0 yCTPOicTBa

YcranoBuMm pekyppeHTHbIe MO ¢ = 0, 1, ... COOTHONIEHUS JJIT COCTOS-
HUsT OOCTYKUBAOIIEr0 YCTPOUCTBA, AJIMHBI OYEPEIH U TOCIEA0BATETHHOCTH
{r};i=0,1,...}.

Buggmo, aro §;; < #;,; + 1, IACTO PeaTbHO OOCTYKEHHBIX MAITHH B
WHTEPBAJ [T;, T;4+1) HE MOXKET OBITH GOJIBINE, Y€M YHUCIIO MAIIMH B OY€PeH
O, B Havaje WATEpBAJIA (B MOMEHT 7;) TITTIOC YWCJIO MAIINH, TOCTYTUBIINX B
JIAHHBI IOTOK 33, 9TOT WHTEPBAJ BpeMenu. B pe3ybraTe B MOMEHT BpEeMEHH!
Ti+1 TOJIYHUUM:

it = %0+ Nji = &G (1)
Taxzke monaATHO, 9TO &;; < &1 YHCTO peaJbHO OOCIY’KEHHBIX MAIINH B
WUHTEDPBAI [T;, Ti4+1) HE MOXKET OBITH GOJIBINE, YeM MAKCHMAJIBLHO BO3MOMKHOE.
ITpn sTom MBI 3HAeM, uTo &;; = 0, ecaW B JAHHBIN BpEeMEHHOH MHTEpBAJ
TOPUT 3aNPENAIONTNii CUTHAT JJid ToToka II; m &; = ¢;, ecm B manHHBIiI
BpEMeHHOI HHTepBaJ/ F'OPUT pa3pellalonyii curtas A noroka II;.

YuurbiBas /B3 LPUBEJEHHLIX HEPABEHCTBA, MOXKEM 3amucarb: §j; <
< min{§; i, 25, + 1, }- Tak Kak IeIbI0 ABISETCS yMEHBIIEHNE THCIA TPe-
OOBaHUII B OYepenn, TO ONMTUMAJILHBIM SIBJISETCS HUCIOIb30BAHUE IKCIMpe-
MaALHOT cmpamezuy, 00CTyKuBaHus. 3HAIUT, §;; = min{;;, s + 1,4}
Ecu & > 5 + 154, 10 §5i = 35, + 1,4 3Ha4UT, UCHOL3Ys popmyy
(1), momyunm: s ;41 = 0. Ecinm ke & ; < 225 +nj,i, T0 &5 = i, © TOTAA
Hjit1 = 2,0 + N = &G

Taxum obpazom, m3menenne JauHbI odepenn O; 3a OTUH HHTEPBAT Bpe-
MEHHU KPATKO MOXKEM OMUCATH CJEAYIOIMINM PEKYPPEHTHBIM COOTHOIIEHUEM:

Hjitl = max{07 i+ My — fj’i}. (2)

Bynem mabmiomarh cucremMy TOJMBKO B JIMCKPETHBIE MOMEHTBI Bpe-
meru 0, 71, 7o, .... Homoxum T = {TM T T1Cm1 x =
={0,1,...} x{0,1,...} x ... x {0,1,...}, m pa3. O6o3naunm vepe3 I'; €
e I', ¢ = 0,1,... cocrosiHre OOCYKMBAIOIIETO YCTPOUCTBA HA TTPOMEIKYT-
ke (T;—1,7;], 1epe3 »;; € {0,1,...} — uncno Tpebosauuit B ouepenu O;
B MOMEHT T,. BBenéM BekTOp 3¢; = (3114, %24, . .., %m ;). A8 HATypaIbHO-

ro yucjaa r oupeaesum onepanuio r @ 1 paBencrBamu 7 1 = r + 1 s
r<2mu (2m)®1 = 1. Jauee, i HATYPAJIbHBIX 7', @ > 2 LOJOXKUM
no wHAYKIWMN r @ a = (r @ (a — 1)) & 1. Aaroput™m ympapieHusi TIOTOKa-
mu opmanm30oBan B Buae orobpaxkenus u: ' — I['. Bymem cumrars, aTo
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uw(TW) = TUSY, Beemem raxske orobpazkenme v: I' — {T1,Th, ..., Tam}
pasencrsom v(I'0)) = Tjg;.

Torna dopmausarust paboTs cBeTodOPaA UMEET BU PEKYPPEHTHBIX CO-
OTHOIIIEHU:

70 =0, Ti+1 :Ti—i—v(l"i), | P :’LL(FZ*), 1=0,1,....

Bruto monydeno cienyromiee cOOTHONIEHNE, B KOTOPOM BUIHO HEJIOKAJIb-
HOe 3a/laHue BXOJHbIX IIOTOKOB U IIOTOKOB HACBIIIEHUS:

P(n; = b,& = b (J{r = t1, Ty = TU, 5 = 2®}) =
=0

ﬁ |:(e_(As{ti+U(F<ji))}_As{ti}))x HpI/I u(F(ﬁ)) = F(T), r = 2k’

x (eftibe A (1) | b=(0,0,...,0) "
= = 3

nwim npu r = 2k — 1,
b#(0,...,0,05,0,...,0);

0 B OCTAJIbHBIX CJIydadx

B manpmeiimem Oyaem cuunrarh, 910 BenuwawHbl 11, 1o, ..., 1oy u Tp
cousmepumbl. OTCIONA CAEAYeT, YTO CYyLIECTBYIOT TAKUE LEJIbIe YUCIA P, ¢,
aro pT = qTp,rne T =T1+Ta+. ..+ Top,. Iycrs Gyukuus rem(x, d) gaer
OCTATOK OT jiesienust x Ha d. Paccmorpum g j = 1, 2, ..., 2m MHOXKeCTBaA

pol )
G, = 90{(rem(sT, Tp), '),
(rem(sT + Tjg1, Tp), TUEY), (rem(sT + Tjer + Tjae, Tn), TUED), ...,
(rem(sT + Tje1 + Tigz + - - - + Tjw@m—1), Tp), TUFEM =) 1,

Kaxnoe uz muoxkecrs Gy, j = 1, 2, ..., 2m couepKUT OJUHAKOBOE 4UCJIO
2mp 371eMEeHTOB.
OcHOBHOIT pe3ysibTaT paboThl COEPIKUTCS B CJIEIYIOMIEN TeopeMe:

Teopema 1. Ilpu 3amannom pacnpemenenun Bexropa (7)), Lo, 5) no-
CJIEIOBATETHHOCTD

{(T{,F“%Z),’L:O,l,} (4)

ABJIAETCA OOTHOPOJAHON MAPKOBCKOW LENBIO C MIPOCTPAHCTBOM COCTOAHUI BU-

13 (G1UG2U...UG2m)XX.
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N3 reopemsbr 1 caenyer, aro ecau Bce muaoxkectBa Gy, Ga, ..., Ga,;, COB-
[IAJIAI0T, TO BCE COCTOAHUS HPUHAJIENKAT OJHOMY KJIACCY CYIIECTBEHHBIX
COOOIIAOIIUXCS COCTOSTHUM. A eciin cpean yKa3aHHBIX MHOMKECTB €CTh He
COBITQ/IAIOIINE, TO MOTYT ObITH HECKOJBKO KJIACCOB CYIIECTBEHHBIX COODIIA-
TOIIMUXCSA COCTOSTHUIA.

3akJiroueHue

B pesyabrare uccienoBaHusi CHCTEMbBI MACCOBOIO OOCITYKUBAHUS KOH-
(DIIUKTHBIX TEPUOAMIECKUX OTOKOB MO IMUKJIHIECKOMY AJIrOpuTMy ¢ (hUK-
CHPOBAHHBIM PUTMOM TTEPEKITIOMEH NS, HCTTOIb3YsT KHOEPHETHIeCKNH TTOIXO,
ObLJIO BBITIOJHEHO HEJIOKAJILHOE ONMMUCAHNE BXOIHBIX TOTOKOB, MOTOKOB Ha-
CBIIIIEHNs], YCTAHOBJIEHBI PEKYPPEHTHbIE COOTHOIIEHUs ISl JJIMH Ouepe/ieit
U COCTOSIHWST ODCITYKHBAIOIIEr0 ycTpoiicrBa. Bbuto J0Ka3aHO MapKOBCKOE
cBoiicTBO MuHOroMepHoii nocnexosarensuocru { (77,0, );4 = 0,1,...} u
BBISIBJIEHO €€ MUHMMAJIBHOE HPOCTPAHCTBO COCTOsiHUi. B maspeiimem 310
MTO3BOJINT YCTAHOBUTDH YCJIOBUS CYIIECTBOBAHUS CTAIMOHAPHOTO DEXNMA B
cucTeme, a Takke pa3padorars 3(hdEKTUBHDIN BRIUUCIUTENHHBIN AJITOPUTM
JITsT OTBICKAHUSI CTAIIMOHAPHOTO PACIPEIEIeHIs BEPOITHOCTE.
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TAHJIAEMHASY TMBPUJ/IHAY CUCTEMA
MACCOBOTI'O OBCJIV2KUBAHUZ C
ITOBTOPHBIMI BbI3OBAMI 1
BEPOATHOCTHBIM ITEPEXO/J10M

H.B. Ilerpuga, C.B. IMayJb

Hayuonasvnot uccaedosamenveruti Tomekuti 2ocydapemeertbili ynueepcumenn,
2. Tomcx, Poccus

B cratbe paccMarpuBaeTCs TaHIEMHAs THOPHUIHAS CHCTEMa, Mac-
COBOr0 OGCIIyKMBAHUs C MOBTOPHBIMU BbI3oBaMu. llocTynuBnias B
cucTeMy 3asBKa BXO/IEr0 IIOTOKA IIPOXOUT 10CJIeA0BaTe IbHOE 00~
c/IyKuBaHue Ha AByX (pasax. Ha mepsoit (pase cucreMbr — KOHEUHBIH
OyHKeD JIUTst OKUTAHUS U J1Ba 00CIyKuBaromux npudopa. Ha Bropoit
daze — cucrema ¢ opbuToil 1 moBTOPHBHIME BbI3oBaMu. Llocse 0bcy-
JKUBAHUS HA TEPBOil (hase, 3asBKU C BEPOSITHOCTHIO P TIEPEXOIAT HA
BTOPYIO azy. B crarhe mpeicTaBieHo HAX0XK/IEHNE PACIIPEIETICHUsT
BEPOATHOCTEN YMC/IA 3asBOK HA 0pOuTe Ha BTOPOM (a3e B yciaoBuu
GOJIBIION 3aePKKHU 3asIBOK HA OpPONTE METOIOM ACHUMIITOTHIECKO-
ro anasm3a. KiroueBble CJI0Ba: CuUCMEMa MACCOB020 00CAYNCUBA-
HUA, MAHIEMHAA CUCTNEMAE C TLOBMOPHLMU 6bl306AMU, 2UOPUIHAA
cucmema, RQ-cucmema, memod acumnmomuueckozo araiu3a.

BBemenue

B nammoit pabore nccieayercs TaHIeMHAsS CHCTEMA, MACCOBOTO OOCITY K-
Banusg (CMO) c koneunbiM 6yHKEPOM Ha 1epBoii (pa3e u opoUTOli Ha BTOPOIt
daze. N3-3a pazauanii TUCIUTILINH OXKHUIAHWS, CACTEMa ObLTa HA3BAHA TH-
6puanoit [1,2,3]. Panee 6bl1a paccmorpena CMO ¢ 110BTOpHBIMU BbI30BaMu
[4] 6e3 moreps Ha BTOpOIl daze. Braromaps BepOATHOCTHOMY MePEXoy C
mepBoii Ha BTOPYIO a3y MOXKHO CMOIEINPOBATH PEAJHHYIO CHCTEMY 00-
CyKABaHWS KJAWEHTa 9aT-00TOM Ha MepBoil (paze u, mIpu HEOOXOIMMOCTH,
oreparopoM Ha BTopoii. JlaHHOe ucciiejoBaHie MOKa3bIBAET KAK BHEIPEHNE
qar-60Ta B 4aT OOC/Iy’KUBAHUS [OJIb30BATEEH BJUMET HA 3arDYyKEHHOCTH
oriepaTopa.

1. Maremarndyeckas MOJ€EJIb

3asBKM MMOCTYMAIOT B CUCTEMY COTJIACHO MYACCOHOBCKOMY TIOTOKY C WH-
TEHCUBHOCTHIO \ M MPOXOAAT ABE (Pa3bl 00C/IyKUBAHUS.

Ha mepsoii ¢a3e cucreMbl HAXOAWTCS CHCTEMA COCTOSINAA U3 JBYX 00-
CyKUBAIOMUX TpubOpoB n KoHedHOro OyHkepa. Ha Bropoit ¢daze cucrembr
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— L1 o[e[@e}—— —

I
N

Puc. 1. Taumemuasi rubpugHAs CHCTEMA MACCOBOTO OOC/TY ) KUBAHUS C TIOBTOPHBIMU
BBI30BAMH M BEPOSITHOCTHBIM II€PEXOI0M

— CMO c 6eckoneumoit opouToit. Ecin 3asBKa Mpn MOCTYTIJIEHNN HA TEPBYIO
dazy, obrapyxRuBaer X0oTs ObI OIUH CBOOOJHBIN MPUOOP, TO OHA 3AHWUMAET
€ro i 00C/IyKUBAHUS B T€YEHWUN CJIy9IaRHOTO BPEMEHM, PACIPEIEICHHOTO
[0 HKCIOHEHIMATHLHOMY 3aKOHY C MapaMeTpoM 1. B NPOTHUBHOM ciiydae,
Korzma 00a mpubopa 3aHATHI, 3asBKa BCTACT B OYHKED HA OXKHUIAHHE 0OCTy-
JKUBAaHUS M 3aHUMAET ofgHo u3 N — 2 mecra.

IToce Toro kak 3asBKa TPOILIA OOCTYKWBAaHWE HA TEpBOH dase, OHA
00 C BEPOSITHOCTHIO P — 1 TOKKIAaeT CUCTEMY, THOO C BEPOATHOCTHIO P Tie-
pexoaut Ha Bropyio ¢a3y. IIpm aToM, B ciiydae eciu 3asgBKa 3aCTaeT Ipudop
BTOPO# a3bl CBOOOIHBIM, OHA 3AHUMAET €ro M 00CTyKUBAECTCSA BPEMSI, Pac-
[IPEJIEJIEHHOE 110 IKCIIOHEHITUATBHOMY 3aKOHY C MHTEHCUBHOCTBHIO Lio. NHaue,
JAHHAS 3a5BKA MEPEXOIUT HA OPOUTY JJIs COBEPINEHUS CJIyJaifHON 3a/1epiK-
KU, TPOJIOJIZKUTETFHOCTH KOTOPO MMEET IKCIOHEHIINAIHHOE PACIIPEICTICHIE
¢ mapameTpoM o. Ilocsie 3a1ep>KKH 3asIBKa, BHOBD IIBITAETCS 3aHATDH IIPHOOP.
Ecnu on 3amsT, TO 3aBKA MIHOBEHHO BO3BPAIIAETCSA HA OPOUTY s COBEP-
IIIeHUsT OYEPETHON 3a/IEPXKKHU, a €CJIH JKe OH CBODOEH, TO 3asiBKa 3aHUMAET
€ro Ha CJIyTaiiHOe BpeMsi OOC/IYyKUBAHUS, PACIPEIETIOHHOE IO IKCIIOHEHITH-
AJIbHOMY 3aKOHY C TTapaMeTpoM L. Ilocie obcirykuBanus Ha BTOpOit dase,
3asBKa, MOKUJAET CUCTEMY.

Bsenem obosnauenuda:

— mnporecc i1(t) — duciio 3adBOK Ha 1epBoil dase,

— npotecc i9(t) — 9uciao 3agBoK opoure,

— upouecc k(t) oupenensier cocrosinue npubopa na Bropoii daze. 0 — cBo-
6omeH, 1 — 3aH4AT.
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2. Cucrema gudppepennuaiabHbix ypaBHeHuit KosmMmoropona

CraBuTcs 3a/a49a HAXOXKJEHUs CTAIUOHAPHOTO DPACIPEIEJICHUA HYHC-
Ja 3ad4BOK i9(t) Ha opbure. Iy 3TOrO pacCMOTPUM TPEXMEDHBINA Map-
koBckuii mpouecc {i1(t),i2(t), k(t)}. Hna pacnpenenenus BeposTHOCTEN
Py (iy,i9,t) = P{i1(t) = i1,i2(t) = i2,k(t) = t} cocraBum cucremy Kou-
MOropoBa. BBeseM dacTudnble XapakTepucrudeckue (pyHKIuH, 0003HATHB
J = V=11 Hg(ir,u) = Y 7°_g e Py(i1,i2), k = 0,1. Cremaem 3amensr,
nonyanM cucremy st dyukmmit Hy(u), Koropyio 6GymeMm perrarb MeTo-
JIOM aCUMIITOTUYECKOIO aHAJIN3a B YCJIOBUH OOJIBIION 3aepKKU Ha opOuTe

(o0 —0).
3. AcuMnToTrnka IepBOro HOpsiKa

Bemonnum cienyiomue 3aMesbl: o = €, u = ew, Hy(u) = Fi(w, €).

Teopema 1. Ilycrb is(t) —uucio 3asgBok Ha opbure BTOpoil dha3bl B
TAHIEMHONW THOPUIHON CHCTEME, TOrIA

lim Meiwoi(t) = gjws
o— 0 ’

ro[AB — A + 111 (1 — p)D — s 1] + por I = 0, (1)
ry [/\B — A - ,U,QI + [LlD] + ro(ulpD + %11) = 0,

TJIE 3¢, ABISETCS TOJIOXKUTEIBHBIM KOPHEM YPABHEHWUS:
uipriDe — rosle = 0. (2)

3aech ri, k = 0,1 - BeKTOPHI ¢ KOMIIOHEHTAMH 7, k,%1 = 0...IN, r1e r;,
BEPOSITHOCTH TOTO, 9TO Ha MePBOii (pa3e i1 3asBOK, a HA BTOPOi (paze mpudop
HaxoauTcs B cocrosinun k: (rg +ri)e = re = 1.

4. AcuMnToTMKa BTOPOTO MOPAgKa

B cucreme st dyukimit Hy (u) monoxnm Hy (u) = H§€2) (u)ej“%. Ja-
e 22 (2) _r®
JIee cAeaeM CIyayIomyio 3ameny: o = e, u = ew, H;” (u) = F; 7 (w, )
Teopema 2. Ilycrb is(t) —uucio 3asBok Ha opbure Bropoil dha3bl B
TaHIEMHOW THOPUIHON crcTeMe, TOrIa

lim Meiwvatia=22) _ (U5 (3)

o— 0

TJIe 39 OIPEJIeseTCs PABEHCTBOM:

aroe — xppe + ipDepe
roe — s %pe — ppDipe

Mo —
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3/1ech BEKTOPA I'j, OMPEIesIeHbl BBIIIe, BEJIUIUHbL 0, ¥, Y, Y, Ompeme-
JISIOTCS CHCTEMAMM:

©o[AB — A+ 11 (1= p)D —saI] + o 1 =0,
Polu1pD + sa1] + @ [AB — A + poI + 11 D] = se1v0l — pupr: D, (5)
(o +¢1)e=0.

%o[AB — A+ p (1 — p)D — >0 1] + potp I = 1o,
Yo[p1pD + sa1] +1h [AB — A + oI + p1 D] = —ro, (6)
(Yo +1p1)e = 0.
Bosspamasics k dyuakuusim Hy (1), BbinoaHuB 06paTHbie 3aMEHbl, IOy YUM

armpokcumanuio h(u) = Hy(u)e ayis xapakrepucrudeckoii byHKIMU qucsa
3a5BOK Ha OpOMTE UCCIIEAYEMO CHCTEMbI

B3

coe | (Gu)? s
h(u) = eliuF+- 2] (7)

5. YuciieHHHBIA aHaau3 obJiacTu IIpPpUMEHNUMOCTHN
ACHUMIITOTNYIECKOI'O pe3yJjibTaTa

Pacnpenenenne BeposTHOCTE uncia is(t) 3asdBOK Ha OpOUTE SBISETCS
rayCCOBCKMM € MaTeMaTH9eCKuM Ooxuganuem =L u gucnepcueii 22. Ilocrpo-
UM JMCKPETHYIO aIllpOKCUMAaIo ducia P(i) 3agBOK Ha opOuTe BUA:

P(i) = (L(i +0.5) — L(i — 0.5))(1 — L(—0.5)) ", (8)

rae L(x) — GyHKIMs HOPMAJIbHOrO DACIPEIEJICHNs ¢ IapaMeTpaMu
>
=

>
<
a

TouHOCTD MOIYYEHHON ANNMPOKCUMAIIAU OyIEM OMPENeIsTh ¢ HOMOIILIO
paccrosirusa Koamoroposa:

k
A=max|> (P~ Poim)|, 9)
i=
rae Py, — pacmupenenienne BepOSATHOCTEH YHUC/a 3asBOK HA OpduTe, mOJIy-
YEHHBIX B PE3yJbraTe paboOThl MMUTAIIMOHHON MO/IEIH.

IIpuBenem 3HaveHUs PACCTOSAHUI IPU PABIMIHBIX HHTEHCUBHOCTSAX BXO-
JISAIIETO MOTOKA st (i = 1, o = 2. VI3 maHubIx TabwIbl 1 MOXKHO YBUIETH
OCHOBHYIO TEHIEHITUIO: TOYHOCTH AMMPOKCUMAIINKA PACTET C yMEHBIIIEHHEM
WHTEHCUBHOCTH IMOBTOPHBIX BHI30BOB M MpUMeHNMA g 3Hadennit o < 0.05,
KOTJIa OTHOCHTEJIbHAS MTOTPEITHOCTh, B BHUE paccrosHus Kosmoroposa, ne
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Tabymma 1
Paccrosuue Koamoroposa
[ o [A=03[A=05]A=07]A=0.
0.5 0.009 0.09 0.153 0.184
0.1 0.131 0.079 0.066 0.122
0.05 0.106 0.036 0.039 0.128
0.01 0.043 0.048 0.032 0.046

upesbimaer 0.05. OHO sBJIIeTCs IPUEMIIEMbBIM IIPU TOYHOCTH UMUTAITUOHHON
moaean 0.002.

Paccmorpum cucremy ¢ BXOZHBIMHU mapaMmerpamu (1 = 1, s = 2, A =
0.7,0 = 0.01 gna p = 1, Korga mocje OOCIyKMBAHUS YaT-00TOM MOJIB30-
Baresieil obs3aTesbHO nepeBoadaT Ha oneparopa(P), u mug p = 0.7, korga
nocsie obciyzkuanus dar-6orom 30% nosb3oBaresieil 01y daloT OTBEThL Ha
CBOU BONPOCHI M MOKUJAAKT cucTeMy 0e3 obcamykuBanus oneparopom (P 7)
(pucyHOK 2).

0.7 Pl

Puc. 2. Cpasuenwne pacupenesenuii Py u Py 7

s P; maremarmdeckoe oxumanue pasuo 21.3, a ans Py 7 pasao 9.9.
9TO TOBOPUT O TOM, UTO C BHEApPEHWEM YaT-00Ta, CHUMAIOIIEro C OrnepaTropa
30% mnomp30BaTENeH, B CPEIHEM OKHIATH OTBETA ONepaTopa OyIeT mpuMep-
HO B 2 pa3sa MeHbIIe [I0JIb30BaTeIei.

3akJiroueHue

Ucnonp3yss MeTos aCHMITOTHYECKOTO AHAJIN3a B YCJIOBUH OOJIBINON 3a-
JIepKKU HA opbuTe, MOJTydYeHa IayCCOBOCKas XapaKTepucTuieckas pyHKIus
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C aCUMITOTHIECKHM CPeJHUM “2- 1 ucnepcneil 22 4uciia 3agB0K Ha opouTe
HCCIIe1yeMOIT CUCTEMBI.
Uccnenoranne obsacTyt MPUMEHUMOCTH TMOKA3aJI0, YTO TOYHOCTH arfl-
IIPOKCUMAIIUH PACTET C YMEHbIIIEHNEM HHTEHCUBHOCTH ITOBTOPHBIX BBI30BOB.
ITonygennoe pacnpeneneHne BepOATHOCTEN YUCIa 3aIBOK HA OPOUTE MO3-
BOJIMJIO TIPOIEMOHCTPUPOBATH, YTO BBEJEHNE HE CAMOr0 YMHOT'O 4ar-00Ta B
Ppa3bl YMEHbIIAET HAIPY3KYy Ha OLEepaTopa.
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ASYMPTOTIC BOUNDS FOR CELLULAR
CIRCUIT DECODER WITH REPEATED INPUTS

V.S. Zizov

The faculty of Computational Mathematics and Cybernetics of Lomonosov
Moscow State University, Moscow, Russian Federation

In general the cellular circuit of functional and commutation ele-
ments (CC) is a mathematical model of integrated circuits (IC),
which takes into account the features of their physical synthe-
sis. The fundamental difference of this model from the wellstud-
ied classes of boolean circuit (BC) is the presence of additional re-
quirements to the geometry of the circuit, which take into account
necessary routing resources when creating an IC. The subject of
many authors study became the complexity of implementation of
decoder. Lower bounds for the area complexity of boolean circuits
implementing decoder with repeating inputs are shown in this pa-
per. Keywords: cellular circuit, boolean circuit, decoder, planar
schemes, lower bounds.

1. Introduction

The model of Celullar circuit in standard basis of functional and com-
mutation elements had been proposed for the first time by Kravcov S.S.
in 1967 in the work [4], where the complexity of the Celullar circuit was
understood as its area. In general the Celullar circuit of functional and
commutation elements (Celullar circuit) is a mathematical model of inte-
grated circuits (IC), which takes into account the features of their physical
synthesis. The fundamental difference of this model from the well-studied
classes of boolean circuit (BC) is the presence of additional requirements
to the geometry of the circuit, which take into account necessary routing
resources when creating an IC.

Albrecht A. showed in his work that the Shannon function A(n), char-
acterizing the complexity of the most jjcomplex boolean function (BF)
from n variables at n = 1,2, ..., in the model [4] has asymptotically ! tight
bound 02", where o is some constant. Herewith the exact value of the con-
stant o remains unknown, although it follows from works [1] and [4] that it

is in the segment [, 5].

1Let’s say that consequences a(n), b(n), n = 1,2,... holds the asymptotic inequality
a(n) < b(n), if a(n) < b(n)(1 + o(1)). Moreover, the asymptotic equality a(n) ~ b(n) is
equivalent to that a(n) < b(n) and b(n) < a(n)
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The asymptotically tight bound estimates of the complexity for some
special BF and systems of BF were also received within the Celullar cir-
cuit model. Shkalikova N.A. investigated [2] the complexity of implemen-
tation by planar circuits of some specific systems of BF, including systems
of symmetric functions. She established, in particular, that Cn2™ if the
asymptotically tight bound for the decoder complexity, i.e. a system of all
2" elementary conjunctions of the rank n from n variables. The lower and
upper estimates for one specific Boolean function from n variables with the
asymptotically tight bound n? were received in the work by Hromkovic Ju.,
Lozhkin S.A. etc. [3]

In work [6] were received asymptotically tight bounds for the area of
circuits, implementing the decoder of power n. These estimates coincide in
the first term of the expansion, have the type n27~! (1 +0 (%)) In present
work we establish asymptotically upper bounds of the area of Celullar
circuit, implementing decoder of the power n with repeated inputs.

We introduce several definitions of complexity functionals for the case
of long circuits.

Definition 1. The complexity of the BF (BF system) f(z1,...,Zx)
with n significant variables in the model of cellular circuits with k-multiple
inputs is the minimum area of a cellular circuit with no more than kn inputs,
in which any input corresponds to one input variable, and can be repeated
any number of times.

Agy(f)=_min  A(S)

Ser(k):S implements f

Definition 2. The complexity of the BF (BF system) f(z1,...,z,)
with n significant variables in the model of cellular circuits with repeated
inputs is called the minimum area of a cellular circuit with an arbitrary
number of repetitions of arbitrary inputs.

AR(f) = mkin Arepeatk:(f)

2. Upper bounds for decoders

Lemma 1. (about re-decoder). For the complexity of the S
scheme implementing the @,, decoder, the upper bound of

A(S) < 2"loga(n) + O(2")

is correct in the CS model with multiple inputs.
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Figure 1. General view of the S scheme implementing the @Q,, decoder

Proof.

Let’s build a single cellular circuit implementing a decoder with outputs
located on two sides. To do this, we will build a line consisting of primi-
tive decoder blocks. Each block is a rectangle, the blocks are joined on the
narrow side. The conditional scheme is shown in Fig. 1. Each boundary
between blocks contains m variables that are the inputs of one and simul-
taneously the outputs of the previous block. The first block in the row
accepts the variables z1, ..., x,, as input. Other variables 11, ..., 2z, will
be duplicated in each block. The upper and lower sides of the circuit are
tightly covered with decoder outputs. Each block will implement a decoder
from m variables.

Let’s estimate the number of required blocks. The total number of out-
puts of the circuit is 2”. It can be seen that 2™ outputs are implemented
in one block. Then there are only %001@32”2” or, otherwise, 2"~™. Every-
where else, when calculating, we will assume that calculations are used in
integers, and rounding is performed up.

Let’s estimate the size of one block. An example of such a block is
shown in the figure 2. Densely planted outputs require a length of 2m~1.
Duplicated variable inputs, totaling n — m, require the length *5™. The
height of the scheme of additional rows for disjunctions, and two rows for
wiring. Additionally, one column is required to transmit the signal from
disjunctions. The height of the circuit is m+9, the length is 2™~ + =L

Scaling of the block at large n is provided by increasing the number of
outputs and variables in the central line of the block. In the figure 2, the
scheme repeats the first m = 4 of its variables. The choice of m = loga(n),
which is close to optimal, is shown here. It can be seen that this arrange-
ment of inputs and outputs occupies the perimeter almost completely. The
block shown corresponds to a set of (1,...,1) variables x5, ..., x9. Other
blocks are constructed similarly, but the negation series are replaced with
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Figure 2. An example of a schematic implementation of a decoder block of order
20at m=4

the necessary sets of elements. For example, the set (0,...,0) will not con-
tain any negation in this part.
Let’s estimate the area of the block.

A(S:) = (m+9)@mt + S 4 )
Then the total area of the circuit is
AS) =20 (m+9) 2™ L+ P 1) 4 O(m).

Let m = o(n), then
A(S) = (m+9)2"" 4 m(n —m)2" "1 4 9n2" 1 — 02" m).

It can be seen that the minimum area of A(S) is reached if

mn
m o~ —.

2m
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Let’s choose m = [logQ(nﬂ, then this is done, and the total area has an
estimate of

A(S) = (Tloga(n)] + 18)27 — 21 2L _ g5nlogaln),

A(S) = 2"(loga(n) + O(1)),
whence follows the statement of the present lemma. B

Corollary 1.

AR(Qn) < Qn(logz(n) + 6) + O(M

).

3. Conclusion

In present work asymptotically upper bounds of the area of Celullar
circuit, implementing decoder of the power n with repeated inputs was
established.
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THE NONLINEAR KLEIN-GORDON EQUATION
ON METRIC GRAPHS
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In this paper we consider the nonlinear Klein-Gordon equation
on the metric star graph with three semi-infinite bonds. At the
branched point we put two types of vertex boundary conditions: the
weight continuity and the condition for derivatives of wave functions
as the generalized Kirchhoff rule. We solve this equation satisfying
vertex boundary conditions. We also show reflectionsless propaga-
tions of the kink soliton solution. Keywords: nonlinear Klein-
Gordon equation, vertexr boundary conditions, generalized Kirchhoff
rule, reflectionsless transmission, kink soliton, metric graphs.

Introduction

In this paper we focus on one of the exact solutions and transmission
of the kink soliton of the nonlinear Klein-Gordon equation through the
vertices of the networks. The present work is organized as follows: in the
section 1 the nonlinear Klein-Gordon equation on the metric star graph
with derivations the vertex boundary conditions is obtained; in the section
2 the kink soliton solution of the formulated problem with the sum rule for
the reflectionless transmission is analytically given; in the last section the
conclusions are given.

1. Formulation of the problem

We consider a star graph with three bonds e;, for which a coordinate z;
is assigned. Choosing the origin of coordinates at the vertex, 0, for bond
e1 we put z1 € (—00,0] and for ey 3 we fix x93 € [0,400). In what follows,
we use the shorthand notation g;(z) for ¢;(z;) where x is the coordinate
on the bond j to which the component g; refers. Klein-Gordon equation on
the each bond e; of the star graph is written as

Oha; — 02.a; — 4; + bjq; = 0. (1)

Now we define the vertex boundary conditions at the branched point of
the star graph, therefore we derive these boundary conditions from conserva-
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[ -

Figure 1. The metric star graph

tion laws. One of the conservation laws is energy. The energy conservation
law is defined as

3
E=YE, (2)
j=1
where
1 2 1 2 1 2 b 4
E; = /ej {2(@%) +5(04))" = 545 + 4} | de. (3)

From E = 0 we can get the following nonlinear boundary condition as

02 q10tq1 |a=0 = 02G20:q2|z=0 + 02430:q3|2=0- (4)

We need two types of boundary conditions to find a solution of (1) and
to fulfil the nonlinear vertex boundary condition (4). Therefore the first
type of vertex boundary conditions is the following weight continuity

@1G1]z=0 = @2q2|z=0 = @3¢3|z=0, (5)
the second type of vertex boundary conditions is given derivatives of wave

functions at the branched point as Kirchhoff rule

1 1 1
- a:q1|:v:0 = — xq2|:v:0 + — zq3|x:0~ (6)
a1 (6%} Qs

2. The kink soliton solution of Klain-Gordon equation on the
star graph with three edges
The kink (antikink) soliton solution of Klein-Gordon equation (1) on the
each bond e; of the metric star graph is the following
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03(@,1) = F——tanh (ﬂ) 7 (7)

where [ is the initial center of mass of soliton (the kink and antikink soliton
solutions are with the signs — and +, respectively). Fulfilling the vertex
boundary conditions (5)-(6) we can get the following constrains

QL %2 o3 (8)
Vor o Vb Vb
1 1 1

041\/5 N 062\/5 - a3\/E' (9)

From Eq.s(8) and (9) we obtain the following sum rule for nonlinearities

L_1,1
by by b3
Using the kink (antikink) soliton solution of Klein-Gordon equation (1)
with the sum rule for the nonlinearities (10) we can also show that another

conservation law, i.e. the momentum is conserved from the last expression
the momentum is constant.

(10)

3. Conclusion

In this paper we studied the nonlinear Klein-Gordon equation on the sim-
plest metric graphs as the star graph with three semi-infinite bonds. First
of all we derived the nonlinear boundary condition from the energy con-
servation law. Satisfying this boundary conditions at the vertex (branched
point) we obtained the weight continuity and the condition for derivatives
of the wave function as Kirchhoff rule. We obtained the soliton solution on
the metric star graph and the constrain as inverses of nonlinearities for the
reflectionless transmission. Using the soliton solution we can get that the
total momentum is conserved. We can show the conservation of the total
energy and can calculat the reflection coefficient as the ratio of the momen-
tum on the first bond, respectively. We can also extend obtained results as
the formulation problems and the constrains for the nonlinearities to other
topologies of metric graphs such as the tree and loop graphs.
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AJITOPUTM NMMUTAIINNNA OT2KNTA JIA
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npogeccopa B.D. Botino-Sceneyrozo, 2. Kpacnoaper, Poccus

PaccmarpuBaerca 3amada KaJeHIAPHOIO ILIAHNPOBAHWS WHBECTU-
IIMOHHBIX MPOEKTOB ¢ orpannaenabivu pecypcavu (RCPSP), nenbio
KOTOPOI BBICTYIIA€T MAKCHMU3AIUd YUCTOHM LIPUBEAEHHON CTOMMO-
ctu (NPV). Aropamu TpemjioXKeH aJrOPpUTM WMHUTAIAU OTKWTA,
OCHOBAHHBIN HA METOMAX WIAEMIIOTEHTHON asrebpel. [Iposemenmbie
BBIYUC/INTE/IbHBIE SKCIEPUMEHTHl JeMOHCTPUPYIOT XOpPOIIee Kade-
CTBO mosty4aeMsbIx penternii. KiroueBbie ciioBa: kasendaproe naa-
HUPOBaHUE, UHBecMuYUuorKbl npoexm, NPV, umumayus omowcu-
2a.

BBenenne

Bagavua KaJeHIApHOTO IAHUPOBAHUS SBJISETCS KIACCHIECKON OMTUMU-
3aIMOHHOM 3aa4ell, UMeIOIIell IMMPOKOe MPaKTUIeCcKoe puoxkenne. Jloka-
3anHasg NP-TpyanocTs 3ama4du 00yC/IOBU/IA MOMYISPHOCTh IBPUCTUIECKUX
MeroJoB s eé pemienus [1]. OTHOCUTENHHO PEIKUM aJIOPUTMOM, IPUME-
HAEMBIM [[JIs PeIlleHus JAHHON 3aa4u, ABJIETCH METO/ UMUATAIUU OTKUIA.
Kaxk mpaBujio, 3TuM METOIOM PEITAeTCs 333494 C KPUTEPUeM MUHUMU3BAIAN
ofImero cpoka BhIMONHeHWs mpoekTa. Hampumep, B pabore [2] paccmarpu-
BAETCS TMPUMEHEHWE METOIa MMHUTAIMKM OTKWra K 337a49€ C HECKOJIbKAMU
BHUIAMU PecypcoB. B KadecTBe mepeMeHHbIX aBTOPhI PACCMATPUBAIOT BEKTO-
Dbl IPUOPUTETOB ITPOEKTHBIX PabOT.

B pabore [3] upemsioxken rubpuiablit aaropurm, KOMOUHUPYIOLLUIT METO/,
uvuTaruu orkura u Mmerox MINSLK, KoTopbrit HCTOMb3yeTcst A1 HaX0XK 16~
HUsI CTAPTOBOTO perieHust. ABTOPBI IEIAI0T BBIBOJ, O TOM, UTO JAHHBIH MO/~
XOJ IPUBOJUT K 3HAYUTETHHOMY COKPAIIEHUIO YUC/IA IMATrOB O CPABHEHUIO
CO CTAaHJAPHOU NPOUEAYyPOIl reHepaluu CIIy4YailHOI'O CTapPTOBOT'O PelleHUs.
s HaXOXKJEeHUs CTAPTOBOIO PEIIeHHs MOIYT HPUMEHATHCH U APYrue nu3-
BecTHbIe 3BpucTrky. Hampumep, B pabote [4] 171 9THX 1esieil uernoab3yercst
MeTO/], paHKUpyommuii paborsr mo ux gymrenbuoctu (SPT).

Pabora nmognep:kana KpacHOAPCKHMM MaTeMaTHYeCKUM IIEHTPOM, (DUHAHCUPYEMBIM
Muno6puayku P® (Coruamenune 075-02-2022-876).
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1. ITocranoBKa 3aJga4n

PaccmoTpum 3ajady KajmeHIapHOTO TIJIAHWPOBAHUS WHBECTHITMOHHOTO
[POEKTa C OMPAHMYEHHBIMH pecypcamu B JeHexHoil dopwme [5]. Onruvu-
3alMOHHAS MOJEb 33Ja91 UMeeT BUJ:

NPV(S ZZ 1+T0 T%] — max, (1)
j=17=0
si+qi§5j7(i,j)€E’ (2)
-

K *
Z 1+r0 ZZ 1+T0)207 t*=0,1,...,T—1.  (3)

t= t=0 jEN,

Iens 3amaun (1) 3akmodaercs B HAXOXKACHHH pacmucaHus S =
(s1,...,8N), Makcumusupytomero N PV npoekra 1pu 3aaHHOI CTaBKe JIuc-
KOHTHpOBaHUsA o ¥ upubblim(yobirke) c;(7) st Kazkaoi u3 pabor j =
1,2,...,N B momenTst Bpemern 7 = 0, 1,2, ..., ¢;. Hepasencrna (2) 3amaior
HOPSIZIOK CJleIoBanus paborT, a orpanuydeHus (3) COOTBETCTBYIOT TpeGOBAHMY-
sIM TIOCTATOYHOCTH CPEJICTB B KAXK bt MOMeHT Bpemenn t* = 0,1,..., 7T —1,
rae T — obmmii CPOK peann3anuu TPOeKTa B NEBIX Mepuogax. Meroannkom
(buHAHCMPOBAHUS IPOEKTA B KAaXK/blii MOMEHT ¢ BBICTYIAIOT COOCTBEHHDIE
cpeactBa komnannn K (t), a TakyKe peMHBECTHPOBAHHAS MTPUOBIITh.

2. UMmuramusa orxkKura

VmuTammm OTKATa TIPEACTABIAET COOON MeTOm yTOPAZOIEHHOTO CIIy-
JalHOro momcka. MeTon ObLT CO3MAaH Ha OCHOBE MOJENH KPHUCTAJIM3AINAN
BEIIEeCTBa U Halllesl IpUMEHeHUe [IPU pPelleHre Pa3JIUdHbIX OITHMU3AIMOH-
HBLIX 3aJa4. IIpuMeHenue MeToa K KOHKPETHOM 3a/ja4e Ipe/oiaraeT Ollu-
caHue CJelyouX cocrapisomux [6]:

— TIPOCTPAHCTBA TTEPEMEHHBIX MOJIENH;

— onTuMu3upyeMoit pyHKIuH;

— 3aKOHA U3MEHEHUs TeMIEPATYPHI;

— (YHKIIUN BEPOSITHOCTU TPUHATHUS;

— IIpaBuJ/la I'€Hepalluy HOBbIX 3HA4YEHUIl IlepeMEeHHbIX.

OxapakrepusyeMm Ha3BaHHBIE KOMIOHEHTHI B KOHTekcTe Mogenn (1)—(3).
st permennst paccMaTpuBaeMoii 3aa9n aBTOPaMH paHee ObLI MPeio-
kel renernueckuii anroputm GASPIA, Gasupyronmiics Ha MeTOIAX UIEM-
noTeHTHOI anreGpbl. B KadecTBe ocobeil MOMyIANUE B YIOMSIHYTOM aJjro-
PHUTMe BBICTYTTAIOT BEKTOPBI U U3 HAEMIOTeHTHOTO momymoayis X2 [5]. D1u
BEKTOPBI IIPH [PUMEHEHHH K HHM IE€HETHYECKUX OIEePATOPOB IIO3BOJILIOT
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HOJIyYaTh PACIUCAHUs, yAOBJeTBOpsiomue orpanudenusm (2). Wcuonb3y-
€M aHAJIOIMYHbIN [1OJIX0/L [IPU PEAIU3ALUN METO/IA OT2KUIA.

B xauectBe omrummsupyemoii dynkmum paccmorpum NPV mpoekTa,
CKOPPEKTHPOBAHHYI0 HA BejwdwHy mrpada 3a HapyIleHne O KEeTHBIX
OrpPAaHUYEHUI:

N g (T
F(S(v)) = 2_:1 ZO (1+0]r(0)>+f +ay -min{0, L(S(v))}, (4)

rae «, > 0 — HacTpamBaeMbIil mapameTp, a L(S (U)) — COBOKYTIHBIHN 151 JaH-
HOI'O pacIucanud NepUIUT CPENCTB, HEOOXOIUMBIX JJId BHIIOTHEHAS PAOOT.
Vcnonb3oaame mrpada MO3BOISET OTAEIATH B MPOIECCEe OTKHUTa, HEOITY-
CTHMBbIE IO OIOJPKETY PacIUCaHUd OT JIOMYCTUMbBIX.

Ha npakruke uciosb3yrorcs pa3jinyible 3aKOHbL M3MEHEHUs TeMIIepaTy-
PBI, OTJIMIAIONTAECS CKOPOCThIO eé yObiBanus [6]. [Ijisi cpaBHEHNsT PACCMOT-
PUM CIIEIYIONIAE CXEMBI:

7—’
T(k) = 2,

T(k+1)=4T(k),

rje 7o — HAYaJbHOE 3HAYEHHE TeMIepATypbl, § — mapamerp, OTBeYaronuii
3a CKOPOCTh yOBbIBaHWS, & k — HOMEp IIara.

B kagecTBe DyHKIME BEPOATHOCTH NMPUHATUS OyIEM HCIOIb30BATDH CJIe-
JYIOUIYIO 3aBUCUMOCTD:

h(AF,T) = exp(AF/T).

ITpu nonoxuresnbubix 3nadenusx AF pesmuuna h(AF,T) 6yner 60ib-
e 1. D10 rapaHTUpyer 1epexo/, K PeneHuio ¢ 60/buM 3HadenneM QyHK-
mun F(S(v)). s Toro, 9T00bI MOy IUTh HOBOE PElleHne v, K3MEHIM CITy-
JaifHO BHIOPAHHYIO KOOPAWHATY BeKTOpa v. /laHHoe mpeobpa3oBaHue mo3B0-
JIFeT MOJMy4YuTh pacnucanus S(v), yaoBieTBopsionupe orpanndenusm (2).

3. BbrunciaunreabHbIe JKCIIepuUMEeHTbI

st IpoBepKH Kav9ecTBa U CKOPOCTU PabOTHI IPEITIOKEHHOTO ATITOPUTMA
ObLIN POBEJEHDBI IKCIEPUMEHTBI HA MEPCOHATILHOM KOMIIBIOTEDE C MPOIEC-
copom 2,3 GHz CPU u 8 Gb RAM c onepamnmonnoii cucremoit Windows
10. B xauecTBe ceTeBbIX rpadUKOB MPOEKTOB WCIOIH30BAINUCH MOIEIN U3
6a3bl TecroBbIx 3amau PSLIB [7]. s npumepos u3 Habopa j60 reHepupo-
BaJIMCh CJIydaiiHble MOTOKHU Tiarexkeit. B Tabiuie 1 mpuBegeHbl pe3ysibra-
bl 10 9KCIEPUMEHTOB Uil IBYX CXEM M3MEHEHUs TeMIEPATYPhI. ¥YCIOBAEM
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OCTaHOBKH 3KcrnepumenTta Obuio mpoxoxaenue 5000 mraros. Temmeparypa
OOHOBJIAJIACH, JAKe eCJIU HA TEKYIIEeM IIAre [1ePex0/ K HOBOMY PEILIeHue He
mpoucxoauy. IlapamMerpsl cxeM U3MEHEHHS TeMIEepaTyphbl ObLIN MOI00paAHbI
TIpeIBapPUTETHHO.

Tabymua 1
Pe3ympraTs! skcrIepuMeHTOB st TpoekTa n3 60 pabor
Temmepatypa Cpemuaa NPV | Orknonenne, %
T(k) =120 11,132 0,649
T(k+1)=0,97T (k) 11,139 0,585

PeSyﬂbTaTbI SKCIIEPUMEHTOB IJId O6eI/IX CX€EM IIOKA3bIBAIOT BBICOKOE Ka4de-
CTBO HaiimeHHBIX perneHnii. B Kaxka1oM caydae B cepum SKCIEPUMEHTOB ObI-
JIO HalimeHo u ontuMmasibioe 3Havenne N PV* = 11, 205. Heobxomnmbie miist
OIIeHKY pabOTHI AJITOPUTMa, TOYHBIE PEIIeHNs OBLIN HAWIEHBI C MOMOIIBIO
makera nporpamMm IBM ILOG CPLEX. Bropas cxema m3MeHEHHs TeMIIe-
paTypnl JEMOHCTPHAPYET HECKOJIBbKO DOJiee BHLICOKOE KadecTBO pernenuii. Ha
pucyHke 1 eif COOTBETCTBYET IIYHKTUPHAs JIMHUA.

0 1000 2000 3000 4000 5000
k

Puc. 1. I3menenne meseBoit pyHKIMH B X0e SKCIEPUMEHTA,

CpasHenwne pe3ysibraTa pabOThI ATTOPUTMA UMUTAIIAN OTXKUTA C PE3YIThb-
ratamu asropurma GASPIA nokazano, 9410 Jisi COMOCTABUMOrO Ka4ecTBa
PEHETHYECKOMY ajropurmy rpebdyercs 6osibine Bpemenu. Cpejnee BpeMs Ha
OTWH 3KCIEPUMEHT JIJT aJITOPUTMOB COCTaBasAeT 14 m 28 CeKyHJ COOTBET-
CTBEHHO.
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3akJroueHne

IIpoBemenHoe wCCIeIOBAHNE TOKA3AJI0, 9TO METOJ, UMUTAIUU OTKUTA,
MOXKET OBITh YCIEITHO MPUMEHEH [IJIsi PENIeHus 3aa9u KaJIeHIaPHOTO ILIa-
HAPOBaHWS WHBECTUIIMOHHBIX MPoeKTOB ¢ NPV-kpurepuem. B xome Bbranc-
JINTETTLHBIX SKCIEPUMEHTOB ObLIU TOMO0PAHBI MAPAMETPBLI AJTOPUTMA, a
TaKzKe MPOBEJIEHO CPABHEHUE PA3JIMYHBIX CXEM U3MEHEHUsl TeMIepaTypbl.
B xome manpHefx ucciem0BaHi MPEIMoIaraeTcs paCCMOTPETH BIIMSHIE
criocoba TreHepaIuy CTApTOBOTO PeIIeHus] Ha KavuecTBO PabOThI aJrOPUTMA.
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JIOKAJIbBHBIE KOMBIUHUPOBAHHBIE OITEHKU
TTOJIN

M. A. Baxuaesa, }O.T. ImMmurpuen

Hayuornanvnot uccaedosamenveruti Tomekuti 2ocydapemeertbili ynueepcumen,
2. Tomcx, Poccus

B pabore npuBoagaTcsd KOMOMHUPOBAHHBIE OLIEHKHU JIOJIU, sABJIIOILH-
€CsT B3BEIIEHHON CYyMMOil OOBITHON SMINPUTECKON OIEHKH M aIllpH-
OPHO# MOTaJIKW, KOTOPAsl MPEICTABJISAETCS B BUIE HEKOTOPOTO 3a-
JAHHOI'O 3HAYEHUS UCKOMOII /10711, BBICKA3bIBAEMOI HCCITeI0BATEIEM
MM HKCIIEPTOM HA OCHOBAHWM CBOErO OIbITa M 3HaHWiL. Paccmar-
pUBaeTCsi BOMIPOC OIEHKHW ONTHUMAJILHOTO BECOBOTO KO3dddurmenta
HA OCHOBAHNU JIOKAJIbHBIX ANIPOKCAMAIANA U IIOCTPOCHUS JIOKAJIb-
HBIX 3IAlITUBHBIX KOMOMHUPOBAHHBIX OIEHOK J0JIU. AHaJm3upyior-
Csl CBOMCTBA OIEHOK IIPU KOHEYHOM OObeMe HabJIFO[MeHUH.
KimroueBble ciioBa: anpuophas 002adka, A0KAADHAA OUEHKG, KOM-
OUNHUPOBANHAA OUEHKS, A0ANMUBHAA 0UEHKA.

BBemenue

Crarucruyeckas o0pabOTKa KCIIEPUMEHTAJIbHBIX JTaHHBIX BKJIOYAET B
cebst psam pobiieM, OHA U3 KOTOPBIX 9TO OIEHKA HEM3BECTHON 0N 00beK-
TOB B I'€HEPAJIbHOW COBOKYIIHOCTH C 33/IaHHBIM 3HadYeHueMm npusnaka. 1[lu-
POKO€e PAKTUYeCKOe IPUMEHEHHE JaHHas pobJjieMa uMeerT MecTo B 33/1a49aX
OIIEHKW U KOHTPOJIE HAJIEKHOCTH, OIIEHKY U YIIPABJIEHUS Ka9eCTBOM MPOIYK-
nuu u T.4. g cokparienns 00bemMa JOPOrOCTOANINX IKCIEPUMEHTATBHBIX
JIAHHBIX WJIN TTOBBIIEHNS TOYHOCTH OIEHUBAHMS TPU (DUKCHPOBAHHOM 00be-
Me HaOI0eHnit, Pa3yMHO IPUBJIEKATD JIOMOJIHATEIbHY 0 HHPOPMAIIHIO, KO-
TOpas MO2KET ObITh PA3HOOOPA3HON U MMETH PA3JIMYHbIE HCTOYHUKH IIOCTYII-
JICHUSI.

B mannoit pabore mpeamaraioTcs JOKAIbHBIE aJalTHBHBIE KOMOMHUPO-
BAHHBIE OIEHKU JOJIU, YIUTHIBAIOIINE COBMECTHO OOBIYHYIO SMIUPUIECKYIO
OIIEHKY ¥ ANPUOPHYIO JA0Ta/Ky B (hOpME HEKOTOPOTO 3a[aHHOIO 3HAYEHUS
HMCKOMO J10J1r, KOTOPOE BLICKA3BIBAETCs MCCJIEIOBATENIEM WJIA SKCIEPTOM
Ha OCHOBAHUHU CBOETO OMBITA, U 3HAHWH. AHAIU3UPYIOTCS CPEIHEKBAIPATH-
JecKue OIMUOKN TAKWX OIEHOK MpPU KOHEYHOM OObeme HabOJIIoaeHuil. YKa-
3BIBAIOTCS YCJIOBUS, MPU KOTOPBIX JIOKAJBHBIE KOMOWHUPOBAHHBIE OIEHKH
MPeAIOYTUTeTbHEE OOBITHON IMIIUPUIECKOIT OIEHKH.
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1. IloctaHoBKa 3aJa4u U CTPYKTypa OIeHKH

ITycTb nmeeTcs KOHEUHAS TEHEPAIBHAS COBOKYIHOCTh 00beMa N U CIIy-
JafiHbIM 00pPA30M TIPOM3BOAMTCS BHIOOPKA 0€3 BO3BpAIECHHS 00beMa 71 U3
910i1 renepasnbhoil cookynHocru. [lox P(B) Gyxem moHuMars g0Ji0 06b-
€KTOB B T'€HEePaJIbHOI COBOKYIIHOCTH C 33/@HHBIM 3HadeHueM B npu3Haka.
IIycrs p, — anpuopnas 1orajKa, KOTOpas BbICTYIIAET B Ka9€CTBE BO3MOXK-
Horo 3Hauenusi gonn P = P(B). TpeGyercsi OIEHNUTH JOJI0 OOHEKTOB B
TeHEePAJIbHON COBOKYITHOCTHU C 3aaHHBIM 3HAYEHWEM MPU3HAKA, YIUTHIBAS

n

COBMECTHO SMIIMPHYECKYIO OLEHKY P = Z I5(X;) u pa, 3nece Ig(X;) — un-
i=1
nukaTopHas GyHKIUSA, papHas 1, ecim y o0bekTa X; NPU3HAK MPUHAMAET
3nagenue B.
Caenys paboram [1, 2, 4, 4, 5], paccMorpuM KOMOMHUPOBAHHYIO OLIEHKY
J10J11

Py = (1= AP+ \pa, (1)

T7Ie ONTUMAJIbHBIA BECOBON KOIPDUIMEHT \ BHIOPAH U3 YCAOBUS MUHUMYMA
cpenmexsaparmaeckoit ommbku (CKO) S?(\) = M[Py — P)? u onpenens-
€TCsl BbIPAYKEHUEM

A=A(P) = Hnm =<1+n§2) : 2)
N —n

Baecy 0° = P(1— P)

N —
HOHI JOTaJKM OT MCTUHHOTO 3HadeHus MCKOMOoi nomm. OnruManabHBIA BECO-
Boit KO3 purnment A\ m3menarcs B npegenax 0 < A < 1 u moOKa3bIBaeT, KAKOe

BJIMSIHUE OKA3bIBAET KaXxKJI0€ U3 CjlaraeMblX B KOMOMHUPOBAHHOM OLIEHKE.
B coorsercreuu ¢ (1) muanmym CKO npezncrasiserca B Bue:

T A = P — p, — BeJinunHA OTKJIOHEHUS allPUOP-

s 212 )2
52 = M[pr}tw _pp_ PP _ (1-XNa%/n, (3)
DP + (P —p,)? DP + A?

e pucnepeust DP = P(1— P)(N —n)/(N — 1)n xapakTepu3yer TOYHOCTD
OIIEHKH ]5, a koaddunuent (1 — A) noka3biBaer, BO CKOJIbKO Pa3 yMeHbIIa-

erca CKO xombunuposanuoii onenxu (1) 1o cpasuenuio ¢ P.

Bemmauna (DP)2/(DP + A?) B (3) 33a€T BBIUIPHIIT B TOYHOCTH OIle-
HUBAHWS 33 CYET TPHUBJICYEHNs] aIPHOPHON JTOTAQJKN P, MPU ONTHMAIBEHOM
A\, €CJIM MCXOTHOM OIEHKOM SIBJISIETCSI P.
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2. JlokajbpHBIE aIIPOKCUMAIIN BeCOBOTO KoddduiueHTa

Hesnanue ontumansuoro kosddurnmenta A B (2) 3aTpyIHAET MTPAKTH-
YecKoe MCIOJIb30BaHne KOMOMHUpOBaHHON omeHku (1). BeixogoM m3 sToro
MTOJIOXKEHUST ABJISETCS HAXO0XK IEHUE TOM WU WHOM OIEHKH BECOBOTO KO-
[UEHTA U TIOCTPOEHKS ATANITHBHON KOMOMHUPOBAHHOM orenku. PacecMorpum
[IOJIXO/T, OCHOBAHHbBINA HA JIOKAJIHHON AIIPOKCUMAIMHA A, ¥ M3y9UM BOIPOC,
MpU KAKUX YCJIOBUSAX JIOKAJIHHBIE AJANTUBHBIE KOMOWHUPOBAHHBIE OIEHKN
SABJIAIOTCS TPEANOYTUTEIbHEE OOBIYHON OIEeHKH P 1o sesmanne CKO.

PaccMmoTpuM 1€pByIO ammpokcuMaimio BecoBoro koddduimenta (2) B
OKPECTHOCTHU AIPUOPHON JOraKu p,. Vcnons3ys pasnoxkenue Teiimopa, mo-
JIy 9M
. N —1 (P —p,)?

N-—n pa(l — Pa)
rae R, - ocrarounsrii aieH. [Ipenebperast R,,, MOJyduM MEPBBIil JTOKAJIbHBIH
BECOBOI KO3 DuUIHEHT

Ar(P)=1—

+ Ry,

N —1 (P —p,)?
N_npa(l_pa)'

U3 (4) cnenyer, uro 3Hauenus A\; u3Mensorcs B npenesax 0 < A\ < 1, eciu
BBIIOJIHEHO YCJIOBUE

)\1:1777, (4)

Pal(l — pa) (N —’n). Pa(l—pa)(N —n)
a(N—1) Pe n(N — 1)

Pe|p,—

Janaomy k03(M UIMEHTY COOTBETCTBYET JIOKAJIbHAsS KOMOWHUDOBAHHAS
onenka Py, = P — A\ (P — p,) ¢ CKO B Buze

S3 = (1= )% /n+ M*(P —pa)’ (5)

Paccvorpum onenky P, KoTopast OTIm4daeTcs oT P TOJBKO TeM, 4To P = p,
npu P = 0 win 1. amensas B (4) HensectHoe P Ha P, MOJyYMM OIEHKY
JIOKAJILHOTO BECOBOTO KO3 puImenTa Aq

N -1 (P - pa)2
N-—-n pa(]- - pa)
1 COOTBETCTBYIOILYIO €My IEPBYIO JOKAJIbHYIO 3JANTHBHYI0 KOMOUHIPOBAH-

nyto ouenky Py = P — A1 (P — p,). CKO 570i1 OlleHKM MO2§KHO BbIYUCIIUTD,
MCTIONB3ys TUTIEPTEOMETPUYECKUI 3aKOH, TI0 KOTOPOMY pacrpeaenaeno npl:

(NP)N(1—=P)|'nl(N —n)!
(NP —k)!(n—Fk)[N(1—P)—(n—Fk)]NV

Xlzl—n

wk:P{nP:k}:k k=0,n.
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n

S%:M[Pl_PF:Z[\Ijl(k7nvpaaN)_P]27rka (6)
k=0
N —1(k/n—pa)?

N —n pa(l - pa)
Paccmorpum BTOpOit TOKaIbHBIN BECOBOM KOI(MDDUIUEHT B BUIE

rae lpl(kvnapavN) = Pa +n

N —
)\2:1—n

N — (P pa) pa(]- _pa)

M COOTBETCTBYIOILYIO €My BTOPYIO JIOKAJIbHYI0 KOMOWHWUPOBAHHYIO OLEHKY
Py, = P—X2(P —p,). CKO nanHoii OLeHKY MPeCTABISeTCs B CJIELYIOIIEM
BHIE

S3, = (1= X2)%0?/n+ X*(P — pa)*. (7)

1 .
—(P -
pa) pa(l — ps) BECOBOTO Koacb(bHuHeHTa )\2 ¥ BTOPYIO JIOKATIhHYIO a,ZIaHTI/IB—

HYI0 KOMOHHUPOBAHHYIO OLEHKY P = P — )\Q(P pa). CKO upencrasnsercs
B CJICJLYIOIIEM BUJIE

Samensisi neuspecrunoe P ua P, nosydaem onenky Ao = 1 —n

n

S3 = M[Py — PI> = "[Uy(k,n, pa, N) — P|*m, (8)
k=0

(k/n pa) pa(l _pa)

st cpasaenust CKO onenok BBe,LLeM OTHOIIEHUS

N —
rae \I’Q(kanapa7N) pa+nN

S3 52 S3 52
Ey, ==L F=—L FE X2 op, = 22
MTpp T T pp M T pp T DP

Dopmysst (5)—(8) nosBossor paccaurars 3uadenns orHomenunii CKO B 3a-
BUCUMOCTH OT 3HauUenuit P,n,p,, N. JlaHHbIe BEIUIUHBI TO3BOJSIIOT BHIIE-
JINTh WHTEPBAJIbI 3HAYEHWIT P, MpU KOTOPBIX 3TH OTHOIIEHWS MEHbINE €I~
anrbl. Hamname Takux nHTEpBAJIOB Ijisd P COBMECTHO ¢ 00'beMOM TeHepaJIb-
HO# coBOKymHOCTH N, 00BEMOM BBIOOPKW N W 3HAYEHUSIMU D, YKA3BIBAIOT
yCJIOBUs, IPA KOTOPBIX JIOKAIbHBIE &/IAIITUBHbIE KOMOMHUPOBAHHBIE OIIEHKH
[IPeIOYTUTEIbHEe OOBITHON OIEHKH P 1o sesmuunne CKO. Pesymprar mis
PA3IMYHBIX JIOKAJTHHBIX KOMOWHUPOBAHHBIX OIEHOK W WX QIANTAINN TPEI-
cTaBjieH B Buje rpaduKoB Ha puc.l-4.

Puc.1 u puc.2 nokazsisator cpaaernne CKO mepBoii IoKamIbHON ONEHKY ¢
SMITUPUIECKON OIEHKON Py pa3iumdHoM obbeme nabsomenuit n = 1,2, 3,4,
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N = 40 u p, = 0.5 (koMOMHUPOBaHHAs OLEHKA — CJEBa, AJALNTHBHAS —
CLIpaBa, OLUTUMAJIbHAS — LIYHKTUPHAS JIMHUS )

Puc. 1. CpaBuenue CKO mnepsoit no- Puc.2. Cpasuenne CKO wnepsoit Jio-
KaJIbHOM OIIEHKM C SMIMPUIECKON OIleH- KaJIbHOII 3 JaIITUBHOU OIEHKU C SMINPU-
KOt IeCKO

Puc.3 u puc.4 nokazsiBaior cpasaenne CKO BTOpO# JOKATBHON OlEH-
KM C SMIIHPUYECKON OIEHKOM MpH pPa3InIHOM OObeMe HAOJIIoIeHu# n =
1,4,8,12,16, N =40 u p, = 0.5 (KoMOUHMPOBAHHAs OLEHKA — CJIEBA, /ALl
TUBHAS — CIIPABA, ONTUMAbHAS — MYHKTUPHAS JIMHUS )

Puc. 3. Cpasuenue CKO Bropoit no- Puc. 4. Cpasuenune CKO Bropoit Jio-
KaJIbHOH OIIEHKM C SMIMPUIECKON OIleH- KaJbHOI aJalITUBHOU OIEHKU C SMINPU-
KOt JeCKOIt
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3akJroueHne

B pabore ObLH pacCMOTPEHBI JTIOKAJIbHBIE KOMOMHIPOBAHHBIE OIIEHKH JI0-
JIM, TPOAHAJIM3UPOBAHBI nX ToUHOCTH 110 Beanunae CKO npu KonednoM 00b-
eme Habmonenunii. B wacTHOCTH, JIOKAIbHAS AIIIPOKCUMAIMSA B OKPECTHOCTH
AIPUOPHOI JOTAAKK C MpuMeHeHneM (GopMysbl Teiaopa JaeT Xoporuit pe-
3yJIbTAT JJisl TEOPETUYECKUX 3HAYEHUil BecoBOro KoadgduimenTa, B T0 BpeMs
KaK JIOKAJIbHAS AJANTUBHAS OIEHKA JAET Pe3yJbTaT TOJBKO MpU HEOOIb-
oM o0beMe HAOJIIOAEHNI, a TP BO3PACTAHUKE 00beMa, HAOIOICHUH nMeeT
OOJIBIIY IO TIOTPEITHOCTD W3-33 HAPYIIEHUsT YCIOBUS IPUMEHUMOCTH BECOBOTO
KO3 purmenTa.

Bropas JioKkajbHas alpoKCHUMalus [IOKA3bIBAET LIPUEMJIEMbIE PE3YJ/ib-
TaThl KAK JJIsI TEOPETUUIECKUX 3HAUEHWI, TAK W JJIsT BHIOOPOYHBIX, OKA3bI-
BasICh JOCTATOYHO OJIM3KO K ONTUMAIbHOM onenke. Cjieayer OTMETHUTH, 9TO
C pocToM OObema HADJIIOAEHUI CyKAeTCs MHTEpBaJ 3HadeHuil P, rae man-
Hble oneHky npeanoururenbaee 1o penmanae CKO o6brvHOM sMIMprYecKoii
OILIEHKH.
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METO/, GD-ICP B 3AJAYE IIOABOPA
IFrEOMETPNYECKUX ITAPAMETPOB
TUTAHOBBIX IIJIACTUH dJIA
KPAHUOIIJIACTUKU

A.M. Kupujnu

Cubupckut gedeparvrniti ynusepcumem, 2. Kpacnoapck, Poccus

Hccmemyercst BOmpoc 0 3aBUCHMOCTH ONITUMAJIBHBIX TAPAMETPOB MO-
JeJii CTAaHZAPTHOTO MMILIAHTAHTA OT IPDAJANNN Hepera II0 Jeperr-
HOMY yKazaTes. [las 9Toro mcmosb3yercsa pa3pabOTaHHBIN MeTOT
GD-ICP. Meron mpuMeHsIeTCSI K SKCIEPUMEHTAJIBHBIM JTaHHBIM B
Buse KT-cunmkoB rosios 40 mozeit. JIyis KaXk10r0 CHUMKA, 9KCIIEP-
TOM BbIJeJIeHa 30HA HHTEPeCca W OIpe/e/ieHa IPAJAlnsd JIePerHo-
ro ykazaress. KirogeBble ciioBa: KpaHuonAacmuka, mModeid um-
NAGHMAHMA, epaduenmroiti memod, anzopumm [CP, memod GD-
ICP.

BBemenue

Kpannomracruka — 910 XUpyprudeckasi Oepanus o UCIPABJICHUIO Jie-
¢dexTOB 4eperna, BHI3BAHHBIX MPEIBIAYIINMUA TPABMAMU WJIA OMEPAIUASIMUA.
B coBpemenHnoit xupypruu [jisi UCIpaBJeHUs 1eMEKTOB UCIOJIb3YIOTCSA TH-
TAHOBBIE CeTYATbIe UMILUIAHTATHL [1, 2, 3] ABYX BUIOB: MHIMBUIYAJIbHbIE U
CTaHAPTHBIE.

B macrosmee Bpemsa kommnbiorepuoe 3D mojenupoBanue B KPAHHOILIA-
CTUKE TIO3BOJISIET BBHITIOJHUATEH 3aKpbITHE Ie(EKTOB KOCTEH [Yeperna JIIoObIX
pa3MepoB M KOHQUTYpaInii, NCIOAb3ys WHIWBUIya bHbIE UMILTaHTATRI. C
OJIHO¥W CTOPOHBI, M3rOTOBJIEHNE UMILJIAHTATA ITPOUCXOIHUT JI0 Ha4YaJIa Olepa-
[MU, 9TO CYIIECTBEHHO COKPAIAET JINTETHLHOCTDH OMEPATHBHOIO BMEINa-
resberBa. C JIpyroit CTOPOHDBI, HMEPCOHANIM3ANUS KAXKJIOTO KJIMHUIECKOrO
Cilydasi B yCJOBUSAX OObIMHON KJIMHUYECKOM OOJIbHUIBI HE BCETIA BO3MOXKHA,
YTO CBSA3AHO C OIOMKETHBIMU OMPAHUYEHUSIMUA U OTCYTCTBHEM HEOOXOIMMO-
10 00OpPYIOBAHUS W CIENWAIUCTOB JJjisd MPOEKTUPOBAHWS W W3TOTOBJICHUS
UHIUBUAYATbHBIX 3D uMmianTaToB. 9TO TPUBOIUT K TOMY, YTO B KITHHH-
9eCcKuX OONMBHUTIAX, (PUHAHCHPYEMBIX 13 O10/12KeTa, IITHPOKOE PACIPOCTPAHE-
HUE [TOJIY YUJI0 IPUMEHEHUE HEPOXUPYPraMu CTAaHAAPTHBIX UMILJIAHTATOB, B
BHJE 3arOTOBOK THUTAHOBBIX IJIACTHH, IJIs KPAHUOMIACTUKA. HecMoTpst HA

Patora mommeprkana KpacHOAPCKEM MAaTE€MATHIECKHM I[EHTPOM, (DHUHAHCHPYEMBIM
Muno6puayku P® (Cornamenne 075-02-2022-876).
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TO YTO THTAHOBBIE IIACTUHBLI W BUHTBI, UCIOJIb3yeMble B HEHPOXUPYPIUH,
MMEIOT IIAPOKUIl aCCOPTUMEHT 110 Pa3dMepaM, aKTyaJbHA 3a7a4a 110100pa
TeOMETPUYECKUX TTAPAMETPOB CTAHIAPTHON MIACTUHBI JJIT KOHKPETHOM 00-
JIACTH 4eperia B 3aBUCUMOCTH OT ero dhopmbl. B pabore paccmarpuBaroTcs
TPHU OCHOBHBIE rpajarmu (POPMbI Yepera, B COOTBETCTBUN C YE€PEITHBIM yKa-
3aresieM [4]: 10JMXOKpaHUs WM Y3KOIOJIOBOCTb, ME30KPAHUs WJIU CPelHe-
rOJIOBOCTD, OPAXUKPAHUS HJIM IUPOKOTIOJIOBOCTD.

1. ITocranoBKa 3aJa4n

Bagauy HAXOKIEHUS ONMTUMAIHLHON (GOPMBI CTAHIAPTHBIX UMILIAHTATOB
MOXKHO pa30uTh HA IBA JTAIA.

1. Oumnpesenenne napaMerpoB ONTHMAILHON (POPMbL UMILIAHTATA, JIJIst
KOHKDETHBIX YEPENOB U3 UMEMIIEHCs BhIOOPKH.

2. Ilomck mapamMeTpoB ONTUMAJBHBIX (DOPM HMIJIAHTATOB [IJIsi TPYTIT
9EPEeroB BHYTPHU BBIOOPKH.

DopMaIbHO, 33a49y TEPBOTO ITANA MOMKHO MOCTABUTH CAEAYIOMAM 00-
pa3oM.

3agatbl:  B(param) — MoJenbh CTaHIAPTHOTO WMIIAHTATA C Mapa-
MEeTPAMU PaTam; parammy — HadajJbHbIEe 3HAYEHUS TMapa-
MeTpoB Momenn; Hepner — KoHKperHBIH KT-cHEMOK TOMTO-
Bbl u3 Habopa Heads; Q — dyurnus omubru; work _zone
— rpaHuIbl pabodeil 30HbI Yepera.
Tpebyerca:  must koukperHoro KT-caumka H. oy, HARTH OMTUMAIBHBIE
HMapaMeTPHI Paramoy:, MUHIMA3WPYIOIINE OIMTHOKY

Q (R Aconer + t, B (paramqp;)) — min, (1)

rae Aconer — MHOMKECTBO TOYEK paboueii 30HbI Yepena u3
KT-cammka Heoner, B — MaTpuiia moBopora, t — BEKTOP
CMeEIeHUs TAKUe, 9TO HPU (DUKCUPOBAHHBIX PATAMp: BbI-
MOJIHSIETCS

(R,t) = arg r}r%i? Q(R - Aconer +t, B(paramop)).  (2)

Bynem paccmarpusars omubky @ u3 (1) B Buge dbyskun

N
QAB) =) min_{la; — b, , (3)

i=1 Jj=1,
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e A = {ai 6]1%3‘1':1,...,]\[}, B = {bi €R3|i:1,...7M} €CTh MHO-
JkecTBa TOYeK B npocrpancrse R? mommocravmu N u M coorBercrBeHHO.

Mozenbio CTaHZAPTHOTO UMIIJIAHTATA N30PAH MOJWTOH JLIATICONIA, KO-
TOpPBIA Mpeobpa3yeTcs B MHOXKECTBO TOYEK BUIA

B(r,borders):{bj€R3|j:1,...7M}, (4)

e b; — Touka B R3, ABASIONAACA YACTHIO HOJUIOHA S/UICOMIA € TIOJTY-
ocaMu 1 = (ry, Ty, ;) U rpanunamu borders, M — KoIn4ecTBO TAKHX TOYEK.
Nnaue ToBops, KaxKaad Touka b; = (bf, b;’, bjz) VJIOBJIETBOPSIET CJIEIYIOIM
YCIIOBHSIM:

b} = 1 sin(0;) cos(¢;) € [Tmins Tmaz] ,

bgj =Ty Sin(ej) Sin(‘ﬂj) € [ym'm7 yma:c] s (5)

bj =T COS(QJ‘) S [Zmina Zmaz] )

rae 0; € [0,7] — 3eHnTAIBHBI yroa B cdepruueckoil cucreMe KOOPAUHAT,
w; € [0,2m) — a3uMmyTanbHBLi yroa B chepuuecKoi cucTeMe KOOPAUHAT,
a borders = (Tmin, Tmaws Ymins Ymazs Zmins Zmaz) OUPEIEIHAIOT IPAHUIBL 110-
JINTOHA.

B mammoit pabore mpeacrasien meron GD-ICP permrenuns 3amadn mep-
BOrO 3Tana. B 9acTHOCTH, MCCIEIYETCs BONPOC O B3aMMOCBSI3M HYEPEITHOTO
yKasaTess d9epena U ONTHMATbHBIX TAPAMEeTPOB MOJEIH CTaHAAPTHOIO M-
ILTAHTATA.

2. Merox GD-ICP

Ha pucynke 1 mpegcraBieHa oOIIas CXeMa PEIIeHus 33Ja9H IIEPBOIO
9Tamna, COCTOSIIEro W3 ABYX OJIOKOB: MpemoOpabOTKU M HAXOXKIEHUS OMTHU-
MAaJIBHBIX TIOJIyOCEHt.

B pamkax Gisoka npenobpaborku, Bxogmbie maHuble (Heone — KT-
CHUMOK TOJIOBbI U3 Habopa u work zone — 3aJaHHble TPAHUIBI pabodeii
30HbI Yeperia) 11peobpasyiorcs B A oner — MHOKECTBO TOYEK pabodeil 30HbL
Jeperna.

B pamkax 6;10Ka HAX0XK IEHWsT ONTUMAJIBHBIX TTOJIy0Cei, ObLT pa3paboTaH
JByXirarossiit ureparuonssiii Mmeroq GD-ICP [7]. IIpeaBapurenbHO IPOBO-
nuTcst rpyboe cOmKenue MHOKECTB TOYeK Aconer 1 B(r, borders) nocpen-
CTBOM COBMEIIEHHUSI [IEHTPA Ts?KECTH [IEPBOIO MHOXKECTBA CO BTOPBIM. 3aTeM
OCYIIECTBJISIETCS TIOA00P ONMTUMAJIBHBIX TOJYOCeH I UTEPATUBHBIM BHITIOIHE-
HUEM JBYX IIAroB:

1) war ICP: upubuuxenue A k B nocpeacrsom airopurma ICP (Iterative
Closest Point) [5];
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OnrumabHbIe
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Puc. 1. O6mjas cxema perienus 3a7a9u IEPBOTO TAIIA,

2) mar GD: u3MeHenue mojyoceil r, MOCPEACTBOM MOAUMUINPOBAHHOIO
IPAJMEHTHOTO CIYCKa, C 1eiblo MunuMusanuu Q(A, B).

MoaundunupoBanHbiii rpagueHTHbIH cnyck Ha tmare GD Gasupyercs
Ha, OOBIYHOM TPATUEHTHOM CITYCKE C YHMC/IEHHBIM BBIYUCJIEHWEM DA IAEH-
ta [6] miust MmuaRME3anmE GyHKIEH. HeobxonnmocTs MoanduKaimm BO3HIK-
Jla B CHJIy TOrO, 9YTO B JAHHON paboTe MUHUMU3UPYETCs: (PYHKIUs OMMUOKN
Q(A, B(r,borders)) no nonyocsm . QQHAKO, DU U3MEHEHUU T, PABJIUUUSL
B mpocrpancreennoil popme A u B(r,borders) mMoryr yMeHbIIHTCS, B TO
BpeMs Kak () HAOOOPOT YBEJUUUTCS, KaK MPOJIEMOHCTPUPOBAHO HA PUCYH-
Ke 2 B 6j10Kax a)-b). Takoe HECOOTBETCTBUE BHECET IIOMEXU B BBHIYHMCJICHUE
KOHEYHBIX PA3HOCTEH st TPAAUEHTHOrO CIycKa. UTOOBI 3TOro m36e:KaTh,
He00X0AUMO MOAU(DHUIMPOBATH AJICOPUTM HpubImKeHneM A K KaxKJI0My Ba-
puanry B npu BbIYHUCIECHUH Y9JIEHOB KOHEYHBIX PA3HOCTEH, YTO CXeMATUIHO
IPOJIEMOHCTPUPOBAHO HA PUCYHKE 2 B GI0Kax ¢)-d).

3. BeruncianresabHbIe 9KCIIEpUMEHTbI

[esbio cepun KCIEPUMEHTOB SBJISETCS HAXOXKIEHIE ONMTUMAJIBHBIX M0-
Jryoceit mpu GbUKCHPOBAHHBIX TPAHUIAX OJUTOHA SJIUIICOUIA JJIsT JOIUXO0-,
Me30- U OpaxuKpPaHOB U MPOBEPKA KJIACTEPU3YEMOCTH IMOJIYIEHHBIX MO~
oceil, mpu yciaoBum OrTcyTcTBHs JeEKTOB Ha depernax. B kadecTBe BXOJI-
HbIX JaHHBIX ucrnoab30Basnch KT-caumku ronosst 40 nanuentos B hopma-
te DICOM 6e3 nedekToB B 00JaCTH WHTEPECA, PA3IEJIEHHBIE HA TPYIIIIhI
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R O | d)

Puc. 2. Unmoctpanust MoguduKaImy rpaaueHTHOTO cirycka. CrHie TO9Ku — MHO-
xkecTBo A; opamxkesbie — B(r, borders); na b) m d) monyocm smnmnconna B onm-
HAKOBBI, HO () Ha b) Gosbire, uem Ha d)

II0 9epemHOMY yKazaresio. Jl1a Kak/10ro CHIMKa HeHpOXUPYPIroM yKa3aHa
paboqas 30Ha. Pe3ysbraThl BHIYUCINTEIHHBIX SKCIEPUMEHTOB IIPeICTaBIIe-
ubl HA pucyHke 3. VI3 pucyHka HETPyIHO 3aMETUTh, YTO IIPEJIOKEHUE O
pa3JesIeHnu 4epenoB MO TUIYy YePEeHOro YKa3aTesd B JAaHHOM SKCIepUMeH-
Te HEYJA4YHO, TaK KaK IOJIydeHHBIE IIOJIYOCH He KJIACTEePU3YIOTCA IO ITOMY
IIPaBUIY.

g s ta
¢ °® ’ g
10 |
80 0
0
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Puc. 3. IIpocTrpancrsernoe pacupe/ieeHre HallIEHHBIX 1I0J1yOCel B SKCIIEPUMEHTE.
IIseTom u popmMoOit BEIIEIEHBI TPYIIIB Y€PEIIOB OTHOTO THUIA: CUHME Kpyru — Opa-
XUKPAHBI, 3eJIHbIE KBAIPAThl — ME30KPAHBI, OPAHKeBble POMObI — TOTMXOKPAHBI

3akJiroueHne

JlanHnasi paboTa TMPOJOIKAET UCCJIEIOBAHNS ABTOPA TO TOAO0PY OMTH-
MaJIbHBIX T€OMETPUIECKUX TapaMeTPOB TUTAHOBBIX CETUYATHIX UMIIJIAHTATOB
JJIsI KpAHUOIJIACTUKK. B KadecTBe MOMEIN THTAHOBOH IJIACTHUHBI PACCMAT-
puBaercs moJurod sauincon1a. OCHOBHBIM Pe3yJIbTaTOM PabOThI SABJISETCS
meron, GD-ICP noxbopa onruMalibHbIX IIOJIyOCe 3TOM MOJEH JJjist OT/Ie)b-
Horo yeperna. Ha ocHOBaHNM TPEIIOKEHHOTO METOIA TTPOBEICHA CEPUs IKC-
MMEPUMEHTOB C IEJbI0 MPOBEPUTH MPE/IMOJIOKEHNE, BHICKA3AHHOE OIEPUpY-
IONUM HEHPOXUPYProM, O KJIACTEPU3YEMOCTH MOJIyOCei B 3aBUCAMOCTU OT
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rpaganuu HOPMbI Yeperia 10 YePEnHOMY yKa3aTesio. Pe3yibrars SKciepu-
MEHTOB IIOKA3bIBAIOT, YTO FUIIOTE3a Bpada, B JAHHOM CJIy4dae, He [IOTBED/IH-
mack. JlambHeiimas pabora OymeT HAMpPABJIEHA HA PACITHPEHHUE THATA30HA
MIPUMEHSIEMBIX METO/IOB HaXOXKJAEHUS ONTUMAJIHLHBIX TIOJIYOCeH U TTOBBINTEHNE
WX TOYHOCTH.

Asrop Gaarogapur ornesenue neitpoxupyprun KI'BY3 «Kpacuospcekoit
MEXKPaROHHON KJIMHIIECKON OOJBHUAIIBI CKOPOI MEIUIIMHCKON IIOMOIIH HMe-
un H.C. Kaprosuuas u Usanosa Ouera BukTopoBuya 3a MOCTAHOBKY 3a-
JAYIU U TPEOCTaBJIeHNEe JAHHBIX JIJIS SKCIEPUMEHTOB
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