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Analysis of extremal events

Ativities:

1

International journal Extremes, many journal

inlude extreme value analysis in the topis

2

International onferenes EVA-1999,2001,...,2023

3

Free software EVIS, POT pakages,...

4

One World Extremes Seminar (OWE)
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A broad spetrum of topis

ranging from

Heavy-tailed phenomena;

Time series; Large deviations;

Multivariate modelling; Rare events;

Spatio-temporal proesses;

to

Mahine Learning;

Graphial Modelling;

Big data;

Random networks
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Appliations

1

Climate hange detetion: (risk of global

warming, large and low temperatures, waves, winds,

over�ooding, �re, ...)

2

Finane (insurane laims, portfolio, Value-at-Risk,...)

3

Teleommuniation (�le sizes, duration of

subsessions, overloading and loss ontrol,...)

4

Eology (ozon and polution onentrations,...)

5

Geology (onentrations of rare minerals,...)

6

Astrophysis (sizes of omet dust, spae debris, ...)

7

Graphial Modelling, Extremes of Energy Systems, Cause

Inferenes, Publi Health, Epidemiology, Life Sienes

and Life Lengths
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Ñòîõàñòè÷åñêàÿ òåîðèÿ ýêñòðåìóìîâ

Òåîðèÿ ýêñòðåìóìîâ çàíèìàåòñÿ èçó÷åíèåì ìàêñèìóìîâ è

ìèíèìóìîâ (à òàêæå äðóãèõ ïîðÿäêîâûõ ñòàòèñòèê) ñèñòåì

ñëó÷àéíûõ âåëè÷èí.

Ôóíäàìåíòàëüíàÿ ðàáîòà: Á.Â.�íåäåíêî (1943)

Ïðåäøåñòâåííèêè: Ì.Ôðåøå (1927), �.Ôèøåð è

Ë.Òèïïåòò (1928), �. �îí Ìèçåñ (1936)

Êëàññè÷åñêèå ìîíîãðà�èè: ß.È.�àëàìáîø (1984),

N.Bingham, C. Goldie, J. Teugels (1987), S.Resnik

(1987,2007), R.Leadbetter, G.Lingren, H.Rootzen (1989),

P.Embrehts, C.Kl�uppelberg, T.Mikosh (1997), J.Beirlant

et al. (2004), L.de Haan, A.Ferreira (2007)

Ñîâðåìåííûå èññëåäîâàòåëè â �îññèè: Â.È.Ïèòåðáàðã,

Â.Á.Íåâçîðîâ, À.Â.Ñòåïàíîâ, Ñ.Þ.Íîâàê,

Í.Ì.Ìàðêîâè÷, À.Â.Ëåáåäåâ, À.À.�îëäàåâà,

È.Â.�îäèîíîâ è äð.
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Heavy-tailed distributions
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Cauhy distribution is super heavy-tailed: no one distribution

moment exists.

Density kernel estimator f̂(x) = 1

nh

∑
n

i=1K(x−Xi

h

),
h > 0 is bandwidth: onsisteny onditions h → 0, nh → ∞ as

sample size n → ∞

Devroye L., Gy�or� L. (1985) Nonparametri density estimation.

The L

1

view. Wiley, New York.
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De�nitions and main assumptions

Let X

1

, . . . ,X
n

be a sample of independent, identially

distributed (i.i.d.) r.v.s X

i

governed by the distribution funtion

(DF) F(x) = P{X ≤ x} with probability density funtion (PDF)

f(x) = dF(x)/dx.

De�nition

A DF F(x) (or the r.v. X) is alled heavy-tailed if its tail

F(x) = 1− F(x) > 0, x ≥ 0 satis�es for all y ≥ 0

lim
x→∞

P{X > x+ y|X > x} = lim
x→∞

F(x+ y)/F(x) = 1.
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Examples of heavy- and light-tailed distributions

Heavy-tailed Subexponential:

distributions: Pareto, Lognormal, Weibull

with shape parameter less than 1.

With regularly varying

tails: Pareto, Cauhy, Burr, Freh�et,

Zipf-Mandelbrot law.

Super heavy-tailed

Light-tailed exponential, gamma, Weibull

distributions with shape parameter more than 1,

normal, �nite distributions.

Example of non-heavy tailed distribution: Exponential

distribution F(x) = 1− e

−λx
, x ≥ 0 satis�es

F̄(x+ y)/F̄(x) = e

−λ(x+y)/e−λx = e

−λy
9 1

as x → ∞, x ≥ 0, y > 0
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Problems arising from heaviness of tails

1

Non-existene of some or all moments

2

Violation of Cramer's ondition (the existene of moment

generation funtion)

3

Sparse observations at the tails (outliers)

As onsequene we annot use

1

Likely Central limit theorem

Likely Berry-Essen, Chebyshev's inequalities

2

Likely empirial averages and standard deviations

3

Histogramms, projet and other estimators of the PDF

whih require a �nite support
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Heavy-tailed distributions have been aepted as realisti

models for various phenomena:

WWW-session harateristis

sizes and durations of sub-sessions; sizes of responses

inter-response time intervals

on/o�-periods of paket tra�

�le sizes

servie-time in queueing model

�ood levels of rivers

major insurane laims

extreme levels of ozon onentrations

high wind-speed values

wave heights during a storm

low and high temperatures
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�àñïðåäåëåíèå ìàêñèìóìà

Ïóñòü M

n

= max{X
1

, ...,X
n

} - ìàêñèìóì èç n ñëó÷àéíûõ âå-

ëè÷èí X

1

, ...,X
n

.

Êàêîâî åãî ðàñïðåäåëåíèå?

Åñëè X

1

, ...,X
n

íåçàâèñèìû è îäèíàêîâî ðàñïðåäåëåíû ñ

�óíêöèåé ðàñïðåäåëåíèÿ F(x), òî

P{M
n

≤ x} = P{X
1

≤ x, ...,X
n

≤ x} = P

n{X
1

≤ x}.

Âîïðîñû:

Êàêîâî áóäåò ïðåäåëüíîå ðàñïðåäåëåíèå ìàêñèìóìà ïðè

îáúåìå âûáîðêè n → ∞?

Êàêîâî áóäåò ïðåäåëüíîå ðàñïðåäåëåíèå ìàêñèìóìà,

åñëè X

1

, ...,X
n

çàâèñèìû?
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Basi results: Fisher-Tippett-Gnedenko theorem

Let X

n = {X
1

, . . . ,X
n

} be a sample of i.i.d. r.v. distributed with

the DF F(x) and M

n

= max(X
1

,X
2

, . . . ,X
n

).
Fisher-Tippett-Gnedenko theorem states that for a suitable

hoie of normalizing onstants a

n

> 0, b

n

∈ R it holds

P{(M
n

− b

n

)/a
n

≤ x} = F

n(b
n

+ a

n

x) →
n→∞ Hγ(x), x ∈ R,

and an Extreme Value DF Hγ(x) is of the following type:

Hγ(x) =





exp(−x−1/γ), x > 0, γ > 0 'Fr�ehet',

exp(−(−x)−1/γ), x < 0, γ < 0 'Weibull',
exp(−e−x), γ = 0, x ∈ R 'Gumbel'.

De�nition

The parameter γ is alled the extreme value index (EVI) and

de�nes the shape of the tail of the r.v. X.

The parameter α = 1/γ is alled tail index.
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Basi de�nitions

1

Hγ(x), γ < 0 →֒ short tails with �nite right endpoint

2

Hγ(x), γ = 0 →֒ exponential deaying tails light-tailed

F(x) ∼ exp(−x), x → +∞

3

Hγ(x), γ > 0 →֒ polynomial deaying tails heavy-tailed

F(x) ∼ x

−α, x → +∞
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Distribution of maxima for dependent sequene

The extremal index θ ∈ [0, 1] allows to extend

lassial results those are valid for independent r.v.s to

dependent r.v.s.

Theorem (Leadbetter, 1983)

Under the ondition D(u
n

) it holds

lim
n→∞

P{(M
n

− b

n

)/a
n

≤ x} = H

θ
γ(x)

for some normalizing onstants a

n

> 0 and b

n

∈ R, if

lim
n→∞

P{(M̃
n

− b

n

)/a
n

≤ x} = Hγ(x),

where Hγ(x) is alled a generalized extreme value (GEV)

distribution (see Gnedenko's theorem).
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Limit distribution of maximum of dependent observations

Gnedenko's theorem shows what limit distribution may have

a sequene of independent or weak dependent random variables.

What ould be a limit distribution of a sequene of dependent

random variables?

An extremal index θ may help to get it.

Tail and extremal indies are the most important harateristis

of extreme value theory

The tail index α shows the heaviness of tail.

The extremal index θ shows the dependene in extremes and

relates to lusters of exeedanes over a high threshold.
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Basi results: Pikands theorem

The limit distribution of the exess distribution of the X

i

's is

neessarily of the Generalized Pareto form

lim
u↑x

F

,u+x<x
F

P (X
1

− u > x|X
1

> u) → (1+ γx)
−1/γ
+ , x ∈ R,

where

x

F

= sup{x ∈ R : F(x) < 1}

is the right endpoint of the distribution F and the shape parameter

γ ∈ R.

Therefore, the Generalized Pareto distribution (GPD) with DF

Ψσ,γ(x) =

{
1− (1+ γx/σ)

−1/γ
+ , γ 6= 0,

1− exp(−x/σ), γ = 0,

where σ ≥ 0, x ≥ 0 for γ ≥ 0; 0 ≤ x ≤ −σ/γ for γ < 0,

is often used as a model of the tail of the distribution.
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The book provides a survey of

lassial results and explores the

reent developments in the theory

of nonparametri estimation of

the heavy-tailed probability

density funtion and its

appliation to the

lassi�ation,

the tail index,

high quantiles,

the hazard rate, and

the renewal funtion

It demonstrates how to detet

heavy tails and dependene,

features exerises and examples of

appliations in teletra� theory

and population analysis.
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Ìåòîäû èäåíòè�èêàöèè òÿæåëîãî õâîñòà â âûáîðêå

Ïóñòü X

1

,X
2

, ...,X
n

íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå

ñëó÷àéíûå âåëè÷èíû.

1

Îöåíèâàíèå õâîñòîâîãî èíäåêñà α èëè èíäåêñà

ýêñòðåìàëüíîé âåëè÷èíû γ = 1/α.

2

�ðà�èê �óíêöèè ñðåäíåãî ïðåâûøåíèÿ óðîâíÿ u (the

mean exess funtion) (u, e(u)).

3

�ðà�èê îòíîøåíèÿ ìàêñèìóìà ê ñóììå (n,R
n

(p)),

R

n

(p) = M

n

(p)/S
n

(p) =
max (|X

1

|p, . . . , |X
n

|p)

|X
1

|p + . . . |X
n

|p
, p > 0

4

�ðà�èê êâàíòèëü-êâàíòèëü (QQ-plot).
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Estimators of extreme value index (EVI) γ

X(1) ≤ X(2) ≤ ... ≤ X(n)

are order statistis of the sample X

n = {X
1

,X
2

, ...,X
n

}

For γ > 0:

Hill's estimator

γ̂H(n, k) =
1

k

k∑

i=1

lnX(n−i+1) − lnX(n−k)

Ratio estimator Goldie, Smith, (1987)

a

n

= a

n

(x
n

) =

n∑

i=1

ln(X
i

/x
n

)I{X
i

> x

n

}/

n∑

i=1

I{X
i

> x

n

},

x

n

is am arbitrary threshold level, e.g., x

n

= X(n−k)
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Bias redued modi�ation of the Hill's estimator

The Hill's estimator is biased, i.e. Eγ̂H(n, k) − γ 6= 0. A bias

redued modi�ation is the generalized Jakknife estimator

γ̂GJ
k

= 2γ̂V
k

− γ̂H(n, k),

where γ̂H(n, k) is the Hill's estimator of the extreme value index
γ = 1/α,

γ̂V
k

=
M

n,k

2γ̂H(n, k)
, M

n,k =
1

k

k∑

i=1

Y

2

(i,k), Y(i,k) = log(
X(n−i+1)

X(n−k)
).

is proposed in Gomes et al. (2000)

a

a

Gomes, I., Martins, J., Neves, M. Alternatives to a Semi-Parametri

Estimator of Parameters of Rare Events - The Jakknife Methodology.

Extremes (2000) 3, 207-229
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Estimators of extreme value index

For γ ∈ R:

"Moment estimator Dekkers, Einmahl, de Haan, (1989):

γ̂M(n, k) = γ̂H(n, k) + 1− 0.5
(
1− (γ̂H(n, k))2/S

n,k)
)−1

,

S

n,k = (1/k)
∑

k

i=1

(
lnX(n−i+1) − lnX(n−k)

)
2

"UH estimator Berlinet, (1998)

γ̂UH(n, k) = (1/k)
k∑

i=1

lnUH
i

−lnUH
k+1,UHi

= X(n−i)γ̂
H(n, i)

Pikands's estimator

γ̂P(n, k) = 1

ln 2 ln
X(n−k+1)−X(n−2k+1)

X(n−2k+1)−X(n−4k+1)
, k ≤ n/4
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Examples of extreme value index estimation

A heavy-tail distribution

sine γ > 0.

A light-tail distribution

sine γ ≈ 0.
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Plot of the mean exess funtion

e

n

(u) =

∑
n

i=1(Xi

− u)1{X
i

> u}∑
n

i=1 1{Xi

> u}

1

Heavy-tailed

distributions:

e(u) → ∞, u → ∞.

2

A Pareto distribution:

a linear e(u).

3

An exponential

distribution: the

onstant e(u) = 1/λ.

4

Light-tailed

distributions: e(u) → 0,

u → ∞.
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Examples of mean exess funtion estimation

A heavy-tail distribution

sine e(u) linearly inreases.

A mixed light-heavy-tailed

distribution

sine e(u) is onstant and
linear inreasing.
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QQ plots

QQ plot for a Fr�ehet

distributed sample with γ = 0.5
against the quantiles of an

lognormal distribution with

µ = 2.5 and σ = 1.5.

The QQ plot is below the line

y = x.

F

←
hyp

(q) < F

←
n

(q), where F
n

(q) and F

hyp

(q) denote the empirial
and model distribution funtions, and F

←
denotes the inverse

funtion, or F

hyp

(x
q

) > F

n

(x
q

), or F
hyp

(x
q

) < F

n

(x
q

). The
sample has a heavier tail than the model.
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Íàïðàâëåíèÿ, çàäà÷è

1

Èçó÷åíèÿ êëàñòåðîâ ïðåâûøåíèÿ óðîâíÿ äëÿ

ñëó÷àéíûõ ïîñëåäîâàòåëüíîñòåé (âðåìåííûõ ðÿäîâ),

òåîðèÿ è ïðàêòèêà.

2

Ýâîëþöèîíèðóþùèå ñëó÷àéíûå ñåòè è ìîäåëèðóþùèå

èõ ñëó÷àéíûå ãðà�û, ýêñòðåìóìû, êëàñòåðû

ïðåâûøåíèÿ óðîâíÿ íà íèõ. Âëèÿíèå ñòðàòåãèè

ýâîëþöèîíèðîâàíèÿ, óäàëåíèÿ óçëîâ è ñâÿçåé â õîäå

ýâîëþöèè íà ðàñïðåäåëåíèÿ ìåð âëèÿòåëüíîñòè óçëîâ.

3

Ìàøèííîå îáó÷åíèå äëÿ ðàçáèåíèÿ íà ñîîáùåñòâà,

ðàñïîçíàâàíèÿ àíîìàëüíûõ íàáëþäåíèé (Mahine

learning for anomaly detetion).

4

Àíàëèç ðèñêîâ â êëèìàòîëîãèè, ãèäðîëîãèè,

�èíàíñàõ, ñòðàõîâàíèè, ìåäèöèíå è äð.
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Êëàñòåðû ïðåâûøåíèÿ óðîâíÿ

Êëàñòåðû ïðåâûøåíèé ñòîõàñòè÷åñêîé

ïîñëåäîâàòåëüíîñòüþ âûñîêèõ óðîâíåé

Ñðåäíÿÿ âåëè÷èíà êëàñòåðà îïðåäåëÿåòñÿ 1/θ,
θ - ýêñòðåìàëüíûé èíäåêñ

Ïðè÷èíû âîçíèêíîâåíèÿ êëàñòåðîâ

äîëãîâðåìåííûå çàâèñèìîñòè â íàáëþäàåìûõ ïðîöåññàõ è

òÿæåëûå õâîñòû ðàñïðåäåëåíèé ïðîöåññîâ

Ïðèëîæåíèÿ

ãèäðîëîãèÿ, ñåéñìîëîãèÿ, êëèìàòîëîãèÿ, �èíàíñîâûå

ðûíêè, òåëåêîììóíèêàöèîííûå, ñîöèàëüíûå è

ýíåðãåòè÷åñêèå ñåòè ...
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Êëàñòåðû ïðåâûøåíèÿ óðîâíÿ: ïðèìåðû
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Ìàêñèìóìû òåìïåðàòóðû ïî äíÿì â èþëå â Ule, Áåëüãèÿ

ñ ðàçìåðîì âûáîðêè n = 5177 (ñëåâà); òåìïåðàòóðà òî÷êè

ðîñû íà ñòàíöèè Dhahran, Ñàóäîâñêàÿ Àðàâèÿ ñ n = 13866

(ñåðåäèíà); êëàñòåð ñëó÷àéíîãî ãðà�à (ñïðàâà).

Natalia Markovih Êðàòêîå ââåäåíèå â òåîðèþ ýêñòðåìàëüíûõ âåëè÷èí è åå ïðèìåíåíèÿ



Communities (lusters) in random graphs

Faebook graph (left); Simulated geometri graph (right).

Communities an be determined as lusters (lasses).
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Communities in graphs

The ommunity is a set of

nodes

highly onneted between

eah other and weakly

onneted with nodes of

other ommunities.

Community detetion

is provided here by

Direted Louvain's

Algorithm proposed, a

modi�ation of lassial

Louvain's Algorithm for

direted graphs.

The Berkeley-Stanford

seed network

divided into ommunities

{C
i

}, where point sizes
are proportional to the

nodes' PRs.
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Waiting time modeling in queue by Lindley proess

Lindley time series for exponentially distributed servie time B

n

of ustomer n and the inter-arrival time A

n

with exponential

intensities (µ, λ) = (5, 2) (left) and (µ, λ) = (2.5, 2) (right).

Lindley proess

W

n+1 = (W
n

+D

n

)+ = max(0,W
n

+D

n

), n = 0, 1, . . . , W
n

is

the waiting time of the nth ustomer until he is served;

D

n

= (B
n

−A

n

)+, B
n

is the servie time of ustomer n, A

n

is

the inter-arrival time between ustomer n and n+ 1.
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Clusters of exeedanes: Video tra� analysis

Slie-based enoded MPEG4 video data are analyzed
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The frame-sizes of the slie-based enoded video stream,

together with the mean frame size u =8.781 Kbytes (solid
horizontal line) and the 95% (dotted) and 99% (dot-dashed)

empirial quantiles.
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Ñëó÷àéíûå ñåòè è ãðà�û, ìîäåëèðîâàíèå èõ ýâîëþöèè

Ïðåäïî÷òèòåëüíîå ïðèñîåäèíåíèå (preferential attahment

(PA))

Íîâûé óçåë ñ áîëüøåé âåðîÿòíîñòüþ ïðèñîåäèíÿåòñÿ ê ñó-

ùåñòâóþùèì íàèáîëåå âëèÿòåëüíûì óçëàì, êîòîðûå áûñò-

ðî ïðåâðàùàþòñÿ â óçëû-ãèãàíòû ñ áîëüøèì ÷èñëîì ñâÿçåé

(node degrees).

�àñïðåäåëåíèå ÷èñëà ñâÿçåé

óçëîâ èìååò òÿæåëûé õâîñò

(power-law):

P (X = k) ∼ Ck

−(1+α)
, k → ∞,

for some positive onstants C

and α.
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The PA shemes in direted graphs, Wan et al. 2020

A new edge to an existing graph G

n−1

is generated by one of

three senarios with probabilities α, β, γ.

�èñ.: The α, β, γ shemes of linear PA attahment of new

edges.
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Ñëó÷àéíûå ñåòè è ãðà�û, èõ ýâîëþöèÿ

Êëàñòåðíîå ïðèñîåäèíåíèå (lustering attahment)

Íîâûé óçåë ïðèñîåäèíÿåòñÿ ê ñóùåñòâóþùåìó óçëó i ñ

÷èñëîì òðåóãîëüíèêîâ ñâÿçåé ∆
i

ñðåäè åãî ñîñåäíèõ óç-

ëîâ, ñ âåðîÿòíîñòüþ, ïðîïîðöèîíàëüíîé êëàñòåðíîìó êî-

ý��èöèåíòó 

i

= 2∆
i

/(k
i

(k
i

− 1)) óçëà i, k

i

- ÷èñ-

ëî ñâÿçåé óçëà i. �àñïðåäåëåíèå k

i

èìååò ëåãêèé õâîñò.

Natalia Markovih Êðàòêîå ââåäåíèå â òåîðèþ ýêñòðåìàëüíûõ âåëè÷èí è åå ïðèìåíåíèÿ



�àñïîçíàâàíèå àíîìàëüíûõ íàáëþäåíèé

Ïðåäïîëàãàåòñÿ, ÷òî â îáó÷àþùåé âûáîðêå ïðèñóòñòâóþò

ýëåìåíòû íå âñåõ âîçìîæíûõ êëàññîâ. Àíîìàëüíûå íàáëþ-

äåíèÿ ðåäêèå è ìîãóò ïîÿâèòüñÿ â áóäóùåì.

Vignotto &

Engelke (2020)

Òåñòèðîâàíèå

ãèïîòåçû:

H

0

: x
0

is normal

H

1

: x
0

is

abnormal

Îáçîð: Wang, J., Lu, S., Wang, SH., Zhang, Y.-D. A review on

extreme learning mahine. Multimedia Tools and Appliations

2022, 81, 41611�41660
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Àíàëèç ðèñêîâ â �èíàíñàõ

1

Îöåíèâàíèå Value-at-Risk at probability level p ∈ (0, 1)a

VaR

p

= F

−1

x

(p) = inf{x
p

∈ R : P{X > x

p

} ≤ 1− p}

2

Îöåíèâàíèå Expeted shortfall at on�dene level

p ∈ (0, 1) b

ES

p

= E{X|X ≥ VaR

p

}

3

Ìîäåëèðîâàíèå è ïðîãíîç âîëàòèëüíîñòè:

P

t

, t = 0, 1, 2, ... (time units) are �nanial data,

X

t

= logP
t

− logP
t−1

= log

(
1+

P

t

− P

t−1

P

t−1

)

(íåëèíåéíûå ìîäåëè GARCH).



a

I. Gomes et al. (2015, 2017, 2020), A.MNeil

b

John Einmahl



T. Mikosh (2002) Modeling Dependene and Tails of Finanial Time

Series
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Modeling lusters of extreme values

We study lusters of rare events, i.e. onglomerates of

exeedanes of the proess over a threshold.

Main theorem: geometri-like asymptotial distributions

of the luster and inter-luster sizes.

Distribution tails of the duration of lusters and return

intervals between lusters.

1

1

Markovih, Extremes 2014, 2016, 2017
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Problem

Let {R
n

: n ≥ 1} be a stationary sequene of r.v.s with marginal

df F(x) and the extremal index θ, M
n

= max{R
1

, ...,R
n

}.

The number of inter-arrival times (IATs) between events arising

between two onsequent exeedanes of the proess {R
n

}
n≥1

over u

T

1

(u) = min{j ≥ 1 : M
1,j ≤ u,R

j+1 > u|R
1

> u}

The number of IATs between two onseutive non-exeedanes

T

2

(u) = min{j ≥ 1 : L
1,j > u,R

j+1 ≤ u|R
1

≤ u}

Inter-exceedances over u

Threshold u

Clusters

M

1,j = max{R
2

, ...,R
j

},
M

1,1 = −∞

L

1,j = min{R
2

, ...,R
j

},
L

1,1 = +∞
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Problem (Cont.)

In pratie we exlude the ases T

1

(u) = 1 and T

2

(u) = 1 sine

they orrespond to single IATs between onseutive events {R
i

}:

T

∗
1

(u) = min{j > 1 : M
1,j ≤ u,R

j+1 > u|R
1

> u},

T

∗
2

(u) = min{j > 1 : L
1,j > u,R

j+1 ≤ u|R
1

≤ u}.

Important luster harateristis

Return interval: the time between two onseutive

exeedanes

Duration of a luster: the time between two onseutive

nonadjaent non-exeedanes

First hitting time: the minimal time to reah a �rst

exeedane
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Main result: Markovih (2014) Extremes

Let {R
n

}
n≥1

be a stationary proess with the extremal index

θ ∈ (0, 1].
Let {xρ

n

} be a sequene of quantiles of R

1

of the levels {1 −
ρ
n

}, that satis�es the onditions lim
n→∞ n(1− F(xρ

n

)) = τ and

lim
n→∞ P{M

n

≤ xρ
n

} = e

−τθ
for eah 0 < τ < ∞ and, q

n

=
1− ρ

n

.

Under spei� mixing onditions

|P{T
1

(xρ
n

) = j}/(θ2ρ
n

(1− ρ
n

)(j−1)θ)− 1| < ε,

|P{T
2

(xρ
n

) = j}/(θ2q
n

(1− q

n

)
(j−1)θ

)− 1| < ε

for all n and j su�iently large.
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P{T
1

(xρ
n

) = j} of ARMAX and MM proesses and

geometri approximation, Markovih 2014

�èñ.: The distribution of T

1

(u) of the ARMAX proess (solid line),

the MM proess (dashed line) and the geometri-like model

θ2ρ(1− ρ)(j−1)θ
(points) against ρ for j = 3 (left) and j = 10 (right)

and θ = 0.2.

The ARMAX and MM proesses have the same P{T
1

(xρ
n

) = j}.
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Maxima and Sums of Non-Stationary Random Length

Sequenes (M. & Rodionov 2020)

Let {Y
n,i : n, i ≥ 1} be a double-indexed array of nonnegative

r.v.s:

the "row index"n orresponds to time, and the "olumn

index"i enumerates the series.

The length N

n

of "row"sequenes {Y
n,i : i ≥ 1} for eah n

is generally random.

For eah i the "olumn"sequene {Y
n,i : n ≥ 1} is

assumed to be strit-sense stationary with extremal index

θ
i

having a regularly varying distribution tail

P{Y
n,i > x} = ℓ

i

(x)x−k

i

with tail index k

i

> 0 and a slowly varying funtion ℓ
i

(x).

There are no assumptions on the dependene struture in

i.
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Matrix representation of {Y
n,i : n, i ≥ 1}

The matrix (1) of the array {Y
n,i : n, i ≥ 1} and the matrix

(2) of tail indies {k
i

} and extremal indies {θ
i

} of its ”olumn”
series:




Y

1,1 Y

1,2 Y

1,N
1

... 0 0

Y

2,1 0 Y

2,3 ... Y

n,N
2

0

... ... ... ... ... ...
0 Y

n,2 Y

n,3 ... 0 Y

n,N
n


 , (1)

(
k

1

k

2

k

3

... ... k

N

n

θ
1

θ
2

θ
3

... ... θ
N

n

)
. (2)

Sums and maxima over ”row” random-length sequenes are
onsidered.
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Weighted sums and maxima

Y

∗
n

(z,N
n

) = max(z
1

Y

n,1, ..., zN
n

Y

n,N
n

),

Y

n

(z,N
n

) = z

1

Y

n,1 + ...+ z

N

n

Y

n,N
n

, z

1

, z
2

, ... > 0

Obtained results:

If the ”olumn” series with minimum tail index k

1

is

unique, then Y

∗
n

(z,N
n

) and Y
n

(z,N
n

) have the tail index
k

1

and extremal index θ
1

, Markovih, Rodionov, 2020.

If there are a random number d of the ”olumn” series
with minimum tail index k

1

and they are independent or

weakly dependent, then Y

∗
n

(z,N
n

) and Y
n

(z,N
n

) have the
tail index k

1

; their extremal index is the same as for the

”olumn” with the largest maximum among d ”olumns”,
Markovih, 2022b.
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Other results

Extremal properties of evolving networks: loal

dependene and heavy tails. Markovih (2023)

Threshold seletion for extremal index estimation by

disrepany method. Markovih, Rodionov (2023)
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