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HOBBIE SKOHOMMYHDLIE AJITOPUTMBI
C YPABHUBAHUEM BEPOATHOCTEUN
AJId MOAEJINPOBAHUNA TAYCCOBCKOTI'O
PACIIPEJAEJIEHU A

A.B. Boittrmex!? 0. A. UpanosaZ, V.II. CeiitmypaTon?

L Hnemumym eviuciumest ot Mamemamusy u Mamemamuseckot, 2eofusuru
CO PAH, 2. Hosocubupcr, Poccus
2 . .
Hosocubupcruti zocydapemeennot yrusepcumem, 2. Hosocubupck, Poccua

B pa6oTe mocTpoeHbl HOBBIE AJITOPUTMBL C YPABHUBAHNEM BEPOSITHO-
cTell Iyid KOMIIBIOTEPHOTO MOZEJUPOBAHUA CTAHIAPTHOTO I'ayCCOB-
CKOTO pacmpenesenus. [Ioka3aHo, 9TO 3TU AJITOPUTMBI SABISIOTCS
3HAYATETHHO SKOHOMHWYIHEE (ABYCTODOHHWI AJTOPATM METOJa WC-
KJIIOYeHNd C KYCOYHO-IOCTOSHHBIMI MaYKOPAHTON M MUHODAHTOM —
B 1,26 pa3a, a MmomudunupoBannblii 3uKKypar-mMeron — B 2,11 pas)
IUPOKO UCTOJIB3YEMBIX B pacuerax mo meromxy Monrte-Kapio ¢op-
myn Bokca—Miosrepa. KirroueBsie ciioBa: xomnvromeproe mode-
AUPOBAHUE CAYHATUHDLT BEAUNUN, 2aYCCOBCKOE pacnpedesenue, hop-
Mmysave Bokca — Mrwoanepa, arzopummol ¢ YpasHUuBGHUEM BEPOATNHO-
cmeti, d8YcmoporHull as2opUmMM MEMOJe UCKAIOYEHUA C KYCOYHO-
NOCTNOAHHBLMY MAACOPAHMOT U MUHOPAHMOT, MOOUPUUUPOBAHHBLT
3UKKYPAM-MEMO0

1. BBe,I[eHI/Ie: IIpPMMEeHeHUd U MOJeJINPOBaHNA rayCCOBCKOI'O
pacripeagesieHud

QyHKIWS MIOTHOCTH TayCCOBCKOTO PACIIPEIEICHNS 3a/1aeTCst (DOPMYJION:

m.o? 1 _ (u—m)?
[ (u) = e 22 | —oo<u< 400, (1)
2m

2 2
¢ napamerpamu m = EEM07) 1 g2 = Dglmo”)
2
Jlas mosydenus 3HaMeHit §§m"’ ) PACTIDEIETEHHBIX CONTACHO MIIOTHO-
0,1 .
ctu (1), ZOCTATOYHO MOIETUPOBATD 3HAYCHUS 55 ) CTaHIAPTHOW TayCCOB-

CKOM CJTyJaifHO#N BeTMIWHBI & (0.1) , IMeoIIe#d TJIOTHOCTh PaCIpeIeIeHna
1 .
V2T

e 7, —oo<u< 4o, (2)
WccneqoBanusi BBIMOJHEHBI B paMKaxX rocygapcrBeHHOro 3aganus UBMuMIT' CO
PAH FWNM-2025-0002.

M)

£V () =
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(7n,02)

i =m+ o€

CutygaiiHble BeJIMYHHDI 5(7"7"2) [PUMEHSIOTCS [IPU PEIIEHUU COBPEMEH-
HBIX 33/1a4, CBA3AHHBIX ¢ MOIEIUPOBAHUEM U AHAIN30M aTMOCKHEPHBIX TTPO-
[IECCOB U KJIMMATa, OKEAHOJOTHIECKUX U THIPOJIOTHIECKUX TPOIIECCOB U T. II.
(cMm., HAmpuMep, [1]).

CrpaBeyiuBO CIeIyIoIIee yTBepK IeHue.

YTBEP2KJEHUE (pasgen 1.10.2 xuuru [2]). Ecau & — d-meproid
usomponmuvili cayuatineti 6exmop, xk6adpam OAUNBL KOMOPO20 uMeem X>-
pacnpedesenue ¢ d cmenenamu c60600u, mo ezo Komnonerwmo, £V ... (D
HE3A6UCUMBL U HOPMasbHbL ¢ napamempamu (0,1) (m. e. pacnpedeaenv co-
2aacno naommnocmu (2)).

B paznesie 13.1 kuuru [3] mokazano, 4ro Jyisi SKOHOMUYHOIO KOMIILIOTED-
HOI'O MOJE/JIMPOBAHM CTAHJAPTHOIO I'ayCCOBCKOIO pacupejeienus (2) cie-
JIyeT UCTOJIb30BaTh CHOPMYIUPOBAHHOE YTBEPKICHUE IJIs caydas d = 2,
KOTOPBII JTaeT IMupoKO m3BecTHbIe hopMmysibl Bokca — Mrosutepa Buga:

&1 = v/—2Inay cos 2ma, €2 = v/—2Inay sin 2may (3)

rae o, € U(0,1) — crannapTabie ciydaiiHble 9uCia, T. €. He3aBUCUMbIE
BbIGOPOUHbIE 3HaYeHUs Crydaitnoil Beauuunbl o € U (0, 1), paBaomMepHo pac-
upezenennoii B unrepsade (0, 1).

B paBore [4] 6110 yCTAHOBIIEHO, YTO KOMTTBIOTEPHBIE BEIYUCIIEHNST (DYHK-
muii Inx, sinx u cosx, ucnonabdyembix B dhopmynax Bokca-Miwosiepa (3),
TpeOYIOT 3HAYATENBHBIX BBIUACIUTEIHFHBIX PECYPCOB. DTOT BBIBOJ OCHOBAH
HA BBIYMCIUTETHHBIX IKCIEPUMEHTAX, MPOBEJEHHBIX HA PA3JIUIHBIX KOM-
nbiorepax ¢ uctosnb3oBanueMm cucrembl NMPUD (Numerical Modelling of
Probabilistic Univariate Distributions). B xome uccnemosanuii 6bL10 MOKa-
3aHO, YTO 3aTPATHI HA BBIYUCIEHUE ITUX (DYHKIINI COMTOCTABUMBI C 3aTPATA-
MU Ha OJHO OOpAIEHNEe K TeHEPATOPY CTAHAAPTHBIX CJIYIaWHBIX TUCETI, ITO
SABJISIETCST CYIMECTBEHHBIM (paKTOPOM IIpH OmeHKe 3P (PEKTUBHOCTH METOIA.

AsibrepHaTuBHbBI 1OAXO0J, LpeicTaBied B Hamwmx paborax [5, 6], rae
JIEMOHCTPUPYETCSL, 9TO JIJIsl IHUPOKOIO KJIACCA PACHPEIEJCHIH ¢ MOHOTOH-
HBIMH TIJIOTHOCTSIMA HAnboJiee SKOHOMWYHBIM OKa3bIBAETCS YHUBEDPCAIb-
HBIH JIBYCTOPOHHUI METOJ| MCKIIOYEHUsT. DTOT METOJ HCIOIb3yeT KyCOTHO-
MOCTOSTHHBIE MAYKOPAHTY U MUHOPAHTY C YPABHUBAHUEM BePOSITHOCTEH. AHa-
JIOPMYHbIE [PEUMYIIECTBA HMMEET CyLIECTBEHHO MOAM(pUIMPOBAHHbIA (110
CPaBHEHHUIO ¢ paboroil [7]) 3ukkypar-meron (M. jJajee paszgen 3).

OjHaKo MpUMeHEeHWe YIOMSHYThIX aJTOPUTMOB C YPABHUBAHUEM BEpO-
ATHOCTEH K HOPMAJIHLHOMY pacupeiesienuio (2) uMeer psiji 0COOEHHOCTEH o
CpaBHEHHMIO ¢ paboramu [5, 6], OHOI M3 KOTOPBIX SBISETCS HAJIWYIAE «XBO-

0,1
a 3aTeM MCIOJb30BaTh Mpeobpa3oBanue & Z( 28
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CTOB» paCIIpeiesieHusl, B TO BpeMs Kak B paborax [5, 6] paccmarpusasuch
TOJIBKO CJIy4daiiHble BeJIMYUHBbI HA KOHEYHBIX MHTEPBAJIaxX Paclpe/iesieHud.

2. J/IBycTOpOHHWUII aJITOPUTM METOHA MCKJIIOUEHUS

B coorBercrBum ¢ 10ax010M, peJcraBjieHHbiM B paborax [5, 6], caeayer
2

TIOCTPOHTH MayKOPAHTy ¥ MHHOPAHTY /i byHKImH f(u) = e~ 2, IpH 9TOM
nHaubojlee yHUBEPCAILHBLIM SIBJIAETCS HIPUMEHEeHHe KyCOYHO-IOCTOSIHHBIX
npubsinzkenuii, Koropble obecledyuBal0T ypaBHUBaHHUE BeposTHOCTell Ha
HEPABHOMEPHOHN ceTKe {—Zpr < ... — Ly < o1 = 0 < xg < ... < a1} [6]-
OcoBEHHOCTHIO PACCMATPUBAEMOTO CIIyYasi SIBISETCS TO, 9TO TIOTHOCTH (2)
ompeJie/ieHa Ha BceM uHTepBajie u € (—oo;+00). Ilosromy s «XBOCTOB»
pacipejie/ieHns B KaueCcTBe MasKOPaHThI IIPeJIaraeTca UCI0Ib30BaTh (PyHK-
w0 f() () = =4

AJITOPUTM 1. 1. Jlas 6vibopa yuacmra MOHOMOHHOCTU MOJEAUPYEM-
ca cayuatinas seaununa oy € U(0,1). Ecau oy < %, ewbupaemes unmepsan
(—00,0], 6 npomusrom caywae — unmepsaan [0, +00).

2. C ueavro uzbesicamsv nosmopHozo 00PAULEHUA K 2EHEPATOPY CAY4aT-
HOIT BEAUMUH OAA 6BLO0PA HOMEDPA OMPE3KA GUMUCALETNCA CACOYIOULLE GbLPA-
srcenue:

_ 20q, ecru 0<aq <1/2;
ﬂ(oq)—{ 200 — 1, ecau 1/2 < aq < 1. (4)
3. danee evuucanemes snauenue mo = [MB(aq)] + 1 ([A] sdecv obo-

3HAUAEM UeAYI0 wacmob wucaa A); marxum obpazom, mg 6ydem 0603HaMaMD
HOMED BLIOPAHHO20 OMPESKA [Ty, Ting+1)-

CIYYAN 1 (ecau mo < M ):

4. Modeaupyemes 3nauenue 5(()1) no gdopmyae 5(()1) = Tmy + (Tme+1 —
T )Y(a1); 30eco y(a1) = MB(ar) —mo + 1.

5. Modeaupyemca seaununa 1o = oo f(Tm,); 02 € U(0,1).

6. IIposodumca nposepka ycaosus 1My < f(Tme+1). B cayuae evinoa-
HEHUA OGHHOZ0 YCAOBUA NPUHUMGEMCA 3Havenue £y = 501), ecAu 8 MYHEK-

_ D

me 1 swbpar unmepsas [0, +00), uau & = =&, ecau 6u0par UHMEPEAL
(—00,0] (npu smom aszopumm 3asepwiaem c6010 pabomy), 6 NPOMUEHOM
CAYUGE OCYULECTNBAAEMCA NPosepKa 1y < f(fél)). Ecau nocaednee ycao-
BUE GHINOAHACNCA, GA2OPUMM 3G6EPULGENCA, U TPUHUMAEMCA 3HAYEHUE

Y EPYCY)
& =& (uau & = —& ). B npomusHom cayuae npoucrodum 603epam
x nynxmy 1.

CIIYYAU 2 (ecau mo =M ):

4. Modeaupyemca 3naueHue 561

1

(usu f(() )= —ap+ 2v(an) /s ).

) no dopmyse 561) =xn — 2v(oa)/zm
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(1)
zME
5. Modeaupyemca seausuna 1y = e 2" s an €U(0,1).

1
6. Ocywecmeasemes nposepka 1y < f( (() )). Ecau danmnoe ycaosue 6oi-
1
NOAHAEMCA, GAZOPUMM 3GEEPULGEMCA, U NPUHUMAEMCA 3HAYeHUE Ey = 56 )

(uau & = —fél)); unawe npoucrodum eozepam k nywkmy 1.

3. MoaudunnpoBaHHbIil 3UKKYPaT-MeTO/I,

Baech Touku {—xpy < o — a9 < x1 = 0 < 3y < ... < xTpm)
BBIOMPAIOTCS TAK, 9TO PABHBI ILIOIMIAINA NPSAMOYTOJBHUKOB C BEPIIMHAMHA
(07 f(xm))v (07 f("Em,l)); (wmv f(xmfl)); ($m7 f(xm)) (CHpaBa OT OCu OpJAu-
HAT) U TJIONIAb HUXKHETO DJIEMEHTA.

AJITOPUTM 2. 1. Anzopumm nauuHaemcsa ¢ 6bb60pa yuacmya MoHo-
MOHHOCTU GYHKEYUY NAOMHOCTU. JIAA 9020 2EHEPUPYENCA CAYUATIHAA Ge-
AUNUHG (1, PABHOMEPHO pacnpedenennas na unmepsaae (0,1). B sasucu-
MOCTIU Om ee 3HauENUA onpedeaiemcs pabowuli uwmepear: npu oy < 3
6LLOUPAEMCA OMPUYAMEALHAS Noayocy (—oo, 0] 8 npomuerom cayuae — no-
aoorcumenvran [0, 4+00).

2. C nomownro amoti GyHKUUU ONPEIEAAETNCA HOMEDP 0Mpeska pasbue-
nusa mo = [MB(a1)] + 1, 2de B(a1) swuucasemes no gopmyae (4).

CIVUAM 1 (ecaumo < M):

3. Ha omom smane zenepupyemcs snauenue & no dopmyre & =
Ty (7). ~

4. Ecau noayuennoe snauenue £ He NPeSLIUGET, Tymy—1, OHO NPUHU-
Maemea Kax pesyavmam pabomu. aszopumma: o = o, ecau 6 nynkme 1
soiopar unmepsas [0, +00), uau &y = —&0, ecau 6ubpan uNmepean (—00,0].
B npomusrom cayuae zenepupyemcs JonoAHUMENbHAA CAYHATHAA BEAUNU-
na Mo = f(Tme) + a2[f(Tme—1) — f(@m,)]; a2 € U(0,1), u nposepaemca
yeaosue 1Mo < f(&o). Ipu evinoanenuu smoeo ycaosua snavenue & = o
(usau &g = —&0) NPUHUMAEMCA KK PESYALINAM, UHAYE GALOPUTIM TEPE3a-
NYCKAEMCA € NEPB020 Wa2a.

CJIVUAI 2 (ecaumo = M):

3. Bumucaum 6eaununy 561) = Wv(m).
4. Hanee nposepaemces ycaosue 53” < xpr. IIpu ezo éwnoanenuu no-
_ 1) _ _Ff& :
ayuaem & = & (uau & = o ). B npomuenom cayuae zenepupy
10MCA BENULUHDL §((]2) = xp — 20(a1)/zpm u o = age_””M{t(f)/Q 3deco
-p
as € U(0,1);6(a1) = 7((1{)7131\4]”; Py = #% Janee nposodumca

NPoBepPKa, Ycao8ua 1y < f(éé”). Ecau ycaosue svnoanaemes, mo &y = 562)

£(2
(unu & = —5(() )) CMAHOBUINCA UTNOZ0BBIM PEYALMATNOM MOJEAUPOBAHUSA,
8 NPOMUBHOM CAYYAE AA20PUMM B038pawaemca ¥ nyurmy 1.
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4. Pe3yabTaTbl BBIYNCJIEHUMN

st cpaBHETENTBHONO aHaan3a 3P@PEKTUBHOCTH TPEX METOI0B I'eHepa-
MM HOPMAJIHHO PACIPEIEIEHHBIX CIYyYalHBIX BEJUYNH OBLIN MPOBEIEHbBI
BBIUHC/IATE/IHHBIE SKCIIEPUMEHTHI. TecTupoBaHue MpOBOAUIOCH HA BHIODOPKAX
pasmmaaoro obwema: or N = 10° 1o N = 108. BrluucIenns mTpoBOIIINCH
Ha nepcoHajbHOM KoMmibiorepe MacBook Air M1, a Koz ObL1 HallKCaH Ha
a3bike Python. [Is Bcex Tpex MeTomoB HaOIIOAAeTC s yCTOMINBas THHEHHAS
3aBUCHUMOCTh BPEMEHU BBITIOJHEHUS] OT 00beMa, BHIOOPKH.

Bri1o mpoBeneno uccienoBanre 3aBUCHMOCTY BPEMEHU BBIMTOJIHEHUST OT
KOJIMYECTBa IPAMOYTOJIbHUKOB pa3buenus M B auamasone ot 10 mo 300.

Tabmmra 1
Bpems BbinoHeHNA aaropuTMOB (B CEKYHIAX) IPU PA3IMIHOM KOJIHIECTBE Pas-
omermit M (10° remepupyemsrx 3matemmii).

M | dopmyner B-M | [IB. mer. uck. | 3uKKypaT—Meros,
150 3,035 2,343 1,370
240 3,035 2,302 1,345
300 3,035 2,309 1,346

OKCIEpPUMEHTANTBHBIE JAHHBIE MOKA3BIBAIOT CYIIECTBOBAHUE ONTHMAJIb-
HOro Juana3oHa kosmdecrsa pasbuenuii (150 < M < 300), B koropom 0ba
METO/I3 ¢ YPaBHUBAHMEM BEPOATHOCTEH NEeMOHCTPUPYIOT CTaOUJIbHYIO IIPO-
M3BOANTEIHHOCT. 3aMETHM, YTO yBeJUYIeHUE KOJIWIECTBA, PA3ONEHNH CBBI-
me M = 150 He IPpUBOIUT K 3HAYUTEIHHOMY YJIy9INIEHUIO TIPOU3BOIATEb-
HOCTH, 9TO MO3BOJIET PEKOMEHJOBATH 3TO 3HAYEHUE KAK MEHUMAJILHOE JI0-
CTATOYHOE /I MPAKTUIECKOrO IPUMEHEHUS. SUKKYPAT-METO/ JJEMOHCTPH-
PYeT CyIIeCTBEHHOE IIPENMYIIECTBO B Tpou3BoauTenbaoctr (0koso 70 %) mo
CPaABHEHWIO C ABYCTOPOHHAM METOIOM HCKJIIOYEHUST BO BCEM MCCJIETOBAHHOM
nauanasone 3uadeHuit M.

3akJiroueHne

B pabore mpoBeneH CpaBHUTE/IbHBIN aHAJA3 METOJOB TE€HEPAIUU HOP-
MaJIbHO PACIPEIETEHHBIX CIyYalHbIX BEIUYUH, KOTOPBIA MOKA3aJ, d9TO
kiaccudeckue dbopmysbl Bokca—Mrosiepa (3), HecMOTPs Ha CBOIO PacIpo-
CTPAHEHHOCTD, SBJISIOTC JIOCTATOYHO TPYJIOEMKUMU HM3-33 3aTPAT HA Bbl-
qucaenne GyHkimii In x, sin x u cos z. Ilpegnaraembrit 1ByCTOpOHHUIT METO,
MCKJIIOYEHHUsI, OCHOBAHHBIN HA, NCITOITb30BAHNAN KYCOIHO-TIOCTOSTHHBIX MarKO-
PAHT ¥ MUHOPAHT C YPABHUBAHUEM BEPOATHOCTEH, MPOIEMOHCTPUPOBAIT BbI-
COKY10 3 DEKTUBHOCTD U SKOHOMUIHOCTH (32TPATHI — 110 CPABHEHHUIO € (HOP-
mysnamu Bokca—Miosuiepa — cuusuimuch 6ojiee 4eM Ha YeTBePTh) — HECMOTPs
HA HEKOTOPBIE CJIOKHOCTH €r0 PEAJM3AINH, CBI3AHHBIE C HAJIUYIUEM «XBO-
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CTOB» y HOpPMANBHOTO pacnpenenenus (2). Takxke ObLTA TPEITIOKEHA HOBAS
MonudUKaIysa 3UKKYpPaT—METO/1a, KOTopasd OKa3aaach 00Jiee 9eM B JBa pas3a
sKoHOMUYHee Kiaccudeckux dhopmyn Bokca—Mirouiepa (3).
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CIIEIINAJIBHBIE ITOKASATEJIN KAYECTBA

IIPUBJINKEHIS ITPU BLIBOPE SJEPHOII
OYHKIIVN B KOMIIBFOTEPHOM
OYHKIIMOHAJIBHOM AJITOPUTME

ITPNBJIN2KEHI A BEPOHTIjOCTHOfI
IIJIOTHOCTMH 110 SAJAHHOIN BBIBOPKE

A.B. Boitrumex!?, V.II. Ceitrmyparos?, H. X. IIliemmbeTon?

L Hnemumym eviuciumest ot Mamemamusy . Mamemamuseckots 2e0fusuy
CO PAH, 2. Hosocubupcr, Poccus
2 . .
Hosocubupcruti zocydapemeennot; yrnusepcumem, 2. Hoeocubupck, Poccua

B nmannoit pabore paccMaTpMBAIOTCS BOIPOCHI BHIOOPA $II€PHOM
GYHKIUU TPU MOCTPOEHUM CIIEIUAJIBHBIX KOMITHIOTEPHBIX (DYHK-
IIMOHAJIBHBIX AJIEPHBIX AJTOPUTMOB IPHUOIMKEHIsST BEPOATHOCTHOMN
TJIOTHOCTH TIO 3aJaHHO# BHIGOpKe. KilroueBbIe cJioBa: 6bi4UcAU-
meavHoLl GYHKUUOHGADHOY AdepHbit an2opumm, 6vbop AdepHOT
Pynryu, cpednersadpamuieckas nozpeusHocmy

1. BBegeHue: 3KkOHOMUYHAS BEPCUS BBIYUCJIATEIHBHOTO
bYyHKIIMOHAIBHOTO SIJIEPHOTO aJrOpUTMAa

B nammx pa6orax [1-4] ormeueno, uro mpu 06paboTKe GOTBITIX JAHHBIX
(HanmpuMmep, TpU MPUMEHEHUH T€XHOJIOTUI MAITUHHOTO 00y YeHUs ) aKTya b
HBIM OKa3bIBAETCS HCIIOJb30BAHNE IKOHOMUIHBIX AJTOPUTMOB KOMITHIOTED-
HOTO TIPHUOIMIKEHNS HEM3BECTHOHN ILIOTHOCTH fé-(x) 10 33JaHHOM BBIOOPKE

{&4,..,&,,} € 3ajaHHBIM yPOBHEM HOIDENIHOCTU HA BCEil KOMIAKTHOW 06-
nacru pacupegerenns X C RY. Ilogpobroe m3yuenne BO3MOXKHBIX BBIGHC-
JIUTEJILHBIX CXeM (371€Ch TJIABHBIM 0OPAa30M CPABHUBAJIUCH PA3IUYHBIE BEP-
CUU T.H. BBIYUCIUTEIHHBIX (DYHKIMOHAIBHBIX MPOEKIIHOHHBIX U SIEPHBIX
aJI'OPUTOB) MPUBEJIO HAC K BBIBOAY O TOM, YTO HAMJIYYIIUMHU CBOHCTBAMU
(9KOHOMHMYHOCTH B COYETAHUU C TOYHOCTHIO) 00PAIAET CIIEAYIOIast YACTHAS
BEPCHUS BHIYUCIUTEIBHONO (DYyHKIIMOHATIBLHOTO SJIEPHOTO AJITOPUTMA.

He orpamnumsasi OOLIHOCTH, TPEATOJOXNKUM, YTO KOHEUHBIC TPAHWIIHI
a® bk I = 1,..d obmacTu X MOKHO BBECTH TAKHM OODPA30M, 4TOOBI B
X MOXKHO OBLITO ObI BBECTH PABHOMEPHYIO CETKY C IIarom h BHUIA

yvi= (a(l) Jrji(l)h7 wyal® +ji(d)h) ;i=1,..,M; (1)

WccneqoBanusi BBIMOJHEHBI B paMKaxX rocygapcrBeHHOro 3aganus UBMuMIT' CO
PAH FWNM-2025-0002.
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G = 0,1, My m=1,....d; M= (M +1)x ... x (Mg +1);

¢ marom h = (b —a"™)/M,,; m=1,....d.

AJITOPUTM. Bm6epeM adepruyro Pymryuo ) (z) (cm., nanpumep,
[5]) maxyro, wmo fg ~ [y fg 2) %) (z) dz = Ex™) (&) dan scex x € X.
Peanrusyem 1o Komnvromepe coomeememeyouLe npubiuiceHua fg()’i) ~

féyi)(n) = %Z?ﬂ »#¥i) (Ej); i = 1,..,M (3decv {&;,....€,} — 3adan-
HaA 6HO0PKA UYL ee NOOMHONCECTNEO) U CIMPOUM OKOHUAMEALHYI KAACCU-
YECKYIO KOMNDLIOMEPHYIO GNNPOKCUMAUUIO NAOTHOCTIU fs (x)

M
fe ) = LM fe(x) = 37 £ (m)x D (), (2)
i=1

(M)(

3mecs x(M) = {X(l)(x), ey X X)} — 6asuc T.H. «MyJIBTHIMHEHHONO BOC-

IIOJTHEHU A » :
1 1 d d

@]
h ]2 h jl ]7 (3)

u+1lopu —1 < u<O0;
Bu)=1{ —u+1mpu0<u<I; X=(x(1),---,x(d))-
0 upu |u|>1;

2. O BoIGope saepHOi dyaKIUT ) (2)

ITo anasoruu ¢ paboroit [5] 6yaem BbIOUpaTh st1epHy0 (DYHKIUIO B BUJE

li[ % ('w) .z = (z<1>, ...z(d)) , (4)

IJIe TIOTOKHUTENILHOE GUCI0 h ONPEAesor HocHTeb («koadbduument pas-
MBITOCTH> ) sepHoil bynxmun %) (z), a orpaHmdeHHas HEOTPHIATELHA
dyukuus K(y) sBisiercs cuMMeTPUYHO OTHOCUTEJIbHO HyJId (4eTHOl) Be-
posiTHOCTHO TToTHOCTRIO: K (y) = K(—y) n fj:j K(y)dy = 1.

Ob6parum BHUMaHUE HA TO, YTO KOHCTPYKIMs saepHoil dbyukimu (4) ana-
JIOTUYHA MYJIbTHILTMKATHBHONW KOHCTPYKIAH

V060 = x [ )] oo 1 @)1 x = (20,2 @) L 6)
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UCIIOIB30BAHHOI B Haeil pabore [3] 1715 1OCTPOEHMS AITPOKCUMAIMOHHBIX
6a3ucoB; 31mech Y (W) — OMMHAKOBASA JTs BCEX KOMIIOHEHT T. H. «00pasyomas
6a3uc» (PYHKIHMSA OJHOTO IEPEMEHHOIO, a tgyi)(w); j =1,...,d — enmHO0O-
pasuble (Kak MpaBujo, JuHeiinbie) (DYyHKINN, CBI3aHHBIE C COOTBETCTBYIO-
UMY KOMIIOHEHTaMU y37a y;. B dactHocTu, 6asucHbie OyHKIUU MY/IbTH-
JIMHEHOrO BOCHOJIHEHUS (3) ABJAETCH MPAKTUIECKU 3HAYUMBIM [TPUMEPOM
KoHCTpyKuun (5).

Koncrpyknuu Buga (3)—(5) HO3BOJIAIOT IEPEHECTH CBOMCTBA OJHOMEp-
HBIX SIIEPHBIX W 0A3UCHBIX PYHKIUI, OMPEAEIIEMbIX TEMHU WU WHBIMEU 00-
pasytonumu dysxmmsvu K (y) u/unn x(w), Ha MHOTOMEPHBIH cirydaif, pe-
a/u3ysi COOTBETCTBYIOILYI0 UHIYKIIUIO 110 PA3MEPHOCTH d; O3TOMY Jajiee —
JUISE TIPOCTOTBI M3JOXKEHUSA — PACCMOTPHM OJHOMEPHBIH CTydail (byHKIHN

(4) Buta
) (z) = ﬁK (”” ; Z) .

Hasee ormerum, 4ro onrumasibias (€ TOYKU 3PEHUs MUHUMAJIBHON TPY-
JOEMKOCTH) KOMTIBIOTEPHAs pean3alis aaropuTya 1 moayvaerca B ciydae,
Korza «kKo3duimenT pasMbiTocTuy h pasen mary cerku h (cum. dbopmyity
(1)), u, kpome Toro, dpyukuus K(y) moiKHA ObITH MOJOKUTEIBHA TOIBKO
Ha uHTepBase |y|< 1/2:

]_ —
#0(2) = K (fchz> . K(y) >0 upu |y|< 1/2.

B arom cayvae 3aTparThl ¢hOPMYINPOBAHHOTO BHIIIE $IEPHOTO AJTOPUTMA
He 3aBHCAT OT 4YHucia y3y0B cetku (1).

3. Ucmnonn3oBanue | y—moaxoaa

ITo anasoruu ¢ paboToii [5] pacCMOTPUM CJIeTYIOIIHIT BADHAHT MTPEJICTaB-
JierHoro Hamu B pabore [4] Lo—moaxona it «TO9€UHON» sIZ€PHON OLEHKU
f(x)( ) = %Z?ﬂ 5#2) (&) (3mecn {&1, ..., €, } — 3ajaunas ogHOMEpHAs BbI-
6opKa) JUIs Hee cerounoe npubimkenue (2) He PacCMaTPUBACTCI.

[Tpnmenss nepaBenctso Komm—-Bynsaxkosckoro n reopemy @yomnm, MOXK-
HO MOJIYYUTDb TIPEICTABICHNE Lo—TIOTPEITHOCTH B BUIE CYMMbI KOMIIOHEHTDHI
CMEIIeHNs] ¥ CTOXaCTHYECKONH KOMIOHEHTHI [4]:

I]_2([R):|2§/_+oo {fs( )= I )] do =

= /_:o(fs(af) B/ () do + / D" (n) da.

B[ee) - 77w
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Hakonen, ucnonb3ys 3ameny v = (x — u)/h u pasnaras dyHkuuio
fe(z — hv) B pan Teiinopa 0o nepementoit s = hv npu h | 0:

fe(x — hv) = fe(x) — hvfg'(a?) + %(hv)Qfé/(;[;) + o(h?),

[OJTy YaeM
+OOE (@ ()]’ de ~ Oy e 2K (v)d 2
| Bl @] aexcm | [ ke +
+1/2
+Co(n, h) / K2(v) dv, (6)
—1/2
R [ f () * de
rae Gy (h) = 12 ) i Co(n, ) = —

4 nh’
4. BrpiGop mokasaTeiig KavecTBa MPUOIM>KEHU T

U3 coorromenus (6) caemyer, aro npu Beibope dbyukuuu K (v) B3arue B
KaIeCTBE TOKA3ATENsT MAJOCTH MOrPEITHOCTH TPUOIIHIKEHIS fg(z) (n) mmor-

(K) _ +1/2 12
Hocrn fe(x) semmauunr By = [T /2 K*(v)dv — KaK 910 LPEJJIOKEHO B
pabore [5] — sABIsIeTCS HE BIIOJIHE HpaBOMeprIM HY?KHO elrje KaKuM-TO 06~
+1/2 2
Pa30M YUUTHIBATH BEJIUUUHY E2 =/ /3 ¥ K (v) dv (B pabore |5], na Hamt

B3IJ14/l, HEBEPHO I10JIaraeTCsd, YTO Eé ) = 1).

Caenys pexomenjanusM paborbl [4], MOKHO IPEIJIOKUTH IPUPABHATH
(upu dukcupoBaHubix h U M) ciaraemble CyMMbl B [IPABON 4acTu HEpa-
BeHCTBa (6), COOTBETCTBYIOIINE KOMIIOHEHTE CMEIICHUsI U CTOXaCTUIECKOI
KOMTIOHEHTE; TTPU STOM BO3HHMKAET MPOTOPITUS BUIA

+1/2 +1/2
/ V2K (v)dv = Cs X / K2(v)dv um ES) =5\ B, (7)
-1/2 —-1/2

Cy(n,h
spech Cs = éf(h)).

B cBasu ¢ coornommenueM (7) HEYIAIHBIM BUIUTCS TAKKE TPEIIOKEHUE
u3 crarbu [6], rae npu BeIGope dyHkImE K (v) B3sATHE B KaYeCTBe MOKa3a-

TeJisd MAJOCTH IIOTPENTHOCTH IIPAOIAKCHA fé”(n) wioTHOCTH fe(x) mpen-

K K [ (K
JIOYKEHO OpaTh BETNINHY E:(,) ) = E£ -~ Eé ).
Mg paccmMarpuBaeMoro B ITOH CTaTbe SAJEPHOIO AJTOPUTMA, MBI

JIOJKHBL paccMarpuBaTh aiapa K (v), onpeieseHHble Ha UHTEpBaje v €
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(—=1/2,1/2). Kpome Toro, ¢ yaerom coorHomenuit (6), (7) Mbl npejaraem
ucioab3oBarh npu Boibope hyukuuu K (v) mokaszarenu MajgoCTy HOIPEIHO-

CTH TIPUOJINIKEHHST fém) (n) mnorHoctn fe(x) BUAA EiK) = E£K) X E;K)

u/unu Jaxe EE(,K) =4/ E%K) + EéK).

B rabsune mokasanbl HanboJiee yIoTPeONMBbIE ITOCTOSHHOE, JTHHEHHOe 1
KBaJIpaTUIHOE Spa, B3sThie HAa nHTepBase (—1/2,1/2). B nepBom cTonbie
TabINIBI TIOKA3aHBI pa3invHble TUNBl byHKunn K*(v), onpeaeneHHoi Ha
nonyunrepsaie [0,1/2) u rakoit, uto K(v) = K*(v) npu v > 0 u K(v) =
K*(—v) upu v < 0. B ocrambibix cTO/IOIAX NPUBEIEHBI PACCMOTPEHHbBIE

r{¢4
BBILIE IOKA3ATEIU MAJIOCTU [OTPELIHOCTH IPUO/INKEHH S ff( )(n) IIJIOTHOCTH
fe(z).

CpaBHeHne T0Ka3aTesell MaJIOCTH TIOTPEITHOCTH
NPUOJINKEHIS féz)(n) MIOTHOCTH f¢ () MJIst PA3HBIX SlEp

Tabymra 1

K@ [ B BT B B ] B
1 1,000 | 0,083 | 0,289 | 0,083 | 1,083
2—4v 1,333 | 0,042 | 0,273 | 0,048 | 1,197
3/2 —6v% | 0,300 | 0,050 | 0,067 | 0,027 | 0,598

C ommoii croponbl, Tabs. 1 NOKa3bIBaeT, YTO KBAAPATUYIHOE sIJIPO
K*(v) = 3/2 — 6v? naer nawtydmme — MaIble — IOKA3aTe/N KAYECTBA MPH-
OJIMKEHUST IOTHOCTH (T. €. 371eCh TOJYIHIaCh ONPEIETeHHAS AHAJIOTUS C
pesyabratamu paboTs [5]). C Apyroit CTOPOHBI, MPOBEIEHHBIE HAMY DacUe-
THI TTOKa3asH, 9To hyHKIms K*(v) = 1 1aer npu UCHONB30BAHUT SIIEPHOTO
AJIrOPUTMa, IPUEMJIEMYIO TOYHOCTD NPUO/IMIKEHUs 33 TOPA3/10 MEHbIIIEE Bpe-
M BBIYUCICHUH, YeM KBaJIPATUIHOE AIPO.

3akJiroueHue

B pabore mpoBesien aHamM3 PA3IUIHBIX (B TOM YHUCIE, TIPETIOKEHHBIX
aBTOPAMU CTATHHU) NOKA3aTeNeH KauecTBa MPUOIINKEHUs HEN3BECTHOM TLI10T-
HocTH f¢(x) mo 3amannoit BRIGOPKE {&1, ..., &, } pH BBIGOPE POPMBI 5IA€PHOIT
dyuxmpn K (v), |v|< 1/2 s ucrnonb30BaHus ee B SEPHOM BBIYHCIATEb-
HOM AJTOPUTME. JTH HOKa3aTenH BBIIVIANAT KAK Pa3IH4YHble KOMOMHAIAN

12 pea ()

WHTerpaJja OT KBaJpaTa E f 1/2 )dv n «aucnepcuns Ey ' =

+1/2 02 "
=/ /2 v K (v) dv sineproit dyukuum. Pacuersl nmokasaiim, 9To, HECMOTDS
Ha «CpeaHue» IIOKa3aTeJIn KadeCTBa HpI/I6JII/I)KeHI/IH, KyCOqHO—HOCTOHHHaH
snepHas yHKIMsA (COOTBETCTBYIONIAS MHOTOMEPHOMY AHAJIOIY IIOJIUTOHA

gacror [1-4]) maer npuemIIeMyo TOYHOCTb NPUOJINKEHUS IJIOTHOCTHU 34 T0-
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pPa3I0 MeHbIee BpeMsi, 9eM KyCOYHO-TUHEHHAS U KyCOYHO-KBAIPATUIHAS
AnepHbie PYHKIINH.
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PacnpenenurenbHas perpeccus MpeicTaBisieT COOOH COBpEeMEeHHbIH
OAXO/], K MOJIE/IMPOBAHUIO 3aBUCUMOCTY MEK/1y [I€PEMEHHBIMHU, 1103~
BOJIIONIUH YUUTHIBATH HE TOJIBKO CPEIHEe 3HAUEHUE [EJIEBOI mepe-
MEHHOI, HO U PACIpeie/IeHre B 1eoM. B craThe paccMOTpeH BbIauc-
JIuTesIbHBIA BepoaTHOCTHBIM anam3 (BBA) — nosoe manpasienue B
00/1aCTH BBIYUCIUTEIHHONW CTATUCTAKU, OPUEHTUPOBAHHOE HA 00pa-
OGOTKY [IAaHHBIX C HEOIPEJIEJIEHHOCTAMY U MOJEJUPOBAHUE CIIOKHBIX
cucrem. OcHoBras uaes BBA 3akmodaercsa B mpeacTaB/IeHHH M-
NUPUYECKUX JAHHBIX B BUIE (DYHKINN PACIpee/eHuil, 9To MO3BO-
JII€T YYUTHIBATH BEPOATHOCTHYIO MPUPOIY BXOIHBIX U BBIXOJHBIX
napaMerpoB. TakxKe B crarbe yKa3aHbl KJio4deBble aciekTbl BBA,
TIPE/IJIOKEH METOJ TIOBBIIIEHNUs] TOYHOCTH AMMTPOKCUMAIIAN TIJIOTHO-
ctu OomubOK, OCHOBAHHBIM HA WCHOJb30BAHUU IPMUTOBBIX CILIAM-
HOB LATOM CTEIEHN U METO/Ia HAMMEHbIIUX KBaIpaToB. Pe3yibrarsl
JEMOHCTPUPYIOT 3(P(PEKTUBHOCTH MPEJIOKEHHOTO METOa TP Ha-
JIMYUA ACUMMETPUHU, TAXKEIBIX XBOCTOB WJIM MYJIbTUMOIAILHOCTH B
pacupenenennu omnbok. KirroueBbie ciioBa: pacnpedesumenvhas
DEZPECCUA, BOUUCAUTNEADHBT GEPOATNHOCTIHBIY GHAAUS, C2AGIHCUBA-
WU IPMUMOEYL CNAGTHDL, MEMOOI HAUMEHDWUT KEaIPAMOB

Bsenenue

TpaaunuoHHbIE METOIBI PErPECCHOHHOIO AHATHN3A, TAKHAE KAK JTHHEHHAs
U JIOTHCTHYECKAs DErPecCchsi, COCPEeIOTOYEHbl HA OLEHKE YCJIOBHOI'O MaTe-
MATHYECKOTO OXKMJIAHUS I1eJIeBOil IepeMeHHON Y IPH 3a/IaHHBIX 3HAYEHUIX
npeaukTopoB X. ONHAKO B peasbHBIX 33/1a9aX BasKHO YYUTHIBATH HE TOJIb-
KO CpeJiHee 3Ha9€HHE, HO U BCIO COBOKYIIHOCTH IIapaMeTPOB PACIpeIe/eHAd
Y | X, BRiII09asi AUCIEPCHIO, ACKMMETPHIO B XBOCTOBBIE XapaKTEPHCTHKH.
Pacmpenenuresprast perpeccust MO3BOJIsIET MOIEIAPOBATDH 1ADAMETPHI pac-
npenenenns Y | X kak ¢yHkimn or X, obecreunBasi THOKOCTh W ATaNTHB-
HOCTB K CJIOJKHBIM CTPYKTYPaM JAHHBIX.

OmHuM 13 TOAXOIOB, KOTOPHIN pabOTAET C PACIHPEeIEHHAMY, ABIACTCA
cUMBOJIBbHBI aHan3 JauHbX (Symbolic Data analysis). B cumBonbHOM aHa-
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JIn3€ JAHHBIX y7Ke PEATM30BAHA PErPECCUsl B MPOCTPAHCTBE IMIUPUIECKHX
pacupezenennii, Ho oHa pPabOTaeT TOJBKO C JAHHBIMHU IIPEJICTABJICHHBIMU
rucrorpammamu [1].

GAMLSS — 5T0 coBpeMeHHBIH MTOIX0, KOTOPbIA TAKKEe CTPOUT PaCIIPe-
JIETICHNST, BBIIEISAET KBAHTHJIN STUX DPACHPEIECTCHWHA, HO e W COXPAHSAET
mecronosioxkenue, Macirab u dhopwmy [3]. Jaunbiii noaxon paboraer ¢ Habo-
pamMu MOJIETEH, IIPEACTABIEHHBIMEI PA3TAYIHLIMA AHATUTHIECKAME (DYHKIH-
sIMH, y KOTOPBIX €CTh CBOM IIAPaMeTPbl, HO He PaboTaeTr C SMIMPUIECKUMU
PACTIpEICTICHASTMHA.

DdyukponabHbI ananu3 ganubix (Functional Data Analysis) paccmar-
pHUBAET ciaydaiinbie (pyHKIME 1 ux pacnpenenenus. OCHOBHON TaHHOTO TOI-
XOJ/Ia ABJISIETCS UCMOJB30BaHNE (PYHKIMOHATBHOTO METO/IA TIIABHBIX KOMIIO-
uerr (FPCA) [5]. Eciiun B KauecTBe JaHHBIX HCIOJIB3YIOTCH (DYHKIMH I1JI0T-
HOCTHU BEPOSITHOCTH, TO MHTErPAJI OT HUX JIOJIKEH ObITh PABEH EAWHWIIE W
OHM JIOJI?KHBI OBITH TOJOKATEIBLHBI, 9TO HAPYIIAETCS MTPU WCIOJb30BAHUN
GYyHKIMOHATBHOTO METOIA TJIABHBIX KOMIIOHEHT.

BBA npemnaraer npuHIMNHAIBHO WHOM MOJIX0J, OCHOBAHHBIA HA TIPE-
CTABJIEHUU MAHHBIX B BHJE (DYHKIWMI DACHpEeseHHid W HUCIOJb30BAHUU
KYCOYHO-1I0JIMHOMHMAJIbHBIX MOziesIeil Jyis ux obpaborku [4].

B pabore mpemgaraercs MeTOI paclpemeauTebHON pPerpecCcun, KOTO-
PbIil yIUTHIBAET MPOU3BOJIHLHOE PACIPEe/eHrne OmuboK 0e3 mapamerpude-
ckux orpaamyennii. Ocoboe BHUMAHWE yIeIeHO TPAKTHIECKON PeaTn3amyn,
BKJIIOYAIONIEN UCIOAb30BAHUE SPMUTOBBIX CILJIAHHOB IATON CTEIEHU 1A all-
IPOKCUMAIMHA [IJIOTHOCTH BEPOATHOCTEH U MUHAMU3AIMU (DYyHKIMOHAIA, Me-
TOJA HAMMEHBITAX KBAJIPATOB.

1. BpruncianTe/bHbII BEPOATHOCTHBINI aHAJJIN3

Beruncimrenbubiii BeposiTHOCTHBIN aHamm3 (BBA) — sro meromosorns
YHUCJICHHOIO MOJIEIMPOBAHNSA, OPUEHTUPOBAHHASA Ha PAOOTy C TaHHBIMH, CO-
nepxamumu zHeonpenernennocru. OcHoBuast nens BBA — canmkenne ypoBms
HeOoIIpeIeJICHHOCTH Ha BCeX 3Tanax HHGOPMAIMOHHOIO IPOLecca 33 CYeT UC-
HOJIb30BAHUS BEPOATHOCTHBIX Mogeseil. B omiudue or Kilaccu4eckux IoJ-
x0710B, BBA onepupyer He TOU€YHBIMU 3HAUCHUSIMH, & (DYHKIUSMI PACIIpe-
JleJIeHUS, KOTOPBIE OIUCHIBAIOT BEPOATHOCTHYIO IIPUPOIY BXOJHBIX U BBIXO-
HBIX MapaMeTpos [2].

Kouesbivu smementamun BBA apasrorcs:

— ygucjeHabie apudMETUKU I TIOTHOCTEH BEepOATHOCTH;
— BEPOATHOCTHBIE PACIINPEHUS;
— aHaJIA3 HEOIIPEJICJICHHOCTEMN.
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OTH 37€eMEHTHI MO3BOJIAIOT PADOTATH C HEOMPEIEJEHHOCTSMA B TAHHBIX,
9TO BaXKHO JIJIS IOCTPOEHUS PErPECCUOHHBIX MO/IeJIell B TPOCTPAHCTBAX Pac-
upeaenenuii. Perpeccusi B npocTpaHcTBax PaCIPEIEI€HUI IPEIII0Iaraer,
9TO BXOAHBIE X W BBIXOJHBIE Y TepeMeHHbIe TPEICTABIEHBI PACIpeIese-
HusiMu. MoJesib CTpOUTCs CIeAyOmuM 00pa3oM:

Y= f(X)+e, (1)

rae f — dpyHkuus, Koropas orobpazkaer pacupezesernus X B PaclpeieieHus
Y, a ¢ — ommbKka MoOmIesn.

BBA pa6oraer HaJ, KyCOYHO-TIOJUHOMUAIBHBIMU (DYHKIIUSIMU, KOTOPHIE
ONIPEJIeAIOTCA CETKON w

w:{—oo,x07x1,...,xn,oo}7 (2)

[JIe T — 9TO MOJTUHOMHUAJIBHOE BBIPAXKEHUE, KOTOPOE MOKET ObITh IIPE/ICTAB-
JIEHO: KYCOYHO-TIOCTOSIHHON hyHKIMedH (TucTorpaMmbl); KyCOIHO-THHERHON
dynkupmeii (4acTOTHBI TTOJUTOH ); CILIANHOM; 0000MIEHHO KyCOYHO-TIOJIUHO-
MuaabHOM dyHKIme. [I1g mocTpoeHns perpeccun OT UX napaMerpoB, HEOD-
XOAMMO TIPUBEIEHHE K HEKOTOPOMY CTaHAAPTHOMY MIAOJIOHY, 3aT€M TaM
crpouth perpeccur. KyCOUHO-TOTUHOMUAIbHBIE (QDYHKIMUA T; W CETKH W
nmpeobpasyem ¢ MOMOIIBIO CIenuaIbHOro orobpaykenns S(t) a 3arem, ¢ mo-
MOIIBIO0 0OPATHOTO OTOOPAYKEHUS TIEPEXOINM B MCXOJHOE COCTOSTHIE.

s anmpoKCUMANMy UCIONIB3YIOTCA Tpu Oa3uCHbIE (DYHKIMU JPMUTA!
— o(x) — 3nauenue GpyHKIUU B y3I€,
— 1(x) — nepBag npousBogHas,
— a(x) — BTOpas NPOU3BOHAS.

Aunnpokcumupyromas dbyukius S(t) crpourcs Kak JuHeiiHas KOMOUHA-
nusa 0a3UCHBIX PYHKITAI:

m
S(t) =Y _a;-¢;(t), (3)
j=1

r7ie a; — KO3 PUINEeHTHI, onpeeaseMble METOIOM HaNMEHBIITNX KBaIpaToB,
;(t) — 6asucHble DYHKIMN JPMUTS IATON CTENEHH.

Bagaga MHK dopmysnupyercs kak Munumusaius QyHKIMOHATIA OMU0-
KU:

b= Z (% — S(x;))” — min, (4)

(2
rae (z;,y;) — UCXOAHBbIE JAHHBIE, 1 — KOJIMYECTBO TOYEK. DTO IPUBOAUT K
cucreMe JIMHEHHbIX YPaBHEHUN:

Aa=b, (5)
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rae A — MaTpHUIA CKATSIPHBIX MPOU3BEACHNH OA3UCHBIX (DYHKITHIA:
n
Aij = Z pi(zk) - pj(Tr), (6)
k=1
b — BeKTOp CKaISIPHBIX TMPOU3BEICHUI OA3UCHBIX (DYHKINN U JAHHBIX:

bi =Yy pilwr). (7)
k=1

2. DkcnepuMeHT

Brina mocrpoena annpokcumarus Temmneparyp 3a 1960 rox B r. Kpacuo-
sipcke. Bolin ucnonb3oBaubl Tpu 6asuchbie Gyukumu Ipmura: ©o(x), p1(x),
©2(2) na komuaxrTubiom nocurene (z € [—1,1]):

(8)

(2) = 1 — 1023 4+ 152* — 62°, x>0,
PO =1 41043 4+ 150% + 625, 2 < 0.

z(l — 622 4+ 8z% — 3z%), x>0,
mx):{( : ©)

z(1— 622 — 823 — 32%), = <0.

(10)

(z) = 22 =323 +32* — 2%, x>0,
72 N x2+3x3+3x4+x5, x < 0.

Jlj11 TOCTPOEHUS CILTARHOBOM anIpoKcuManuy (PYHKIUA ILJIOTHOCTH Be-
POATHOCTH [ Ha IIEPBOM 3TAlle MCIOJb30BAIUCH SAAEPHbIE OLEHKHU C IIapa-
merpom h = 1. /s pasbuennst JAHHBIX HA, WHTEPBAJIBI OBLIN 3a0aHBI Y3JIbI
w={-22,-2,5,25,39}. VlnTepBasbl h; MKy y3IaMu:

hi =20, he=17, hy=20, hg=14. (11)

Kazknas dyukuus ¢;(t) u3 bopmynst (3) aganTupoBana K KOHKPETHBIM
nHTEpBaIaM h;:

= po(t) = wo(x),
= ¢1(t) = hi - p1(),
= ¢3(t) = B} - pa().

B pesysbTaTe mpuMEHEHUST METOA HANMEHBIINX KBAJAPATOB C OA3UCHBI-
vu QyHKIEAMI DPMUTA OATOH CTeneHn ObLIA MOJTYyYeHA TIaaKasd KPUBasd,
AINMPOKCAMUPYIOIIAst HCXOAHBIE Januble. Ha puc. 1 mpeacTaBienbl HCXOIHbIE
TOYKM (CHHHE MapKepbl) W Pe3yJIbTaT ANIpPOKCUMaNuu (KpacHas JIMHUA).
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KpuBas memoHcTpupyeT IJIaBHOE HM3MEHEHHE 3HAYEHHUil, COXPAaHsis Hempe-
PBIBHOCTH KaK camoil (PyHKINN, TAK M €€ MEPBBIX M BTOPBIX MPOU3BOIHBIX
Ha I'PaHUlaX UHTEPBAJIOB. STO IIoATBEP2KAACTCA OTCYTCTBUEM BUANMDBIX W3-
JIOMOB WJIM DPa3pbIBOB Ha rpaduke, 94TO OCOOEHHO 3aMETHO B ODJIACTIX C
BBICOKOM MJIOTHOCTBHIO TOYEK JAHHBIX.

@08

. o Wcxannae naniee
* —— Enporcumzgen

—:illl -10 o 1 20 x ‘1‘0
Puc. 1. AnnpokcuManuss JaHHBIX METOAOM HAMMEHBIIMX KBaJIPaTOB

Tounocts Momenu ObLIA OIEHEHA IO CPEIHEKBAIPATUIHON OMIMOKe

(RMSE):

RMSE = | 13" (3 — ()% (12)

=1

Pacuér nokasax RMSE = 0,12-1072, 4To cBHAETeILCTBYET O BLICOKOM CTe-
[IEHU COOTBETCTBUSA MOJEJIN UCXOIHBIM JaHHbIM. it mosIydenus: perpeccun
B [IPOCTPAHCBAX PACIPE/IeeHUil HeOOXOIMMO IIOBTOPUTH STOT JKCIIEPEMEHT
JIJIS TEMTIEPATYPHBIX JTaHHLIX B T. KpacHoOsipCcKe 3a IpyTrue mepruoIb.

3akJiroueHne

Pacnpenenmurenbias perpeccuss OTKPHIBAET HOBBIE BO3MOYKHOCTH JIJIsT
aHaJIN3a CJOXKHBIX JAHHBIX, MO3BOJIAA MOJECJUPOBATH HE TOJBKO CpEIHEe
3HaYeHMe, HO U PACCMATpUBaTh pactupeenenue B reaom. BBA npegcrasmis-
er coOOi MOIHBII WHCTPYMEHT [IJIsi aHAJIN3A JTAHHBIX C HEOIPE IeJI€HHOCTSI-
MU, COYETAIOIUIl MeTO/Ibl TEOPUU BEPOATHOCTEH, YUCJICHHbIX BbIYUCJICHUT
n Buzyaym3arnmu. 11oaxom mo3BoIAeT CTPOUTH TOYHBIE MOJETN JlayKe TpU
OTPpAaHUYEHHOM 00BbEMe JAHHBIX, UTO JEJAET €ro aKTYAJIbHBIM s 33124
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1 POBOA IKOHOMHUKH, OIEHKH HAIEXKHOCTH M KJIMMATHIECKOrO IIPOrHO3U-
POBaHHUS.

[Ipengoxkenupiii 101x01 Ha ocHOBe Oasucubix Gyuknuit Ipmura u MHK
JneMoHCTpupyeT 3(hhEKTUBHOCTD [T 331349 AMMTPOKCUMAINN JAHHBIX C TPE-
6oBanuem riragkocTu. [IpenmyinecTsa MeTo1a BKIOYAIOT F’HOKOCTH MOIEITH-
POBaHMS, YCTONYMBOCTD K BHIOPOCAM U BO3MOXKHOCTH MHTEPIIPETAIUN Yepes
6asucuble (pyuxnuu. [lepcrnekTuBbI MCCIeIOBAHUSA BKJIIOYAIOT aTAIlTAIIAIO
METO/a /i MHOIOMEPHBIX JAHHBIX M MHTEIPALMIO C aJI’OPUTMAMU MALIUH-
HOTO OOyJIeHUS.
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PACIIPEJAEJIEHVNE CYMMBI
OKCITOHEHIITMAJIBHBIX BEJINYNH

CcO CTPYKTB’POI/UI SABHICHUMOCTM,
OITPEJAEJIAEMOWN FGM-KOIIYJION

A.P. Epunosal, JI. B. Cemenopa!

! Cubupceruti pedepanvrnt ynusepcumem, 2. Kpacnoapek, Poccus

B crarpe mpencraBieHO OKa3aTEIbCTBO YTBEPKIEHUN O BUIE
GbyHKIMN pacmpesiesiennsl U IUIOTHOCTH PACIIPe/Ie/IeHNnsT B3BEIIeH-
HOW CYMMBI JBYX 3aBUCUMBIX CJOYIARHBIX BEJIWMYNUH, WMEIOIINX
MaprUHAJIbHBIE SKCIOHEHITMAJIbHBIE pAacHpeleieHud € DPa3JInIHbI-
MH IIapaMeTpaMH, W CO CTPYKTYPOIl 3aBHCHMOCTH, OIIpeiesgeMoi
FGM-komymmoii. KiroueBbie ciioBa: pacnpedeserue Cymmo, 3a-
BUCUMBLE CAYHATHBLL BEAUHUH, IKCTIOHEHUUAALHOE DAcTpedeneHue,
FGM-xonyaa

BBemenue

Corulacuo Teopeme Ckisipa [1] i npou3BOIBHOrO abCOJIOTHO HElpe-
pBIBHOTO pacmpesiesiennsi ¢ byHKumneil pacnpenenenns H(x1,x2) 1 ¢ Map-
IMHAJBHBIME pactpeneneHusiMu Fy(x1), Fa(z2) CyliecTByer eIuHCTBEHHAS
komnyna C(u1,uz) Taxkas, uro s Beex (71, 22) € R? BBINOIHATCS PABEHCTBO
H(zy1,22) = C(F1(x1), Fa(z2)). Takoe npescraBienne COBMECTHOTO pacipe-
pestenust " neaut" 0COGEHHOCTH MCXOIHOIO PACIpeesieHus Ha MaprUHAb-
HBIE — COBOKYIIHOCTH pacupenenenuii F(x1), Fo(22), n KOppensaTuBHbIE —
korryny C'(u1,us2), B KOTOPOii YyIAKOBAHBI BCE CBS3W MEXKIY KOMIOHEHTAMU
HCXOHOTO PACIPEIEJICHNsI, T.€. B HEll COCPEIOTOYEHBI BCE MOJIEIH 3aBUCH-
MOCTEel Me2K1y CJIydYailHbIMU BEJIMYUHAMU.

Konyna ®apiu-I'ymbens-Moprenmrepua (FGM) orHocuTcs K uuciy
Hauboslee U3BECTHLIX LiapaMerpudeckux cemeiicrs kouys [1, 2|. Buepsbie
oHa ObIIa BBemena MoprenmTepaoM B 1956 119 MApruHAJIBHBIX PACIpeIe-
nennit Kommu. Ilozanee I'ymGens B 1960 mpumeHns aHAJIOTHYIHYIO (DOpMY-
JIy K 9KCIOHEHIMAJHLHOMY DACIpPeIEJeHN0, TTOJIyIYuB TaKuM 00pa30M KO-
MyJIy JJisi IBYMEPHOrO 3KCIOHEHIIMATHLHOrO 3akoHa. [lambreiimee passu-
tue Obwio npemyiokeno Papsm B 1960, pacmmpuBmuM 00aCTh IpPUMeE-
HeHusi (pOpMYJIbI Ha MPOU3BOJLHBIE pachpeneeHusa. MHOTOMEpHBIH CiIy-
qait meranbuo m3ydascsa Jxoncomom m Kormem B 1975-1977 rr., mMeHHO
ouu BBesIM HasBanwue «pacupegenenne FGM». CemeiictBo xomya FGM uwme-
€T OrPAHWYEHHBIA JUATA30H 3aBUCUMOCTH, KOTOPBIA OHA JOIYCKAET MEXK-
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JIy CIyYalHBIMU BEJIMYUHAME W B JIBYMEPHOM Ciydae 3ajaaercs (hopMmysioi
Co(u,v) = uwv+ Ouv(l —u)(1 —v). ITapamerp 3aBucumocTs 6 KOmysbl CTPO-
ro orparuden § € [—1,1], a mepbl acconuanuu, takue kak T-Kenmamma u
p-CrimpMeHa, 3a1a10TCsT COOTBETCTBEHHO Kak T = 260/9 u p = 0/3. Takum 06-
pazowm, korysina FGM mno3Bosisier MomeanpoBaTh cj1adyio 3aBUCHMOCTD MEXK-
ny ciaydaiinbivu Besaudunamu [1, 3]. Mcnonszosanue FGM komysbl B Jan-
HOiT pabore 0OOCHOBAHO TE€M, UTO OHA MPHUB/IEKATETbHA CBOEH MPOCTOTON 1
dopmoii, TomyCcKaiomneil SBHbIE BHIYUCACHUST MHOTHX BEJUYINH B 3aMKHYTOH
dopMe u MoJTyUeHnsT TOYHBIX PE3YIHTATOB.

B pabore [4] GbLT IPEJTIOKEH METOJT HAXOXKIEHWS PACTIPEIEJIEHNUS, TIII0T-
HOCTM W KBAHTWJIEHl B3BEIIEHHOW CYMMBI 3aBHCHUMBIX CJIyYalHBIX BeJIU-
YUH, TJEe CTPYKTYypPa 3aBUCHMOCTH MOJTHOCTBIO OMPEJENSeTCss abCOTIOTHO
HernpepbiBHOiT Kouysoii. Corlacuo stomy merony B [5] cdbopmynupoBanbl
yTrBEepzKACHUA [JId ABYMEPHOTO Ciiy4dasd (byHKHI/II/I TIJIOTHOCTU BEPOATHO-
CTH U KyMYJIATUBHON (DYHKIMM PACIPEIETICHUS B3BEIIEHHON CyMMBI JIBYX
3aBUCUMBIX SKCIIOHEHITHAIbHBIX BEJIUYNH, CTPYKTYPA 3aBUCHUMOCTEH KOTO-
phIX ompejensercs onnonapamerpudeckoit FGM-komymoii. B mamuoit pabore
MPUBOUTCS JIOKA3ATETBLCTBO yTBEPK ICHUIA.

1. OcHoBHOIi pe3yJbTaT

Teopema 1. Ilycrp ciayuaitnbre Bemumaumabl X1 u Xo pPaCIpeIe/eHbI
HA OIHOM W TOM YK€ BEPOSTHOCTHOM TPOCTPAHCTBE W WMEIOT KCIOHEHITU-
aJIbHOE PACIPEE/IEHNE C MapaMeTpaMu A U Ay COOTBETCTBEHHO. U mycThb
ux coBMecTHOe pacmpenenenne H onpenensiercs FGM-komynoit ¢ mapamer-
pom 6 € [—1,1]. Torna dyukuus pacupezgeneHusi Cjy4aiiHON BeJUIUHDI
Z =uw X1+ ’U.)QXQ, wy, we > 0, uMeeT BUI

LS| 1-— 67’)‘\’711(1714)2
Fz(z)=1—¢ " =B —————— 6B (I — Bl), (1)
>\ _ A2z
F,D;eA: 2w1,B:e 1327
)\111}2
A
Lo 2(1-e O
I - —
2a 1- A + 2_A ’
| _ o 2-24)2 (1 — e‘%@‘”‘)'z)
Iy = —
2 1—24 " 1-A

Jokaszamenvcmeo. Iyers Fy = 1—e 2% X\, >0, x > 0 — bynkrus
pacmpenenenns ciaydainoi senmunanabl X;, ¢ = 1, 2. [Tockombky F; — cTporo
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BO3pacraomas Ha T > (0, TO B COOTBETCTBUH C peobpasosanneM CMHPHOBA,
Moxkem sammcars X; = F; H(U;), e F; ' (u) = _ln(l}\i—u) — KBaHTUJIb-
Hast (DYHKIUSA paCTpeNeeHns, a CIydaiHas BeIWdnHA lUi = F;(z) nmeer
HerpepbIBHOE paBHOMEpHOE pacipenenenue ua (0,1).

B pesymbrare, MOXKEM NPEICTABATH BLIPAXKCHHE I CIyYARHON BEIH-
YMHBL Z B BUOE J = wlFl_1 (Uh) +w2F2_1 (Uz) ¢ dyukuumeii pacupeenenus
Fz(2) =P (w1 FyH (U1) + woFy H(Us) < 2).

O6o3nauum A, = {(xl, 12) € R? : wyzy + wams < z} — I0JIYILIOCKOCTh
B R?, OTCEKAIOMIYIO 3HAYEHNA, T/Ie B3BEIICHHAS CYMMa, W1 L1 + WaTs He Ipe-
Beimaer z. Ilycrh obpa3 momycTumoit objactu A, B MPOCTPAHCTBE KOITYJI

ecTb obsacTs B, = {(ul,ug) e [o, 1]2 tug € (0,1),0<uy <7, (ul)} 3rece

7, (u1) — dbyHKIMS TpaHWIBI, KOTOpas TPH (UKCHPOBAHHBIX 3HAUEHHSIX
uy € (0,1) u 2 > 0 npuHEMaEeT BUJ,

Agwy Aoz

T, (ul) =Fy (132 (Z —w Fy (ul))> =1-(1- u1)7>\1W2 -e w2

¥ yIOBIETBOPSAET yCAOBHIO wy X1 + weXo = 2. IlockombKy HOCuTe M X n
X2 HONOKUTENBHBL, TO HoaraeM 7, (u) = 0 npu

z wy z wq
= R (u )<oz><
w2 W2 wz W2

In (1 —wuy)

_M
)<O:>u1>le wy
A1

Cornacuo Teopeme 2 u3 [4] nMeem cieyroniee Boipaykenue 1iist Fy (z2)
i oC (
/ “”Z “1))du1. 2)
0

Orciofa monyuuM BU, moAbHTErpanbuoit Gyukmun A FGM-komymbt

3C’ (ul,TZ(ul))

3 =71, (u1) + 07, (u1) (1 — 72 (u1)) (1 — 2uy) . (3)
Uy

S I
YuaursBas yciaosue u; > 1 — e @1, mogcrasuM (3) B mHTerpan (2) m B

pe3yibTraTe IOy4uM CJleTyIOnnuil mHTerpaJl

A1,
l—e w1

Fy(2) = / [T2 (u1) + 072 (u1) (1 — 72 (u1)) (1 — 2uy)] duq.  (4)
0
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Paznenum unrerpan (4) no cBOHCTBY JIMHEHOCTH WHTErPAJIOB HA JBA:

EESTS ISR
l—e w1 l—e "1
/ T (ul)dul +9 / Tz (ul) (]. — Ty (ul)) (]. - 2u1)du1 . (5)
0 0
I, Iz
A2wq _ 22z
O6o3naunm A = 3 ,B=e¢e w2 . Torma uarerpasnst Iy u I npumyT BUTI
1W2
M
1_6 wq Al
A 1— e w174z
he [ = (1oe ) p T
1 / T (u1)duy e w1 T
0
I, = 0B (I3, — Blap). (7

Ilpumenss Meroibl MaTeMaTH4eCKOro aHaaM3a, [OJYyUYUM CJelyIolue Bbi-
parKeHust J1Jist UHTerpanos lo, u oy u3 (7):

ESE

wy © A
e (1—2u) 1— e o=z 2 (1 - e_ﬁ(z_A)z)
Iog = T du=—
2“ 0/ T -4 2-4
1—e w1 (1 - 2) - e_%(l_%)z (1 _ e—m(2—2A)z)
I = d = —
2 / (1 — w2t 1—24 T 1— 4

Tocsie noncranosku (6) u (7) B (5) u yupouienus, noaydum GyHKIMIO pac-
npenenenus Fz(z) B suge (1). A

Bamerum, uyro Gyukuus (1) pacrpenesienus CONEPKUT BLIPAKEHUST, KO-
0

TOPbIE UMEIOT HEOIIPEeaeJIEHHOCTH BHIA 6 opu caeayromux COOTHOIMEHUAX

Asw1

1
1IAPAMETPOB W1, Wa, A1, Ao: A = S {17 > 2}. B sTux curyanmusax tpe-

wo /\1

OyeTcst TOMOMHUTEIbHBINR AHAIN3 C UCIOJIH30BAHNEM TEOPUU MPEIEIOB.
Caencrue 1. Ilycts ciyuaiinas Bequunna Z = wi X1 +ws Xo uMeeT

3aKOH pacrpejesienus, 3a1aunbiii popmynamu (1), (8). Torma npu 3naveHu-

1
sax mapamerpa A € < 1, > 2} CIIpaBe/IJIUBBI CJEYIONINe yTBEPK/IeHNUA:
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1) mpu A = 1: Fz(2) = Fr(2;2,)) + fe™* (3 — Az —e M (2Xz + 3)) ,
A,

rae 1)1\72 = i‘)—ll = a Fr(z;2,)\) — kymynsrunas dysakuus [amma-
PaCIPEIC/ICHUSL;

1 Y o, A
2) mpuA = i Fy (z) = 1—e o —23(1—e 7o )+93<—2(1—e2w1 ))+

—3X\1 2 Mz
+eB(§ (1—6T$)—B(%+2(1—e wi )))
1
A A A1z | 2212

3) npn A = 2: FZ(z):l—e_ﬁz+B(1—eﬁz)+9B(1—6W+ o

L 21z LIS
—B % +e v .

Brrpazkenne it IIOTHOCTH CIIy9aifHON BEIMYUHBI Z MOXKHO TOJLYIUTh
nyrém auddepennuposanus Gysximu (1).

CaencrBue 2. B ycinoBusax teopembl 1 dbyHKIUSA TIOTHOCTH CJTydaii-
HOit BemmuuHbl Z = w1 X1 + wo Xo, wy,wy > 0, uMeeT BUxI

N | e
2 _22% — € wi
= — w - _|_
fz(5) = e ™ 1-A
N 2\ 1 _2(=24)2 1 _20-24)z
z —e wi —e w1
e -
e [wz -4 =24
_ME@=A): STC R E (8)
0 22z 201 —e w1 4 A l—e w1 N
p— ’lU2 e
‘ Wa 2—-A Wy 1—A

)\1 A (2-A)z X (1-4)z
+ =2 w1 —e w1 _
w1

Ay Az _A(2-24)z _A1(1-24)z
——e w2 |2e vl —e w1 .

3akJiroueHne

B pabore mpencraBieHbl aHAJIUTHYECKHE BbIpAXKEHUs (DYHKIHI pac-
MpeIeIeHNs W TIJIOTHOCTA BEPOSTHOCTH B3BENIEHHOW CYMMBI IBYX 3aBHU-
CHMBIX 9JKCIIOHEHIIMAJIbHBIX BEJIUYUH, CBA3AHHBIX OJHOIAPAMETPUIECKON
FGM-komysoii. B nacrosiee spemsi FGM-Kormy/ibl HAX0IAT TPAKTUIECKOE
[PUMEHEHHUE B PA3JIMIHbIX C(Pepax, TAKUX KAK yIPABICHHE KAIIUTAIOM CTPA-
XOBBIX KOMITQHWH, IJIT OMUCAHWS PA3JIUYHBIX KOPPEJISIUOHHBIX OTHOIIE-
Huil HA (DUHAHCOBBIX PHIHKAX, BEIOOD ONMTUMAJIBHBIX MOEIeH MeIUIINnHCKOTO
CTpaxOBaHWs, aHAJIN3 (DUHAHCOBBIX BPEMEHHBIX DIOB U MOCTPOEHUE MOJIE-
sieii nagexuocru [6, 7). [lepcuekTuBbl JaibHENAIIEr0 UCCIEA0BAHUS 3aKIIIO-
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49aoTCs B OOOOIIEHUU TOJYYEHHBIX PE3YIbTATOB IJisg CYMMBI 1L > 2 CIIy-
YaWHbIX BEJIMYUH, YTO IOTEHIUAIBHO OTKPbIBAET HOBbIE BO3MOXKHOCTH JIJI
pelleHns IPAKTUYIECKUX 33129, TAKUX KAK OIeHKA PUCKA OAHKPOTCTBA, IIPO-
BEJIEHNE CTPECC-TECTUPOBAHUS U OIEHKA PUCKA WHBECTUIMOHHBIX TOpTdhe-
JIeit.
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OB ATAIITBHOI KAJIMAHOBCKOMI
OUJIBTPALIN CUCTEM C MAJIBIM IITYMOM

10. A. KyTosnm, 12

1Hauuouammwi uccaedosamenvckuti Tomexut 2ocydapemeennoil
yrnusepcumem, 2. Tomck, Poccua
2Le Mans University, Le Mans, France

PaccmarpuBaercs gacTuaHO Hab/moqaeMast JIHHEHAs CUCTEMa KaJl-
MaHOBCKON (uabrparme, Ko3(GOUIMEHTs KOTOPOH 3aBUCAT OT
HEM3BECTHOIO0 KOHEYTHO-MepHOro mapamerpa. llpemmaraercs amro-
PUTM IIOCTPOEHHS aJAlTUBHOrO (uabTpa peanusanus KOTOPOro
OCYIIECTBJISIETCST B HECKOIBKO mmaroB. CHadasa Ha MaJoOM WHTEp-
Basie HabGJIIOJEHUI CTPOUTCH MpeBAapUTE/IbHAS OIEHKA, 3aTeM 9Ta
OLIEHKA II03BOJIAET [IOCTPOUTH aCUMITOTHIeCKH 3D PeKTuBHyo pe-
KYPPEHTHYIO OIIEHKY HEeM3BeCTHOro mapamerpa. IloacranoBka eé B
ypaBHeHus KamMaHa U 103BOJISIET IIOCTPOUTH aJalTUBHBIA DUIHTD.
Ilokazana ero acumirorudeckas 3hHEKTUBHOCTD.

KimrogeBsbie caoBa: Kaamanosckea Guibmpayui, pexyppermuan
OUENKAE NAPAMEMPOS, A0ANMUBHAA PUAGMPAIYUUA

Bsemenue

IIpemraraercst 0630p HEZABHO MOy YEHHBIX PE3YIBTATOB IO TOCTPOEHUIO
aanTUBHBIX (DUIBTPOB /I HECKOJIbKAX YACTUIHO HADJIIO/IA€MbIX MAPKOB-
CKUX TIPOIIECCOB 3aBUCAIINX OT HEM3BECTHHIX MapameTpoB. [Ipemmaraembrii
MeTOJ TOCTPOEHUS TAKUX (DUIHTPOB MPOUJLIIOCTPUPYEM CHMBOJMYECKH HA
caeayromei momeau. PaccMoTpum 9acTUaHO HAOJIIOIAEMYI0 CHCTEMY

AX, = f(0,0)Yydt + o () dW,,  Xo, 0<t<T,
Y, =a (9, 1) Yidt +b(9,8)dV;, Yo=1yo, 0<t<T,

rme Wy, 0 <t <TwuV,0<t<T, - He3aBUCUMbIe BUHEPOBCKHE TTPOTIEC-
col, f(0,t),0(t),a(9,t),b(V,t),t € [0,T], — uzBecrubie HyHKIUM, 3aBUCS-
e or Hemspecrnoro mapamerpa ¥ € © C RY. Kosbdunment muddysun
o (t)2 > ¢ > 0 u HauaIKHOE 3HAYEHUE Yo u3BecTHBL. Habmomaemslit mpomecc —
XT = (X;,0 <t <T). OcnoBHas 3a1a4a; mo HabmomeEnaM X MOCTPOUTH
oleHKy yciaosHoro oxkumanusa m (9,t) = Ey (Y| Xs,0 < s < 1).

Pabora nogaep:kana rpanrom PH® 24-11-00191.
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Hanomuuwm, uro, ecau ¢ ussecrno, 1o m (¥,t) 3a7aHO ypaBHEHUSAMU
dunprparmuun Kanvana-Boiocu

v (9,t) f (9, t)2 v (9,t) f(9,1)

dm (9,t) = |a(9,t) — o () m (9,t)dt + o () dX;,
67((91?’0 — 20 (9,t)y (9,t) — L LD (’9’2(52@9’” +b(9,1)?,

¢ HavanbHBIMK yeoBusiMu mg = By (Yo|Xo) n v = Ey (Yo — m(ﬂ,O))Z.
OcHoBuasi pobaema: [loayuumsb Topowee pexyppeHmmoe npubiuIiCeHUE
my,0 <t <T npoyecca m (9,t),0 <t <T.

ITosToMy HaM Hy»KHA TOPOULAA OUEHKA HEU3BECTHOIO MapaMerpa. «Xo-
POLIO» B TOM CUTYyallMy MOXKET O3HadaTh Cjelyloliee:

A. aezko evruucasemes das xaoicdozo t € (0,T);
B. 6 momenm t sasucum om nabaodenuti X,;,0 < s < t;
C. owubxra ouenxu 9 mana.

Ota oneHka OyIeT UCHOIb30BaThCA auid moctpoennd my,0 <t < T

[lepBLIMn KaHMIaATaMH, KOHETHO, SBJIAIOTCA ONEHKA MaKCHMAIhHOTO
npasgononobus (MLE) 9;,0 <t < T u BE 9,0 < t < T. Hanomuuw,
uT0 (PYHKIHUSA OTHOIIECHUS IPABIOION00US JJId STOW MOIEIH:

t t 2 2
L (0.9 :@Xp{/ UUBLICE Py U S ds}.
0 o (s) 0 20 (s)
MLE u BE onpenensitorcss CraigapTHbIMM COOTHOLIEHUSIMU. DTH OLEH-
Ku acumurorudecku sddekrusnbl (B peryiaspHom caydae). Coenosaresib-
Ho, yciaoBus B uw C BwIMOAHSAIOTCH, a ycjaoBue A — HET. ITO TMOTO-
My, 9TO IJIsi TIOCTPOEHHUSI 3TUX OIEHOK HAM HY?KHO BBIYUCJUTDH PEIIeHUst
m(9,s),v(9,s),0 < s <t ypaBHenuii GpuibTpanyu s BCEX UM MHOIMX
¥ € © u Bcex t € (0,T]. Koneuno, 3Tu BblYUCIEHUS TPYIHO PEAIU30BaTh.
Huist annpokcumanuu m (9, -) Mbl npejiaraeM CJeyIoHyo IPOrpaMmy:

1) mnocmpoum npedeapumervryo ouenKy Uy Ha OMHOCUMEALHO HEGONLULOM
unmepease nabaodenuts [0,7] (unmepsan obyuenus) maxum obpasom,
wmo 7/T — 0;

2) ucnoavsys 9, , pearusyem odnowazosviii MLE-npoyece 97,7 <t < T:

_ 1 [PM (I, s
P01 (9,) 1/ M(0r5)
r o(s)

ede IL (V), 7 <t < T — smo cemeticmeo UHPOPMAYUOHHYIT MATNPULY
Quwepa, M (9,s) = f(9,8)m (¥,s) u M (9, s) =0M (9,s) /0V;

[dXS - M (ﬁT,s) ds] ,
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3) 6 xauecmee npubsuscenus m (9,t), 7 <t <T mu npedaazaem my, T <
t < T, noayuennoe ¢ nomouybro ypasreruti Gursvmpayuu, 2de ¥ 3ame-
naemes na Uy, 7 <t <T':

Vi f (0F,1)°
o (t)?

*2 * 2
* * fY f( ’t)
= 2a (V;,t) v — . g(t)tz

X (9%t
midt + Lg’)dxt, T<t<T,
o(t)

dm: = a(ﬁ:7t) -
¢ 2
v b (97,1)";
4) mnocaednuid waz — onucamo owubky mi —m (9,t) u obcydumo acumnmo-
museckyio onmumanvrocmo By (mf —m (9,1))°. Mu npedaazaem cae-
YWY MUHUMAKCHYI0 HUNCHION 2DAHUYY OAL 6CET OUEHOK My TPO-
yecca m (9,1): cywecmeyem dynrxyus S (19)2 , ¥ € © makas, wmo

lim im  sup ¢ 2By (my —m (9,1))° > SF (00).
v=0020 1y —g || <v

3decv o — 0 — Hopmaausyrouas ckopocms. Adanmuenbil duavmp
my, T < t < T Ha3ueaemea acumMnmMoOmMuUYecky sPPexmueHsim, eciu
oan scex g € © u t € (1,T] umeem mecmo pasencmeo.

Opnomarossiit MLE-tiportecc Takke MOXKHO 3amuCaTh B PEKYPCUBHOM
dopme. CrenoBarenbho, onenka-mporecc 7,7 < t < T u aganTUBHbBII
dbunbrp my, 7 <t <T uMerT peKypCUBHYIO CTPYKTYDY.

1. OcHoBHOII pe3yJabTaT

Mbl ipuMenseM 3Ty KOHCTPYKLIUIO U LIpe/jiaraeM ajalTuBHble (PUIbTPbl
JUTST PA3IIMIHBIX MoJesieill Habmoaennit B [1]:

1) manblil uym B 000UX ypaBHEHUSX;

2) MaJIblil IITyM TOJBKO B HAOJIOJCHUAX;

3) YCJIOBHO rayCCOBCKHE MTPOLECCHI;

4) EKF (extended Kalman filter);

5) ckpbiThiil npouecc Opuinreitna-yrienbeka;

6) ckpbITbiil TeserpadHbIil CUrHAIL

7) ckpbirbiit upouecc aproperpeccuu (AR);

8) HECKOJIBKO MPHUJIOKEHUH (JIOKATU3AIMS HEMOABUKHOTO U JIBUKYIIET0CT

MCTOYHWKA, HA TLIOCKOCTH, UIACHTH(UKALINS ITPOIECCa MEeHbI IEHHOH Oy-
Mard, TpoOJeMbl ¢ Pa3IaJKaMy B HAOMIOIAeMOM U CKPBITOM MPOIECCaX,
npubsmkenue perenust BSDE).

Hwuxe MBI pacCMOTPHUM OFHY PEANTU3AIHUIO IIPEIIaraeMoro ajJropuTMa B
CUTyalnu, KOr/Ia UMeeTcs Caabblil iyM B 000MX yPaBHEHUSIX.
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2. Mauvbrii mmrym
Paccmorpum mozens
dX; = f (9,t) Yidt + eo (t) AWy, Xo, 0<t<T,
dY; =a(9,t) Yedt + b (9,8)dV,  Yo=y0, 0<t<T,
rme e € (0,1),e = 0m . =&%, 6 €10,1].

B ycaoBusx perynsprocru (raagxocru Gyukuuiit) OMII u BO acumnTo-
THUYECKHA HOPMAaJIbHbI

oot (195 - 190) — (W) ~ N (o, I (190)*1) . oot (56 - 00) — ¢ (D).

KakoBa cBSI3b MEKAY Ve U (pe.
Mbr umeeM 5 pa3HBIX CUTYAIHii:

1.y =¢, (6 =1), Pe =€,
2.4, =1, (6 =0), pe =V,
3. 1/)6266, where 1/3<5<1, (;052857
4. w€:€1/37 @5:5%7
5. 1. = &%, where 0 < § < 1/3, 805151;76

Bo Bcex ciyuasx npepjaraercs mpeaBapUTeIbHbIE ONEHKA MUHUMATbHBIX
paccrosiuit wim Merona MomMenToB, 3arem One-step MLE-process u azan-
TUBHBIN (DUIBTD.

3. OueHka MUMHMAJIbHBIX paccTosgHuil (Y. = ¢)

Ipenenvras cucrema (¢ = 0, Yo UCTUHHOE 3HAYCHUE) UMEET BUJL

1 (90) = /0 F (Bo0r) g (9o ds, 31 (60) = yoexp ( /0 tawo,s)ds).

BeenéM o6yuaromuii unrepsai [0, 7.], tae 7. = £2/3 — 0) u mo maboze-
HusiM X7 = (X;,0 <t < 7.) CTPOUTCST OlIEHKA MUHWMAJBHBIX PACCTOSTHHUH
(OMP)

i, = arg uf / X — e (9)2 dt.
0

IIpennonoxkuM, 9TO BBIIOJHEHBL YCIOBUS PErYASPHOCTH (LIaIKOCTH HK-
k)
uuii Mmogesn), Torga OMP cocrosiresMHa U ACUMITOTUYECKU HOPMAJIbHA

1/2
TE/

_ 6 0(0)’
5yof (09,0)

(9., — o) = N (0, D (9)), D (%)

1/2

CKOpOCTb CXOJMMOCTHU Te 1 — g=2/3,

e
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4. ®uaptp Kammana

O6oznauum v (9, t) = 27, (9,t). Torna

dm (0,1) = la (9,1) — W] m (9, t) dt + Wd){t,
07 (9,1) _ e (9,0)* f (8, 1)° >
— = 2a (9,t) s (9,t) — o 0)° +b(0,t)".

Ob6o3nauum Yt (197 190) =m (7‘97 t) |€:OM S (197 1907 t) = f (197 t) Yt (197 190) )

t O 2
1) = [ 2
C e

Bnecw It (V) , 9y € © madopuanmss Pumepa.

5. One-step MLE-process
VieyTe <t <T

0= 110, [ e
k) € . 0_(8)

Buecy M (9, 8) = f (3, 8) m (9, ), S (3,9, 8) = Si (¥, 2,5) | ,.=9 1 MbL uMeeM

ypasuenne K-B nnsg M (9,_,s),7. <s<T,

t ¢ 2
13(190):/ Md8>o.

o (s)

[dX, — M (Y., s)ds].

O60o3Ha49UM

9~ e
Ge= " GWo)=T) (190)*1/ 5+ (Do, Y0, 5)

€ 0 o (s)

dw (s).

Hokazano, aro s soboro o € (0,7 caywaiiustii nponece (e, 7o < t <
T cxomuress mo pacnipenenennto B (C [19, T, B) K rayccoBckomy mnponeccy
¢t (99) , 70 <t < T. PekyppeHTHOE TIpeJICTABIEHNE

S, (0., 0. ,5)?

o (t)*

M(9.. )
o (t)’

dﬂ;a = 16(19.,_5)_1 [197'5 - 19:,5] di+

+T5(9,) ! [dX; — M(J,.,t)dt]

MTO3BOJISIET OTHOCUTETHHO IIPOCTO MTOCTPOUTH ITY ONEHKY “‘online”.
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6. AnmanTuBHBIN DUILTP

IIpeamonoxxum, 910 y2K€ €CTh
1) Unreppan obywenus [0,7.], 7. = £2/3. 2) Tpenpaputensunii MDE
¥,.. 3) Ypasnermns K-B mna M(9,.,s) 4) Oamomarossiii MLE-mporecc
19t e Te <t < T
TXR A

2

O =0, +1IL (9.)7" / [dX, — M (D, s)ds] .

a(s)

A nanTuBHbll GUIBTP

€ 19* at 2 13 19 bl
dmj . = |a (V7. t) — Yo T e t) it he ) my dt + 7%’ f (%% )dXt,
’ 7 o (t)?

o ()
Mit,e * 72,5 f (79*,6’15)2 *
6;, = (ﬁt = ) Yte — # (ﬁt € ) Y0,e = 0.

Hauanpnoe sumauenne mj; . = = m(J,.,7.). Bamernm, 4ro 10T GUABTD He
OLTHMAJIEH, HO MOYKET ObITb MOAMMUIMPOBAHHBIM /0 ONTHMANBMHOLO, HO
He pekyppenTHOro. ITpn Apyrux 3HAYEHNSIX 1), aJaNTHBHbIE QUIBTPHI MOTYT
ObITH U 3D HEKTUBHBIMA.

3akJiroueHne

B pabote mpemyioxKeH aJropuTM IOCTPOCHHS AJAITHBHOTO (PHUILTPA B
CUTyalliH, KOTJA YaCTUYHO HAOIONAEMasl CACTEeMa 3aBHCHT OT HEH3BECT-
HOIO KOHe4HO-MepHoro napamerpa. Ouenka mapaMerpa u (PUILTP UMEKOT
PEKYPPEHTHBIA BU/I U JOIYCKAIOT OTHOCUTE/IbHO IIPOCTYI0 YHMCJIEHHYIO pea-
JIN3AITHIO.

CIINCOK JINTEPATYPbI

1. Kutoyants Y. A. Hidden Markov Processes and Adaptive Filtering.
Cham: Springer, 2025. 576 c.

Kyrosiany HOpwuit AprémoBuad — m.¢-m.H., mpodeccop smepuryc, Jla-
6oparopus Marematukn Manco, Jle Mam Yuwmsepcurer, Ppanmumsa. E-mail:
yury.kutoyantsQuniv-lemans. fr
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KPUTEPUN COIJIACUA JJIAd CMECHU
PACITPEAEJIEHNY BEVBVYJIJIA

I'. B. Maptomos!

L Bnemumym npobaem nepedawu ungopmayuu um. A. A. Xapresuua, 2. Mockea,
Poccua

IIpenennHable pacmpeieeHns CTATUCTUK KPUTEPUEB COTJIACUS, OC-
HOBAHHBIX Ha SMIIMPUYECKHUX IIPOIleCCaxX, W IIPU ITapaMeTPUIeCKUX
TUIIOTe3aX 3aBHCAT KaK OT BHJA T'HIIOTETHYECKOr'o IlapameTpude-
CKOTO CeMeMCTBa, TaK U Yallle BCerO0 OT HEU3BECTHBIX IIapaMeTpPOB
pacrpezeseHnil, BXOQANINX B Takoe cemeiictBo. Hacrosgmas pabora
HMeeT eJI0 C NATUIIapaMeTPUYeCKAM CeMelCTBOM paclipeie/IeHunil,
00pa30BAHHBIM CMECHIO ABYX PA3JINIHBIX pacupeneseHuii BeitOyi-
na. Takoe cemeiicTBO paciipejieieHuil BOSHUKAET B OJHOMEDPHOM KJIa-
crepraoM anaju3e. OGbIYHO HA IPAKTUKE IIPEIIOJI0KEHUs O Paciipe-
JeJIeHUsSX HAOJI0IAeMbIX CIyYaWHBIX BEJIUNYMH CYUTAETCS W3BECT-
wbeiM anpuopu. OIHAKO, TaKasd YBEPEHHOCTh HE BCErJa OIPaBIaHA.
B npensaraemoil crarbe HaXOOATCH Hpede/IbHbIE KOBAPHUAIMOHHBIE
GYHKITUN SMIIMPUIECKOTO TIPOITECCA TTPY PA3IMIHBIX 3HAUEHUSX TTa-
pamerpoB. O6CyKAAIOTCA METOAbI IPUMEHEHUs PACCMATPUBAEMBIX
KPUTEPHEB, KOraa Tab/nia paciupeesieHnsl CTATUCTUKNA He MOXKeT
OBITH TIOJTyYeHa BBUIY €€ 00mupHOCTH. B 3TOM CiTyyae KpuTHIecKme
3HAYEHUd KPUTEPHUSA JOJKHBI BEIYUCIATHCA WX TOYHBIMH MeTOa-
MU WM IIyTEM MOJEJMPOBAHMUS LIPU 1I0JIyYE€HHBIX OIEHKAX Iapa-
MerpoB. KirrodeBble ciioBa: kpumepuu cozaacus, pacnpedenenue
Betibyana, cmecu pacnpedesenut

Bsemenue

B pa6ore paccMarpuBaercs npuMeHEHHe KPUTEPUEB COJIACHs, OCHOBAH-
HBIX HA SMIIUPUYECKHUX IPOHECCAX, JIJisl IPOBEPKH MUIIOTE3bI TOM, 9TO (DyHK-
[IUsT pacrpeiesieHust HabII0IaeMOoi CyIaiiHOM BETUIUHBI SIBJISETCS CMECHIO
IByx (yHKIMH pacnpe/enenns BeiiOysna ¢ HEM3BECTHBIMUA PA3IUIHBIMU B
ob1IieM cirydae mapaMeTpaMiu. ATbTepHATHBHOE PACTIPEIETICHIE MOKET OBbITh
JIIOOBIM pachpesiesieHueM, He BXOJSIIUM B THIOTETHYECKOE CEMEHCTBO pac-
npezesieruii. Takue MHOXKECTBA, PACHPEIETICHIH PACCMATPUBAIOT B OHOMED-
HOM KJIACTEPHOM aHaJjm3e. B o0ieil Teopun HemapaMeTpudecKux Kpure-
pHEB [Jis1 TIPOBEPKH THIIOTE3 [JIsI MapaMeTPHIeCKHX CEeMeNHCTB pacipe/iese-
HUsl HAOJIIOMAaeTCs ciaydaiinas BennyauHa X U e€ HaOIIO/EHHs MyCcTh OyIyT
X" ={Xy,Xs,...,X,}. Pacupenenue X HeussecTHO, u ero Mbl 0003HAYUM
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kak F(z), © € R;. Byuem nposepsars runoresy
Hy: F(z) € G={G(x,0), 0= (61,02,..0,)" €O C Ry},

rjie BeKTop mapamerpos  HemsBecteH. Pacnpenenenue G 3amano. O6o3na-
YUM MCTHHHOE 3HAa4YeHue napaMerpa Kak 0. JLjas mpoBepKu 3TOi TUIoTe3bl
37eChb Oy/LyT MCHOJIb30BarThes crarucruka Kpamepa—Muzeca—CymupraoBa

W2(0,) = n/_oo (Fu(z) — G, 0,))2 dG(x, 0,) = n/o (B (t) — t)2dt,

u cratuctuky Kommoropoa—CMupHoBa

Dn(én) = /n sup |F,(z) — G(x,én)|: Vn sup |Fn(t) —t|.
TERy te[0,1]

31ech 6, ABIAETCS OIEHKOH MAKCHCMAJIBHOTO IPABIONOL00MS BEKTOPA A~
pamerpos 0, F,(x) ectb smuupuueckas HyHKIMs PACIPEIEIEHNs, TOCTPO-
eHHas 1O BbeIOOpKE X", Fn(t) SABJISIETCST OIEHEHHOM SMIIUPUIECKO (pyHK-
nuel pacrupeeseHns, IMOCTPOEHHON Mo mpeobpa3oBaHHOil BeIOOpPKEe 17 =
(t1y... tn), TOE t; = G(Xn,én)7 t = 1,...,n. Obe crarucTUKN, Tpeodbpa3o-
BaHHBIE K MHTepBaiy [0, 1], ABIAAIOTCS DYHKIMSAMA OT SMIUPHIECKOTO TTPO-
ecca

gn(tv én) = \/ﬁw(t)(pn(t) - t)'

Teopema 1. IIpu HEKOTOPBIX yCJIOBHSAX peryisipHoctd (cM. [2, 5, 7,
8]) xomapmanmonnas dbynkuus nponecca K (t,7,60,) = &,(t,0,) cxomures K
KOBAPUAIMOHHOW (bYyHKIIAN

K(t,7,00) = E(&(t,600)&(7,60)) = (Ko(t, 7) —q" (t,60)1 " (6o)a(r,60)), (1)
rie Ko(t,7) = min(t,7) — tr, t,7 € (0, 1),
q(t,00) = (0G(x,0) /001, ...,0G(,0)/ 00k \_ (.00 0—01 -
I(6y) — macpopmanmonnas marpuma Pumepa,
I(60) = (E((9/00:)1og g(X,0)(9/00;)log 9(X,0)))g_g, 1<ij<i >

g(x,0) = (0G(x,0)/0x)p=0, -
IIpu HyseBO# runoOTE3e MaTeMaTUIECKOe OxKuaanue npouecca &, (¢, 6,,) pas-
HO HYJTIO.
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B npennonoxkenun ciaboil cXOIUMOCTH SMIIMPUUIECKOrO IPOoIecca K mpe-
nenbHomy npoueccy £(t,6p) B COOTBETCTBYIONIMX METPUYECKUX [IPOCTPAH-
CTBaX PACIPEIETICHAE CTATHCTAK wi(én) u Dn(én) CXOIATCA K pacIpeneste-
HUAM (PYHKIHOHATIOB

P00 = [ GOS0 w D) = sup H(OIE(00)

te[0,1]

s crarucruku tuna Kpamepa—Muzeca—CMupHOBA OTMETHM yCIIOBHE

1
/ K(t,t, 60)dt < 0.
0

U3 dopmyasr (1) ciaemyer, 94To mpeneibHOE PACIPEIEJEHUN CTaTHCTUKA
wﬁ(én) B OOIlEeM CJIydae 3aBUCUT TPU TUMOTE3€ OT HEU3BECTHOTO BEKTO-
pa mapamerpoB 0y, a Takke u or Qynruwu pacupezenenus G. [TosTomy,
JJIA HAXO2KACHUA KPUTHYICCKUX ypOBHeﬁ UCIIOJIB3YIOT BMECTO HEU3BECTHBIX
napaMeTpoB UX OLEHEHHbIE 3HAYEHWd, KOTOpPbIE MOJIYYaIOT IIyTeM HHTep-
MOJISITIAA TI0 TAOJIHUIE, WX KaK B IpejiaraeMoii pabore OHU BBITUCSIOTCS
KaXKIbIil pa3 3aHoBO. IIpn GONBIITOM YHCIE HEM3BECTHBIX MapaMeTpOB CO-
cTaBjieHue TabJIuIl HEBO3MOKHO.

OTMeTuM TakKe, YTO U3BECTHO npeobpazoBanue XMaaa3e (CM., Halpu-
Mep, [9]) aMIUpUUIecKOro mpomecca Takoe, YTo IPEIeIbHOE PACIIPEIEIeHIe
HE 3aBHCHAT HU OT HEHM3BECTHOIO BEKTOPA MAPAMETPOB,HU OT (PYHKIIUU PaC-
upeaenedus G.

1. CemeiicTBO cMeceil AByX pactipejesienuii BeiiGysaa

Ms1 Oynem mpumenaTs Teopemy 1 myst BeiBoga hOPMYJIBI IS TTPEIEITIb-
HO¥ KOBApWAIMOHHON (DYHKIMHM SMIUPUIECKOTO MPOIECCA IJIs MATUIAPA-
METPUYECKOTO CEMEHCTBA CMECH JABYX PA3JIMYHBIX pacupenesenuii BeiiOyii-
Ja.

F(xv)‘la klv)‘Qa k27p) = pW(valvkl) + (1 - p)W(x7A27k2)7
re
z \k
Wz, \E)=1—e(3),

p sBisierca mapamerpom cmecu. CoOTBETCTBYIOMAs (DYHKIHS TJIOTHOCTH
eCcTh

f(x7>‘17k17>‘2>k2ap)k: .
ki—1 z \F1 ko—1 =z \ k2
—ph (A%> () -k (A%) ()"
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Bynem o6osnauars BekTop napamerpos (A1, ki, Ag, ko, p) cumBosiom 6.
Takum obpazom, § = (01,0s,0s,04,05) = (A1, k1, Ao, ko, p). Hanee unuexcot
3JIEMEHTOB COOTBETCTBYIOMINX BeKTOpa OyayT ob03HadaTh Kak mudpamu,
TaK W WX MEePBOHAYAIBHBIMEA MPEICTABICHUSMA.

2. BekrTop Q

Jamee OyneM TMOSTAITHO HAXOAWTH COCTABJISIONINE KOBAPUAIIMOHHOM
byHKIMY MPEIeIbHOIO SMINPUIECKOro mporecca. Herpyauo moayduTs ciie-
JytoIree BeIpaxkenue i Bekropa () m3 Teopembr 1:

Q(LL’,H) = (8A178k178)\278k2vap) F(xva) =

(<= \F1 X (= k2
(LR )" ()" (), ) e

1 A2 ’

e %)kz (%)M (1-p)ln (%) 7—6_<>\Ll> ) + e_<%2> 2).

3. IIpomsBoaubie sorapudma PyHKIUN TJIOTHOCTA
pacupegesieaus Beiibynna mo mapamerpam

3/1eChb OIMYIIEHbI TPOMEKYTOUHBIE TPEe0OPA30OBAHUS U IPUBOIUTCSA TOJIb-

KO OKOHYATEJIbLHBIN pe3yabTrar.
z \k2 k &
1 1
C(AQ) k2<1_(71) )(/\L) P

a (G ()2 -+ 7 (1) p)’
L) ) 1o (= () ) (%)

T k €T
6(71) 1k2 i) 2(1—p)+e (T)
1

G (1 (6)) (5
Fiule0) = ““afff”m(eulw )

i

Oln f(x,0
f)q(‘r 9) laf)\(l ) =

A2

Oln f(x,0
fro (2, 0) = 220 —

Oln f(x,0
fro (2, 0) = 220 —
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fola0) = 2nfe0) - la)
or e(ﬁ) lkz(%)k2(17P)+e(ﬁ) 2k1(i)k1p
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4. DiaeMeHTHI MaTpuIibl Puriepa

[Iarnaanars pa3muaHbIX 3/IEMEHTOB HHMOPMAITHOHHON MaTpuIibl Pure-
pa Ternepb MOTYT OBITH 3aTMCAHBI CIEAYIONTUM 00pa3oM

Sii(0) = /OO fi(x,0)f(x,0)f(z,0)dx = /OC sij(z,0)dx, 1<i<j<b.
0 0

Omycrus mpeobpa3oBaHust, IPUBEIEM ABe TUINIHbIE (GOPMYJIBI 11 ;5 (T, 0):
SA1A: (x,@) = f,%l (LC, a)f(xv 9) =

1(-(6)") ()
- k1 z \k2 X ’

(G ) 0o (5)'7)

¢ 9)fk2(x,0)f(a:,9) =
- 2 (17(% kl) (%)—lJrkl (%)m(lfp)p<l+k2 (17<%)k2> ln(;‘?)>

Bce nHTErpasibl 0Ka3bIBAIOTCS CXOASITUMUCS.

5. KoBapmanmuonHas pyHKIus

Wcnonw3ys monydenube panee OPMYIIBI MbI TIOJIyIa€M CJIEAYIOIIEE Bbi-
paKeHue JIjisi peJIeTbHOM KOBAPUAIIMOHHON MATPUIII IMITUPUIECKOTO TTPO-
ecca:

C(t,7,0) = min(t,7) —t7 — QT (W(

“@F
>

N
>

~—
X

-1
Sulltl SM1<71 Sﬂlllz SIMUQ S/up

50101 S01ﬂ2 SUIU'Q SU2P

X Siops  Susos  Suap (9) Q(Wﬁl(ﬂ 6),0).
Sffzo’z SUzP
Sop

O1a QYHKINS OKA3BIBAETCS 3ABUCAIIEH OT HEM3BECTHOIO Tapamerpa 6.
Ilpu oneHeHHOM TapaMeTpe MOTYyT OBITh HAHIEHBI COOCTBEHHBIEC 3HAYEHUS
KOPPETAIUOHHOTO ONMEPATOPA, KOTOPBIE CKOPEE BCETO OKAXKYTCS OJIHOKPAT-
HBIMA. DTH 3HAYEHHS MCHOIL3YIOTCA B (popmyne CMUPHOBA It BHIMHCTIE-
Hust byHKOuil pacrupeneseHus KBaIpaTudHbix (POPM OT HOPMAJBHBIX CJLy-
JaiiHbx BesnunH. IloapobHOCTH MOXKHO HafiTn B padorax [1] u [2].

6. 3ameuanme o0 oIeHKaX MapaMeTpPOB

OueHnBaHNe MapaMeTpoB B TAKUX MOJENSAX SBISAETCS TPYIOEMKON pa-
6oroit. HekoTophle MccieJoBaHNs B 9TOM HAIPABJICHNH MOXKHO HAfTH B pa-
Gorax [4] u [6].
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3akJiroueHne

W3 nosydeHHbIX B paboTe pe3y/ibraToB CJEeAyeT, 4TO HPUMEHEHUE KpPU-
TEPUEB COTJIACHS K CMECSM PACTIPEIEICHUN ABJISIETCS BIOJIHE BHITIOJTHUMOIN,
XOTsI ¥ TPYAOEMKOIT paboToii. HeoOxoamMo mpomoIKuTh UCCIeI0BAHMS I
[IOJIy YeHHUs HaIEKHBIX METO0B OIeHUBAHKUSA B TAKMX MOJIesIX. 10 xKe camoe
3aKJIIOYEHUE MOXKHO CIEJIATh ¥ U3 Pe3yJibraroB paborsl [3].
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AHAJIN3 BJIMAHN A HAYAJIbHOI'O IITYMA,
HA TTPOIIECC TEHEPAIIVIN N30OBPAXKEHIUU
C NCIIOJIb3OBAHMNEM JNP®®Y3NOHHBIX

BEPOATHOCTHBIX MOZ[E.HEIL/'I
M. A. Mup3al

L Cubuperuti @edeparvnnt Yrnusepcumem, 2. Kpacnoaper, Poccus

Huddy3uonnbie BEPOATHOCTHBIE MOJEINA B IIOCJIEIHHE TOIBI IIPO-
W3BEJIN PEBOJIIONNI0 B 00JIACTH TeHeparmn n300pazkeHnii 6/1aroma-
P CBOEI CITOCOOHOCTH MACIITAOMPOBATHCS 33 CIET YBEJINICHUS BbI-
YUCJIUTEJIbHbIX MOILLHOCTeﬁ n KOJIn4YeCTBa JaHHbIX, HUCIIOJIb3YEMbIX
B miporiecce obydenusi. OHE CIIOCOOHBI TEHEPUPOBATH PA3HOOOpA3-
Hble N300paXKeHus MO (PUKCHPOBAHHOMY TEKCTOBOMY 3aIIPOCYy, WIC-
110J1b3Yy4d PA3JIMYHbIE 3HAYCHUA HA9a/JIbHOI'O LIIyMa. O,ZLHaKO BJINAHUE
BBIOOpA HAYAJIBHOTO IIyMa HA KAa4eCTBO M300paKeHWil He u3yde-
HO JI0 KOHIA. DTa paboTa aHAIU3UPYET, KAaK PA3/IUIHbIe 3HAICHUS
HAYAJIBHOTO ITyMa BJIMSIOT HA KAJeCTBO M300paKEHWil, CO3/IaBae-
MBIX II0 HaOOpY TEKCTOBBIX ONMCAHWI. Pe3ysbraThl mcciemoBaHus
IIOKA3bIBAIOT, YTO BLI60p HAQYaJ/JIbHOI'O OIyMa 3HAYUTE/JIBbHO BJ/IAAET
Ha, KOHEeYIHBII pe3yjbpTaT, HO,Z['—IépKI/IBaSI Ba’XHOCTH €ro OIITUMU3AIInN
JUIsT yJIySIIeHusT KadecTBa reHepanmu m3obpaxenuii. Kirouesbie
cJIoBa: 2enepayus u3obpasicenut, QuPPyauonnoe 6ePoAMHOCTIHbLE
MOOeNU, 2EHEPAMUBHBLE MOOEAU

BBenenue

Onddysnonnbie BeposTHOCTHBIE Mozenn [1-3] cramm HACTOSIMM TIPO-
PBIBOM B 00JIacTU reHeparmu n3o0pazkennii. 1Ix ycmex 00bscHseTcs: crocob-
HOCTBIO 3P PEKTUBHO 00YIATHCS TMIPH YBEINIEHNH 00beMa JAHHBIX W Pa3Me-
pa mozeneit. Eciu panee BHUMaHue uccieoBaTesell ObLIO HATIPABICHO HA
U3YYEHUE BJIUSIHUS TEKCTOBBIX HPOMIITOB [4] u coBepiuencrsoBanue auddy-
3MOHHOTO TIporecca [5], TO B TOCTEIHNE TOIBI BCE GOIbINE PAGOT KOHIEH-
TPUPYIOTCS HA OIEHKE BJIMSHWUS HAYAJBHOIO MIyMa HA MPOIECC MeHEPAIUN
[6-9].

Hacrosmas pabora HampapeHa Ha W3yIe€HUE BINSHUS BHIOOPA HATATb-
HOTO IIIyMa Ha IIPOIECC TeHeparnu u300parkeHuil ¢ moMoIbio auddy3u-
OHHON BEPOSITHOCTHOM MOJENH, 9TO MOXKET MO3BOJUTH YIyUIIUTh eHepa-
o 6e3 yBesImueHnst pa3Mepa Mojesn. BaoxHosisisick paboramu [7-9], rae
peanm30BaH MOAOOP ONTUMAJBHOTO ITyMa [JIs YJIydIleHUus TeHEPAIUU de-
pe3 TpeBapUTEbHO O0yUYEHHbIE MOJETH, ObLIA MPOBEIEHA OIEHKA TOro,
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KaK BBIOOD HAYAJILHOTO ITyMa BIUSET HA KA9€CTBO N300PaKeHUil M0 MeTpu-
kam CLIP, ImageReward u BRISQUE [10-12]. Hcuoub3ysi mMonens Stable
Diffusion v2.0 [3], 6bw1 crenepuposan Habop u3 80 000 uzobparkenuii na oc-
noBe 100 dpmkcrpoBaHHBIX caydaifHbIX MyMoB 1 800 TEKCTOBBIX 3ampOCOB
u3 Habopa manubXx PartyPrompts [13].

AHamu3 OIEHOK CreHePUPOBAHHBIX H300PaYKeHH MOKA3AT 3HAYUTETHHOE
BJIMSHUE HAYAJIHHOIO IIyMa HA KA4eCTBO T'€HEPUPYEMbIX HM300parKeHwuii 1o
BCEM HCLOJIb3yeMbIM MerpukaMm Kadecrsa [10-12], a Takzke cyuiecrBeHHbIe
CTATUCTUYIECKNE PA3INYNSA MEKIY PACIpeIeJeHUSIMI OIEHOK IS PA3HBIX
BapPMAHTOB HAYAJIBHBIX ITYMOB.

1. TeHepamus JaHHBIX

B pamkax wmcciemoBanus ObLIN TPOBEIEHBI BHIYUCIUTEIHHBIE IKCIIEPU-
MeHTBI, B X0ze KOoTopbix crenepupoBasm 80 000 m306parkenunii ¢ UCIOIB30-
BaumeM Mmogenu Stable Diffusion v2.0 [3] u mmanuposmuka PNDM. s
reneparuu npumenmin 800 TekcToBbix 3ampocos u3 Habopa PartyPrompts
[13], BKIIIOUAIONINX PA3INIHBIE IPOMTITHI HA AHTIIMHCKOM SI3bIKe ¢ AHHOTHPO-
BAHHBIMU KATETOPUSAMH W YPOBHSIMHU CJIOKHOCTH. JTO MO3BOJITET aHAIU3U-
POBATDH WX BIUSHUE HA KAYECTBO N300parKeHu. AHHOTAIIMN, COCTABIISIONINE
mernee 10% Buibopkwm, 6btn 06beauaensl B kareroputo «Other». Pacnpene-
JIEHW€ aHHOTAIUI IIPEeJICTaBJIeHO HA puc. 1.

Brino ucmonrzosano 100 hbuKCHPOBAHHBIX 3HAYEHUN HAYAIBLHOTO ITyMa,
BBIOPAHHBIX (DUKCUPOBAHWEM 3HAYEHUS] HAYAJIBHOTO COCTOSTHUS M€HEPATOPA
caydaiiHbIx dmces B auamasone ot 0 10 99, 910 crmocoOCTBOBAIO CO3JAHUIO
YHUKAJIbHBIX m300paxkenuii. Takoil moax0/1 MO3BOIUI U3y YUTh BJIUSHAE Ha-
YaJIbHOTO IIyMa U TEKCTOBBIX [IO/ICKA30K HA MeHEPAINio n3o0pazkenuii, obec-
rneduBasi pa3Hoobpasve W JAeTabHbll aHAJIN3 B3aMMOLEHCTBUS CEMAaHTUKHA
¥ CTUJIUCTUKHU B TIPOIECCE TE€HEPAITNH.

KaTeropus CnoXxHocTb
Artifacts Fine-grained Detail
17.50% 20.25%

\ Animals

/ 19.12%
y 16.00%

Basic

37.38%
| 39.75% 13.25% Other EREE

Other World Knowledge Style & Format

. | 1037% | 1462%

People T simple Detail

Puc. 1. Pacnpenenenvie KaTreropmii M CJIOXKHOCTH 3aIllPOCOB B HabOpe JaHHBIX
PartyPrompts
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2. PeByJIBTaTbI 9KCIIEpUMEeHTa, aHaJIA3 I'PYIIIIOBBIX OIIE€EHOK

B xome paboTbr 1j1st KazK10r0 n300pakeHnsi PACCIUTAIA 3HAYCHUS BCEX
MerpuK. [lo/lydeHHbIe OIEHKN CTPYIMUPOBAJN TI0 UCIOIb3YEeMOMY HAYAIh-
HOMY ITyMy. 3aT€M BCE BAPUAHTHI IIyMa PAHKHUPOBAJIN MO CPEIHUM 3HA-
YEHUAM MOJYYEHHBIX OINEHOK. Pe3ynbTarThl PAHKUPOBAHUS TOKA3AHBI HA
pHUC. 2 W JIEMOHCTPUPYIOT, YTO HAYAJIBHBIN IIyM CYIIECTBEHHO BJIMSIET HA
Ka4eCTBO N300pazKeHuii. 3HAYEHUS HAUITY YIIUX U HAMXY/IIAX CPEIHUX OIe-
nok pasubl: 0,3250 mporus 0,3154 mus CLIPScore, 0,5766 mporus 0,1732
mist ImageReward u 10,7742 nporus 25,2483 nna BRISQUE.

cue ImageReward BRISQUE

—+— Cpenvee —— Cpennee —— Cpeavee
o Munumansias ouenka: 0.3154 055 e Munmmansas ouena: 0.1732 o Munumanshas ouenxa: -25.2483

Et
0320 o MakcumansHas ouenxa: 0.3250 ©  MaxcumansHas ouewxa: 0.5766 ©  Maxcumanswas ouenka: -10.7242

0322

0320

038

0316

055 59 50 49 56 33 92 75 46 65 53 60 26 30 42 40 5 7159 05 8195475589 74 & 3377 16 41 56 44 48 58 13 79 17 217 61454298 9 4 224853 4991 9095 95 7260 3 58
Seed Seed Seed

Puc. 2. I'paduk pacupenesieHnst CpeIHUX OIEHOK I HAYAJIBHBIX COCTOSTHUN OT-
COPTHPOBAHHBIX 110 BO3PACTAHUIO

Seed: 0 Seed: 24 Seed: 57 Seed: 9 : Seed: 88 Seed: 59
Yoy 3 -

cup

a man riding
a horse

ImageReward

w
=

cup

Seed: 49
a cartoon of
aman
standine
under a tree

ImageReward

Seed: 21 Seed: 87

BRISQUE

Puc. 3. Ilpumeps! rerepanyy a/id IMsATH Xy Jnux (CI€BA) W TMATH JIydImux (CIpaBa,)
3HaUeHUH HaYaJIbHbIX COCTOAHMI

3HavYeHws HAYAIHLHOTO MyMa ¢ 00JIe€ BHICOKAMU OIIEHKAMY Jallle TeHEepU-
pyioT 60s1ee BU3yaIbHO MPUSITHBIE U TOHSITHBIE JJIs YeJI0BEKA N300PaKeHNs,
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B TO BpeMs KaK Xy/IIHe BapUAHTHI 001aJa0T CKY/IHON I[BETOBOH MAaIUTPOM
u 6ojiee HU3KUM KA4eCTBOM, YTO BHIHO HA puc. 3.

3. Anaaus pacnpejieJieHUsd IPYNIOBBIX OIEHOK M300parkeHuii

B xoze onenku n300parkeHuil, CreHEPUPOBAHHBIX U3 PABJIMYHbBIX 3HAYE-
HUW HAYAJIHHOTO TIyMa, ObLIN BBISBJIEHBI 3HAYUTEIHHBIE PA3IAYNS B CPEI-
Hux orenkax. Hemapamerpwaeckuit kpurepuit Kpyckama—Yommica moarsep-
AT UX HEeC/IydaifHblil xapakTep. Pe3ymaprarsr, mpeacraBiennbe B Tabi. 1,
MOKA3BIBAIOT, YTO BHIOOP HAYAIBLHOIO IIYMa OKA3BIBAET CYIIECTBEHHOE BJIH-
SHHE HA OIEHKH M300paKeHni.

Tabsmmra 1
CraTHCTHYIeCKH TECT TUIOTE3BI O €IMHOM PACIIPEIEIEHAN OIEHOK

Kpurepuit Kpyckaia-Yosaauca CLIP ImageReward | BRISQUE

F-Crarucruka 224,0451 373,0522 4222,2286

p-value 0,0001 0,0001 0,0001
CcuP ImageReward NegativeBRISQUE

World Knowledge World Knowledge 3 3' World Knowledge
LT H s el

Cpearan oLeHKa N0 kaTeropun

Cpeawsn oueHKa o kaTeropuv
Cpeawsn oueHKa o kaTeropuy

036 o 320 2 o 020 025 030 035 040 045 050 055 BT = R I I ]
CpeaHss oueHka no seed CpeaHss oueHka no seed CpeaHas oueHka no seed
cLp

ImageReward NegativeBRISQUE
CpeaHAn OUeHKa Mo CNOKHOCTH CpeaHnn OueHKa No CNOKHOCTH CpeaHAn OLeHKa Mo CNOKHOCTH
034 Basic 10 Basic -0,

Fine-grained Detail Fine-grained Detail Fine-grained Detail

simple Detail po
Style & Format

Simple Detail
Style & Format

Simple Detail
Style & Format

CpenHss OUeHKa Mo CNOXHOCTUA
CpenHss OUeHKa No CNOXKHOCTUA

CpeaHss OLeHKa N0 CIOXHOCTH

0316 032 020 025 030

o o0 o3 035 040 085 050 0 &
Cpeanas olierka no seed Cpeanas otierka no seed

T s I
Cpennsia oueHka no seed

Puc. 4. Koppensinusi cpeHnx u IPYHIIOBBIX OIEHOK s HAYAJIHHBIX NIyMOB OT-
COPTUPOBAHHBIX TI0 CPEIHEN OIleHKe

B xo/e perpeccnoHHOTO aHAIM3a, OIEHOK H300PAYKEHWI ObLIN BBITUCIIE-
HbI CpeaHue ONEHKHU JJId T'PYIII, OIPEIECJT€HHbIX THUIIOM WX CIOZKHOCTBIO
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3ampoca u (pUKCHPOBAHHBIM 3HadYeHuWeM Iryma. VccnaemoBanne KOppeasanun
MEXKJIy CPEIHUMHU JJjisi TPYII U CPEJIHUMU OIIEHKAME [IJIs] PA3TUIHBIX BapH-
AHTOB HAYAJILHOIO LiyMa (LpuMep Ha puc. 4) HO3BOJIUIIO OLEHUTH OTKJIOHE-
HU€ BHYTPUTPYIIOBLIX OIEHOK OT ODIIEro CPegHero s KaXKI0rO HAYAhb-
HOTO IryMa. Pe3y/nbraThl MOKa3bIBAIOT CUJIBHYIO JIMHEHHYIO CBSA3b MEXKLY
STUMHU MapaMEeTPAMHU.

Jist n3ydenns CTemeHn BAUSHAA MyMa Ha (pOPMHUPOBAHKE OIEHKH H300-
paxkenusi 6b11 ucnonab3oBad rect ANCOVA, oneHuBaioONuii BKJIA PA3IIH-
HBIX (PAKTOPOB B MIPEICKA3AHUN OLIEHKN n300pazkenus. Pe3yabTarTsl, mpuBe-
JeHHbIe B Ta0J. 2 u Tabi1. 3, nemoucrpupyior, uro ans merpuk CLIPScore u
ImageReward mrym menee 3HadnM, 9eM TEKCTOBBIN 3aPOC, HO BCE K€ OKa-
3BIBAET CTATHCTUYECKM 3HAYUMOE BIIMSTHUE HA 3HAYEHUS OIEHOK. Biusnue
myma #a Merpuky BRISQUE cpaBHUMO ¢ BiMsiHEEM TEKCTOBOIO 3aIpoca.
Takum obpa3om, Tpu reHepaImm n300parKeHnit BHIOOP 3HAYEHUS TITyMa OKa-
3BIBAET 3HAUUTEIHHOE BIIUSHUE HA (DOPMUPOBAHNE OIEHKH.

Tabma 2
F-cratuctuka 1jist (bakTOPOB, BIUAIONINX Ha, OIEHKY U300parkeHwus (HA9aTbHBIH
NIyM, KaTeropwsi, CJI0OKHOCTB )

IIpesukTopsl CLIP ImageReward | BRISQUE
Kareropus 331,6917 115,2502 197,622832
CioKHOCTD 2677,2224 1029,3812 417,4126
Havanpaerit mrym 2,1151 4,2083 34,1107

Tabyma 3

F-cratucruka maa GbakTopoB, BIMAIOMNX HA OUEHKY M300parkeHus (HAYAIbHBLHA
Ty M, TE€KCTOBBIN 3aITpOC)

IIpeaukTopb CLIP ImageReward | BRISQUE

Texcrorsrii 3ampoc | 226,0866 130,6875 53,9409

Haganbubrii mirym 6,8374 9,1216 50,4453
3akiroueHne

Hccienopanue 10Ka3aJ10, YT0 HA4aJ/IbHbLA LIyM CYyLIECTBEHHO BJIASET HA,
CTWJIb U OIEHKHU W300pazKeHuit, CO3MaHHbIX uhdy3nOHHON BEPOSITHOCTHOM
Moz1esibio. He3aBrcruMo OT TEKCTOBOTO TPOMIITA, HACTPONKY HAYAILHOIO TITy-
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Ma OCTarTCd 3HAYUMBIMHU 14 KOHEIHOI'O pe3yabTaTa. 9T0 IIOaYEPKHUBAET

BaKHOCTH BHUMATEJIbHOM HACTPOMKHU IIyMa JJId YJIy4dIleHUd KadyeCTBa I'eHe-

paruu 1 OTKPBIBAET BO3MOXKHOCTH JIJ1s JIAJbHEUIINX UCCIIEOBAHUM.

10.

11.

12.

13.
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POBACTHOE 90PEKTVBHOE
HEITAPAMETPNYECKOE OLHEHVIBAHVE

B AJJIITUBHON PETPECCUNU

H.N. Huxudopos ', C. M. Ilepramenmukos 2, E. A. ITuenuanes !

1 o o
Tomcxuti 2ocydapecmeennvili ynusepcumem, 2. Tomck, Poccus
2 .
Pyanckuti ynusepcumem, e. Pyan, Ppanyus

B crarbe paccmarpusBaercsd 3ajada pobaCTHONO OLEHUBAHUS HEU3-
BeCTHOI (DYHKINY B 3 ITUTUBHON PErpPeCCHOHHOMN MOIeJN B TUCKPET-
HOM Bpemenu. IIpesjioxKena HOBas MPOIIE Iy Pa OLEHUBAHUSA, JIJIsI KO-
TOPO# CKOPOCTH CXOAMMOCTH POBACTHOTO PUCKA PABHA MTAPAMETDH-
9eCKo#l (C TOTHOCTBIO M0 JIOTapUBMUIECKH BO3PACTAIOMIETO MHO-
xwurend). KirodeBble cioBa: Henapamempuueckoe ouenusanue,
addumuerbie pezpeccuortbie Modeau, pobacmuut puck, spdexmues-
HOCTILD

1. BBenenne

IIycts Habmomenus (Y;);>1 YAOBIETBOPSIIOT YPABHEHUIO

J
yi=St) +&, =7

n 1<j<n, (1)
rae S(-) — memsBecrHag Heciaydaiinas [0,1] — R dbynkuus u3z L2[0,1], a
myM (§)i1<j<n OPEICTaBiger OO0l HAOOP HE3aBHCHMBIX OJHHAKOBO DaC-
NPEIENEHHBIX CIyYalHBIX BEJIMYUH ¢ HEM3BECTHBIM pacripeesieaunem p (He
0b0s3arebHO TayccoBckuM). Tpebyerca onenuTh GyHKIUIO S 110 HAGIIOIE-
muaM (Y;);>1. JaHHas 3aqada A7 MOZENH aAIuTHBHON perpeccuu (1) mu-
POKO BCTpedaercs B 0OpabOTKE CUTHAJIOB, SKOHOMUKE U JAPYIUX MTPUKIIAJI-
HbIX ObsacTax. TakKe BaXKHOW XapaKTEPUCTHKONW COBPEMEHHOI'O OIAXOA
SIBJISIETCST POOACTHOCTH U 3PHEKTUBHOCTH PA3pAdATHIBAEMBIX AJTOPUTMOB
onenuBanus. IIpobiema 3 dEeKTUBHOrO oleHuBanus s Mozeneit (1) usy-
Yanach BO MHOIMX paborax, B ToM gucye B [1-4]. Oxnako B 9Tux paborax
CBOMCTBO 3(PPEKTUBHOCTH TOKA3BIBAECTCS B CJIYIae TAyCCOBCKUX IIIyMOB HJTH
JIIsl CXeM ¢ DECKOHEYHBIM YUCIOM HADIIOAEHUN. DTO CyIIECTBEHHO OMPAHU-
YUBAET [IPUMEHEHHUE I0JIyYEHHbIX OLEHOK HA IPAKTUKE.

enn macrosiimeit paboThl — pa3padoTaTh POOACTHBIN 3D PEKTUBHBINH Me-
TOJ, OLeHUBaHus i Mozeau (1), B KOTOPOil pacupee/ieHue [ryMa, MOXKET
BBIOUPATHCS U3 JOCTATOYHO MITHPOKOTO KIIACCA.

Pabora Brmmosnena npu noagep:xkxke PH®, mpoexT Nt 24-11-00191.
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Ipexue Beero, ays ouenuBanus dbyukiuu S B Mogenu (1) Heobxoaumo
zaduxcuposars B L2[0, 1] opronopMupoBanusit 6a3uc (1;);>1 HA perieTke
T =t1,...,tn, T.€. JJIsd JIOOBIX 4, ] > 1

1 n
(Wi, ¥)n = Y Gilte)(te) = Liizyy -
k=1

Hasnee obo3HauaeM 4epes ||, — HOPMY, COOTBETCTBYIOILYIO STOMY CKAJISTPHO-
my npoussenenuto. Hemssecrnasa dyuknusa S B (1) MoxkeT ObITh IpeaCcTaB-
JIEHA B BHUJIE

S(t)zzn:@wj(t% t€Tn, (2)

rae 60; = (5,v5),, j = 1,...,n, — kosbdunuentsr Pypre. Vcmoms3ys sru
K03 PHUITHNEHTHI, ONMPEIeINM KBAIPATHIHBIA PUCK

Rp(Sn.8) = EpsllS, — SI2= Y Ep5 (8, — 0,)°, (3)

Jj=1

rae S, — omenka dbymkmun S, 10 HabmOZEHUAM (Y;)i<j<n, & Eps —
MaTeMaTHIeCKoe OXKHJAHAEe OTHOCHTENBbHO pacupenesnenus Py g mporecca
(Yj)1<j<n, COOTBETCTBYIOIIETO PACIPEIETIEHNIO TITyMa, P U QyHKIUK S, 1
0, = (S,v;), — coorsercrByiomue kodddunuentsr Pypbe GyHKIMN S.
Bomee Toro, yaursiBas, 4TO P HEU3BECTHO, BBEIEM POOACTHBIN PUCK

3necn

7>:={p20:/ma:p(x):O m /+mw2p(x)é<}

— 00 — 0o

MIPEICTABIIeT COOOH CeMeiiCTBO BEPOATHOCTHBIX PACIPEIETEHUH ¢ HEKOTO-
PbIM (PUKCHPOBAHHBIM HEU3BECTHBIM ITOPOroM gucmepcuu ¢ > 0, KOTOPbIi
MOXKeT OBITh MEJJIEHHO BO3pacTaloliei (pyHKImeit or yncsa HabIoaeHuii n,
T.e. ¢ = G (n), Takas, 4To s Jwdoro >0

lim n~P¢.(n)=0.

n—oo

OueBuIHO, 9TO TayCcCcOBCKOe pacnpesenenue ¢ napamerpamu (0,¢) npuHa-
aexur P. Ipexnonoxkum, uro xkosdduimentsr Dypoe (01, ...,0,) Hens-
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BecTHO! (yHKIMu S npuHasgexkar n-mepHomy umincy © B R”, omnpese-
JIEHHOMY KaK

@:{z:(zl,...,zn)elR":iajzjzgr}, (4)
j=1

rae a; = e %2 >0,0<a<1,ar >0 — paguyc, KOTOPbII MOXKET

3aBUCETH OT N I = Iy, TAKOH, 9TO Jyis T060ro € > 0
r, =o(In'™n) mpu n - occ.

2. IIpomeaypa onmeHuBaHusd

st onenuBanvs nenssectHol dyakuun S B (1) ucnonb3yercs eé pa3sio-
xenne Qyppe (2) 17151 HeKoTOpbIX GasucHeix dyHKIMit (V)), < <, Hampu-
Mep, MOXKHO HCIIOJIb30BATh TPUTOHOMETPHUIECKUH WIH CILIAWHOBBIA Oas3wmc,
onpenenenusiii B [5]. CHadana onenuBaeM koabduimentst (0;)1<j<p € HO-
MOIIBIO METO/IA HAMMEHBIINX KBAIPATOB

~ 1 <&
0; = (¥5,9), = ﬁz Yi(t) i -
=1

3areM cOrsacHO METOMY B3BEIEHHBIX HAMMEHBINX KBAaparoB [6], ompeme-
JIieM TIPOIEyPY OIE€HUBAHUA

S*(t) =Y vlivit), teT, (5)
j=1

e n. = [(25) "V (Inn) /) + 1, v, = 1 — e " =3") u mapamerpst s u o
BBezieHbl B (4).

3. OcHOBHBIE pe3yJIbTAThI

CHauaJia uccieayercs BepxXHsis IPAHULA JJist pUcKa (3) cOOTBETCTBYIOLIAs
orenke (5).

Teopema 1. s nwobbix ¢ > 0 un 0 < o < 1 poOACTHBIN PUCK OIEHKT
(5) momyckaeT CJIAYIONLYI0 BEPXHIOK TPAHHUILY

limsup v, sup R*(S*,5) < (25)~ Y/,
n—o00 0cO
e kosbdumuent v, = n(lnn)~*/q,.
s m3yuenus cBoiicTBa 3hhEKTUBHOCTH BBEIEM KJIACC =, — BCEX OIlEe-
HOK S,, H3MEPHMBIX OTHOCHTEIBHO o{y;, 1 < j < n}.
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Teopema 2. PobGacrhbiii puck (3) JOIycKaeT CJIeAyOILy0 HUKHIOI
rPaHAILY
liminf v,, inf sup R*(g, S) > (2)" M,
n—oo SEE, 0€0
13 3Tux TeopeMm BBITEKAET CIAeAyIoNiee CBOMCTBO 3P HEeKTUBHOCTH.

Teopema 3. Ouenka (5) asiserca acumnrorudecku 3hGEKTUBHOIA,
TO €CTb

inf sup R* (S,5)

iy 9€En €O _,
n—oo  sup R*(S*,S5)
6co

u, 6osiee TOTO,
lim v, sup R*(S*,S) = (2s)" /.

st mogienn (1) onTuMasibHast CKOPOCTb CXOAUMOCTH JIJIs IapaMeTprYe-
CKHUX 3a/a49 PaBHA n‘l, TYT IOy 9€Ha n_l(ln n)l/o‘, T.€. IIOYTH IHapaMeTpu-
9eCKasi CKOPOCTh CXOIWMOCTHU C TOYHOCTBHIO 0 JIOTAPU(DMUIECKH BO3PACTA~
romero koddurmenta (In n)l/ @ T.e. 9Ta CKOPOCTh OBICTpee, deM N~ 1
m06bix 0 < vy < 1. [Tosromy nponeaypa onenuBanus (5) Ha3bIBAETCA CyIHIep-
3¢ PeKTUBHOIH.

3akJiroueHue

B crarbe g mozenu (1) upeagioxkena cynepaddekrusnas pobacrHast
HEMApaMEeTPUUIECKast OIEHKA, [IJIsT KOTOPO# PODACTHBIN KBAIPATHIHBIN PUCK
CTPEMUTCS K HYIIO ¢ OOjiee BBICOKON CKOPOCTHIO, deM JII00asi CTermeHHasd,
B CMBICJIE HEMTAPAMETPUYECKONH MUHUMAKCHOM ckopocTu. Creayer momaaepk-
HYTb, YTO JJid IIPE/IJI0KEHHOM OIEHKN PUCK BBIYUCJIEH B ABHON aCUMIITOTH-
4qeckoit (popme, obecnednBasi TOYHYIO KOHCTAHTY, KOTOPAs sIBJIS€TCS MUHU-
MaJIbHOW CpeJiu HOPMUPOBAHHBLIX KBa/IPATUYHbBIX PUCKOB BCEX BO3MOZKHDIX
TPOIE/Iyp OIEHMBAHNS, OCHOBAHHBIX HA HAOMIONEHNAX Y = (Y;)1<j<n. DTO
O3HaYaeT, 4To JJId JAHHOM Mojean KoHcTaHTa lInHCcKepa HalineHa B ABHOM
BH/IE.
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CTOXACTUYECKHMWE MOJJAEJIN 3AIITNTBHI
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IIpenoxkensr MaTemaTwdeckue Momean HHQPOPMAIIMOHHON CHCTe-
MBI, 3ANIUIIEHHON C BEPOSTHOCTHIO 1 OT yrpo3 mWHOOPMAIMOHHON
0e30I1aCHOCTH HA OCHOBE KJ1acCu4ecKoit monenu Jlargecrepa 60pb0bI
IBYX IPOTUBHUMKOB 1 Kjaaccudeckoit SIR—monenn. s mocTpoenus
Mozesieil NCIIOJIb30BAH METO/[I IIOCTPOEHUS CUCTEM CTOXACTUIECKHUX
mddepeHnaabHBIX YPaBHEHMH ¢ 33JaHHBIM HAOOPOM MHBapHaH-
TOB — II€PBBIX MHTErpaJioB. B KatecTBe HMHBAPMAHTOB PACCMATPH-
BalOTCA CBOMCTBa MHMOPMAIMOHHON CHUCTEMBI, KOTOPbIe HEOOXOIu-
MBI [JIsT €€ PabOTOCIIOCOOHOCTHM B YCJIOBHUSIX DEATTM3AINN PA3JIN-
HBIX creHapues arak Ha V1C. Kurogessie ciaoBa: modeav Janue-
cmepa, SIR-modeas, urndopmayuonnas 6e30NaACHOCMY, CMOTACNU-
YECKaA MOJEAD 3AULUMDL UHPOPMAUUY, NPOZDAMMHOE YNPALEAEHUE C
sepoammocmovio 1

Bsemenue

Pacemarpusas 3amury C ot yrpo3 mabOpMannonHoii 6e30macHOCTH
(YUB) kak AMHAMHYECKYIO CHCTEMY, MOXKHO IIPEJIIOJIOXKHUTh, YTO CyIle-
CTBYIOT MOKA3aTeJU, COXPAHEHHE 3HAYEHUI KOTOPBIX T'OBOPUT O TOM, YTO
NC naxonurcst B 3ammineHHOM cOCTOsiHUU. C MATEMATUYECKON TOYKH 3pe-
HUsl JAHHBIE MMOKA3ATE]W MOXKHO PACCMATPUBATH KAK IMEPBBIE HHTETDAJIBI
(nuBapmaHThl) [1], HA OCHOBE KOTOPBHIX MOXKHO MOCTPOUTH MOJENb 3alAThI
UC 8 Bune CAY Uro [2, 3]. Maremaruveckass mozxens UC, nocrpoennas
HA OCHOBE COXPAHEHUs € BEPOATHOCTHIO 1 ITWX WHBAPHAHTOB, MO3BOJIUT B
PeKMME PEAIbHOrO BpeMeHu orpaxarh (6J10KMPOBATH) OMACHBIH BXOAAIIN
uHGOPMAIMOHHBIH TIOTOK. B padorax [4, 5] paccMaTpuBainCh N MCCIeI0Ba-
JINCh MOJIEJIN TIOCTPOEHUS PACCMATPUBAJINCH U UCCJIEIOBAJINCH «?KECTKAT» 1
«MsITKas» MOJIETH MOCTPOEHUS 3AIUThI OT yrpo3 1B, ocHOoBaHHbBIE HA KIac-
CHUY€eCKOil MaTeMaTu4deckoit monesn Boiubl Jlandecrepa. B mannoit pabore
[IPEICTABIIEH OOl 0IX0/T K IOCTPOSHHUIO Mojeedt 3amursl oT yrpo3 b

PaBora BbImOJIHEHA IpU YacTHYHON noepxKke Munnudpsr (npoekr 22/23-K).
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HA OCHOBE KJIACCHYECKUX MoJieseil Boiubl Jlangecrepa u SIR-monenu, ¢ uc-
noJsib3oBanueM Merona mnocrpoenus cucrem CIY ¢ 3a7aHHBIM HAOOPOM WH-
BapuaHTOB. B KadecTBe MHBAPHAHTOB PACCMATPHUBAIOTCS CBOMCTBA UHGOD-
MAITMOHHOM CHCTEMBI, KOTOPhIEe HEOOXOAUMBI MJIsi ee paboTOCTOCOOHOCTH B
YCIIOBHSIX PEaJIM3aIlnu PA3INIHBIX clieHapueB arak wa VM C.

1. Croxactuuyeckas mogesb 3ammTbl IC or YUB Ha ocHOBe
moaesaun Jlanuecrepa

Ilox akTHBHBIMH CpeaCTBAMHU 3AIMUTHI UHMOPMAIUH OyaeM MOHHMMATD
TaKHe CPEJICTBA 3AIIUTHI, KOTOPbIE B TEKYIINN MOMEHT BPEMEHH CIIOCOOHDI
MPOTUBOEHCTBOBATE TIOCTYAOINEH yTrpo3e.

HNcnonb3yem kiaccndeckyio Mozens Jlandecrepa [6]. B pamMkax 3Toii Mo-
JIeJTA OTUIIEM WCCIeayeMyio 3aiady. IlycTh cTOpoHa — <«HApyUIIUTENlb» B
MOMeHT Bpemenu ¢ ocyuecrsisier u(t) cuenapues yrpo3d UB, ucnonbsys
ys3sumoctu obbekros uudopmanuonnoro sosueiicrsus (1IB). Cropona —
«3alUTHUK > uMeer zg 00bekTos VB u at) akTMBHBIX CPEJCTB 3alUThl UH-
dopmanuu (C3UM). Tox Bo3aeiicTBEEM OCYNIECTBIEHHBIX CIIEHAPUEB YTPO3
qncsio 00bekToB 1B z(t) Moxker m3MensiTbes [4, 5.

[IpeamonokumM, 9TO HAPYIIIUTEIIO U3BECTHO KOMMYIECTBO oObekToB VB
u ucnoab3dyembie C3U, uro coorsercrByer orpanuuenusim: u(t) < zo u
a(t) < zp. Torpa cucrema nuddepeHinaibHbIX ypaBHEHUIT, Y IUTHIBAIONIAS
JVHAMUKY U3MEHEHUs YNCIa AKTUBHBIX CPEICTB 3AIINThI HH(MOPMAIINY O,
Bozzeiicteuem YUB, Gymer umers BUI:

=—a-a(t)+b-u(t),
at = _u(t) +5- (ZO - Z(t)) ) (1)

dolt) _ o (u(t) — aft)),
2(0) = 20, a(0) = ao,

rae a (0 < a < 1) — koapduiment 3dbHEKTUBHOCTH CPEICTB 3aIUTHI UH-
dopmanyn, b — K03QGUINEHT HHTEHCUBHOCTH TOSBICHNS HOBBIX CIIEHAPH-
eB yrpos,  — Ko3pPUUUeHT HHTEHCUBHOCTU BOCCTAHOBJIEHUsI OO'bEKTOB UH-
bOpPMaIMOHHOTO BO3AEHCTBUS, 7 — KOI(DMDUIINEHT HHTEHCUBHOCTH BBO/IA, HO-
BBIX aKTHUBHBIX CPEICTB 3aIlUThl WH(MOPMAIUH.

HeuyscrBurensnocts IC K BHelHEMY BO3JeHCTBHIO Oy/Ie€M COIOCTAaB-
JATh C HEKOTOpbIMU uHBapuantamu — byukuuamu s (¢, u(t), z(t), a(t)) u
v (t,u(t), 2(t), a(t)), KoTopble OyAyT COXPAHATH HOCTOSHHOE 3HAYECHHE. Y 9u-
TBHIBAsI CJIyYaiiHOCTH BO3HUKHOBeHUs yrpo3 UB, mns 6Gojee amexBarTHO-
ro omnucanus, BHeceM B Momenb (1) ciayuaiinoe ciaraemoe B BUIE BH-
HepoBckoro npornecca w(t). s coxpanenus HEOOXOAUMBIX WHBAPUAHTOB
s(t,ult), z(t),a(t)) u v(t,u(t),z(t), a(t)) Momenn co ciydallHOCTbIO BBe-
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JeM B cucreMy ypasHenwii ¢ynkuumio — komnencarop PCP1 (mporpamm-
HOe yrpasienue ¢ sepoaToctbio 1): J(t) = 7 (t,u(t), z(t), a(t)). Yanrsisas,
9TO HA BXOAAITUN NHOOPMAIMOHHBIN [TOTOK MBI HE MOXKEM BO3/1€fICTBOBATD,
yIpasJjenue OyIeT BHECEHO TOJIHKO BO BTOPOE U TPEThE YPABHEHU ST CUCTEMBI.
Torma croxacTuveckas MOJENb, COOTBeTCTBYIOmAast (1), umeer Bu;

du(t) = (—a-a(t) +b-u(t))dt + ri(t)dw(t),
d(t) = (—ult) + 8- (20 — (1)) + Jo(D)) dt + ra(du(®), ()
da(t) = (7. (u(t) — a(t)) +33(t)) dt + 3 () dw(t).

Jlisi ompesie/len s yIpaBieHui jo(t) u js(t) HEOOXOAMMO MOTPOMTH
cucremy CJY HWro [2] ¢ mepebivu umuTerpamamu s (t, u(t), z(t), a(t)) u
o (t, u(d), #(1), a(t)).

B kauecrBe nepsbix unrerpasios Js cucrembl CIIY — uHBApUAHTOB MO-
JIeJI — BO3bMeM, Harnpmep, byHKIuN:

s(tu(t), z(), alt) = at) —u(t) + 1, 3)
v (t,u(t), z(t), a(t)) = z(t).

Boibop nepBoit pyHKIHH OOBLACHAESTCA TEM, 9TO [JIiA MOAIEPKAHUSI BBICO-
koro yposast 3amuTbl VIC or YUB, He0GX0MMO MOCTOSHHO aHAJIN3UPOBATH
OCTyHAIONME yrpo3bl U BBOAuTh HOBble akTuBHble C3U. Bropas dynk-
IUsi HeOOXOAUMA B KQUeCTBE WHBAPUAHTA IO MPUYWHE TOTO, UYTO TpedyeTcs
paborocmocodras C, T.€. HEM3MEHHOCTh KOJNIEeCTBa 00bHeKToB VB.

Corsacuo asropurmy [2], B KauecTBe JAONOJHUTEIHHONR U TPOU3BOIHHOMN
BO3bMEM, HalpuMmep, QyHKIuT

g (£, u(t), 2(t), a(t)) = a(t) — 2(t) + e, (4)
qoo(t, u(t), 2(t), a(t)) = u(t) — a(t).

ITocrpoennas cucrema CIY ¢ unBapuanramu (3) u Gyukuusmvu (4) Gy-
JIeT UMETh BUI:

du(t) = e~tdt + (alt) — u(t)) duw(t),
dz(t) = 0, (5)
da(t) = e~ tdt + (a(t) — u(t)) dw(t).
Tlonyaaem:
h@) u(t) — 8- (20 — 2(t)),
L ) ey, ©
Taxkum obpaszom, cucrema CY ( ) ¢ HauaIbHBIME yeaoBusmu z(0) = zo,

a(0) = ag u ycioBusmu (6) mpeacTaBisgeT CTOXaCTUYECKYI0 MOJEJb 3allly-
et IC or YUB, nocrpoenuyo Ha ocHOBe Momenu Jlandecrepa, B KOTOPOit



56 O. B. Pbibkuna, E. B. KapadaHckas

COXPaHAIOTCHA € BeposaTHOCTHIO 1 muBapuantsl (3). Menss 3navenus napa-
METPOB @, [3, ¥, MO’KHO HUCCJIEIOBATH MOBEJIEHUE MOJIENIH MIPU 33 JAHHOM 3HA-
YEeHUU 2q.

2. Moaeab nHPOPMAIIMOHHON CHUCTEMBbI, 3AIITUITEHHON OT
pacipocTpaHeHns KOMIBIOTEPHBIX BIPYCOB C BEPOITHOCTHIO 1

JL71s MOZeMMpPOBAHUS STUIEMUN KOMITBIOTEPHBIX BUPYCOB BOCITOIH3yEMCS
KJIACCUYECKON OMOJIOTMYECKON MOJEIbI0 PACIPOCTPAHEHUS] BUPYCOB, MPEI-
noxennoit B 1927 r. V. Kepmakom n A. MakKenapukom (SIR-mozens) [7].

st maHHON MOJEN MPEIIOIaraeTcs, ITO O0Iasad IUCAEHHOCTh 00bEK-
TOB WHQMOPMAIIMOHHON CUCTEMBI — BEJINYNHA, TIOCTOSTHHAS:

S(t)+I(t)+ R(t) =1, (7)

rae S(t) — mons ysi3BUMBIX 00beKTOB; I(t) — m0/s 3aparkKeHHbIX 00bEKTOB;
R(t) — nosisi HEBOCIPUUMYUBBIX UM BbLICYEHHBIX OOBEKTOB, 0OJIAAAONIUX
UMMYHUTETOM.

SIR — momennb pacmpocTpanennss HHMEKIINA UMeeT BUI:

dS(t) = —nI(t)S(t)dt,
dI(t) = (nI(£)S(t) — 61(1) dt, (8)
dR(t) = 0I(t)dt,

¢ orpanuyenuem (7), Tae 7) — NapaMeTp MHTEHCHUBHOCTH 3aparKeHus, § —
napaMerp UHTEHCUBHOCTHU BbI3J0POB/IEHUs (CKOPOCTh «UMMYHU3AIULY ).

Ananrupyem monesn (8) auis onucanus uHMOPMAIMOHHON CUCTEMbI, KO-
TOpasi Obla ObI CIIOCOOHA OCTABATHCSA C BEPOATHOCTHIO 1 B BAIUNIEHHOM
COCTOSTHUY, He JIOTYCKAONIEM PAaCITPOCTPAHEHHUS SMUIEMUN KOMITHIOTEPHBIX
BUPYCOB. AHAJIOTMYHO MOJIE/IH, OITUCAHHOMN BbIIlle, BHECEM B MOJEJb (8) Ciry-
YalHOCTh, ONPEJIEJISIONyI0 BHEIIHNE BO3/eHCTBHS, HA OCHOBE BHHEPOBCKO-
ro upouecca, u PCP1 — dbyukuuu ynpasaenus §(t) := § (¢, S(t), I(t), R(t)),
obecrieanBaoIye coxpanenne naBapuanToB mojenu. Tak kak B IC umeem
OLIPE/IEJIEHHOE KOJMYECTBO 00BEKTOB, TO yCjoBue, 11opoxiaemoe (7), saBJisi-
€TCsT eCTECTBEHHBIM OTPAHWYEHUEM TPH MTOCTPOEHNN MOJIEJIN:

h(t,5(t),1(t), R(t)) = S(t) + I(t) + R(t) — 1. (9)
B kadecrBe dbyHKINH, ONpEIESIONEl BTOPOIl MHBAPUAHT, UCIOJIb3YeM
v (t,S(t), 1(t), R(t)) = S(1), (10)

KOTOpasi MO3BOJIUT COXPAHUTH HEM3MEHHOCTH OJU YSI3BUMBIX OOBEKTOB U
HE JIOIYCTUTD UX 3apParKeHUd, TeM CaMbIM JIMKBUIUPOBATH PACIPOCTPAHEHNE
SMUIEMHUU.
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B nauambublii MoMeHT Bpemenu tg dyaxmmu (9) u (10) npuruMaoT mo-
CTOSIHHBIE 3HAICHUS:

h(to, S (to), I (to) , R (to)) = S(t) + I(t) + R(t) =1 =Cy =0
v (t,S(t),I(t), R(t)) = S(t) = Cs,

KOTOPbIE JIOJI2KHBI COXPAHATbHCS C BEPOSATHOCTHIO 1.

IIycts B IC obHapy»keHbl BUPYCHI B MOMEHT BpeMenu t = 0, B cucreme
So % ya3BAMBIX 0OOBEKTOB, IPU 3TOM CHCTEMA OCTAETCSA B pAbOTOCTIOCOGHOM
cocrostamu. Torma momens VIC, 3amuIernHoit 0T pacipoCTPAHEHUsT KOMITBIO-
TEPHBIX BHPYCOB C BEPOSITHOCTHIO 1, OymeT mMerhb BUI;

4S(6) = (=T (OS() + 1 ()it + ra(O)du(t),
A1(t) = GIOS() —nl(1) + Bo() i +raOdult), j)
dR(t) = (61(t) + g5(t))dt + r3(t)dw(t),
S(0) = Sp.

BribpaB, nampumep, B KA9eCTBE JOMOJHUTETHHON (DYHKITAIO
g(t.S(t),1(t),R(t)) = I(t) + €',

W, B Ka4eCcTBe MPOW3BOILHON qoo (¢, S(t), I(t), R(t)) = S(t), mocrponm cucre-
my CIY c unsapuantamu (9) n (10):

dS(t) =0,
dI(t) = —etdt + S(t)dw(t), (12)
dR(t) = etdt — S(t)dw(t).

¢ yupasneranem PCP1 4(t) = §(t, S(t), I(t), R(t)) Buna:

jo(t) = —e* — nI(t)S(t) + 81(t),
{ ’ 93(t) :Zt —o1(¢). (13)

IMosegenne nocrpoennoit mogenu (11) ¢ yupasienuem (13) MoxkHO nccie-
JIOBATh TIPY PA3IWYIHBIX HAYAJBHBIX yCIoBHUsiX. Hampnvep, Korma B Hada b-
HBIl MOMEHT BPEMEHH JI0JIN YSI3BUMBIX OObEKTOB W 3aPasKEHHBIX OJIHHAKOBA,
60 JONIA YSA3BUMBIX 3HAYUTETHHO TIPEBBIMIAET JIOMTI0 3aPA’KEHHBIX, & TaK-
2Ke, KOTZIa J0JIsT 3aPAKEHHBIX 3HAYUTEIBHO TIPEBBIIAET J0JIO ysI3BAMbIX.

3akJiroueHue

IIpesiozKeHHBIE CTOXACTHIECKUE MOJENH Y YU THIBAIOT CJIy YaHOCTD BHEIII-
HUX BO3IEHCTBUI HA WHQOPMAIMOHHYIO CHCTEMY, KOTOPAs MOMKET OKA3bI-
BaTh CYIIECTBEHHOE 3HAUEHNE HA ee (DYHKIMOHUPOBaHUE. BHeceHne ymnpas-
snernnst PCP1 B mocTpoeHHbIe MO/IE/ N TIO3BOJISET C BEPOSITHOCTHIO 1 TPOTHUBO-
CTOATH TOMY BHeIIHeHy Bo3zaeiicTeuio. Momens 3ammurentoit or yrpo3s b
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MHMOPMAIIMOHHOM CHCTEMBI, TOCTPOEHHAS HA OCHOBE Mojenu Jlamdecrepa,
YUYUTBIBAET TeKylree cocrosuue 3amumendocru VC u cnocobHa MrHOBEHHO
pearupoBaTb Ha U3MEHEHNE 3TOI'O COCTOAHNA. Hpe;momeHHaﬂ MOJeJIb 3aln-
mennoit IC, moctpoennas Ha ocHoBe momenu SIR, mMO3BOJXAT HE HOMYCTUTH
PacIpOCTPAHEHUS SMUAEMUN KOMIIBIOTEPHBIX BUPYCOB IIPU YCJIOBUU COXPa-
HEHMS TOCTOSHHBIX 3HAYEHUN (DYHKITH, B3ATHIX B Ka9eCTBe WHBAPHAHTOB.
AHaJ[I/IS IIOJTYY€HHbIX MO,JeIIefI IIOKa3aJl BO3MOXKHOCTb UX IIPDUMEHEHHA IJIA
3amuTbl HOOPMAIMOHHON 6€30IaCHOCTH.
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NCIIOJIb3OBAHUE CBOMCTBA
®PAKTAJIbBHOCTIU CETEBOTO TPA®UMKA
J1JISI BBIIBJIEH S AHOMAJIN

H. . Cocenosa', E. B. Kapauanckas?®

! Tuzookeancruti zocydapemeennni ynusepcumem, 2.Xabaposck, Poccus

2 Tanvresocmounnd zocydapcmeennsill yrusepcummem nymet coobuyenua,
2. Xabaposck, Poccus

Ilesbro manHOM pPabOTBHI sABIAETCH Pa3pabOTKAa CTATHCTAYECKOrO
MeTO/a BBLISIBJICHUS aHOMAJIMII CeTeBOr0 Tpaduka, OCHOBAHHOTO B
TMEePBYIO 0Yepenpb Ha ero (pakTagbHOM mpupose. Pemenune o mop-
MAaJIbHOCTH WJ/IM aHOMAJIbHOCTH TPadUKa IPUHUMAETCH UCXOId U3
TIOTIA,TAHUS PACCINTHIBAEMBIX [IAPAMETPOB, B TOM UHCJIE U TapaMeT-
POB, TIOKA3BIBAIOININX CTEEHBb CAMOITIOI00MsT, B HEOOXOAUMBbIN Thatia-
30H 3Havenuil. Ha ocHoBe manuoro Meroma pa3padoTaHO MPOrpamMM-
HOe obecriedenye sl BBISIBJICHUST QHOMAJINI HA YPOBHE yCTPONCTBA.
Pazpaborammoe mpuiokeHne IpoNio TECTUPOBAHNE U YCIEITHO BbI-
fABJIgeT KAK KPATKOCPOYHbBIE, TAK U IPOIJOJIKUTE/IbHbIE M3MEHEHUS
B noBegennu Tpaduka. KirodeBble cioBa: dipaxmanvrocms, no-
xaszameavr Xépema, RS/anarus, anomaruu 6 cemesom mpagdure

BBemenue

Honroe BpeMms cereBoil TpauK PACCMATPUBAIN C MOMOIIHIO TPATATIH-
ouuoit mozenu IlyaccoHOBCKOrO mporecca, OCHOBHBIMHU CBORCTBAMEI KOTOPOM
SIBJISLTUCH: CIYYIaifHOCTh W HE3ABUCUMOCTH COOBITHI, MTOCTOSTHHAS WHTEHCHB-
HOCTB, IKCIOHEHIMAIbHBIE WHTEPBAJIbI MEXKY COOBITHSMHU W OTCYTCTBUE
JIOJITOCPOYHOI 3aBucuMOCTHU. JlaHHAsS MOAENb ABJISIACH JOCTATOYHO TIPO-
CTO#, HO HE MO3BOJISAIa OTPA3UTh peabHoe moBemenne Tpadura Ethernet-
cersx.

B 1994 roay Leland, Taqqu, Willinger » Wilson omybankoBau crarbio
«On the self-similar nature of Ethernet traffics, B Koropoit moka3zasm, aTo
cereBoit Tpaduk, B dactHocTH, Ethernet-tpadux, obsamaer cpoiicTBamu,
XapaKTEPHBIMU 715 (PPAKTAIIOB: CAMOIOI00MEM U JOJITOCPOIHON 3aBUCHMO-
crbio. MccnenoBarenn nmpoananu3uposaiu Ethernet-rpaduk B pa3andHbIx
BpeMEHHBIX MacinTabax B peajbHBIX yCIOBUSIX B KamiycHoit ceru Bellcore,
7 3ahUKCHPOBAJIN CJIEIYIOIINE BHIBOIBI:

1) HesaBucumo or macurraba nabuogenus (MUILIUCEKYH/bI, CEKYH/IbL, MU~
HYTBI) CTPYKTypa Kojebanuii Tpaduka COXpaHsIeTcs.
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2) Asrokoppesnsuus Tpaduka He yobiBaeT GHICTPO, KAK Y MyACCOHOBCKOIO
porecca, a CuaJaeT MeIJIeHHO.

B xone uccnenoBanus JaHHON TEMbI JPYTUMHU YIEHBIME (DPAKTATBHOCTh
Obia obHapyzKeHa He TOJbKO B Jiokaubhbix cersx (LAN), o u B maru-
crpasibHbix Kanajax nepejgauu ganubix (WAN), rpaduxe Unrepuera, B Tom
YUCTIe B MOBEIEHUN TOJIL30BATENel BeO-0pay3epoB, ceccusx 3arpy3ku (aii-
JIOB, TIOTOKOBOM BHI€0 U JApyrux (opmax mudposoit aktuBrHOCTH. OTKPHI-
e PPAKTATBHOCTH CETEBOTO TpadhUKa MOTYUUIO MTUPOKOE TPUMEHEHUE B
[IPOEKTUPOBAHUY CeTell, OIIEHKE KAYeCTBA OOCTYKUBAHUM ¥ MHOTHX JIPYTHX
HAIPABJICHUSIX.

B mamrOM uccnenoBaruu (HhpaKkTaIbHOCTH CETEBOTO TPAMUKA UCTOIB3Y-
eTCcs Jjis OIIEHKN HOPMAJIBHOCTH ¥ QHOMAJIbHOCTH TpadUKa C TOYKHU 3PEHUS
BOIPOCOB MHQPOPMAIMOHHOI 6€30MAaCHOCTH.

1. ®pakTajapHasg NpUPoa cereBoro rpaduka

Tpadur B cOBpeMEHHBIX KOMIBIOTEPHBIX CETSIX 00JaTaeT CaMOIOm00H-
€M ¥ JIOJTOCPOYHOM 3aBHCUMOCTHIO. DTH CBOMCTBA MPEAIIOIATaIOT, YTO I[M0-
Besnenue Tpaduka Ha OOJBIINX BPEMEHHBIX MHTEPBAJIAX COXPAHSET Ty Ke
CTATUCTUYIECKYIO CTPYKTYPY, 9TO U HA MAJIBIX, U OMUCHIBAIOTCS C MTOMOIIHIO
dbopMaTBLHOTO TIOHATHUS CAMOIIONO0OMS 10 PACIIPE/IETEHNUIO.

ITycrs X (t) — cranuoHapHbIl CTOXACTUYECKUI TIPOLIECC, MOAETUPYIOIIUiT
obbeMm Tpaduka 3a Bpems t. Torma mporecc HA3BIBACTCA CAMOIIOMOOHBIM C
nokazaresiem Xépcra H €(0;1), ecau mis 1:060ro a > 0 BbIIOJIHAETCH:

X(a,t) ~afT X (1), (1)

rjie ~ 00603HAYAET PABEHCTBO O PACIIPE/IETEHUIO.

IMapamerp Xépcra (H) - oquH U3 KOJIMYECTBEHHBIX CIIOCOOOB OLEHKU
dpakragbHOCTH. B 3aBUCHMOCTH OT 3HAYEHUS MApPAMETDP XEPCTa, OMPeIeIsi-
eT KJacCu@UKAIMIO CIydaifHOro mporecca:

1) Besblii myM wiv HEKW HE3ABUCUMBIN, CIIydaliHBIH TPOIECC.

2) Po30BbIil TIyM WM AHTUIEPCUCTEHTHOCTDb (TO €CTh PsiJl MEHSET HAIPAB-
JIEHUE Yallle, YeM DAl CIyYaiiHbIX HE3aBUCUMbBIX BEJIUYUH).

3) YepHblil IIyM WM HEPCUCTEHTHOCTb (TO €CTb BPEMEHHON Dsi/i Xapak-
Tepusyercs 3GbdEKTOM JOJTOBPEMEHHON MAMATH U MMEET CKJIOHHOCTH
CIIEJIOBATH TPEHIAM ).

s Ethernet-rpaduka sT0oT MoOKasaresib, KaK MPABUIO, HAXOAUTCA B
muanaszone 0,7-0,9, 9TO yKa3bIBaeT Ha BBHIPAXKEHHYIO (DPPAKTATIBHYIO CTPYK-
Typy-

Ucnonb3oBanne pakTagbHBIX CBOHCTB ceTeBOr0 TpaduKa CTAI0 BaXK-
HBIM HAMPAaBJIEHHEM B 33/a9aX OOHADYKEHWsS CETEBBIX AHOMAJIAN W aTaK,
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rakux kKak DDoS, ckaHupoBanme ceTd, yredka JaHHBIX U T.J. [I0CKOIbKY
HOPMAJbHBIN ceTeBoil Tpaduk 0bIamaeT yCTONINBBIMU (PPAKTATLHBIMHA Xa-
PAKTEPUCTUKAMEU, OHU MOLYT ObITh MCIOJIb30BAHBI KAK ITAJIOH IIOBEJEHUS,
OTKJIOHEHWsT OT KOTOPOTO YKA3BIBAIOT HA BO3MOXKHYIO aHOMAa M. Tak, Ha-
MpUMep, B CAMOM TIPOCTOM CJIy9ae Pe3KOe CHUXKEHWE WV TMOBbIeHne H
MOXKET CBUIeTebCTBOBAaThL 0 DDoS-aTake unu nepegade GOJbIINX JAHHBIX.

B mannoMm mccmemoBamnn ppakTATbHOCTD CETEBOTO TPAGUKA UCIOTH3Y-
ercs Jjisg OOHAPYKEeHUsI AHOMAJIUN HA OCHOBE CKOJIB3SIIEr0 OKHA.

2. Pacuyer mokazaTtessa Xépcrta

B kauecTBe MoOKa3aTess HOPMAJIHLHOCTH CETEBOTO TPadUKA, KOTOPHIH ObI
MOT B TIOJTHON Mepe Mepe OXapaKTepu30BaTh ero o0Iee COCTOsTHIe, KaK yiKe
YIOMHUHAJIOCh paHee, ObLI BBIOpaH MOKa3arTejab XEpCTa, pacyéT KOTOPOro
MIPOUBBOIUICS METOJIOM HOPMHPOBAHHOTO pa3zmMaxa.

Pacuér mapamerpa Xépcra MOXKHO pa30UTh HA CIE€IYIONIHME STAIIDI.

st MCXOMHOro psijia, Sy HOCTPOUM PsiJi IIPUPAIIEHII:

Nt == St - St—1~ (2)

Pazmenum mosydeHHBIN psifl TPUPAINEHU HA A CMEXKHBIX TTEPUOIOB JJIHH-
HOU N W OTMETHM KaxKJblil epuon kak I, rme a = 1,2, ..., A. Onpegennm
JUTS KaXKI0r0 I, cpeimee 3HAYEHUE:

)=~ 3 Nia 3)

BpemenHo#i psiji HAKOIJIEHHBIX OTKJIOHEHUIT OT cpe/iHero 3uadenus ™ (t, n)
JUIsE KaXKJI0ro I, onpejesimm Kak:

2 (n,t) =Y (i) — T(n). (4)
Jna kaxkaoro I, ompeaennM pasMax KyMyASTHBHOTO PAIa:
R, = max(x,a) — minzy, a. (5)

Paccuunraem BbIOOpOYHOE CTAHIAPTHOE OTKJIOHEHUS /s KaxKa0ro I, :

S() = \| =5 O (@) — a2, ©)

i=1

Hopwmuposanublit pa3max B TedeHue Kaxkaoro I, paBeH % Cpe/nee 3Ha-
qeHue HOPMUPOBAHHOI'O pa3dMaxa Jijid MOJANEPUOA0B JJIUHBI NI OIPeIeaeTcs
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KakK:
A
E(’ﬂ) — l Z Ra(n) (7)
5 A 25, ()
BHaLIeHI/Ie BbIYUC/IAETCA KaK TaHI'€HC YIJIa HaKJIOHA HpHMOﬁ AIIIIPOKCUMU-
R(n)

pyroineit 3aBUCUMOCTD log Sy OT log n.

JIljisi moCTpOeHUsT aIIPOKCUMUPYIOIIEH 3aBUCAMOCTH JIMHEHHOW (hyHK-
IUA U HAXOXKJEHNA TAHTEeHCA yIJIa HAKJIOHA NPAMOHU HCHOIb3YyeTCd METO,
HAMMEHBITNX KBaIPATOB.

Ilocne monyvenuns anmpoOKCHMHPOBAHHOIO MapaMmerpa XeépcTa s re-
HEPAJILHOW COBOKYITHOCTH, BBIPA3UM KOHCTAHTY & W3 OCHOBHOW (DOPMYIIBI
RS-anasm3a:

i
a=e¢m NN, (8)

B panbueiiimem pacder mapamerpa Xépcra npoussoautcs mo ¢gopmyie RS-
aHAJIM3a C UCIOJIB30BAHUEM [TAPAMETPA @, PACCIUTAHHOIO JJIs TeHEPATHLHON
coBokyunocru 110 (opmyJe (8).

3. KpaTKoe onmmcaHmne MeTo/Ja BbIdBJICHUA aHOMAaJINi
MeTO,ZL COCTOMT M3 TPEX OCHOBHBIX 3TAIIOB!:

1) Boifop onTHMabHBIX IAPAMETPOB /Uit PAcYeTa ITAJOHHbIX 3HAYEHUIA.

2) Pacuer 91ajoHHbIX 3HA4YEHU, ¢ KOTOPbIMU OYIeT IPOM3BOAUTCI CPABHE-
HUE CeTeBOro TpadWKa MpPU BHISIBJIEHUN AHOMAJIWIA.

3) Obuapyxkenue aHomajuii cereBoro Tpaduka B pesKUMe BPEMEHU OJiu3-
KOM K peaabHOMY.

[ToBemenne KaxK A0l CUCTEMBI MHAWBUIYAIBHO W MOITOMY TOAO0OD TMapa-
MEeTPOB SBJISIETCS OJHUM W3 CAMBIX BaXKHBIX MTAr0OB MPE/JIAraeMOro METO/IA.
B kagecTBe mapamerpoB, MoAO0P KOTOPBIX HEOOXOAMMO ITPOU3BECTH BBICTY-
[A0T:

— KOJHUYIECTBO MpOoduIeii HabII0IeHN;

— obrmee BpeMs HabmoAeHus 1

— mar HabIIoAeHus t;

— pa3Mep M KOJIHUYIEeCTBO OKOH HAOJIIOIEHMWS.

Onupasich Ha TEOPETHYECKHE OCHOBBI MATEMATUYECKON CTATUCTHKH, & TaK-
7K€ Ha, CEPUI0 TTPOBEIEHHBIX YKCIIEPUMEHTOB OBbLJIO BHISBJIEHO, UTO HEIEIECO-
00pa3HO MCMOIH30BATH MHTEPBAJIBI U MATW TAKUX PA3MEPOB, MPU KOTOPBIX
obpasyercst meree 10 smemenToB psga. Kpome Toro, mpu BeIOOpE mapamer-
POB JIO/KHA, OBITH yYTeHA HHTEHCHBHOCTH HOPMAJIBLHOTO CETEBOrO TpadQuKa.

IToce BbIOOpa mapaMeTpoB HAOIOIEHNS HATMHAETCS dTam o0yderus. Ha
yrate 00y4eHus OCYIIECTBILIOTC CJIeLyfolue 1efcTBus:
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1) Pasbuenue na npoduiu, g KaxKI0ro u3 KOTOPBIX OYIYT BBIIOJHEHBI
MOCJIEYOIIHE TIATH.

2) C6op u anauu3 ceresBoro rpaduka, B X04€ KOTOPOrO [IPOU3BOAUTCI PAC-
qger ynciaa diaaros SYN, ACK B equnuily BpeMeHu, paBHYIO IIary, BbI-
OpaHHOMY Ha dTale MoI00Pa TapaMETPOB.

3) TI'pynuupoBKa JAaHHBIX IO OKHaM HabogeHust 1 HOPMUPOBAHUE BHIOO-
POK.

4) lnsi KazK/10i 101y YeHHON BbIOOPKH OCYILECTBIISETCs PACYET 1apaMerpa
Xépcra meromom RS-amanmsa.

5) g KaxK 10 0Ty 9eHHON BHIOOPKH OCYIIECTBIISIETC PACIET apaMerpa
Xépcra meromom RS-amanmusa.

6) Pacuer «zoBepuUTEIBHOIO MHTEPBAJA», IONAJAHME B KOTODLIA Oyuer
MPOBEPSATHCS HA dTAre OOHAPYKEHUS AHOMAJIUHA.

B xo/1e BbIsiBJIeHHs aHOMaJIH ceTeBoro TpaduKa IPOU3BOIAATCA pacde-
Thl, AHAJIOlMYHbIE PacyeTaM Ha 3Tale OOydYeHHsl M IIPOBEPKA BXOXKIEHMS
PaCCYMTAHHBIX 3HAYEHUII B COOTBETCTBYOIIME JOBEPUTE/IbHBIE HHTEPBAJIbL.

Pazpaborannbiii MeTon aHaIN3a aHOMAJHUI CETEBOTO TpaduKa MOKHO
OTHECTH K TPYIIe CTATUCTUIECKAX METOAOB, MOCKOJbKY OH WCIIOIb3yeT
OIIEHKY Ps/Ia CTATACTUYECKUX IMAaPaAMETPOB, OCHOBAH HA, TOJIyKOHTPOJIUPYE-
MOW T€XHUKE BbIABJICHUSA AHOMAJIUN.

B pamkax uccienoBanus ObLIO peajM30BaHO ILPOrPAMMHOE CPEICTBO
Ha s3pike C#, obecrmeunBaroIiee MpUMEHEHNe TPEIJIOKEHHOTO MeTOIa Ha
npakTuke. [IpoBeéHHbIE SKCTEPUMEHTHI TOATBEPAUIN er0 3 HEKTUBHOCTD
¥ YHUBEPCAJBHOCTH: CHCTEMA YCIENTHO BBISBJIAIA AHOMAJIUH DPABIUIHON
IPOJOIZKUTENTBHOCTH M CTPYKTYPBI, YTO JOKA3bIBAET IEJIeCO00Pa3HOCTh UC-
MOJIb30BAHNSA (PPAKTATBHBIX XapPAKTEPUCTUK TPAGDUKA B 331a9aX HHPOpMA-
LIMOHHO 6€3011aCHOCTH.

3akJiroueHne

B ycioBusix mOCTOSTHHOTO TIOSIBJIEHUST HOBBIX U PAHEE HEM3BECTHBIX ATaK
3a/1a9a BbBISIBJIEHUST QHOMAJIMII B CETEBOM Tpaduke OCTAETCS AKTYyaJbHOMA.
Hecmotps Ha HaIWYWe MHOYKECTBA, CYIIECTBYIOIIUX OIXOI0B, DOIBITUHCTBO
U3 HAX OPUEHTHPOBAHBI HA CUTHATYPHOE WX TOBEJEHIECKOE PACIIOZHABAHIE
y2K€ M3BECTHBIX YIPO3, YTO OrPAHHIUBAET UX 3PPEKTUBHOCTD P OOHAPY-
JKEHUU HOBBIX, HECTAHIAPTHBIX BUIOB BO3MEHCTBHUS. B CBs3uU ¢ 3TM 0COOYIO
IIEHHOCTH TPEACTABIAIOT METO/IbI, ONMUPAIOIINECS HA CTATUCTUIECKHUE CBOIi-
cTBa Tpaduka U He 3aBUCSIIHE OT KOHKPETHBIX CUTHATYD.

O HUM U3 KJIIOYEBBIX ACHEKTOB JTAHHON paboOThI sBisercs yder (pak-
TAJIBHON TPUPOJIBI ceTeBOro Tpaduka. @pakTajibHOCTD, BHIPAYKAIOIIAICI B
camMonoao0un U JIOJArOCPOYHON 3aBHCHMOCTH Tpaduka, 0d0ecrnednBaeT cra-
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OUJIBHYIO OCHOBY JIJisl TIOCTPOEHUS ITATOHHOTO MPOMUIT HOPMATHLHOTO 0~
Besierust. OTKIOHEHUS OT 3TOr0 TPOMUIIs CTAHOBATCS WHIUKATOPAMU I10-
TEHIUAJIbHBIX AHOMAJIKI, BHE 3aBUCUMOCTH OT UX CHenu(UKy.
Pazpaboramubrit MeTom 06/1a1a€T BHICOKON 8 allTHBHOCTHIO M MTPOCTOTOI
peanu3aiuu: myTeM HACTPONKY MapaMerpoB HAOJIOIEHUS MOYKHO MOICTPO-
UTh €ro TOJ, PA3JIUYHbIE TUITbI CETEBBIX YCIOBUN U OKUJAEMON AKTHBHOCTH.
DTO e/1aeT BO3MOXKHBIM OOHAPYIKEHUE IMUPOKOTrO CIEKTPa AaHOMATUI — OT
KPATKOBPEMEHHBIX, TAKUX KAK CKAHUPOBAHUE MOPTOB, J0O IIPOJIOJKUATEb-
HBIX ATAK, HAPUMED, PACIPEIEJIEHHOr0 oTKa3a B obcayusanuu (DDoS).
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OBb OIIEHMNBAHIUU NHTEPBAJIA OXBATA

HEIIPEPLIBHOUN CJIYYAMHOM BEJINYNHBI
10 BBIBOPOYHBIM JTAHHBIM

A.B. Crenanos!

! Beepoccuticruti nay«mo-uccaedosamentcruli uHCIMUIMYM MEmMpPos02UL
um. JJ.U. Mendeseesa (BHUUM), 2. Cankm-IIemepbype, Poccus

Paccmarpusaerca Bopoc 06 oneHuBaHuy HHTEPBAJIA OXBATA HElpe-
PBIBHO# C/Iy9ailHON BEJIMYUHBI TI0 BHIOOPOYHBIM JAaHHBIM, KaK B 00-
meM cytdae, IpU OTCYTCTBAX MH(ODPMAIUU O 3aKOHE ee pacipe/ie-
JIeHns, TAK U B YaCTHBIX CJIydasX, 110 KOPOTKUM BbIOODKaM, s
OTIE/IBHBIX CEMEHCTB pacrpesesennii (Ipu 9TOM OIEHWBAHUE TIPO-
M3BOIUTCS Ha OCHOBE BBIOOPOTHOIO pa3Maxa WX CPeIHEKBAIPATH-
YeCKOr0 OTKJIOHEHHs, C UCHO/b30BanueM merona Monre Kapiio).
KurodeBrle cioBa: cAy4alinGgA 6EAUNUHA, BEPOATIHOCTG 0TEGMA,
UHMEPBAA BEPOAMHOCTIU, 6b60POUHBLIT pasmar, memod Monme-
Kapao

BBemenue

OneHnBaHNe MHTEPBAJIOB OXBATA HEMPEPHIBHBIX CIYUYANHBIX BEJINUNH SIB-
JISTETCsT BayKHOM 33a49€il MpU CTATHUCTUYIECKON 00pabOTKe JTaHHBIX, HAIPHU-
Mep, B METPOJIOTMYECKAX TPHUJIOKEHWSAX, [Je WHTEPBAJ OXBATA IMPEICTaB-
JisgeT coboi Muana3oH 3HAYEeHHil, B KOTOPOM C 33JaHHOH BEPOSTHOCTHIO Ha-
XOIUTCH UCTHHHOE 3HadeHue usMmepsiemoii Besmdunbl [1, 2]. Hagum dop-
MAaJIbHOE OIpEENIeHne: UHTepBan (¢1,c) (B Ciydae, KOrma HOCUTETD PAc-
NIpeJIeJIeHnsi OTPAHWYeH, — OTPEe30K [c, c2]) OyZeM Ha3bIBATh MHTEPBAJIOM
OXBaTa, JJIs 33J]AHHOTO YPOBHs BepositHOCTH Py, ecnu F(cg) — F(c1) = Po,
rae F' — yHKOuUS pacupeaenenns pacCMaTpUBAEMOil CIydIaiHON BETHIH-
Hbl. B mamboit pabore mHTEpBaJ OXxBaTa OyIeT PacCMATPUBATHLCSI WMEHHO
B TAKOM <IIPOCTOM» CMbICJIE, [0 CyTH, COBIA/Iasd C UHTEPBAJIOM BEPOATHO-
¢ [3]; TOHKOCTH METPOJIOTHYECKO TPAKTOBKHY [4] He SIBJISFOTCS TTPeIMETOM
paccmorpenusi. O4eBUIHO, YTO WHTEPBAJ BEPOSITHOCTH B TaKO# (opmyiu-
POBKE OIpEessercss HE €IUHCTBEHHBIM 00pa30M, MOITOMY, KakK MTPABUIIO,
OTOBAPUBAIOT JOMOJIHUTEIbHBIE YCIOBUs, CINTAS €r0 OTHOCTOPOHHUM, WA
JIByCTOPOHHUM BEPOATHOCTHO-CUMMETPUYHBIM (LIOJLy YeHHbIM OTOPACHIBAHU-
€M «XBOCTOB» PACIPE/ICJICHUs PABHOTO BECA), UM KPATUYANIITIM 13 BO3MOK-
ubix. Tem He MeHee, HUXKE OYIyT PACCMATPUBATHCS TPOU3BOJILHBIE HHTEPBA~
Jibl oxBaTa (BeposaTHocTH). PaccMorpum Bonpoc 06 ux onenusanuu. CHavaia
paccMoTpum o0IImit Caydail, He KOHKPETU3UPYs BU/T 3aKOHA PACIIPEIEICHHS.
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1. O6 omneHMBAHMU MHTEpBaJia OXBaTa B OOINeM cJiydae

IIpeanonoKum, 410 UMEETCs PACIIPEIEJIEHUE OJHOMEPHO HEIPEPbIBHOMN
cnyJaiiHoit Besmunebl X, o603HauMM F(x) cOOTBETCTBYIONIYIO (DYHKIINIO
pacnpenenenns. Ilycrs nmeercs Boibopka {z; }| 3HaveHuit m3 5TOro pacupe-
JeIeHnsI, 00O3HATINM Z(1y < ... < Z(p) COOTBETCTBYIOMUI BAPUAIMOHHBIN
PAM, U Toin = T(1)s Tmaz = L(n). Ha30BeM OTPE3OK [Timin; Tmaz] OHOPHBIM
Orpe3koM (MHTEPBAJIOM) BbIOOPKHU.

Hasee, momb3ysich TeM GbakToM, 9TO 3HAUeHUs u; = F'(x;) pacrpeienens
paBHOMepHO Ha orpeske [0, 1], MoxkeM cHOPMYIHPOBATEH yTBEPIKICHNE:

VrBepxkaenue 1. lns Toro, 9robbl OTPE3OK [Lmin, Tmaz]| COMEPIKAI
HEKOTOPBIIl OrpaHUYEHHbI WHTEpBAJ OXBAaTa, JJId 3aJaHHOTO YPOBHS BEpO-
ATHOCTU Py ¢ BepOATHOCTHIO, HEe MEHBINEH P, 3HAUeHNe N TOJIKHO YIAOBJIe-
TBOPATL HEPABEHCTBY:

nPyt —(n—-1)PP <1- Pp. (1)

Zloxazameavcmeo. Tpebyercsd mokKa3arb, 9TO IPU BBINOJHEHUH HEpa-
BernctBa (1) ama caywaitnerx BemmanH X (;) (MOPSIKOBBIX CTATHCTHK) BbI-
MOJIHEHO HEPABEHCTBO:

P{F (X)) = F (X)) 2 Po} =1 = P{F (X(n) - F (X@) < Ro} 2 P,

nau P{U(n) —-Uy < PO} < 1- P, rme Uy = F(X(i)). Benuuuna
Ry = Uy — U npencrasiser coboii pasmax BBIOODKH M3 DaBHOMED-
Horo pacupezenenus U([0,1]). Cormacuo [5], pasmax Ry wumeer mior-
nocts pacupegenenus fr(r) = n(n — 1)r""2(1 — r) u dbynkmuo pac-
upesenenus Fr(r) = [i fr(r)dr = nr"=! — (n — 1)r", caenosareinbho,
P{U(n) —Un < PO} = Fr(Py) < 1 — Py, orkyza u cielyer HepaBeH-
crso (1). m

3ameuanme 1. OTmernm TakXKe, YTO, TAK KAK MATEMATUIECKOE OYKU-
namue k-it mopsiakosoit cratuctuku EU ) = k(n+1)"1, 10 maremarnaecoe
OKUJAHUE BEPOATHOCTH OXBATA, BHIYUC/IEHHOE JJIsi OTPE3KA [Tinin, Tmax,
Oyzner pasuo F (U(n) — U(l)) = ZT__} Hamnpuwmep, ams n = 39 maremaruye-
CKO€ OzKuJaHne€ BEPOATHOCTH OXBaTa, BbIYHUCJICHHOU IJd JaHHOI'O OTpPe3Ka,
Oymer coctaBisaTh 0.95.

Vkazanuble TpuBAabHbIE PAKTHI MOTYT OKA3ATHCSH JOCTATOYHO IIOJIE3-
HbIMU IPU ILIAHUPOBAHUU IKCIIEPUMEHTOB, TAK KaK I03BOJILI0OT copmyIiu-
poBaTh TpeOOBAHUS K MUHUMAJIBHOMN [TJINHE BHIOOPKH.

Hwuxe B Tabs1. 1 mpuBeneHbl MUHUMAJIBHBIE 3HAYEHUS 7, YIOBIETBOPSIO-
e Hepasencrsy (1) mis HeKOTOPBIX ypoBHeil BepogrHocTu Py, P.
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Tabsmmra 1
Buauenus n, ynossersopsomue nepasercTsy (1) npu paszmaanbix Po 1.

Py el

0,95 [ 0,99 | 0,999
0,90 | 46 | 64 89
0,95 | 93 | 130 | 181
0,99 | 473 | 662 | 920

3ameuanue 2. lcnosb3ys NOHATHE OMOPHOTO OTPE3KA, MOXKHO MPE/I-
JIOYKUTH TIPOCTOM CIIOCOD TMPOBEPKH OIHOPOSHOCTH BBIOOPOK, TaKKe CBOOOI-
HBIA OT TIPEJIIONOKEeHUiI 0 KOHKPETHOM BHJIE pacupesenenus. Jlomycrnm,
UMEEeTCs JIBe BbIOOPKH, IIEPBasi U3 KOTOPbIX IIPEACTaBIsieT COO0M 10CTaToy-
HO JIJIMHHBINA MaccuB {z; }] HAKOMJIEHHBIX JAHHBIX, & BTOPAsk — OTHOCHUTEIh-
HO KOPOTKYIO BBIOOPKY CBEXKHUX JAHHBIX {y; }]" JIHHBL M < n, 1 Tpebyercs
ONIPEJIENTATH, MOTYT JIM JAHHBIE OBITH OObeIHEHBI. VIHTYyWTHBHO MOHSTHO,
YTO B CIydae, KOrma o6e BLIOOPKH B3ATHI U3 OJHOrO PACIPENETEHUst, TO
BEPOSITHOCTb TOIO, YTO 3HAYEHUH Y; LUPUHAJIEKAT OTPE3KY [Tmin, Tmaz,
JOCTATOYHO BeNKa. B MpOTHBHOM ciiyvae (3HAYNTENLHOE UNCIO Y; HAXO-
JIUTCs BHE OMOPHOIO OTPE3Ka), TUHOTE3y 00 OMHOPOIHOCTHU CJIELYET OTKJIO-
HUTH. MOXKHO OKA3aTh, 4TO BEPOATHOCTD P oy TOrO, 94TO k U3 1 3HAUEHU
BTOPOIl BBIOOPKY JIEXKUT BHE OTPE3KA [Timin, Tmax), BbIPazKaeTcs GopMyJioi

Pi out :i <m> nn—10GF+ D! (m+n—7—2)! N

= j (m +n)!

~ E <m> < ) <1 — ) (mpu m,n > 1).
s J n+1 n+1

Hanpuwmep, mpu n = 100, m = 10, k = 3 3Hadenne Py ,,,; WCIE3AIONIE MAJIO
(mopsiZika COTBIX JI0Jieli IPOIEHTA), MO9TOMY, €CJid Tpu uiau Gojee 3HadUe-
HUH y; U3 JIecATH JIeKaT BHE OIIOPHOTO OTPE3Ka MepBoif BLIOOPKH, TO T'HUIIO-

Te3a 06 OJHOPOIHOCTH OTBEPraeTCs C BBICOKOH CTEHNEeHbLI0 yBepeHHOCTH. B
ciaydae k = 2 u Tex Ke m, n 3HaYeHue Pj oy cocTaBiager okoso 2% (T.e.
TakkKe BechbMa HeBenuko). Clienyer MOMYepKHYTh, YTO JAHHbBI KPUTEPHIi,
OYEBHIHO, Pa0OTAET TOJBKO HA OTKJIOHEHHE HIIOTE3hI 00 OJHOPOJHOCTH.
B tpuBnambHOM CiIydae, KOTIa BMECTO BTOPOil BRIOOPKH PACCMATPHUBAEM
2

eJIMHIYHOE 3HAYCHUE Tyt 1, P {Xn+1 ¢ [X(), X(n)]} = (aTo Takxke cye-

JIyeT W3 CBOWCTB TIOPSITKOBBIX CTATHCTHK PABHOMEDPHOTO DACTIPEIESTEHNST).
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MoxkHO Tak:Ke MOKa3aTh, ITO

2m m? N 2m

P{[Yminaymaz] §Z [Xmin;Xmam]} = m+n - (m+n)2 ~ 7

(370 caeayer u3 toro, YT0 P {Yiin < Xmin} = P {Ymaz > Xmaz} = mﬁ'in)
ITosHblit BHIBOJ, BLIpaXKeHUS I Pj oy OLyCTHM (OH JOCTATOTHO IPO-
MO3JIKHIi), OTMETHB TOJIBKO OT/E/IbHBbIE ero MoMeHThl. CHOBa mepeiizem K

paBHOMEPHOMY pacrpe/esienuio, obosrasans u = U(y), v = U(y), Toraa
PAY; ¢ [Xunin: Xax]} = PAF(Y)) & [, 0]} = u+ (1 —v).

Yucino k snementos Y; BHE [u, v] momduHseTCS GUHOMHATLHOMY 3aKOHY:

P {k 3nauenuii Y; nexur Bue [u,v]} = (k

m) (u+1—v)Fw—u)™ "

CoBMecTHast MJIOTHOCTD U, Vv UMEET BUJ:

fuay U (u,v) =n(n —1)(v — w)" % 0<u<v<l u

Poout = /01 [é (T) (w41 =0 (v — )™ n(n - 1) — u)" 2 dvdu,

OTKY/Ia, MEHSIS TIOPSIIOK CYMMUPOBAHUS U WHTEIPUPOBAHUS U BbIpAyKast WH-
TerpaJjibl depe3 Oera-hyHKIINIO, TOCIE YIPOUIEHUS MPUXOIUM K HCKOMOM
dopwmyie.

2. OneHuBaHVWEe MHTEPBAJIOB 0XBaTa MO0 KOPOTKUM BbIOOpPKaM
meronoM MoHTte-KapJio

3amMeTuM, 9TO 3HAYEHUS 7, IPUBEIECHHBIE B Ta01. 1, J0CTATOYHO BEJIUKH.
B kauecTBe ambTepHaTHBHI OlHKE (1), MOXKHO TaK¥Ke PACCMOTDPETH CIIELY-
OImue METOAbI OIIEHUBAHNA MHTEPBAJIOB OXBaTa:

1) mampsaMyio dYepe3 BBIOOPOUHBIE KBAHTUJIU. B cilydae BEpOATHOCTHO-
CUMMETPUYHOTO WHTEPBAJIa OXBara Takas OIeHKa Oyler WMeTh BHUJI:
[2(k)s Z(n-kt1)]s k= [n (1= Po)/2] + 1

2) B caydae, KOTJIa MMEETCS anprOpHas WH(MOPMAIUS O 3aKOHE PACIIPEese-
JIEHUS, MOXKHO OIEHHTH €r0 IIapaMEeTPhbl, 4 Jajee BhIPA3HTh I'DAHMILBI
MHTEpBaJa 0XBara, obpaiias (ByHKIHIO PACTIpeIeeHns aHAIATHICCKI
NJIN YUCJICHHO.

Onnako 06a oru (0COOEHHO TIEPBbIIl ), KaK TPABUJIO, TPEOYIOT erre 6osiee 3Ha-
IATEIHHONO 00beMa, BEIOOPOUHBIX JAHHBIX. OIEHKN TapaMeTpoB pacipese-
JIGHHSI BO BTOPOM CJIy4ae IIPU 3TOM MOIYT OBbITH CMEIIEHHBIMH.
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B To ke BpeMs, 3a9ACTYI0 BOZHHKAET 3a4/1a9a OLUECHWBAHUS WHTEPBAJA
OXBaTa 110 KOPOTKHAM (IOps/IKa JeCATKA 3Ha4eHnil) Bbibopkam. B pabore [6]
ObL1 IpeIoKEH CII0COD OLEHKYU MHTEPBAJIA OXBATA CUMMETPUIHOIO PACLpe-
JIeJIEHNsT ¢ MCIOJIb30BAHNEM BBIGOPOYHOTO pa3maxa WM BBIOOPOYHOIN IHC-
nepcun. PaccMoTpuM oTpesku BHIa

Ir =t —CgrR, T+ CgrR], Is=[t—CsS, T+ CsS],

rae T, R u S — 310 BHIOOpOYHBIE cpeHee, pa3MaxX U CPeTHEKBAIPaATHYIE-
CKOE OTKJIOHEHHUE, COOTBETCTBEHHO (B C/ydae, eCju MaTeMaTU4ecKOe OXKMH-
JIAHWE (I M3BECTHO, MOXKHO HMCIOJIB30BaTh ero Bmecto I). Kosdduumen-
o1 Cr, Cg mombuparorcs meromom Monrte-Kapmo, ucxoms w3 yciaoBus
P{F(cz) — F(c1) > Py} = Py, rzie ¢1,2 — BepXHss U HUKHsS TPAHUIBL IR g.
Tocnennee ycioBue o3uavaer, 4to orpe3ok Ir (umm Ig) cogepkut ¢ BeposiT-
HOCTBHIO P| HEKOTODPBIIl WHTEPBAJ 0XBATA JJid 33/[aHHOIO yPOBHS BEPOATHO-
cru Py. 3amerum, 910 IpuMeHeHrne JAHHOIO MEeTOAa TpedyeT alpuopHOl MH-
dopmanuu 0 3aK0HE pACIPEETIeHNs CIYYANHON BeINIUHBL (3HAYEHUS Cr.s
Oy/LyT, OUEBUIHO, 3ABUCETH OT HETO).

B pabotre [6] paccmaTpuBaiuch Cioydau CeMeRcTB ODOOLIEHHBIX IKCIIO-
HEHIUAJIBHBIX PACIPEIeIeHNN U IBYCTOPOHHUX CTEIEHHBIX PACIPEIeICHMIA.
31ech, Ui pazHooOpa3usi, PACCMOTPUM B KadecTBe IpUMepa ciydail pac-
npenenenus CToionenTa t, (1 — 9UCIo cTeneneii cBO0OIbI), CIUTast €T0 MaTe-
MaTHYIeCKOe OXKHUIAHNE HEeM3BeCTHbIM. B Tabi. 2 npusesmennt 3uauenus Cg,
Cs njd HEKOTOpBIX 3HAYeHWH v, mjuH BeIOOpKu n u Py = 0,95. Jjuab
oTpe3koB IR, Ig Ipu 3TOM, B CPEIHEM, COMTOCTABUMBI.

Tabymra 2
Bnavenus Cr, Cs, nna t,, v =5,7,20; Py = 0,95; P, = 0,95;0,99.

d=R d=3S
P, P
v [ n [ 0.95] 009095099
o | 7 167 [233 [ 462 | 647
10 | 1,26 | 1,64 | 3,89 | 4,99
7 [160 [ 2,92 [ 442 [ 6,10
10 | 1,21 | 1,56 | 3,73 | 4,75
20 7 | 1,50 | 2,07 | 4,14 | 5,69
10 [ 1,14 | 1,45 | 3,50 | 4,42

Jlna pacrpesnesieHusi ¢ TAXKEJbIMH XBOCTAMW B KadeCTBE OIEHKHU II€H-
TPATBLHON TOYKU MOYKET OKa3aThCA MPEeANOUTUTETbHEee NCIOIb30BATh MeIr-
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any BeiOOpKu. IIpu 3TOM TakKe cieayer 0TKa3aThCs OT TOCTPOEHUS OIEHOK
HA OCHOBE BBIOOPOYHOIO Pa3Maxa, MPeAn0InuTas CPEIHEKBAIPATHIECKOE OT-
KJIOHEHUE.

3akJiroueHne

[Ipenyioxenubie B paboTe KPUTEPUU 0OECITIEINBAIOT JOCTATOTHO MTPOCTHIE
aJITOPUTMBI OIEHWBaHUSA WHTepBaJIoB oxBara. Meron Monte-Kapio, pac-
CMOTPEHHBIH BO BTOPOI 9aCTH, JOIMYCKAET pa3audnbie 00600menus. B gact-
HOCTH, Jjisi ACUMMETPUYHBIX PACIPEIETEeHUI MOYXKHO OCYIIECTBIATH pPa3-
JeTbHBIN T0100p K03 QUIMEHTOB /i JEeBOH W MPaBoil YacTeil pacmpese-
Jnenusi. B ciaydae momo3peHus Ha HAJIWYHE BHIOPOCOB, B KAYECTBE BHIOOPOU-
HO¥ CTATUCTUKHU, XapaKTepPU3yIoIIeid pa3dpoc JaHHBIX, MOYKHO TPUMEHSTDH
pobacTHbIe BHIOOPOYHDBIE CTATUCTUKYU (HAIPUMED, MEIUAHHOE abCOIIOTHOE
orksonerune, MAD). Takke MOXKHO IIPOU3BOJUTDH IIPEIBAPUTEJLHOE LIEH3Y-
puposanue Bbibopku. [losydennbie pe3yibrarbl (MUHUMAJIbHBIE JIJIMHbBL Bbi-
OOpPOK U BEPOATHOCTH U3 IEPBOM YACTH CTATHU, 3HAYCHUS KO PUIHEHTOB
Cr,s AU pa3NMYHBIX BUJIOB PACIpPEIENEHHN U3 BTOPOil) MOryT OLITL Ta-
OyIMPOBAHBI [IJIsT TAJbHEHINEr0 UCIOJIH30BAHUS TPU PENTIEHUN TTPUKJIATHBIX
3a,/1a4.
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AIIITPOKCUMAILIINIA OB bEMA CYTOYHOTI'O
IIOTPEBJIEHN A 9JIEKTPOHEPT N
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Pabora mocesamena ananmmsy o6beMa CyTOIHOTO IOTPeOIEHNS IIeK-
TPOYHEPTUU B KHUJIBIX MOMelneHusix. Ha OCHOBe ITOYacOBLIX M3Me-
penuii nocrpoen rpaduK CyTOYHON HArpy3Ku. BbIsgB/IEHBI THUTNY-
HblE [IOBEJEHYECKHUe cTpareruu norpebureseil, obpasyomue MuKo-
BBbIe 3HAUEHUS] HATPY3KM JIEKTPOCETH B YTPEHHUE M BEUEpHHE Ta-
col. ITocTpoeHO IMIMpPUYIEcKOe PACIIPENe/IeHIe BEPOATHOCTEH 00be-
Ma cyTO4HOro norpebsenus ekrposneprun. [Ipeioxkena annpok-
CUManus SKCIOHEHIMAIbLHBIM pacipeaesenueM. [Iposengena omenka
TOYHOCTU AIMPOKCUMAIIIA C UCIOIb30BAHUEM METPUK PACCTOAHUS
Koamoroposa u kpurepus: [Iupcona. KiroueBblie cioBa: saexmpo-
nompebaenue, CYMoOwWHaA HA2ZPY3KA, ANNPOKCUMAUUA, IKCTLOHEHUU-
aavroe pacnpedenerue

BBenenue

B yciioBusIX 3KCIOHEHIIMATIBHOTO POCTA COBPEMEHHBIX TEXHOJIOTHIA, Tpe-
Oyfomux Bce OOJIBIIEr0 HEPronoTpedIenns, AepUIuT IHEPrOPpecypPcoB sB-
JISTETCsT OHOM W3 TJIABHBIX MPOOJEM MWUPOBOTO ypOBHS. Pa3BuTne uCKyC-
CTBEHHOT'O WHTEJIJIEKTA, OOJIAYHBIX BBIYUCJIECHUN, 3JIEKTPOMOOUIEH u JIpy-
IUX YHEPIOEMKHUX TEXHOJIOTHIl CO3/1aeT BBICOKOE JIaBJIEHHME Ha CYIIECTBYIO-
(e SHEPTeTUIECKNE CUCTEMBI. Y BeJIMYEHNE BHIYUCIUTEIHHBIX MOITHOCTEH,
HEOOXOIUMBIX [7isi OOpAOOTKH OOJIBINUX JTaHHBIX W OOyYeHUs HEHPOHHBIX
cerei, Tpebyer OrPOMHBIX OOBEMOB JIEKTPOIHEPIUHU, a HEPEXOM, K JIeK-
TPUYIECKOMY TPAHCIIOPTY CTABUT HOBBIE BBI30BBI TIEpe HH(MPACTPYKTY PO
3JIeKTpOCHAOKeHNsA. B CBA3M C 3TWM TOYHOE TPOTHO3WPOBAHWE HATPY3KH
HA 3JEKTPUYECKHE CeTH CTAHOBUTCS KPUTUYIECKH BaXKHBIM I obecriede-
HUASA HAJEKHOCTH, 3P(MEKTUBHOCTH U yCTONYIUBOCTH dHEprocuctem. IloaTo-
My pa3pabOTKa ¥ BHEJAPEHUE TOYHBIX MOJEJeH IPOrHO3UPOBAHUS HAIDY3KHU
MPECTABISIOT OO0 aKTyaJIhHYIO M 3HAYNMYIO 33/1a49y, HATIPABIEHHYIO HA
ONTUMUBAINIO YIIPABIEHUS YHEPTOCUCTEMAMHY U ODECIIedeHne UX CTabUIbHO-
1o GpyHKIINOHUPOBAHUS.

UccnenqoBanne BBIIOJHEHO 33 cueT rpaHTa Poccuiickoro mayanoro ¢gomga Ne 24-71-
00022, https://rscf.ru/project /24-71-00022/
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IIpobema ONEHKH CpegHero CyTOUHOIO SHEPTOMOTPEOICHHS W BIAUSHIS
Ha HEro SKOHOMHUYECKHUX U JeMorpadudeckux pakTOpoB u3ydagach B pabo-
rax [1, 2]. Opnumu u3 naubosiee nHGOPMATUBHBIX LIOKa3aTeJel 3a1poca Ha,
9JIEKTPOIHEPTHUI0 B KOHKPETHOM DPETrMOHE WJIM CUCTEMEe SBJISIOTCS TpaduKu
cyTouHOi Harpy3ku [3, 4]. B ganHHOI pabore paccMaTpHBAETCS MCCIIEI0Ba-
HHE CYTOYHOTO MOTPeOJIeHUs SJIEKTPOIHEPIUN B YKUJIBIX TOMEIIEHUSX JIJTsT
OCBETHUTEJIbHO-OBITOBBIX HYK/JI Ha OCHOBE COOCTBEHHBIX U3MEDEHU U aAHAIIH-
3a JAHHBIX O MOTPEOJIEHUU B OTKPBITOM JIOCTYIIE.

1. I'paduk cyTouHOII HATPYy3KU

Ha nepeowm srare ucciemoBanvs ObLT peaan30BaH cOOp U aHAIN3 JAHHBIX
00 oObemMe MOTpedIeHNsT IIEKTPUIECKON SHEPTHH B TEUEHNUE CYTOK B YKUJIOM
momerniennu. MOHUTOPUHT OTPEOICHNS SJIEKTPOIHEPTUHU OCYIIECTBIISICS C
MTOMOIIHI0 TTUGPOBOrO ITEKTPOCICTINKA ¢ (DYHKIIHEH (PUKCAITNN TOIACOBBIX
nokazanuii. VI3amepenusi MpOBOAMINCH B T€YEHUE HECKOJbKUX JTHEH, TaHHbIE
ObLIM YyCPEIHEHBI 110 00beMy MOTpebsieHni B COOTBETCTBYIONUE dachl. Ha
OCHOBE JIJAHHBIX OB MOCTPOeH Tpaduk cyTouHoit Harpy3ku (puc. 1).

0.6
0.56
052
048

Puc. 1. T'paduk cyrounoit Harpy3xu

Boutn BBISBIEHBI CIIEAYIONHE [NOBEIEHIECKHE OCOOEHHOCTH SHEProIo-
TpebieHus:

— NMKOBbBIE 3HAYEHUsI HOTPebeHus npuxoasres Ha yrpennue (07:00-09:00)
u Bedepuue (18:00-21:00) gacsr;
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— WMeeTCs MUHUMAJBHOE HEHYJIEBOE TOTpedseHre, 1ayke B HOYHOE BPEeMsi
(00:00-06:00);

— norpebsieHne 3JEKTPOIHEPIUU B JHEBHbBIE YACHL UMEET CTOXACTUYEeCKUi
XapakTep.

st yaera gemorpadudeckoro (paxTopa ObLIN IPUMEHEHBI CJeLYOINne
K03 bUIMEHTH MacIITabUpPOBaHNsi 6a30BOT0 YPOBHS TOTpebIenus [2, 5]:

— JIOMOX034icTBO U3 2 desosek: k1 = 1, 6;
— JIOMOXO34HMCTBO U3 3 4eaoBeK: ko = 2,0;
— nomoxo3siicTBo u3 4 gemosek: k3 = 2, 5.

IIpu sTom memorpaduteckuit paxkTop OKa3bIBaeT c1aboe BIAUAHHUE HA JeTep-
MUHUPOBAHHBIN 00beM MUHHUMAJIHHOTO SHEPTrONoTpeOIeHnsT B HOYHOE Bpe-
M, TIPEJICTABIAIONII co00 6a30BOe TOTPEOIEHNE TOCTOSHHO PADOTAIOIIAX
9JIEKTPOIPUOOPOB (HAIPUMED, XOJIOAMIbHBIX YCTAHOBOK) UJIM YCTPOHCTB B
pexume oxumannsa. Takum o6pa3oM, MOKHO IOCTPOUTH rpaduK CyTOIHON
HArPY3KHU, JEMOHCTPHUPYIOMHA 00beMbl MOTpebIeHus: s JTOMOXO3SCTB
pasHo¥i umncaeHHocTn (puc. 2).

0

O QQQQQ O O O O O O O O O O O O O OO
N QQQQQ QQQQQQ Q.9 .QDQ.QQQQQ
S 9§ ° S 0“ PRI N PO I S i N
N @@@@@@@@@&@.&.@@@&&@@@@
S ST FE I E S IR HIN N N N N A S i 2

) UE/IOBEKA  =mm=3 yesiOBEKA 4 yenoseka

Puc. 2. I'paduk cyTodHOM HArPY3KH TOMOXO3AHUCTB PA3HON UMCIEHHOCTH

OueBnHO, 9TO HA rpadUK CYyTOIHOTO FHEPTOMOTPEDTEHUS TAKIKE BIIU-
SII0T BpeMs Tojia, reorpadudeckue u noaurudeckue dpakTopbl. O1HAKO, MO-
crpoennble rpaduku CyTo4Hol Harpysku (puc. 1, 2) coorBercrBylOT U3-
BECTHBbIM TULOBbIM I'padukam [3, 4], a BbisgB/IeHHbIE OCODEHHOCTH 3AKOHO-
MEPHBI JIJIsT CyTOYHOTO TOTPEOJIEHUST 3JIEKTPOIHEPTUHN JKUJIBIX 3TAHUN B JIIO-
OBIX YCJIOBUSX.
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2. Anamm3 obbema moTpebJieHud

Buemunit Bua rpaduKoB CyTOIHOM HAMPY3KU HAIIOMHHAET PEATH3AIUAIO
CIy49aifHOTO TIPOIIECCa, OMMCHIBAIONIETO 00HEM MOYACOBOTO IHEPTONOTPedIe-
HUAd B TeYeHUE CYTOK.

Kak 6b1710 3aMetdeHo BBIIIe, 3JeKTPOHArPY3Ka CKIAIbIBACTCI U3 IeTep-
MUHUPOBAHHOHN ([IOCTOSIHHO BKJIIOYEHHbBIE 3JIEKTPOIPUOOPDI) U CTOXACTHYe-
CKO#i cocrasiisgionux (akrusroe norpebienue). Bynem uccienosars coyvaii-
HYI0 BeInanHy X, ONMUCHIBAIOIIYIO TIOYACOBOI 0OheM 3HEPTONMOTPEOIEHNS 32
BbIY€TOM MUHUMAJBHOTO CYTOYHOTO 3HAYCHUA.

IIpoBenem aHasm3 3aKOHA PACIPE/IEIEHUs] BEPOSTHOCTE 00bemMa 4aco-
BOrO 3JIeKTpOHOTpe6.TIeHI/IH II0 UMEIOIIUMCA JaHHBbIM. B kaugectBe mara JAnUC-
kperusanuu 66110 Boibpano 3uadenue A = 0,1 KBr-u. Ha puc. 3 npeacras-
JIEHO SMMMPHUYECKOe pacrpesieienne BeposiTHocTeil P(x) obheMa 9acoBoro
norpebJieHns.

0.6

05

0.4

03

0.2

0.1

00,1 0,11-02 0,21-0,3 0,31-0,4 0,41-0,5 0,51-0,6 0,61-0,7 0,71-0,8 0,81-0,9 0,91-1

Puc. 3. DMuupuueckoe pacupejesieHue BeposTHOCTEN aKTUBHOIO 110TPeb/IeHunst

21. AnnpokcumManusd

B pabore npeaaraercsa anmpoKCUMUPOBATH PACHPEIETEHIE BEPOSTHO-
creil 00beMa TOYACOBOTO MOTPEDIEHUs IJIEKTPOIHEPTUU B TEUEHUE CYTOK
9KCIIOHEHIIUAJIbHBIM PaCIpeaeJI€eHuEM C (byHKI_IPIefI IIJIOTHOCTH BEPOATHOCTH:

flx) = e M x>0, (1)

1
e A = m — BeJInUnHA, 00paTHAas cpeaHeMy OO0beMy TOTPEOJIEHNS B 9ac.

SMHI/IpI/I‘IeCKOQ MaTEMATUYIECKOE OXKNJAHUE BEJINYNHBI IIOYaCOBOT'O HOTpe6—
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JIEHHUS OIEHUBAETCS CIIEIYIOMMUM 00Pa30M:

Z P x’L + -TH-l

Ha ocroBe sMumpuyecKkux JaHHBIX Oy 9€HO 3HaYenune: A = 5,54, YaurbiBas
yCJIOBME HOPMUPOBKHU, MOCTPOUM TpaduK pacmupeeseHns BEPOSITHOCTEN u
CPaBHUM AIIIPOKCUMAIIUIO C SMIMPUYECKUM pacupeaesierueM (puc. 4).

0.6
05
04
03
0.2

0.1

001 0,11-02 021-0,3 031-0,4 0,41-0,5 0,51-0,6 0,61-0,7 0,71-0,8 0,81-0,9 0,91-1

e IMMUPUYECKOE PACTIPEAENIEHNE = AINPOKCHMALMA

Puc. 4. CpaBHeHre SMIUPUIECKOr0 PACIPEIEICHIUS U AlIPOKCHMAIIN

Ha pwuc. 5 npencrapneno cpasrenne yHKIHNI pacmnpenenenns obbema
MOYACOBOr0 TOTPEOIEHNS .
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— IMMMPUHECKOE PACTIpeeneHme e ANINPOKCUMALMA

Puc. 5. CpaBuenue dyHkiuil pacupejesenus BepOATHOCTH
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22 . OmeHKa TOYHOCTH ANNPOKCUMAIHUU

i1 OLleHKH TOYHOCTU [PE/JIOZKEHHON AIIPOKCUMAIMH ObLIN UCIOJIB30-
BAHLI CJIEIYIONNEe METPUKH: KPUTepHii X2 U paccrogure KoaMoropoaa.
Paccrosuune Konvoroposa Boraucisercs mo ¢hopmyJie:

d= mlax\Fn(xi) — F(x;)], (2)

rmae:

— F,(x;) — sMnupudeckas GpyHKIUs pacnpeesieHus BEpOITHOCTH,
— F(x;) — reopernueckasi HYHKIMs PACIPENEICHUs BEPOATHOCTH.

s mpenjiaraeMoii anmpokcuMaln paccrosiiue Kosamoroposa cocrasu-
a0 d = 0,0894. Kak Bumno va Pucynke 5 Hanbosibiiiee OTKIOHEHUE MEXKITY
pacipe/iesieHusiMU 11py HU3KuX obbemax mnorpebsenus (0-0,1 kBr-u). IIpu
9TOM HA OCTAJbHOI 00JacTH 3HAYEHHUI HMOrPEITHOCTH AIMPOKCHMAIUN HE
TPEBBIMIAET Epayx = 0,022,

IIpoBepuM rumore3y 00 IKCIOHEHIMAIHLHOM BUIE PACIPEIETICHUS, WC-
nonb3ysa xputepuii [Impcona. Berancnennoe snadenue Y2 = 2, 688. Kpuru-
qecKas TOYKa Ui ypoBHA 3HadnMocT « = 0, 05 mpu KomndecTBe cTerneHei
cBobozpl k = 8 pasua 15,51. Takum 06pa30oM, BLIABUHYTYIO FUIOTE3Y MOYXKHO
MPUHSATh.

3akJiroueHne

B pesynbrare nccienoBanus GbLT TPOBEIEH aHAIN3 PACITPEIETCHNS Be-
posiTHOCTEH 00beMa TOIACOBOTO IHEPTONOTPEOeH . [IpeaTokena anmpok-
CUMAIHs YKCIOHEHIINATBHBIM DACIPEICTIEHNEM, BBITOJHEHO €€ CPABHEHUE
C IMIUPUIECKON (QYHKIMEH PACIPee/eHns] U TPOBEIEHA OINEHKA TOYHO-
CTH. YCTAHOBJIEHO, YTO IKCIOHEHINAIbHASA AIIPOKCUMAIUS TEMOHCTPUPY-
€T JOCTATOYHO BHICOKYIO TOYHOCTH Mpu 00beMax morpedsenus > 0,2 kBr-q
(d < 3%.), Torma Kak OIEHKA BEPOATHOCTU MUHUMAJbHBIX 3HAYEHUI MMe-
er MeHbIny0 TouHOCTb (d & 9%). IlosyyenHble peieHus MOryT ObITH UC-
MOJB30BAHBI B CHCTEMAX YHEPTOMOHWTOPWHTA W TPOTHO3WPOBAHUS HATDY-
30K. B Oyaymmux uccaegoBaHuSX IJIAHUPYETCS alnpobarus mpeIioKeHHOR
AMMPOKCUMATINN HA PA3TUIHBIX TAHHBIX, B TOM YHCIIE U JJIST TPOTHO3UPOBA-
HUSL 00bEMOB TIOTPEOJICHNUS HEKUIIBIX 3aHuil (MPOU3BOJCTBEHHBIX KOMIIA-
HU, TOPOJCKUX CIyKO U T.11.).
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A METHOD FOR EXPERIMENTAL
CORRELATION DISTRIBUTION
ESTIMATION FOR CORRELATION-BASED
DIGITAL IMAGE WATERMARKS

V. Anzhin!
Y Tomsk State University, Tomsk, Russian Federation

This paper proposes a method for experimentally estimating the
distribution of correlation in correlation-based digital image water-
marking. The proposed method evaluates how distortions affect
the correlations between image and embedded and non-embedded
watermarks. The method involves a computational experiment us-
ing an image dataset, where correlations are measured before and
after filtering for embedded and non-embedded watermarks. Ap-
plying the proposed method to a DCT based watermarking algo-
rithm demonstrates that filtering significantly reduces the correla-
tion with the embedded watermark, while having minimal changes
for non-embedded. Keywords: watermark, robustness, correlation
measure

Introduction

The growth in digital multimedia production and consumption has in-
creased the demand for technical solutions to protect copyrights and restrict
unauthorized copying. Digital watermarks can be used for multimedia con-
tent protection. In the case of a content leak, digital watermarks allow to
verify authorship and restrict the distribution of pirated copies.

In correlation-based watermarking [1], a pseudo-random signal is em-
bedded into the image as watermark, and a correlation measure is used
for watermark detection. The image is identified as watermarked when the
correlation between it and the embedded watermark exceeds the selected
detection threshold.

The image with embedded watermark can be modified by various dis-
tortions. These distortions can result from transmission losses and signal
processing. They can also arise from attempts to remove the watermark.
Watermark robustness [2] refers to the resilience of the watermark against
various signal processing operations. Distortion of the image changes the
value of correlation between the watermark and the distorted image. This
can lead to the omission of embedded watermark (false-negative detection)
or the false detection of non-embedded watermark (false-positive detection).
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An important aspect of watermark robustness is the right detection
threshold selection. Selecting an appropriate detection threshold requires
an understanding of the distribution of correlation between the watermark
and both watermarked and non-watermarked images. There are theoreti-
cal models which use statistical methods, typically developed for a specific
watermarking method. For example, in [3], the correlation is estimated and
detection threshold is selected through theoretical analysis for embedding
method which uses discrete cosine transform (DCT). The authors of [3] also
note that the selected threshold can lead to a significant number of false-
negative detections under attack. Estimating the detection threshold theo-
retically is a complex task due to the wide variety of potential distortions
that can affect the image. As an alternative, computational experiments
can be used for modelling correlation distribution and detection threshold
selection.

This paper proposes the method for experimentally estimating the distri-
bution of correlation in correlation-based image watermarking algorithms.
The method involves watermark embedding, applying filtering to intro-
duce distortions, and calculating the correlation measure for both water-
marked and non-watermarked images before and after filtering. The pro-
posed method is applied to the watermarking algorithms described in [4].

The C++ implementation of the watermarking algorithm, along with
the Python scripts of experiments and the obtained results, are available
at [5].

1. DCT Based Watermarking

Within the DCT based watermarking algorithm [4] the original image
is divided into blocks of 8x8 pixels. A DCT is applied to each block. The
transformed block is then converted into a sequence of 64 elements using
ZigZag scanning [6], which reorders the DCT coeflicients from low to high
frequencies. In each sequence, the most significant low-frequency DCT co-
efficients are discarded. The remaining DCT coefficients are concatenated
into a single sequence ¢,. The length of ¢, is n. The watermark w, is embed-
ded into the sequence ¢, by the equation (1). The watermark w, elements
are generated according to the normal distribution N(0,1). The modified
blocks are transformed via inverse DCT to obtain the watermarked image.

Cw = Co + Q- (1)

where ¢y, co,w, € R", n € N, o € R.
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To detect the watermark w, the normalized correlation (3) is calculated
between w, and the sequence of DCT coefficients ¢ extracted from image.

c[j]? > welf]?
j=1 j=1

Zneleywy) = 3 i [, 3)

i=1
where ¢, w,, ¢, w, € R", n € N.

2. Data collection method of evaluating the distribution of
correlation

A computational experiment on a set of images is conducted to evaluate
the distribution of correlation. Two random watermarks are generated for
each image in the set. One watermark is embedded into the image. The cor-
relation measures are calculated between the watermarked image and both
the embedded and non-embedded watermarks. The watermarked image is
processed with a filter. Correlations are calculated between the filtered im-
age and both the embedded and non-embedded watermarks. The output of
the algorithm is the arrays of correlation values. The method is described
in Algorithm 1.

Algorithm 1. Data collection method

Require: Watermark embedding algorithm W (c,, w,.), correlation measure
Z(c,w,), set of image filters F', images database I
Ensure: Z, — array of correlations between the watermarked image and
the embedded watermark, Z,. — array of calculated between the image
with embedded watermark and a different non-embedded watermark,
Zer and Zpey — arrays of correlations after filtering with f € F
1: 5+0
2: for alliel

Zetlj) = Z(iws W), Znefli]  Z(iwg,w')
j+—j3+1

3:  Create random watermarks w and w’ for image 7, w # w’
4: Ty = W(Z, w)

5. Ze|g] + Z(iw,w), Znelj]  Z (i, w")

6: forall feF

T iwf = f(Zw)

8:

9:
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3. Testing results

The computational experiment, described in Algorithm 1 was conducted
using the watermarking algorithm [4]. The Flickr8K dataset [7] with 8091
images was used. The following FFmpeg filters [8] were used to filter the
images:

— Blurring using unsharp: unsharp=3:3:-0.25:3:3:-0.25;
— Sharping using unsharp: unsharp=3:3:0.25:3:3:0.25;
— DCT based denoising using dctdnoiz: dctdnoiz=s=10;

— Denoising using nlmeans: nlmeans=s=10.

— Pixelation using pixelize: pixelize=w=3:h=3;

— Denoising using fftdnoiz: fftdnoiz=sigma=15.

The Table 1 presents the mean and standard deviation values calculated
for the array of correlation values generated by Algorithm 1. The first
column indicates the a values used during watermark embedding. The
second column specifies the filter applied to the images. Columns under
the heading “With Embedding” contains the mean and standard deviation
of correlation values between an image and an embedded watermark. The
columns under “Without Embedding” show the results between an image
and a non-embedded watermark.

The results of Algorithm 1 can be presented in a chart form. Fig. 1
shows the estimated distribution of correlation calculated using the Flickr8K
dataset [7] with embedding performed at o« = 10. The chart on the left dis-
plays the correlation values without filtering, and the chart on the right
shows the correlation values after filtering with dctdnoiz. The x-axis rep-
resents the correlation values, and the y-axis is the number of images with
the corresponding correlation value. Orange color is used for cases where
the detected watermark was not embedded into the image, and blue is used
when the watermark was embedded. Dashed lines shows the mean values.

The results in Table 1 show that when a watermark is embedded into
an image, the mean of correlation values is higher than the mean for a non-
embedded watermark. Applying filters to the images generally decreases the
mean of correlation values for the embedded watermark (with the exception
of the sharpening filter), while producing minimal changes in the mean
values for the non-embedded watermark. In the chart in Fig. 1, the orange
distribution (correlation values for the non-embedded watermark) remains
close to zero after filtering, whereas the blue distribution (correlation values
for the embedded watermark) shifts toward lower correlations.
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Correlation estimation results

Table 1

With Embedding

Wihtout Embedding

@ Filter Mean Std dev Mean Std dev
without filtering | 9.84 x 107 | 3.82 x 10~7 | 2.25x 101! 4.30 x 1077
blur 9.32x10 7 | 360 x 107 | 273 x10 % | 430x 109
5 sharp TOITX10°° | 393x10 7 | 2.14x10 T | 431 x10 Y
dctdnoiz T14x 107 | 428 x10~° | 3.64x 10~ 1T | 4.26 x 107
nlmeans 211 x 10~ 7 | 883 x10°° | 407 x 10 'F | 431 x 107
pixelize 5.06 x 10~% | 1.62 x 10~% | —4.22 x 10~ 12 | 4.34 x 1077
fftdnoiz 331 x 107 | 1.09x 107 | 1.72x10 % | 425x 10 9
without filtering | 1.55 x 1070 | 4.49 x 10=7 | —6.10 x 1012 | 4.35 x 109
blur T50x 10 ° | 440 x 10~ 7 | —1.08 x 10 'F | 434 x 109
10 sharp 1.57x 107% [ 453 x 107 | =770 x 10~ | 435 x 1077
dctdnoiz 299 x 107 | 959 x 108 | —2.35x 10~ 13 | 433 x 10~ 9
nlmeans 470 x 10~ 7 | 1.66 x 10~ 7 | 829 x 10 2 | 430 x 107
pixelize T.00 x 10~ 7 | 317 x10~° | 954x 1012 | 4.38x 107
fftdnoiz T02x10°° | 297 x10 7 | —1.64x 10 'F | 431 x 109
without filtering | 1.87 x 10~ % | 4.35 x 10~ | —6.63 x 10~12 | 4.33 x 10~ °
blur 183 x10°° | 432x 10 7 | —453x10 2 | 433 x 10 9
15 sharp 1.88x 1070 | 436x 10~ 7 | —824x 102 | 432 x 1077
dctdnoiz 935 x 10~ 7 | 3.09x 10~ 7 | —5.13 x 10 T | 434 x 107
nlmeans 873 x10~7 | 241 x 10~ " | —4.07 x 10~ | 4.37x 1077
pixelize 150 x 10~ 7 | 4.76 x 10~ ° | —4.05 x 10~ 'F | 4.29 x 107
fftdnoiz T60x 10 ° | 402x 10 7 | —234x 10 'F | 433 x 10 9

Number of Images

Without filtering

DCT-based filtering with dctdnoiz
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Figure 1. Chart of correlation without filtering (left) and after filtering with dectd-
noiz (right)

4. Conclusion

This paper proposed a method for the experimental estimation of the

correlation distribution in correlation-based image watermarking. The pro-
posed approach enables analysis of how various distortions affect the corre-
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lation between watermarked image and embedded and non-embedded wa-
termarks. The method was applied to a DCT based watermarking algo-
rithm [4] using the Flickr8K dataset [7] and a set of FFmpeg filters [8]. The
implementation and experimental results are available at [5].

The results show that distortions introduced by filters significantly re-
duces the correlation values between the embedded watermark and the dis-
torted watermarked image, while having minimal changes in the correlation
between the distorted image and non-embedded watermarks.
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This study proposes the development of a survival-based reliabil-
ity forecasting model for critical urban infrastructure systems, in-
cluding power grid nodes, urban water networks, and composting
units. Leveraging the Cox Proportional Hazards Model (PHM) un-
der right-censoring conditions, the study aims to estimate failure
probabilities over time using real-world environmental and opera-
tional covariates. The approach allows for dynamic risk assessment
without requiring full specification of the baseline hazard func-
tion, making it well-suited for complex, evolving smart city envi-
ronments. The proposed model will incorporate maximum likeli-
hood and Bayesian estimation methods for robust inference and
be supported by graphical tools such as survival curves and haz-
ard function plots. This research contributes to the field of urban
analytics by enabling early failure prediction and preventive main-
tenance planning, thereby supporting sustainability and resilience
in smart infrastructure systems. Keywords: Coxr PHM, Right-
Censored Data, Urban Infrastructure Reliability, Smart City Sys-
tems

Introduction

Smart cities depend on resilient infrastructure systems to ensure unin-
terrupted services and sustainable urban living. However, failures in criti-
cal components such as power grid nodes, water distribution systems, and
composting equipment can lead to significant operational and environmen-
tal consequences. Traditional reliability analysis methods often struggle to
accommodate incomplete or right-censored data, which is common in real-
world monitoring [1, 2].

To address this limitation, the present study proposes a survival-based
reliability modeling framework employing Cox PHM. This approach en-
ables the estimation of failure risk over time while incorporating relevant
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covariates, ultimately enhancing the predictive accuracy and maintenance
planning of urban infrastructure networks [3, 4].

Background and Related Work. Modern survival analysis for infras-
tructure reliability spans nonparametric, semiparametric, and parametric
approaches [5]. The Kaplan-Meier (KM) estimator provides a model-free
estimate of the survival function that is robust under right-censoring, yet
it cannot directly adjust for multiple, time-varying risk factors typical of
smart-city assets [1]. Parametric Accelerated Failure Time (AFT) mod-
els, such as the Weibull, Exponential, and Gompertz distributions, describe
lifetimes by assuming a fully specified distribution; they enable direct time-
scale interpretations and extrapolation but can be misspecified under het-
erogeneous operating regimes [2, 6].

The Cox PHM offers a pragmatic middle ground: it leaves the base-
line hazard unspecified while estimating covariate effects through partial
likelihood, thereby accommodating high-dimensional sensor and contextual
data without committing to a parametric baseline [3, 4]. Methodological
advances including tie handling and large-sample theory have made Cox
PHM the workhorse for risk modeling under censoring [7-9]. In urban sys-
tems, recent studies have applied survival learning to power grids, water
pipelines, and other composite assets, showing that hazard-based formu-
lations can capture environmental load, usage intensity, and maintenance
signals more faithfully than aggregate failure-rate summaries [3, 5, 7].

Positioning and Novelty. Unlike prior applications that either (a) report
KM curves without covariate adjustment or (b) rely on single-family AFT
assumptions, we develop a Cox PHM centered reliability workflow tailored
to smart-city assets under right-censoring. Our contribution is twofold:
(1) estimation strategy side-by-side MLE and Bayesian inference for Cox
effects with uncertainty summaries suitable for operational decisions [3, 4];
(2) practical integration simulation assisted forecasting and a prototype
dashboard that translate hazard-ratio insights into preventive maintenance
policies under realistic data incompleteness [3, 5, 7].

1. Objectives

The primary objective of this study is to develop a Cox PHM based
reliability modeling framework for smart-city infrastructure under right-
censoring. We aim to estimate and interpret the effects of operational and
environmental covariates on failure risks while maintaining flexibility with
respect to the baseline hazard [2—4].
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1.1. Specific objectives

Modeling under censoring Formulate time-to-failure T', censoring indi-
cator J, and covariate vector x for power grids, water systems, and com-
posting units; adopt the Cox PHM model to quantify hazard ratios under
right-censoring without specifying the baseline hazard [3].

Dual estimation strategies (1) MLE via Cox partial likelihood with ap-
propriate tie handling (Efron/Breslow) and large-sample properties [7-9];
(ii) Bayesian inference to obtain posterior summaries and highest posterior
density (HPD) intervals; report classical confidence intervals (CI) for MLE
and HPD/credible intervals for Bayesian estimates [4].

Uncertainty and decision outputs Provide decision-oriented uncertainty
summaries (HPD and CI) for hazard ratios and survival curves to support
maintenance scheduling and risk ranking in operations [4].

Sitmulation design for evaluation Conduct Monte Carlo experiments
across varying censoring levels and sample sizes to compare MLE and
Bayesian performance. For each replication, we will compute accuracy met-
rics, including the Mean Squared Error (MSE) of the parameter estimates

N
MSE() = - S8 — I
=1

as well as relative bias and interval coverage (CI vs. HPD). Runtime and
convergence diagnostics will also be recorded.

Empirical validation Fit the Cox PHM model to real smart-city asset
data, generate survival/hazard diagnostics, and assess out-of-sample risk
predictions for preventive maintenance use cases.

Model diagnostics Check the proportional hazards assumption (e.g.,
Schoenfeld residuals and time-varying effects) and examine influential ob-
servations to ensure model adequacy [4].

Deliverables Produce survival curves, hazard function plots, and a
lightweight prototype dashboard for reliability forecasting and decision sup-
port.

We estimate Cox PHM effects via maximum likelihood and Bayesian
approaches and provide decision oriented uncertainty summaries (HPD and
CI) under right-censoring [2—4].

2. Mathematical Formulation

Data includes lifetimes of infrastructure units, censoring indicators, and
covariates such as temperature, load, usage, pressure, and maintenance fre-
quency [2]. The survival time T of a smart city infrastructure component
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is modeled using the Cox PHM, with the hazard function defined as:
h(t | %) = ho(t) - exp(8 ' x),
where h(t | x) is the hazard rate at time ¢ given covariates
x = (21,22, ...,Tp),

ho(t) is the baseline hazard function (unspecified), B3 are the regression
coefficients to be estimated. To estimate (3, we use the partial likelihood

function -
exp(B ' x;)

va 1 2ier() SPBTxG)

L(B) =

where

0; € {0,1} is the censoring indicator: §; = 1 if the event (e.g., failure) is
observed; §; = 0 if right-censored,

R(t;) denotes the risk set all components still under observation just
prior to time ;.

3. Conclusion

This project offers a methodological contribution to the reliability as-
sessment of smart urban infrastructure by applying Cox PHM under right-
censoring conditions. Through the estimation of hazard functions, genera-
tion of survival plots, and development of a dashboard prototype, the study
alms to provide both theoretical insight and practical tools for infrastruc-
ture monitoring and failure prediction. The resulting analysis and outputs
are expected to support more informed decision-making, enhance preventive
maintenance strategies, and contribute to the sustainability and resilience
of smart city systems.

Compared to classical nonparametric approaches such as the KM esti-
mator and fully parametric AFT models (e.g., Weibull, Exponential, Gom-
pertz), the Cox PHM framework provides a balance between flexibility and
interpretability. It avoids baseline misspecification while retaining the abil-
ity to incorporate diverse operational and environmental covariates, which
is crucial for evolving smart-city environments.

Furthermore, two estimation strategies were employed. MLE delivered
efficient point estimates with relatively narrow confidence intervals, making
it suitable for large-sample scenarios. In contrast, the Bayesian approach
provided HPD intervals that better quantified parameter uncertainty, par-
ticularly under small-sample or high-censoring conditions. A comparison of
results showed that hazard-ratio estimates were broadly consistent across
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the two methods, but Bayesian inference offered a richer uncertainty char-
acterization.

Finally, model accuracy was evaluated through Monte Carlo-based MSE
comparisons between simulated and estimated parameters. The Bayesian
approach tended to yield slightly lower MSE values under heavy censoring,
indicating more stable inference in complex data settings, while MLE re-
mained competitive in larger samples. This dual perspective demonstrates
that MLE and Bayesian inference not only complement but also validate
each other, thereby ensuring robust and reliable survival analysis for smart-
city infrastructure under censoring.

The complete set of simulation outcomes, empirical findings, and de-
tailed methodological extensions will be presented in the forthcoming ex-
tended paper.
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FAST NUMERICAL METHODS FOR STOCHASTIC
MODELING BASED ON PROBABILISTIC
EXTENSIONS
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The article studies fast algorithms for numerical modeling of prob-
lems with random input data. The approaches under consideration
are non-intrusive methods based on probabilistic extensions. They
rely on existing numerical methods for solving deterministic prob-
lems and use them as solvers. Unlike polynomial chaos methods, in
some cases it is possible to avoid exponential growth of the number
of operations from the number of input parameters.

Keywords: Computational probabilistic analysis, probabilistic ex-
tensions, uncertainty quantification

Introduction

Real computational models usually contain many parameters.They are
usually non-deterministic and can be represented either by random con-
stants or random fields. If the input parameters of the model are repre-
sented by distribution functions, researchers tend to estimate the output
data as distribution functions as well. An example of such a method is
the stochastic finite element method for solving differential equations with
random coeflicients [2].

Methods for solving such problems are usually called Uncertainty Quan-
tification (UQ) [3]. Uncertainty Quantification provides rigorous procedures
for describing how the output of a model depends on the uncertainties of
its input parameters.

Fig. 1 shows the UQ scheme, where the input parameters z1,...,z, of
the model y = f(z1,...,x,) are represented by their distributions.

Uncertainty quantification methods play a key role in reducing the im-
pact of uncertainties in both optimization and decision-making processes.
The main goal of UQ is to construct output distributions of numerical sim-
ulations y.

Monte Carlo (MC) methods can be attributed to UQ. Despite all its
positive qualities, MC has an extremely low convergence rate. To obtain
adequate estimates of the statistical characteristics of the modeling results,
the original problem must be solved several thousand times.
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Figure 1. Uncertainty Quantification

Reducing the number of operations is one of the goals of stochastic mod-
eling. In the field of fast computing, one way to actually reduce the number
of operations is to use polynomial chaos (PC) methods in combination with
stochastic collocations. A similar approach has been successfully applied to
solving stochastic differential equations [2].

Polynomial chaos expansion seeks to approximate a random function via
orthogonal polynomials of random variables. Thus, the Gaussian distribu-
tion corresponds to Hermitian polynomials, and the uniform distribution
corresponds to the expansion in Legendre polynomials; for gamma distribu-
tions, it is convenient to use Laguerre polynomials [1, 3].

Sensitivity analysis quantifies how much of the uncertainty in the model
output each uncertain parameter is responsible for. A sensitivity analysis
provides a better understanding of the relationship between the parameters
and output of a model. This can be useful in a model reduction context.
For example, a parameter with a low sensitivity index can essentially be set
to any fixed value (within the explored distribution), without affecting the
variance of the model much [3].

It should be noted that the MC and polynomial chaos expansion are
mainly focused on estimating the mathematical expectation and variance of
the modeling results [5]. One of the limitations of using Polynomial chaos
methods is the exponential growth of the number of operations from the
number of input parameters [5].

1. Probabilistic extensions

A competitor of polynomial chaos methods is computational proba-
bilistic analysis (CPA) [4]. The basis of CPA is the calculation of prob-
ability extensions, i.e. the construction of distribution laws for functions
f(x1,...,2,) of random arguments, where the joint probability density
function with respect to the random vector (z1,...,z,) is known. Unlike
PC, CPA works with nonparametric representations of random arguments.
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One of the problems considered by CPA is the problem to construct a
probability density function of random variables. Let us consider the general
case [5], when (x1,...,2,) is a system of continuous random variables with
a joint probability density function p(z1,...,z,) and the random variable
z is a function f of random arguments z1,...,z,

z=f(x1,...,2p).

We say that the random function f : R™ — R is a probabilistic con-
tinuation of the deterministic function f : R® — R on the set D C R", if
f(x) = f(z) for all arguments x € D [4].

The random function f : R® — R is called the probabilistic extension
of the deterministic function f : R™ — R on the set D C R”, if

(i) it is probabilistic continuation of f on D,

(ii) the probability density function f coincides with the probability
density function z of the random variable z = f(x1,29,...,2,), where
(x1,2a,...,2,) is a system of continuous random variables with joint prob-
ability density functions p(z1,x2,..., ) [4].

Thus, we can write

z="f(x1,...,%Xp).

In cases where it is necessary to directly indicate the value of f at some
point &, we will use the notation

z(&) = f(x1,...,%,)(&).

Theorem 1. [4] Let (xy,...,2,) be independent continuous ran-
dom variables, f(x1,X2,...,X,) is a probabilistic extension of the function
f(z1,29,...,2,) and for all real ¢ the function f(¢,xa,...,%,) is a proba-
bilistic extension of the function f(¢,xs,...,x,).

Then

£(x1, X2, %) (€) = /Supp( RO X @it ()

Thus, applying the theorem successively to f(t,xa,...,X,), we can rep-
resent (1) as

f(x1...%,)(8) =
:/Dxl(tl)~-~Xk<tk>f(tl7~-~»tk;Xk+la-~-7Xn)(f)dt1dt2--~dtk7 (2)

where D =supp(z1) X ... xsupp(xg), t1,...,t; are deterministic variables.
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When calculating (2) using numerical quadratures, the number of oper-
ations can be estimated as ~ Km”, where K is the number of operations
for calculating the probabilistic extension f(t1, . .., tk, Xgp41, - - -, Xn)(£), m is
the number of quadrature nodes in one dimension. Thus, CPA is generally
not inferior to polynomial chaos methods in the number of operations.

In a number of problems it is possible to construct algorithms where the
number of operations depends linearly on the number of arguments.

Let f(z1,...,2,) be a rational function. We can obtained probabilistic
extension f of real rational functions f by replacing (i) the real variables
Z1, Ta, - .., Tp, with an probability density functions x1, xa, ..., X, and (ii)
the real arithmetic operations with corresponding probabilistic operations.
The result f is called a natural probabilistic extension [4]. In this case, the
number of operations grows linearly from n.

Let us consider the question of calculating a probabilistic extension in
the form (2) with as few operations as possible.

It is easy to see that we must strive to represent the construc-
tion of a probabilistic extension with the smallest &k and the function
f(t1,...,tk, Xg+1,- . -,X,) falls into conditions when it is possible to con-
struct a probabilistic extension for it with non-exponential (polynomial)
growth in the number of operations.

2. Karhunen—Loéve expansions

Let’s consider the Dirichlet problem:

Lu = f, re D, (3)
u(z) = 0, z € 0D, (4)

D is a bounded open domain in R? with piecewise smooth boundary 69,

2
0 7]

In what follows, to solve (3), it is necessary to parameterize the input
coefficients a; and the right-hand side f. Without loss of generality (to
simplify the presentation), we will assume that the coefficients a; are deter-
mined by a set of random constants, and their probability density functions
a;, 1 =1,..., N, are known.

To parameterize the right-hand side of f we will use the Karhunen—Loéve
expansions [3, 5]

N
fla,w) = fz,w)n =Y VAuFu(@) fa(w),
n=1
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{An, Fn(2)}22, denote pairs of eigenvalues and functions of a given covari-
ance function, and f,(w)%2; are independent random variables with zero
mean and unit variance, represented by their probability density functions
f,,. Karhunen—Loéve expansions is also known as proper orthogonal decom-
position (POD) and principal component analysis (PCA).

Moreover, the error decreases monotonically with an increase in the
number of terms in the expansion.

Let it be necessary to find a probabilistic extension of a numerical solu-
tion at some point u”(z) = u"(x,ay,...,ay, ).

The final probabilistic extension can be represented as [7]

://al(tl)...aNa(tNa)uh(x,tl,...,tNa,fl,...,fo)dtl...dtNa. 5)

The integral (5) will be calculated using numerical quadratures. The
number of calculation operations (5) is proportional to K exp(N,), where
K depends linearly on Ny.

3. Using Taylor Series

Let us consider the case of approximate calculation of the probability

extension of a smooth function f(z1,...,z,), when the random vector x =
(z1,...,2,) has independent components.
In the neighborhood of some point ¢ = (xo1, ..., Zon), We approximate
the function f(z1,...,2,) by a segment of the Taylor series
— Of (o)
0
fa) ~ fzo) + ) 5. (&7~ T0s)-
j=1

In this case, the natural probability extension will look like this

n
df (o)
f(x) =~ f( )+Z ) (x;j — Zoj)
— €
j=1
Due to the independence of = (z1,...,x,), the number of operations

for estimating the probabilistic extension f(x) will grow linearly with the
dimension n.
This approach has much in common with interval sensitivity analysis [6].

= f(t,y. k), (6)
( ) = 0,
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y € R™ is solution vector;

y0 € R" is initial data vector;

k € R™ is a random vector of independent parameters with known prob-
ability densities. Similar problems arise when modeling complex nonlinear
reactions in the kinetic region [8]. The solution can be represented as a
function of the parameters

Yy= y(tv k)

To construct probability density functions y, we approximate the func-
tion y by a segment of the series

0
Yt k) ~ y(t ko) + aTg_(k‘j — koj)-
j J

To find partial derivatives with respect to parameters, we use the original
model and obtain a system of differential equations

of Oyi 6f

8yz Ok; (™)
dy .
87]% = O,j = 1,...,m.

Simultaneously solving systems (7) and (6), we obtain

y(t, k) =~ y(t, ko) +Z ok, (t, ko) (k; — koy)-

Note that in this case the number of operations for constructing the
probabilistic extension y(¢,k) grows linearly with the dimension of the pa-
rameter vector k € R™.

4. Conclusion

Thus, it is shown that the algorithms for solving stochastic modeling
problems proposed in the work allow in a number of cases to significantly
reduce the number of operations. Thus, by dividing the input parameters
in stochastic modeling into groups with different degrees of influence on
the output distributions, it is possible to significantly reduce the number
of operations. For this purpose, the work considers the Karhunen—Loéve
expansions and Taylor Series.
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C JETPAJAITMEI I BOCCTAHOBJIEHUEM
ITPIBOPA

A.A. Bapakuna', E. A. ®énoposa’

1 . . . .
Hayuonaavnoti uccaedosamenveruti Tomekut 2ocydapemeertvii
yrnusepcumem, 2. Tomck, Poccus

B pabore paccmoTpena MapKOBCKas o/iHOIMHEHHAass RQ-cucrema, Ha
BXO/T KOTOPOH MOCTYIAaeT MpoCcTeHInil IOTOK 3asBOK. 3asdBKH, HETIO-
JyauBLIze 00C/IyKUBAHME, IIEPEXOAAT HA OPOUTY U Uepe3 CirydaiiHoe
BpeMd, pacupenesieHHOe SKCIOHEHINAIbHO, PeaIn3yIoT IOBTOPHBIE
BBI30BBI. Bpems o0cayKuBaHus KaK/I0M 3asBKU PACIIPEIETIEHO SKC-
IIOHEHIIMAJIbHO C IIapaMe€TpPOM, 3aBuUCAIIEM OT TeKy].U,efI COCTOAHUA
npubopa (cremernu nmerpagammn). [lox nerpamanueii mpubopa MoHM-
MaeTCd YMEHbIIEHNE CKOPOCTH O6CJ'IY)KI/IBaHI/IH 3adBOK B 3aBUCHMO-
CTr 0T CyMMapHOI'o KOJIM4YeCTBA 06CIIy)KeHHbIX 3a4dBOK C MOMEHTa
BOCCTAaHOBJICHHUA HpI/I60pa. HpI/I JOCTUZKEHNU HEKOTOPOTO 3HAYCHUA
HNHTEHCHUBHOCTHU O6CJ'[y)KI/IBaHI/Ie CTaHOBHUTCA HEBO3MOXKHbBIM, W IIPpHU-
60p yXOOWT HA BOCCTAHOBJIEHNE, PACIIPEIETIEHHOE SKCIIOHEHIINAIh-
HO. COCTaBJ’IeHbI YpaBHEHUA KOJ’IMOI‘OPOB& U1 BBITIOJTHEH YUCJICHHBIN
AaHaJIN3 CUCTEMbI Ha OCHOBE MAaTPHUYIHOT'O METOa.

KumroueBsie cioBa: RQ)-cucmema, deepadayusn, eoccmarosaenue,
MAMPULHOLY Memod

Bsemenue

B rteopuu maccosoro obciyxkusanus (TMO) RQ-cucrembr npejcraniis-
eT KJIACC MAaTeMaTHYECKUX MOjieJieli, 0COBEHHOCTbIO KOTOPBIX ABJISAIOTCS 110~
BTODHbBIE BbI30Bbl, TO €CTb B TAKUX CUCTEMAX 3asBKHU, HELOJy4uBlIne 00-
CIIyKWBAHWUST HE TIOKUJIAIOT CUCTEMY, & TPOIOIKAIT MBITATHCS TOJYIUTh
JIOCTYTI K OOCJIy?KUBAIOIIEMY YCTPOUCTBY depe3 CiaydaiiHoe Bpems. Taxoit
KJIACC MOJesielf OMMCHIBAET MHOTHE TEXHUIECKUE WJIH IKOHOMUIECKWE CHU-
CTeMbl, HAIPUMED ceTell lepejadn JaHHBIX, KOHTAKT-IeHTPbI U Ap. [1, 4].

Cucrembl MaccoBOro O6CJY:KMBAHUS C BOCCTAHOBJIEHHEM I1IPUOODA HC-
CJIEAYIOTCs B MHOI'MX paborax, OJHAKO OObIYHO LIPUYUHON BOCCTAHOBJIEHUS
SIBJIAIOTCS TIOJIOMKH TIPUOOpPA, KOTOPBIE OMMCHIBAIOTCS, HATIPUMED, TOCTY-
MaloNAM MOTOKOM OTPHUIATENbHBIX 3asBoK. Momemm TMO c¢ merpanmarmei
06CTyKUBaHNS MCCIeJOBAHbI c1abo [3, 4].

UccnenqoBanne BBIIOJHEHO 33 cueT rpaHTa Poccuiickoro mayanoro ¢gomga Ne 24-21-
00454, https://rscf.ru/project /24-21-00454/
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OcobeHHOCTBIO JaHHON paboThl sABjIgercda ucciaenopanue RQ  Mome-
JI¥, YIUTHIBAIOMIEH M3MEHEHHEe PeKruMa PadOThI 0OCTYKHUBAIONIErO MPUOO-
Pa B 3aBHCHMOCTH OT KOJu4IecTBA 0OpabOTAaHHBIX 3asgBOK. B commasibHO-
SKOHOMHUYECKHUX CUCTEMAX TAKWE MOJIEJU MO3BOJISIIOT YIECTh YETOBEYECKUA
GdaKkTOp — CTeneHb yCTaJ0CTH 0OCTyKUBAIOIIETO CIEINAINCTA, & B TEXHUYIE-
CKHUX CHCTEMAaX — U3HOC 0OOPYIOBAHUS.

1. Onucanmne MareMaTu4ecKomn MoJeJin

Paccmorpum RQ-crucremy, Ha BXO KOTOPOI MOCTYIAET MPOCTEHIITHI 110~
TOK 3asgBOK C MHTEHCHBHOCTHIO A. Ecim mpubop cBoOOIEH, TO 3asgBKa 3a-
HUMAaET ero Ha CIyYaiiHOe BPeMsi, PACIPEIEIEHHOE IO IKCIOHEHIINATHLHOMY
3aKOHY C IIADAMETPOM [i},, BABUCAIIUM OT CTEIIEHU Jerpaaanuu npudopa (Oy-
JIeT TIOICHEHO Jajiee). B ciiydae HeJ0CTyIHOCTH pUOOpa BXOASIIAS 3asBKa
OTTIPABJISETCST HA OPOUTY, OTKY/A MBITAETCS MOIYIUTh O0CTYKUBAHUE CITY-
cTs CaydaiiHoe BpeMs, PACHpenes€HHOe M0 KCIOHEHIIMATHLHOMY 3aKOHY C
[IAPAMETPOM 0.

IMox nerpaganueii 0OCTyKUBAHUS TIOHUMAETCS YMEHBIIIEHNE CKOPOCTHU
00CTyKWBaHUS B 3aBUCUMOCTH OT YHCJIA OOCIIY>KEHHBIX TPHOOPOM 3asSBOK
3a paccMaTpuBaeMbIil epuoj Bpemenu. IlycTh mporece Jerpagain uMeeT
KoHeuHoe 4ucio cocrosuuil K. B HauanbHblii MOMeHT BpemeHu (Miid 110-
CJle LIepHOJIa BOCCTAHOBJIEHUs) UHTEHCUBHOCTb OOCJYXKMBAHUS DAaBHA [ig,
a cremnenb gerpaganuu mpubopa k = 0. 3aBepras 0OCTyKUBAHWE KayK-
JIOf TIOC/IENYIONIEH 3asiBKU, MPOIECC AErpaJaluyd TEPEXOIUT W3 COCTOs-
uust k B cocrogame k + 1, TO ecTh cjemyromias 3asBKa OOCIIY:KHUBAETCH C
WHTEHCUBHOCTBIO [ik11. B paMKaxX HaHHON paboThl MPEIIOIAraeTCs, 9T
Ho > p1 > oo > fg > Mgl > ... > lLk—1. B KOHEYHOM wWTOrE jmerpaja-
nwst TprdOPa JOCTUTAET COCTOsTHUST K, TPU KOTOPOM OOCITyKMUBAHUE CTAHO-
BHUTCSI HEBO3MOYKHBIM M HEOOXOIMMO BOCCTaHOBJIeHMEe npubopa. To ecTh 10
3aBepiienuto obcayKuBauus K-if 3asdBKu MPUOOP OTKJIIOYAETCS JJIs BOC-
CTAHOBJIEHUs HA BPEMs, PACIPEICTEHHOE SKCIIOHEHITUATBLHO C MapaMeTpoM
P -

Crpykrypa uccieayeMoil Mojieu npejcraBiena Ha puc. L.

o

O O
(OANOAN)

e
T

Puc. 1. RQ-cucrema ¢ aerpaganueii npubopa u BOCCTAHOBJIEHUEM
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ITycrs i(t) — gmcno 3asBOK Ha opbure (i > 0), k(t) — cocrogHue mpo-

necca gerpaganuu mpudopa (k= 0, K), m(t) — cocrosrue npubopa:
{0, pubop cBoOO/IEH,
m(t) =
npubop 3aHAT OOCTYKUBAHUEM 3AIBKH.

TpexmepHbIii caydaitubtii mpouecce {m(t), k(t),i(t)} saBaseTcs MapKOBCKAM.

O6ozuaunm P, (k,i,t) = P{m(t) = m,k(t) = k,i(t) = i} — Beposr-
HOCTb TOTO, 9TO B MOMEHT BPEMEHHU t npubOp HAXOAUTCA B COCTOSIHUM MM,
OPOLECC JETPAIAINN HAXOAUTCS B COCTOSHUM K, 8 Ha OPOUTE HAXOIUTCA i
3asBok. CocraBum cucremy nuddepeHuanbabx ypasuenuit Koimoroposa

IUIs pacupenesenus sepogrnocreit Py, (k,i,t) cocroguuil paccMarpuBaeMoi
RQ-cucrembr:

P,
ORO00) _ (\ +io) Po(0,,1) + e Po (K, i, ),
3P1%,iat . . .
— 0 = —(A+ po)Pr(0,3,t) + (i + 1) Py (0,7 + 1,t)+
+APy(0,4,t) + APy (0,5 — 1,1),

OPy(k, it .

M —(A+io)Po(k,i,t) + pr—1Pi(k —1,4,t), (1)
(9P18€,Z,t

T (/\+/J’k)P1(kvzat)+/\P0(kazat)

+AP (ki —1,t) + (i + 1)oPy(k,i+ 1,1),

OPy(K,i,t , ,

% = O\ ) Po(K i, t) + APy (ki — 1, 8)+

+/’LK—1P1 (K - 17 i7 t)
B cramuonapuoM pexxume cucrema (1) umeer caeayronmii BuL:

—()\ + ’iU)Po(O i)+ MKPQ(K, i)=0

—(A+ 10)P1(0,%) + (i + 1)oPy(0,3 + 1)+

+APy(0,4) + AP1(0,i — 1) =0,

—(A+io)Py(k,i) + px—1Pr(k—1,i) =0, (2)
— (N4 ) Py (k,3) + NPy (k, 1)+

APy (ki — 1) + (i + D)o Py(k, i +1) = 0,

—( A+ pur)Po(K, i) + APy (K,i— 1)+ px—1 P (K — 1,7) = 0.

Tak Kak aHAJUTUIECKOE UCC/IEIOBAHUE CUCTEMBI (2) JOBOJBHO 3aTPY/I-
HUTEJIbHO, MTPUMEHUM YUCJIEHHBIN aHAIU3 JJIT HAXOXKJIEHHUS CTAIlMOHAPHBIX
XapaKTEPUCTUK MOJIETH.
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2. Yncienuplili aHaJIns

Bamernm, uro cucrema (2) umeer Geckonednplil pazmep, rak Kak i(t) =
0, 00. 751 BBIYMCIIEHUST XapaKTEPUCTHK CUCTEMBI OTPAHUYNM EMKOCTH Op-
GuTbl HeKoTopoil rpanuiei N, Torma i(t) = 0, N. N Oyuer onpenensaThest

WHIABUIYAJIHHO B KaXKJIOM YHCJIOBOM mpumepe. B kadecTtBe Kpurepus BbI-
N K

Gopa N MoxHO BBIOpaTh ycjaoBue 1 — Z Z(Po(k‘, i) + Py(k,i)) < 10712
i=0 k=0

Kpaesbie ypaBuenus mjs ¢ = N ©UMEOT BUJ;
—(A+ No)Py(0,N) + prx Py(K,N) =0,
—,u()Pl(O,N) + )\Po(O,N) + )\Pl(O,N - 1) = 0,
—()\—I—NO')P()(k,N)—‘r/Lk,lPl(k‘—1,N):O, (3)
—,ukpl(k,N) + )\Po(k',N) + )\Pl(k7N - 1) = O7
7/LKP0(K, N) + )\P()(K,N — 1) + /LK_lpl(K — 1,N) =0.

[TpumennM MATPUYHBIA TOIXOJ, JIJIsT HAXOXKIEHUST CTAIMOHAPHOTO PaC-

npeJiesieHus COCTOTHUI yCedeHHOM cucTeMbl. IIpejcTaBuM cucreMy ypaBHe-
uuii (2)—(3) B MarpudHOM BuJe, 100ABUB YCIOBUE HOPMUDOBKH:

Ap:ba

rie p — BeKTop BeposirHocreil Py, (k, ), 31eMeHTbl KOTOPOro 6y1yT 3aiucatbl
B CJIELYTOIIEHN 1TOCJIE0BATEIbHOCTH:

p = [F0(0,0), P1(0,0), Py(1,0), Pi(1,0),...,Py(K,0),
Py(0,4), P1(0,4),..., Po(k,i), Pi(k,i),..., (4)
Py(K,i),...,Py(k,N), Pi(k,N),,..., Po(K,N)|",
b — BekTop pasmeproctn [(N + 1)(2K 4+ 1) + 1] X 1 ¢ HyJIeBbIMHU 3JIeMeHTa-
MU ¥ TIOCJIeTHUM eIUHUIHBIM, A — MaTpuiia KO3 UINEHTOB Pa3MEePHOCTH

[(N+1)(2K + 1)+ 1] x [(N + 1)(2K + 1)], mony4enHas u3 cucremsl (2),
Huzke npuBedeH eé dbparment (st i = 0):

“A 0 0 0 2 0

A —(A+po) O 0 0 o

0 1o “A 0 0 0

A_ |0 0 A=A+ m) 0 0

|0 0 0 B —(A+p2) 0
0 0 0

Torma BEeKTOp BEpOATHOCTEH P MOXKHO BBIYUCIUTH C MOMOIIBI0 OOPATHOM
MaTPHUIIBI TIO Cieayomeit popmyse:

p=(ATA)*ATD.
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3. UuciaeHHBIN TIpuMep

Paccvorpum caemytommuit mpumep. Ilycrs
A=05,K=2pup=2,u1 =15 pu=10=1.

Yucnennoe perenne peajJn30BbIBAIOCh HA SA3BIKE MPOTPAMMHUPOBAHUS
N-1

Python. 3uauenne rpanuipst N BbIONPAIOCH TAKOE, UTO Z P(i) =1 ¢ Tou-
i=0
HOCTBIO MOPSIIKA MAIMHHOIO HyJsd. s yKa3aHHOTO mprMepa OKa3aIoch
jpocrarounbiM N = 5. IlpejcraBum Bpluuc/eHHbIE 3HAYEHUs BEKTOPA P:
p = [Po(0,0) = 0,14037298, Py(0,1) = 0,04638731,
Py(0,2) = 0,01962463, Py(0,3) = 0,00845963,

) (
Py(0,4) = 0,00339800, P5(0,5) = 0,00121942,
Py(1,0) = 0,18718546, Py(1,1) = 0,04597572,
Po(1,2) = 0,01689008, Py(1,3) = 0, 00656049,
Po(1,4) = 0,00245602, Poy(1,5) = 0,00051931,
Py(2,0) = 0,06999987, Py(2,1) = 0,06939663,
Po(2,2) = 0,04888143, Py(2,3) = 0,02943646,
Po(2,4) = 0,01513299, Py(2,5) = 0,00657444,
P1(0,0) = 0,04670355, Py(0,1) = 0,03439040,
P1(0,2) = 0,02102414, P;(0,3) = 0,01139776,
P1(0,4) = 0,00545251, P;(0,5) = 0,00137103,
Pi(1,0) = 0,06987627, P;(1,1) = 0,04594238,
Pi(1,2) = 0,02563314, Py(1,3) = 0,01303566,
Py(1,4) = 0,00523055, Py(1,5) = 0,00147094].

Ha puc. 2 npeacraBieHO MapruHAIBHOE
9UCIIa 3asBOK HA opbuTe Takoil cucrembr P

acnpe/iesieEne BepOATHOCTeR

gl

7

—~
~—

0.5

0.4

0.3

P(i)

0.2

0.1

0.0

Puc. 2. 'paduk pacupenenerus: BEpoaTHOCTEH YUC/Ia 3asdBOK Ha OpouTe
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W3 nonydennoro pacnpeiesieHus MOKHO BEIYUCTUTD JTI00bIE XapaKTepu-
crukn (DYHKIMOHUPOBAHUS CACTEMbI, HAIIPUMED:

— BEPOATHOCTH BOCCTAHOBJIEHUA

N 1
Prestoration - Z Z Pm(K7 Z) = 02394,

i=0 m=0
— JI0JIsT BPEMEHHU TPOCTOsT TPpUOOPa

N K

Piaie = » > Po(k,i) = 0.7185.

=0 k=0

3akJiroueHue

B xoze paborel 6bu1a uccaenoana RQ-cucrema M/ My /1 ¢ nocnenosa-
TeJbHOI merpajanueil mpubopa u BOCCTAHOBJIEHUEM. BbBINOIHEH YUCIEHHDIN
AQHAJIN3 XapaKTEePUCTUK CUCTEMBI ¢ TOMOIIHI0 MATPUIHOTO MOJX0/IA, Pean-
30BAHHOTO B BUJE MPOrPaMMbI Ha s3bike Python.
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CTAIIMOHAPHBIE XAPAKTEPNCTUKUN
CNUCTEMbBI MACCOBOTI'O OBCJIV2KNIBAHU
C I'PVIIITIOBBIM OBCJIY2KVBAHNEM
TPEBOBAHUU

E. A. Bacumnpena!, 1. E. Tanauko', E.II. Crankesud!

! Capamoscruti nayuonasbnod uccaedosamerserud 20cydapemeentivi
ynusepcumem umenu H.I. Jepuwwesckrozo, 2. Capamos, Poccus

B omnompubopHyIo crcTeMy MacCOBOrO OOC/IY>KMBAHMS C OECKOHEH-
HOIl OYepebi0 IMOCTYIIAeT ILyaCCOHOBCKMI ITIOTOK OJHODPOMHBIX Tpe-
6oBanuit. O6cirykuBanue TpebOBaHUI HAYUHAETCH TOJIBKO TOTJIA,
KOTJ[a B OYepeaM HAKOMWUTCS 33aHHOE KOJIMYEeCTBO TpPeDOBAHMIA,
uHade Ipubop OyaeT MpOoCTanBaTh O MOCTYILIEHWS IIOJHON TPYII-
bl TpeboBanmii. IIpubop obciyknBaeT ogHOBPEMEHHO BCe TpeboBa-
HUsI, BXOJAIINE B OOCTYKUBAEMYIO Tpymimy. JIIuTebHOCTh 00CTy-
JKABAHUS DYl TPEOOBAHMI SIBJISIETCS CJIyJailHON BEJIUYIHHON C
SKCIIOHEHIMAJIbHON dyHKImell pacupemsenenus. Ilocae 3aBepenus
00C/Iy’KMBaHUS BCs TPYIIA MIHOBEHHO BO3BPAIAETCS B MCTOYHUK
TpeboBanuii. [loydeHsbl BeIpaXkeHUsT 11T MATEMATAIECKUX OXKUIA-
HUI [JIMTETbHOCTH IPEOBbIBAHUS TPYHO TPeOOBAHUI B OodYepemu U
JUIATEIHHOCTH 00CIIy ) KUBAHUS TPYII TPeGOBAHMN TPUOOPOM.
KumrodeBsble ciioBa: cucmema mMacco60zo 00CAYHCUBAHUA, 2PYTNO-
80€ 00CAYHCUBAHUE, CNAUUOHAPHBLE TAPAKMEPUCNUKY

BBemenue

[TepBble pe3ysibraThbl UCCIEIOBAHUS CUCTEM MACCOBOIO OOCIIYKUBAHUS C
TPYTITIOBBIM 00CIIyKMBaHNEM TpECTaBIeHbl B paborax [1, 2]. B Hacrosiee
BpeMs PA3BUTHE METOIOB aHAIN3A U ONTUMUBAIMYA CUCTEM C TPYIIIOBBIM 00-
ciryxkuBanueM [3—7| Tak:ke npezcTaBsier GOJIBIION UHTEPEC, TAK KaK CUCTe-
MBI 9TOr0 KJIACCA MOTYT UCIOJIb30BATHCS B KAYECTBE MOJIEIEHl PeabHbIX CH-
CTeM, B KOTOPBIX 00BEKThI 00pabaThIBAIOTCS IPYIIIAME, HAIIPUMED, TPAHC-
MOPTHBIX W TPOU3BOICTBEHHBIX CUCTEM, OECITPOBOIHBIX CEHCOPHBIX CeTeil u
T.1. [5, 6]. ra pabora MOCBSAIIEHA HAXOMKIECHUIO BBIPAYKEHWH [JIsi BBIYHMC-
JIGHUSI CTAIIMOHAPHBIX XaPAKTEPUCTUK OJHOMPUOOPHOH CHCTEMBI MaCCOBOTO
00CITy)KUBAHUS C TPYIIOBBIM OOC/TYKUBAHUEM, YTO ABJISETCS TIPOIOIKEHY-
eM DPe3yJIbTaTOB, OlyOJMKOBAHHBIX B CTaTbe [7], B KOTODPOW, B 4aCTHOCTH,
ObLIO MOJIYYEHO BbIPAYKEHUE JIJIsl BBIYUCICHUS MATEMATHYECCKOrO OXKUIAHUS
(M. 0.) myuTenpHOCTH MpeObiBaHus TPEOOBAHUI B CHCTEME.
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1. Onucanme cucTeMsbl

PaccmarpuBaerca cucrema MaccoBOro OOC/IyKHBAHHUSI C OJHHM OOCITy-
KUBAMONIIAM TPUOOPOM U OECKOHEYHOW OdYepenpio, (bYHKIIMOHUPYOIIAsS B
HEMPEPLIBHOM BpeMeHu. Bxopgmmuii moToOK TpeOOBaHWIT B CHCTEMY W3 HC-
TouHuka sipisiercd llyacconoBkuM. VIHTEHCHBHOCTH BXOSIIETO MOTOKA .
Tpebopanms mpuOOPOM OOCITYKHUBAIOTCSA TPYIION pa3dMepa b, mpudem, ec-
JIE B OYepean KOJUIEeCTBO TPeOOBaHUM MeHbIne b, TO mpubop OKHUIAET 0
TeX MOp, MOKa B OYEpEIb MOCTYNnuT b TpeOOBaHWil, WHAYE W3 OYEpeId HA
obcyKuBanme CaydaiiHbIM 00pa3oM BbiOupaercs b TpeboBanuii. /limrens-
HOCTBH OOCJTy?KHBAaHUSA T'PYIIBI, COAepKaieil b TpeboBaHuil, ABAIETCA IKC-
NIOHEHIUAJIBHO PACHPENeSICHHON CayYaiiHOI BeJIMYMHON C mapaMeTpoM [i.
Ilonaraercs, 910 cOCTOsiHME N CHCTEMBI OOCIIY?KUBAHUS — STO KOJIMIECTBO
TpebOBAHM, HAXOMSIINXCS B HE.

B pa6ore [7] 6b11 TIOMTyYeHBI BBIDAXKEHWs JIJIs1 BHIYMCIIEHNST CTAIIHOHAD-
HBIX BEPOATHOCTEN! COCTOAHUI pACCMATPUBAEMON CHCTEMBI:

=0 M (1)
m(n) =m(0)(£)" "2, n >0,
e M — )\
m(0) = =, (2)

a M — enuHCTBEHHBIII KOPEHb YPaBHEHUS
Mb+1 _ ()‘+,U/>Mb +>\bu — O,
pUHALJIEKAIAI HHTEPBAILY

(b(A ) A+p)tt - Abu)
b+1 "’ (A4 )b

2. CranmoHapHbIe XapaKTePUCTUKHU

YrBepxkaenue 1. Maremarndeckoe OXHIAHWE IIUTETHLHOCTHA IIpe-
ObIBaHUsI rpyIn TpeOOBAHUI B OYEpe I CHCTEMbBI MACCOBOI'O OOC/TY JKUBAHUS
C TPYIIIOBBIM OOCJTY?KUBAHUEM WMEET BT

AP pan
wMP + bu MP(M — \)’

EWy] =

Zoxazameavcmeo. Tak Kak Ha 0OCTyKUBAHNE W3 0YEPEIN BHIOUPAETCS
rpymnmna pasmepa b, TO OXKuIaHwe Tpymnn TpeOOBAaHWN HAYHETCSH C MOMEH-
Ta KOIJIA B OYEPed HAKOMUTCA 2b TpehoBaHUil, MO3TOMY HCIOIb3Ys 3aKOH
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JluTTia u onpenesenure M. O. IUCKPETHON CJIyYaiHON BEJTMYUHBI, [TOJIY9UM,
9TO M. O. JJIMTEJIbHOCTHU NMPEObIBAHUS I'PYIIT TPEOOBAHUN B O4Yepe u:

1 o
=3 ; (3)

TMozacrasum (1) u (2) B (3)

EW,) = /\nz;bn—b (A)nbz_

VaurbiBasg HOpMYyIy jis BBIYUCIEHUS CyMMbI OECKOHEYHOW TeOMEeTpUYe-
CKOIl MPOrpeccum u, 4To

ax—i—a—i—x)
ch = 5 ,npux < 1,
- )

HIOJTIy YUM

(M —=XNMP [(2)2 (=203 +2b+ ) (3)*

E[Wb]: bM)\b A 2 _bl A =
K (1= 57) M

_ (M = NMP(55)* (=2bgy +2b+ 57 — b+ bgy)

b 2 =
BTN (1-3)

(M = XN)M(35)% (=bgy +b+ 37)
PMNp (=)
(M - MNMZ (b3 b+ 3) N (DAFOM 4N
- bMpuM? (M — \)? C buMP (M —X) N
B /\bb(M—)\) )\b—i—l B )\b )\b+1
T oM =N T MM =N n M T b MM =N

YrBepxkaeaune 2. MareMarndeckoe OXHUIAHWE IIUTEJIBHOCTH O00-
CITY>KUBAaHUS TPYII TPeOOBAHWI B CHCTEME MAaCCOBOIO OOCTYKHUBAHUS C
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IPYIIOBBIM OOCTY>KMBAHWEM WMEET BUJ,

1
BlVi] = +-.

Zoxasameavcmeo. Tak Kak B paccMaTpUBaeMOl CHCTeMe Mpubop MOo-
KeT 00C/IyKUBATh IPYIILY, COCTOAIIYIO TOIBKO U3 b TpeboBaHwmii, T0 0OCTy-
JKUBAHUE IPYIIbl TPEOOBAHUN MOXKET HAUMHATHCSA TOJbKO, KOIJIA B CUCTEME
HAXOIUTCS YMCJIO TPEOOBAHUI KPATHOE 3aJaHHOMY pa3mepy rpymmrst b. To-
JIYYUM M. O. JUTATEIHHOCTH OOC/yKUBAHUS TPYIIIBI TPEOOBAHUI, UCIIOIb3Y ST
3aKoH JIWTT/Ia ¥ ONpeIeIeHrne MaTEMATHIECKOTO OXKUIAHUS,

wa nb) XZ (4)

Toncrasum (1) u (2) B (4)

E[Vb]:giw(o) (ﬁ)nbbz MMbeA — < >

b M (AN b ) M & B
T Ny ;((M>> - bM)\b n1< )

()]

1

IIpumenum bopMyay cyMMbl OECKOHETHOI TeOMETPUIECKON MPOTPeccui

EVi] = (M- M ()" (M- )M
PTUTMA L 1= () MAPp(MP -3
B pabore [7] 6bL10 mOKa3aHO, YTO
Mb
Mb—l +Mb_2)\+ "'+M)\b_2 +)\b—1 -
n
ITosTomy
Mb
N M= (A= M)(MP P MO2A o e MNP N = (- M) —
7]

Takum obpazowm,

V] = (M—=X)MXNp 1
DTMN (M =N MY M
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3akJiroueHne

g cucrembl € IPyHIoBbIM OOCIy>KMBAHUEM II0JIy9Y€HbI BbIPAXKEHUS
M. 0. JJINTEJIHbHOCTY MPEOBIBAHNS TPYIIT TPEOOBAHUN B OUEPEIN U M. 0. JIJIU-
TEJIbHOCTH OOCJIyKWBAHWS TPYNbl. B majbHEHIeM moIyYeHHbIe PE3YIbTa-
THI MO2KHO UCIOJIb30BATD [IJId PEelIeHnud 33249 ONTUMHU3AIUN CUCTEM MacCo-
BOr'O OOCJIy>KMBAHUS C T'PYNIIOBBIM OOCIIY2KUBAHUEM.
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IIPUMEHEHUE YIIPABJIIEMOI CETU
MACCOBOT'O OBCJIV2KVBAHU A
AJId MOAEJINMPOBAHNA ITEPEBAJIKN I'PY30B
B ITIOPTY

X.3. By!, M.JI. 2Kapkos?, A.JI. Kazakos'?, A. A, Jlemnept?

1 . . . .
Hprymerxul nayuonaavhol uccaedosamenbekuli meThuveckull Yyhueepcuimenm,
2. Hpxymecex, Poccusa
2 Hnemumym JUHAMUKY CUCTNEM U TEOPUL YNPLEAEHUA UMEHL
B.M. Mampocosa CO PAH, 2. Hpxymcx, Poccus

B craTtbe mpencraBiena 0600meHHAsS MO/IE/Ib PAOOTH YHUBEPCAIb-
HOI'0 MOPCKOTO IOPTa, OCOBEHHOCTHIO KOTOPOIO SABJISIETCH W3MEHe-
HUE TEeXHOJIOTUU U CKOPOCTU TTEPEBAJIKU I'Py3a B 3aBUCUMOCTH OT €T0
tuna. OHa UMeeT BUJ yIIPABJISEMOI CETH MaCCOBOTO OOCILY K IBAHHSI,
B KOTOPYIO IIOCTyHaeT deTblpe HEOPAWHAPHBIX IIOTOKA 3adBOK, OIIHU-
CHIBAIONINX MPHUOBITHE TPY30B HA MOPCKOM, DEYHOM, aBTOMOOMIb-
HOM H KeJIe3HOIOPOXKHOM TpaHcropre. /s orobpaxkenus paboTs
TPUYAJIOB, CKIA/I0B ¥ I'PY30BOr0 (DPOHTA IPUMEHSIOTCH PA3HbIE TH-
IIbI CUCTEM MaCCOBOTO O6C.Hy)KI/IBaHI/ISI, B TOM YUCJIE€ YIIpaBJIAEMbIE,
B KOTODBIX ITapaMeTpsl PAbOTHI PEryynpyIOTCs IO OIIPeIeSeHHBIM
IIpaBUJIaM. B pe3yjibTare, B MOAE/JIN YIUTBhIBAIOTCA U3MEHEHUEe TeX-
HOJIOTUU TIEPETPY3KU B MIOACUCTEMAX MOPTa U HECKOJIBKO Pa3JIMTHBIX
MapIIpPyTOB JBUKEHUSA I'PY30B MEXK/y HAMH.

KumroueBble cjioBa: mamemamuueckoe modesuposanue, meopus
MACCOB020 00CAYHCUBAHUA, YHUBEPCANDHBIT MOPCKOT NOPM

BBenenne

Teopust MaccoBoro 00CIyKuBaHUS ABIsIETCS 3MDMOEKTUBHBIM UHCTPYMEH-
TOM CIIEHAPHOIO MOIEIUPOBAHUsS PADOTHI TEXHWIECKUX CHUCTEM, KOTODBIE
MIPEIHA3HAYEHDI [IJIsi MACCOBOI 00PabOTKY MATEPUATBHBIX TOTOKOB Pa3Ind-
HOJl IPUPO/IbL ¥ HOIBEPKEHbI BO3AeHCTBUIO ciiydaiinbix dakropos [1]. Taku-
Mu CBOiicTBaMU 00/Ia/IaI0T TPAHCIIOPTHBIE OOBEKTHI, B YACTHOCTH, MOPCKHE
nopthel. [loaTomy erme co BTopoit mosoBuHBI XX BeKa CHCTEMBI MAaCCOBOTO

Pa6ora BemmonmeHa B pamkax rpamra Ne 075-15-2024-533 Munucrepcrsa HAyKd
BbICcIIero obpasopanus PP Ha BBIIOJIHEHHE KPYIHOIO HAYYHOTO IIPOEKTA 110 MPHOPUTET-
HEIM HAIIPABJICHHUSM Hay9IHO-TEXHOJOTHYECKOro pa3purus (mpoexT «DyHIaMeHTaIbHbBIE
nccieqoBaHusa BalKaabCKOil IPHPOSHON TEPPUTOPHK HA OCHOBE CHCTEMBI B3aUMOCBI3aH-
HBIX 0A30BBIX METOOB, MOAeJeH, HeHPOHHBIX ceTell U rudPOBOi mMIATMOPMBI IKOJIOTH-
YeCKOr0 MOHHTOPHHIA OKPY?KAIOLIEH CPeJIbls ).
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obcayxusanus (CMO) crasu akKTUBHO IPUMEHATHCS 71 AHAJIU3A UX TIPO-
LyCKHOIli criocobuocTu [2].

B nacrositiee Bpemsi jiisi onucanusi paboThl MOPCKHUX IIOPTOB € yYETOM HX
CJIOKHOM CTPYKTYPBI, KAK MPABUJIO, IPUMEHSIETCS aIlapaTr ceTeil MaccoBo-
ro obcayxusanus (CeMO) [1, 3]. Boapmias gacts mybanKaimii, B KOTOPBIX
JITsT AHAJIA3aA JIOTUCTUYECKUX TPOIECCOB B MOPTAX WCIOJNB3YeTCs JAHHBIH
anmnapar, MOCBSIIEHA CIEIUATH3UPOBAHHBIM MOPCKUM TEPMUHAJIAM, MPeJi-
HA3HAYEHHDBIM JIJIs [I€PEBAJIKU OJHOIO THUIA I'Py3a, B YaCTHOCTH, KOHTEM-
HepoB [4, 5] wam yras [6]. B Takux cucremax mapamerphl paboThl 060py-
JIOBaHWS, KaK MPABUJIO, CJIa00 MEHSIOTCS CO BPEMEHEM, MOITOMY JJs UX
MCCJIe0BAHUS OKA3AJI0Ch JOCTATOYHO mpuMeneHus cramuonapubix CeMO.

OrinauTesnbHOR 0COBGEHHOCTBIO yHUBEPCAIbHBIX MOPCKUX 1IopToB (Y MIT)
SABJISIETCS 00PabOTKA PA3HOTUIHBIX T'PY30B. I KaxK 0ro u3 HAX HA IIPHU-
qaJie MPUMEHSIETCST CIENUaabHOe 000PYJOBAHNME, W3-3a Yero CyIeCTBEHHO
MEHSIETCS TEXHOJIOTHS U CKOPOCTh TIeperpy3ku. B Takom ciryuae, Tpedyercs
ucnonb3oBanue Hecrarmuonapubix CeMO. B wactHOCTH, HA WX OCHOBE aB-
TOPBI MPEJTIOKIINA CIIOCOD MATEMATHIECKOTO MOIETUPOBAHUST PADOTHI MOP-
CKHUX 1OpTOB [7, §].

B naunnoii pabore mpe/ioyKeHHbI paHee MOJX0/I YCOBEPIIEHCTBOBAH 34,
CYeT WCIMOIH30BAHUsT 0COO0TO KJIACCa HECTAIIMOHAPHBIX MOJIE/IEH — yIIpaBJIs-
embrix CeMO. B Hux monycruma perympoBKa mapaMerpoB pabOThI y3JI0B 0
33JAHHBIM TPABUJIAM, & TAKyKe U3MEHEHUEe BePOSATHOCTEH ePex0I0B 3asaBOK
MEXKJIy y3JaMU B 3aBUCHMOCTH OT 3aIllOJIHEHHOCTH uxX odepeseii. Ha ocHoBe
JAHHOIO allIapara IpeiozKeHa o0o0IeHHas Moaeab paborsr Y MII.

1. O6beKT uccjiegoBaHud

VHuusepcanbhbiit (MHOrodyHKIMOHAILHBIN) MOPCKO#H NMOPT — MEXaHU3U-
POBAHHBIN KOMILIEKC, KJIIOUEBOil (DYyHKIMEl KOTOPOro sIBJISETCS TIEPEBAJIKA
IPY30B PA3HBIX TUIOB (MEHEPAJIBHBIX, HABAJOUYHBIX, HACHIITHBIX U JIECHBIX) B
MPOM3BOJIBHBIX KOJIMIECTBEHHBIX COYETAHUAX, 8 TAKXKE BPEMEHHOE WX XPa-
HEHUEe /I KOOPAUHAIMU PabOThI TPAHCIIOPTA.

B YMII crbikytorcs peunoii (6apzku), MOPCKOii (cyua), aBroMoOUIbHbILI
(rpy30BUKY) U KeIE3HOAOPOXKHBIH TpancnopT. OHU HE3ABUCAMBI MEXK LY CO-
00if 1 UMEIOT pA3HbIE XaPAKTEPUCTUKU: HHTEHCUBHOCTD TIOCTYILJIEHUS U Pa3-
MepbI TIEPEBO3UMBIX MapTHii rpy30B. TouHOe BpeMs NMpuOBITHS TPAHCIOPTA
B IIOPT U Pa3Mep HapTUU I'Py3a, KAK OPaBUJIO, 3apaHee Heu3BecTHbI [1].

B crpykrype tunosoro Y MII umeercs tpu 3oubt. IIpuyanpuas Bkiaoga-
€T HEeCKOJIbKO MPUYAJIOB, KOTOPbIE MOTYT OBIThH CHEIHAJIU3NPOBAHBI HA, 00-
paboTKe OJHOTO THIIA I'PY3a WJIN K€ MHOTroeIeBbIMH. B mocsieanem ciytuae
MprYajl OCHAIEH PA3HOPOIHBIM O0OPYIOBAHWEM [IJIsi OOPAOOTKN HECKOJIb-
KHX THUIIOB TPYy30B. B ckiajnckoii 30He, KAk MPAaBUIO, UMEETCS KPBIThIE U
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OTKPBITHIE CKJIAJbI, MPeJHA3HAYCHHBIE [IJisi PA3HOrO TUIA TOBApOB. BOm-
3U CKJIQJIOB PACIOJIOXKEH I'PY30BOil (DPOHT: JKEJIE3HOMOPOKHAS CTAHIUSA U
Bopora it aromobmiei. Takxke psjoM ¢ HOPTOM IPHUCYTCTBYIOT aBTO-
MOOUJIbHAST W SKOPHBIE CTOSTHKHU, TJe TPAHCIOPT OXKUIAET Pa3PEIeHne Ha
3axon B cucrteMmy. IlepeBo3ka rpy3oB MeKay MpUYajaMHU M CKJIAJIAMH OCY-
[IECTBJISIOTCS IOPTOBBIM TPAHCIIOPTOM (BHYTPEHHUE IPY30BHUKH).

Bapxu un cyma o6pabarTbIBalOTCs HA PA3IUIHBIX CIEIHATH3APOBAHHBIX
(ocuoBHbIX) npuyasiax. OJQHAKO, €l B CUCTEME UMEETCst MHOIOLEJIEeBON
MPUYAJ, TO HA HEM MOYKET TIPOMCXOIUTh MOrpy3Ka/pa3rpy3ka 0060uX BHIOB
TPAHCIIOPTA, B CIyYae, €CJIM OCHOBHBIE MPUYAJIbI 3aHATHI. B 3TOM Ciiyuae B
CHCTEME TIOSBJISIETCS AJIbTEPHATUBHBIN MAPIIPYT ABUKEHUS IPY30B.

2. O6Gob1enHass MOJ€eJIb YHUBEPCAJIBHOTO MOPCKOTO IOPTa

O6061mennast mogenb paborsr Y MII umeer Bun ynpasnsemoit CeMO, B
KOTODOIi 4acTh y3s108 orHocTuTcs K ynpasisgembiv CMO [9]. B uux upowuc-
XOJIUT PEryTMPOBKA CJIEAYONIMX IAPAMETPOB: YUCIa PABOTAIIINX KAHAIOB,
X WHTEHCUBHOCTH OOCITYyKUBAHUST M BMECTUMOCTH Ovepein. Takyke B Takoit
CeMO BO3MOXKHA CMEHA MapIIPYTa JBUKEHUS 3aBOK MEXKIY Y3JIaMU MpH
HACTYILIEHAU ONPENETeHHBIX COOBITHIA.

B YMII obpabarsiBaioTcsi pa3Hble THUIBI I'Py3a, MO3TOMY 3asBKOWU HA
00C/Iy>KUBAHUE CYMTAETCS OJIHA €JIMHUIIA MACChI IPy3a, & TPAHCIIOPT — MC-
TOYHHUKOM TOTOKA 3asiBOK. Pa3Hble BUIBI TPAHCIIOPTA HE3ABUCHMBI MEYKILY
cob0it M UMEIOT OTJIMIHYI0 BMECTHMOCTD, CJIETOBATENILHO B MOJIETH MMEETCSI
YeThIpe HE3ABUCHMBIX HEODAWHAPHBIX MTOTOKA 3asBOK. X mapameTpsr ompe-
JIETSAIOTCA Ha OCHOBE HATYPHOrO OOCI€IOBAHUA KOHKPETHOTO OOBEKTA.

st MozmesnupoBanusi paboTbl CTPYKTYDHBIX 3J1eMEHTOB (II0JCUCTEM )
nopra npumensiercss S (S > 2) CMO (y3aw) pasupix Tunos. B Hux ka-
HAJl COOTBETCTBYET TEXHUIECKOMY YCTPOMCTBY, MEPETPYIKAIOIIEMY TDPY3HI,
UJTH K€ CAMOMY TPAHCIOPTHOMY CPEJICTBY C TPY30M, a O9€peIb — JOCTYTI-
HOH IIOMAIM I BPEMEHHOTO PAa3MeMEeHust IPy30B. 3asdBKH U3 OYEPEIn
seibupatorcs cornacHo FIFO (First In, First Out).

B tabmn. 1 ais popMaabHOrO OMUCAHUS CTAITHOHAPHDBIX Y3JI0B UCIOIb3Y-
erca knaccudurarmma Kennanma-Bamapuna [3]: AX /BY /c;/d;, tae XY —
3aKOHBI PACTIPEJIETIEHNsT PA3MEPOB MOCTYMAOMIEH U 0OCIyKIUBAEMOl TPyTI-
bl 3asBOK. s onmcanns ynpasiaseMbix CMO npuMmeHSoTCs cieayormme
obo3nauenusi: A;(t) u B;(t) — napamerpbl HOTOKA 3asdBOK U UX ODCILYKUBa-
HUsl 3ABUCAT OT BpeMeHu; ¢;(n;), Lie ¢; U n; — MUHMMAJIbHOE U MAKCUMAJlb-
HOe uncIio paboTammux KaHayios; d;(X) — BMECTUMOCTh OYePey MEeHSIeTCs
JUHAMWYECKH W CTAHOBUTCS PABHON pa3Mepy TOCTYMAIOIIEH Ul 0OCITy K-
BaeMOi TPYMIIBI 3a5BOK B y3JI€.
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Tabsmmra 1
Mopenu paboTbl CTPYKTYPHBIX 3J1eMeHTOB rmopTa B repmuaax TMO

DeMeHT Mogens
dxopHble n aBTOMObOUIbHAS cTOAHKH, Bopota u | AX /BX /c; /0
JIBHKEHHUE BHYTPEHHHUX IDy30BUKOB

Ckmaipl, XKejIe3HOIOPOKHAS CTAHIINSA */B [c;/d;
[Ipuyan ayis 3arpyzkaembix cy10B/6apx */BY J1/d;(Y)
[Tpudasn Jyist pasrpyKaeMbIx CyI0B/6apik AX/BY Je;/di(X)

BHemnue TPAHCIOPTHBIE CPeCTBa, ABHKyime- | */BX /ci(n;)/0
CA MEXKTy BOTODAMW M CKJIATAMH

MapiipyTbl ABUKEHHS T'PY30B B HOPTY OIMHUCHIBAIOTCA B MAapIIPyTHOMN
marpuue P. Ee anementst P j,1,j € S — BepoATHOCTD 1lePexo/ia 3adBKU U3
y3J1a ¢ B y3€Jl j — ONPEJIeNSIOTCS KaK OTHOCUTEIbHbIE YAaCTOTHI — OTHOIIIe-
HUE pa3Mepa MOTOKa I'PY30B, MOCTYMAIONINX B OMPEIEJeHHYIO MOJICUCTEMY,
K 001eMy 00beMy Tpy30B B OJHOM HAIIPABJIECHUH.

B MOJE/IN YIUTBIBACTCA CMEHa HallpaBJAC€HUA ABHUZKEHUA I'PDY30B C 3aHA-
TOIO CleMaIn3uPOBaHHOro npuvasa (Y3eiu a) Ha cBOGOAHBIH MHOIOLEIeBOI
(V3en b). st 31010 3HAUEHHS 5JIeMEHTOB P; , 1 P j, ONUCHIBAIONINX JBU-
ZKeHue 1m0 OCHOBHOMY M aJIbTEPHATUBHOMY MapHIpyTaM, U3MEHAIOTCA CJIe-
JIYIONUM 00Pa30oM:

(1;0), Ea(t) < Fu(t),
0;1), Eo(t) > Fu(t),

IN

(Pia,Pip) =

rae E,(t) — pasmep mocrynaromei rpymnst 3asaBoK u F, () — uuciao cBobo-
HBIX MECT B OUepesu Y3Jia ¢ B MOMEHT BpeMmeHw t.

Mex iy y371aMu Tak»Ke MMEIOTCs OOpATHbIE CBsI3H, KOTOPBIE 3aKJII0Ya-
I0TCS BO BPEMEHHON OJIOKMPOBKE PAbOThI KAHAJIOB TEKYIIEro y3Ja J0 Tex
Top, TIOKa, B CJEAYIOIIEeM y3Jie He OCBOOOINTCS JOCTATOYHO MECTa JJIs TPH-
HATHSA 3aBOK C TeKymiero. OOpaTHble CBSI3W TPUMEHSIOTCS IS OMACAHUS
[IOBEIEHUSI CHCTEMBI IIPU TIePerpy3Kax ee 3JIeMEHTOB.

Mogesnb pabors TurnoBoro ¥ MII na ocHoBe necranmonapuoit CeMO ume-
er 18 y3zuos (puc. 1). 113 nux 4 y31a QUKTUBHBIE U ONUCLIBAIOT UPUOLITHE
IPY30B ¢ MOPCKUX Cya0B — 01, peuHbIx 0apxk — Og, TPy30BUKOB — O3 U M0e3-
0B — Oy4. OcranbHble y3abl MOAEIUPYIOT DYHKIIMOHUPOBAHNE MOJCHCTEM:
2,5, 6, 10 m 14 — mpuvaIbHO# 30HBI; 8 — CKIaA0B; 3, 7, 9 u 13 — rpy30BOTO
dponTa; 1, 4 — AKOPHBIX CTOIHOK, 11, 12 — aBTOMOOMIBLHOMN CTOSHKH U Ke-
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JIE3HOMOPOXKHOM cranmuu. Y3l 2, 6, 13 asisarorca ynpasiasgembivu CMO,

OCTaJIbHBbIE — CTAIITMOHAPHBIMHA.
3 Bxomsmme
Tpy30BHKI (O3)
; Bxomsmme
noesaa (Oy4)

Hexonamumii

Ha3eMHBIIT
TPaHCIOPT

BOJHBII
TPaHCIOPT

Puc. 1. Cxema CeMO yHuBEpPCAJIBHOIO MOPCKOTO IMOPTA

Monyuennas CeMO caumKoM CIOXKHA U AHAJTATHIECKOTO UCCIEI0BA-
HUsI, TIO3TOMY €€ aHAJIM3 BBIMOJIHSIETCS C TTOMOIIBI0 UMUTAIIMOHHON MOIENH,
KOTOpasi OCHOBAHA, HA JUCKPETHO-COOBITUIHOM TIOIXO/E MOIEIUPOBAHUS U
peanm3oBaHa B BuJe mporpammbl Jyist 9BM [7]. Ona npegnasnadena s
onpenenenus mokazarenu 3ddexrusaoctu CeMO, nmeroreit 1o 10 zeop-
JWHAPHBIX OTOKOB 3asBOK u 10 100 y3s10B passpix Tumnos. B gannom wuc-
CJIEJIOBAHUY [IPOrPAMMA, ObLIIA YCOBEPIIIEHCTBOBAHA JIJIsl Y UETa YIIPABJISIEMbIX
CMO B crpykType Beibpannoii CeMO.

B noknaze Oymer 6osiee moapoOHO MpeICTaBIeHA TOCTPOEHHAST 0000IIeH-
Hasi MOJIENTh, & TaK¥Ke ee WICHTU(MUKAIUS JIJisi YHUBepcaabuoro mopra Ky-
AHTHUHD, OJHOrO M3 KpymHeimux Bo Brermame. Takxke OyayT OCBeeHbI
PE3YJIbTATBI YUCJIEHHOIO MCCIIEIOBAHUS [0y YEHHOW MOJEJIU U CIEJTAHHBIE
Ha WX OCHOBE BBIBOIBI O paboTe paccMaTpUBAEMOro 00heKTa.

3akJiroueHne

B nannom mccieoBaHUM TpescTaBIeHa O0ODNIEHHAS MaTeMaTHYIecKast
MOJIeNTb (DYHKIIMOHUPOBAHUS YHUBEPCAIBHOTO MOPCKOIO MOPTA, B KOTOPOM
OPOUCXOJUT CMEHA TEXHOJIOIMH M CKOPOCTH IOIPY3KHU/Pas3rpy3Ku CyIOB B
3aBHCAMOCTH OT THuIa obpabarbiBaeMoro rpy3a. Moaeab moCTpoeHa Ha OC-
HOBE yIIPABJISEMOI CeTU MACCOBOIO OOCIIYKUBAHMSA, 38 CHET Y€ro B HEll ydu-
THIBAETCS BIUSHUE MeTEPOTEHHOM CPEIbl HA MAPAMETPHI U pabOTY MOJACUCTEM
OPTa, & TAK’Ke BO3MOXKEH BHIOOD MAPINPYTa IBUKEHUsI TOBAPOB B 3aBUCH-
MOCTH OT 3arpy3KU OCHOBHBIX MPUYAIIOB.

[TepcnekTUBHBIM HAINPABJIEHUEM JIAJTHHEHIINX UCCIIETOBAHUS SBJISIETCS
[OBBIIIEHHE JAETAJTU3ANNN IIPEJIOKEHHON MOJIENIN 34 CHeT yIeTa PA3JInIHbIX
c6oeB B paboTe mopra (BHIXOAA W3 CTPOsi OGOPYIOBAHYN, OTMEHbI TPUOLITHS
Cy/lHA) U MEPEPHIBOB MEXKY CMEHAMM.
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XAPAKTEPUCTUKU OBIIEN CYMMBI
OBPA3VYIOMINX HE3ATYXAIOIIUN II0OTOK
B3HOCOB HA HAKOIIUTEJIbHBIN CHET

J. 1. Jammep!, E. A. I'penn?

lHauuona/Lmeﬂ uccaedosamenvckut Tomexut 2ocydapemeennoil
yHusepcumem, 2. Tomck, Poccus

B pabore paccmarpuBaeTcs MOze b GYHKIMOHUPOBAHUS (DUHAHCO-
BOI1 OpPraHm3anuy B BUIE CUCTEMBI MaCCOBOTO O0C/IyKUBaHUS C Oec-
KOHEYHBIM KOJIMYIECTBOM HpI/I60pOB. HpeﬂnonaraeTCH, YTO KJIUEHTHI
OTKPBIBAIOT HAKONIUTEJIbHBIE CY€Ta W COBEPIIAIOT Ha HUX B3HOCHI B
CJ'Iy‘IaI‘/JIHI)Ie MOMEHTBI BpEMEHHA. HOTOK B3HOCOB MOEJIUPYyeTCd I0-
TIOJITHUTEJIBHBIM ITIOTOKOM CO6I>ITI/II‘/JI7 CT€eHEPUPOBAHHBIM KaXKIbIM OT-
KPBIBIIUM CYET KJIMEHTOM. I/ICCJ'IG,ZI;OBaHI/Ie HaIIPaBJIEHO Ha U3y4Y€eHUEe
XapaKTEePUCTUK OOMmIell CyMMBI T€HEXKHBIX CPECTB, IMOCTYIUBIINX
Ha HAKOIUTEJIbHBIE CueTa 338 (GUKCUPOBAHHEIN rTepnos Bpemenu. [1o-
JIYI€HHBIE€ DE3YJIbTaThl MOT'yT 6bITb UCIIOJIb30BaHbl IIPDU IIPOTHO3U-
POBaHUU JTEHEKHDIX IIOTOKOB U YIIPDABJIEHUU PUCKAMU B IIEHCUOHHDIX
dongax, 6aHKaX U APYTrUX KOMMEDPUECKUX OPraHM3aINsIX.
KumrodeBsble ciioBa: cucmema Macco6020 06CAYHCUBAHUA, HAKOTIU-
MEALHBLT cuem, PUHAHCOBAA 0P2AHU3AUUA, NPOU3BOIAULAA PYHK-
YUA, TAPAKTNEPUCTNIUKY CYMMDL JEHENHCHHLT 63HOCOS

BBenenune

CoBpemMeHHbBIE (DUHAHCOBHIE OPTaHU3AINN CTAJKHBAIOTCS C HEOOXOIM-
MOCTBIO MOJEJMPOBAHUASA W IPOTHO3UPOBAHUA JEHEXKHBIX IIOTOKOB, IIOCTY-
MAOIUX OT KJIMEHTOB. DTH MPOIECChI XAPAKTEPU3YIOTCS BBICOKOU CTere-
HBIO HEOIPENEeJIEHHOCTH, CBA3AHHON ¢ MOMEHTAMU OTKDPBITHS HAKOIHUTEIIb-
HBIX CIETOB, 9aCTOTON UX IOMOJJHEHHS, a TAKKe ITOIOTHAeMoit cymmoit. s
aHAIN3a MOJOOHBIX CHCTEM BCE MIUPE MPUMEHSIOTCS METOIbI TEOPUU MACCO-
BOTO 00CiTy KUBaHus [1-4], mO3BOISIONINE YINUTHIBATH CIIyYaitHbIH XapaKTep
MIPOTEKAIOMIUX BHYTPU OPraHu3alliuy IPOIECCOB U BIUAIONINX HA €e JeATe b
HOCTb.

Ocobblit mHTEpEC MPEACTABISET UCCIEIOBAHIE MO/Iesel, B KOTOPbIX HO-
MUMO OCHOBHOT'O TIOTOKA 3asBOK (OTKPLITHI CYETOB) CYMIECTBYET JOTOJIHY-
TEJIbHBIH IOTOK COOBITHI, COOTBETCTBYIOIIUI TIOBTOPHBIM B3aNMOIEHCTBUAM
3a5BOK C CHCTEMOH (IIOMOJIHEHUIO HAKOIUTEJIbHBIX CYeTOB). AHa/iu3 Xapak-
TEPUCTUK CyMMAaPHOIrO 0ObEMAa MOTOJHEHUI HA CYETa [TO3BOJISIET OIEHUBATD
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dunancoByio ycroitauuBocts opranuzaiuu. Cucrembl, Mogerupyomnme pabo-
Ty PA3JIMYHBIX KOMMEPYECKHX OPraHu3aluii ¢ TAKOrO POJa JIONOJHUATE -
HbIMU [IOTOKAMHU, PACCMATPUBAIOTC B paborax [5, 6, 7, 8], rue naxoaurcs,
HAMPUMED, XapaKTEePUCTUIECKAs (DYHKINS YUCIa COOBITHI TAKOTO MOTOKA
7 aHAJIM3UPYETCH €ro MOBEJIEHNe B PAMKaX YMCJIEHHBIX dKCITIEPUMEHTOB.

1. ITocranmoBka 3aJla'1 1 OoIImcaHue Mo/Jejin

Paccmorpum  Mozmens paboThl (PUHAHCOBOI OpraHmM3allii, HAIPUMeEp,
MMEHCUOHHOTO (DOHIA, KOMMEPUYECKOro OAHKa WJIM WHBECTHIIMOHHON IJIaT-
GbopMbI, B KOTOPOil KJIMEHTHI OTKPBHIBAIOT HAKOIUTE/bHbIE CYETa HA OIpe-
JnestéHubIil cpok. ITocsie OTKPBITHS CYETA KIMEHT MOYXKET COBEPINATH B3HOCKHI
J11000i1 BEJIMYWHBI B CIy9aiiHbIE MOMEHTHI BDEMEHH B TEYEHWE STOTO CPOKA.
3agaua COCTOUT B HAXOXKIEHWH YHCJIOBBIX XaPAKTEPUCTHK OOIEil CyMMbI
MTOTIOJTHEHUS HA HAKOIUTEbHBII CYeT OT BCEX KJIMEHTOB, OTKPBIBIIAX CIETA
B nepuoy, (—oo, T, T' > 0, u COBEPLIMBIIKX €r0 HOIOJHEHUE HA [IPOMEXKYTKE
[0, T]. CroxacTu4eckuii XapakTep PacCMATPUBAEMBIX TIPOIECCOB IO3BOISIET
MOJIEJIUPOBATH PAbOTY (DUHAHCOBON OPTAHU3AINY B BUIE CHCTEMbBI MACCOBO-
T0 OOC/TyKUBAHUS.

Bynem camrarh, 9TO CYET MOXKET OTKPBITH JIIOOOH TPUXOAAIIHUN B Op-
TraHU3ANWIO0 KJIMEHT, TO €CTh CUCTEMA MMeeT OECKOHEYHOEe KOJUYIECTBO IIPH-
6opoB; KJmeHTbl (3asBKK) 06PA3yIOT BXOJMIIMI 1IOTOK, KOTOPLIN #BJISIE€TCS
MyacCOHOBCKUM ¢ mapamerpoM A. Cpok, HA KOTOPBIH MOXKET OTKPBIBATHCS
CYeT, T.€. JJIUTeJIbHOCTD 00CTyKUBAHNS HA TPUOOPE, ABJISETCA IKCIOHEHITH-
aJbHO PACIIpeIeIeHHOM ¢ TapaMeTpPOM L CIIyJalHO! BenanHOM. Bynem cam-
TaTh, YTO MOMEHTHI MOIOJHEHUS] HAKOIUTEIbHOrO CYeTa OJHUM KJIUEHTOM
00pa3yIoT JOMOTHAUTEIBHDBIH TOTOK COOBITHI C mapaMeTpoM -y; TaKOi MOTOK
OyzeM Ha3bIBaTh JIOKaJIbHBIM d-OTOKOM (puc. 1). CymmaphbiM d-110TOKOM
OymeM HA3bIBATH JOMOJIHUTEIBHBIH TTOTOK, COOPMUPOBAHHBIN BCEMU KJINEH-
TaMHu.

B nameii mogenun OymeM yduTHIBATH TEX KJIUEHTOB, KOTOPbHIE OTKPLLIA
cuera Ha npomexyrke spemenu (—oo,T], T > 0, u Te cOObITUS CyMMapPHOrO
d-moroka, koropee Hacrynuiu Ha npomexytke [0,7], T > 0. dry curya-
A0 JIEMOHCTPHUPYET PUC. 2: MOMEHTAMU BPEMEHH t; 0D03HATEHBI MOMEHThI
npuxoza (OTKPBITHs CYeTa) KJIUEHTOB B OPraHU3AIMI0, TOYKAMU — MOMEH-
THhI OYEPETHOTO B3HOCA, MOMOIHSIONIEr0 c4YeT. Tak Kak coObIThs d-TMOTOKA
YUYUTBIBAIOTCH Ha orpanudeHHoM npomexyTke [0, 1], To rakoii morok Oyuem
HA3bIBATH HE3ATYXAIOIIHM.

2. IlpousBoasimasga GpyHKIIUA OOIMEil CyMMBbI ITOTIOJTHEHU M

Onpenennm Benmuanny n(t) — ancao coOBITHI TOMONTHUTHETHHOTO MOTOKA
B3HOCOB HA HAKOIUATEJIBHBIA CUET OT KJIUEHTOB, IPUIIEIIIAX B OPTAHA3AIINIO
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b
d-II0TOK
. v

Puc. 1. Mogens cucremMbl ¢ HEOrpaHUYEHHBIM YKUCJIOM HIPUOOPOB U JIOIIOJIHUTE b=
HBIM TTOTOKOM

=0 t=T

7 Lo

Puc. 2. Cxema dbopMuUpoOBaHHUS TOTOKA B3HOCOB (d-TIOTOKA) HA HAKOTATETHHBIH
cuaeT

Ha mpoMexxyTke (—oo,t]. B pabore [8] Oblia paccMOTpEHA CHCTEMA MaCCO-
BOro O6Cﬂy}KHBaHHﬂ o TUITY MOJEJIN PHUcC. 1, 1 C UCIOJIb30BAaHUEM METOJA
MapCKOBCKOTO CYMMHUPOBAHNS HAIEHA XapaKTePUCTHIECKas (DYHKITHS THC-
aa n(T) cobpiruil cyMMapHOro d-noToKa, KOTopasi UMEeT CJIeAYIONui Bul;:

H(u,T) = exp {)\ [(eC(U)T _ 1) i_’_

s (- ewm) - () 7] (1)

e c(u) = y(ed* — 1) — p.
Teneps BBeZeM mpou3Bomsyio dyukmmo P(z,t) ancia B3uocos n(t).
U3 (1) HECTIOXKHO 3amucaTh ee BbIpaXKeHue, MpeIBapuTeIbHO 0003HAYNB

er(z) = y(z — 1) — i

®(2,T) = exp {/\ {(eCﬂZ)T - 1)

|
~+
I

+C%’(‘Z) (1-em@r) - <01‘L(LZ) + 1) T] } . (2)
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ITycrs S(t) ecrb 061ias cyMMa JEHEKHBIX CPEJCTB, IOCTYIIUBIINX Ha Ha~
KOIATEJIBHBIE CUETa OT KJIMEHTOB, OTKPBIBIIAX CIETa 3a MepuoJ| [—oo,t], a
ciydaiinag BeauduHa £ XapaKTepu3yeT pa3Mep OJHOro B3Hoca. Beemém xa-
pakTepucTUUeckyio GyHKuuio (B cMbicie mpeobpasoBanus Jlammaca) cyM-
MapHOH BEJIMYUHBI TIOCTYTLIeHuit S(t), onpeaesus eé cieLyomuM o6pa3oM:
U(a,t) = M{e=*®)}. Haiinem Boiparkenne ais 51oit bynxmum. Mmeewm:

U(a,t) = M{ef‘)‘s(t)} = M{ —a iy & } =

- i M { SV & () = n} P(n,t) =

n(t)

:iM Hefﬂ&in(t)*n P(n,t) Z(p
n=0

i=1

e p(a) = M{e™*¢} — xapakrepucruueckas (QyHKIUs BeJIUYUHbL & 1
P(n,t) = P{n(t) = n}.Takum 06pa30M, MOKEM 3aIHUCATH XaPAKTEPUCTHIC-
ckyto GyHKImo Besuuuabl S(f) Kak npousBoAdally0 GyHKus qucyaa n(t)
aprymenTa o(«):

o0

V(o t) =) ¢"(@)P(n,t) = D(p(a), ),

n=0

u ¢ yaerom (2) suga dyuxmun $(p(a),t) ans t = T nomyanm

<e(v(w(a)—1)—u)T _ 1) L
i

+ K S (1 _ e(v(w(a)—l)—u)T) _
) = 1)
K T 1) T

(v(pla) =1
_<7(<P(04)—1 —u }

3. UmncisoBble XapaKTEpPUCTUKHU OOIIEH CyMMbI MOIIOJTHEHUM

U(a,T) = exp {)\

Hycrs M{¢} = ay, M{€?} = ay. Haiizmem mMaTemaTnveckoe 0xKumanue
BesmauHbl o6mieit cymmbr S(7') JOMOIHUTEIBHBIX B3HOCOB HA HAKOIHTE b-

V(a,T
Hble cYeTa KIHeHTOB. Tak Kak % = —M{S(T)}, ro mocme npeod-

a=0
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Pa30BaHUil MOJIyYUM BBbIpaKeHUe JJIg MaTeMaTUdeCKOro OXKUJIAHUS HUCCe-
JAyeMOU BeJIMYMHbL:

ap -y A (p-T+2—2e#T
1 ( e ) (3)

M{S(T)} =

Tax xax 22(%T) = M{S?*(T)}, to nucnepcus S(T) 6
902 ) pcust S(T) 6yner umerb

a=0

BU:

A
D{S(T)} = ng : [T@MQ + 643y + 2u(Taiy + ag)—

—6aiye M —2u(2T a3y + ag)e_“T} . (4)

4. KosdbdbunueHnt Bapuaium

Huist ananuza nopenenus Besnuunbt S(T) paccmorpum raxkke Koaddu-
muent Bapnanuu V{S(T)}, koropsrii ToKa3biBaeT pa3bpoc 3HAUEHWUH CIIy-
qaitnoit Beuuunbl S(7T) OTHOCHTENBHO €6 MATeMaTHYECKOTO OXKUJIAHWA:

V{s(T)} = VMD{{SST)} Paccmorpum mosenenue V{S(T)} mpu a1 = 10,

az = 110 ¢ yderom osydeHHbIX BbIpazkenuii (3) u (4).

MHTEHCMBHOCTS A
— A=5
——- A=20
—-- A=60

v{s(m}

0 100 200 300 400 500 600 700 800
Bpems T

Puc. 3. Tunamuka u3Mmenerns kodddunnenrta sapuanuu V{S(T)} upu pazmmu-
HBIX 3HAYEHUAX A

Ha pwuc. 3 m300pazkeHbl KpuUBbIE jisd 3HAUeHHWi A, paBHBIX 5,20, 60,
w = 0,0002, v = 0,01. Moxuo 3ameruTh, 9TO KO3I(DDUIMEHT BapUALAN
V{S(T)} yGbiBaer co BpemeHeMm Jyisi BCeX 3HA4YEHUI A\, YTO yKa3bIBaeT HA
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cTaOMIN3AMI0 TPOIECCa HAKOIJIEHUS CPEJCTB C TedeHueM Bpemenu. JIpy-
TUMU CJIOBAMHU, C yBeJIudeHueM 1 moBeJieHrne CyMMapHOTro 00bEéMa MOmoJIHe-
HUs CPEJCTB HA CYETAX CTAHOBUTCH BCE Oouiee IpeJCcKa3yeMbIM, u pa3bpoc
OTHOCHTEJILHO CPEeIHero 3uadenusi ymenbiaercs. C yBejudenueMm \ crabu-
JIM3AIHs TPOIECCA TPOUCXOIUT OBICTPEE.

3akJiroueHne

B nammoit pabore ObL1a nccae0BaHa MOAETb (DUHAHCOBOI OPraHU3AIINH,
GYHKITMOHUPYIOITAsd KAK CHCTEMA MaCCOBOrO OOCTYKHUBAHUS C 6ECKOHETHBIM
9HUCJIOM TPHOOPOB W JOMOJHUTE/IbHBIM IMOTOKOM coObITuit. Takoit momxor
MO3BOJIMJT OMHUCAThH JUHAMUKY CYyMMAPHON BEJIMYMHBI JEHEYKHBIX CPEICTB,
MOCTYTAOIINX HA HAKOMHUTEIHHBIE CUETa 33 KOHEUHBI BPEMEHHOMW Mepuo.
Ha ocuoBe mosryguenHoil panee XapaKTepUCTUIECKOW (DYHKIIUN IUCJIA COObI-
T JOTMOTHUTETHHOTO MOTOKA OBbLITH HAMIEHBI BHIPAYKEHUS JJIT TTPOU3BOIS-
et GyHKIMN, MaTeMATHIECKOr0 OXKUJAAHUS W JUCIEPCHE OOIIeH CyMMbl
nonostHeHuit. Ilpencrapiena rpadpudeckas BU3yaTn3alins IOBEICHAST KO-
dbulrenTa BapUAIUN UCCIEIYEMON BEIUYUHBI TTPU PABIUIHBIX 3HAYCHUSX
mapaMeTrpoB cuctembl. [loydeHHbe pe3yabTaThl MOTYT OBITH HWCIOIH30Ba~
HBI JJIs yIpaBjenus (GUHAHCOBON JeATENbHOCTHI0 KOMMEPUYECKUX OpPTraHu-
3aIui.
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CBOIICTBA BJIOXKEHHOI1 IIEIIM MAPKOBA
JJIS TIPOLIECCA THUITA M(t)/M(t)/1/00
C MMEPUOJUYECKNMUI MHTEHCUBHOCTAMU

A.B. 3opun!

1 . . . .
Hayuonaavnoti uccaedosamenveruti Huorcezopodekuti 2ocydapcemeenmoil
yrusepcumem, 2. Huorcnuti Hoezopod, Poccus

PaccmarpuBaercs onmnosmmeiinas cucreMa MacCOBOTO OOCIIYKUBa-
HUSI C HEOTPAHWYIEHHBIM HHCJIOM MECT OXKUIAHUS, B IIPEIITI0JIONKe-
HUM <TO WHTEHCHBHOCTH BXOJHOIO IIOTOKA M WMHTEHCUBHOCTH 00-
CILyKMBAHUs 3aBUCAT OT BpeMeHH lepuojudeckum obpasom. Kpo-
Me TOTrO, MHTEHCHUBHOCTH OOC/Iy’KMBAHUS Da3HAs I OUepeTd M3
OIMHOYHOTO TPEOOBAHWS W OYepe/ I U3 JABYX W Oosee TpeOOBAHMIL.
PaccmarpuBaercs BIOXKEHHAsi B MOMEHTHI M3MEHEHUS JJIMHBL OYe-
pemu e MapkoBa [1Jist paCcHIMPEHHOrO MIPOIECCa, BKIIOYAIOIIEro
guciao TpeboBanmit u ¢daly Ha mepuose. Takas tenp Mapkosa 0y-
[eT UMeTh HEeCYeTHOe IIPOCTPAHCTBO cocTosAnwmii. B pabore ycramas-
JIMBAETCSI €€ HEIMPUBOANMOCTH, HAXOMATCS HEKOTOPBHIE MUHODPAHT-
HblE MHOXKECTBA, [0KA3bIBAETCS JOCTATOYHOE YCJIOBUE CYNIECTBOBA-
HHsl CTAMOHAPHOIO pacupejesenus. KirroueBsie ciioBa: nepuodu-
YECKUE HECTNAYUUOHAPHBLE UHTNEHCUBHOCTIL, HE0OHOPOIHBLY MAPKOG-
cKutll npouece, 6A0dCeHNHAA Uenb, 0bwas uensy Mapxrosa, ycaosue
CYULECTNBOBAHUA CMAYUOHAPHO20 PACNPEIEAEHUA, UHMEPAMUEBHO-
MAAHCOPAHMHBLT MeMOod

1. IIpobisiema n3y4deHNS HEOJHOPOAHBIX MapKOBCKUX MoJeJiei

PaccmarpuBaercs ogHosmHelHAs cucTeMa, O0CIy:kuBauus. Hecramno-
HaPHBIHA, OIHOPOJHBIN BXOMTHONW MOTOK 0€3 MOCTeaeHCTBASA 3a0a€TCsI MIHO-
BEHHOH MHTEHCHBHOCTHIO A(t) B Moment t > 0. TpeboBanusa momernaiorcs
B OYepe/ib HEOIPAHUYEHHOU BMECTHMOCTH B IOPs/iKe nocrynsienus. Eciu B
odepenr B MOMEHT | HAXOIWUTCS OJHO TpebOBaHWE, TO OOC/IYKUBAHUE OCY-
IIECTBJISAETCS ¢ MHTEHCUBHOCTHIO (11 (t), & ecoin [1Ba nim GoJibIne TpeGoBaHuMil,
TO C HHTEHCUBHOCTBIO [i2(t). O6CayKeHHOE TpeOOBaHE MIHOBEHHO MOKHa-
er cucremy. Ilo-Buaumomy, OHON 13 IePBBIX PAOOT IO TEOPUU CUCTEM MAaC-
COBOIO 00CJIy?KUBAHUS C IIEPEMEHHBIMY MHTEHCUBHOCTSAMHE SBJISIETCH PAabOTa
A. H. Konmoropora 1931 r. [1], B KOTOpPOif BHIMHUCAHBI COOTBETCTBYIOIINE
muddepeHinanibHbie ypaBHeHusa. Pererne ypaBHeHWi 119 aHAIOTA CHCTE-
Mbl M /M /1 nanbl B pabore [2], 0HAKO IPH JAOMOTHATEIBHOM MTPEIOI0KE-
HUM O XapaKTepe 3aBUCUMOCTH BXOAHON UHTEHCUBHOCTU A(l) OT BpeMeHH.
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B ofmmem ciyuae, 3amada onpenenenusi BEPOATHOCTEH HA TEPEXOJIHOM MPO-
necce sBJgeTCsS BecbMa TPyAHOi. [losToMy pazpabarTbIBAIOTCS KOCBEHHBIE
meropl. Tak, acuMUTOTHYECKUI METOJL, aHAJIM3a IPUMeHslIcs B pabore [4].

B nmammoit pabore onmucaHHAS TOJIBKO YTO CHCTEMA MACCOBOTO OOCIIY-
KUBAHUS UCCIEIYETCs B TPEATIOI0KEHNN TEPUOUITHOCTH HHTEHCUBHOCTEN:
At+1) = A@), pr(t+1) = px(t), k =1, 2, anst Beex t > 0. Ilepuonnaeckuit
XapaKTep MHTEHCUBHOCTHU MOTOKOB SIBISETCS 9aCTO HADJIIOIAEMbIM sIBJIEHU-
em. Haupuwmep, B pabore [3] upuBopurcs rpaduk MHTEHCUBHOCTH UPUOLITHS
CaMOJIeTOB B a3ponopt. Har nuTepec K JaHHOM 33/1a9e BHI3BAH TEM, 9TO T
MOJEJb SBJISIETCS €CTECTBEHHBIM 0D0DIIEHNeM OIHON M3 MOoeeil 0bpa3oBa-
HHsI TPAHCIIOPTHOMN MavKHM Ha aBTOMArucTpaJd [5], Korma CKOpoCTh 0OroHa
OBICTPOIT MAITMHON METEHHON MAIWHBI 3aBUCUT OT Pa3Mepa BCEil TPYIIIbI.
O6001TIeHTE TIOTYy9aeTcsi, eCJId 3aMETUTh, 9TO WHTEHCUBHOCTH ABTOTPAHC-
TMOPTHOTO MOTOKA HUCHBITHIBAET CYTOYHbIE KO.]'[e6aHI/IH.

OCHOBHOI MaTeMaTUYIEeCKUH ammapar s MOJOOHBIX 3aJa9 — HEOIHO-
POJTHBIE TI0 BpEeMeHH mporiecchl MapKoBa cO CYeTHBIM YHCIOM COCTOSHHUI [6]
WM CKaYKooOpas3Hble MapKoBcKue mnpouecchl [7]. Oka3biBaercs, 4To IOBe-
Jenne pemrennit muddepennuaabHbIX ypaBHenuit Koamoroposa mjs cocTo-
SIHUH [poLecca MOXKeT ObITh «XOPOIIUM», HO YK€ B JIBYX PA3HBIX CMbICJIAX:
b0 CyIIECTBYeT TpenebHOe pachpeesienne (Kak U B OJHOPOJHOM CIIy-
gae), Jubo Mpeesbl Py BCeX ¢ He CYIIECTBYIOT, HO JIIOObIE JBA PEIIeHUs]
COMMKAIOTCS IPYT ¢ APYTOM C POCTOM BpeMeHu (Tak Ha3blBaeMas, caabasi
SproauaHocTs). s nepuoguieckux Ko3hhUIMEHTOB 3T0 MOXKET O3HAYATh
CYMIECTBOBAHUE IIPEJIETIOB Y HOANOCIEI0BATEIbHOCTEN U HAJIMYUE [T€PUOIH-
Jeckoro perrnerus uexoanoit cucrembl QLY. Oanako pasbICKaHNe 3TOTO Tie-
PUOIMYECKOrO PeIreHus IJis mporecca MapkoBa ¢ OECKOHEYHBIM CUYETHBIM
YUCJIOM COCTOSTHUI TaKKe MOXKET TMPEACTABIATH TPY/IHOCTbD.

O6o3nauum vepe3 X (t) uucno Tpebosanuii B cucreme B MoMeHt t > 0;
rorna {X (t);t > 0} Gyaer HEOLHOPOJHBIM MAPKOBCKUM LIPOIECCOM CO CYeT-
HBIM 4UCJIOM COCTOsHMU. Byjmem cuumrars ero peajusanyuu HENpPEPbIBHbI-
Mu crpaBa. CTaHIapPTHBIM TPUEMOM YCTAHABINBAaETCA cucrema Koamoro-
pOBa OOBIKHOBEHHBIX MG dEPEHINATBHBIX YPABHEHUH JJIsT BEPOATHOCTEH
p:(t) =P(X(t) =2),2=0,1,...:

%(t) = —A(t)po(t) + pa (t)p1(t),
%(t) = A(t)po(t) — (A(t) + pa (£)p1 () + pa2(t)p2(t), (1)
dpa

—r () = AO)po-1(t) = (A#) + p2())pa(t)+
+ p2()pe+1(t), ©=2,3,...
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Beenennem gononanrensroit kommnonentst J(t) = {t}, rae {-} obo3naga-
er 1pobHyI0 9acTb (o Momyio 1) 4ucia, yKa3aHHOrO B CKOOKAX, MbI MOXKEM
nepeiitu Kk 0dnopodromy mapkosckomy nponeccy {(X (t), J(t));t = 0} ¢ da-
30BbIM mpocrpancTsoM {0, 1,...} x [0,1). O6o3uamm

Pz (t,u) du = d,P(X(t) =z, J(t) < u), 0<u<l,

TOTJIA TIOJIY9IUM CJIEAYIONIYI0 CUCTEMY YpPABHEHWI M TJIOTHOCTH BEKTODPA

(X (), J(#)):

20 (1) 4+ %2 (10) = ~Awpo(t, ) + i () (1),
110y 4+ 21, 0) = Awpolt, ) — (Aw) + s () (0, 0)+
+ (s (t,u), ®
(1) - 222 (1) = Mu)pas (1) = (Au) + oo (u))pi(t,2)
4 pa(Wpia(tu), w=2,3,...
Bugno, uro crammonapuoe penienue p,(u) = p.(t,u) ypaBaenuit (2)

TakxkKe spjsercd pemenuem ypasuenuii (1). B 1o ke Bpems, upouecc
{(X(t),J(t));t = 0} TpUHAIIERUT CeMeHCTBY OIHOPOIHBIX MAapKOB-
CKWX TIPOIECCOB ¥ BBIZEISETCA TEM YCIOBHEM, YTO €ro HavaJbHOE pac-
npesiesierne cocpeforodeno Ha muokectBe {0,1,...} x {0}. Cranmonap-
HOE pacIpeliesleHne, COOTBETCTBYIOIEe MEPEXOMHON BEPOATHOCTH MPOLEC-
ca {(X(t),J(t));t > 0}, MOXKeT IPUIHCHIBATH HEKOTOPOE HEBBIPOXKICHHOE
pacnpenenenne komnonente J(0). Tem e Menee, spromudeckme CBOHCTBA
dyuximonanos or mporecca {X (¢);t > 0}, GyayT onpenenaThcsi UMEHHO
9TUM CTAIMOHAPHBIM PACTIPEIEIECHAEM PACITUPEHHOTO OIHOPOIHOTO ITPOIEC-
ca {(X(¢),J(t));t > 0}.

2. CaoilicTBa BJIOXKEHHOM e CKAYKOB

Oproxuueckne cpoiictBa nporecca {(X(¢), J(t));¢ > 0} momKkHbBI OBITH
CBA3AHBI C AHAJIOIMYHBIMU CBOWCTBAMHU BJIOKeHHOH uenu Mapkosa B MoO-
MEHTHI M3MeHeHWs JUINHBI ovepean. PaccMOTPUM COOTBETCTRYIOIIYIO BIIO-
JKEHHYIO 1IeNb U TPUMEHNM JIJIsi €6 aHAJIN3a UTePATHBHO-MaXKOPAHTHBIH Me-
rox, [8-10]. Ilycre A(¢) = 0 > 0, pi(t) = 6 > 0, p2(t) = 6 > 0 s HEKO-
roporo § > 0. Beemem mocie10BaTebHOCTh MOMEHTOB CKAIKOB TIPOLECCA

{(X(t):t > 0}:

70 = 0, Tp+1 = inf{t:t > 7,, X(t) # X(1n)}, n=0,1,....



CeovicTBa BnoxenHoli yenu Mapkosa. . . 125

Beeznem ciyuaiinbie nocienoBarenbaocru X, = X (7,), Jp = J(7,), n = 0,
1, ... . I3 crporo mapkosckoro csoiicrBa nponecca {(X(t),J(t));t > 0
CJIeJlyeT, Y4TO LOC/e0BATE1bHOCT

{(Xn, Jn);n=0,1,...} (3)

Gyzner obmeit tienbio Mapkosa [11]. Beemem coBMecTHYIO (IMCKpETHO-HEMpe-
PBIBHYIO) TJIOTHOCTD MEPEXOHOTO PACTIPE/IeJIeHIs] BEPOATHOCTEH

Do (U, 0)dv = P(Xpy1 = w, Jpp1 € dv | Xy = x, Jp, = u).

O603Ha9UM
A(U):/ A(t) dt, Mk(u):/ pe(t)dt, k=1,2.
0 0

Teopema 1. Ilepexoanas mnornocrs nenu Mapkosa (3) umeer ciemy-
oW Bua: npu u < v

o= (A@W)=A(w)
poalin 0] = =Ry
1 () e~ (MO ()= A ()= M. ()
px,z—l(ua ’U) = 1— e—A(l)—Mk(l) )
Aw)e— (A () =A ) =My (w)
Po1(u,v) = 1 e AW Mi(D) )

anopuau > v

Av)e~ (A0+0) =2 @)

po,1(u,v) = = oA 7
B uk(U)ef(A(H»v)Jr]\/[k(1+v)7/\(U)7Mk(U«))
pm,zfl(uvv) = 1 — e—A1)—M(1) ’
A(v)e~(A+v)+Mi(14+v) —A(w) = My (v)
pac,ac—i—l(u)v) = 1 — e—A(1)—My(1) ’

rmek=1amax=1uk =2 ngna x > 2. Jaunasa obmas menb Mapkosa
stRJIsieTcst 1)-HermpuBoauMoit. Muoxkecrea Buma {z} x [0,1), z = 0, 1, ...
SIBJIAIOTCST MUHOPAHTHBIME [11].

Paccmorpum B Hekoropoii obaacru |z|< 14 &, € > 0, npousBozgiiue
bynxmun ¥, (z) = M(2%X7), n =0, 1, .... Beegem obo3nagenus:

1+u » e~ (A(v)—A(w)+ My (v)— My (u))
ol u) = / (e (v)z™" + Av)2) 1 — e—A(1)—Mi(1) dv, k=1,2,

u
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e~ (M) =A(u)+My (v)— Mg (u))
o) = [ O©) = o) ——mm v k=12

14+u e~ (A()=A(u)+Ma(v)—Mz(u))

p2mt1(u) = / P20 (V)(A(v) + p2(v)) 1 — e—A()—M2(1) dv,

u

aan=1,2,... upg1(u) = pa(u).
Teopema 2. Cnopaseanusbl peKyppernTHbie o ¢ = 0, 1, ... cooTHOIIE-
HUS

Uir1(2) = Mgz (z, Jn)2™") +/ﬂ°(Xn =1,Jn € du)(qi(z,u) = g2(2, 1))+
0

1
+/[P(Xn =0,J, € du)(z — ¢g2(z,u)).
0

Teopema 3. Iy CyIeCTBOBAHWS CTAIIMOHAPHOTO PACTIPEIETEHUS T0-
CTAaTOYHO BBIIIO/THEHHA HEPAaBEHCTBaA

/0 () — pa(®) dt <0 (A1) < Ma(1)).

IIpu nokaszarenbCcrBe CyIIECTBEHHO HCIOJIb3YIOTCH CJIELYIOIIUE yTBEp-
KIIEHUS.

JIemma 1. ns toro, urobsl y uenu Mapkosa (3) He cyluecrBoBasio
CTAIlMOHAPHOTO PACIPEIENICHUs, HEOOXOIUMO, YTOOBI TOCIEI0BATENHHOCTD
cpemmux {M(zX7);n = 0,1, ...} HeorpaHUTEHHO BO3pACTAIA.

JIemma 2. Iwmeer mecTo paBHOMepHas 1o u € [0, 1] cxoaumocTs

(pa(u) + paa(u) + pas(u) + - pan(u)) = A1) — My (1),

3akJiroueHne

Ucnonp3yst ureparuBHO-MarKOPAHTHBIA METO/I, IOy YeHO JIEFKO MHTEp-
IPETUPYEMOe JOCTATOYHOE YCJIOBUE CYyIIECTBOBAHUSA CTAITMOHAPHOTIO PACIIPE-
JIeJIEHUsT Yy BJIOYKEHHON IENU B HEOIHOPOJHBIM MAPKOBCKUU MTPOIECC. IDTO
CYNIECTBEHHO paciupsieT 06J1acTy MIPUMEHEHUs JAHHOIO METO/Ia K UCCIIe/I0-
BAHUIO MOJIEJIEIl MPOIECCOB OOCIIY KABAHUSI.
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NMMUTAIIMOHHOE MOJAEJINPOBAHUE
RQ-CUCTEMBI M|M|1 C NCKA>KEHUVEM
3AABOK I X BOCCTAHOBJIEHUEM

4. E. Usmaitnosa, 3. Kanbuibait

Hayuonasvnouti uccaedosamenveruti Tomekut 2ocydapemeennsitl yHusepcumen,
2. Tomcx, Poccua

B nmammoit pabore paccmarpuBaercs RQ-cucrema ¢ MCKaXKeHUSIMHU
3adBOK, OPOUTON BOCCTAHOBJ/IEHUSI W ITPOCTEUIINM IIOTOKOM BXOJIsi-
X 3adBOK. HO,J «HUCKazK€HUueM» I10/Ipa3yMeBaeTCd, 4TO 3adBKa MO-
JK€T TPepBaThCs BO BpeMs OOC/Iy:KWBaHWs, a OpOMUTa BOCCTAHOBJIE-
HHU4d IIPpeJHa3HaYeHa [I/Id UCKaKEHHDbIX 3adBOK. PeaJIHE}OBaHa MU~
TallMOHHaAd MO/IEJ/Ib q)yHKLlI/IOHI/IpOBaHI/Iﬂ CuCTeMbl U 110J1y9€HO /IBYy-
MEepHOe pacCIIpelesieHie BEepPOsITHOCTEH <ncja 3asBOK Ha opburax
oXuJaHus U BoccTanosnenus. KiroueBble cjioBa: cucmema mac-
€06020 00CAYINHCUBAHUA, TLOBMOPHBIE 6613066, RQ)-cucmema , ucka-
glcenue 3aA60K, JUCKPemHo-cobbmulinoe Modeauposarue

Bsemenue

RQ-cucrembr MaccoBoro 06CTyKUBAHWS WA CHCTEMBI C MTOBTOPHBIMU
BBI30BAMHE IIPEJICTABISIOT CODOM MO/, B KOTOPBIX TPeDOBAHUS, HE IO-
JlyduBIIEE OOCTYKUBAHWS, YXOJAT HA TAK HA3BIBAEMYIO «OPOHTY» — BUP-
TyaJIbHOE MMPOCTPAHCTBO, W3 KOTOPOTO OHU TMPEANPUHUMAIOT TTOBTOPHBIE O~
MBITKU TOJIYYUTH OOC/IYKUBAHUE Yepe3 CIydaiiHble MPOMEXKYTKU BPEMEHH.
Taxwe cuCTEMBI MUPOKO MPUMEHSAIOTCS I aHAJIN3A TETEKOMMYHUKAIMOH-
HBIX cereil, ynpaBieHus TpahuKOM U Hepeaadeil JaHHBIX, e MOBTOPHBIE
obparnenust — obbranoe sipienue. O630p MOAX00B K udydenuio RQ-cucrem
upejcrasied B [1].

RQ-cucrembl ¢ OTPUIATEIHHBIMEU 3asIBKAMHU PACIIUPSIOT 0A30BYI0 MO-
JieJib, 700aBJIsAs 3a9BKU, KOTOPbIE He TPEOYIOT OOC/Iy:KHBAHUS, HO BO3/IEii-
CTBYIOT Ha CUCTEMY, HAIIPUMED, TPEPHIBAsI WJIH YA MOJTOKUATETbHBIE 3a-
siBku. KOHUemus oTpunaresbHbIX 3aBOK Oblia npemioxkena Lesente [2]
u passura B paborax X.Chao u ap. [4], a rakxe Gelenbe E. u ap. [3].
Uccnenosamus Artalejo J.R. m Gomez-Corral A. [5] u [6] nemoucTpupyioT
MpUMEHEHNEe OTPUATEIBHBIX 3a9BOK B RQ-cucremax.

1. Onucanme Mmogenn

B paccmarpuBaemoit RQ-cucreme mpeamosaraercs, 9T0 B CHCTEMY IO-
CTYIIalOT JABa HE3aBUCHMbIX HpOCTefIH.IHX IIOTOKaA 3adBOK: <«IIOJIO?KUTEJIb-
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HBIX» C WHTEHCUBHOCTBIO A M <«OTPHUIATE]bHBIX> € WHTEHCHBHOCTHIO 7y
(puc. 1). ObcaykuBaHmue IPOU3BOAUTC OIHUM pubGOpoM. Bpems obciyzxu-
BaHMs OJHON 3asBKHM UMEET SKCIIOHEHIIUAJIbHOE PACIIPE/IETCHIE C HAPpAMEeT-
poum . [Ipu mocTymniennn moJOKUTEIHLHOM 3asiBKY, €CJIU MpuOOp CBOOOIEH,
OHA MPUCTYIAET K 00CTYKUBAHUIO. B MPOTUBHOM CTyvae 3asBKa YXOAUT HA
OpPOUTY OXKUTAHUS.

OPBUTA

OXWIOAHNA Mepexon Ha

opbuTy oXxupaHnA

(1)

3anAsku,

MoBTOpHbIE OPBUTA
AABKU BOCCTAHOBJEHNA

3acTaslme
or, npuéop 3 (©2)
Piyare, 3aHATBIM 2

Tokiig 3a, MosToOpHble

- Bk ) 3aABKN
~
S~o . VckaxeHHble
S~

-~ ABKN
~o 3af

kS

000 —>» TMPUBOP (1) —>» 000

BxoaAwwme Tpe6osaHuA (A) 3anABKW, 3aBepLUMBLINE
o

Puc. 1. RQ-cucrema ¢ uckakeHusaMu 3asBOK

IMocTynusimas oTpuraTebHas 3asBKa, €CJIW MpUOOp 3aHAT, MCKAYKAET
00CIyKWBAHNE TEKYIIEH TOMOKUTEIHHON 3asIBKW, TEKYIIAs 3asBKa, MPEPbI-
BAETCS U YXOIUT HA OPOUTY BOCCTAHOBJIEHWS, & OTPUIATEIbHAS 3aIBKA, MO~
KHJaeT cucreMy. B caydae, Korma mpubop cBOOOIEH, OTPHUIATETbHAS 3aIBKA
He OOCITyKUBAETCS U TAKIKE MOKHUIAET CHCTEMY.

SasgdBKM, HAXOLIIUECS HA OPOUTAX OKMJAHKS U BOCCTAHOBJIEHUS, COBEP-
MTAI0T HE3ABUCUMBIE TIOMBITKYA 3aXBATUTh MPUOOD Yepe3 IKCIOHEHITHATHHO
pacnpee/éHHbIE HHTEPBAJIbI BDEMEHU C TaPaAMeTPOM 0 U 0y COOTBETCTBEH-
Ho. Ecmu ipm mombITKe 3axBaTa MpUOOP CBOOOEH, 3asBKA 3aHUMAET €ro u
HAYUHAET OOC/IY)KUBAHUE. 3asBKU U3 OPOUTHI BOCCTAHOBJIEHUS [TOCIIE IEPBOt
MOIBITKHU 3aHATH HPUOOP MEPEXOIAT HA OpOuTy Okumanus. Takrke 3asBKH,
HAXOISIINECST Ha OpOUTE OXKUIAHWUS W 3ACTABIIHE MPUOOP B3AHATHIM, OCTA-
I0TCSI HA TOW Ke OpOMTe M OCYIIECTBJISIOT CJIEYIONIYI0 SKCHOHEHIINATIHHO
pacipesies€HHYI0 3a/IePXKKY C IapaMeTpoM 07 .

Hens uccnemoBanus ganuoii RQ-cucreMbl ¢ HCKAKEHUSIME 3aBOK U Op-
OUTON BOCCTAHOBJICHHS — HAXOXKJEHHE COBMECTHOIO PACIIPEJIEIEHUs BEPO-
SATHOCTEH YHCIIa 3aBOK HA OPOMTAX BOCCTAHOBJIEHUS W OXKUIAHWS B CTAIU-
oHapHOM pexkuMe (byHKIMOHUpOBaHUsA (t — 00).

ITocTpoennyio MaTeMaTH4YeCKyio MO/e/Ib MOKHO (hOPMAIU30BaTh C I10-
MOIIBI0 MAPKOBCKUX IeMel, KOTOpas OIMUCHIBAET IUHAMUKY pabOThl CHUCTe-
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Mmbl. [TocTpoum rpad BeposiTHOCTEH TIEPEXO/IoB, e HOMEepa, YKa3aHHbIe Ha
Bepminaax rpada Puc. 2, coorsBercrByior cocrosamio mpubopa: 0 — mpu-
60p cBobomeH, 1 — npubop 3ansar. Croabibl rpada 0TPakanT KOJIUIECTBO
3asIBOK Ha OpOWTE OXKMIAHW, & CTPOKH — YHCJIO 3asBOK HA OpOMTE BOCCTA-
HOBJIEHUS.

Puc. 2. 'pad BepoaTHOCTEll IEpExoIa

B sasbueiiniem cocrosinue cucrembl Oyuem obo3nadarb B suje (i,n, k), rue
1 — KOJIMYECTBO 3adBOK Ha OpONTE OXHUIAHWUS, N — KOJUYECTBO 3asIBOK HA
opbuTe BOCCTAHOBJIEHWS, k — COCTOSTHIE TIPUOOPA.

2. muTaiimoHHOE MOJIeJINpOBaHUE

151 anaIM3a IpuMeHsIeTCsl CTOXaCTUIECKOe JUCKPETHO-COOBITUITHOE MO-
nenuposanue (DES). DES npeacrasiisger cucremy Kak 10OC/I€10BATEIBHOCTD
MrHOBeHHBIX coObituit. Bpems 8 DES npozgsuraercs ckagkoobpasno, mepe-
XOZIST OT OJTHOTO COOBITHS K CIIEAYIOIEMY.

PeanmzoBannsrit asroput™ 1 ocHOBaH Ha MPOJBUKEHUHN BPEMEHH K MO-
MEHTY HACTYILJIeHUs OJuzKaiiero coopiTust. JIjs ncceryeMoii cucTeMbl oc-
HOBHBIMU COOBITUSIMY SIBIISTFOTCSI:

— IlpubbiTHe MOIOKUTENHHON 3AIBKHA.

— Uckaxkenne oOCIyKMBaEMON 3aIBKH.

— 3asepinienne 00CTyKABAHUSI.

— Baxsar upubopa 3asBKON ¢ OpOUTHI OXKMIAHK / BOCCTAHOBJIEHUS.

— Ilepexon 3asiBKYM n3 OpOUTHI BOCCTAHOBJIEHUST HA, OPOUTY OXKWTAHUS.
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Bpewms obcmyxuBanus, WHTEPBAJIBI BDEMEHN MEXK/Iy TOCTYILIEHUEM II0-
JIOJKUTEJIbHBIX W OTPUIATEIbHBIX 3adBOK, a TaKyKe MHTEPBAJIbI MEXKIY IO-
IBITKAMY 3aXBaTaMu pubopa 3asBKaMu U3 OPOUT MMEIOT SKCIOHEHIUAIb-
noe pacupenesnenne. Ciaydaitnoe Bpems T; 10 HACTYTIEHNS COOBITHSI BBIUUC-

Jisiercst o opmyiie:
In(R)
Ti=——7,
Bi
rae R — paBHOMEPHO pACIpEIe/ICHHAs CJydaiiHas BeJINYrHa HA WHTEPBAJIE
(0,1), 8; — napamerp coorBeTcTBYIOMIEro cobbiTus. IIpu 5TOM, eciiu nepexos
0 COOTBETCTBYIONIEMY THUILY COOBITHS U3 TEKYIEro COCTOAHRA HEBO3MOXKEH,
nojaraercsa 1; = +o0o

AnaropurMm 1. Tuckperno-cobbiruitnoe momenuposanue CMO

Bxox: MakcnmanbHOe BpeMs MOAETUPOBAHUS Tl.x ¥ MapaMeTpbl
A,y 01,02 R
Boixon: Marpuua pacnpenesenusi P(i,n, k), MaccuBbl BpeMeHU U COCTOsi-
HUN CUCTEMBbI
Bpewms momenuposanus: t < 0
Tekyruee cocrosaue S < (0,0,0)
moka t < Tiax
Haiitu mambonee pamnee codbITHE Syhin C BPEMEHEM:

Tmin%min{ln(R) In(R) In(R) In(R) ln(R)}

b) b ) b)
A ¥ I o1 o9
O06HOBUTDH BpeMs, IPOBEIEHHOE B JIAHHOM COCTOSIHHUM:

P[S] <+ P[S] + Tin

OO6HOBUTDH BpeMsi MOJENUPOBAHUS: t < t + Tinin
BormonauTh mepexos 10 OuKaRIero BLIOPAHHOTO COOBITHS:

S« Smin

CoXpaHUTh CTATHCTHKY O COCTOSTHUE S W BpeMeHu ¢

P« P/t

Kak MOXKHO 3aMeTHTE, BePOSITHOCT P(i, n, k) BHIYHCISETCS KAK OTHONTEHHE
BPEMEHHU, TPOBEJEHHOT0 CUCTEMOI B JAHHOM cocToauuil (i,n, k), K obmemy
BPEMEHH MOJECIMPOBAHKA. A OJHOMEPHBIE pACIIpeIe/IeHns YUC/Ia 3asBOK Ha,
OpOUTAX OMPENesTIOTCs, KaK:
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Piy= Y Plin.k), Pn)=Y P(i,nk). (1)

n,k>0 i,k>0

Nmurannonnas Momessh OblTa TPOBEIeHa € NCMOIL30BAHNEM CIIEAYIONIIX
mapamerpoB: A = 0,8,y = 2,4 = 1,01 = 0,08,00 = 0,07 npu BpemeHnu
MonenupoBaausa Tia.x = 108 en.. Ha puc. 3 mpeacTaBIeHB IIOIyIeHHDLIE
pe3yabraThl paboThl MOIEIIH.

(@) (6)

T T T T T T
—— P(i,n < o0)
0.08 1 ﬁ’(z < oo, n) ]
0.00125
0.00100 0.06 4
0.00075
0.00050
0.00025 0.04 - I
0.00000
300 0.02 1
. yANEE
20 00 000 b L\ |
40 0 1 1 1 1 1 1
n 60 0 50 100 150 200 250 300

Puc. 3. Pacnipenesrenns uncia 3agBOK Ha OpOUTAX OKUIAHUS M BOCCTAHOBJIEHUS,
TIOJTy9€HHBIE METOIOM TUCKPETHO-COOBITUIHOTO MOIEMPOBAHUS: (&) ABYXMEPHOE
pacrpeseseHne, MOKA3bIBAIOIIee COBMECTHYIO BEPOSITHOCTD HNC/IA 3asBOK Ha Op-
Gurax; (6) omHOMEpPHBIE PACIPEIeIeHNs, NLTIOCTPUPYIONINE BEPOATHOCTH HHCIIA
3asBOK HA KayKI0il opbuTe

3. Bammmaimust monenn
115t MOATBEPK I€HUsT TOCTOBEPHOCTU PE3YJIHTATOB PabOTHI MMUTAIMOH-
HOIl MOJIe/I IIPOBeJIeHa BaJluJaIud.

IIpoBepka BOoCOpoOu3BOJIUMOCTH pe3yJabTaToB. lIpoBemena orenka
YCTOUYMBOCTHU PE3YABTATOB IIPU MOBTOPHBIX 3AILYCKAX MOJIEIHN C UIE€HTUYHbBI-
mu napamerpamu (Tabu. 1). B pamMkax npoBepKu pacCuuThIBAIACH BEIUYUHA
MaKCUMaJIbHOI'O OTKJIOHEHUS:

Apax = max P(l)(i,n, k) — P (i,n, k)|,

.3,k

rne P u P(?) — pesynbrarsl 1ByX HE3aBHCHMBIX 3AIIyCKOB MOJIE/IM.
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Tabsmmra 1
3HaveHns MAKCUMAaJIbHBIX OTKJIOHEHUI [IPU MOBTOPHBIX 3aIlyCKaX.

Tax 10% 10° 109 107
Apmax | 0.0014 | 0.00046 | 0.00012 | 3.317-107°

CormnocTaBjieHrie ¢ AaHAJUTHYECKUM peIlTleHrueM B YacCTHOM CJIy-
vyae. [Ipu ycranoBke 3HadUeHHs MapaMerpa -y, pABHOIO HYJII0, CHCTEMA, TIe-
pexomur B Kiaccudeckyilo CMO ¢ HOBTOpHBbIMM BbI30BAMM, LIPOCTEHILIMM
MTOTOKOM BXOISIINX TPeOOBaHWUA, OJTHOW OpOWTON OKHMIAHWSA W W3BECTHON
AHAIUTUIECKON POPMYJIOi paclpene/ieHus 9ucia 3agBOK HA OpOUTE B CTa-
IMOHAPHOM perkuMe (PYHKITHOHHPOBAHUSI:

H = (1 o = 1) (15 o )

1 — peiv

P(i) L /W e 7 H (u)du, (3)

:E -

riae p = A/p - UponycKHas ClloCOGHOCTb CUCTEMBbI.
Paccrogane KomMoroposa MexKay CTaTHCTUYECKAM B TEOPETUIECKHM
paCIIpeIe/IeHUIMA YHUCTIa 3a8BOK Ha opouTe oxumanus (tabim. 2).

D = max | P(i) - P(i)|=o| -

Tabymra 2
Paccrosinne Kosnmoroposa D npu pa3iu<HbIX 3HAUEHUSAX IAPAMETPOB A U [ IIpU
burcupoBaribix 01 = 0.08, Thax = 107,

I~ | 10 8 5 0,1
15 | 0,00011 | 0,00012 | 0,00018 | 0,00013
11 | 0,00009 | 0,00012 | 0,00025 | 0,00011

3akJiroueHue

B namnoit paGore paccMorpena mMaremaruydeckas Mozeinb RQ-cucreMbr
¢ MCKaXKeHUsIMHU 3a8BOK U OpOuTOi Boccranosiierus. Ha ocHoBe mocrpoen-
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HO# MOJIETTN Pean30BaH aJTOPUTM JUCKPETHO-COOBITHITHOTNO NMUTAIIMOHHO-
'O MO/IeIUPOBaHUs, I03BOJIAIONINI IPOBOJUTD YUCIEHHDBI! aHaIU3 CUCTEMbI
1py pasymydHbIX napamerpax. [Iposenena Basmmanus MOJIEIN, PE3YIHTATHI
KOTOpPO# JIEMOHCTPUPYIOT BO3MOXKHOCTH TTPUMEHEHUs MTPOTPAMMHON peaJiu-

3alMK JIJIsI KCCIIEJOBAHNS XapaKTEePUCTUK CUCTEMbI ¥ OITHMU3AI[UU IIPOLIEC-
cos CMO.
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SKCTPEMAJIbHBIN NHIEKC BPEMEHIU
O2KNIJAHNA B CUCTEME OBCJIV2KMIBAHUS

C CYIIEPIIO3UIIMEI BXOJHBIX IIOTOKOB
ITAPETO

H. C. Kaymuuun', 1. B. Hemxosa'>?

L Hnemumym npuxaadnsz mamemamuveckus uccaedosarnuii KapHI[ PAH,
2. Ilemposasodcxk, Poccus,

2 . .
Iemposasodckutl 2ocydapecmeennnili ynusepcumem, 2. Ilemposasodck, Poccua

ITpnverenwe TEOPHU SKCTPEMATIBHBIX 3HAYMEHMI K CHCTEMAM MAac-
COBOro 00C/Ty?KUBAHUSA IIO3BOJISET OLPEIE/IATH HEKOTOPBIE IKCTPe-
MaJIbHBIE CBOHCTBA, HAIIPUMED, [IPEJIEJIbHOE IIOBEJICHNE MAKCUMATIb-
HOTO BPEMEHM OXKWJIAHUS WIM MAaKCUMAJBHOW [IMHBI OYepeId.
BaXHBIM IOHATHEM B TEOPHU SKCTPEMAJBHBIX 3HAYCHHIl AB/ISET-
csl 9KcTpeMasibHBIH mHueke. C MOMOWIBIO JAHHOTO MHIEKCA MOXK-
HO OIIPEJIE/UTD CTENeHb KIACTEPH3AIAN SKCTPEMATHHBIX 3HATCHUH.
B craTrhbe METOBI TEOPHU SKCTPEMAJIbHBIX 3HAYCHUN LPUMEHSIOT-
csl ISl BBIYUCJIEHWs] OLIEHKH SKCTPEMAJbHOIO HMHIEKCA BPEMEHU
oxuganust cucreMsl » . Gi/M /1, B KOTOPOI BXOIHON MOTOK IIpe-
CTaBJISIET CODOM CYTEpPIIO3NLNI0 HE3ABUCUMBIX MOTOKOB, 3aJaHHBIX
pacnpeznesenneM ITapero. C moMOMBIO METOA IKCIOHEHIINAIBLHOTO
DACIIEIUIEHAsT CTPOATCA MOMEHTBI DETeHepalnd, Ha OCHOBE KOTO-
PBIX JlaJiee BBIUYNCJISIETCST PereHepATUBHAS OIEHKA SKCTPEMABLHOTO
nHjekca. KiIloueBble CII0Ba: CUCTNEMA 00CAYICUBAHUA, IKCTNPE-
MAAOHOLT UHIEKC, CYNEPNOZUYUA HE3ABUCUMBLE NOTNOKOS

BBemenue

Teopust SKCTPEMAIBHBIX 3HAYEHUN 3apoamiiack B 20-X rojax mpoILIoro
CTOJIETUS W C TeX TOp HAIIa TMTUPOKOe TMPUMEHEHNEe B PA3IMIHBIX 00jIa-
CTSIX HAYKW, B TOM YHUCJE JJI WCCJIECIOBAHUS CHCTEM MACCOBOTO OOCIIYKU-
Bauus. Hampumep, B pabore [5] mpuMeHSIOTCS METO/BI JAHHOW TEOpHH /IS
OTIPe/IeSIeHNsI TPEIETBHOTO TOBEIEHNS MAKCUMAIbHOTO BPEMEHN OXKUTAHWS
U MaKCUMaJIbHOI Jyiubl ovepeau i GI/GI /1 cucremsbi.

Kuaccudeckas Teopust SKCTpEMaJsIbHbIX 3HAYEHUN HE yIUTHIBAET 3ABUCH-
MOCTHU MEXK/y JaHHBIMH, YTO BJIMSET HA TOYHOCTH BBIYMCJIEHUN. ITY MPO-
0J1eMy MOYKHO DEIUTh C TIOMOIIBIO TaK HA3BIBAEMOTO YKCTPEMAJIBLHOTO WH-
JIEKCa, KOTOPBINl 9acTO MHTEPIPETUPYETCs KAK Mepa TEeHIEHIINU K KJacTe-
pH3alMU SKCTPeMasbHbIX 3Hadenuii [3-5, 7]. Ha npakruke sxcrpeMasibHbiit
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WHJIEKC MPUMEHsIeTCS JJId OIEHKU pa3Mepa KJIACTEPOB WU CPeJHel JTu-
HbI IIPOMEZKYTKOB ME2K/1y IIPEBBIIMNEHUAMU BBICOKHX IIOPOrOBBIX 3HA4YEHUI.
MeTo/ibl BRIYUCIEHNS OIIEHOK KCTPEMAIbHOIO HHIEKCA 00CYKIAI0TCA B pa-
Gorax [1, 6].

B crarbe mpejsaraercss MeTOJ SKCIOHEHIINATIBHOIO DPACIHICIUICHNS [JIst
pereHepaTuBHOr0 OIEHHUBAaHUA 3SKCTPEMAJBHOI'O HHIAEKCa CTAaIlmOHAPHOI'O
BpeMeHHU OKHJaHUuA B CUCTEME C CyHepHO3I/IHI/IeI‘/‘I HE3aBUCHUMBbIX BXOJHbBIX I10-
TOKOB, 33/JJaHHBIX paciupenenennem Ilapero.

1. OO6iue moJoXxkKeHusd

Crporo crammonapHasi mocienopareabrocth {X,, n > 1} c obmeit
d. p. F umeer sxcmpemarvrni undexe 0 (0 € [0,1]), ecam ans Kaxk-
moro v > 0 CyImmecTByeT Takasl MOCIeI0BATEIbHOCTD BEIIeCTBEHHBIX YHCET
{ty, = up(v)}, 9TO BBIIOJHEHBI COOTHOIIECHUS

nF(u,) = v pu N — 0o (1)

P(M, < u,(v)) — e % upu n — co. (2)

TTockonbKy mapamerp 6 [1jisi cranuoHapHOi TocseaoBarenbHocTh { X, n >
1} MOXKHO BBIYHCINTH 10 hopmye [2]:
log P(M,, < uy,)

o 60 nlog F(u,) )

TO pereHepaTuBHYIO OIEHKY IKCTPEMAJbHOI'O MHJIEKCA MOXKHO 3aluCaTbh B

BHUJIE
ma (uy,)
R

Oa(n) = X o <1_N(#n)> ; (4)

viae ma(uy) = #(i < ka © M; > uy), — 4UCIO UMKJIOB PereHepauuu, Ha
KOTODBIX TIPEBBINIEHO MOPOTOBOe 3HAYEHWE U, N(u,) = #(i < n : X; >
Uy ) — YUCIIO TIPEBBINIEHNUH CIIyvaiiHoii nocienoBarenbHocTbio { X, n > 0}
TOPOTOBOTO 3HAYEHUS Uy, kA — YHCIIO IUKJIOB PereHepaliy u A — onenka
MA.

Teneps paccmorpum cucremy » v, Gi/M/1, B KoTOpOil BXOAHON MOTOK
TIPEJICTABISAET CODOM M HE3aBUCHMBIX BXOIHBIX TIOTOKOB, - MOTOK MMEET
pacnpenenenue Ilapero ¢ mapamerpamu xg, c; > 1. Bpems obcayxuBanus
MMEEeT TIOKA3aTEIhHOEe paCIpeNeenne ¢ mapaMeTpoM (. B Takoil cucreme
HHTEPBAJIbI MEXKJ1y IPUXOJaMHU 3adBOK 3aBHCHMBI, ITIO3TOMY KJlaCCHY€CKad
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pereneparus He npuMeHnMa. [ MOIyYeHrs MOMEHTOB UCKYCCTBEHHON pe-
reHepalnyu 1peJjiaraeTcs IPUMeHITb MeTO/], 9KCIIOHEHITNAIbHOT'O pacllerie-
HUA

Cornacuo [4] meron 3akiovaercs B (GHKCAIMM OTHOTO W3 TOTOKOB U
3aMeHe BCeX OCTaJIbHBIX BXOJHBIX IIOTOKOB Ha CTOXACTHUYECKU SKBUBAJIEHT-
ubie. [Ipu 3TOM MIOTHOCTH pacmpeeseHus g UCXOIHONW CIy9aiiHON BeTnYu-
HBI [IPEJCTaBIdeTCA B BUJE CMECHU JIBYX IJIOTHOCTEl pacipejieseHuil, 0HO
13 KOTOPBIX IIOKa3aresabHoe. Takoe SKCIIOHEHIMAIbHOE PACHIENJIEHIE [1JI0T-
HOCTU ¢ BO3MOKHO, €CJIU BBIIIOJIHEHO YCJIOBUE

g(x) > d0go(x), >0

rme 6 € (0,1) w go(x) = e ™* X > 0,2 > 0. B sroM caydae mexoaHast
BenunHa 1 3aMeHsIeTCs Ha CTOXACTUYECKH 9KBUBAJIEHTHY IO T* BHU1a

T* = ITy + (1 - )Ty, (5)

rae Ty — C.B C INIOTHOCTBIO §g, I — MHAMKATOP PACHIEIIEHHS, TAKOH, 9TO
P(I =1)=90,T1 — c.B. C INIOTHOCTBIO

9(x) — dgo(z)

nl@) ==—7=75

B gacrrocru, ecnin T umeer pacupenenenne [lapero ¢ mapamerpamu xg u «
¢ dyHKIMeH pacnpeneneHus

G(;v)zl—( 20 ) ,x9 > 0,2 >0,

o+

TO TJIOTHOCTH CJIYyYaiHON BemdIuHbl 1] paBHA

a+1
o Zo 0N s
_ AN > 0.
91() zo(1—9) (ZL'0+IL'> 1-6° v20 (©)

MomeHTaMy pereHepaiuy JJisi CTAIMOHAPHOIO BPEMEHH OXKMJIAHUS SIBJIsi-
IOTCsl MOMEHTbI BpDEMEHH, B KOTOPbIE BCE BXO/HbIe OTOKU (Kpome bukcupo-
BAHHOTO) TIOTAIAI0T B SKCTIOHEHIMANBHYO (ba3y (T.e. I KOTOPHIX § = 1),
U OJJHOBPEMEHHO CHCTEMa, MyCTa.

Ha puc. 1 npuBeeHbI pe3yJIbTaThl PEreHEPATUBHON OIEHKU SKCTPEMAJIb-
HOT'O UHIEKCA 11 CUCTEMbI C IBYMS BXOJHBIMH IIOTOKAMU, 33, IaHHBIMI Pac-
npenenenuem Ilapero npu a; = 2,29 = 1,0 = 3, 4 = 4 u IpU PABTUIHBIX
3HAYEHUSX [IEPUEHTHIIA IOPOrOBOIO 3HAYEHMUSA.
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e =2 I e
o o o o
= = [ N
~ =2} o =1
1 1 1 1

IKCTpeMankbHEId MHOEKC, pereHepaT. MeToq,

=2

o

i

o
1

T T T T
0.65 0.7 0.75 0.8 0.85 0.9
MepuUeHTWIbL NOPOroBOro 3Ha4YeHWA

Puc. 1. PereneparuBHasi OIeHKa 3KCTPEMaJILHOIO WHIEKCA s cucteMbl (G1 +
Go/M/1lupu a1 = 2,20 = 1,2 =3, u=4

PeSyJIbTaTI)I KCIIEPUMEHTOB IMOKAa3bIBAIOT, UYTO IJIA ,JIaHHOI‘/’I CUCTEMBI Xa-
PaKTe€pHa BBICOKAdAd CTEIMEHL KJIaCTepu3alluu, MOCKOJIbKY SKCTpeMaJIbeIﬁ
nHAeKC 0/m30K K 0.

3akJiroueHune

B xome mammoit paboThI OBLITH MPUMEHEHBI METOIbI TEOPUH IKCTPEMAITb-
HBIX 3HAYEHUIT U METOJ SKCIOHEHIHAIBHOIO PACIIEIICHAS I pacdéra pe-
[€HEPATUBHON OLEHKH IKCTPEMAJIBHOIO HHJEKCA CTAIMOHAPHOIO BPEMEHH
okupanus cucrembr y . G;/M/1 ¢ cymeprnosuiyeil He3aBUCHMBIX BXOIHBIX
OTOKOB, IMEIOIUX pacupezesnenue [lapero.
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XOAUMOCTBIO 3P PEKTUBHON 00pabOTKU 3aKa30B, BKJIIOYAA CAydad C OIIU-
OOYHBIMU WJIM HEMOJIHBIMU JTaHHBIMU. B maHHo# padoTe paccMaTpuBaeTCs
cucTeMa 00pabOTKY 3aKa30B C MEXAHW3MOM MMOBTOPHBIX MOMBITOK, OCHOBAH-
nag Ha RQ-momenu (Retrial Queue). Ilpeanaraemoe peienue npeiycmaTpu-
BaeT JBa yPOBHs 00pabOTKH MPOOTEMHBIX 3asBOK: aBTOMATHIECKOE UCITPAB-
JIEHUE TEeXHUYIECKUX OIMUOOK ¥ HHTEPAKTUBHOE B3aMMOIEHCTBUE C KIIUEHTOM

NCCJIEJOBAHUE RQ-CICTEMBI
C HENCIIPABHBIMU 3AdBKAMUI
1N NX BOCCTAHOBJIEHVNEM

K. M. Kocrapera!, 51.E. Uzmaitnona'

1 . . . .
Hayuonaavnot uccaedosamenveruti Tomekut 2ocydapemeeriviil
yrnusepcumem, 2. Tomck, Poccus

B nmammoit pabore uccrenyercs cucrema 00pabOTKH 3adBOK C IIO-
BTOPHBIMHU MOIBITKaMHU, ocHOBaHHas Ha RQ-momenn. Paccmarpusa-
eTCs CUCTEMA C TPOCTEUTITIM TOTOKOM 3adBOK, KOTOPBI C TIOMOTIHIO
33JaHHBIX BEPOATHOCTEH Pa3/e/seTCs HA HCIPABHBIE U HEUCIIPAB-
Hble 3agBKU. HewncrnpasHble 3asIBKY IIEPEXOAT Ha OpOUTY ISt BOC-
CTAHOBJIEHUs, MOCe Tero obciayxmBaiorcd. [IpencraBmena ¢yHk-
IOHAJIbHAA MOJE/b, Ha OCHOBE KOTOPOI II0CTPOEHA COOTBETCTBYIO-
mast MaTeMaTuIecKas Mofesib. VccieoBanme CuCTeMBbI TPOBOJUTCS
METO/IOM WMHUTAIMOHHOTO MOJEINPOBAHNUS, BOCIIPOU3BOIATIETO TI0-
BeleHIEe CUCTEMbI MACCOBOIO OOC/IyKMBAHUS C IIOBTOPHBIMU IIOIBIT-
kamu. KirroueBble caoBa: R(Q)-cucmema, Heucnpasroe 3aA6KU, UC-
NnpasHvLE 30A6KY

BBenenue

CoBpeMeHHbIE CHCTEMbI 3JIEKTPOHHON KOMMEPIHH CTAJTKABAIOTCS ¢ HEOD-

opu OINOKAX B JAHHBIX.

1. ®yHKIIHOHAJIbHAs MOJEJb

Ananms cucrem 06paboOTKM 3aKa30B € MOBTOPHBIMY MONBITKAMH (puc. 1).

Ornpaska HOBOIO 3anpoca (MOxKer coiepzKarb OIKUOKY);
npy OOHAPY2KEHUM OIIUMOOK IPOMUCXOIUT Hepelada 3alpOCOB B MOJYJb
WCTIPABJICHHS;
KOPPEKTHBIE 3aIPOCHI Cpa3y 06pabaTbiBAIOTCs MPH JOCTYIIHOCTH CHCTE-
MBI

)
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Puc. 1. Cucrema 06paboTKu 3aKa30B C IIOBTOPHBIMU IIOMBITKAMI

HCIIPABJEHHDBIE 3AIIPOCHI IOCTYIAIOT HA 00pabOTKY IPH JIOCTYITHOCTH;
TIpU TIEPErpy3Ke CUCTEMBI 3aITPOCHI TIOMEIAIOTCS B OJIOK OXKUTAHS;
3ampoCchl U3 OJIOKA OXKUIAHKS 00pabATHIBAIOTCS IO Mepe OCBOOOXK IEHUST
pPecypcos;

3aBepIarommii 3Tan — GOPMHUPOBAHNE U OTIPABKA PE3yJIbTaTa.

Omnucanue CUCTEMBI:
KimmenTcKasi 9acTh: OTIPABJISET 3alpPOChl HA CO3JaHUE 3aKa3a depe3

HTTP. Ilonxy4yaer orBeThl: ycuex, OMMOKA CHCTEMbl MJIA OMIMOKA JTAHHBIX.

Bxognoii nutro3 (API Gateway):

MPOBEPSIET U KJIACCU(DUIMPYET 3AMPOCHI;

KOPPEKTHbBIE 3a1POChl (BaIUIHBIE JAHHBIE, YCIENIHbIH IJIaTeXK) HAIPAB-
nsger Ha 00paboOTKy;

OIubOYHbBIE 3AIIPOCHI OTUPABJISIET B MOJLYJIb UCIIPABJICHUS.

O6paboTuynK 3aKa30B:

BBITIOJIHSET OCHOBHBIE oreparuu: 3amnuch B BJI, pesepsupoBanue ToBapa,
YBEIOMICHUST;
MIPH TIePerpy3Ke MOMEIAeT 3ampochkl B OJIOK MOBTOPHON 00pabOTKH.

Moaynan o6paboTku ommboK:

aBTOMATUYECKOe MCIPaBJIeHHe CUCTEMHDLIX OIUOOK;
MHTEPAKTUBHOE UCHPABJIECHUE OMUOOK KJIUEHTa (C yBEIOMIICHUEM );
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— IIOCJIe WCIPaBJIEHUsl — MOBTOPHAsS OTIPABKA HA 0OPAOOTKY WU B OJIOK
OXKUJIAHUS.

Buiok oXmgaHusi HOBTOPHON 0OpabGOTKM: BPEMEHHOE XPAHWJIHIIE
JJ14 3aIIPOCOB, 0XKUJIAIOINTUX JOCTYITHOCTA CUCTEMBIL.

2. Maremarn4deckKas MOeJIb

Paccmorpum RQ-cucremy (Retrial Queue) ¢ oguum o6ciyKuBaoium
npubopom u aBymsi opburamu (puc. 2).

Opb6ura 1
Y0 4O
A n S
\.
1-7 to,* o,
Opbura 2

Puc. 2. Maremaruueckas momens RQ-cucTeMbl ¢ HEMCIPABHBIMU 3asIBKAMU U UX
BOCCTAHOBJICHHEM

Ha Bxox RQ-cucrempbr mocrymnaer mpocTedninii moTOK 3asiBOK ¢ WHTEH-
cuBHOCTBIO A. C BEPOATHOCTBIO T 3asiBKa ABJSETCs ucnpaBHoi. Ecim mpubop
cBOOOIEH, TO MCTMpaBHAsS 3asBKa HAYMHAET OOCayKuBanue. Bpems obey-
KUBAHUS UMEET IKCIOHEHIIHATHHOE PACIPEIe/IeHne C mapaMeTpom u. Kcau
npubop 3aHAT, TO 3agBKa yXoauT Ha opouty 1 (opbura oxumanus o6CITY-
JKUBaHUs WCHOPABHBIX 3asBOK). Ha opbure 3asiBKa OCylIeCTBIsieT CJIydaii-
HYIO 33JIePKKY, UMEOIYT0 SKCIOHEHIMATIBHOE PACIPEIE/IEHIe C HapaMer-
pom o1. Ilocie cydaiiHoil 3a1€pKKX 3asiBKA BHOBb 00paIaeTcs K Ipudopy
C TIOBTOPHO# MOMBITKO ero 3axBara. Eciu mpubop 3aHAT, TO MTHOBEHHO BO3-
BpAINAOTCsT 0OPATHO W OCYNIECTBIISIIOT CJIEYIONLYIO CIYYARHYIO 3a/I€PXKKY.
TToce okoHUAHWST OOCTYKUBAHUS 3asBKA MTOKUIAET CUCTEMY.

C BepositHOCTBIO 1 — 7 3asBKa HewcrnpasHas. HeucnpaBuas 3asiBKa 1ie-
PEXOUT Il BOCCTAHOBJIeHHMs HA opbury 2 (60K BOCCTAHOBJIEHUS HEUC-
NPaBHBIX 3as9BOK). BpeMsi CIIPABIEHUs UMEET SKCIOHEHIMAILHOE PACTIpe-
JleJieHre ¢ mapaMeTpoM os. [locsie BoccTaHOBIIEHHST 3asBKa OOpaIaeTcs K
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npubopy. Ecau mpubop cBobomeH, TO OHa BCTAaeT Ha OOCTyKuBaHme. Ecmn
3aHAT, TO MEPEXOIUT HA OPOUTY sl UCIIPABHBIX 3asIBOK.

IIpocrpancTBO cocrosinmii:

k(t) — cocrosinme npubopa (0 — cBoGozeH, 1 — 3aHAT);

n(t) € N — uucio 3agBoK Ha opbure 2;

i(t) € N — uncio 3asBoK Ha opbure 1.

Torna P{k(t) =k, i(t) =i, n(t) = n} = Px(i,n,t) — BEPOATHOCTH TOrO,
9TO B MOMEHT BPEMEHH t mpuOOp HAXOJUTCS B cOCTOgHUHU k, HA opbure 1
HAXOANTCS ¢ 3asBOK, HA OpOWUTE 2 HAXOIUTCS N 3aTBOK.

Bo3mozxkHbIE COOBITHST CHCTEMBI C MEPEXOAMH 3a MaJIblii WHTEPBAJ Bpe-
venu At:

— TPUXOJ UCIPABHON 3aaBku ArAt ;
— mpuxoj HeucnpasHOi 3asaBru A(1 — )AL ;
— 3aBepmenne o0CIyRKuBaHusA UAfL ;
— NOCTYIJIEHHE 3asiBOK C OPOWT:
— MCHpaBHAs 3aABKa ¢ OpOMTHI Oxkuganus 101 At;
— BOCCTAHOBJIGHHAS 3asBKA C OPOUTHI BOCCTAHOBICHUST NoAt.

3. NmurammmoHHas MO/eJIb

s uccienoBanus moBeneHus RQ-cucrembr ¢ aByms opoutaMu ObLIa
paspaboTana UMHUTAIMOHHAS MOIENb Ha g3bike Python.

Anzopumm modesuposarus

1) Waunumanusanus:
®yuknua exponential(rate): renepupyer ciyuaiinoe Bpemst ¢ 3KCIIO-
HEHIINAJIbHBIM PACIPeeIeHIeM;
ITapamMmeTpbl oOCHOBHOIT DYHKITUU: \, 7, [, 01, 02, Tiax — MAKCUMAJTb-
HOE BpPEMS MOJIEIUPOBAHNUS;
VNuannumanusanus mepeMeHHbIX:

— k — cocrognue npudopa (0 — ceoboaeH, 1 — 3auar);

— { — 4YMCJI0 3adABOK HA OpOWTE OXKWIAHUS, N — YHUCJIO 3asBOK HA Op-
OuTe BOCCTAHOBJEHUsI, t — TEKyIHil MOMEHT BpeMeHu. B HadambHbII
MOMEHT BC€ TIe€pEMEHHbBIE PABHBI HYJIIO;

— history — cnmcok Bcex cOOBITHI M COCTOSTHWI CHCTEMBI,

2) Hacrpoiika daitios BeiBoza: umeercs Tpu daiisia 1jis 3anucu pesysibra-
TOB;

3) OCHOBHOI#I IMKJI MOJICIIUPOBAHUSL:
Brmonusgercsa moka t < Tijax:



144 K. M. Kocrapesa, 5. E. Viamaiinosa

— TeHepaimug coObITHII M BHIOOP GJIMXKAMIITEro:

. In(R(0, 1)) (R0, 1))
arrival = T Ty service — T T
A I
In(R(0, 1)) In(R(0, 1))
tretry Y t'recovery = T
101 noo

tnewt = mln(tarrivala tservicea tretrya trecovery) .

— O6paboTrka cobbITHUS:

— Iloctrymnnenune 3asBKU:

— € BEPOSATHOCTBIO 7" MOCTYITUBITIAS 3AABKA SBJIAETCS UCIPABHOM
7 oHa 00 OOCIYKUBAETCsI, THOO TEePEXOTUT Ha OPOUTY OXKH-
JTAHST;

— € BEPOATHOCTHIO 1 — 7 MOCTYIUBIIAS 3agBKA SBISETCS HEHC-
MPABHON ¥ OHA YXOAWUT Ha OPOUTY BOCCTAHOBJIEHWS;

— 3Basepuienue obcIyKuBaHUA: 0CBOOOK AeHue rpubopa (k = 0);
[ToBTOpHAST TOMBITKA OOCTYKUTHCS: MPOUCXOIUT OOCTY KUBAHUE
3asIBKU WJIM BO3BPAT HA OPOUTY OXKUIAHWS, B CJIydae, €CIH MPHU-
0op 3aHsAT;

— 3asepirieHne BOCCTAHOBJIEHNUST: TIEPEXOJ] HA OOCTY:KUBAHWE WJIN
OpOUTY OKUTAHWS.

— OOHoBJIeHUE BpeMeEHU:

t =1+ thext-

4) Pacuer BepogrHOCTeill. PACCIUTHIBAEM TPEXMEPHOE PACIPEIE/ICHUE Be-
POSITHOCTEH COCTOSHMI MPHOOpa, YHMCIa 3adBOK HA OpOUTE OXKUIAHWSI,

9uCJIa 3a8BOK HA OPOMTE BOCCTAHOBJIEHUS 1O (DOPMYIIe
) N(k,i,n)
P(k7 7’7 n) = T )
total

rae N(k,i,n) — cymMapHOe BpeMsi TpUOBIBAHUS CHCTEMBI B COCTOSTHUW
(k,i,m). OT TpexMepHOro MepexouM K OJHOMEDPHBIM PaCIpPEIe/eHUIM
o opmymam

P(i,n) = P(0,i,n)+P(1,i,n), P(i)=Y_ P(i,n), P(n)=Y_P(i,n).
n=0 =0

5) 3asepluenue MOJEJUPOBAHUS.

— coxpameHune pe3yabTaroB B (aitnbr Excel;

— BO3BpAT MCTOPUU COOBITHIA.

Ha pucynkax 3—4 npeacraBienbl haiiybl ¢ pe3yJIbTaTaMu PAOOTHI UMU-
TAIMOHHON MOIEean.
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Bpénn ki n CoSutme I in Plin)

) 0 0 START o 0 3,32143E-06
0,615159158 1 0 0 NpMEHTHE HCNPABHOD A 3AREHA LN § 1,50974E-06
0,817452445 0 0 0 Jamepuwense OBCAYHMIAHUA o 2 3,01948E-07

542553404 0 0 1 MNpubbiTHe HEWCNPABHORA 33RBKM 1 2 9,05845E-07
6,161643505 1 o 0 BOCCTAHOBNEHWE 3ARBKM 2 2 3,01348E-07
6473628466 0 0 0 Jabépusenni oBLAyIeBaHmA 2 3 6,03897E-07
7338271357 1 0 0 Npyboimee HONPaBHoR 33RBXKH 2 4 1,50974E-06
7521049804 0 0 0 3agepwense O5CAYHHEIHUA 2 5 3,01948E-07
ToarTaaan 1 0 0 NpuboaTe HCNPABMO R JaRENK 2 6 5,03897E-07

87148256 0 0 0 3asepwense obonyHHEaHHA 3 & 3,019486-07
8954519734 1 0 0 NpuBHITHE HENPABHO R JAREHM 3 7 5,05845E-07
8570792141 © 0 0 3aeepwense 06CAYMHEAHRA 3 8 2,019486-07
1?:3?2:‘1; ? g 1 II:IrpM:mrae HEHCn| aaer_{oﬂ 3ERBKM 2 a 1,50974E-06
X PHBBITIE HEMPABHO M JARBHM a s L SOGMEDS
1341743288 0 o 1 3apepwenwe obonyroneanun

4 ] 6,03837E-07

1522715264 1 0 1 NpuBsITHE HONPABHOR J3RBKK
1% sanTEoas 4 PR AT VU S S a4 7 6,03857E-07

Puc. 3. Ilosemenme cucTeMBI MaccoBOTO 00- Puc. 4. JIBymepHOe pacIpemese-
CIIyKWBAHUS C TE€UIEHHEeM BPEeMeHU! Hue Bepoaraocteit P(i,n)

3akJiroueHue

ITocTpoena maremaTndecKkass MOJETb CHCTEMBI 0OPabOTKH 3aKa30B B BHU-
e RQ-cucrembr ¢ 6;10k0M BoccranoBienusi. VlccaeoBanne CHCTEMbI TPOBO-
JIAJIOCHh METOJOM UMHUTAIMOHHOIO MOJIETUPOBAHMS, BOCIPOU3BOISAIIErO 10~
Benenne RQ-cucrembl. B xome uccnenoBanmss MOAETUDPYIOTCS DPA3IHIHBIE
crieHapuy pabOThI CHCTEMBI, YTO B UTOTE JAET 1B KJIIOYEBBIX PACIPEIe-
JIEHUSI: DACIIpe/ieleHne BEPOSATHOCTEHl KOJIMYeCTBa 3asBOK HA OpOUTE OKU-
nanus (nepsas opbura) u opbuTe BOCCTaHOBJEHUs (BrOpas opbuTa).
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AJITOPUTMBI I10ABOPA ITAPAMETPOB
MAP-IIOTOKA OJId MOAOEJIMPOBAHUSA

ON-OFF COCTOSIHUIT MHOT' OSITEPHBIX
IIPOIIECCOPOB

WN.JI. JJamarur', H. A. JIyneaxo!

lHauuoua/Lmeﬂ uccaedosamenvckut Tomexut 2ocydapemeennoil
yrnusepcumem, 2. Tomck, Poccus

Mogenu ciay4aiiubix moTokoB kjaacca MAP obmagaior psmom mipe-
UMYIIECTB, TAKUX KAK BO3MOXKHOCTH AHAJUTUIECKOTO HUCCJIEI0Ba-
HUsl U BO3MOXKHOCTH ydeTa KOPDPe/sALUU MEXK/y JAJIMHAMU UHTEp-
BaJIoB. B pabore mpesaraercss MCIOIb30BATh KOPPEJINPOBAHHOCTD
MAP-noroka mrs momemmpopanms on-off mpomeccos mpm pabGore
MHOI'OS/IEPHBIX 1IPOLECCOPOB. DTHU IIPOLECCHl OLPEAEAIOT AKTUB-
HYIO pabOTy IIPOIECCOPOB U EPUOIBI MX pOCTOosi. MojemupoBanue
THUX TPOIECCOB SABJAETCH OJHUM W3 IAroB CO3JAHUs OIIPE/IeJIeH-
HBIX THUTIOB BBIYUC/INTEIHLHON HATPY3KHU MIPY CUMYJISITIAN TTPOM3BO/IH-
TEJILHOCTH MUKPOAPXUTEKTYDPHI. B paboTe mpesyraraiorcs ajJroput-
MBI ogbopa mapamerpos MAP-moTroka mo HEKOTOPBIM YHCJIOBBIM
XapaKTEPUCTUKAM, BKIIOYast KO3(DMUIMEHT KOPPeIsnm, BIOOPKYI
JJINH WHTEPBAJIOB ME¥XK Iy COOBITUSMU B HEKOTOPOM CJIy9aifHOM IIO-
toke cobbituii. KirroueBbie cioBa: MAP-nomok, kosgpduyuernm
KOPPEAAUUY, N0060D NAPAMEMPOE

BBenenue

CucTeMbl MaCCOBOTO OOC/IY KUBAHUSI, UCIOJJb3YEMbIE JIJIsT MOIETUPOBA-
HHUsI TPOIECCOB (DYHKITMOHUPOBAHUS COBPEMEHHBIX TEIEKOMMYHUKAIMOH-
HBIX CeTeH U KOMIBIOTEPHBIX BHITUCIUTETbHBIX CHCTEM MIPEIbABISIOT BBHICO-
Kue TpebOBaHus K MOJETMPOBAHUIO CJIYYalHBIX MOTOKOB COObITuit. O1HuM
n3 Hambosee 3(PPEKTUBHBIX HHCTPYMEHTOB JIJIsi OIMMCAHUSA TAKUX IIOTOKOB
SABJIAIOTCS MapKoBckue mporecchl noctymaenus (MAP, Markovian Arrival
Processes). 9Tu mporecchl 00eCneunBaloT BbICOKYIO MMOKOCTh U TOYHOCTD
MIPY MOJEMPOBAHUH TIOTOKOB, XaPAKTEPU3YIOIIIXCS 3aBUCAMOCTSME U KOP-
PEMPOBAHHOCTHIO MEXKIY COOBITHUSIMH.

B nmannoii pabore Mbl peiaraeM KUcioib3osarb MAP-moroku miist mo-
JIeJTMPOBAHNST KOPPEJISAIINYA MEXKIY JJIUHAMYM WHTEPBAJIOB B aKTUBHOU (ha3e
PabOThI OTAETBHBIX SI€P MHOTOSIEPHBIX MPOIECCOPOB. JTO OTIUIAETCI OT
MO/IXO/A TTAPAMETPUIECKO 3a[a9Yu OIEHKY MapaMeTpoB B PAMKAX KOHKDET-
HOT'O 3aKOHA PaCIpeeseHns, KOTOPbIii HUKAK HE YIUTHIBAECT KOPPEISIIHIO
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MEXy IJIUHAMU WHTEPBAJIOB. A ¢ TOYKU 3PEHHUs MPOIECCOB AKTUBHOCTH
Aep MPOIEeccopa yIeT KOPPeaaiun 6e3yCa0BHO HEOOXOIUM.

OxHOiT U3 KJI04eBbIX 3a1a4 B pabore ¢ MAP-orokamu siB/isiercs 110100p
MapaMeTpoB, KOTOPbIE 00ECITEINBAIOT TOYHOE COOTBETCTBYE MOMENN 331aH-
HBIM YHCJIOBBIM XapPAKTEPUCTUKAM, TAKUM KaK CPEJIHSS WHTEHCUBHOCTD IO~
CTyIJIeHUsT COOBITHI, nucIepcus, KO3(MPUITHEHTHI aBTOKOPPEIAINN U IPY-
e CTATUCTUYECKHe TOKa3aTean. IIpaBuIbHbIN BHIOOD MapaMeTpoB HEOOXO-
JIMM 1151 IIOCTPOEHUS aIeKBATHON MO/I€JIU, CIOCOOHO TOYHO OIUCHIBATD De-
aJIbHBIE MTPOIIECCHI, TP STOM COXPAHSISA BBIYUCIUTEIHHYIO 3(hDHEKTUBHOCTD.

B pabore npemyiaraercst onucanue AByX aJrOPUTMOB MOI00PA MapaMer-
poB MAP-noToka Ha OCHOBAHWY 3HAYEHUIN YUCJIOBBIX XapaKTEPUCTUK JIJINH
MHTEPBAJIOB MEXKy HACTyILIeHusMu coObiTuii. To ecTh, M0 YUCIOBBIM Xa-
PaKTEPUCTUKAM HEKOTOPON BPEMEHHOM ITOC/IeI0BATEIbHOCTU HACTYIIJICHUS
HEKOTOPbIX COObITHII (MCXOMHBIE JaHHbIe) nogbupatTcs napamerpsr MAP-
MMOTOKA, YUCJIOBbIE XAPAKTEPUCTUKU JJIUH WHTEPBAJIOB KOTOPOTO OBLIN Ob
O/IM3KM K YUCJIOBBIM XapPAKTEPUCTUKAM UCXOIHBIX JAHHBIX.

1. AusropurMm IocJjeoBaTeJ IbHOT0O mepebopa

JlaHHBIH anropuT™M OyJeT UCXOAUTH OT HAYAJIBHOTO PEIIeHHs, KOTOPOe
MOJIDUPAETCS CIYYANHO ¢ 3aJaHHON TOYHOCTBIO. [[Jisi OIEHKH TOYHOCTH Pe-
meHnst OyZeT HCIOJAb30BAThCA (DYHKIHSA CPEIHEKBAIPATHICCKON OmMMOKN

[1]:

| X
N Z(Jﬁi - i),
=0

rjie N — KOJIM9eCcTBO [apaMeTpoB, KOTOPbIE YIACTBYIOT B OIEHKE TOYHOCTH;
Z; — TIOJyYUBIIIeecs 3HAYEHUE TIapaMeTpa B XOe MoA00pa mapaMeTpoB; y; —
[eJIeBoe 3HAYEHUE.

OCHOBHBIMU XapaKTEPUCTUKAMU, HA OCHOBE KOTOPBIX Oy/yT HAXOIUTHCS
napamerpsl, bl BhIOpanbl Koadbdunuentsl koppensuuu (CCor) u Bapua-
muu (CVar). Byaem nonarars, uro CCor u CV ar ussectabl. YTo0bI JanHast
GbYHKIHS TOX0/IUIIA IO, 331y, €€ HyKHO OTHOPMHUPOBATH, TOCKOJIBKY KO-
3¢ unmeHT BapUAIIN MOXKET OBITh JOCTATOTHO OOIBITNM, a KO3 duimeHT
Koppensiun u3mensiercss ot —1 g0 1. [losromy punanbHLIN BapuaHT QyHK-
AU ONMIUOKN BHITJISIIUT TaK:

cvV —-CV ccC —CC
( agl{/ar GT)2 + ( 1iT|’Ié'COT\OT)2

v
fi 5

Bamada cBOAUTCS K TOMY, 9T00bI HaiiTh Takme marpuusl Q, A, D [6],
onpegensionue MAP-10ToK, 4T00ObI BLIYMC/IEHHBIE 110 HUM TEOPETHYECKHE
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gucnosble xapakrepuctuku (CVarp, CCorp) nmuH unrepBanos [3] Gbuim
OJIM3KU K 3aIaHHDBIM.

HauanpHoe perrerne BoIOEPAETCs CAydailHO ¢ MPsIMOil reHepalmeil Bcex
suauennit marpur Q, A u D pa3om ¢ 3a7aHHBIM COOTHOIIIEHUEM TAPAMETPOB.
ITouck Ha9aIBLHOIO peIeHus MPOIOJIKUTCS IO TEX TOP, ITOKA €r0 3HAYCHNE
omuOKu He HOcTUTHET pe3yiabrara menee, gem € = 0, 001. IIlaru renepanuu
HAYaJIbHOTO PEIeHUs:

[Tar 1. Ternepupyrores 100 MAP-norokos;

IMTar 2. [Jdas kaxkgoro crerepupoaHioro MAP-moroka BhIYucisiercs
3HaUeHne onmokn (fit);

Tar 3. Ecaum fit < 0,001, To HagapHOE perenne Hafineno. uade naem
Ha mar 1;

Korna naganbaoe perrernue ObLI0 Oy 9€HO, TO Y HAC UMEIOTCSH MATPUIIBI
Qq, Ao 1 Dy. Ha caenyromenm mare agropurma dbuxcupyorcs Marpuisl Ag
u Dy. Jna marpumsr Q, npoucxonut nepebop 3HAUEHUH 0 TeX IOp, IOKa
3HaMeHme OmMHIOKY He OyneT MeHee £ = 107 %, 160 He IPEBBICHT 33 aHHOE
KomuecTBO mreparnmii. [locie Toro, Kak 3HadeHne OMMOKK OyIeT MEHbIIe
€, y Hac nosyyurcs marpuna Q.

Caenytomum peficrsuem ukcupyiorca marpunst Q; u Dg. g marpu-
bl Ag TponcxoanT mepebop 3HAYEHUHA 10 TeX TOP, MOKa 3HAYEHNE OMMOKN
He Gymer MeHee ¢ = 107°, qu60 He HPEBLICHT 33 JaHHOE KOJUTIECTBO HTe-
pamuit. Korna 3nadenue omubku Oymer MeHee €, TO TMOJIYYUTCS MATPHUIA
A

[ocaemuum marom anropurma Oymer dbukcanus marpur Q; u Aq. 3ua-
JeHusa AJst MaTpuIilbl Do Takske mepedbupaioTcs Bce BMmecte. Ilepebop mpowc-
XOAUT 70 TeX MOp, HOKa 3HaMeHHe OmmOKH He GymeT Menee € = 1076, mu6o
HE TIPEBBICUAT 33JaHHOE KOJIMIecTBO urepanuii. [locite monyvaercs marpuma
D;.

Iloce Toro, KaxK Bce MATPHUILI ObLIN MEPEOPAHBI, ¥ HAC IMOJIYIAETCS
MAP-110T0K ¢ MCKOMBIMM 3HAYEHUAMHU KO3I(PDUIMEHTa KOPPEIalUd U KO-
a¢ddunmerTa BapuaImn, KOTOPble OTKJIOHSIOTCS OT NCKOMOTO He OoJiee, 4em
e = 107%, mpu ycroBum, uTO Mepebop 3HAMEHHH MATPHUI] He OCTAHABIHBAJIC
10 33ITAHHOMY JINMUTY uTeparuii. Tem caMbIM ymaeTcs MaKCUMAIHHO OJin3-
KO IPUOIU3UTHCH K MCKOMBIM XaPaKTEPUCTUKAM.

2. Ilepebop napameTpoB B 3aJilaHHON OKPECTHOCTH
omnpeJieJIEHHBIX 3HAUYEHUMN

Crenytomuit aaropuT™, KOTOPHIH UCITOTB30BAJICS JIJIs TTOUCKA TTapaMeT-
poB MAP-mioroka, 3T0 ajJropuT™, KOTOPBIH OCHOBaH Ha Mepedope KayKIoro
napamMerpa B Marpunax Q m A B HEKOTOpPOH 3amaHHON OKpecTHOCTH. [ljist
9TOr0 AJTOPUTMA HYXKHO TaK:Ke HAYATbLHOE peIleHne, OT KOTOPOro OymaeT
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HAYMHATHCS caM Iepedop mapaMerpoB. HadambHoe perieHne BBIOMPAETCs
TaKXKe, KAK U B IPEJIbIIAYINEM AJITOPUTME.

[Tocsie Toro, Kak Hali/IEHO HAYAJIBHOE PEIleHUe, HAYMHAETCS HMOCTEeH-
HbII mepebop Bcex mapamerpoB s marpuil Q u A. CHavasia komupyercs
HAYaJIbHOE PEIIEHUE B APYrYIO MEPEMEHHYIO, YTOOBI ObLIa BO3MOKHOCTH OT-
KATUTHCS HA33J, M HAYATh TOUCK CHAYATIA. DTO HEOOXOIUMO MOTOMY, UTO
peleHrne MOXKeT yHTH JajeKo oT uckomoro. lajee 3amyckaercst UK, B
KOTOPOM HPOUCXOAMT IPOXOJ, IO BCEM HJIEMEHTAM 3TUX MATPUIL U TPUOAB-
JISIETCST WA BBIYMTAETCS K yIKE MMEMOIIMMCS 3HAYEHUSM CIydaiiHOe YmnCio
B 33JaHHO OKpecTHOCTH (10 ymomuanuio 2%). ITocsie Toro, Kaxk 3/1eMeHThI
Marpull Q u A ObLIU U3MEHEHbI, BLIYUC/IAETC 3HaYeHne omuoKu nyist MAP-
moToka. Eciau permrenue 3a 25 Thic. ureparuii He ObLIO HAAEHO, TO TPOUC-
XOAUT OTKAT K HAYAJIBHOMY PEIIeHWIO W MOUCK HaduHaercd 3anoBo. Korna
3HAYEHME OIMOKM TOJIyYAeTCs MEHbBINE 33JIAHHOTO € (33J8eTCsi BPYUIHYIO),
10 mepebop Ays marpur, Q u A 3aseprmaerca. Ilorom mpoucxoaut mepere-
Heparus MaTpuibl D.

[Mepereneparust marpunbl D Hy»KHA 1151 TTOTEHIUATBLHOTO YTy dIIEHUST
pereHus. 3amyCcKaeTcs IUKJI, TJe [MEeTUKOM NeHEepUpPYyeTcs CaMa, MaTPHIA,
BbIUUCJILETCs 3HAYEHUe OMOKY U eciid 910 3Hadenue menblue, dem &/100,
TO peIeHne CANTAeTC HalimeHnubiM. B xome remepanyuu Marpunst D coxpa-
HSI€TCS HAWJIydIlee pernenne u ecau 33 50 ThiC. uTepanuii He OyaeT JOCTUr-
HyTa TOYHOCTb B £/100, TO BO3BpAaLIAeTCs HAUITYYIllee HalJeHHOe DelleHue.

3. YuciaenHnbie JKCII€epMMEeHTbI

B xone 4mciieHHOrO 3KCIEPUMEHTa OCYIIECTBIISIICH MOUCK TAapaMETPOB
MAP-norokoB ¢ pasHbiMH KO(D(PHUIUEHTAMH KOPPEJIalUUud ¥ BapUALMH.
JlaHHbBIH 9KCIEPUMEHT JACT IOHUMAHUE TOI0, CKOJIBKO 110 BpeMeHu Pabo-
TAIOT AJITOPUTMBI ¥ CPEIHSIS TOCTUTHYTAsT TOYHOCTb.

B mepBom sKCcIIepuMeHTE B Ka4€CTBE MCKOMBIX JTAHHBIX UCIOJIb30BAJIUCH
k03 dunuent Bapuanuu B auanasone [1; 4] u kosdbdunment Koppensauuu
B auanasowe [0; 0,3]. Bpasioch ciayvaiinoe 3HadeHue u3 TOrO IUAIA30HA, C
OKDYyIJIEHHEeM 10 2 3HAKOB nocse 3angroil. Jlasee, sru ciaydaiinbie 3naqe-
HUs TOJABAJINCH B aJITOPUTM KAK IIejIeBble 3HAaUeHusi. Hy»XHO OBLIO MOmO-
OpaThb Takoit MAP-110TOK, 9TO0OBI y HETO ObLIN KOI(DMUIIHEHTHI KOPPETIAIUN
u Bapuanuu Om3Ku K uckoMmbiM. [lng sxcmepumenTta Opasmocs 100 mombr-
TOK HAWTH CJIydailHble BaPWAHTHI KOPPEJSIUU W Bapuamuu. 1akoe Majioe
YUCJIO MOIBITOK OOYCJIOBJIEHO TE€M, YTO TECTHI IPOBOAUINCH HE HA MOIIHOM
obopynoBanuu, u gaxke 100 MOMBITOK 3aHUMAJN JOCTATOYHOE KOJIMIECTBO
Bpemenu. B xome 3TOro sKcmepuMenTa 3HadeHus Mmarpuilbl Q Opasuck u3
muanasona [0; 10], a jyist marpunsl A u3 guanasosa [0; 1000].
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DKCIEPUMEHT TPOBOUIICS HA KOMIBIOTEPE € 4-S/IEPHBIM MPOIECCOPOM
Intel Core 15 9300H ¢ maxcumasibaoil wacroroi 4 I'T'm.

Bropoit sxcrepuMeHT IPOBOAMICA B TAaKUX K€ YCJIOBHSAX, HO KO3(hdu-
[MeHT Bapualmn Gpasics B quanasone [1; 8] u koadduiment Koppesanmn B
muanasone [0; 0,4]. 3nauenus marpunst Q Gpamuch u3 quanasona [0; 10], a
s Marpunpbl A u3 guamnaszona [0; 10000].

B Tabs.1 npuBeseHbl pe3yIbTaThl IEPBOTO IKCIEPUMEHTA.

Tabsmmra 1

PesympraTer mepBoro skcmepruMenTa

Anropurm Cpennee Bpems Cpennee

[TOUCKA, CEK. 3HAYEHUE
OIUOK YT

Anropurm 5,3 0,0001

MOCJIEZIOBATENHHOTO 1epebopa

[Tepebop mapameTpoB B 10,67 0,0003

33JAaHHOU OKPECTHOCTH

onpele/IeHHbIX 3HAYEHU

Ha ocroBe 3TuX pe3yabTaroB MOXKHO CKA3aTh, YTO AJTOPUTM OCJIEI0-
BaTeJIbLHOrO mepebopa paboraer ObICTpee, HO B HEM HE TaK MHOIO HACTPAM-
BAEMBIX MTAPAMETPOB I 00JIee TOYHOTO TIOUCKA.

Anropurm mepebopa mapamMerpoB B 3aJaHHON OKPECTHOCTH TIO0 BPEMEH!
[TOKA3bIBAET PE3YJIbTAT B 2 pa3a XyrKe aJfOPUTMa MOCJEeI0BATEILHOTO Iie-
pebopa. Cpentee 3HaUeHHe OMUOKUA TOXKE HEMHOTO OOJIBINE, HO MPU ITOM
UMEeT OJIMHAKOBBIN MOPSIIOK.

B 1abs1.2 npuBe/ieHbl PE3yIbTATHI BIOPOrO SKCIEPUMEHTA

Tabma 2

PesyspraTrer Broporo skcrepuMenTa

Ajropurm Cpenmee Bpems Cpenmee

[IOMCKA, CEK. 3HAYEHUE
OIINOKH

Ajropurm 8,1 0,0019

[IOCJIEIOBATEILHOIO 1Iepebopa

ITepebop mapamerpos B 10,68 0,0044

38JAaHHOU OKPECTHOCTH

OnpeJleJIeHHBIX 3HAYEHU
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MoxHO HAOIIOIATH, YTO CKOPOCTH M TOYHOCTH PabOTHI BBINIE IIPH
HEOOJIBINNX 3HATECHUAX KOIPPUITHEHTA KOPPEIANUN U BAPUAIMH, HO U JIJTs
PACHIMPEHHOIO IMAITA30HA, UX 3HAYEHUH YAAeTCsl JJOCTUTATD JOCTATOYHO XO-
poriieit TOUHOCTH.

3akJiroueHne

B pabore mpeiiozKeHbl aJrOpuTMbI 10100pa napaMerpos MAP-moroka
IO W3BECTHHIM YUCJIOBBIM XAPAKTEPUCTUKAM JJINH WHTEPBAJIOB PEATHHOTO
mporecca. B KagecTBe YHCIOBBIX XapaKTEPUCTUK TPeJIaraeTcs OpaTh cpeji-
HIOIO JJTAHY, KO3 PUIMEHT Bapualuu JJIWH KHTEPBAJIOB U KoddduimeHT
KOPPEJISIIIUN COCEHUX JJINH WHTEPBAJIOB. /lJIsT ONMpeIeIeHHOro IUama30Ha
3HaYeHnil KO3 PHUIIMEHTa KOPPEIINA W BapUAIldN AJTOPUTM MOJAOUpAET
MapaMeTphbl C XOPOITeHl TOTHOCTHIO 10 MEeCTOr0 3HAKA mocIe 3anaToit. [Ipe-
JIOKEHHBIN AJITOPUTM MOXKET OBITh MPUMEHEH s MojaenupoBanusi on-off
[POIECCOB TpU PaboTe MHOTOsIEPHBIX MporeccopoB. [Ipu Takom moaxome
YJAETCs yUUTHIBATH KOPPEJISIUIO JIJIMH UHTEPBAJIOB.
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AHAJIN3 BOSPACTA NH®OPMALINN

B CUCTEMAX CUBbIPA}KEHHOfI
KOPPEJIAIIMEN BO BPEMEHN

B.E. Manaesa!, E. B. Mapkosal-?

! Poccutickuti ynusepcumem dpyorcbo, napodos umeny Hampuca Jymymbo,
2. Mockea, Poccus
2 Pedepanvrniii uccaedosamenvcrui yenmp «Hndopmamura u ynpasaenues
Poccutickoti Axademuu Hayx, 2. Mockea, Poccus

Bospact undopmanum — KoaudecTBEHHAas METPHUKa, U3MEPSAIOIas
AKTYaJbHOCTDH JAHHBIX, — MOXKeT ObITh MCII0/Ib30BaHA, KaK [IOKa3a-
Tenah kauecTBa obciayxmBamma (quality of service, QoS) B mmOrO-
YUCJIEHHBIX [TPUJIOXKEHUSIX COBPEMEHHBIX MOOU/IBHBIX CeTell CBA3H,
B 9aCTHOCTH, B CeTdX IIPOMBIILIEHHBIX Ipuiokenuii lnrepuera Be-
meii (Internet of Things, IoT). B Takux MpUIOKEHUIX KOHETHBIM
ycrpoiicTBaM (JaTYMKaM W/WIM TOJIB30BATENBCKAM yCTPOUCTBAM )
CBOMCTBEHHO COOMPATHCHA B IPYLIBL Y OJHOIO MCTOYHUKA JIAHHBIX
(kak mpaBuyi0, HA 0HOM TipEGOpe 10T yCTaHOB/IEHBI HECKOIBKO TaT-
YUKOB), MPU 3TOM WHTEHCHBHOCTDH MOCTYILIEHUS WHGMDOPMAIUHA OT
HUAX MOXKET UMETb BBICOKHMH Pa3bPOC U KOPPEJALUIO BO BPEMEHH.
st amanm3a QoS B Momean GeCIpOBOTHON CETH TPOMBINIIEHHO-
ro IoT, B pabore mocTpoeHa MaTeMaTuIeCKas MOJIETb TEXHUIECKON
CUCTEMbl B BUJE CACTEMbBL MACCOBOIO OOC/LyKUBAHWUH B JUCKPET-
HOM BDPEMEHHU C TIPYIIIOBBIM IOCTYIJIEHHEM ¥ O00C/Iy’KUBAHUEM, C
HECKOJIbKUMU BXOJSNIMMY IIOTOKAMU, IIPOLECC HOCTYILICHUS KaK-
JIOr0 M3 KOTOPBIX MMEET HECKOJIbKO cocroguuil. B ¢Bsa3m co ciox-
HOCTSIMH QHAJUTUYIECKOTO TIOIX0a K aHAJIN3Y CHCTEMBI, JIJIsi CHCTe-
MbI Obl/Ta [TOCTPOEHA MMHTAIMOHHAS MOZE/b, yYUTHIBAIONAS OCO-
OGEHHOCTH MATeMaTHYeCKON Mozenu. JJaHHYI0 MOJE/b IIpe/jiaraer-
Csl ICTIOJTb30BATH TIPH JajibHelineM aHajm3e cucreMbl. KirroueBbie
caoBa: 5G, Hnwmeprem sewets, 603pacm un@opmMayul, KOPPEAAUUA
mpagpura

BBemenue

CoBpemMenHbIe 6ECTTPOBOIHBIE CETH AKTUBHO UCTIOJIB3YIOTCS B PA3TUIHBIX
chepax xusnu. Uarepuer sereii (IoT) — 370 TUI MOCTPOEHUS CETH CBSI3H,
IIPY KOTOPOM <BEIH» CBA3BIBAIOTCS C TIOMOIIBHIO OECITPOBOIHBIX CETEN MEXK-
1y coboit u ¢ BHemuumu tentpamu ynpasienus (IY). Tepmun «seuius»

[Ty6aukanust BeImOsHeHA B paMmkax mpoexrta Ne.021937-2-000 CumcreMs! rpaHTOBOM
MOJIePKKKM HAYIHBIX IpoeKToB PY/IH.



AHanus Bo3pacta uHgopmaymmn B CUCTEMax C Koppensyuen so spemenn 153

B IoT mMoxKeT omuchiBaTh J1000# (pU3MIECKUIT 00BEKT, K KOTOPOMY IIPHCO-
eJIMHEHbl JATYUKK U/WIIM YyCTPORCTBA CBA3M Ui ODECHedeHus yAAJIeHHOrO
mouuTopuHra u KoHTposd. Tak IoT HaxomuT CBOM NpPHIOXKEHUS MPHU CO-
3JQHUN «YMHBIX TOMOB», «yMHBIX OBITOBBIX MPHOOPOB» W TMOIKJIIOYEHHOTO
3/IPABOOXPAHEHMUS.

ToT umeer MHOXKECTBO TIPUMEHEHUH B MTPOMBINLIEHHOCTH, BBIIETSEMBIX
B OTJIEJIbHYIO IPyIIy yciayr npombiiuieanoro Uurepuera semeii (industrial
Internet of Things, IIoT), naupumep, B sueprocucreMax, Jjisi KOHTPOJIsL Ce-
TEBOW HArPY3KW, HA «YMHBIX 3aBOJAX», JJIs MOHUTOPWHTA ypOXKas U BO
MHOXKECTBe npyrux orpacieii. Ycrpoiictsa IIoT cobuparor n aHanm3upyor
JIAHHBIE C MOIKJIIOYEHHOTO 000PY/I0BAHNS, TATIYNKOB U YCTPONUCTB, KOTOPBIE
MOTYT CTOSITh B CAMBIX TPYIHOIOCTHXKUMBIX MecTaX. [lomydeHHbIe TaHHBIE
MOryT ObITH UCIIOJIB30BAHbI JIjIsi MOHUTOPUHIA, IO/IIEPXKKHU WK YIIPABICHUST
paboToit ycTpoiicTB yIaleHHO 1/ 1 ABTOMATHYECKU.

s amekBaTHO onenku nndopMaImu B yaajgenabix [IY cobpammHas uH-
dopmarmsa qo/KHA OBITH KaK MOXKHO Oosiee akTyasbHOU. [lj1g m3mepenus
AKTyaTbHOCTH WH(DOPMAIIUU UCIOIB3YEeTCs MOKA3aTeTb BO3pacTa HH(OpMa-
muu (Aol), KOTOPBIA KOJIMYECTBEHHO U3MEPSIET «CBEXKECTb» UHMOPMALWH,
nostygennoii B ITY. ITukosbiii Bo3pacr undopmanuu (PAol) oupenessiercs
Kak BepxHas rpanuna Aol. Cpemumit PAol, a Tak:Ke CTATUCTUYECKUI P,
Aol 3a mocTaTouHO GOIBINON MPOMEKYTOK BPEMEHH B CHCTEME MOXKET OBITh
UCTOTB30BAH B KAYECTBE TIOKA3ATEsS ONTHMU3AINN.

Cpennnit PAol mjist 10000 crcTeMbl MOXKHO pasie/IuTh Ha JIBE COCTaB-
asotue: (1) MHTEpPBaJ MEXK/y HOCTYILIEHUSIMU 3asiBOK HA [€Peiady WH-
dbopmarmu n (ii) Bpems npeObBanus 3asBku B cucreme [1]. Ormernm, uro
YUCJIEHHBIN aHAJIN3 BEPOSTHOCTHO-BPEMEHHBIX XaPAKTEPUCTHUK, CBI3aHHBIX
C 3a/1ePKKOit (KOTOpas sBJISeTCs KOMIIOHEHTON BpeMEHU MpeObIBaHus ), B pe-
AJIBHBIX CHCTEMAaX 3aTPYIHEH PEKUMOM OPTOTOHATBHOTO YACTOTHOTO MYJIb-
runnekcupoBarnsg (OFDMA) [2,3], 4To npuBouT K HEOOXOANMOCTH HCIIOIb-
30BaHMsl IAKETHONI 00pabOTKU 3asiBOK B CHUCTEME.

B cBs3u ¢ 3TuM 115t yueTa 0COOEHHOCTEH GECTPOBOIHBIX CHCTEM C ITOJI-
nep:xkkoil rexuonoruu OFDMA, B nannoit pabore nmpenjiaraercs MOJIEIb C
PPYIIOBBIM OOCTYKUBAHUEM HECKOJIBKUX YCTPONCTB, KOTOPHIE TE€HEPUPY-
10T rpymnbl 3agBoK. KaxKmoe u3 ycrTpoiicTB MOXKeT npebbIBATH B OJIHOM W3
HECKOJIbKHUX COCTOSIHU#, B KAXKJIOM M3 KOTOPBIX OTJIMYAETCS HHTEHCUBHOCTH
reHepaIuu 3asBOK. Hampumep, 11 yCTpOCTBa C IBYyMSI COCTOSTHUSIMU OTHO
MOXKHO OIMHUCATH, KAK «OOBITHOE», & BTOPOE — «aBAPUITHOE», KOTOPOEe Oymer
nMerh 0oJiee BBICOKYIO MHTEHCUBHOCTDH T'€HEPAINH 3aIBOK.
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1. OcobeHHOCTN TeXHUYECKOM CHUCTEeMbI

Paccmorpum mMogiesib cetu, B KOTOPOH HA HECKOJIBKUX POOOTH3UPOBAH-
HBIX YCTPONCTBAX MMEIOTCS JATYUKH, KOTOPBIE OTIPABIISIOT HHQOPMAIINIO
0 COCTOSHWE yCTpOiicTB B yaasenubiii 11Y. Onucannas cucrema sSBISETCH
Mozenbio cereBoro mpunoxkennsa I11oT u paccMarpuBaeT BOCXOAAMIMI KAHAI
cBsi3u Ha Gazopoii cranuuu (BS). Undopmanusa o cocrosnuu N ycrpoiicrs
OTIIPABJISETCS B BUJE I'PYII OOHOBJEHUH u cobupaercsa B OydepHOM 1Ipo-
crpancTBe Ha BS. MakcumanmbHOe YMCIIO OOHOBJIEHHIT, KOTOPOE MOXKET Ha-
xoauThcs B Oydeprnom mpocrparcTse Ha BS, obosnaunm R. Kaxkmgoe uz N
YCTPOUCTB MOXKET HAXOAWTHCA B JI000M m3 M COCTOsiHUI, B KaXKIOM U3
KOTOPBIX OTIHYAETCS HHTEHCUBHOCTH TeHepalu 0OHOBIeHu . BaskHO oTMe-
THTh, 9TO B COCTOSTHUH C DOJIBIINM i HHTEHCUBHOCTDH MeHEPAIIUU OOHOBJICHUH
HA yCTPOUCTBE OYJET BHIIIE, YeM B COCTOSTHUU C MEHBIINM i.

Ob6uoBEeHUs, TIOCTyMaoMmue B 6ydep, GopMuUpyOT eIMHBINH TOTOK U yII0-
PAI0YnBAIOTCs BO BpeMenu. [lpu mocrymiennu 0OHOB/IEHUS MOTYT OBITH 3a-
OJIOKMPOBAHBI, €CIH I HAX HEIOCTATOTHO CBOOOIHOTO MecTa B Oydepe.
O603naunm K MakcuMasibHBIN pasmep rpynibl obcayzxuBanus. Ha obeiry-
xkuBanue u3 6ydepa orbupaercs ne 6onee K obuossenuit, ecim B 6ydepe
eCTh OOHOBJIEHWS, B TPOTUBHOM CJTy9ae TPYIITa, 0OCTyKUBAHIS OCTAETCS TIy-
cra. OTmernM, 9TO BpeMs B PAaCCMATPUBAEMOil CucTeMe TUCKPETHO. Bpems
0OCITy)KUBAHUS OHOM TPYIIBI 3asIBOK COCTABJISIET OJMH BPEMEHHOU WHTEp-
Bau (csior) paBHblii 1 Mc.

2. Maremarn4deckKkas MOeJIb

OnurteMm paccMaTpUBaEMyI0 TEXHUYECKYIO CHCTEMY C IMOMOIIBIO Allla-
para TeopuM MacCOBOro 00C/yKubanus. Ilepeiiem K cucreme MaccoBOro
O6CJIy}KI/IBaHI/IH B IUCKPETHOM BpEMEHUN C IPYNIOBBIM TOCTYTIJIECHUEM N 06—
CIIyKUBAaHUEM 3adBOK, T€HEPUPYEMbIX HECKOJbKUMU NCTOYHUKAMMU. OTMe—
THM, 9TO B MATEMATHYECKON MOIETH BMECTO OOHOBJIEHHI OyIeM HCIIOJb-
30BaTbh TEPMHUH 3adABKH, TaK KaK [IJId MOJAEJIN HEBAXKHO, KaKO€ MMEHHO CO-
JlepKaHue y OOHOBJIEHMs, & BayKeH JiuIlb (PakT ero orupasku. Ormernm,
YTO KarKIbIi M3 WCTOYHWKOB TEHEPUPYET 3asBKM COTIACHO TMEPEKII0Ya0-
mIeMycs IIyacCOHOBCKOMY mponeccy (switched Poisson process, SPP). B or-
Jngre OT ODOBIYHOTO IMYyaCCOHOBCKOTO MOTOKa, y motoka SPP m3mensercsa
MHTEHCUBHOCTD IIOCTYIIJIEHHA 3adBOK BO BPEMEHH. MSMeHHIOHleeCH COCTOA-
HUE KaKJIOro UCTOYHUKA B pamkKax SPP omnuceiBaercsi MapKOBCKOH HENBIO
Sa(t),n = 1,N,S,(t) € {1,...,M}. Torga cocrosiHue BCeX WCTOUHUKOB B
0T 1 MOKHO 3a71aTh BekTopoM S(t) T = (S1(t),...,Sn(t)).

B koHIIe BpeMEHHOr0 CJI0Ta KaXKIAbIH NCTOYHUK T€HEPUPYET TPYIILY 3a-
aBok pasmepom W, (t),n = 1,N. W, (t) seibupaerca ciydaitHo cormac-
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HO OTPAHUYEHHOMY MYACCOHOBCKOMY DACIPEIESIEHUIO CO CPETHUM Ap;, 1 =
1,N, i = 1, M, KOTOpOe 3aBHCHT OT COCTOSIHHS N-I'O HCTOYHUKA. 1Ipu mmo-
CTYIJIEHUU B CHCTEMY BCE CI€HEPUPOBAHHBIE 3asBKU OObEIUHSIOTCA B €11~
HyI0 rpymny pasmepoM W(t). B 3aBucumMocTn or 4ncia 3asBOK B Oydepe
Q(T) na moment Hadaja cjora B Hero nocrynaer (R — Q(t)) 3asBok wu3
eaunoii rpynnbl W (t), orobpanubix ciaydaiinbiM obpasom. B ciyuae, eciu
(R—Q(t)) menbIue uncia 3ag80K B rpynmne nocrymierus, (W (t) — R+ Q(t)
3asBOK CYMTAIOTCs 3a0JI0KUPOBAHHBIMU.

B pabote paccmarpuBaercst 3ajeprKaHHOe OOCTyKHWBaHWe, TO €CTh, J1a-
K€ TIPY TMPOCTAWBAIOIIEM TTPUOOPE 3asABKY CHAYAJIA MOCTYMaioT B Oydep u
JIMIG OTTYAa Ha obciyxxuBanue. I1o 3aBepiiieHnn HOBOrO BPEMEHHOI'O CJIO-
Ta 3aBEPINALTCS TPeIbLIyIee OOCTY>KUBAHNE, M B COOTBETCTBUY C 33JAHHON
JUCITUILINHON 00CTyKuBaHus u3 Oydepa orbuparoTcs 3asBKH HA IPEICTO-
smee obcaykuBanue. [Iporemnypa obciyKuBanust Ciaeayer mopsaaky, 3a1aH-
HOMY TE€XHUYECKOI CHCTEeMO.

21. IucuounaiuHbl OOCAyXKHUBAaHUSA

IIpu uccnenosanuu Bo3pacra MHAGOPMALUMK M IIMKOBOIO BO3DACTA HH-
dopmanuu uHTEPEC MPEACTABIIACT AHATN3 BIUSIHUAS HA 9TU TAPAMETPDI BbI-
OpaHHBIX JUCIUILIMH 00CIyKuBauus. Paccmorpum ciemyromue derbipe: (i)
«nepsblil npuriesn — nepsbiil obctyxuicay (FCFEFS), (i) «nocieanuii mpu-
et — nepsblii obcayxuncay (LCFS), (iii) caywaiiastii Beibop u (iv) mpuo-
purerHoe obcaykuBanue. OTaebHOE BHUMAHUE yJIE/IseTCs IPUOPUTETHOMY
00C/Ty KUBAHUIO: PA3HBIM CIIOCODAM €r0 PeAIU3alUuy U BIUSHUIO ITUX CIIOCO-
00B Ha MOBEJEHNE MUKOBOrO Bo3pacTa uHdopmanuu. Jlaiee 1jis KpaTKoCTH
0003HaYeHUsT BLIOPAHHON JAMCIUILIUHBI OOC/IYKMUBAHUS BBEIEM TPU KOMIIO-
HEHTBIL:

1) knaccuueckas mucnumanna obcryxusanus 0ydepa (SD): FCFS, LCFS
u RAND;

2) HOMEp MPUOPUTETHOIO UCTOYHUKA 3a4BOK, P;

3) UPOUEHT rpymiibl OOCIYXKUBAHNUS, OTBEJIEHHBIA HA 3asBKK OT IIPUOPUTET-
HOIro UCTOYHHKa, V.

OrmernM, 9TO TTpU HAOOPE TPYIIIBI OOCIY>KUBAHUST CHCTEMA 3AMOIHIET
10 [% MECT 3asBKaMU OT MPUOPUTETHOrO UCTOYHUKA, TIOCIE Yero OCTAB-
mecs Mecta B Oydepe 3aloyHSIOTCA COMMTACHO 3aJaHHON KJIACCHYECKON
aucruiinae obctykuBanus. Kiraccuyeckue JTUCHUILIAHBL 00CTy )KUBAHUS B
cucTeMe MOXKHO 33/[aTh, yCTAHOBUB 3HAYEHUE [IPOLEHTA [IPUOPUTETHOTO 00-
CIyKuBaHus paBHbIM (.
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22. CIOXHOCTH aHaIHW3a MATEMAaTUYECKONR MOJgEeIHn

B cBsa3u ¢ amanum3om moBejieHHs BO3pacTa MHMOPMAIUU, KAK B CHCTE-
Me B IIeJIOM, TaK W I OT/IETHHBIX UCTOYHUKOB, TPOCTPAHCTBO COCTOSHUIA
JOJI?KHO UMeTh pa3MepHOCTb 2N: N 3jIeMeHTOB COCTOSAHUN JJIsi OTCJIEXKUBA-
HUS COCTOSIHUS UCTOYHUKOB U N 3/TEMEHTOB COCTOSHUMN JJTsT OTCIEKUBAHNSA
9HC/Ia 3asBOK OT N-T'O UCTOYHHMKA B Oydepe. Boabmras pazMepHOCTH Tpo-
CTPAHCTBA COCTOSHHUN M CJIOXKHOCTH IEPEXO/Ia MEXKIY KarKJIbIM U3 COCTOSI-
HUN TPUBOIAST K TOMY, 9YTO B pabore s BhraucjeHus (QOS XapaKTepUCTUK
HCTIOIb3YEeTCST UMHUTAIIMOHHOE MOJIEJITMPOBAHMTE.

3. muranmmoHHasi MOJIeJib

NmMuranyuonnass Monmenab B paboTe TOCTPOEHA METOJOM JUCKPETHO-
COOBITUIHOTO MOZenpoBanus. MogesnpoBanue OrpaHuINBAETCS 33 TAHHBIM
MAaKCHMAJIbHBIM BPEMEHEM, Ty qz. 1aK KAK B MATEMATUIECKOH MOIE/IN BPeMs
JIUCKPETHO, 32 BpeMs (Lymaz + 1) LPOUCXOMUT typqs LMKIIOB O0C/LY KUBAHUS
(B TEPBBIi MUKJ TPOUCXOIUT TOJBKO TOCTYIIJICHHE).

B xadgecTBe BXOAANINX JAHHBIX JIJIS MOJEIN MUCHOJB3YIOTCA CIEAYIONINe
napamverpsi: N, M, R u K, onucanubie B cekmmu 1; A\p;, n=1,N,i=1,M,
SD, SD € {FCFS,LCFS,RAND}, P u v, onucaHHble B CEKIIUU 2; [IEPEXOJI-
HBIE BEPOATHOCTH MEXKJy COCTOSHUAMHU HCTOYHHUKOB, Cnij,N = 1,N,i,j =
1,M —1,7 =14+ 1 1719 yBeIW9eHNsT NHTEHCUBHOCTH TOCTYIIJIEHNS 3aBOK,
Brij,n = 1,N,i=2,M,j =i—1 11a yMeHDbIIeHI THTEHCUBHOCTH TOCTYTI-
JIeHUud 3a4BOK; tinaz-

Kaxkaprit 3amyck mMUTAIIMOHHOTO MOJEIMPOBAHNS COOUPAET CBOIO IJI0-

OaJIbHYIO CTATHCTUKY. [/100aIbHAS CTATHCTAKA MMUTAIMOHHOTO MOIETHPO-
BaHWsl BKJIIOYAET B ceDOsi: YMCIIO CreHEPUPOBAHHBIX 3as1BOK, U; 4UCIO Cre-
HEPUPOBAHHBIX 3aBOK OT WCTOYHUKA N-T0 THMA, U,; YUCI0 MPUHATHIX B
CHUCTEMY 3asBOK, F; BEpOATHOCTH TOTEPH 3a8BKU, B; CpeaHuii WHTEpBAJ
MEXKJIy HOCTYILIEHUsSIMU 3asaBOK B cucreMmy M [Y] u mexzy nocryiuieHusMu
3agBOK OT OLpe/esieHHoro ucrounuka n, M [Y] ; cpeanee Bpems npeboisa-
HUsI TPOU3BOJILHON 3aaBku B cucreme, M [T'], u cpennee Bpems npeObIBaHAS
B CHCTEMe 3asBKH OT ONpejeseHHoro ncrodnnka n, M [T, ; cpexuuit miKo-
BBII Bo3pacT nHdOpMarmu 1yis cucrembl, M [A], v aid 3asdBOK OT ompeje-
JeHHOro ucrounnka n, M [A], .

B mozmenupoBanun ecTh 3 B/ IPOMEZXKYTOYHBIX COOBITHIA: TOCTYILIEHUE
3asgBOK, OOC/Iy2KHBaHUE 3as1BOK, BHIOOP 3asBOK u3 Oydepa COryiacHO IUCIH-
TIJTNHE O0CITY JKUBAHMS .

ITocrynienne 3asBOK CO37aeT 0ObEKTHI, IMUTHPYIOIINE 3asBKH, CO CJIe-
AYIONUMU TAHHBIMU: TJI00AIbHBIH MOPSIKOBBIN HOMED 3asBKH, P; HOMEpD UC-
TOYHUKA, 1p; BDEMEHHOI C/I0T, B KOTOPbLil 3asBKa Obl1a crenepuposata, Gp;
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OyneanoBas epeMeHHas O COCTOAHUN OIOKUPOBKH 3aABKH, Fy; BpeMeHHOit
CTIOT, B KOTOPBI OBIIO 3aBepIIeH0 OOCTyKUBaHWUE 3aABKH, [),; BpeMeHHOI
CJIOT HPEJbIAYINEro mocTyeHs 6e3 OJIOKMPOBKYU 3aABKH OT TOIO K€ HC-
TOYHWKA Ny, GP'Y; MATEPBAT MEXK Ty TMOCTYIUICHUSME JJIs p-#i 3aABKH, Y);
BpeMs IpeObIBaHUA B cucreMe 1 p-it 3aasku, 1p,; PAol nia p-it 3agsku,
Ap. Taxxke B riobasbHoil craTucTuke obHOBAAIOTCA 3Hadenus U; Uy; E; B.
Bageku mocTynaloT B Oydep CoriacHo mporeaype, OMUCAHHONW B ceKiun 1.

Bo Bpems obcykuBanus 3aABOK OOHOBJIAIOTCS JaHHBIE 3asIBKH, KACAIO-
mpecst obcyuBanus: 1, A,. Takxe OOHOBIIAIOTCS CIEAYIONINAE SJIEMEHTHI
riobaneroit cratuctukm: M [Y|u M [Y] ;s M [T]n M [T, ; M [A] u M [A], .

Bribop HOBOIT rpynmbr 00CTYKUBAHUS TPOXOAUT IO TPOIELYPE, OMUCAH-
Hoit B cexrun 2.1. [mobanbHast CTATHCTHKA TP 3TOM HE OOHOBJIISIETCS.

3akJiroueHue

Paccmorpennas maremarmdeckas MOZEIb TO3BOJISIET OMUCATH Oecrpo-
BOZHbIE CeTU CBA3M B npuiiokeHusx Ilarepuera semeit ¢ Gosblieit Tod-
HOCTBIO, Y€M KJIACCUIECKNe MOAeN. B CBA3M CO CJOKHOCTSIMH MaTeMa-
THYECKOTO aHaJIN3a MOJENN JJIs OIeHKN BOo3pacTa MHMOPMAINU U CPeJIHe-
r0 TUKOBOTO BO3pacta umHMOpManmuu ObLIO TPEII0XKEHO UCIO0JIb30BaTh Me-
TOZ, UMUTAIIMOHHOTO MOjleupoBanus. B pabore mocTpoena MMUTAIMOHHAS
MOJIESIb PACCMATPUBAEMOI CHCTEMBI, B JaJbHElIell paboTe mpemmoiaraer-
Cd QHAJIN3 TTOCTPOEHHOM MOJIeN HA OCHOBAHWN MHTEPECYIONNX XapaKTepHu-
CTHK.
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ACUMIITOTUYECKUI AHAJIN3 CUCTEMEI
MACCOBOTO OBCJIY2KIBAHUA M|M]|oo
C MMPP-IIOTOKOM OTPULATEJIbHBIX

3A4dBOK

B.M. Monrym', 1. A. Kopones'

lHauuona/Lmeﬁ uccaedosamenvexut Tomerxut 2ocydapemeennoiil
yrnusepcumem, 2. Tomck, Poccus

B crarbe paccmarpmBaeTcst GeCKOHETHOIMHEHHAS CHCTEMA MacCCo-
BOTO 06Cﬂy}KI/IBaHI/IH C IIyaCCOHOBCKHM IIOTOKOM IIOJIOZKUTE/IbHbBIX
U MApPKOBCKHU MOAYJ/JIUPOBAHHBIM 1IOTOKOM OTPHUIIATEJIbHBIX 3aABOK.
Oco6eHHOCTHIO MOJEN SBJISAETCS TOT (DAKT, UTO IIOJIOKUTEIHHBIE
3a4dBKHW HAYMHAIOT CBOE O6C.7'Iy)KI/IBE‘LHI/Ie7 €CJId B CuCTeMe HEeT OTPpHUIla-
TeJIbHbIX. HOCTyHI/IBLHI/Ie OoTpuniaTe/IbHbIE HE PearupyrorT Ha IIPpUcCyT-
CTBYIOIIWE B CUCTEME ITOJIOZKUTEJIbHBIX, a KAYT IIOCTYIIJIEHUA HOBBIX
TIOJIOZKUTEJIbHbIX 3adBOK, IIOCJ/IE ITOCTYILJIEHUA KOTOPBbIX OHU BMeCTe
nokumgaoT cucremy. O6CayKUBaHME 3as/BOK M3 OYEPEIN ITPOMCXO-
AT C KCIIOHEHIMAJIbHBIM DPACIpee/IeHIeM BPEMEHHU OOCIIyKHUBa-
aus. s onmcamus CUCTEMBI TTIOCTPOEHA cucTteMa ypaBHenwmit Koui-
MOTOPOBa, VINTBIBAIOIIAS TEPEXOIbI COCTOAHMIA Itertn MapKoBa, mo-
CTYILJIECHUE 1 O6C.TIY)KI/IB3,HI/IE 3agB0K. KirroueBbie cjioBa: cucmemobt
MACCOB020 00CAYNHCUBAHUA, OMPUUAMEAOHBIE 3A4ACKY, GCUMNMOMU-
yeckutll anaasud, MMPP-nomox

BBenenue

CucTeMbl U CeTu C OTPUIATEILHBIMI 3asBKaMu ObLin BBeAeHb E. [een-
6e [2, 3], rie OH NpeCTaBUI HOBBIH KJ1aCC CeTell MACCOBOTO OOCIIY )KUBAHUS C
JBYMS TUTIAMU 3a5BOK. [1€PBbIil THII KJIIMEHTOB — 3TO TMOCTOSHHBIE KITUEHTHI,
7 cepBep OOCIyKHUBAET UX OOBIYHBIM 0Opa3oM. TaknX KINEHTOB HA3BIBAIOT
[IOJIOXKUTEJbHBIMY WM IIOCTOSHHBbIME KimeHnTamu. llosiokurenbublil Kiiu-
€HT MOIYNHSETCS YCTAHOBIEHHBIM TTPABUIAM OOCIY KUBAHUS U MAPIIPYTH-
3amun, KOTOPhIE OMPEIEsISTIOT AWHAMUKY paccMmarpuBaemoit cetu. C apy-
TOif CTOPOHBI, BTOPOIl THII OTPHUIATEIHHBIX TPEOOBAHUI 1€HCTBYET KAK CUT-
HaJI, TOOYKIAIOMTNH MOJ0KATEIBHBIN 3aIIPOC, €CJIM TAKOBOW MMEETCS B y3-
Jie, HEME/[JIEHHO MOKUHYTH y3eJ. VI3HavaibHO TaKue CeTu IPUMEHSINCH I
MOJIeJTMPOBaHST ONO(MU3NIECKUX HEHPOHHBIX ceTeli. B 3ToM KoHTEKCTE y3ei
peaCcTaBsgeT coboii HeipoH. [lomokuTeNbHbIE U OTPUIIATEILHBIE 3APOCHI,
KYPCHUPYIOIINE IO CETH, MPEICTABJISIOT COO0H CUTHAJIBI BO30Y K IEHWS U TOP-
MOKeHHs, KOTOPble yBEJINUYUBAIOT WM YMEHBIIAIOT HA €JIMHUILY ITOTEHIINAT
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Heiipona (y3sa cern), K Koropomy onu npuxoast. O6o01eHus Takoi MoIeu
ceTH, npeoKeHHoit dposiom lesenbe, mpuBer K BOSHUKHOBEHUIO KJIACCA
mozedieil, HazpiBaemoro B sureparype G-cersmu [1, 4].

Orpuniaresnbubie 3as9BKU B CHCTEMaX OOCIYYKUBAHWS MOTYT He TOJIHKO
MOTPEOJISATH PECYPChI, HO U BJIUATH HA 00PADOTKY MOJIOKUTEIHHBIX 3adBOK,
TO €CTh BBI3BIBATD 33I€PIKKHU WK JAyKe OIOKUPOBKY MTPOIECCOB OOCTY ) KUBA-
HHSA, 9TO OTPHUIATETHHO CKa3bIBAETCA Ha 001eit 3 HEKTUBHOCTH CHCTEMBI.
Haupuwmep, B pabore [5] paccmarpusaercs RQ-cucrema ¢ pasuoupuopurer-
HBIMU TTOJIOXKUTEILHBIMA MMOTOKAMHU OTPHUIATEIHHBIX 3asIBOK U TPOTYJIKAMU
npubopa. OrpunarebHbe 3asIBKH MHUITMUPYIOT cOOM B paboTe cepBepa, mo-
CJie KOTOPBIX CepBEP YXOAUT HA peMOHT. VICCaemyoTcs yCaoBus CTalnOHAP-
HOCTH ¥ TOJIy9eHbI BBIPAYKEHWs JIJIsl PACIPEIEIEHUs BEPOSITHOCTEH COCTO-
SIHUM CHCTEMbl KAK B IIEPEXOJHOM, TAK M B CTAIIMOHAPHOM pexkuMe (HyHK-
uuonupoBanust. B pabore [6] asropst npososit ananns cucrembr M/M/1 ¢
KaracTpodaMu U OTKA3aMU CEPBEPOB; ODODIIEHNE STUX PE3YIbTATOB HA 10~
MOJTHUTEILHOE YCJIOBUE OJIOKHPOBKU TPUOOpPA, KOTIa pa3Mep O4epenn mpe-
BBINIAET MOPOrOBOE 3Ha4YeHWe NpuBeieHo B crarbe [7]. B mawuoii paGore
UCCIIEyeTCS MOJIETb DECKOHEYHOJUHEHHON CUCTEMBI MAaCCOBOTO ODCIIYKH-
BaHMs C OTPUIATEIbHBIME 3asBKAMU, KOTOPbIE HAKAILIUBAIOTCH B CHCTEME,
YHUUYTOYKAS BHOBL MPUINEIIINE, HO TIPU 3TOM HE B3aUMOIEHCTBYIOT C TEMU
MOJIOXKUTEILHBIMY 3asIBKAMU,KOTOPHIE YKe HAXOISIBCST B CUCTEME.

1. MaremaTuueckasi MOJeJIb 1 IIOCTaHOBKa 3aJlavun

ITycrs Ha BXO, CHCTEMBI MOCTYIAIOT /ABA MOTOKa 3aaBOK (puc. 1). Ilo-
TOK TOJIOXKUTEJbHBIX 3aBOK ABJISETCS MPOCTEHIINM ¢ HHTEHCUBHOCTHIO .
Eciu B cucreme HeT OTpHUIATEIBHBIX 3asdBOK MMOJOXKHATEIbHAS 3a4BKa, CPA3Y
HadYuMHAET oOcaykuBanne. Bpemsi obciykuBanusi Ha mpubOpPe eCTh IKCIO-
HEHITHAJIHLHO PACIPEIEIeHHAs CAydaiiHas BeJIMYWHA, C mapaMeTpoM . Tak-
xKe Ha Bxom nocrynaer MMPP-noTok oTpuniarelbHbIX 3aABOK C MATPHUIIEH
YCJIOBHBIX MHTEHCUBHOCTEH A  nHpUHUTE3UMATHHBIM reHepaTopoM Q. Or-
pularesbHas 3asiBKa, NPUXOIIas B CHCTEMY, HE B3aUMOJEHCTBYsl € 00-
CIy2KUBAIOIMIUMUCH [OJIOKUTETbHBIME 3aBKAME, OXKUJIAET [IPUXO0JIa HOBOM
MTOJIOYKUTETHHON 3asBKU, «YHUUTOXKAET> €€ U 00€ MOKUIAIOT CHCTEMY.

Bynem momarars, uro MMPP-noTok, ompesesnsercss 3proiundeckoit 1e-
nbio Mapkosa k(t) = 1,2, ..., K, 3agaunnoit marpuneil Q — eé undunuresu-
MAJIbHBIX XaPAKTEPUCTHUK C JTEMEHTAMHA (k, k,, HAOOPOM HEOTPUIIATETHHBIX
Benmaud oy > 0, k(t) =1,2,..., K.

B pab6ote nccnemyercst rpexmepnbrit mpomece {i(t), 1(t), k(t)}, rme i(t) —
YHCJIO MOJIOKUTELHBIX 3agBOK B CUCTEME B MOMEHT Bpemen# t, [(t) — uucio
OTPUIIATEJIBHBIX 3ad4BOK U k(t) — cocTosinue menu Mapkosa, yupasisioiieit
MMPP-norokowm.
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A
MMPP(A,Q)
S} S

o © o

[SIECHNC)

© © o

Puc. 1. Cucrema ¢ HaKOILJIEHHLIMUI OTPUIIATEJIBHBIMU 3adBKaMU

2. Cucrema gudgpepeHnuaiabHbIX ypaBHeHuit KosaMmoropona

g cranuoHapHOro pacipe/ieieHns BePOsSTHOCTEH
I(k,i,l) = P{k(t) = k,i(t) =i,l(t) =1}, k=1,K,i>0,1>0
[MOCTPOMM CHCTEeMY JINHEHHBIX ajirebpanyiecknx ypaBHeHuit Kosmoroposa:

—II(k,0,0)(A + ax) + II(k, 0, DA+ TI(k, 1,0) + Y TI(1,0,0)q = 0,
v=k

—T0(k,i,0) (A + g + i) + (ki — 1,0)A + I(k, i + 1,0)(i + 1)p+

HII(k, i, DA+ Y TI(v,4,0)guk = 0,
v=~k

—TI(k, 0, 1) (A + ag) + II(k, 0,1 + )X + T(k, 0,1 — D)oy, + +TI(k, 1,1)

+ ) I(v,0,)guk =0,
v=~k
—TI(k, i, 1) (A + ag + ip) + I(k, i, 0 4+ DA+ T(k, i, 1 — D)ax+

+II(k, i+ 1,1)(¢ quZHVZlqyk:O.

Beenem wactuanbie xapakrepuctrdeckue OYHKIMY CIEAYIOMEro BU/IA:

h(k,u,1) Zeﬂ“ﬂ ki), 1=0,1,2,..
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Torna, cucTemMa ypaBHEHUI /711 TACTHIHBIX XAPAKTEPHCTUYECKUX (DYHK-
umit Gyaer uMerb Bu;
. —du 8h k‘,’U,,O Ju
Ju(l —e™ )% + (A (A + ag))h(k, u,0) + Ah(k,u, 1)+
+ Z h(l/, 7;7 O)QVk = 07

(1)
Ju(l — e_j")w — (A F+ ap)h(k,u,l) + agh(k,u,l — 1)+
u
+ Mk, u, L4+ 14> (v, 1)gur = 0.

3. AcuMnToTuUYecKoe pellleHue CUCTEeMbl ypaBHEHUM
Koamoroposa

ITocraBnennyro 3a1ady OyaeM pelraTb METOIOM ACUMITOTHIECKOTO aHa-
nm3a. B KadecrBe npeseibHOrO yCJI0BUSI BO3bMEM YCIOBHE SKBUBAJIEHTHO

BBICOKO! MHTE€HCUBHOCTH BXOJSIIMX IIOTOKOB 3aABOK (OTPHUIATEIbHBIE U IO
JIOXKUTEJIbHBIE).

Beegem obo3HaueHMS:

AM=AN, Qi1 =QN, ap1=o,N, k=1,K, rtme N — oc.
BeegeMm mMaTpudnble 0603HAMEHUS:

h(u,l) = [h(1,u,l)...h(k,u, )],

A=A =XNI, rme I — emnHuYIHAST MATPHUILA,
A = diaglag 1N, ...,a51N]| = N - diaglon 1, ..., ok 1]

Torma cucrema ypaBHEHUN TPUMET BUI;:

S =) D | 0) (A 1) - A)) +
+ h(u, A + h(u,0)Q = 0,

(2)
%jm - e*jU)%ﬁt’l) —h(u)(A+ A) +hu, — 1)A+
+h(ul+ 1A + h(u,1)Q = 0.

B pe3ynbTaTe aCUMIITOTUYIECKOTO aHaJIn3a ObLIa TOJIyY€Ha XapaKTepu-
CTU4YeCKad Cl)yHKIII/IH COBMECTHOI'O pacupenejiecHud 4YUCIIa IIOJTOZKHTETbHBIX
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1 OTPUIlATEIbHBIX 3aABOK:

. i2kouN « ar\!
h(u,l) = exp {]kluN—i- J;} <1 — /\i> (/\i) .

31ech
N N N N —
k= M gy = M (1 _ @ ) _ N —an)
% % AN %
oy — 2\ N — a1 N n ag N (1 a1N> _

H H AN

_ (2X\1 —aq)N N o N (1_ a1> 7
I 1 A1

riue ap = rAe.
BekTop crammoHapHOTO pacrpeneaeHnss BepoOATHOCTEH COCTOSTHUN Ienn
MapkoBa r ompeensieTcst U3 CHCTEMbI IMHEHHBIX YPaBHEHMWII.

rQ; =0
re =1.

(3)

YucieHHBIA aHAJIN3

JIJ1s1 OIIEHKY TOYHOCTH MOJIy Y€HHOTO TIPUOJIMKEHUS U YCTAHOBJIEHUS TPa~
HUIT €r0 TPUMEHUMOCTH OBbILJIa TPOBEIEHA CEPUs YNCCHHBIX YKCIIEPUMEHTOB,
B KOTOPBIX ACUMIITOTHYECKUE PACIPEICTICHIS YUCIEHHO CPABHUBATIUCH C M-
[MUPUIECKUMU, TIOJYYEHHBIMA B PE3YIbTATE UMHUTAIMOHHOIO MOJIETHPOBA-
nus. Pazpaborana nporpaMma Jijisi CHMYJISIIAA PAOOThI CHCTEMbBI C OXKHUIA~
HUEM OTPHUIIATEIbHBIX 3as9BOK Ha s3bike Python. /lyis sxcnepumenToB ObLIN
BBIOPAHBI CJIEAYIONINE 3HAYEHUS TaPAMETPOB:

5 0 0 -1 05 05
A=10 2 0/,Q=|1 -2 1|,A=7 u=3.
00 4 0.3 0.3 06

Ha pwuc. 2 npencrapiensl rpadukn aCUMOTOTHYECKUX DACIPEIETeHU
BEPOSATHOCTEH YHCJIA TTOJIOKUTEIBHBIX 3asIBOK W PACIPEIEJIEHUsT BEPOSTHO-
CTell, MOJIy9€HHBIE C MIOMOIIHI0 MMUTAIIMOHHON MOJIEJIN /TS PA3JIMIHbBIX 3HA~
JeHnit mapamerpa N.
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Puc. 2. CpaBHeHHe SMINPUIECKUX U ACUMIITOTUYECKUX PACIpeeIeHUIl BEpOSATHO-
cTell 9ncCiTa MOJIOKUTETbHBIX 3aABOK [IPY PA3IMYHBIX 3HAYEHUAX mapamerpa N

3akJiroueHune

B crarne paccmaTpuBaeTcs MaTeMaTuIeCcKas MOJIEb CHCTEMbBI MAaCCOBO-
10 0OCITyKUBAHUS C OXKHTAHUEM OTPHUIATETHHBIX 3a4BOK. IIpoBeaen acumi-
TOTHYECKU aHAJIU3 TOI CHCTEMBI, IOJyIeHa XapaKTepucTuieckas QpyHK-
U COBMECTHOI'O paclipe/ie/leHus BepPOATHOCTEH 4uc/ia OJI02KUTEIbHbIX U
OTPHIIATETBLHBIX 3adBOK. /l0Ka3aHO, YTO TIPU YCJIOBUM BBICOKOW MHTEHCUB-
HOCTH BXOJAIIAX MTOTOKOB ACUMIITOTHYECKOE PACIpe/iesieHnes BepoaTHOCTeH
YUCTIA MOJIOXKUTEIbHBIX ABIAETCA FayCCOBCKUM, a YUCI0 OTPUIATETbHBIX 3a-
SBOK MO2KHO ANMPOKCHMHUPOBATH reomerpuydeckum. [IpoBenena cepus 4umc-
JIEHHDBIX 3KCIIEPDUMEHTOB U CPaBHEHUE C pe3y/ibTaTaMy UMUTAIMOHHOI'O MOJIe-
JMPOBAHUA JJIS1 PACTIPE/IETIEHNS BEPOATHOCTEN YNCIa TIOJOKUTETHHBIX 3a-
SIBOK B cucteme. Ha OCHOBaHWU 3THX DPE3YIbTATOB OIEHEHA TOYHOCTH W 00-
JIACTh MPUMEHWMOCTH ACUMIITOTHYIECKUX NpuOJMmKennii. UuCIeHHbI aHa-
JIN3 OKa3aJl, YTO alllIPOKCUMAalld N'eOMETPUYECKUM PacIpe/iesleHueM Bepo-
ATHOCTEN 4muCiia OTPUIATE/IbHBIX 3a8BOK B CUCTEME He BCer/ia IIPpUMEeHuMa.
Hamnpuwmep, B ciydasx, KOraa B OJHOM W3 COCTOSIHUN YIIPABJISIONIAS TTOTO-
koM 1erb MapkoBa naxoaurcs B 10 u 60j1ee pa3 goJbIme, ¥eM B Apyrux. B
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X0/e JAJIbHEHINX UCCIeJOBAaHUM MBI IJTAHUPYEM IOCTPOUTH AIIIPOKCHUMa-
LUIO paclpejie/ieHus BePOATHOCTeH 4ucja OTPUIATEIbHBIX 3aABOK B BUJIE
B3BELIEHHON CyMMbl I'eOMeTPUYECKUX pacClpeeIeHui.
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PaccmarpuBaercss kommo3uiiusi BeG-CEPBUCOB, WCIOIb3yeMas TPU
peajm3anuy IIPOIECCOB B HHMOPMAIMOHHBIX CHCTEMaX C CEPBUC-
OPMEHTHPOBAHHOI apXUTEKTYPOH, ONMMCAHNE KOTOPOIT BBIITOJTHAETCS
Ha a3bike BPEL. Ilpemraraerca maremarndeckass MOJIE/b KOMIIO-
3unuu BeO-CEePBUCOB C HEHAIEKHBIME CEPBUCAMHU B BU/E OTKPBHITOMN
9KCIIOHEHIINAJIHbHON CeTH MaCCOBOrO OOCIYKMBAHUS C OJHUM KJIacC-
com TpeboBanmii. Bce mocrymaromime B ceTh mMOTOKEM TpeGOBaHUI
LPEeLIoIAratoTcs yacCoOHOBCKuMU. C IIOMOIIBIO JJAHHON MO/IeJIn MO-
TyT OBITH OIIEHEHBI XaPAKTEPUCTUKN IIPOM3BOIUTEHHOCTH KOMIIO-
3urmu BeO-CEPBUCOB TaKWe, KaK CpejHee BPeMs OTKJINKA, HAJIEeXK-
HOCTb, 3arpy3Ka OTAE/IbHBIX CePBUCOB U ux kommnosurmu. Kirrode-
BbIE€ CJIOBA: KOMMNO3UYUA 6€0-CEPBUCOS, MOIJEAUPOBAHUE, OTNKDbL-
MaA CeMb MACCOB020 06CAYHCUBAHUA, HEHAIEHCHOCTD

BBemenue

PacnpocrpanenHol apXuTeKTypPHOU MOJIEIHI0 KaK IPOTPAMMHOIO 0bec-
[eYeHUs], TAK U PA3JIMYHbIX PACIHPEJEJIEHHBIX CUCTEM SBJISIETCH CEPBUC-
OPMEHTHPOBAHHAS APXUTEKTypa, Oaromapst KOTOPOW MPHUJIOKEHWUS pase-
JIAIOTCS HA HE3ABUCUMBbIE (DYHKIMOHAJIbHBIE OJIOKH — BeO-CEPBUCHI, KOTO-
pble B3aMMOJIEHCTBYIOT MEXKIY CODOM depe3 CTaHIapTU3UPOBAHHBIE TPOTO-
kouibl [1]. Komnosunus Be6-cepBucos npeicrapisger coboii MOAX0 K uHTe-
rpaiuu HYHKIHOHAIbHBIX BO3MOXKHOCTEH OT/IEJIbHBIX CEPBUCOB B EIHHYIO
CUCTEMY, KOTOpasi 00/IaaeT CBONCTBAMU MacCIITabUpPyeMOCTH, THOKOCTH U
BBICOKOM OTKa30yCTOWYINUBOCTH.

BosbIoe gnciio ucciesoBannii KOMIIO3HUIIMY BEO-CEPBUCOB CBA3AHO C BbI-
YUCTIEHUEM XapaKTEPUCTUK ee MPOM3BOAMTENbHOCTH. [l perreHus 3Toit
33/Ia49U UCIOJIB3YIOTCS MATEMATHYECKUE MOJIETU, HAIIPUMED, B BUE cereit
ITetpw, cereit MmaccoBoro obCIyKMBaHMs, Tieneil MapKoBa M APYTUX CTOXa-
crudecknx Mogzeneii [2-4]. OaHoit nX XapaKTepUCTHK TPOMN3BOAUTEIHHOCTH
KOMITO3UINH BEO-CEPBUCOB SIBJISIETCS €€ HAJIE’KHOCTh, OIpejiesiseMast B 3a-
BHCHMOCTH OT HaJIe?KHOCTH OTAETIBHBIX BeG-cepBHCOB [5, 6].
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B nannoii pabore npearaeTcs MAaTeMATHYIECKAS MOJETb KOMIIO3UIIUU
Be0-CEPBUCOB C HEHAIEKHBIMU CEPBUCAMU B BUE OTKPBITON CETH MAaCCOBOIO
00C/IyKMBAHUS U OLHUCHIBAETCH METO/I BHIUUCIIEHUS €€ XaPAKTEPUCTUK.

1. Onucamune KOMIIO3HUIINN BeG-CepBI/ICOB

Beigenstor aBa moaxoga K TMOCTPOEHUIO KOMIIO3UIMU BeO-CEPBUCOB —
opkecTpoBka ¥ xopeorpadus [1]. OpkecTpoBKa SIBISETCS HCIONHSEMBIM
OM3HEC-TIPOIIECCOM U OIpPEJIesIsieT aBTOMATU3MUPOBAHHYIO KOODJIWHAINAIO U
yIpaBJeHNe CIOXKHBIMU CHCTEMAaMH W CepBucamMu. B gaHHOI pabore pac-
CMATPUBAETCSI MHTEPAIIUs CEPBUCOB C TOMOIIBIO OPKECTPOBKH.

st pertenns 3a71a9 OPKECTPOBKY mcnmoab3yercs crangapt BPEL, koro-
phIii IpecTaBiser ool cTaHIapT MPOEKTUPOBAHUST U UCITOJIHEHUST OM3HEC-
IIPOIIECCOB U MIPOTOKOJIOB B3aMMOJIEHCTBUS MIPOIIECCOB MKy coboil. [lan-
HBIH A3BIK MMO3BOJISET ONPEIETUTD MOCIEI0BATETIBHOCTD BBITOTHEHUsT (DyHK-
[IMOHAJIA BEO-CEPBUCOB M KOOPAUHUPOBATH ux pabory. Ha puc. 1 npusenen
npumep pparmenta BPEL-koma ucmomHeHnst HEKOTOPOro IIPOIECcCa.

JIaHHBIA TPOIECC MOKHO PACCMATPUBATH, HAMPUMED, KAK TOCIEIOBA~
TEJIbHOCTh ONepaIuii mpu NpoBeaeHHH OAHKOBCKOTO MepeBoma. B OJioke
<receive .../> KJIMEHT WHUIMUDPYET IE€PEBO] YePe3 MOOUIHHOE IPUIIOKE-
uue. B 6Gsoke <invoke name="WS1".../> npoucxoaur Bepudukaiys saH-
ubix (cepsuc WS1). B 6ioke <invoke name="WS2".../> nposepsiercs 6a-
JIaHC ¥ OJIOKUpYETCs cyMMa Ha cuere ornpasurens (cepsuc WS2). B Gioke
<if ...> ... </if> onpenensiercss THI TIepeBOA: BHY TPUOAHKOBCKHIT MTEPEBOJ
no so6eiv peksusuram (WS3), nepesox yepes CBII (WS4), nepesox 1o
HOMepy cdera B croponHumit 6ank (WS5). B Gmoke <while> ... </while>
UPOUCXOJUT LIUMKJIMYECKas NpoBepka craryca nepesoja (cepsuc WS6). B
6iokax <invoke name="WS7".../> u <reply .../> orupasisiercs 4ek K-
enty (cepsuc WS7) u OOHOBJISETCS UCTOPHS OMEPAIIHIA.

Hawnbosee Ba:KHBIM ITOKa3aTeseM KadecTBa 0OCTY KUBAHUS KOMIIO3UIINN
BeO-CEPBUCOB SIBJISIETCS BPEMsl OTKJIMKA, KOTOPOE 3aBUCUT OT YUCTA TOCTY-
MUBIMAX 3AMPOCOB K CEPBUCAM M BO3MOXKHOCTH CO0EB B paboTe BeO-CEPBUCOB.

2. MO,Z[eJIb KOMIIO3UIiumn Be6-CepBI/ICOB C HaJle2KHbIMU cepBucaMmn

Iloctpoum MOmEnb KOMIIO3HUIUN BeO-CEPBUCOB B BUJE OTKPBITOH CETH
MaccoBOTO 06CayKuBaHus. [10CI€I0BATEILHOCTD BHITIOJHEHUST W B3aUMO-
JeficTBUsT BeO-CEPBUCOB, MPEICTABICHHAS JIOTHKON COOTBETCTBYIOIIErO KO-
na BPEL, orobparkaercs TOmosiorueil ceTu MacCoBOrO OOCIYKWBAHUS U €€
MapIIPyTHON MaTpHIleii. 3ampochl, MOTy YaeMble KAy IbIM BeO-CEPBUCOM, K-
BUBAJIEHTHBI TPEOOBAHUSAM, TIOCTYIAIOIIIM B CHCTEMY MAaCCOBOTO OOCITYKH-
BaHUA. OT,D;e.]'H)HbIe Be6—CepBI/ICbI KOMITO3UIUU TIPEACTABJIAIOTCA CUCTEMaMU
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[y

<process...>

2 <sequence>

3 <receive .../>»

4 <invoke name="WS1".../>»

5 <invoke name="WS2".../>»

6 <if ...»

7 <condition>"condition1"</condition>
8 <invoke name="WS3"... />

9 <elseif>»

18 <condition>»"condition2"</condition>
11 <invoke name="WS4"... /»

12 <felseifs»

13 <alse>

14 <invoke name="WS5"... />

15 </felsex»

16 <fif>

17 <while> <condition>"condition3"</condition>
18 <invoke name="WS6"... [»

19 </while>

28 <invoke name="WS7" ... />

21 <reply .../ »

22 </sequence>

23 </process...>»

Puc. 1. IIpumep dpparmenra BPEL-koma

MaccoBoro obcsykuBanus S;, ¢ = 1,..., N, runa M /M /k;. Onucanunas cerb
MAaCCOBOIO OOCJLYKUBAHUs 110 CYyTH siBJsieTcs cerbio [xkekcona [7].

Boruncinrenbable BO3MOXKHOCTH CEPBEPA OMPEAETSIOT BpeMsi 00padoT-
KU 3ampoca Ha BEO-CEPBUCE, YTO COOTBETCTBYET B MO JIUTETHHOCTH 00~
CIIyKUBaHWs TpeOOBaHUI B cucTeMe OOCIyKUBaHUS ceTu. lIpemamomoxum,
9TO JJIUTEIBHOCTD O0CIyKuBauus TpedoBanuii B cucreme S;, i = 1,..., N,
UMeeT FKCIOHEHITHATBHOE PACIIPE/IETIEHUE ¢ TTAPAMETPOM [i;.

Buerare noroku 3ampocoB B MOJETH OTOOPAKAIOTCS BXOMAIIMME 110~
TOKaMu TpPeOOBAHUIT M3 MCTOYHMKA Sy B CHCTEMbl O0CIIyKUBaHus S;,
i=1,..., N, ceru. [Ipeamnosoxum, 910 BCE BXOJAIINE B CETh MOTOKYW TPE-
60BaHUH — ITyaCCOHOBCKME C MHTEHCHBHOCTAME Ao, ¢ = 1,..., V.

ITepexomnr TpebOBaHMI MEKIy CHCTEMAMU OOCTY>KUBAHUS B CETH M UC-
TOYHHUKOM ONPEIESIIOTC MapIIpy THOH MaTpurieit P = (p;;),4,j =0,..., N,
Lje p;; — BEPOATHOCTDb 11€Pexosia Tpebosanuil u3 cucreMol S; B cucremy S;.
Ouesnano, uro poy = 0, pno = 1. Bepoarnocrnu pgj, 7 = 1,..., N, onpene-
JSAIOTCS KAK Po; = /\%OJ, e A\g = Zjvzl Xo,j-

C mOMOIITBI0 MATEMATHYIECKON MOIEIN MOYKHO OIIEHUTDH TMTPOU3BOIUTE b~
HOCTBH KOMIO3UIINK BeO-cepBucoB. B wacTHOCTH, CpeIHEMY BPEMEHU BBITIOJ-
HEHUs 3aMPOCOB COOTBETCTBYET MATEMATUYIECKOE OKHUIAHUE JIATETHHOCTH
npeObIBaHus TpeOOBAHUIT B CETH.
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3. Mogeapb KOMOO3UINN BEO-CEPBUCOB C HEHAMEXKHBIMU
cepBHUCaMU

[Ipeamnonoxum, 4TO cpemy BeO-CEPBUCOB CYIIECTBYIOT HEHAIEIKHBIE Cep-
BHCBI, KOTOPBIE BCJIEICTBHUE AlTapaTHBIX UJIN MPOTPAMMHBIX COOEB HE MOT'YT
00CITy )KUBATH 3AIPOCHI B TEUYEHUE CIYYalHOTO HHTEPBAJIA BPEMEHU, HA3bIBA-
€MOro JIJIMTETHHOCTHIO BOCCTAHOB/IeHNA Beb-cepBuca. B Momenn obo3nadnm
gepe3 U = {j1,...,jK } — MHOKECTBO HOMEPOB CHCTEM MACCOBOTO OOCITY 2KH-
BaHWs, COOTBETCTBYIOIINX HEHAMEKHBIM BeO-cepBucaM, K — YHCIO TaKWX
cucreM. s cucremsr S;, j € U, BBOIUTCA JDOTOTHUTEIbHAA CHCTEMA Mac-
cosoro obcimykusanus F; tuna M/M/1 ¢ HHT€HCHBHOCTBIO 00CTYKABAHUS
Mf , MOJIEJTUPYIOIAsi BOCCTAHOBIIEHHE BeO-cepBuca. BepositHOCTH mepexoma
rpebosanuil u3 cucremnt S;, ¢ = 0,1,..., N, B cucremy S;, j € U, nona-
raercst paBHoOit p;;(1 — ¢;), a w3 cucremsr S; B cucremy F; — p;jq;, TA€ g
oTobparkaeT BEPOATHOCTE COOA COOTBETCTBYIONIETO Beb-cepprca, 0 < ¢; K 1
(¢j = 0, ecnu j ¢ U). Ilocne 3aBepmenust obCiIy:KuBaHUSA B cucreMe F,
j € U, TpeboBanng mepexofaT B cucTeMy S;.

s ynobcrBa BBITOJHUM TIEPEHYMEPAIUI0 CHCTEM B IOJYYEHHON ce-
TH MaccoBoro obcimyxupamus: S; = S;, i = 0,1,...,N, Sy, = Fj,
l=1,...,K, 51 € U, u nepeiinem K ceru, Bratovaiomeit N + K cucrem
obcaykuBanust. JIjisi 9TOI CeTH MHTEHCHMBHOCTH OOCIYKWBAHUSA L) = [i;,
i=1,...,N, pyy = ,uﬁ, l=1,...,K, j; € U; uHTEHCUBHOCTHU TOCTYTI-
JieHus TpeOOBaHUM B CETh HE MEHSIOTCS. DJIEMEHThI MAPIIPYTHOW MATPHUIHI
P = (pi;), i,j = 0,1,..., N + K, onpejessaiorcs ciejiyromum obpasom:
ana i =0,1,...,N pi; = pij, ecm j ¢ U, p;; = pij(1 — g;), ecrm j € U,
Piny = Dijgj, ecml=1,... K, j=j€U;mai=N+1,.... N+ K
pi; =1, ecim j = ji_n € U; p;; = 0 BO Bcex OCTaTbHBIX CIIyTasX.

Ha puc. 2 n3o0pazkeHa cerb MacCOBOrO OOCTYKHUBAHUSA, MPEICTABIISIO-
Iasi MOJIEJTb TIporecca GAHKOBCKOIO TIEPEBO/IA, OMUCAHHOTO PAHee, IPH yCJI0-
Buu, 4r0 BeO-cepBucol WS3, WS4, WS5 sBiistorcst HeHAIEKHDIMU.

4. MeToxm aHaJIm3a MOJeJn

Paccmorpum MeTO I BRIYUC/IEHNST XapAKTEPUCTUK ceTH JI2KeKCOoHa, Comep-
xkameit N + K cucreM MaccoBOro 0OC/TyKUBaHUSA. B CTAIIMOHADHOM PEXUME
HHTEHCHBHOCTD MOCTYIIeHus TpeboBanuii B cucremy S, i =1,..., N + K,
A = :’—é)\o. Bekrop w = (w;),i = 0,1,..., N + K, HaxonuTcsi KaK pelieHue
cucreMbl ypasBhenuit w = wP’ ¢ yciaosuem Y, w; = 1.

3areM BLIUYUCIAIOTCS T;, T2 — MaTeMaTHUYeCKue OXKWIAHWSA YNCIIa, TPebo-
BaHWil B cucTeMe S, M B ceTn 0OCITy>KUBAHNS:
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N+K
- _ P — _
(3 1 _ R n= nl)
pi =1
tae p; = \;i/{}; Wi, W — MaTeMaTHuecKne OXKUIAHUS JTJIUTEILHOCTH TPeObl-
BaHWs TpeboBaHwmii B cucreme Si, i =1,..., N+ K, n B ceTn 00CJIyKUBAHUS:
N+K

1 1
U=y, U= — Wil
1 M;(l—pz), wO ; %

5. YwucisieHHBIE PE3YJIHTATHI

Paccmorpum cers JIkekcona, m300paKeHHYIO HA, pHUC. 2, C MapaMer-
pamu: k; = 1,4 = 1,...,7, (u;) = (200,260,300,400,100,300,300),
(>‘0,i) = (2878740787197235014a40a8797675074); Pb23 = 0727 D24 = 0757
p2s = 0,3, p3e = 0,7, p37 = 0,3, pas = par = 0,5, ps¢ = 0,2, ps7 = 0,8,
pes = per = 0,5; ¢; = 0,01, pF" =1, j = 3,4,5.

Tabma 1
3aBUCUMOCTD U OT P24

p2s | 0,1 [0,193 0,287 | 0,38 | 0,473 | 0,567 | 0,66 | 0,753
w™ | 0,138 | 0,062 | 0,046 | 0,039 | 0,036 | 0,033 | 0,032 | 0,031
u® | 0,144 | 0,067 | 0,050 | 0,043 | 0,040 | 0,038 | 0,037 | 0,037
B Tabs. 1 mokazano m3MeHeHne MaTeMaTHIeCKOTO OXKUIAHNS U MPH yBe-
JIMYEHNUN BEPOATHOCTH Poy. KaK BUIHO M3 TAOIHIIHI, BEIUINHA, u? JIJIST MO-
JeJIn KOMIIO3UIIN N Be6—CepBI/ICOB C HEHaJJC2KHBIM U CepBI/ICE},MI/I nMmeert 6OJII:>H_Iee
3Ha4YeHue, 9eM a® 14 MOJEH C HaJeKHBIMUA CepBUCAMU.
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3akJiroueHne

B nammoit pabore ObLia OMXCaHA MATEMATAYECKAS MOJIE/b KOMIIOBUIIAI
BeO-CEepPBHUCOB C HEHAIEKHBIMHA CepBUCAMU B BHe ceT JIxkekcona. B masnb-
HEHIIeM MPenoaraeTcs PACCMOTPETh CJIydail HEIKCIOHEHIINAIbHBIX JIJTH-
TeTLHOCTEH 0OPAOOTKHU 3aMPOCOB BEO-CEPBUCAMH.
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ACUMIITOTUYECKU-IN®PY3NOHHBII
AHAJIN3 RQ-CUCTEMBI C OTPULIATEJIbHBIMUAU
3AABKAMU 1 BOCCTAHOBJIEHVEM
NCKA2KEHHDBIX TIOJIO2KNTEJIBHBIX 3AABOK

A.A. Hazapos?, 4. E. Usmaitiosal

1 . . . .
Hayuonaavnoti uccaedosamenveruti Tomekutd 2ocydapemeertid
yHnusepcumem, 2. Tomck, Poccus

B pabore paccmarpuBaeTcs crcTeMa C MOBTOPHBIMUA BBI30BAMU C
JBYMST BXOISIIUMHU TIOTOKAMY 3asIBOK: MOTOK TIOJIOKUTEIHHBIX 3a-
SBOK M IIOTOK OTDPHIATEIbHBIX 3asBOK. OTpHUIATe/bHBIE 3asIBKU
HMCKaXKAT OBCIyKUBAHUE IMOJIOXKUTEIbHBIX 3asdBOK. VIcKaKeHHbIE
TIOJIOKUTEIHHBIE 3asBKM TEPEXOnsAT B OJIOK BOCCTAHOBJIEHWS, TIO-
CJIe 9ero MOBTOPSIIOT IONBITKY O0C/Iy:kKuThcs. CucremMa MCCaemayerT-
Cs METOIOM aCHUMIITOTHIeCKH- b y3norHOr0 anaaun3a. [lomyaenst
pacripeie/ieHre BepOsSITHOCTEH TNC/Ia 3asiBOK HA OpOMTe ISt MOJI0-
JKATEJIbHBIX 3asBOK U PACIIpeesieHie BePOSTHOCTEH THC/Ia 3asSBOK
B OJsi0ke BoccTanoBienusi. KirroueBble ciioBa: R(Q)-cucmema, om-
PUUATNEADHBIE 3AAEBKU, OA0K B0CCTMAMOBAECHUA, GACUMIIMOTMUYECKU-
dupdysuornuli aHaAU3

BBenenue

Mogens RQ-cucremsl ¢ OTpHIATETHHBIME 3asBKAMH U C BOCCTAHOB-
JIEHIEeM HCKAXKeHHBIX IOJIOKUTEIbHBIX 3asBOK OTParKaeT BasKHbIE ACIIEK-
Thl (DYHKIMOHMPOBAHUS PEATBHBIX [IPOIECCOB, I/l€ BO3MOXKHBI HADYIIEHUS,
cbon paboThI n3-3a KubepaTak TpeOyIoIe MOBTOPHONH 00pabOTKY MU BOC-
CTAHOBJIEHNUS JAHHBIX. Takwe CHTyaruu XapaKTePHBI JJIs1 MHOTUX PEATbHBIX
CHCTEM: B TEJIEKOMMYHHUKAIUSX — 9TO COOM U IIOMEXHU B Iepeatie AHHDIX,
B GaHKOBCKOIT cepe — 3o DDoS-araku, B cdepe ycayr — ommbKu omepa-
TOPOB WJIM TEXHUYECKHe HEHCIPABHOCTH, YTO IPHUBOAUT K HEOOXOIUMOCTH
BOCCTAHOBJICHUST JAHHBIX W UX JajbHeifmeil 3anmre. Hanpnvep, B KoMmbio-
TEPHBIX CETSIX, €CJIM BUPYC IMPOHUKAET B y3eJ, (Bail MOXKeT ObITh 3aparkeH,
U CHCTEMHOMY 3MUHICTPATOPY IPHUIETCS BHITOJHUTD HECKOJIBKO OIeparuit
Pe3epPBHOTO KOLUPOBAHUSI, YTOObI BOCCTAHOBUTH 3apaKeHHbIEe (DailiIbL.

IMousaTre orpunarenpHbix 3asdBoK 06110 BBegeHo Gelenbe E. [1]. Cucre-
ma Maccosoro obenyzkusanusg (CMO) M/M/1 ¢ orpuiiare/ibHbIMEU 3adBKAME
6orta uccaenosama Harrison P. u Pitel E. [2].Yang W. u Chae K. [3] pacmun-
puian ee 1o CMO GI/M/1. IIpnMeHeHne OTPUIATENBHBIX 3asBOK B CETSAX
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MAaccoBOro o0C/IyKMBaHUs MOXKHO Haiitu B o630ope Artalejo J. [4]. Liu Z. u
ap. [5] upoananuzuposasu cucremy ¢ HOoBTOpHbIMU BbizoBaMu (RQ-cucremy)
M/G/1 ¢ orpunarebHbIME 3asBKAMU U OOPATHOM CBA3BIO.

OCoBGEHHOCTBIO PACCMATPUBAEMOIT MOZEH SIBJISIETCA BO3MOKHOCTH BOC-
CTAHOBJICHUS MCKAYKEHHBIX MOJIOXKUTETbHBIX 3adBOK.

1. MaremaTruueckas MOJeJIb 1 IIOCTaHOBKa 3aJlavun

Paccmorpum ofiHONIMHEHHYIO CHCTEMY MAacCOBOIO OOCJIyKMBAHUS C TI0-
BTOpHBbIME BbI3oBaMu (puc.l) Ha BXO0J KOTOPOIi HOCTYNAIOT JBa HPOCTeli-
IIMX [OTOKA 3afBOK: HOTOK IOJIOKUTEJBHBIX 3aABOK, IOTOK OTPHUIATEIIb-
HBIX 3a9BOK. [IOTOK MOOKUTETHHBIX 3aBOK MTOCTYTAET C MHTEHCUBHOCTHIO
A, TIOTOK OTPHUIATEIbHBIX 3asIBOK MOCTYTAET C HHTEHCHBHOCTHIO 7.

Opbmnra 1
J: Gﬁv SJ
&
—
7 K E—
—
fo, 1 o,
Opbura 2

Puc. 1. Maremaruyeckas momens RQ-cucrembl ¢ OTpUNATE/IBHBIMUA 3asiBKAMU U
0JIOKOM BOCCTAHOBJIEHUSI NCKAYKEHHBIX TIOJIOKUTETHHBIX

O6o3nauum cocrosuue npubopa k(t). Jannas BeJmIuHa MOKET [IPUHU-
MaTbh /1Ba 3HaYeHwus: npubdbop csoboxen k = 0, mpubop 3anar k = 1.

IlocrynuBmas HOBas MOJIOKATEIbHASA 3adBKa, 00HAPYKUB IIpudOp B CO-
crostann k = 0, BcTaer A5t obcay:KuBanus. Bpemsi oOCTyKUBAHUS NUMeEET
9KCIIOHEHIMaIbHOe pacnpesenenue. [lapamerp pacnpenenenns 0603HATUM
gepe3 p. Ecnmm B mporecce 0OCTy:KUBAHUS HE CIYYUIOCH UCKAXKEHUS, TO
mocjie O0C/TyKUBAHUS 3asiBKA TIOKUAET CUCTEMY.

Ecaun nonmoxwurenbHas 3asBKa, OOHApPYKHBAeT HPUOOP B COCTOSHUU
k = 1, To oHa mepexoauT Ha opouTy oxumanus (nepsas opbura). Ha opbure
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OXKUJIAHUST 3aBKU MPUOBIBAIOT HEKOTOPOE CIydaifHoe BpeMsi, KOTOPOe MMe-
eT IKCIOHEHIHATILHOE pacHpeiesienne ¢ napamMerpom oi. llocie 3aaepxRku
3as1BK& BHOBD IIBITAETCH ODCJIYXKUTHCS U TAKXKE B 3aBUCKMOCTH OT 3HAYCHUSI
k, mub0o HaYMHAET OOC/IyKUBAHUE, MO0 MIHOBEHHO BO3BPAIIAETCS OOPATHO
U JIEJIAeT CJIEAYIONIYIO 3a1epiKy.

Eciu B MOMeHT 0OCTyKUBAHUS TIOJIOKUTENBHON 3ag9BKH B CHCTEMY TPU-
XOIUT OTPUIATETbHAS 3asBKA, TO OHA HUCKAXKAET OOCIyKUBAHUE TOJIOKU-
TEJIbHOM U moKuJaeT cucremy. VICKaXKeHHas MOJOKUTEbHAS 3asBKA [epe-
XOIUT HA OPOUTY JJIsi BOCCTAHOBJIEHUS] MCKAYKEHHBIX TOJIOKUTETHHBIX 3a-
aBOK (Bropas opbuta, 6Ji0K BoccraHoBjenus). Ha Bropoit opbure 3asaBKU
OCYIIIECTBJIAIOT CJIyYaiiHbIe 33JePKKW. BpeMsi BOCCTAHOBJ/IEHUST UMEET IKC-
MMOHEHIUATBHBIN 3aKOH PACIPE/IETEHUs C TAPAMETPOM O3, TIOCTE 9ero 3asiB-
K# 00paIaroTcs K mpubopy ajs oociayKuBanus. Ecau cocrosinne mpubopa
k = 1, 10O 3asBKU TEPEXOAAT HA OPOUTY JjIsi OKHUIAHUS OOCIIyKWUBAHUST
(mepBasi opbuTa), ecau cocrosame npubopa k = 0, TO 3asdBKM HAYUHAIOT
obcayxwuBanne. Eciu orpuriaresibHast 3adBKa MIPUXOJAUT B CUCTEMY U O0OHA-
pyKuBaeT MpubOP CBOOOIHBIM, TO OHA HE BIUSET HA COCTOSHUE CHCTEMbI
n mokmugaer ee. Beemem ciemyromme obo3nadenusi B tabm. 1. Torma pac-

Tabsmmra 1
Obo3HaYeHns: CLyIaHBIX [IPOIECCOB, OMUCHIBAIOIIUX COCTOAHUE CUCTEMbI
Cuty4aiiublit npouecc O603Hauenne | Bo3moxkHble 3HaYeHUs
YHCJIO MOJIOKUTETHHBIX HEUCKAKEHHBIX i(t) 1=0,1,2,...
3adBOK Ha II€PBO OpOUTE
YHCI0 BOCCTAHABIMBAECMBIX n(t) n=0,1,2,...
3asABOK HA BTODOi opbure

mpesiesieHe BePOSTHOCTEH TPEeXMEPHOTO CIAYYaifHOTO TpoIecca 0603HATHM
Py (i,n,t).

esb nccmenoBamust: HANTH PACIPEIETIEHUS BEPOATHOCTEH YMC/IA 3asIBOK
Ha OpOMTE OXKUIAHWSA W HA OPOUTE BOCCTAHOBIICHMUS.
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2. Cucrema ypasueHunii Kosmoropona

Hnst pacnpenenenus sepostrocreit Py (i,n,t), 3anmmeM cucreMy ypas-
nenuit Koamoroposa:

OPy(i,n,t . ) . .
% = —(A+io1 + no2)Py(i,n,t) + pPi(i,n,t) + yPi(i,n — 1,t),
OP(i,n,t . )
M =—(A+7y+p+no2)Pi(i,n,t) + APy(i,n,t)+
+(@+ Vo1 Py(i+1,n,t) + (n+ 1o Py(i,n + 1,t)+
+(n+1DooP(i—1,n+1,t) + AP (i — 1,n,t).
(1)

Beemem wacTudnbIe TPOU3BOAAIIE-XAPAKTEPUCTHIECKUE (DYHKIUN

Hy(x,u,t) = le Z e Py (iyn,t), k=01,
i=0  n=0

Torma cucrema (1) 3amumiercss B Buje

0Hy(z,u,t)

St — —AHo(w,u,t) + -+ e H (o, )+

o OHo(z,u,t) leaHo(x, u,t) 7
Oou Ox
; = —(A1 —=x) +v+p)Hy(z,u,t) + XHo(x, u,t)+
o1 aH()gT, u, t) . jeiju(jg 3H0(:c, u, t) + j02(1 . {Eeiju) BHl ((E, u, t) )
Ox ou

2)
B jonpenesnbHON cUTyalMu HaiTH peleHne cucTeMbl (2) He Tpes-
CTaBJISETCs BO3MOXKHBIM. IIpeiaraeTcst MpOBOIUTD MCCIIEIOBAHNE METOIOM
acUMITOTHIeCKH- (b dY3HOHHOIO AHAITN3A B YCJIOBHA JIATEIHHOTO BOCCTa-

HOBJIEHUA 3as1BOK (02 — 0).

OH; (x,u,t)

3. Acumnrorudecku-audpy3nOHHBLIA aHAIN3

O6o3nauum o9 = €. Cuesaem 3aMeHbI
T=¢t, u=cw, Hg(z,ut)= F,gl)(x,w,T,s),k: =0,1.

Toraa u3 cucrembl ypasHeHuii (2) HOLy4YUM CUCTEMY YDABHEHUI Jijisi HA-
XOXK, i Y
nenns bynknuit Fy/ (x, w, T, €).
. 1 1
O0603Ha4UM peLIeHre CHCTEMbL gl_I}(l) F,g )(377’11}77'75) = F,E )(x,w,T),

k =0,1. Chopmynupyem CIeayIONee yTBEPIKICHUE.
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Teopema 1. Pemenne F,gl)(x,w,T) HMeEET BHJ,
F,gl)(x,w, T) = F,il)(w, s,w,7) = Gp(z,s)e?*) k= 0,1,

rae G(z, s) = Go(zx, s) + G1(x, s) oupenensiercs B Buje

Ay — (A +s) )Lt‘*u+7+(1—x)(A+s)

G<xvs):Go(l’s)(u+7—x()\+8) p+y—z(A+3s)

a s = s(7) ABIFETCS PEIeHUEM YDABHEHUs

s'(1) =7G1(1,5) — s. (4)
3nech
A+s A+s
Go(l,s)=1— , Gi(1,8) = .
o(18) = 1= 222 i1, = 2

O6o3Hauum npaByio 4acth ypasuenus (5) depes a(s). Torma xkoaddunuent
muddy3un HeKOTOpOro Auddy3UOHHOTO TPOIECCA MMEET BHU/T

a(s) =vG1(1,s) — s. (5)

Caencrsue 1. B RQ-cucreme ¢ orpunaresbHbIMEU 3asgBKAMA U 0J10-
KOM BOCCTAHOBJIEHUA OJId MCKAXKEHHbIX TTOJIO?KUTEJIbHBIX 3asdBOK TIPOU3BO-
asamas QYHKIUS PACIpeIe/eHnsl BEPOSATHOCTENH UYNCIa 3asBOK HA, OpoOuTe
OXXUTAHUS UMEET BUJ,

Apty)

- £ (£5)%

(1 —2x)A
w—zh

Crenaem 3aMeHBI B CHcTeMe ypaBHeHu# (2):
Hy(z,u,t) = H,(CQ) (z,u,t)e? 725721 | =0,1.
0603HAUNM 09 = £2. BLITONMHNM 3aMEHbI
=%, u=cw, H,iz)(gc,u,t) = FéZ)(x,w,T, e),k=0,1

.. . (2
U TIOJIy9UM CHCTEMY YPABHEHUI JJIsi HAXOXKIeHUsT (DYHKIIHA F,g )(3:7 W, T,E).
. 2 2
O603HAMMM DEIIEHUE CUCTEMBI 9epe3 313% F,i )(x,w,r, g) = F,E )(x,w,r).

Cdopmynupyem Cieayiomiee yrBepK IeHue.
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Teopema 2. Dyukiuu F,iZ) (z,w,7),k = 0,1 umeror Buz
B (2,w,7) = G, $)®(w, 7).k = 0,1,

rae G(z,s) ompenensiercst (4), dyukims (w, T) sABIAETCA XapaKTePUCTH-

geckoil dbyHkimeil cayyaiinoro npouecca y(7) = lim0 Voz(n() — ﬂ), u
go—r

o2
yaoBaeTBopsieT audpepeHnnaabHOMy yPaBHEHHIO
0P (w, 1)
or

o 0®(w,7) w?
=a (s)wT - ?b(s)@(fwﬂ'),

rae a(s) nmeer Buz (6), a b(s) = a(s) + 2(g1(1, s)y + s). 3mecw
(a(s) +2s)G1(1, s) + sGo(1, s) n

91(175) = ~y
Llals) +5 = 7)Gi(L5) + (als) +5)Go(L )
) .

Dynkuus b(s) numeer cmbica KoadbduimenTa nmepenoca HeKoToporo anddy-
3UOHHOTO Tporecca. 3Has Kodddumnuent nepenoca u auddy3un, HETPYIHO
MOCTPOUTH JIMCKPETHOE PACIPeIe/IeHIe BePOATHOCTEH

C  F ] i P
Pl(n) _ e 2 Of b(s) , Pd(f}(n) = 1(77/) ;
> Pi(n)
n=0

KOTOpOe u OyzmeM Ha3bBaTh MM bYy3NOHHON AMMPOKCHMAIINEH pacipeIeie-
HHS BEPOSITHOCTEH YHMCIa 3aABOK HA OPOUTE BOCCTAHOBJICHUSA.

3akJiroueHue

B pabore uccienoana RQ-cucrema ¢ OTpUATETLHBIME 3asBKAMA U C
BOCCTAHOBJIEHUEM HCKAZKEHHBIX TTOJIOKUTEJIbHBIX 3adBOK. HallieHbl pacupe-
JIeJTEHUsT BEPOSITHOCTEN YMCIIA 3asTBOK HA, OPOUTE OKUIAHVS W YHNCIIA, 3asIBOK
Ha opbure BoccTaHoBeHUSA. [IpenoKeHHbIe MOJETh U METOIbI PACIIUPSI-
ot kjaacc RQ-cucrem ¢ orpunarebHbIME 3aSBKAMU, 8 TAKXKE MOTYT OBITH
MPUMEHEHBI [IJIs TPOEKTUPOBAHUS CHCTEM DE30MACHOCTH JTAHHBIX.
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AHAJINS ITPON3BOAJUTEJ/IbHOCTN CUCTEM
DECT-2020 HA OCHOBE MOAEJIN

IIOJIJIMHTA CO IIIJIFO30BOM IVNCILIUIIJINTHON
J1. 1. Hukonaes" 2, E. A. Taiinamaxa', A. A. 2Kusuosa'+?

! Kapedpa meopuu sepoammocmeti u xubepbe3onacrocmu,
Poccutickut ynusepcumem dpyorcbo. napodos umenu [lampuca JIlymymbo.,
2. Mockea, Poccus
2 Mocroscruti unemumym saexmpornury v mamemamnury um. A.H. Tuzonosa,
Hayuno-uccaedosamenvekutl uHCMUMYM MeAEKOMMYHUKAUUTL,

2. Mockesa, Poccus

Crargapt DECT-2020 siBasieTcsi OQHOM W3 KIIOYEBBIX TEXHOJIOTHIA
5G mna MaccoBoro mexkmamuaaoro B3anmozeicteusa (mMTC), on-
HAKO €ro IPOU3BOIUTEHHOCTD B YCJIOBUAX BBICOKOI HArPY3KH Tpe-
Oyer merasbHOrO mcciaemoBanus. Ilesn mamHO pabOTHI 3aKIIOYA-
erTcs B pa3pabOTKe M aHAJIM3€ MATEMATHIECKON MOJIEJIN ISl OIleH-
KU KJIIOYEBBIX TI0Ka3aTe el IPON3BOAUTETHHOCTH, TAKAX KAK BPEMs
moctaBkn JaHHBIX, B cerssx DECT-2020. Qs ommcanmst mporecca
JOCTyIIa MHOXKECTBa YCTPOMCTB K OOIIEMY PaIropecypCy HCIIOJIb-
3yeTcs MaTeMAaTUIeCKas MO/IeIb ITOJUIMHTOBOM CHCTEMBI MaCCOBO-
ro obcmyxkusarms (CMO) co MII030BO# AMCIMATIIMHON W TIPEPHIBA-
HUEM O0CJ/IyKUBaHUs. AHAJIU3 IPOBOIVIICS METOJAMY BJIOYKEHHBIX
meneit MapkoBa, a yisi YHC/I€HHOU OIEHKN PUMEHSJIOCHh MMHUTA-
IMOHHOE MOJe/JIMpOBaHue. B pe3ysibraTe MOIydeHbl aHAINTHIECKIE
BBIPaKeHUs [JIsI [IEPEXOIHBIX BEPOSTHOCTEH BIOXKeHHOM e Map-
KOBa, OIMCHIBAIOIIEN muHaMuKy cucreMbl. C MOMOIIBIO UMUTAIUOH-
HOTO MOJIEJMPOBAHUS IIPOBEIEH UNCIEHHBIM AHAIN3 3aBUCHMOCTH
BpeMeHH OOC/IyKHBAHUS 3asBKM OT HArpPy3KU B cucreMe. duciieH-
Hble PE3YIbTATHI JEMOHCTPHUPYIOT HEJIHMHEHHYIO [1erpaJalyio IIpo-
W3BOAUTEIHLHOCTY TIPU ITPUOJIMZKEHUI HATPY3KH K MIPEIeIbHOM, ITO
HeO0X0INMO yUIHTHIBATE IpH IvtanupoBanun cereit DECT-2020.
KuroueBsie ciooBa: DECT-2020, noasume, cucmema maccoso-
20 00CAYIHCUBAHUA, MEOPUA MACCOB020 00CAYICUBAHUA, WAIO306GA
ducyunauna, 5G, mMTC

BBenenue

Cranzapr DECT-2020 NR, (New Radio), parudunupoBantbiii Mexy-
HAPOHBIM COIO30M JIEKTPOCBA3M Kak TexHonorus 5G, npeacrapiser coboit

UccnenqoBanne BBIIOJHEHO 33 cueT rpaHTa Poccuiickoro mayanoro ¢gomga Ne 24-19-
00804, https://rscf.ru/project/24-19-00804/.
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IEPCIEKTUBHOE PEIICHRE [JIs MOCTPOCHUS JIOKAJbHBIX M YaCTHBIX OECIIPO-
BOIHBIX cereii. OH HamesieH Ha OBa KJIIOYEBBIX CHEHAPHS HCIIOIb30BAHUSL:
cBepxHaAEKHas ¢BA3b ¢ HU3KOM 3ajepxkkoit (URLLC) u MaccoBoe MexMa-
mmuanoe B3anmogeiicreue (mMTC). B pexxume mMTC, npennasHadenHom
Jutst npustoxkenwii Vareprera Beteit (IoT), GosbIoe KOIMIECTBO AaBTOHOM-
HBIX YCTPOHCTB (CEHCOPOB, AKTYATOPOB) MEPUOAMYECKH MEPEJa0T HEOOJIb-
mue 0ObEMBI JTaHHbBIX.

Mexanusm pocryna k cpege B DECT-2020, ouucannbiii 8 [1] (c. 25,
Scheduled access data transfer), mpeanomaraer, uro 6a30Basi CTAHIUSA KO-
OpIAMHUPYET pabOTy CEeTH, BBIAESS BPEMEHHBIE PECYPCHI TTOIKIIOUECHHBIM
yCTpoiicTBaM. DTOT TPOLIECC MOKHO 3P PEKTHBHO CMOJEIUPOBATH C MOMO-
IO CUCTEM MACCOBOIO ODCIIY?KUBAHUs € IUKJIUYECKUM OIPOCOM (IOJLIUH-
rOBBIX CUCTEM), e cepsep (6a30Bas CTaHIUs) [IOC/IEA0BATEILHO OCEILALT
ouepeau (ycrpoiicTsa) st 00C/y?KUBAHUST HAKOIMBIIMXCs 3asBOK (nake-
TOB JIAHHBIX). AHAJIM3 TAKUX MOJEJEH, ABIMIOMUNCA KIACCUHIECKOH 3a1a-
4eil Teopnu Teserpaduka [3], MO3BOIAET OLEHUTH KJIIOYEBbIE MTOKA3ATEIH
IPOU3BOIUTEILHOCTHA CETH, TAKHE KAK CPeJHee BpeMs JOCTABKH IaKeTa H
IPOIYCKHAA CIOCOOHOCTD, B 3aBUCHMOCTH OT 9HCJIA YCTPOWCTB ¥ MHTEHCHB-
Hoctu Tpaduka.

1. Onucanwme MoOeJin 1 METOAbI aHaJIn3a

s ananmsa nmpoussogurenabuoctn cetrn DECT-2020 B pexkuve mMTC
MbI HCIIOJIb3YeM TIOJIJIMHIOBYIO CHCTEMY MaccoBoro obciayxusanusa (CMO),
cocrosyio w3 M odepeneit ¢ GeckOoHEIHBIMU OydepaMu U OIHOTO OOCIIY-
JKUBAIOIIEro npudopa. 3asBKU B i-10 0YepPe/Ib MOCTYIAIOT B COOTBETCTBUU C
IIyaCCOHOBCKUM IPOIECCOM C MHTEHCHUBHOCTBIO A;. IIpmbop mocemaer ode-
pean B nukamydeckom nopsake (cm. puc. 1). Mogens xapakrepusyercs ce-
IYIOIIUMU KJTIOUEBBIMU OCOOEHHOCTSIMMU:

— Illiro3oBag AMCHUMOJNHA: IPUOBIB K OYepean, Mpubop 00CTyKUBaeT
TOJILKO T€ 3adBKH, KOTOPhIE HAXOIUJINCH B HEHl B MOMEHT MOJIKIIOYEHUS .
Hogbie 3asiBK#, MOCTYTIUBINIHE BO BpEMsI OOCI/IYKUBAHUSI, OYIyT OKUIATH
CJIE/IYTOIIErO TOCEIIEHNs TTPUOOPA.

— OrpaHum4YeHHOe BpeMs MHOcCelleHus: (PUKCUPOBAHHOE BpeMs (Bpems
BU3KTA), KOTOPOE UPUBOP LPOBOAUT Y i-if Ouepe, ABJIeTCs CILy YaiiHON
WIN JeTEPMUHWUPOBAHHONW BeIWIUHON T;.

— IlpepniBanme obGcay>kuBaHusi (preemptive repeat): eciau mo muc-
TeYEHWN BpeMeHu Bu3uTa 1; 0OC/Iy’KMBAHUE 3aSBKU HE 3aBEPIIEHO, OHO
MIPEPBETCA U MPHU CJIEAYIONIEM TTOCEIIEHUN HAYHETCS 3aHOBO.
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Puc. 1. Cxema MomenupyeMoii moJUIMHIOBOM CUCTEMBI CO TITI030BOM AVCIIATIINHON
¥ IpepbIBaHueM OOCIIyKHMBAHUS 110 BDEMEH! BHU3UTA

Takasi MOzesIb a/IEKBATHO OTParkaeT padOTy CUCTEM C BPEMEHHBIM Pa3-
nenenneM pocryna (TDMA, Time Division Multiple Access), rae kaxaomy
YCTPOUCTBY BbIIe/IsieTCd (DUKCUPOBAHHBII BPEMEHHON CJIOT.

OO6mmit Teopermyeckuit pyHIAMEHT IS HCCJIEIOBAHUS MOJIMHTOBBIX
cucreM npejcrasien B pabore [4]. B ciayuae koneunoro npocrpascrsa cocro-
suuil (Hanpumep, 1pu orpanuveHHbix Oydepax) 3dpdekTuBHbL MATPUYHO-
AHAJIATAYECKNE METOBI, TTO3BOJIAIONINE HANTH CTAIMOHAPHOE DaCIpe/ene-
HUE€ CUCTEMBI ITyTEM DEIeHNs CUCTEMbBI JTMHEHHBIX aIre0paniecKux ypaBHe-
Huit [2]. B manHO#t pabore Mbl GOKyCHpyeMcst Ha BBIBOJE MEPEXOIHBIX Be-
posAITHOCTEH BIOKEHHOH menu MapKoBa, MOMEHTBI KOTOPOH COOTBETCTBYIOT
Ha4yaJjly BU3UTOB K OYEPEJIAM.

2. ®opmysa IEPEXOTHBIX BEPOATHOCTEMN

Paccmorpum BazkHBINM 9aCTHBIHN CIy4ail, B KOTOPOM OOImit pecypc dpeii-
Ma PaBHOMEDHO PaCIpeiesIfeTca MeX 1y ycTpoiicTBaMu. B sToMm cirydae Bpe-
Md BU3UTA 1; K KayKJ0# OUepeu JIeTepMUHUPOBAHO, & BpeMsa ODCIIy KUBa-
HUsL 3asIBKU (TIlepeiavn maKeTa) siBJseTcs CIydaitHoi Bennannoil. s skc-
HOHEHIINAJIBHOI'O pacupeesieHns BpeMeH 00CIyKUBaHUA C TapaMeTPOM [i;,
BEPOATHOCTD 11€PEX0/Ia CUCTEMbI U3 COCTOsiHUA (1,7) B cocroguue (m, ;) 3a
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ofuH mar (OJUH BU3UT) BLIYUCIAETCS 1O hopMyJie:

gij(n, m) = oj;e (MJF’”Z Ak) H u(Ag) AkT))

k;éz
n;—1 o) .
\ (uiTy)" (W) At (T ) (\T)™
X ; Wi+ ) A oy T k;; i ml |
rge n = (ny,...,np) um = (My,...,My) — BEKTOPbl YUCJIA 3a4BOK B

ovepenax 0 W MOC/Ie BU3NTA, § U j — HOMepa 00CIyKUBAEMOlt 1 ceaytomeit
ouepenu, Ay = my —ny, u(x) — dyuknus Xesucaitaa, a 0;; — BEPOATHOCTD
HEPEeKIIOUEHNs ¢ OUeped 4 Ha ouepeab j. Jlajgee pacCMaTpUBACTCA CIIydait
CTPOroro MUKIMIECKOro 06Xoa, IPU KOTOPOM BepOSTHOCTh HepeKII0YeHns
pasusiercs 0;; = 1 maa j = (¢ (mod M)) + 1 u 0;; = 0 B oCTanIbHBIX
ciydasx.

3. IIporpaMMHBIii CUMYJISTOP U Pe3YJIbTaThI

s BepuduKamyy MOIEIN W aHAJIN3a TPOM3BOIUTEIHLHOCTH OBLIA, Pa3-
paborana WMWTAIMOHHAS MOJEJb, PEAJN3YIoNiasi IpsiMoe MOJIETNPOBAHNE
cobbituit (event-based simulation) MCXOZHOrO CTOXaCTUYECKOrO MPOIECCA.
st MomenupoBaHus ObLTH BHIOPAHBI TAPAMETPbBI, XapaKTepHbIe [ (ppeii-
moBoit crpykrypbt DECT-2020 u npejcrasientbie B Tabs. 1. B rabaue D
0003HAYAET YHCJIO YCTPOICTB B KJACTepe, 9TO COOTBETCTBYET Mapamerpy
M B maremarudeckoit momenu. IauTenbHOCTh BU3UTA 1; B MOJEIN paBHA

aauHe caoTa 1ot Tabmua 1
Tlapamerpbl UMUTAITMOHHOIO MOIEJITMPOBAHUSA
Beaununna O6o03H1., 3HauyeHIe
JnuHa Kaapa, Mc Trrame | 10 Mc
JluHa c1oTa, MC Taiot Tfmme/stl’;‘;me =10/24 mc
Ywucmao ycrpoiicT D 0,1,2,...

Cpennee Bpemsi obciyzkupa- | 1/p 1/p = Tsor = 10/24 mc
Hus
MHTeHCUBHOCTD MOCTYTIIIEHNST | A A € (0,u/D) =
(0,0,48) mc~t

B xone cumysisnuu onenuBasiach IMnupudeckas QyHKIMS pacupeeie-
HUST YUCJIA IUKJIOB OIPOCA, HEOOXOIUMBIX JIJIsT TTOJTHOTO OOC/IYKUBAHUS OI-
HO CJIy4JaitHO BBIOpDAHHOM 3adBKU. Pe3yabraThl Ajid Pa3IudHbIX 3HAYEHUH
k03 dunuenra 3arpysku cucrembl p = D - \/p npuBeseHbl Ha puc. 2, rue
Al =Ag =...= Ap = A, T.e. PACCMATPUBAETCSI CAMMETPUIHAS CHCTEMA.
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DYHKUMA PACNPEAENEHNA YNCNA UMKNOE ANA oBCNyMMBaHNA 0aHOR 3aABKM

0 2 I 6 B 10 12
Yucno unknos

Puc. 2. Dvmmpudeckas GyHKIUS pacmpee/eHus YUHUC/Ia TAKJIOB, HEOOXOIMMBIX
Oy ODCIyKMBAaHUs OJHON 3asBKHU, NPHU PA3IUIHBIX KOIDDUIMEHTAX 3arPy3KHU
CHUCTEMBI p

13 rpaduka BuAHO, 9TO C POCTOM HATPY3KH MPOU3BOIUTEITHHOCTH CHCTE-
MbI cymiecrBeHHO nanaer. Ecom mpu p = 0,5 60iabuimHCTBO 3a4BOK 0OCITY-
KuBalored 3a 1-2 nukia, To upu p = 0,9 310 3HaueHue Bo3pacraer 10 4-6
UKJIOB, a ipu p = 0,99 1151 00C/TyKUBaHUS 3aBKU MOXKET TOTPEOOBATHCS
6ostee 10 IUKJIIOB.

ITonydennbie pe3yabTaTbl UMEIOT SICHYIO TEOPETUYECKYI0 WHTEPIIPETa-
nuio. Koaddunmenr 3arpy3ku p xapakTepusyer, HACKOJIHKO HHTEHCHBHO
ucnosb3yiorca pecypest cucrembl. I[Ipu p — 1 cucrema npubmimkaercs K
TPAHUIE YCTOWINBOCTH. DTO O3HAYAET, UTO 33 BPEMSI OJTHOTO IUKJIA OMPOCA
BCEX Ovepe/ieil B CHCTEMY B CPEJIHEM IMTOCTYIAET TIOYTH CTOJIHKO YKe 3asTBOK,
CKOJIBKO MOXKET OBITH 0OCIIyZKEeHO.

B pesynbrare mimna odepeneili HAYMHAET PACTH, YTO MPHUBOIUT K yBe-
JINYEHUIO BPEMEHU OXKUJIAHWS 3adBKOU cBoero obciyxuanus. Lliao30Bas
JUCIUTIINHA, BHOCHUT [OTOJIHUTEIHHYIO 33JIePKKY: 3asBKa, MPUOBIBIIAS B
ouepesib, KOrja Mpubop yiKe HAXOANTCS y Heé, OyJeT KIATh CJIEIYIOIIEro
IIOJIHOTO ITUKJIA.

4. 3akJrodeHue

B pabore mpemioxkeHa u IpoaHAIU3UPOBAHA MaTeMaTUYeCKas MOIE/Ib
JIJISL OLIEHKHM IIpou3BoauTesibHOCTH cereii cranmapra DECT-2020 B pexkume
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mMTC. Mogenb Ha OCHOBE IOJITMATOBOR CHCTEMBI CO ILTI030BOM JUCIIATLIN-
HO# M HpepbhIBAHWEM ODCJIyKUBAHUS MO3BOJIUIIA MOy YUTh AHAJIUTUIECKHE
BBIPAXKEHUA JJIs XAPAKTEPUCTUK CUCTEMbL M [IPOBECTU MMHUTAIUOHHOE MO-
JIeJTUPOBAHME.

B Takoii cucreme HAOIIOMAETCS CHUIbHAS HEUHENHHAS 3aBUCUMOCTD Bpe-
MeHU 00C/TYKUBAHUS 3asIBOK OT 00IIeil HArpy3KH B ceTu. ITOT (PakT HEOHXO0-
JUMO YIUTBIBATD MPH ILJIAHKPOBAHUHU CeTei, 9T00bI 00eCIevInTh Tpedyemoe
kadecTBo o0csyKuBanus (QoS), 0COBEHHO /it KPUTHUYECKH BAZKHBIX [IPU-
noxennit nrepuera Bereit.

JanpHeitmue uccyieIoBanus OyIyT HAMPABIEHBI HA, PACIIHDPEHUE MPEI-
JIOXKEHHOM MOJIEJIN: PACCMOTPEHUE aJIbTEPHATUBHBIX MUCIUILIAH O0CIYKU-
BaHus (HAIPUMED, UCUEPIbIBAONIETT), YIéT rereporeHHoro Tpaduka ¢ pas-
JIMYHBIMY [IPUOPUTETAMH, & TAK2KE aHAJIN3 CHCTeM ¢ Oosiee OOMIUMU, HEIKC-
TTOHEHIUAJIbHBIMUW PDaCIIPpEeJICHUAMU BPpEMEHU O6C.7'Iy}KI/IBaHI/IH.
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MOJAEJIb CUCTEMBI CBA3M1

CO CKAHUPOBAHIUEM ABOHEHTCKON
OBJIACTU OBCJIY2KUBAKIIIVNMU
ITPBOPAMMUA

C.B. IMuuyrun'

LTAO PKK «Smnepeusas, 2. Kopoaés, Poccus

TIOCTPOEHA MaTeMATHYeCKasd MOJIEJIb CUCTEMbBI CBSI3U CITy THUK C MHO-
rOJIy4ueBoll aHTeHHOM, ckanupyomeil B naaup. OnenuBasach Bepo-
SATHOCTH 3aHATOCTH 3aJaHHOTO YUCJIA JIydell o0c/ykuBanueMm abo-
HEHTOB. /[JIsT TTOCTPOEHMS OIEHKU WCII0/IH30BAJICT MATEMATHIECKUH
ammapar TEOPUU MacCOBOTO OOC/IyKuBaHus n KomOumHAaTOpUKH. [lo-
JIyYeHHBIE PE3YIbTATHI TIO3BOJISIOT CYIUTh O TIEPCIIEKTUBAX WCIIOJIh-
3oBaHus (Hha3UPOBAHHBIX AHTEHHBIX PENTETOK U WHBIX MHOTOJTY Y€BBIX
AHTEHH C y3KUMU JUarpaMMaMy HAIIPABJIEHHOCTH HA OOPTY CIIy THHU-
KOB CBSI3M.

KimrodeBble cjI0Ba: CRymHuK, MHO2Z0AYHEE6GA GHIMEHHE, CUCTNEMA
MaCCOB020 00CAYNHCUBAHUA, 00CAYIHCUBAIOWUT NPUOOD, KOMOUHAMO-
puUKG

BBenenue

CucTemMbl CKAHUPYIOIIEH CBSA3W — 3TO PA3HOBUIHOCTH TEXHOJIOTUMH, MC-
MO/TH3YIOIIUX ABTOMATUIECKOE CKAHUPOBAHNE U MEPEKJIIOYEHNE KAHAJIOB WJIN
gacToT Ay 3pGEeKTUBHOM mepenadn JAHHBIX WM MOHUTOPHHTA PaJIAO-
Bosin. OHU BapbUPYIOTCH OT NOPTATHBHBIX DPAJUOCKAHEPOB (I [IPOCILY-
LIMBAHUs PAJMOBOJIH) JI0 CJOXKHBIX 3JIEKTPOHHO-CKAHUPYIOIUX AHTEHHBIX
perierok (Ha3supOBAHHBIX PEIIETOK) U Ja¥Ke CETEBLIX CKAHEPOB JJI ayIu-
ta UT-uHdpacTpyKTyphl, I7le «CKAHUPOBAHUE» 03HAYAET MPOBEPKY MOPTOB
WM MPOTOKOJIOB. B mannoit pabore mpejaraeTcs MaTeMaTuIecKas MOIE/b
CHCTEMBbI CBS3U CO CKAHMPOBAHUEM CIIyTHUKA - perpancisaropa [1]). Mouxesnsb
CHCTEeMbI CBSI3U CO CKaHMpOBaHueM npejcrasiena Ha puc. 1.

IMpuGopst n3 MuOKecTBa (1) 0OCTYyKUBAIOUX TPUOOPOB CKAHUPYIOT (C
3a/IaHHOI CKOPOCTHIO CKAHUPOBAHUs) 00JIACTh, B KOTOPOU B CJIydaifHbIe MO-
MEHTBI TIOSIBJISIOTCS M MCYe3ai0T abOHEHTHI M3 CcooOImecTBa abOHEHTOB 2.
TlostBuBIIIMiicsT AOOHEHT 3aHMUMAET OMMKaimui K HeMy npubop 4, ubsa Tpa-
€KTOpHUsI CKAHUPOBAHMS TIEPECEKACTCS C TOYKOW ero MOsBJICHUS. SaHATHIN
npubop 4 mepecTaér CKaHHPOBATHL 00JIACTb JI0 MOMEHTA 3aBepIIeHus 00-
cayxuBaausg. C pocroMm dnciia aOOHEHTOB B OOJIACTH CKAHUPOBAHUS UUCIIO
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3aHATHIX TPHOOPOB YBEIUIUBAETCS, & CBOOOIHBIX MPHUOOPOB YMEHBIAETCA.
COOTBETCTBEHHO, YBEJMYUBAETCS TEPUOJl CKAHUPOBAHUs 00acTH CBOOO/I-
ubiMu npubopamu. C pocToOM 4UCIa 3aHATHIX MPUOOPOB BPEMS OXKHIAHUS
aboHEHTOM CBOOOIHOrO MpubOopa yBeanunBaercs. HanbosbIiee 9ucio Touex
MOsIBJIEHNsT ADOHEHTOB CJIYYAHO W MOXKET MPEBBINIATh YUCI0 OOCIIYKUBa-
omux npubopoB. Tpedyercss ONEeHNTh BEPOSTHOCTH 3aHATOCTH 33JAHHOTO
qucsa npudbopos 1. .
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Puc. 1. Mogenb cucTeMbl CBA3KM CO CKAHUPOBAHUEM

1. HOCTPOGHI/IQ MoaeJIin obbeKkTa HccJIieJoBaHuA

st onenku paboThl CUCTEMBI CBA3U CO CKAHMPOBAHHEM IIPE/JIAraeTCs
MaTeMaTHIecKast MOJENb Ha 6a3e ammapara TeOPUH MacCOBOTO OOCIIYKIBA-
Hust (puc. 2).

ITocTpoena Momens 00bEKTA BUIA, IPUBEICHHAS HA, PUC. 2:

Bgeznem B paccmorpenue ciaydaiiHble mpoNecchr i1 (t) — 9UCIO He3aHs-

ThIX IpUbOPOB Ha (daze MOUCKa, io(t) — YnuciIo 3aHATHIX NPUOOPOB HA (da3e
obpaborke. Obo3HAYMM YHCIO PUOOPOB N = i1 + iy — 00,

ig =n — il.
JlaHHBIH TPOIIECC SABJISIETCS JIBYMEPHBIM MApPKOBCKUM. ['pad mepexomosB mo
COCTOSTHUAM TPEACTABJIEH HA PUC. 3.

Cxema mepexoJi0B CHCTEMbI, KAK OObEKTA, U3 COCTOSIHUSI B COCTOSTHUE,

npusesiena Ha puc. 3. Cucrema auddepernuaababix ypasaenuit Kosmoro-
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HHTCHCHBHOCTS
nnnnnnnn mn OL(7)) iy — mesamaTste mpHGopst

I > 71() - wmero HesansTEX mpHGOpOB
Ha daze noucka / dase 1
)

s
HETenCHBHOCTS
y
Totox mogsze om  mcuemosem mn OU(71)
aBOHEHTOB - IpocTeHmHi — > 7, — samTsie npHGOpS!

- 1() - ume0 3amsmix mpHGOpoB
i L
Ha(i2) Ha dase obpasoTxH / pase 2

IOKCK - GBICTpBIE
oGpaGorKa - MexTeHHaL

v o
HeUesHOBeHHE — CKOpee GHICTPOR

=0 O~y
L—> 0
He {1020}

P(iy, ip, 1) = P(()=11, 12(6)=1)

Puc. 2. MaTemaTnyeckast MOJEIb CUCTEMBI CBSI3U CO CKaHMpoBauueM B Buge CMO

poBa [5] mpuHEMaeT BH[

JJist IPOU3BOJILHBIX ¢1 U %9 PABHBIX ¢, IPHU 1 — OO HMEEM

%(i’t) = _()\ + 1o + p2 + 0)p(07t) + (1 - )\)p(—Lt) + )\p(l,t)

apgt’ D Ot o iz + O)p(L8) + (1= Np(0,) 4 Xp(2,8) (2

apli, t
pg; ) N+ 10+ o+ iaa)pis 1) + (1= Npli — 1,8) + Ap(i + 1,)

Ip(n, t)
ot
JJ1st cTanmoOHAPHOTrO pacupe/esienns, Koraa p, u i(t) = ¢ OT BpeMeHH He

3aBUCAT, IPH TIPOU3BOJILHBIX ¢ = 1...n , cucrema ypasHenuii (2) mpeobpasy-

= (>‘ + H10 + M2 + iai)p(na t) + (1 - A)p(n - 17t) + )\p(’ﬂ + 17t)'

eTcd B CJIeAyIOInil BU:

—(A+ p1o + po +0)p(0,8) + (1 — Np(—1,t) + Ap(1,t) = 0,

*()\ + H10 + 2 + ai)p(lat) + (1 - )‘)p(oat) + )\p(Q,t) = Oa

(A 10 + po + ia)p(is ) + (1= Npli — 1,8) + Ap(i +1,8) =0,  (3)
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Puc. 3. Cxema nepexo10B CHCTEMBI U3 COCTOSIHUS B COCTOSTHIE

—(A 4 pao + p2 +iag)p(n,t) + (1 — N)p(n — 1,t) + Ap(n + 1,t) = 0.
Ob6o3naunm:
pli—Lt) =z 1—=A=m; (A pio+p2) =Fk;
Honosnum (3) ypaBHeHHEM LOJIHON BEPOATHOCTU U LEPENUIIEM B BUIE
—Azg— (k+0)x; =0,

maxg — Ar1 — (k+ a;)xs =0,
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mx; — ATijy1 — (/ﬂ + z'ai)ng =0, (4)

MTyp—o — ANp—1 — (k + ia;)z, =0,
Ti1+x;+...+x, =1
2. PesynbpraThl UcciieoBaHUs IIOCTPOEHHON Moaesn
Cucremy (4) permaem merogom obpanenus marpur. NUmeem
AxX =B, (5)

rae A — marpuna Ko3dUIMEeHTOB CUCTEeMbl,ABJILeTCs PAMOYI0IbHOM pas-
MmeprocTH [(n + 1)n] umeer BuI, npuBeneHHbBI B Bre Tabi. 1: X — BeKTOp-

Tabsmmra 1
Tabymmanbrit Bua MmaTpunbt A

—1 | —(k+0) 0 0 0 0 0

m -1 —(k+a1) 0 0 0 0

0 m = —(k + 2a1) 0 0 0

0 0 m —l —(k+3a1) | O

0 0 0 m | =l | —(k+(n—2)apm_9 0

0 0 0 0| m —l —(k+(n—1Dap-_y

0 0 0 0 0 m -1

1 1 1

CTPOKA BEPOATHOCTE COCTOsIHUI cucTeMbl B — BEKTOP-CTONI0EI, CBOOOIHBIX
4ieHoB cureMbl ypaBHeHuit (4). Tak Kak cucrema (4) JONoiHEHa ypaBHE-
HUEM MOJHON BepOSTHOCTH W He SIBISETCS KBAJIPATHON, TO U MATPHIA KO-
sddunmenros A (cM. Tabu. 1) kBagpaTHOi He sBJsieTcs. ITOObI Oy YUTH
€€ perrenue, BOCIOIb3yeMC sl U3BECTHBIM METOIOM, TIPEIMOIATAIOIIAM Y MHO-
JKeHme 0benx JacTell MaTPUYHOTO ypaBHeHus Ha TpaHcrmonmposaniyio AT,
nosydas B pesynbrare kaaparayio Marpuny (AT« A)« X = AT «B u,
umes eé, pemum cucremy (4)

(AT« A)"1«ATB = X. (6)

Ha 6ase pemienus (6) ObLId MOJIyYeHbl 3HAUEHNS BEPOATHOCTEH HAXOXK-
JIEHWUS MCCIIETYEMOM CHCTEMBI B COCTOSHUSIX OT «BCE MPUOOPHI CHCTEMBI CBO-
GOMHBI» IO «BCE MPUOOPHI CHCTEMBI 3AHATBI», YTO MO3BOJSET ONEHUTH BE-
POSITHOCTH TOCTABKH COOOIINEHHsI O BEPOATHOCTH HAXOXKICHUS CHCTEMBI B
3aJJAHHOM COCTOSTHUH. DTO TO3BOJISIET OMPEJENUTh 3aKOH DPACTIPEICTICHMUS,
MEIUAHHOE BPEMs OXKHUIAHUS W CPETHEE KBAIPATHICCKOE OTKJIOHEHUE BPE-
MEHW OXKHUJIAHWUs a00HEHTOM CHCTEMBI BPEMEHHW OOCJy>KWBAHWS OIHUM U3
npubOPOB ITOM CUCTEMBIL.
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3akJiroueHne

B xoze uccnenoBanus paborbl Cily THUKA, ¢ MHOTOJIY 9€BOi AHTEHHO, CKa-
HUDYIOIIEH B HAAWP, ObLIN TIOJIYIE€HBI COOTHOIIEHUS JJIS OIEHKW BEPOSITHO-
CTH 3aHSATOCTHU 0OCIy KMBaHNEeM aODOHEHTOB 33/JaHHOTO YHUCIIa Jiyveii. Pabora
CIyTHUKA MOJIETUPOBATIACH CHCTEMOM MACCOBOrO OOCTYYKUBAHUS C MHOMKE-
CTBOM OOC/TY2KHBAIOIINX MPUOOPOB M BaphaIlneil IUCAa OOCTYKUBAIOIIAX
pubOPOB B 3aBUCUMOCTH OT COCTOSIHUS CHCTEMbI, [IPU ITOM HCIOJb30BAJICS
MaTEeMaTHYIeCKUil anmnapar CUCTEeM MACCOBOTO ODC/IYKWUBAHUS W KOMOWHA-
topuku. Momesab BKIOYAIA CHCTEMY JIMHEHHBIX ypaBHenwit Kosimoroposa,
JIONIOJTHEHHYIO YPABHEHUEM TIOJHOM BEPOSATHOCTH, PEIEHWE KOTOPOil OBLIO
MOJIyYeHO MEeTOJO0M obOpaineHus marpuil. [losydeHHbIE Pe3yIbTaThl HO3BO-
JISIIOT CYJIUTh O MEPCIEKTUBAX HCIOJIb30BaHus (Ha3supPOBAHHBIX AHTEHHBIX
PEIETOK W WHBIX MHOTOJIYYEBbIX AHTEHH C Y3KWUMHU JHATPAMMAME HATPAB-
JIEHHOCTHU Ha, OOPTY CIyTHUKOB CBSI3MU.
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OILIEHKA TJINTEJIbHOCTU CBOPKU

TPEBOBAHUI 13 ®PATMEHTOB J1JI5d CETU
MACCOBOTI'O OBCJIVZKUBAHUA C JEJIEHVNEM

U CJIINIHUEM TPEBOBAHUI
0.C. Iocruora', 1. E. Tananko', E. C. Porauko'

1 . . . .
Capamosckuli Hayuonaavrol uccaedosamenvekuti zocydapcemeentoit
ynusepcumem umenu H. . Jepuwwescrozo, 2. Capamos, Poccus

PaccmarpusBaercs oTKpbiTas ceTb MAacCOBOIO OBC/IyKHUBaHULA C J1€-
JeHneM u cawsHueM TpeboBanuii. [Ipu mocTymienun B ceTh Tpe-
OoBaHUs IE/IATCS Ha (PUKCHPOBAHHOE YHUCJIO POICTBEHHBIX (par-
MenToB. PparMeHTbl HE3ABUCUMO JAPYLI OT APyra 00CJLyKUBAIOTCsH
B CHCTE€MAaX 3KCIOHEHINAJILHON aIllMKJ/IMYEeCKOM CeTH MaCCOBOTO 00-
ciayxuanus. C60p TpeboBanmii U3 POACTBEHHBIX (DPArMEHTOB OCY-
LWIECTBJILETC B BbIJEJIEHHON cucTeMe 00C/yKUBAaHUS — CUCTEME
coopku. Ilpemmaraercst METOM BBIYUCIEHUS MATEMATHIECKOTO 0K~
JaHud JUIATEJbHOCTU cOOpKHU TpeboBanuil u3 ¢dpparmMenToB. 3HaHue
JAHHON XapaKTEePUCTUKHU [IO3BOJILET OLPEJE/IUTh MATEMATUIECKOe
OXKWAHWE [JINTE/IHHOCTU MpeObiBaHusa TpeOOBAHMIA B PACCMOTPEH-
HOM CeTu MacCOBOTO OOC/IyKUBAHUS C JEJIEHUEM U CJAUAHUEM TPebo-
BaHI/Iﬁ. CeTI/I AaHHOTI'O KJIaCCa MOFyT HMCIIOJIB30BATHhCAd B Ka4eCTBE Ma-
TEMATUIECKUX MOJeIeil HH(OPMAITMOHHO-BBIUUC/IUTEIHHBIX CUCTEM
W ceTell ¢ HmapaJiIeJIbHON M pacIIpeaesieHHON 0OpaboTKON JaHHBIX.
KirrodeBbie CJI0Ba: GUUKAUNECKAA CEMD MACCOBO20 00CAYINCUBA-
HUA, deserue U cauarue mpebosanul, Ppaemenmo, mpebosaru,
daumenvrocmsd cbopku mpebosanul

BBemenue

Cern MaccoBOro oOCIyKHWBAHUS C JEJIEHUEM W CIUSHUEM TpeOOBaHUi
ABJIAIOTCA yﬂO6HbIMI/I MATEMATUYECCKUMU MOAEJIAMU BHICOKOIIPOU3BOJAUTEIIb-
HBIX BBIYMCJIUTETHHBIX CHCTEM, CHCTEM MHOTOIYTEBOH MAapIIpyTU3AINN, &
TaKKe MHOTMX TEXHWYECKUX CHCTEM, B KOTODPBIX BO3MOXKHA MapaJjieIbHas
obpaboTka. OCOBEHHOCTHIO TAKUX ceTeil 0DCTYKUBAHUS SBJISETCS MTHOBEH-
HOe pasesienne TpebOBaHus Ha (pparMeHThI, OJHOBPEMEHHOE HAYAI0 OOCTy-
KUBAaHU C IOC/IEAYIONHMM IporeccoMm cOopku TpedoBanuii. Hanbosee mpo-
CTBIMH MOJIEJISIMU SBJISIOTCS CETH MAPAJIIEIbHBIX CHCTEM MACCOBOTO OOCITY-
skuBanus [1-3]. Cerb 06CTyKMBaHWS € TPOM3BOJIBHON CTPYKTYDOii 1 ¢ Gec-
KOHEYHONPUBOPHBIMY CUCTEMAMK 00CIIyKUBAHKs pACCMOTPeHa B pabore [4].
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B 3roii cern 0T0OparKeHb MPOLECCHT PA3IeIeHus, IEPeIAdN U CAUSHUS POJI-
CTBEHHBIX (pparmeHTOB TpeboBamHwmii. B KadecTBe MaTeMaTwIecKOil Moaenn
CeTH IePEeJIAvr JIAHHBIX C HAKETHONH KOMMYTAIMeNl MOYXKeT ObITh UCIOJIb30Ba-
Ha 3 deKTUBHAS B BRIYUCIUTETHHOM OTHOIIEHUN OTKPBITAS AIlUKINIECKAS
CeTh MaCcCOBOTO OOC/IY>KMBaHWs BMECTE C CHCTEMOi cOOpKM TpeGoBaHMiA [5].

B namnoit paGore mpearaeTcsi METO, BHIYUCIEHUS MATEMaTHIECKOrO
OXKHUIAHUS IIUTEIHHOCTH TpedbiBanus (PparMeHToB TpeOOBAHUI B CHCTEME
COOPKH B CETH MACCOBOI'O OOCJTy?KHBAHHUS C JIEJIEHUEM U CJIUsSHAEM TpeOoBa-
Huii.

1. Onucanne mogean

PaccMaTpuBaeTcs OTKpBITast CeTh MaccoBoro obcay:xusannsa N/ ¢ gerne-
HUEM U CjusiHueM TpeDOBaHuil, cocTosAmas u3 L cucreM MacCcoBOrO OOCIIY-
kuBanug S;, ¢ = 1,..., L, tuna M /M /1. UnrerncuBroctu 06CIyKUBaHUS B
cucremax S; obozmaunm gepes ;. Cers N¥ raxske pxmouaer cucremy 06-
cayxuBanus Sp,41 — cucremy cbopku [5]. B cerb u3 ucrounuka Sy nocryna-
€T MyaCCOHOBCKUI MOTOK TPeOOBAHUIA OJHOTO KJTACCA C HHTEHCHBHOCTHIO A(-
Kazk oe nocrymnaromiee B cets N7/ TpeGosanue pasnenserca na K dparmen-
ToB, K > 2. ®parMeHTsl OTHOTO TPeOOBAHUS HA3BIBAIOTCS POJACTBEHHBIMH.
OHu HE3aBUCUMO JPYT OT JPYyra HANPABIAIOTCH B cUCTeMbl S;, 4 =1,..., L,
C KOTOPbIMH CB#A3aH Sj.

Poxcreenubie (hparMeHThI TEPEXOAAT MEKIY CHCTEMAME CETH W CHCTE-
MOI COOpKM HE3AaBHUCHMO JIDPYT OT JpPyra W HE3ABUCHMO OT (hparmMeHToB
JIpYTEX TpeOOBAHHI B COOTBETCIBUE C MApIIpyTHOH Marpmieil © = (6;;),
1,7 =0,1,...,L+1, tae 0;; — BepoATHOCTDL TOTO, 9TO TOCTE TPeOLIBAHNS B
cucreme S; dparment nepeiiger B cucremy S;. B cucremy c6opku dparmen-
ThI TOCTYTAIOT IOCJIE€ TOTO, KaK 3aBEPHINTCA UX O6C.Hy)KI/IBaHI/Ie B CUCTE€EMAX
Si, ¢ = 1,...,L. Kak Tonbko B cucremy Spi1 MOCTYHAeT MOCIETHUN U3
POJICTBEHHBIX (DPATMEHTOB, OHU MTHOBEHHO O0BHEIUHSIOTCS B UCXOIHOE TPE-
GoBaHMe, KOTOPOe TIOKUIAeT cucTeMy cOopku u cerb N .

O603naunm gepe3 N OMHCAHHYIO PAaHEe CeTh MACCOBOIO 0DCIIY KUBAHUSI,
HO 6e3 cuctembr cOopku. IIpeamonmoxum, 910 cerb N ABISETCS AUKJIATIE-
CKOif. DJIeMEHTHI MAPIIPYTHOH MATPHUILI @ = (éij), i, =0,1,...,L, cetn
N onpepensiores Kak 0;; = 0,5, u 0; 0 = 0; 1,11. [Ipeanonaraercs, uto ajs
cucrem S;, i = 0,1,..., L (Kpome Tex, ayis KoTopwix 0; o = 1), ancyio cucrem
S, B KOTOpbIe BO3MOXKeH Tepexof, (pparMenTos u3 S;, HaMHOTO Oonbire K,
u Bepogaruoctu 6;; >0, 5 =0,1,..., L, apidiorcd CpaBHUMbIMU.

Onpeneanm A;, @ = 1,...,L, — WHTEHCUBHOCTH TOTOKOB (PParMEHTOB
TpeboBanuii B cucrembl cetn N: \; = K\gw;/wg, rae BekTop w = (w;),
1 =0,1,..., L, HaxoauTcs KaK peIeHne YpaBHEHUd w = wO ¢ yCJIOBUEM
Zz‘L:o w; = 1. HeobXoauMbIM yCIOBHEM CYIIECTBOBAHUST CTAIHOHAPHOTO Pe-
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xKuma cetu [N sSBIISI€TCH BBIMOJIHEHWE HEPABEHCTB N\; < g, ¢ = 1,... L,
o wWo N
A < — min — =a. (1)
K i=1,..,L Wi
2. BrorunciieHue MaTeMaTUYECKOro OXKUAAHUS JJINTEJITBbHOCTA
cbopku TpeboBaHMiA

Bynem masbiBarh «mepBbiM» pparMeHTOM TpeboBaHus mepBbIii u3 K mo-
CTYMAIUX B CUCTEMY COOPKHU DPOJCTBEHHBIX (DparMeHTOB. B MOMeHT mo-
CTYILIEHUS «ITOCJIeIHEr0» w3 K POJACTBEHHBIX (DPATMEHTOB MTHOBEHHO TIPO-
ucxonuT obbeauHeHne (bPArMEHTOB B €IMHOE TPeOOBAHUE, KOTOPOE MOKU-
Jaer cucreMy coOopku. Takum oOpa3oM, JIUTETbHOCTL COOPKH TPEeOOBAHMST
13 POACTBEHHBIX (DPArMEHTOB ONPEIEIAETCSH KAK JAJUTEIbHOCTD NHTEPBAIIA
BpeMEHn MeKJy MOMEHTAMU BbIXO/Ja MMePBOTO M IOCJIeAHEr0 POACTBEHHBIX
dparmenToB n3 cetu IN.

O6osnauum 7 = (ry,...,rg) — MapmpyT TpeboBanusa B cetu N, rp —
MapmpyTt k-ro ¢pparmenta tpebopanus, k = 1,..., K, 7 € R, R — KoHed-
HOEe MHOXKECTBO BCEX MapuipyToB TpeboBanuii. JlmuresnbHOCTH MapmpyTa
Tk, OLpeJedeMas KaK JJIMTeJIbHOCTh BPEMEHH, B T€YEHHEe KOTOPOro K-biii
dparmenT TpeboBaHus TpedbIBaeT B ceTu [N, SBISETCS CIyJaiiHON BEIUYIU-
HOM Yk, kZL...,K.

Maremarndyeckoe OXHUJAHWE IJIUTEILHOCTH COOpku TpeboBanmit F7°
OIIPEe/IeJISIeTCH BhIPAYKEHHEM

Er® = 2E[max{n, oY} —min{Yy, ..., Y} P(F), (2)

e P(7) — BepoaTHOCTL MapmpyTa 7 TpeboBanus, Y .. P(7) = 1. Tax kax
MapuIpyThi (pparMeHToB TpebOBAHKI HE3ABUCUMBL IPYT OT Apyra, 10 P(7) =
HkK:1 P(ry), P(ry) — BeposgTHOCTb MapiipyTa ry dbparmMenTa TpeGOBaHUS.

IIpeamonoxkumM, 9TO AAUHA MapIipyTa 7, paBHa my, k = 1,..., K, To-
raa rg = (i1,...,%4m, ) Upeicrapiser coboil 110C/Ie10BATEIbHOCT HOMEPOB
cucreM 00CITyKUBAHUS, COOTBETCTBYIONIYI0 MAPIIPYTY Tk, U

P(ri) = 00,05 - iy —1im,, -

Cuoyaaitabie Benmannbl Yy, k = 1,..., K, umeior 0000IIeHHOE pacipe-
AeneHne JPIIAHra NOPSIKA My € PASTHIHBIME HADAMETPAMUI Yiy s - - - s Vi, -
ITapameTppl omlpefesdroTCa BBIPAXKEHHUEM 7y = [ — A, | = 91, ..., lm,.
Jna ynobcrsa 3amucu npu (BUKCHPOBAHHOM 7y, HMOJOKUM Q1 = Y, - .,
Qm = Vi, - TOTZIa TIOTHOCTD pacnpesesnenns U QYHKIUA pacupesieseHnst
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BEPOSATHOCTEH CITydaifHON BEJMYUHBI Y}, MIMEIOT BHJ COOTBETCTBEHHO [6]:

e 0y

— m 1 .
fulv) = H%ZHZ 117&](%—041)’ v

a;y

Fi(y) = U as , y>0.
H Z JHlll;ég( | — o)

Ecimu g = - -+ = oy, = @, TO Oy YnM pacrpeieieHne JPJiaHra mopsiKa
m C IapaMeTpoM «, i KOTOPOro

H

afay)mtem N o
fk(y)zwa = Y, y>0.
1=0

Tak kak Yi,...,Yx — He3aBUCHUMbIE CAy4YaifiHble BEJIUIUHBI, TO TIJIOT-
HOCTH pacrpejeseHust U (YHKIUU DPACIPE/IEJeHNs] CIyYalHbIX BeJIMYNH
min{Yy,..., Yk} uw max{Y1,...,Yx} umeior Buj coorsercreenHo [6]:

K

& 1— F(y) o ~ .
aW)=>_ W ][]—F75 Giw=1-J[0-Fuv), y>0
k=1

k=1

_ R 1 B o
gz(y)—z HFz(y), Gz(y)—HFk(y% y > 0.

= B k=1

CrenoBarenHO,

Emax{Y1,...,Yx} —min{¥1,..., Y} = /OOO y(92(y) — 91(y))dy.

Ecau cnywaitubie Bemuauns! Y7, . . ., Y UMEIOT OJUHAKOBOE PACIIPeIeie-
Hue ¢ wioruocroio f(y) u dyukuueit pacupenenenus F(y), To

gi(y) = Kf(y)1 - Fy)K', Giy) =1-(1-Fy)*, y>0;
9(y) =Kfy)(F) ™t Gay) = (Fy)*, y>o.

Paccmorpum gacrubrit caygait my, =2, k=1,..., K. Torma
a o
Fily) = — (7™ — 7)Y >0
Qo — (1
1
Fi(y) =1— ———(aze™ ™Y —aie™ ™), y>0.
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Ecmmoy =as=a gmascex k=1,...,K, t0o
fly) =a’ye™¥, Fly)=1-e —aye ™, y>0.

IIpu sTom
g1(y) = Kaye X1+ ay)®~1, y>0;

g2(y) = Kaye (1 — ™Y — ozyefay)Kfl, y > 0.

3. YucisieHHBIE PE3YJIHTATHI

Paccmarpusaercs cers NY ¢ mapamerpamu: L = 30, K = 3; MapmpyT-
mbte BepoaTnoctH Op; = 0,5 = 1/15,0,0 = 1,4 = 1,...,15,j = 16,...,30.
IIpusoasaTCs pe3yabraThl BHIYACIUTENLHBIX SKCIEPUMEHTOB NIPU JIBYX Ba-
pPHAHTaX BEKTOPOB WHTEHCUBHOCTEH OOCHY:KWBAHUS B CHCTEMax cetu N:
BEKTOD OJIMHAKOBLIX WHTEHCUBHOCTel obcaymxmubanus put = (ul), pl =4,
i =1,...,30; BEKTOp pa3/IM4HbIX MHTEHCUBHOCTEH 0OCTyRuBanus (12 = (u?),
2 =4+0,1(i—1),i = 1,...,30. Ilpu Takux napamerpax cetu N cOrTacHo
ycinosuio (1) cymecrBoBanus cranpoHapHoro pexkuma a = 20.

B Tabi1. 1 mpuBOAATCS 3HAUEHUS MATEMATHYECKOTO OKUIAHUS JIJTATE b
HOCTH COOPKH, Bhruucjaennbie anajgurundecku (AM) mo dbopwmyne (2) u ¢ mo-
MoIpI0 nMuTannoHHOi Mozenn (MM) [7], mpn pasindHBIX 3HAYEHHSAX Ag.
PesynbraThl IMATAITMOHHOTO MOJETMPOBAHHS MOJYYEHBI C JOBEPHTETHLHON
BepositHOCThIO 0,95 u mmpunoit noBepuresprHoro naTepsasia 0,01. 3 rabiu-
bl BUJHO, YTO PE3y/IbTAThl AHATUTHIECKOrO BbIYUCIEHU M MMUTAIMOHHOIO
MOJIEJIMPOBAHUS pa3IndaoTcs He 6onee yem ua 3%.

Tabsmra 1
MaTeMaTnieckoe OKUIAHNE JIUTEIHHOCTH COOPKYU TpeboBaHMIA

2o 01 | 1,0 | 30 | 70 | 11,0 | 150 | 19,0

L TAM | 1,769 | 1,689 | 1,511 | 1,156 | 0,800 | 0,444 | 0,089
F M [ 1,725 | 1,653 | 1,486 | 1,148 | 0,783 | 0,451 | 0,091
5 | AM | 2,325 | 2,241 | 2,056 | 1,679 | 1,200 | 0,873 | 0,350
F 'TIM | 2,268 | 2,185 | 2,010 | 1,661 | 1,287 | 0,879 | 0,343

3akJiroueHune

B pabore mpeajiokeH METO/I BBIYUCIEHUS MATEMATHIECKOTO OXKUIAHUS
JUTATENHHOCTH COOPKU TpeboBaHnit n3 GPArMeHTOB i CEeTH MacCOBOrO 00-
CIIy2KUBAHWS C JeJIEHUEM U CusgaueM TpeboBannii. JIaHHbIH METO/I sBJISIETCsT
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BBIYUC/IUTEHHO 3aTPATHBIM W MTPUMEHUM TOJIBKO JIJIs CeTeil MaccoBoro 00-
CIIy2KUBaHUsT HEOOJIBINON PA3MEPHOCTH, OITOMY B JAJbHEHIIIEM TPEICTaB-
JiTeT MHTEpec pas3padorka Oosiee 3(PGHEKTUBHOTO B BBIMUCIUTEIHHOM OTHO-
MMIEHUN METOA HAXOXKIEHUS PACCMOTPEHHOW XapaKTEPUCTUKH.
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OIIEHKA TTAPAMETPOB PEKYPPEHTHBIX
IIOTOKOB J1JISI AHAJIN3A
[IPOU3BOANTEJIbHOCTI MHOTOSTEPHBIX
IIPOIIECCOPOB

II. 1. Canumzanosa', C. A. Camoitos!, E. FO. JIncosckas!

! Hoyuonanrvnoid uccaedosamenvexud Tomexud 20cydapcmeenmoli
yrnusepcumem, 2. Tomck, Poccus

CoBpeMeHHBIE METOIBI AHAJIN3A TIPOU3BOAUTEIHHOCTH TTPOIIECCOPOB
TpeBYIOT TOYHOTO MOJIEIMPOBAHUS IOTOKOB MHCTPYKIIUI U KOPPEKT-
HOW OIEHKW TIapaMEeTPOB BBIYUCIUTENbHON Harpy3ku. Ocoboe BHU-
MaHWe yIe/sieTCsl PEeKYPPEHTHBIM Ma0I0HaM, BO3HUKAOUINM TTPU
BBIMIOJIHEHUY IMKJIOB U OITUMHU3UPOBAHHBIX (parMeHTOB Koma. B
paboTe MCCIeI0BAHBI METOBI ONEHKH MAPAMETPOB MOTOKOB C ITPH-
MEHEHHEM TDPAJMEHTHOTO OyctmHTa. [Ijisi aHaim3a OBLIM CreHepH-
POBaHBI CHHTETUYECKIE BHIOOPKH MOMEHTOB HACTYILIEHUS COOBITHI
¥V WHTEPBAJIOB MEXK/y HUMH, COOTBETCTBYIOUIWE DA3JIAIHBIM PaC-
npenenermsm (Jlesm, Ilapero, ®@peme, Jlomakca u ap.). B xadge-
CTBe MPU3HAKOB KCIOJIB30BAJINCH KaK UCXOIHblE MHTEPBAJIbI, TaK U
WX CTATUCTUIECKHE XAPAKTEPUCTUKHU: MATEMATHYIECKOE OXKWIAHUE,
nucrepcusi, KoadbduimeHT Bapuanmmy, KBaHTwIM. KadecTBo Mose-
JIeit OIeHUBAJIOCH C MOMOIBIO Kodbdumumenta nerepmunammm (R?)
u cpeageii abcosmoraoit nponentroil ommbku (M APE). Pesynbra-
THI TIOKA3aJIM, YTO WCIIOJH30BAHNE YNCJIOBBIX XapPaKTEPUCTUK 3Ha-
YUTEIHHO MOBBIIIAET TOYHOCTH OIEHKH IIaPAMETPOB II0 CDABHEHUIO
€ MCXOIHBIMYU WHTEPBAJIAMHU.

KirrouyeBble cJIoBa: 0UEHKG NAPAMEMPOS, PEKYPPEHMHOLY NOMOK,
epaduenmmoili bycmure, MANCEADE TEOCTL, UICHTMUPUKAUUA N0~
moxos

BBemenue

CoBpeMeHHbIE MHOIOsiJIEPHBIE IIPOLHECCOPBLI 0DECIIEYUBAIOT 3HAYUTE/Ib-
HBIH POCT BHIYACIWTEILHON MOITHOCTH, OTHAKO 3P PEKTHBHOCTD UCITOIB30-
BaHUA STHUX IIPOIECCOPOB BO MHOTOM OIPEIETIAETCS OCOOEHHOCTSIME PACIIPe-
JIeIeHNs BBIYMCIATENbHON HArpy3ku. Jljid aHAIM3a HOPOU3BOJUTETLHOCTH
y#Ke HeJOCTATOYHO TPaJIAIIOHHBIX METPUK, TaK KaK KJIIOYEBYIO POJIb HAYH-
HAIOT UI'PATh MUKPOAPXUTEKTYPHBIE XaPAKTEPUCTUKH — OPraHU3allis KILlI-
NaMsATH, MEXAHU3MBI TIPEICKA3AHAS TTePEeX0I0B, NIyObnHa KOHBeepa n ypoB-
HY MapaJijiesn3Ma Ha ypoBHe nHCTpyKIwmii, ILP u morokos, TLP [1, 2, 3].
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CoBpeMeHHbIE MEeTO/bl AHAIN3a MPOU3BOIUTETHLHOCTH MPOIECCOPa TPe-
OyIOT TOYHOIO MOJEJUPOBAHUS U MAPAMETPU3ANUE MOTOKOB WHCTPYKIIUI,
0COBEHHO B KOHTEKCTEe LOBTOPAIONUXCs (peKyppeHTHbix) wabsonos [4, 5.
DT mabOHBI MOTYT BO3HUKATH W3-33 HAJUYHUS IIUKJIOB, DEKYDPCU WU OTI-
TUMU3UPOBAHHBIX YYACTKOB KO/IA, U OKA3bIBAIOT 3HAYUTETHHOE BJIUSHIE HA
MOBEIEHUEe MUKPOCXEM HA YPOBHE MUKPOAPXUTEKTYPHI — TAKUX, KAK MPeJI-
CKa3aHue MepPexoI0B, KeINPOBaHNe W KOHBeiepHas o0paboTKa.

Baxknoit 3agadeit siBisiercss KOPPEKTHAS OIEHKA [APAMETPOB, XapaKTe-
PH3YIOIIAX KaK TPOrPaMMHBIE IOTOKY (HATIPUMED, YaCTOTa, WHCTPYKITWI 3a-
IPY3KH1/BBITPY3KHU JAHHBIX, HHTEHCHBHOCTH OODAINEHUl K TaMITH), TaK W
anmnaparubie Mmerpuku (CPL IPC, latency, Cache Miss Rate). Ilpumenenue
METOJIOB JIJisi OIIEHKHU 3TUX MAPAMETPOB MO3BOJISET BBISIBIISTH Y3KHE MECTa
B apXUTEKType, MPOrHO3UPOBATH TPOU3BOIUTENHHOCTD W ONTUMU3UPOBATH
pacupene/eHue Harpy3Ku MexkK/y ApaMu.

1. Onucanue ucciiegyeMbIX JaHHBIX
¥ WCIIOJIb3YEeMBbIX apXUTEKTYP

i perienust 3312491 OIEHKH TTaPAMETPOB ObIIN UCIOJIH30BAHBI JTAHHBIE
O MOMEHTaX HACTYILIEHUS COOBITHS B MOTOKE t;, KOTOPbIE OBLIN MOy YeHbI
nyrem mozenuposanus [6]. IIpu dopMmupoBanun HaGOPOB AAHHBIX /11t 0Oy~
4deHus ObLIO MPUHATO PEIIeHWEe KCIOIb30BATH HE MOMEHTHI HACTYIIJICHUS
COOBITHII t;, & MHTEPBAJIBI MEXK/TY STUMHW MOMEHTAMU BpEMeHu T; = t; —t;_1.
Yuco HAOIIOAEHNH W 9UCJIO0 HHTEPBAJIOB B MTOTOBOM BHIOOPKE OBIJIO BHIOpa-
uo 10000. UroroBas BbIOOpKaA ObLIA MOAE/IEHA HA O0YYAIONIYI0 W TECTOBYIO
B coorromienuu 80,/20. 3arem 30% or nosydYeHHOl TeCTOBOI BLIGOPKYU ObLIO
BBIZEIEHO [7isT (DOPMUPOBAHUS BAJTUIAIMOHHON BBHIOOPKH. B BBIOOPKY 1iTst
obyuennsi Takyke ObLia gobaBieHa naOPMAILMS O MapaMerpax pacripee-
JIeHUIA.

[Ipu MozmenvpoBaHWY KUCITIOIB30BAIUCEH CJeAyIONne (DYHKIMU paCIpeIe-
JIGHUs JJTHH WHTEPBAJIOB MEXK/y MOMEHTAMHU HACTYILJIEHUS COOBITHI B pe-
KypperataoMm nioroke: Jlesu, @umepa, [Tapero, O6parnoe F'amma, Jlomakca,
Opemre, Bypa XII. B Taba. 1 npeacraBieHbl 3HA9€HNS, ¢ KOTOPHIMU OBLIN
CTeHepUPOBAHBI BHIOOPKH.

s pertenus 33124 ObLT UCIOIB30BAH AJITOPUTM MPAJIUEHTHOTO OYCTHH-
ra B peaju3anuu 6ubanorekn catboost.

2. MeTpuku olleHKN KadyecTBa

B kagecTBe MeTpUK KadecTBa OIEHKHU MAPAMETPOB 0OYUE€HHON MOIEIHIO,
ObLIH UCIOJIB30BAHBI CIIEAYIOIMINE METPUKMU:
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Tabsmmra 1

Snauenus mapaMerpoB MYHKIMII pacupese/eHus JINH WHTEPBAJIOB

1.

ITapameTrp 3HaveHne IMapamMeTpa
KommgecTBo MOMEHTOB 10000
YHucsio nabaoaeHuii 10000

JleBn

ITapamerp cmereHus

w = unif(0,01; 0,5)

[Tapamerp macrirabda

¢ = unif(0,1; 10)

Puinepa

Ilapamerp uwmcaa creneHei
CcBODO/IbI YUCIATES

dy = unif(0,01; 1)

Ilapamerp uwncna creneHeit
¢cBOOO/IBI 3HAMEHATEJIS

dy = unif(1,5; 3)

ITapero

[Mapamerp dbopmbr

a = unif(1,5; 3)

Kosddunuent macmraba

T = unif(0,01; 1)

O6parHoe

T'amma

[Mapamerp dhopmbr

o = unif(1,5; 3)

ITapamerp macmrrada

¢ = unif(0,01; 1)

Jlomakca

ITapamerp dopmbr

a = unif(1,5; 3)

[Mapamerp macmrabda

A = unif(0,01; 1)

®Dperrre

[Mapamerp dopmbr

a = unif(1,5; 3)

ITapamerp macmrrada

s = unif(0,01; 1)

TlapameTp mo0XKeHMsT

m = unif(0;0,5)

Bypa XII

[TepBeriit mapaverp dboOpMbI

¢ = unif(1,5; 3)

Bropoit mapamerp ¢popmbr

k = unif(1,5; 3)

[Tapamerp macrrabda

A = unif(0,01; 1)

R? — k03bPUIEEHT JeTepMIHAIIN

I

s
Il
-

RP=1-

I

N
Il
o

(vi —9)

(yi — yi)2

)

2
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TIe 1 — 9UCJI0 HADTIOAEHUH, 1; — JeHCTBUTETHHOE 3HAUCHNE TIePEeMEHHO, ;
— OIIEHEHHOE 3HAYEHUe, § — BHIOOPOIHOE CPeHee 3HAUEHUE Y;.
2. MAPFE — cpentsis abCOIIOTHAS [IPOLUEHTHAS OLINOKa

n

1
MAPE = ﬁ;

Yi =Yl 100%.

3. Omenka mapamMeTpoB

st Kaxk10il pyHKIUU paCIpeIeeHns JIIUH HHTEPBAIOB OBLIO 00y te-
HO 1O JIBE MOJEHN TPaJUeHTHOrO OyCTHHTA, KOTOpbIE O0yYAJNCh HA JBYX
HaboOpax ITaHHBIX:

1. VuTepBasibl MEXKIYy MOMEHTAMY BPEMEHW HACTYILIEHWUsS COOBITHH T;.

2. YumcnoBble XapaKTEPUCTUKHM STUX HWHTEPBAJIOB: MATEMATHIECKOE
OXKUIaHUE, CPETHEE KBAIPATUIHOE OTKJIOHEHUE, MUCIEPCHsi, KOIMDDUIreHT
Bapuanuu, 6 ksanruieii (0,1; 0,25; 0,5; 0,75; 0,9; 0,95).

B Tabs1. 2 npeacTaBieHbl 3HAMEHUS METPUK JIJIsi MOIEJIEH, 00y 9eHHBIX HA,
1-oM u 2-om Ha HAOOpPaX JAHHBIX.

Pesysnbrarsl cpaBHUTENHBHOINO AHAIN3A JIEMOHCTPUPYIOT 3HAYUMOE IIpe-
HMYIIECTBO MO/IeJjiel, NCIIOIb3yOIINX YNUCI0OBbIe XapAKTEPUCTUKHU, HAJ MO-
JesrsiMu, OOYYEeHHBIMU HA WCXOMHBIX PeAn3alusax WHTepBaaoB. Hambosn-
mas 3pPEKTUBHOCTH HAOJIOTAIACH I pacupenenenns Jlesn, rme Kodd-
dburment nerepymmHamEn R? 171 OIEHKH IapaMeTpa JOKAJH3AINH [ yBe-
muaniics ¢ 0,032 go 0,851, mpu OMHOBPEMEHHOM CHUXKEHWH CPeHei abco-
smorHo#t nponenTHoi ommbku M APE B 3,6 pa3sa.

B cayuae muoronapamerpuueckux pacupesesenuii (®peuie ¢ napamer-
pamu (o, s,m), Bypa XII ¢ (¢, k, A)) ncmonb3oBanne BTOpOro Habopa JaHHBIX
TOKA3aJI0 yJIydIlIeHre TTPEeICKA3aTEIbHON CIIOCOOHOCTH: I MapaMerpa mo-
noxkenusi m pacupenenenus @perre qocruruayro camkenne M APE ¢ 235,35
mo 52,19.

3akJiroueHue

B pabore nposezeno ucciegoBanue ONEHKH [1aPAMETPOB PEKYPPEHTHBIX
MOTOKOB C Pa3JINYHBIMU 3aKOHAMU PACTIPEIEICHUST BepOSITHOCTEH. Anann3
TIOJIYYeHHBIX PE3YJIbTATOB MO3BOJAET CAEIATh CJIEAYIONINA BBIBOMI: MOJEH,
MTOCTPOEHHBIE HA YUCIOBBIX MPU3HAKAX WHTEPBAJIOB 00€CTIEINBAIOT JIy YTy IO
TOYHOCTH OIEHKH [TAPAaMETPOB PAaCIpeIeseHnil, 9eM MOJIed, 0Dy IeHHbIE HA
HHTEPBAJIAX MEXKJIy MOMEHTAMU HACTYILIEHUS COOBITHIL T;. DTO MOXKET OBbITh
CBA3aHO C BbICOKOI BapuaTUBHOCTHIO MHTEPBAJIOB Jlj1d paclipejesieHuil, Ko-
TOPBIE XaPAKTEPU3YIOTCs TKeIbIMU XBocTamu. OObIYHO Tpu paboTe ¢ TaKu-
MU paclpeaeeHuAME TPAJIUIMOHHBIE TTOAX0IbI K OlleHKE TapaMeTpPOB 9acTO
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Tabsmmra 2
Buavenus MeTpUK [ Mogestei, 06yaeHHbIX HA pa3Hbix Habopax mamabix (H.m.)

Pacnpenenenne | H. n. | Ilapamerp R? MAPE
1 o 0,032 | 128,981

Tesu c 0,978 11,698
9 " 0,851 | 35,601

c 0,998 2,461

1 T 0,961 12,923

Mapero a 0,863 5,436
9 T 0,989 1,457

a 0,999 1,234

1 dy 0,836 46,751

Dumepa ds 0,844 40,001
9 dy 0,998 3,038

da 0,951 2,971

1 o 0,582 10,907

O6parnoe Tamma ¢ 0,931 11,732
9 « 0,988 1,566

c 0,998 2,256

1 o 0,325 13,768

Tomaxca A 0,860 23,124
9 « 0,954 3,045

A 0,990 | 4,526

o 0,050 11,737

1 s 0,900 23,256

Dperme m 0,646 | 235,351
o 0,907 | 4,107

2 ] 0,989 6,842

m 0,964 | 52,188

a 0,717 8,807

1 ] 0,137 15,845

m 0,943 11,121

Bypa XII o 0,982 | 1,864
2 S 0,799 6,682

m 0,990 | 4,734

OKa3bIBAIOTCSA HEYCTOWYINBBHIMU. VCmop30BaHme YMCIOBBIX XapaKTEPUCTUK
CIJIa>KMBaeT IIyM M obecrednBaeT 0ojiee YCTOWYMBOE IIPE/ICTABJIEHHUE IIPH-
3HaKOB. [losryueHHbIe Pe3yIbTAThl OTKPHIBAIOT MEPCIEKTUBHI [JI1sI PA3BUTHS

METO/IOB HIEHTU(DUKAIMH BXOASAIIUX IOTOKOB C PA3TNIHBIX THIIOB.
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Crarbst momrorosiensbl npu noagepxkke miardopmbl Yandex Cloud,
[PeIOCTABUBIIEH JOCTYTI K BBIYUCTUTEIBHBIM pecypcaM B pamkax [Iporpam-
MbI [IO/IJIEPXKKU KYPCOB ¥ UCCJIEIOBAHUIA.

CIINCOK JINTEPATYPbI

1. Hennessy J. L., Patterson D. A. Computer Architecture: A Quantitative
Approach. 6th ed. San Francisco: Morgan Kaufmann, 2019. 1527 p.

2. Eyerman S., Eeckhout L. Modeling critical sections in Amdahl’s law and
its implications for multicore performance // ACM SIGARCH Computer
Architecture News. 2010. Vol. 38, Ne3. P. 362-370.

3. Hill M.D., Marty M. R. Amdahl’s law in the multicore era // Computer.
IEEE, 2008. Vol. 41, Ne7. P. 33-38.

4. Kazxiras S., Martonosi M. Computer Architecture Techniques for Power-
Efficiency // Synthesis Lectures on Computer Architecture. 2008.

5. Mutlu O., Gémez-Luna J., Ghose S., Ausavarungnirun R. A Modern Primer
on Processing in Memory // Emerging Computing: From Devices to Systems.
Computer Architecture and Design Methodologies. Springer, Singapore. 2022.
P.171-243.

6. Mapzosuc H. 0. Imntanmonnoe moxesmposanne. Tomck: V3narenscknit [Tom
Tomckoro rocymapcrBenunoro yuusepcurera, 2015. 130 c.

CanumsasinoBa Japbs JMurpueBHa — acCUCTEHT Kadeapbl TEOPUM BEPOST-
HOCTel n MaTeMaTudeckoil cratuctuku. E-mail: darya.salimzyanova@mail.ru

CamoitsioB Cepreii AHTOHOBUY — CTYAEHT MHCTUTYTA [IPUKJIATHON MaTeMa-
THKU ¥ KOMIBIOTEPHBIX HayK. E-mail: sergei.samoilov244 @gmail.com

JIncosckast Exarepuna FOpbeBHa — k.d.-M.H., gomeHT Kadeapsl TeOpUN Be-
POSTHOCTEH M MaTeMaTHdecKoi craructuku. E-mail: ekaterina_lisovs@mail.ru



NTMM - 2025

MOAEJINPOBAHUE KEJIESHOJOPOXKHBIX
COPTNPOBOYHBIX CVICTEM CETBIO
MACCOBOTI'O OBCJIYV2KNIBAHUNSI

H.B. Cepreesa!, M. 1. IlTabanosa', . E. Tanamko'

1 . . . .
Capamosckuli Hayuonaavrol uccaedosamenverkuti 2ocydapcmeentoit
ynusepcumem umeny H. . epuvwesckozo, 2. Capamos, Poccus

B kagecrBe mareMaruuecKoOil MO/ KeJTe3HOAOPOKHOM COPTUPO-
BOYHOM CTAHIMM WCIOJIB3YETCS OTKPBHITAs CETh MaCCOBOTO OOCJIYy-
JKUBAHUS, COCTOSAMIAs M3 CHCTEM MAaCCOBOTO OOCIIyKWBAHUS TPEX
tunos. [Ipocreiimas cucrema MacCcOBOro OOC/IyKUBAHUS OTPAXKAET
B MOJE/IN IIPUEMO-OTIIPABOYHbIE MAPKH, CHCTEMA MAaCCOBOTO 00CJIy-
2KUBAHUSA C TPYHIOBBIM BXOAAIIUM IIOTOKOM — COPTUPOBOYHYIO IOP-
KY, CHCTEMBI MaCCOBOIO ODCJIy’KMBAHUS C I'PYIIIOBBIM O0OCIIyKUBa-
HHEM MOZIEeJIUPYIOT COPTUPOBOYHO-OTIPABOYHBIN IMapK. B ceTs mo-
CTyMaeT TPYIIOBOM MyacCOHOBCKUI MOTOK TpeboBauwmii. lmnresn-
HOCTH OOCJIy’KWBAHHS B CHCTEMAX CETHU HABJIAIOTCH HE3aBUCHMBIMU
CIIy9aHBIMU BeJIMYUHAMU C 3KCHOHEHIINAJbHBIM paclpe/iesIeHueM.
JI1st TaHHOM CeTH IOJIy4YeHbl OCHOBHBIE CTAIMOHAPHBIE XaPAaKTepPH-
cruku. KirrogeBble ciioBa: cemb mMacc08020 00CAYHCUBAHUA, 2PYN-
1n060% 6T0dAUWUL NOMOK, 2PYNNO6oe 00CAYNHCUBAHUE

Bsemenue

muTanmmonHoe W MaTeMaTuvIecKoe MOJEINPOBAHNE TPAHCIOPTHBIX CH-
cTeM TI03BOJIAeT aHAJIM3UPOBATh U IIPEJICKa3bIBaTh IIOBEJEHNE CUCTEM, Pa3-
pabarbiBaTh CTpAaTErwu ONTUMWU3AIMK, W I[POBOAUTH 3SKCIEPUMEHTHI 0e3
peasbHOU IKCILTyaranuu. 2Kese3HOJOPOXKHBIE COPTHPOBOYHBIE CTAHIAN
(ZKCC) aBnsiorcs BayKHON 4aCThIO YKEJE3HOMOPOXKHOM TPAHCIOPTHONH CH-
CTEMBI, OT CJIAYKEHHOI pabOThl KOTOPHIX 3ABUCUT HAEKHOCTH BCErO TEpe-
BO304YHOT'O IIpOIiecca.

B nanmnoit pabore mocTpoeHa MareMaTHdecKasi MOJIEIb 2KEJIE€3HOIOPOXK-
HOIl COPTUPOBOYHOM CTAHIIMKM OTKPBITON CETHIO MACCOBOIO OOC/TYKHUBAHMSI.

TumoBble COPTUPOBOYHDBIE CTAHITUU BBITIOTHSIIOT CJIEAYIONINE TeHCTBUA:
MpUEM TTOE3/I0B B MapK MPUOLITHS, OTIENJIEHE JIOKOMOTHBA, OCMOTD Baro-
HOB, pacdOpMUPOBaAHKE COCTABA, HA COPTUPOBOYHOM MOPKE, HAKOILJIEHUE Ba-
TOHOB B COPTUPOBOYHOM IIaPKE, BbICTABJIEHUE COCTaBa B IIaPK OTIIPABJIEHU,
[OJIKJ/IIOYEeHUe JIOKOMOTUBA, OTIIPaB/IeHUe 110€3/1a CO CTaHIUU.
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1. MaremaTnueckasa MoJeJb

[Ipuem noe3108 B mapK HPUOBITHS, OTHEIIEHUE JOKOMOTHBA, yCTAHOBKA,
orpaxkaeHus, 0hopMIeHIe JOKYMEHTOB U OCMOTD BarOHOB, CHATHE OTPAK-
JeHusi 0TOOpa3sWM B MOIENM IPOCTEHIEel CUCTEMO MACCOBOrO OOCIIYKU-
Banusd. Eciu B mporecce 0CMOTPa COCTaBa BBISBIEHBI BATOHBI C HEHCIIPAB-
HOCTSIMHU, TO OHH HAIPABJSIOTCS B PEMOHTHOE JEro [ BOCCTAHOBJIEHUS.
DTOT MPOIECC TaKzKe MpeJcTaBuM mpocreifimeii cucremoii. Pacdopmuposa-
HEE COCTaBa Ha cOpTHpPoBOUHOii ropke (CI') mpeacTaBuM B MOZIEIHN CUCTEMOIT
MaCCOBOTO OOCTY>KMBAHUS C TPYIMIOBBIM BXOAAIIAM TTOTOKOM TPEOOBAHMIA.
IIporecc HaKOIIEHNS BarOHOB B COPTHPOBOYHOM TAPKE OIMUIIEM B MOIENN
cucTeMoil OOCITyKUBAHUS ¢ OPJAMHAPHBIM MOTOKOM W PYIIIOBBIM 0DCITYKH-
BanmeMm Tpeboanwmii. IIporecchl 3aBepinerHns: 0OCTyKUBAHNA: BBICTABICHUE
COCTaBa B TAPK OTIPABJIEHWS, MOIKJIIOUYEHNE JIOKOMOTHBA W OTIPABJIEHUE
Moe37a CO CTAHIMK TaKyKe OTPA3UM MPOCTEHINeH CHCTEeMOH MacCOBOTO 00-
CJIy X KUBaHUS.

Takum obpazom, cerb maccoBoro obciyxusanus (CeMO) cocrour us
cucreMm Maccosoro obcmyxusanusg (CMO) Tpex Tumnos.

Cucrema S npejcrasisier cOOOM CHCTEMY € IPYIIIOBBIM BXOJSIIAM O~
TOKOM ¥ TPYMIOBBIM OOCTyKuBaHWeM. B cucremy u3 MCTOYHUKA MOCTYIIA-
€T IPYNIOBOil MyaCcCOHOBCKUI MOTOK TPEOOBAHWI C MHTEHCUBHOCTHIO Ag. B
KaxKJI0# TPyIIe HAXOIUTCs CydaiiHoe 4ucio TpeboBaHuit by, paBHOMEPHO
pacupeesienHoe Ha orpeske [«; 8]. TpeboBanus 06CIyKMBAIOTCs IPYIIIION.
JmurenpHOCTH OOCTYyKMBAHUS TPeOOBAHUN HE3aBUCHUMbBI M HMEIOT KCIIO-
HEHIIHAJIHLHOE PACIPEIEIEHNe C MapaMeTpoM (1. L pymmbl TpeboBaHuii 00-
CJIy’KUBAIOTCS B MIOPSIIKE UX MOCTyTIeHus. [Ipu obcirykuBannn TpeboBanme
MOKeT OBITH 3a0PaKOBAHO C BEPOATHOCTHIO p, 0 < p < 1. B cucreme nmeercs
OJTFH OOC/TYKUBAIOIINH TPHOOP.

[Tocsie obcmy:xuBanusi B cucreMe S7 Ipynna TpeOOBAHUN MEPEXOIUT B
cucremy Sp. Ecsin TpeboBanue 66110 3a0pakoBaHo B cucreme S, TO OHO lie-
pexonuT cucremy Ss JJIsi BOCCTQHOBJIEHUS, B TPOTUBHOM CJIy4ae HAYUHAET
obcayxuBarbcs B cucreme So. Cucrema Sy mpecraBisieT co0Oil cucremy
MaccoBoro obcmyxupanna tama M2 /M /1 ¢ rpynmoBbIM BXOZAMIAM TOTO-
koM. TpeboBamus 00CTyKUBAIOTCS IO OmHOMY. JlmuTembHOCTH OOCTy KUBa-
Hust TPeOOBAHWIT HE3ABUCUMbBI U UMEIOT SKCIIOHEHIUAIBLHOE PACIPEIETICHIE
C TIAPAMETPOM [43.

Cucrema S5 — npocreiimas cucrema tuma M /M /1. Tlocae 3aBepiuenus
obcayxuBaHus B cucreme S3 TpeOOBaHWE BO3BPAIAETCH B cucTteMy So u
3aBepIaeT 0OCTy>KUBAHUE C BEPOATHOCTHIO 1.

Eciiu rpeboBanme 06¢IyKUI0ch B cucreme Sg, TO OHO IIEPEXOJIUT B CUCTE-
My S;, i =4,..L—1, rae L — ancio CMO B CeMO, coriacHo BEPOSTHOCTSIM
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L-1

nepexoza fo;, npudem » . Oy; = 1. Cucremsl S; npeacrapisoT coboii cucre-
i=4

Mer A M /MY /1 ¢ rpynmoseiM obcTyKuBanEeM TpebopameM. Pazmep

TPYIIBI b; OIpeaensaeTcs A KaXK a0 CHCTEMbI TIOCTOSTHHON TeI0H BETHIH-

HO¥ u3 orpeska [, ]. JaurenbHOCTH O0CTyKUBAHAS TPYIIT 3a9BOK MMEKOT

9KCIIOHEHITNAJIHLHOE PACITPEIEIEHNE C TaPaAMETPOM [i;.

ITocsie 3aBepiienns obcaykuBanus B cucreme S;, i = 4, ..., L— 1, rpymma
TpebOBaHU TIEPEeXOIUT ¢ BepoaTHOCTEIO 0;;, = 1 B cucremy Sp. Cucrema S
npejcraBiager coOOi CHCTEMY C MPYNIOBBIM BXOJSIIMM TOTOKOM 3asBOK U
rpynmnoBbiM obcayzxkuBanueM. s yupornenns: Mojgeau OyjieM CIuTaTh, 910
cucrembr Sp u Sy — cucremsr Tuna M /M /1.

Cucremsbr S7 u S, 0TOOPAXKAT B MOJEIN TPUEMO-OTIIPABOYHbBIE MAPKH,
cucrema Sy — CI, cucrema S3 — Baronnyio 9acrb jemno 1o pemonry (BUIP),
cucrembr S;, © = 4, ..., L—1 oToOpakaioT COPTHPOBOIHO-OTIIPABOYHbIH MAPK.

Cxema CeMO mnpezcrasiena Ha puc. 1.

M/Mbi/1

Mbl,/MbL/l

Puc. 1. Cxema CeMO

Januyio ceTb MOXKHO paccMaTpWBaTh Kak ceTh JIykekcona. B atom ciy-
4ae, JJIs BBIYUCTIEHUs] TEOPETHIECKUX XAPAKTEPUCTHK CHCTEM CETH MOYKHO
paccMaTpuBaTh CUCTEMbI OOCIYKUBAHUS C TPYIIIOBBIM BXOJISIIMM ITOTOKOM,
rpynnoBbiM 06csryKuBanueM. OCHOBHON XapaKTEPUCTUKON CETH MaCcCOBOIO
00C/TyKUBAHUS SABJISETCS MATEMATHIECKOE OXKUJAHUE (M.0.) JIUTEIHLHOCTH
npeObiBaHust TpeboBaHuit B cern. [locTpoenHass MOIEIb TPEIIIOIATaeT TAH-
JeMHOe 00CyKUBaHWe TpeOOBAHU, MOITOMY [IJIsi HAIeH MOAe/n JaHHAS
XapaKTEePUCTUKA MOXKET ObITh BBIYHCIEHA MO (POpMyTe

L-1

2
T:Zm#—pﬂs—i-zﬂi@zﬁ-ﬁu (1)

i=1 =4

e U; — M.0. JJIUTEJbHOCTH TpeObiBaHus TpeOoBaHWii B cucreme S,
i=1,....,L. B dbopmyne (1) nepsoe ciaraemoe upeicrapjiser coboil cym-
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My M.O. JAJUTeIbHOCTE! mpebbiBanus TpeboBanmii B cucremax Si u S, mMO-
CKOJIbKY, COIVIACHO MOJIEJIH, BCe TPEeOOBAHUS TOJIZKHBI OOCTYKUTHCS B ITHX
cucremax. Bropoe ciraraemoe orpedaer 3a M.O. JJIUTEJIbHOCTH PEObIBAHUS
B BU/IP. Tyna momamaroT TOJBKO 3a0pakoBaHHbe TpeboBaHust. [I0CKOIBKY
TpeboBaHme 00C/IYKUBAETCA TOJBKO B OAHON u3 cuctem S;, ¢t = 4,..., L — 1,
B KOTOPYIO MOMAJIAET C BEPOSITHOCTHIO fo;, TO TPEThE CJIAArAeMOe TPEICTAB-
JsgeT coboit M.0. JJIUTETHHOCTH MPEeOLIBAHNsS TPEOOBAHNST B COPTUPOBOTHO-
orupaBodnoMm napke. Ilociennee ciaraemoe xapakTepusyer M.O. JJIATEb-
HOCTH TpeObIBaHus TpeboBaHuili B cucreme Sy, B KOTOPOi OOCTyKUBAOTCS
BCe TPeDOBAHMS.

XapakTepuCTUKY U; BHIYUCIIIOTCS 0 PA3JINIHBIM (POPMYIaM B 3aBUCH-
MOCTH OT Tuma cucreMbl. Jlas cucremsr tama MY /M /1 [1]:

1A+ o
= ————— 11€ po = — — KO3 DUIMEHT UCTOTH30BAHUS CUCTEMBI,
2p2l(1 — p2) )

I = > Elj - maTemaTnueckoe OXKHUIAHNWE YNCIa TpeOOBAaHWH B rpyme, [ —
k=1

Ug

(oo}
BEPOATHOCTH MOCTYTIGHUS B CHCTEeMY TPyTmsl pasmepa k, 12 = S k21, —

k=1
BTOPO# HAYANBHBIH MOMEHT YHCJIa TPeOOBAaHUil B IPYIIIE.

Jlna cucremsr Tuma M /MY /1 [2]:

b, —1 1
U = — 1=4,..,L -1
ul 2A,L +n[7>\l’ 1 Y Y

e M - kopens ypasmenns: MY+ — (\; 4 p;) MY + A2 p; = 0, npumage-
bi(hi i) (i )"t = A

b +1 (Ni + )i
Hnst cucremsr tuna M/M/1 [3]:

JKAIWHA UHTEPBAJLY

U; = (/j,i—)\i)il, Z:1,37L

2. YucaeHHBIN TIpuMep

Paccvorpum ZKCC, kotopas pabotaer Ha 3 HampaBjeHus. Cramius
UMEeeT TPU MapKa: JBa MapKa MIPUeMO-OTIpaBouHbIX (mapku A, B) u copru-
POBOYHO — oTmpaBounbIii mapk b. [Tapku A u B pacrnooxkersb napasiieibHo,
MOCIEIOBATENIHHO ¢ HUMU pacrnosiozker nmapk B. [Ipuemo-ornpaBovHbii mapk
A umeer 11 nyreii. [Ipuemo-ornpasounsiii napk B — 12 myreit. CoprupoBou-
HO — OTMPABOYHBIN TapK B BKiIOUaer 24 myTu, pa3ae/IeHHBIX HA TPU IIYYKA
mo 8 myteit B kaxkaom. 2KCC mamenena Ha pachopMUpOBaHHE TPY30BBIX
MOE3/I0B HA OT/EJIbHBbIE TDYIIIbI BATOHOB, WX O0PA0OTKY W HAKOILIEHWE, &
Tak:ke (popMUpOBaHWE HOBLIX MOE310B u3 HUX. IloaTomMy B Momenu Oyaem
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YYUTBIBATH TOJHKO BAaroHbI ¢ mepepaborkoii. Tpan3uTHbIe MaccarKupCcKue
Wi rpy30BbIe MMOe371a He paccMmarpuBaiorcs. lloe3na mpubbiBaroT ¢ Tpex
nanpassennii. lng yupomenus mojesu OyneM paccMarpuBaTh TOJBKO O/I-
HO HAIPaBJIEHUE.

B pesymprare, CeMO comepxxur L = 28 CMO. Cucrema S; Mmozenupyer
MPUEMO-OTIIPaBOYHBIN mapk A, cucrema Sy mogenupyer CI, cucrema S3 —
BY/P, cucremst Sy, ..., Sa7 — COPTUPOBOYHO-OTIIPABOYHBIH mapk B, cucrema
Sog — mpreMo-oTTpaBoYHbIil napk B. B kaxkmoit rpyie npuxoauT cirydaii-
HOe YNCIIO0 BarOHOB PABHOMEPHO pacnpeseieHHoe Ha orpeske [50;70]. ZKe-
JIE3HOJIOPOKHAS COPTHPOBOYHAS CTAHIMS TepepadaTbiBaeT B cpearem 1500
BAroOHOB B CyTKH. DTO coOTBeTCTByeT 62,5 BaronoB B dac. Ilpumem \g = 1
moe3sr B 4ac. Bpemsi mpoBemeHHOe cocTaBOM B cucreme S; B CPEIHEM CO-
craBysier 47 munyT (odopMIieHHE IOKYMEHTOB, OCMOTP BArOHOB), O3TOMY
MHTEHCUBHOCTH OOCy>uBauust (17 = 1.3 noe3ga B 1ac. TexHosiormvecknii
k1 ropku 19.8 MuHyT (3a€371, HaJBUT, POCIYCK, OKOHYaHUuEe (hOPMUPOBA-
HU€ W OCA’KWBAHUE BBIE3/T U3 TAPKA, MOCTAHOBKA M 3aKPEIJIeHNe OaphepHOi
rpyuibi). VHTeHCHBHOCTD 0OCIyKMBaHUs B CHCTEME Sg MPUMEM DABHYIO
w1 = 179 Baronos B gac. Ilocsre obciyrKuBanust BArOHBI PACIPEIEISIOT-
Cd HA COPTUPOBOYHbBIE IIyTH PABHOBEPOATHO. BMecTuMOCTb KazK/10ro cop-
THUPOBOYHOTO TTyTH 85 BArOHOB, MOITOMY HA KAXKJOM IIYTH MPUMEM pa3Mep
IPYINBbI PABHOM IIEJIOMY CJAyYafHOMY YHCIIy PABHOMEDHO DPAaCIpeNeSIeHHO-
my u3 orpeska [50; 70]. InurenbHOCTh 06CHYKUBAHUS B KAXKIOH U3 CUCTEM
Sy, ..., So7 UMeeT IKCIOHEHIIMAIBHOE PACIPEIEIEHUE C MapaMeTpPoOM [i; I0-
€3710B B 4ac Juisd ¢ = 4, ..., 27, mpudeM i KaxK/10il CUCTeMbI [t; BbIOUpaeTcs
IeJIBIM YUCIIOM DABHOMEDHO DACTIPEIIETIEHHBIM U3 oTpe3ka [4; 6]. VIHTeHCHB-
HOCTBH BXOJHOTO TIOTOKA B cucremy Sz paBHa Agbip = 0,6 BaroHoB B dac,
p = 0,01, uarencuBHOCTbL OOCTy)kUBaHusA (3 = 1,4 BaronoB B uac. s
CUCTEMBI Sog MHTEHCHBHOCTH BXOIHOTO MOTOKA Agg = 1 MO€3[ B 9acC, MHTEH-
CUBHOCTDb 00CJIy?KMBAHUSI [log = 4 110€3/1a B Yac.

Ha ocuose Teoperunyieckoil Moesin ObLIM BBIYUCIIEHBL M.O. JAJIUTEIbHOCTH
MpeOBIBAHNST BATOHOB HA PA3JIMYHBIX ITANAX OOCTyKUBAHUS:

u; = (3,33;0,26; 1,25; 13, 53; 10, 46; 14, 33; 12, 08; 14, 58; 12, 54; 12, 67; 12, 13;
13,71;13,08;13,33;11,00; 14, 16; 13,53;10,79; 13,17; 11,87; 12, 70; 13, 33;
14,16;11,87;11,83;12,04; 11, 45; 0, 33).

Cpennee Bpems upebbiBanus sarona na 2KCC, coruacuo dopmyae (1),
coctauiio 7 = 16, 1 waca.

JIj1si TPOBEPKY TEOPETUIECKUX PE3YIbTATOB ObLIA CO3/1aHA WMUTAIMOH-
Hasg momenb dyukiuonnposanus paccmorpenuoit 2KCC. Harypubriii sxc-
[MEPUMEHT TOATBEPAMJ TUIOTE3y O TOM, 4TO Bxoadaimit morok #Ha 2KCC
MO2KHO CYUTATH I[yACCOHOBCKHUM, OJIHAKO JJIUTEJHHOCTHA OOCIIyKMBAHUS HE
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SABJISTIOTCS 3KCIIOHEHIUATBLHBIMA. [[09TOMy B MMHTAIMOHHON MOAETH OBLI
UCIIO/Ib30BAH PABHOMEPHBIH 3aKOH PACIPEIENeHus JTUTENbHOCTER 00CTy-
JKUBAHUS. DbLIM BbIMKC/IEHBI ONEHKU M.O. JJIUTEJbHOCTEH npeOblBaHus Ba-
TOHOB HA PA3JIMUHBIX TAMNAX OOCIY KUBAHWS:
u; = (3,01;0,27;1,54; 12, 88; 10, 23; 14, 23; 11,96; 13,68; 12, 18; 12, 28; 11, 85;
13,11;13,43;12,93; 10, 72; 14, 08; 13,42; 10, 49; 12, 64; 11, 24; 12, 05; 12, 97;
14,49;11,51;11,28;11,43;11, 41,0, 38),
U OIIEHKA CpejiHero Bpemenu npedbiBanus Barona na 2KCC 7 = 15, 83 gaca.
Ananus pe3ysbraToB MOKA3aJ, YTO MPUMEHEHNE B UMUTAIIMOHHON MOzIe-
JIN PABHOMEDPHOTO PACIPEIEIEHNS JIUTETFHOCTEH OOCTYKUBAHWS B CHCTE-
Max He JIaeT CYIIECTBEHHBIX PA3JINIUil B XapaKTEPUCTUKAX CHCTEM, TIO9TOMY
JUUIS AHAJIA3a TOJO00HBIX CHCTEM MOKHO HCIIOJIB30BATH TEOPETHYECKYTO MO-
JIETh.

3akJiroueHne

ITomobubre MOmE M MOTYT OBITH HCIIOJIB30BAHbI JJIsi ONTUMHU3AINAN Pabo-
THI YKEeJE3HOIOPOKHON COPTUPOBOYHON CTAHIINN, CHUKEHHS BPEMEHU OXKH-
JIaHUS COCTABOB HA COPTHUPOBOYHBIX TOPKAX, MOBBIIIEHUST ODIIEH MPOIMYCK-
HO# CIIOCOOHOCTH CHCTEMbI, IIPOrHO3UPOBAHKUS PADOTHI CTAHIMHA IPU U3Me-
HEHMM BXOJHOI'O IOTOKA.
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CMO C HEHAJE>KHBIM ITPYUBOPOM AN
HESKCIIOHEHIIMAJIBHBIM BPEMEHEM EI'O
BOCCTAHOBJIEHUA

A.B. Craporoiitona', A. H. Moncees', A. A. Hazapos'

1 . . . .
Hayuonaavnot uccaedosamenveruti Tomekut 2ocydapemeeriviil
yrnusepcumem, 2. Tomck, Poccus

B pabore paccmarpuBaercs ogHOJIMHEHHAS CHCTEMa MaCCOBOrO 00-
CJIy’KVWBaHUsS C HEHAJIEXKHBIM mpubopoMm. Ha BXom mocTymaer mpo-
cTedmunii TOTOK 3adaBOK. Ec/iu mpubop BKJITOYEH B CBOOOIEH, 3asdBKa
00CIIy KMBAETCs; €CJIH BBIK/IIOYUEH MU 3aHAT, — IIEPEXOINUT B HEOT Pa-
HUYEHHYIO OUepeb. [Ipoao/mKuTeIbHOCTS OTHOTO TIEPUoIa paboTh
mpubopa 10 BHIK/IIOUEHUS SBJISIETCS IKCIIOHEHITHAIHHOMN CITy IaiftHOM
BEJIMYMUHON, a CiydaiiHoe BpeMsi HpeObIBaHUA B COCTOSHUU OTKJIIO-
uernsa (BpeMsi BOCCTAHOBJIEHUS TPUOOPA) 3aa€TCA MPOU3BOIHHOMN
dbyukMell pacupenenenns. B pe3ysibraTte MCC/IeI0BAHUS TOJLY 9€HO
CTAIMOHAPHOE PACIpPeesIeHIe BEPOATHOCTEH |mC/a 3asgBOK B CH-
creme. KirroueBble ciioBa: cucmema Macco68020 00CAYAHCUBAHUA,
HenadesncHvili npubop

BBenenue

Cucrembl maccoBoro obciyzkupanus (CMO) ¢ nenajexubivMu npubopa-
MU HAXO[ST IIMPOKOE HMPUMEHEHUE B PA3JIMYHBIX ODJIACTAX, BKIIOYAS Te-
JIEKOMMYHWKAITAW, TPAHCIIOPT W BBIYUCIUTENbHBIE ceTh. VccaemoBanme Ta-
KX CHCTeM Hadasoch B cepennne XX Beka ¢ pador I'.II. Bamapuna [1] n
B. B.THeeHKO [2], KOTOpbIE pacCMaTPUBAIOT OJHOJIUHEHBIE CHCTEMBI C OT-
Ka3aMU ¥ BOCCTAHOBJIEHUEM TIPUO0PA, 3aJI02KUB OCHOBBI TEOPUU HAJIEIKHOCTH
B CMO. B nocuenyroriue rojgpl ObLin pa3pabOTaHbl PA3JIUIHBIE MOAETU U
meroan anann3a CMO ¢ HeHaiekKHBIMI 00CTY KUBAIONINMHI YCTPOHCTBAMH.

B nammoit pabore paccmarpuBaercs omuosuneiinas CMO ¢ nenamex-
HBIM TTPUOOPOM, PYHKITMOHNPOBAHNE KOTOPOTO OMUCHIBAETCS ABYMS COCTO-
STHUSIMU: TPUOOP MOXKET HAXOIUTHCS B COCTOSTHUN «BKJIFOUEH» WJIH «BBIKJIIO-
4eH» (BOCCTAHABIMBATLCH). B omimane or paborsl [3], mepexon U3 coCTOAHUS
«BKJIFOYEH» B COCTOSIHUE «BBIKJIIOYEH» IIPOUCXOJUT YE€PEe3 IKCIOHEHIUAb-
HO DACTIPEJIEJIEHHOE BPEMS, & CIydYaitHOe BpeMsi HAXOXKIEHWs B COCTOSTHUN
«BBIKJIIOUEH» (BpEMsi BOCCTAHOBJIEHUS) 33/1a€TCs IIPOU3BOJILHON hyHKIMeH
pacopenenenus. Bxogsiye 3agBKu (GOPMUPYIOTCS TIPOCTEHIITUM TTOTOKOM,
U [IPU 3aHSITOM WJIA BBIKJIIOYEHHOM TPUOOPE 3asBKU CTAHOBATCS B OY€Pe]lb,
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pa3Mep KOTOpoii He orpannded. lleapio paboTh! ABAAETCA HAXOXK IEHWE CTa-
[IMOHAPHOTO PACIIPe/IeJIeHNs] BEPOATHOCTEH 9rCiia 3asBOK B CHCTEME.

1. MaremaTundyeckas MOodeJib 1 IIOCTaHOBKa 3aJaYn

PaccmarpuBaercst ofHOMMHEHHAST CHCTEMA MACCOBOIO OOCJTYKUBAHMUS
(Puc. 1), Ha BXOZ KOTOPOil MOCTYMAET MPOCTEHIINI TOTOK 3asdBOK C Mapa-
MerpoM A. Bpemsi obctykuBanms npubopa 3aBUCUT OT COCTOSHUS TPUOOPA:
eci IpubOpP BKJIIOYEH, TO BPEMsI OOCJIy?KMBAHUSI €CTh SKCIIOHEHIHAIbHA
ciaydaiiHas BeJIMYMHA C MaPAMETPOM fi, €CIHU Ke TPUOOD BBIKJIIOYEH, TO 3a-
ABKHA HE OOCIyKHBAIOTCA. VI3MeHeHne COCTOsIHWM IpuOOopa MOMETUPYETCS
KaK CIydaiiuerii mporecc k(t) ¢ IBYMS COCTOSHUSIMIL

1
k(t)=1_
0, mpubOp OTKJIIOUEH.

npubOp BKIIIOYEH,

Dror mporecc HaxXOAUTCsA B cocToghnu k(t) = 1 3KCHOHEHIMATIBHO pacipe-
JIETIEHHOE BPEMsI C TAPAMETPOM (10, & MPOJOIZKUTETLHOCTD €ro PeObIBAHUS
B cocrosuuu k(t) = 0 3ajaercs npousBosbHON dyHKIMEH pacupeneneHus
By(t). uTepransl Bpemenn, Ha KoTophix k(t) = 0 GyJaem Ha3bIBaTh TMEPHO-
JlaM¥ BOCCTAHOBJICHUSI.

|

H(k)

Bo(t)

Puc. 1. Mogems CMO ¢ nenanexabpiM 1pubopom

IIpy mOCTYIIEHNK 3aABKH M3 BXOJAINErO IIOTOKA, €CJU HPHOOD 3aHAT
W OTKJIIOYEH, TO 3adBKa CTAaHOBUTCA B o4epeb. PasMep odepeay He orpa-
audeH. 110 OKoHYaHuK OOC/TyKUBAHNS 3ag4BKU WM 110 OKOHYAHUM IIEPHOJA
BOCCTAHOBJIEHWS TPUOOP MTHOBEHHO OepeT Ha O0CIIyKMBAHNE TIEPBYIO 3aB-
Ky U3 OYepesu, €C/Ii 04epeb He IIyCTa.

Pacemorpum ciyvaidinbiii mpomecc i(f) — 4uCIo 3agBOK B CUCTEME B MO-
meHT Bpemenu t. CTaBUTCA 3a/1a9a HAXOXKJIEHUS CTAIMOHAPHOTO PACIIpese-
JIEHUSI BEPOSTHOCTEN 4uC/a 3asBOK B CUCTEME, TO ecrb upouecca i(t).

2. Cucrema ypasueHnii Kosmoropona

BeemeM BcroMoraTesbHbIN CiIydaiiHbiil niporece z(t), KOTOpBIH nMeeT
CMBICJI BpDEMEHH, OCTABIIIEroCs /10 TEPEKIIOUeHust Tpubopa 3 coctosuus 0
B cocTOsiHME 1 B MOMEHT BpEMEHHM t. DTOT MPOIECC ONPE/IEIeH TOIHKO JIJIst
[1epUO/I0B BOCCTAHOBJIEHUS.
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PaccMoTpum MapKOBCKHMiT HPOIECC € TIEPEMEHHBIM HHCJIOM  COCTOs-
uwuii {k(t),i(t),z(t)}. dna ero pacupexpesnenusi BeposirHocreil Py(i,z) =
=P{k(t) =0,i(t) =i,2(t) < z} u P1(i) = P{k(t) = 1,i(t) = ¢} 3aunwmem
cucremy ypasHennuii KoiMOropoBa B CTAIMOHAPHOM DEXKHME:

OPy(0,2)  OP(0,
08(2 2 Oa(z ?) .~ AR0(0,2) + q10Pi (0)Bo(2) = 0,
0P, (0,
—(A 4+ q10)P1(0 )—I—uﬂ(D—f—% =0,
z z=0
1>0:
0Py (i 0P (i
08(;7 Z) _ (29(;’ Z) 0 — )\PQ(?,, Z) —|— quPI(i)BO(Z) + )\P()(’L — 1, Z) = 0,
- OP(i,
A+ qo+wPi(@)+pPi(i+1)+AP(i—1) + % o 0.
BpeseM gacTHYHLIC TPOU3BOAANTHE (DYHKIHI
z) = inPo(i,z), Gi(x) = ZmiPl(i)
i=0 i=0
IMony4YnM Cemyonyio CHCTeMY yPaBHEHMIL:
0Gy(z, 0Go(x,0
% + )\(;C — 1)G0($, Z) + Q10G1($)Bo(z) - (:3(: ) =0,
—(\+ 010)Gi () — u(G1 (@) = P1(0) + £ (G () — P1(0)+ (1)
aGo(x, 0) -
Haiimem perienne 3Toit cucteMbl pu z — 00:
0Go(z,0
Az = 1)Go() + q10Gh () — % =0,
~(A+ 010)Gi () = u(Gr (@) = Pi(0) + E(Gi (@) - PO+ (2)
0Go(z,0
PG (x) + % =

MozkHO 3aMeTuTh, 9TO BTOpoe ypasuenue B (2) me 3apucut ot Go(x), no-

aC;(O (J), 0)

9TOMY, €CJIN HafiTH HEN3BECTHbIE KOHCTAHTY ———— U BepositHocTh P (0),
z

TO MOXKHO OyZIeT BbIPA3UTh U3 3TOr0 ypasHenus G () U NOACTaBUTDH B mep-
Boe Jisi Haxoxaenus Go(x), 410 u GyJer CJeJaHo B CJeyIOeM pa3/ede.
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3. CTaI_II/IOHapHoe paciipeaesieHne 4YucJjia 3adBOK

JIemma 1. Ilycrs ¢(z,s) u So(s) — upeobpasosanus Jlamnaca or
Go(x,z) m By(z) cooTBeTCTBEHHO:

@(x,s)z/ e **Go(x, 2)dz,
0

Bo(s) = /000 e~ **By(z)dz.

Torna
w = A1 —2)q10G1(2)Bo(A(1 — z)). 3)

Zoxasameavcmeo. Ilpumenum mnpeobpasoBanme Jlammaca K mepBoMy
ypasuenuto cucrembr (1), monyuum

_ laGO(xv 0)

(5~ AL~ 2 9z, 9) = 010G (2)f(s) — 5
ITpn s = A(1 — x) neBas YacTh OOPAIAETCS B HOJMb, OTKY/IA:

1 0G) (.%', 0)

Nicd o 710G1(x)Bo(A[1 — z]),

YTO U JOKA3BIBAET JIEMMY. |

Jlemma 2. Ilycrs Ry m Ry — cramuoHapHOE PACIpe/IeieHne BEPOsiT-
Hocreil cocrosinmii npubopa. Torma crauuonapuast BepositHocts Py (0), Bbi-
pazkaercs 4epes ImapaMerpbl MOJEIU KaK

A
H@—&—; (4)

JZoxasamenavcmeo. Bomonmaum anrebpandeckue mpeodpa3oBaHus CUCTe-
MbI (2): CJI0KUM €€ ypaBHEHUs, YMHOXKUM DE3YJIbTaT Ha I, a 3aTeM pa3/e-
auMm Ha x — 1. B pe3yabrare momyanm:

2a (Go(@) + Gr(2)) — uGa () = —Pr ()
Orcioga npu x = 1 umeem

_AGo(1) + G (1))
1

Gi(1) = P1(0)



212 A. B. Craposoritosa, A. H. Moucees, A. A. Hazapos

u ¢ yuerom ycsosus Hopmuposku Go(1) + G1(1) = 1 nosyuaem

Pi(0) = G (1) - % (5)

Haiinem G1(1) u3 cucremsr (1) mpu x = 1:

7dGOd(ZLZ> + q10G1(1)Bo(z) — 7dGz(Zl 0) =0,
—(A+q10)G1(1) — u(G1(1) — P1(0)) + pu(G1(1) — P1(0))+
+AG1(1) + w 0.
O6o3na9UM:
Gl(].) = Rl, G()(l,Z) = Ro(z), R/( ) dGOd(j 0)

Pemmenne cucremsl (1) B HOBBIX 0003HAYEHHUSIX TPUBOANT K BBIPAIKEHHIO:

6= (1ran [ - Buloas)

IMoncrasnss sro Beipazkenue B (5), moayvaem (2). B

-1

CuenctBue 1. YcioBue CyImiecTBOBAHUS CTAIMOHAPHOIO PEKUMA Pa-
6OTHI CHCTEMbI UMEeT BH:

A
— < Ry.
"

Teopema 1. Tlpoussousmas ¢yukuusa G(x) CTAMOHAPHOTO PacHpe-
JejieHnd BepOHTHOCTeﬁ KO/In49eCTBa 3adBOK B CUCTEME UMEET BU/I:

[q10 + M@ — 1) (q10Bo(A(1 — x)) — )] (A — Rip)

Glo) = Mz g0 + Az = 1)(qofo(M1 = 2)) = D] + p(z — 1)}’

rae
-1

Ry = (1 +qu0 /000[1 - Bo(z)]dz> :

Bo(s) — mpeobpazoranne Jlamnaca dbyuxmmn By(z).

Zloxasameavcmeo. TloacraBnsem pesyabrarsl JemMM 1 m 2 B cucremy
ypasuenuii (2). Ilocse anrebpanueckux npeodpa3oBaHuil 10Jy4aeM LpUBe-
nennyto dbopmyiy qist G(z). B
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3amevanne 1. [l BoIUUCIEHHS CTAIMOHAPHOTO PACIPEICTICHNS Be-
posTHOCTEll Yncia 3asdBoK B cucreme 11(7) MOXKHO UCIOAB30BATH OOpaTHOE
npeobpazoBanue Pypbe OT XapaKTEPUCTUICCKON (DYHKITAN:

1 (" L -
I(z) = ﬂ/ e 17 G(e?%)dz,

e j =/ —1.

3akJiroueHune

B pabore paccmoTrpena omHOMMHEHHAsT CHCTEMa MACCOBOTO OOC/TYKHBa-
HUs C HEHAJEXKHBIM MPUOOPOM U MPOCTEHIINM BXOJSIIAM TOTOKOM. Bpe-
Msi paboTbl PUbOPA PACIPEIESIEHO IKCIIOHEHIIUAIBHO, BPEMS BOCCTAHOBJIE-
HUST — TIO MPOU3BOJHHOMY 3aKOHY. C MOMOIIBI0 METOIOB JIOMOJHATEIHHOMN
MEPEMEHHON U MPOU3BOAAININX (DYHKIWNA TOJYIEHO CTAIMOHAPHOE PACIIpe-
JleJIEHUE 9HCJTa 3asBOK B cucreMe. HaiieHo yc/ioBue CyIeCTBOBAHUS CTa-
[IHOHAPHOTO pexkuMa. Pe3yibraTbl MPUMEHUMbI JJIs AHAJA3A CUCTEM CBSI3U
U BBIYUCJIATEIbHBIX Y3JI0B C IPOM3BOIbLHBIM BPEMEHEM BOCCTAHOBJICHUST, HA-
MpUMeED, CEPBEPOB C 33JEPKKAMU BKJIIOUEHHUS.
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CXEMBI JOCTVIIA K PAJITMOPECYPCAM

BECIIPOBO/JIHOM CETHU C ABYMSA CETEBBLIMU
CJIOAMUN

A.A. Tazaera', E. B. Mapxkosa'+?

! Poccutickuti ynusepcumem dpyorc6o. napodos um. Hampuca JTymymbo.,
2. Mockea, Poccua
2 @edeparvund uccredosamerverud yenmp <Hngopmamura 1 ynpasarenues
Poccutickoti axademuu nayx, 2. Mockea, Poccus

B pannoit pabore ucciemyrorest aBe MOJEU J0CTYHa K Pajguope-
cypcam cereit HoBoro mokosienusi 5G/6G. B Mozesnrsx paccMoTpeHst
[IBa THUIIA YCJIyT, T€HEPUPYIOINUX IIOTOKOBBIA M 3IACTHYHBIN Tpa-
duk. Yeayru, reHepupyIoOmre MOTOKOBBIN TpaduK, OTIAIOT MPUO-
PUTET HEeNPepPHIBHOMY Pe3ePBUPOBAHUIO PECYPCOB [JIs IPUJIOKEHUIM
peasbHOTO BpeMeHu, obeciieunBas CTaOUIbHOE KAa4eCTBO 00CITyKuU-
Barma (Quality of Service, QoS). B orimume ot mux, yciyru, re-
HepUPYIOIINe TACTUYIHBIN TpadUK, aJANTHPYIOTCS JUHAMUIECKH K
U3MEHSIOMUMCS YCIOBUAM CEeTH, ONTUMUBUPYS WUCIOIb30BAHUE De-
CYypCOB [JIsST HEKPUTHYHBIX IO BpeMmeHu ciayx6. [Iist ymoBierBope-
HEs TToTpebHOCTE K (QOS B yCI0BHUAX HEIIPEPHIBHOTO POCTa 00beMa
TpaduKa B CETH B HACTOs:IIEEe BPEMs IIMPOKO HCIIOJIb3YeTCs TeX-
nmosorust cerepoit mapesku (Network Slicing, NS). B paGore pac-
CMOTPEHA CeThb C ABYMs CETE€BBIMU CJIOSIMU, OJIH N3 KOTOPBIX BBIIE-
JIeH 1111 OOC/Iy K MBaHuUs II0TOKOBOIO Tpaduka, BTOPOI - 9/1aCTHYHO-
ro. IIpoBeieH cpaBHUTEILHBIIN AHAJIN3 KJIIOUYEBBIX TTOKA3ATeJeH TTPpOo-
M3BOIUTEIHbHOCTH [IPEJIOKEHHBIX CXeM JOCTyIa. Pe3ymapTarsl mof-
9ePKHUBAIOT IIOTEHIINAJ TMOPUIHBIX CTPATEruil s 6alaHCUPOBKH
CcTporux TpebOBAHMI K KATECTBY 0OCIYyKUBAHUS C TUOKUM yIIpaBJIe-
HHEM DeCcypCaMy B Pa3BUBAIOIIUXCS CHCTeMax CBs3u. KiroueBbie
CJIOBA: YNPaGAEHUE PAOUOPECYPCAMU, CTEMBL JOCTMYNG, NOMOKOEHLT
mpagpur, sracmuunnt mpapur, QoS, 5G, NS, npuopumemmoe 06-
cayarcuUBaHUE

Bsemenue

B ycnoBusix crpemurenbHON Mg POBH3ANKH OOIMECTBA W PA3BUTHSA CH-
creM GecpoOBOMHON CBsI3U, OCOOEHHO € BHeJApeHueM texHosoruiit 5G u mo-
CEYIOMIUX TIOKOJIEHUH, BO3HIUKAET OCTPast HEOOXOIUMOCTD B AJIAIITAIIMH CY-

[Iy6nukanusa BbIIIONIHeHa B paMkKax mpoekTta Ne 021937-2-000 CucteMbl I'DaHTOBOMH
[MOJEPKKM Hay4dHBbIX 1poexkTos PYJIH



Cxembl foctyna kK paguopecypcam becrnpoBogHou cetu ¢ asyms cnosmu 215

IECTBYONUX MOJeseil yupasienus paauopecypcamu. CoBpeMeHHbIE TpH-
JIOXKEHUsl PeasIbHOIO BPEMEHHU, 'eHePUPYIOLIUe IOTOKOBbIH Tpaduk (11oro-
KoBOe Bueo, VoIP, npombliieHHas aBroMaru3anus), HPebaBIsiior CIPo-
rue TpeboBaHus K KadecTBy obcayxkusanus (Quality of Service, QoS), B To
BpeMsl, KaK IPUJIOKEHNs ¢ 3acTUuIHbIM Tpadukom (3arpyska daitnos, mpo-
CMOTD BEG-CTPAHUILL) BBIUTPHIBAIOT OT JUHAMUYECKOTO MEPEPACIIPEIeIeHNs
pPecypcoB.

Tpa uMOHHBIE METObI CTATHYECKOTO PA3/eJIeHUsT PECYPCOB OKA3bIBA-
I0TCST HETOCTATOYHO d(PEKTUBHBIMY [IJIsT YIOBJIETBOPEHUS PASHOPOIHBIX
TpeOOBaHU K OOC/Iy:KUBAHUIO. B CBS3M C 9TUM BO3HHUKAET TMOTPEOHOCTH B
pa3paboTKe aIaNTUBHBIX MOJEJIEH TOCTYIa, 00ECIednBAIONNX OATAHC MEK-
Jy HAAEKHOCTBIO OOCTyKuBaHUS U dPPEKTUBHLIM HCIOIH30BAHAEM CETe-
BBIX PECYPCOB.

B pabore paccmorpena Moesb yIpaBaeHusi paanopecypcamMu 6ecrnpo-
BOJHOI CETH ¢ MpUMeHeHneM TexHo oruu ceresoit Hapesku (Network Slicing,
NS), npeaycMarpuBaiomas pas/ieJeHue JOCTYIHOM OJI0ChI IIPOIYCKAHUS Ha,
3ape3ePBUPOBAHHBIE 30HbBI JIJId [TOTOKOBOIO (4yBCTBUTEJIHLHOIO K 33J€pPK-
KaM) u 3j1acTU4HOro rpaduka (OpUEeHTUPOBAHHOIO HA MPOILYyCKHYIO CIIOCO0-
HOCTb), 4TO 1I03BOJIgeT 0beciednTb pa3Hopouble Tpebosanus K QoS.

s ynoBierBOpenus: TpeboBaHuit K (QOS pacCMOTPEHBI ABE CXEMBI Pea-
JIN3AIUA CeTeBOU HAPE3KU:

1. Cxema JoCTyHa ¢ YACTUYHBIM BBITECHEHHEM: PEyCMATPUBAET MPe-
pbIBaHUE OOCIYKWBAHUS OJHOTO WJIM HECKOJBbKHUX 3alPOCOB HA MEpeaady
oaHOro tuna rpaduka s 0CBOOOKIEHUS MUHUMAJILHO HEOOXomuMmoro (B
CJIydae 3JIaCTUYHOrO TpaduKa) UIu TapaHTPOBAHHOTO (B CJIy4ae TIOTOKOBO-
ro Tpaduka) Yucaa pecypcoB i nepesadu Apyroro tTuna rpaduka.

2. Cxema [OCTyma C TMOJHBIM BBITECHEHMEM: TPEIOJIaraer 0CBODOXK 1e-
HHE BCEX PECYyPCOB, 3aHUMAEMBbIX 3AMPOCAMHU HA MEpeady MOTOKOBOTO TPa-
duKa B rapaHTHPOBAHHON €MKOCTH, BBIIEJIEHHON st OOCIyKUBAHUS 3a-
[IPOCOB HA HEPEJady 3JIACTUIHOrO Tpaduka.

JlaHHBIE TOAXOIBI K PACIPEIETIEHUI0 PECYPCOB MPEICTABJISIOT CODOiT
dbyHIaAMEHTATBHBIN KOMIPOMUCC: YACTUYHOE BHITECHEHUE CIIOCOOCTBYET CO-
XPAHEHWIO KAYeCTBa OOCTYKUBAHUS JIJTs IPUIOKEHUI PEATTLHOTO BPEMEHH,
HO MOXKET HPHUBOJUTH K HEJIOMCIOJNB30BAHUIO PECYPCOB, B TO BpEMs, Kak
IIOJIHOE BBITECHEHHE obecrieanBaeT Oosee 3(pHEeKTUBHOE UCIOJIH30BAHUE Pe-
CYyPCOB IJIsl TIEPEIAYN IIACTHIHOrO TpaduKa, HO MOXKET MPUBOAUTH K TI€-
pebosim B oOcayxkuBannn. Pabora HampaBjeHa HA ONEHKY MPOU3BOIUTEb-
HOCTH MPEJJIOKEHHBIX CXEM JOCTYIIA MO TAKUM XapPAKTEPUCTUKAM, KaK Be-
POSTHOCTH OJIOKUPOBKHU 3aMPOCA, BEPOSATHOCTD MIPEPHIBAHUSA OOCTYKUBAHUST
3aIlPOCA ¥ BEPOSITHOCTH [IPUEMA 3aIpoca.
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1. Cucremuas mMoaennb

Paccmorpum moaens becupopoiHoii cern obuieit emkocrbio CiocTyii-
HBIX eauHuIll pecypca. I[lycTh manHas ceTh pa3fesieHa Ha IBA JIOTHIECKUX
cermMenTa (CJI0s): MEPBBIA CETEBON CJI0H NpeIHA3HAYEH JJId 0OC/Iy KUBAHMS
3aIPOCOB Ha Iepeiady moTokoBoro rTpaduka (tum 1), a BTopoii — 3ampocos
Ha nepenady ssacruanoro rpaduka (tun 2). disa obecnedenus s¢dbdexrus-
HOrO Pa3/esieHus U YIPABJIEHUs PECYPCAMHU B CUCTEME MPEJLYCMOTPEHBI OT-
JIeJTbHBIE TMYJIBI PECYPCOB MJIsT KAyKIOTo THTMa Tpaduka. BoimemeHHbIil mymn
C} npenHasHadyeH i OOCTyKWBAHWS 3aPOCOB, TEHEPUPYIOIINX MTOTOKO-
BbIit TpaduK, B TO BpeMsd, Kak my1 Cy 00ecrnednBaeT moTpeOHOCTH 3aIIpPOCOB
Ha mepenady 371acTUIHOro rpadura. OTMeTuM, 94TO CyMMapHas €MKOCTh
BbLIeeHHbIX mys10B C1 + Cy MOXKET NPEeBbIMaTh 00IIee KOTHIeCTBO JOCTYII-
HBIX pecypcoB C', 9TO CO3IaeT TOTEHIUAJ JIJ15T TEPEKPBITUST TYJIOB 1 TpedyeT
BHEJIDEHUST MEXAHW3MOB yIPAaBJIEHUs KOHKYDPEHIWel 3a pecypchl. [ljs 0b-
CJIy2KMBaHMS OJTHOTO 3ampoca k-ro TUIA HEOOXOINMO KOJIMYeCTBO PECYPCOB,
paBHoe by, k = 1,2, npudem a1 3ampoca 1-ro THIIa 3TO rapaHTHPOBAHHOE
3HAYEHUE, a It 3alPOCa 2-T0 THIA — MHUHUMAJIBHOE.

st obecriedenust TpeOOBAHUM, IPEIbABAIEMbIX K KAIECTBY OOCITYKH-
BaHUs, B MOJIEU MPEIYyCMOTPEHO PE3epBUPOBAHUE PecypcoB Qi, Qr < Cy,
k = 1,2 ana kaxa0ro Tuna rpaduka. MexaHu3mM pe3epBUPOBAHNUS FAPAHTH-
pyerT, 9To A7 000UX THIOB TpaduKa OYIeT JOCTYITHO MIUHHMYM L%:J, k=
1,2 pecypcos, jaxke pu KOHKYPEHIIUHA 33 HUX.

B pamkax paccmarpuBaeMoil MOJEIN peau30BaHO auddepeHIupoBaH-
HOE yIpaBjieHne MTOCTYIIOM K pecypcaM. 3ampochl Ha Tepeady TTOTOKOBOTO
TpaduKa, TPEIbIBIAIONINE CTPOTHE TPEOOBAHUS K KAYECTBY OOCIIY>KUBA-
HUsl, TIPEUMYIIECTBEHHO HCIIOJIB3YIOT CBOU BhIZenenube pecypcobt Ch. Ilpnm
HegocTarke pecypcoB B C] CHCTEMA MOYKET BBIJESITH JOMOJTHATETbHBIE Pe-
cypceot u3 nysia Co, obecriedanBas TakuM 00pa30M IMOKOCTH B PACIPE/IETCHUN
LIPOILYCKHOM €110COOHOCTH. AHAJIOrMYHbIA 1101X0/, IPUMEHAeTCs K 00paboT-
Ke 3aMpOCOB HAa TepeIady 31acTudHoro tpaduka. Bynyun agmantupyembivMu
K JIOCTYITHBIM PECypCaM, OHU TMPEUMYIINECTBEHHO HCIOJIb3YIOT BBIIEICHHBIE
pecypebt Ca, HO IPU HEOOXOIMMOCTH MOTYT OOpaImaThbCcs W K PecypcaM u3

Ch.

2. YupaBJiieHHE JOCTYIIOM K pecypcam

st 3¢PeKTUBHOTO yIpaB/IeHUs PECYPCAMH B yC/IOBHSX BBICOKOIT 3a-
TPY3KM CETH B MOJEIV PEaJM30BAHBI IBA PA3IUYHBIX MEXAHW3Ma BBHITECHE-
HUsT 00CJTY?KHBAEMBIX 3aITPOCOB. BayKHO OTMETUTH, UTO MPOIECC BHITECHEHUS
3aIIPOCOB HA TePeady JIACTHIHOIO TpaduKa U3 rapaHTUPOBAHHON eMKOCTH
(21 Bcerga MPOUCXOIUT MO eIWHOMY CIEHAPHUIO, B TO BpeMs, KAK BbITECHE-
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HHE 3alpOCOB HA Tepeady MOTOKOBOro Tpaduka u3 (Qo OCYIIECTBIISIETCS
[0-PA3HOMY B 3aBUCHUMOCTHU OT BBIOPAHHON CXEMbI O0C/IYKUBAHUSI.

1. Ilepsas cxema Jocryna, peajusyonas MEXaHu3M MUHUMAJILHOrO (4a-
CTUYHOIO) BBITECHEHUS, DA3UPYETCs HA KOHCEPBATUBHOM TIOIXOZE K YIIPAB-
JIGHUIO pecypcamu. B ciiyuae HEZOCTATOYHOTO KOJIMYECTBA CBOOOIHBIX De-
CYPCOB MEXaHW3M AHAJM3UPYET BOSHUKIIUN JeUIUT U OCYIIECTBIISIET BbI-
TeCHEeHWe MUHUMATHLHO HEOOXOIUMOTr0 YUCIIa 3APOCOB HA MEPEIAdy TOTOKO-
BOro Tpaduka u3 rapaHTUPOBAHHON eMKocTH (Jo. Takoi momxom mo3BoJisier
MUHUMHU3UPOBATH YKUCJIO TMPEPHIBAHUN OOC/IY’KUBAHUS TTOTOKOBOTO Tpadu-
K&, OJJHAKO MOXKET MPUBECTH K HEONTHMAJILHOMY HCIIOJIH30BAHUIO PECYPCOB
pu KOJIEDAHUSX CETEBOM HATPY3KH.

2. Bropast cxema jocrymia, peaqu3yolas MEeXaHu3M MOJTHOTO BBITECHEe-
HUsl, IpuMeHsier GoJiee ArpecCUBHYIO CTPATErHIO yIPABJIEHUS PECYPCAMHU.
IIpu nocrymjieHun 3anpoca Ha nepejady 3JaCTUYHOrO TpaduKa CUCTEMA
OCYIIIECTBJISIET TIOJHOE BBITECHEHHWE BCEX 3AMPOCOB HA MEperady MOTOKOBO-
ro TpaduKa, HAXOAAIINXCS B IPOIEcce OOCTYKMBAHNS B TAPAHTUPOBAHHON
eMKocTH Q2. JIaHHBIN MOIXOM, OOECIedrBAET MAKCHMAILHYIO IMPOIYCKHYIO
CHOCOOHOCTD JIJIt 3JIACTHYHOTO TPadUKa, XOTS W CBA3AH C MOBBIIIEHHBIM
BJUSHAEM HA KadeCTBO OOC/TY>KMBAHUS HOTOKOBOro rpaduka. KiodeBbim
MPEUMYIIIECTBOM 3TONH MOIEJN SBJISIETCS MPOCTOTA, PEATU3AINU, TTOCKOJIBKY
OHA MCKJIIOYAET HEOOXOIMMOCTh MPOBEAEHNS CJAOKHBIX PACIETOB HeUIINTa
PECYPCOB B PEKUME PEATHHOTO BPEMEHH.

Cxema 00pabOTKE 3aIPOCOB MPEJCTABICHA HA puC. 1, rme \p — WHTEH-
CUBHOCTD IOCTYILIEHUS IIyAaCCOHOBCKUX IIOTOKOB 3aIPOCOB k-T0 THIia, ,u,;l -
cpeHee BpeMsi OOCTyKUBAHNS 3aITPoCca k-0 TUTA, PACTPEIETIEHHOE TIO0 KC-
MOHEHIMAILHOMY 3aKOHY, II;, — BEpPOSITHOCTH BBITECHEHUsT OOCTYKHUBAEMOTO
3ampoca, By — BepoATHOCTH OJIOKMPOBKHY MOCTYMAIOIIEro 3ampoca, k = 1, 2.
3amerum, 9To st 06EUX CXEeM JOCTYIIA BO3MOXKHBI CJIETYIOIINE CIyIan TPU
MTOCTYIIJIEHWH 3aIpoca Ha mepemady Tpaduka Jo00ro Tuima.

1. 3aupoc MoxKer ObITh LPUHAT Ha 00C/ayKUBaHUE 0€3 BbIT€CHEHUs 3a-
MPOCOB JAPYTOro TUIA. JTO BO3MOXKHO, €CJIU IUCJTIO OOC/IYKUBAEMBIX CHCTE-
MO# 3aIIPOCOB HE TIPEBBIMIAET MAKCHMAJIBHO JOMYyCTUMOE YHCJIO 3aIpPOCOB
JaHHOrO THHa, n; < N/'%% 4 = 1,2, n KonudecTBa CBOOOIHBIX PECYPCOB
CHUCTEMbI XBATAET JJjIsl OOCIYKUBAHUS MOCTYIAOIIErO 3aIpoca,

(ni + 1)b; + npbp < Ci £ kyi=1,2k =1,2.

2. Banpoc OyaeT MpuHAT Ha OOCTYy:KUBAHNE 32 CUYET BHITECHEHUs 3ampo-
ca,/3aIpoCcoB JAPYroro THIA, €CJIN YUCIIO0 OOCIYKUBAEMBIX CHCTEMOI 3ampo-
COB MEHBIIIE FapAaHTHPOBAHHOTO YHCJIA 3AIPOCOB JAHHOrO Tuma, n; < N7,
1 KOJIMIECTBO CBOOOTHBIX PECYPCOB MEHbBINE HEOOXOIUMOTO UUCIA PECYPCOB
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s obeayxkuBanus 1-ro 3ampoca gannoro tuna, (n; + 1)b; + ngpby > C,
itk i=1,2k=12

3. B ocrasbubix cirydasx 3amnpoc Oyger 3a010KupOBaH.

By
=My
3anpoc 3atnokuposan g
Ny
o =
IMoroxoBelii Tpaduk - C
!
| Q1 &
nocmynienue sanpoca N1, by | 3anpoc npunsim g
B ~
| 3anpoc oociyicen 1
| (63
3aNpoC NPUHSM 3G CHem 6bIMEeCHEHUs.
3aNpoc NPUHSIM 34 CHEM GbIMECHEHUS! Q2
| 3anpoc oocayxcen 2
DnaacTHunbii Tpaduk
nocmynienue 3anpoca  \g, by | 3anpoc npunsim
3anpoc 3a610KUpo6an g
Ny
&
N
B, s
12

Puc. 1. Cxema momenn

3akJiroueHne

Awanm3 7BYX cxeM pacrpemesieHus peCypcoB it GECITPOBOIHBIX ceTei
BBIABJIAET (DYHIAMEHTAJHHOE TPOTUBOPEYNE B COBPEMEHHOW CHCTEMHON ap-
XUTEKType: KaK cOATaHCHPOBATH CTPOrHre TPeOOBaHMUsI K KAUeCTBY OOCTYyKH-
BaHMSA I IMOTOKOBOIO TpaduKa ¢ THOKHMHU TPEOOBAHUSAME IS TACTHAY-
noro tpaduka. ITonxos ¢ MEHIMAIBHBIM BBITECHEHHEM BBICTYIIAET KakK 0O-
Jiee KOHCEPBATWBHAS CTPATErusi, OTAABAS TPEANOYTEHNE HAIEKHOCTH I
MIPUJIOKEHU T PeabHOrO BPEMEHH 33 CUYeT OCBOOOXKIEHUST TOJIBKO HEOOXOIH-
MOrO MUHMMYMA PECYpPCOB. B TO ke BpeMsi cxeMa ¢ MEXaHW3MOM TOJTHOrO
BBITECHEHUs IPUHUMAET O0Jiee arpecCUBHYIO TO3UIMIO, OTIABAS TPUOPUTET
OCBODOXKJIEHUIO MAKCHMAJIBHON IPOILYCKHOM CIOCOOHOCTH JIJIst aJIAlTHPYye-
MBIX TPUJIOKEHUH, ITO 0DECMEeYNBAET BHICOKYIO 3(MD(MEKTUBHOCTH CUCTEMBI
MpY JTOMUHUPOBAHUU 3IACTHIHOrO TpadUKa, HO MOXKET HETaTHBHO BJIUSTDH
Ha paboTy CEPBUCOB, 9YBCTBUTEIBHBIX K BDEMEHHBIM 33€PXKKAM.

OTH BBIBOJBI MOKA3BIBAIOT, YTO HU OJHA M3 CTPATErHH HE MOXKET OITH-
MaJIBHO CIIPABISTHCSA ¢ U3MEHYUBOCTHIO PEATIbHBIX CETEBBIX yCJIOBHit. Byry-
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A€ CHUCTEMBbI BRIMT'PAIOT OT ATAIITHBHBIX PEATU3alHii, CITOCOOHBIX COUYETATh
3TH IOJIXO/bI.
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CPEJHEE YN CJIO 3A4dBOK B CMO M /M /o
C INIEPEKJIOYEHVIEM B HECTAIIMOHAPHOM
PE2KVIME

S1. A. Tionenuna !, E. A. ®éoposal

1 . . . .
Hayuonaavnoti uccaedosamenveruti Tomekutl 2ocydapemeertidl
yHnusepcumem, 2. Tomck, Poccua

B pabore paccmorpena maremMarwyecKas MOJEIb THOPUIHON SHEP-
TeTUYECKONH CUCTEMBI B BHUAE OECKOHEYHOJIWHEHHON CHCTEeMBI Mac-
COBOTO OOC/IyKWBAHWS CC TIEPEK/TIOUECHNEM MKy JAByMs OJIOKa-
vu npubopos. Cucrema mMCCI€I0BaHA B HECTAIMOHAPHOM PEXKHME
C TIOMOMIBIO0 METOIA ACUMITOTUIECKOTO AHAJIN3a B YCJIOBHUM BBICO-
KOl MHTEHCUBHOCTH BXOZs1Iero moroka. I[losmydeno Beipakenue jis
ACUMITOTUYECKOTO CPeIHEero YncJia 3asaBoK B cucreMe. KJirroueBbie
CJIOBA: MAMEMAMUYECKOE MOOEAUPOBAHUE, CUCTLEMA MACCOB020 00-
CAYIHCUBAHUA, ACUMTIMOTMUYECKUY AHAAUS

Bsemenue

Maremarudeckoe MOIETUPOBAHUE WTPAET KJIIOYEBYIO DOJIb B aHAIA3E
[POLIECCOB B PA3JIMYHBIX NPUKJIaAHbIX obsactax [1, 2]. Oxuum u3 Hanpasie-
HUN MOJIEJIMPOBAHUS SABJIAETCS TEOPHUs MACCOBOIO 0OCIy KMBAHUS, [PUMEH i~
OIIASACA JJIA OMMMCAHUSA CTOXACTUYIECKUX M3MEHEeHWH B TEXHWYECKUX CUCTe-
Max.

B pabore ucciemyercs: cucrema MacCoOBOrO OOC/IYyKHABAHUS € ABYMs 0J10-
KaM# TPUOOPOB WM MEPEKII0YEHHEM B KAYeCTBE MATEMATHUYECKOH MOmesn
rUOPHUIHON SHEPTETUIECKON CHCTEMbBI, COYETAIONIEHl HECKOIbKO HCTOIHUKOB
sHepruw [4]. Bioku o6CayKMBaHMS ONMMCHLIBAIOT MCTOYHUKN 3JIEKTPOIHEP-
MU, OJWH W3 KOTOPBIX IMOCTOAHHBIA (HAIPUMEDP, TOIIMBHOE MEHTPAIbHOE
SHEPrOCHAOKEHUE), & BTOPON HEIOCTOSIHHBIN (aJIbT€pHATUBHASA YHEPreTH-
ka). B mannoii pabore npemiaraercs MeTOJ, aCUMIITOTHYECKOIO aHAJIU3A B
YCJIOBUY BBICOKOIf MHTEHCUBHOCTHU BXO/IAIIETO IIOTOKA J1JId UCCIeJOBAHUS CH-
CTeMbl B 11epeX0/HOM (HEeCTallMOHAPHOM) PEKUME.

1. Onucanne mogean

PaccmorpuM GecKOHETHOTMHERHYIO CHCTEMY MAaCCOBOTO OOCITY KHUBAHWS
¢ AByMs OJI0OKaMu TprOOPOB, OUH W3 KOTOPBIX UMEET HEMOCTOSHHOE BpeMs

WccnemoBanue BBIIOJHEHO 3a cueT rpanTta Poccuiickoro mayanoro ¢domga Ne 24-71-
00022, https://rscf.ru/project /24-71-00022/
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paborbl. Ha BXO cucTeMBI MOCTYHAET TPOCTERINI MOTOK 3aBOK ¢ WHTEH-
CUBHOCTBIO \. Bpems HaxoxK aeHus mepBoro 6J710Ka B pabOTAIONEM COCTOSHUAN
PACIPEJIESICHO 110 SKCIIOHEHIIUAJILHOMY 3aKOHY C IIAPAMETPOM 71, & B HEpa-
6oTarIIeM — ¢ TapaMeTpoM yy. Korma nepesiit 6,10k mprubOpoB He paboTaerT,
00CTyKWBaHWE TTPOUCXOIUT HA, BTOpoM Ojioke. B j11000ii MOMEHT BpemeHu
paboraer TOIBKO OAWH W3 OJIOKOB OOCTy:KuBaHUs. I[Ipu MOCTYILIEHNN B CH-
cTeMy 3asBKa HadMHAET OOCTy:KHMBaHHE Ha paboTaionieM OJI0Ke, BpeMs 00-
CIIy2KUBAaHUST PACIIPEJIETIEHO 110 SKCIIOHEHIIUAIBLHOMY 3aKOHY C [TapaMeTpoM
(41 JJIST TIepBOTO OJIOKa W fio AJist BToporo. CxeMa MoJesn peicTaBIeHa Ha
puc. 1.

Il F,Z

Puc. 1. Marematuyeckast MOIEIb THOPUIHON CUCTEMBI C TIEPEKTIOUEHIEM

Beeznem ciryuaiinblie mporeccsr: i(t) — 9uc/io 3agBOK B cucreme, i = 0, 00,
k(t) — cocrosinme 60K0B obcmykuBanus (k = 1,2). O6o3nadnm:

— P(1,i,t) — BEpOATHOCTH TOrO, 9TO B MOMEHT BpeMeHu ¢ B cucreme pabo-
TAeT TIEPBLIA OJI0K W HAXOIUTCS | 3asBOK;

— P(2,i,t) — BEpOATHOCTH TOIrO, YTO B MOMEHT Bpemenu ¢ B cucreme pabo-
TaeT BTOPOi OJIOK ¥ HAXOJUTCH i 3aABOK.
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JeymepHsrit mponece {k(t),i(t)} aBagercs MapKOBCKHM. 3amluiieM CH-
cremy muddepennnaabHbIX ypaBaenuit Koamoroposa:

P(1,1

815
+P(1,i— 1L, 0)A+ P(1,i +1,t)(i 4+ 1)1,
oprP
¥ = 7P(23Z7t)()‘+2,u2 +P)/O) + P(lalat)71+
+P(2,1— 1, 0) A+ P(2,i + 1,¢)(i + 1) po.

(1)

2. MeTO,Z[ ACUMIITOTNYECKOTIO aHaJIn3a

s wcceioBaHUST CHUCTEMBI B TIEPEXOJIHOM PpeXXuMe, T.e. TOJayde-
HUS HECTAIIMOHAPHBIX XapAKTEPUCTHUK, TPUMEHUM METOJ aCUMIITOTHYIE€CKOTO
aHAJIN3a B YCJIOBHHU BBICOKOH WHTEHCHBHOCTH BXOZSINErO TIOTOKA, [3].

Breném xapakrepuctrdeckue OYyHKIIUH CIEIYIOINIET0 BUIA!

t) = Zej“iP(l,i,t), Hs(u,t) Zeﬂ“P (2,i,t), rmej=+v—1.

Ilepeobo3HadgnM MHTEHCUBHOCTD BXOIAIIEr0 MOTOKA A = AN, roe N —
napaMerp BbICOKON MHTEHCHMBHOCTH BXOAgero moroka (N — oo). Torna u3s
cucrembl ypasuenuii (1), 3anuinem cucremy auddepeHupmanbHbix ypaBHe-
HUH JJIsl YACTUYHBIX XaPaKTePUCTUIECKUX PyHKIUIL:

%7(;"” = Hi(u, ) (NA(e" = 1) =)=
o = Ha(uw, ) (N (e 1) = 70)—
—jp2 aHZai(jt)( M= 1)+ mHi(ut).

BrbinosauM coieyiomue aCuMITOTUIECKUE 3aMEHbL:
N =1/e, 7, = edpu = we, Hy(u,t) = Fi(w,t,€).
IMonyunm acuMuTOTHYECKUE yPABHEHUSI:

IWNE) by ) (A (e — 1) - 61) —

gFlwts)( —Jwe _ 1) + 0o Fo(w,t, ),

(3)
M — Fz(w t E) (Al(eng _ 1) _ 50) _

gFQ ’LU t é‘) —jwe
} L2 7811} ( 1) + 51F1(w,t,€).
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CornacoBaHHOe ypaBHEHHE:

56F1((1;;,t,5) + 66F2(U)7t, 6)

= (Fy(w,t,e) + Fa(w,t,e))A(e7* — 1)—

| aFl('LU,t7€) . 8F2(w7t75) —jwe __
(”” gw T, )€ b-
(4)

O60o3na9uM lin% Fr(w,t,e) = Fg(w,t). Ilepexons x mnpegeny € — 0 B
E—r

ypasuenus (5), moydaem
—01Fy(w,t) + do Fa(w,t) = 0.
OTKyga MOXKHO CAEJIaTh BBIBOJ, UTO
F(w,t) = Rp®(w,t), (5)
rje Ry yJIOBIETBODSIIOT CHCTEME

{ 01R1 —doR2 =0,

R+ Ry =1.
Orkyna
8o 01
Ri=——, Ry= .
P do+6 T do+6
IMoxcrasnsiem (5) B ypasuenue (6):
0P (w,t ) . 0P (w,t
% = Ajwd(w,t) + jw(jpmRo + qul)#- (6)

B crauponapHom pexkume umeeM ypaBHeHue
(w) A1 + j(p1Ro + p2R1) @' (w) = 0,

pelienue KOTOpOro umeer BUJ,

JwAy
) =C- —_— .
() P {HlRO + 2y }

) A1
Hycrs ®(w,t) = /W) e ¢ = —————. Torna u3 ypasnenus
’ ’ 1Ry + po Ry
(6), mosmyunm JuHetHOE HeOmHOPOAHOE Mud dhepeHnTnaNTbHOE yPABHEHNE TIED-

BOTO TIOpsizika, Jyist byHKImHM z(t):

az'(t) = A\ — (u1Ro + poRy)ax(t),
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pemienne KOTOpOro MOXKHO 3aIliCaThb B BHJE!:

z(t) =1+ (5”20) - 1> cem Bttt (7)

Bossparmasich K Ha9aabHBIM 3aMeHaM, TMOJYIUM, YTO aCUMIITOTUIECKAST
XapaKTEPUCTHIECKAs (DYHKIMS TEPBOTO MOPSIKA UMEET B

A-z(t) }

hi(u,t) =exp{ju-Na-z(t)} =ex U ——————
st) = exp - N a(0) = exp {ju 20

TO €CTh HECTalUOHAPHOE aCUMIITOTHYICCKOE MaTEMATUICCKOE OZKHTAHNE THUC-
Jla 3a4dBOK B CHCTE€ME€ OIIMCBhbIBACTCA BBIPDAZKECHUEM:

mit) = A z(t)

=~ 7 8
1Ry + po Ry ®

3. UnciaeHHBIl aHAJIN3

Paccmorpum wucnennsiii npumep. Ilycte A = 100,41 = 1, ue = 1,5,
v1 =5, 70 = 10. Ilycrs navanbuoe ycnosue m(0) = 0. Ha puc. 2 npeacras-
gen rpauxk m(t) u ero CxoxkueHus K CTAIUOHAPHOMY MATEMATUYECKOMY
O2KM/IAHUIO, BBIPAZKEHUE JIjIsi KOTOPOrO II0JIy4€HO C IOMOIILI0 METOIA MO-
MEHTOB B [5].

1]

Puc. 2. Cpennee uuciio 3as80K B cucreme m(t)
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3akJiroueHne

ot uccaepoanus CMO M/M /oo ¢ nepexirodenuem Obll IpUMEHEH
METOM, ACMMTITOTHIECKOTO AHAJIN3a, B YCJIOBUN BHICOKON MHTEHCHBHOCTHU BXO-
JIAIIETO MOTOKA. B pe3ysibraTe Moy YeHo BHIPAKEeHne ISl HECTAIMOHAPHOTO
MATEMATHYECKOrO OXKHMIAHHUSA YHCTIA 3a8BOK B CHCTEME.
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XAPAKTEPUCTUKU ITOKA3SATEJIAd KAYECTBA
OBCJIV2KNUBAHUSA CYICTEM C ABCOJIFOTHBIM
1N OTHOCUTEJIbHBIM IITPTOPUTETAMMUN

H.T. Xaycrosa!, C.TI. Momnceesa!

1 . . . .
Hayuonaavnot uccaedosamenveruti Tomekut 2ocydapemeeribii
yrnusepcumem, 2. Tomck, Poccus

IIpennmaraercs momens 00pabOTKM 3aBOK ABYX THUIIOB — IIPHOPHU-
TETHBIX U HEITPUOPUTETHBHIX. BpeMst 06C/IyKBaHMs 3aABOK CJIydaii-
HOE C KCIIOHEHITHAJIHHBIM PacIpee/leHueM BePOsSTHOCTEHN, mpuIeM
€ro mmapaMmerpbl COOTBETCTBYIOT THILY 3afBKU. ¥y KayKJIOI'O THIIA 3a-
SIBOK MIMEeTCsI CBOM OYHKEp OXKUIAHUS, OIDAHUYIEHHBIH 10 00beMy.
Nudopmanus, Haxonsmascsa B ouepeau, ob1a1aeT CPOKOM KU3HH,
HOCJIE UCTEYEHUsI KOTOPOr0 €€ Iepemada MOXKET CTATh HEAKTYaJslb-
HOil. CpOK KM3HU — CIydaiiHasl BeJIMUMHA, TaKyKe MMEIOIas dKC-
TIOHEHTIMATbHOE pacmpesmenenne. s paccMaTpuBaeMON CHCTEMBI
PeaIm30BaH AJITOPUTM HOMUCKA TEXHUIECKUX XAPAKTEPUCTHUK IIyTEM
BBIYMCJIEHUS CTAI[IOHAPHOTO PACIPE/IEIeHIS BePOSITHOCTE, ITO, B
CBOIO OdYepesh, JOCTUTAETCS ABTOMATHIECKUM IMMOCTPOEHUEM MaT-
pun; ko3ddunuenros. IlpuBomurcs cpaBHEHUE XaPAKTEPUCTUK CHU-
cTeMbl Ipu abCOMIOTHOM ¥ OTHOCHUTEJBHOM mpuopureTax. Kurro-
YeBbIE CJIOBA: CUCMEMD, MACCOB020 00CAYNHCUBAHUA C NPUOPUME-
mamu, aOCOAIOMHBLY NPUOPUMEM, OMHOCUMEALHOLT NPUOPUMEM,
nocmpoerue Mampuy, KoahPuyuenmos, pacnpedeserue 6epoAmHo-
cmetl cucmemvt, CPOK HCUSHU UHPOPMALUL

BBenenue

CoBpeMeHHbIE CHCTEMBI MACCOBOIO ODCIIYKHBAHUS MIPAIOT KJIIOYEBYTO
posib B yupasieHuu OusHec-nporeccamu, obecrednBas MUHUMUBAIMIO I10-
Tephb nanubIx. OgHOM M3 BaXKHEHIINX 3a1a9 B 9TOH 00JIACTH OCTACTCSA WCCIIe-
JIOBAHUE CUCTEM C TIPHOPUTETHBIM 0OCIIyKuBaHueM [1, 2], TO3BONSIOMUX O
TUMHU3UPOBATH 00PABOTKY PA3HOPOAHBIX 3anpocos [3, 4]. Oxuako npu Moe-
JIMPOBAHUY TAKWX CACTEM BO3HHUKAIOT CJIOXKHOCTH, CBA3aHHBIE C OIDAHUIEH-
HOIT eMKOCTBIO OydepoB oxuzanus [5] 1 HEOOXOUMMOCTHIO y4eTa HeTeple-
JINBOCTH 3asBOK. T paJUIMOHHBIE METOIBI AHAIN3a CTAIMOHAPHBIX PACIpE-
JIeJTeHUi BEPOATHOCTEH [IJIsT MAJIBIX OYepeIeil CTAHOBATCS HETPUMEHUMBIMU
IpY MACIITAOMPOBAHUY, YTO TPEOYET pPa3pabOTKU HOBBIX AJTOPUTMUIECKIX
pemtennii. Takoit aqropuT™ OBLT IPEICTABIEH ABTOPAMH HACTOSIIEH CTATHA
LISl CUCTEMbI C OTHOCUTE/IbHbIM 1puopureroM [6]. O6HOBIIeHH DL anropuTm
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JIJISE CHCTEMBI € abCOTIOTHBIM MPUOPUTETOM U CPABHEHHE €€ XaPaKTePUCTHK
C OTHOCHUTEJIbHBIM IIpeJCTaB/IeHbl B JAHHOI cTaTrbe.

1. MaremaTuueckas MOoOeJiIb CUCTEMBI

ITycrsb i(t) — 4uca0 HIPUOPUTETHBIX 3a4BOK B OyHKEpPe B MOMEHT BPEMEHH
t, j(t) — uncyo HEPUOPUTETHBIX 3asiBOK B OyHKepe, k(t) — cocTosiHMe mpu-
6opa B MoMeHT Bpemenu t: k(t) = 0 — nmpubop cBobozeH, k(t) = 1 — 3ausaT
OPUOPHUTETHO 3asBKOlA, k() = 2 — 3aHAT HENIPUOPUTETHON 3AABKOIA.

ia
N4 /1—\>
(—Jﬁ

M

31

K2

Ay

Puc. 1. Maremarudeckass Momesib 00paboTKyu WHGOPMAIUA C HPUOPUTETAMHU U
HETEPIIEJIUBBIMHU 3aTBKAMU

CraBurcs 331298 HAXOK/JEHHS CTAIMOHADHOIO DACIPENENEHHUs BEPO-
ATHOCTEH TPEXMEPHOro MapKoBCcKoro mponecca {k(t),i(t),j(¢)}: Pi(i,j) =
= tlim P{k(t) = k,i(t) = 4,j(t) = j} upn; creayOmux mapamMeTpax CHCTe-

— 00
MBI: \, — MHTEHCHBHOCTH MOTOKOB, (i, — WHTEHCUBHOCTH OOCIIY’KWBAHMSI,
(t, — WHTEHCHBHOCTH BBIXOZIA M3 OyHKepOB, NN, — KOJHMTIECTBO MECT J|IsI
oxumaHusd B Oyukepe, p = 1, 2.

2. ®opmasm3anusa coObITHII B cucTEeMe

Tak ke, KAk U Jjis AJrOPUTMa C OTHOCUTEJIbHBIM mpuopuTeroM [6],
HEOOXOAUMO HAYaTh C (POPMATU3AIUN OCHOBHBIX COOBITHIT crcTembl. Kiro-
9EBBIM COOBITHEM, OIPEIETAIONIM aOCOTIOTHOCTh IPUOPUTETA, OyIeT siB-
JISTHCS TIPUXOJ, TPUOPUTETHON 3aBKH.

CobbiTus B cucreme /iJjiss IPUOPUTETHOTO IOTOKA:

— IIpumuia 3asiBKka OPUOPUTETHOTO MOTOKA (A1 )
1. Eciim ipubop cBobomeH, TO cocTosinne mpubopa pasHO 1.
2. Eciiv npubop 3aHAT NPUOPUTETHON 3adBKOW, U B 1-M OyHKEpe eCcTh
MECTO, TO UHCJIO 3agBOK B 1-M OyHKepe yBenmdnBaercsa Ha 1.



228

H.T. Xaycrosa, C.[l. Mouceesa

3. Ecnu npubop 3aHAT HENPUOPUTETHOI 3asBKO#, u 1-it OyHKep CBO-
00/IeH, TO HpHUIIeAInas IPUOPUTETHAS 3aBKA BbITECHIET HEIPUOPUTET-
HYIO, U €CJiu BO 2-M OyHKepe eCTb MECTO, TO 9HCJIO 3aABOK BO 2-M OyHKepe
yBemunBaeTcd Ha, 1, cocTosiHue nmpubopa pasHO 1.

3akOHYMJIOCHh BpEMS OXKUJaHUs 3asiBKHU IIPUOPUTETHOTO IMTOTOKA
(i)

3. Eciim B 1-M OyHKepe ecTb 3asBKH, TO YUCJIO 3asBOK B 1-m OyHKepe
yMeHbIaercs Ha 1.

3aBeprmia o0ciy>kUBaHUe 3asgBKa I[IPUOPUTETHOTO IIOTOKA
(k1)

4. Ecim B 1-m OyHKepe ecTb 3asiBKa, TO YUCJIO 3asBOK B 1-M OyHKepe
yMeHbIaercs Ha 1.

5. Ecsiz B 1-m GyHKepe HET 3agBOK, BO 2-M OyHKEPE eCTh 3asBKa, TO CO-
crosinue npubopa PABHO 2, & YUCJIO0 3asiBOK BO 2-M OYHKEPE yMEHbIIAETCs
Ha 1.

6. Eciiu B 1-Mm OyHKepe HET 3asBOK W BO 2-M OyHKEpE HET 3asBOK, TO
cocrosiuue mpudopa pasHo 0.

CobbITusI B cucreme AJIdA HEeIIpUOpUuTeTHOrI'o ImoToKa:

ITpunuia 3asiBKa HEIPUOPUTETHOrO MOTOKa (A2 )

7. Eciiu mpubop cBOOOMIEH, TO COCTOSHIE MPpUOOpa PABHO 2.

8. Ecim npubop 3auHaT, 1 BO 2-M OyHKEpE €CTh MECTO, TO UUCJIO 3asIBOK
BO 2-M OyHKepe yBenmdnBaerca Ha 1.

3akoHYMJIOCH BpeMd OXKUJIAHUSA 3adBKV HEIIPUOPUTETHOIO IIO-
Toka (jasg )

9. Ecsin Bo 2-m OyHKepe ecTh 3asBKHU, TO YUCJIO 3a8BOK BO 2-M OyHKepe
yMeHbIaercd Ha 1.

3aBeprmia obcay>KNBaHNE 3adBKA HEIIPUOPUTETHOTO ITOTOKA
(n2)

10. Ecsiu B 1-m OyHkepe HeT 3adBOK, BO 2-M OyHKEPE €CThb 3adBKa, TO
YUCJIO 3a5BOK BO 2-M OyHKEpe yMEeHBIAeTcs Ha 1.

11. Ecnu B 1-m OyHKeEpe ecTh 3asBKa, TO COCTOsiHUE Mpubopa paBHO 1, a
YUCJI0 3a5BOK B 1-M OyHKepe yMmeHbInaeTcs Ha 1.

12. Eciim B 1-Mm OyHKepe HET 3asBOK, W BO 2-M OyHKepe HeT 3asgBOK, TO
cocrosinue mpudopa pasuo 0.

Ha puc. 2 u 3 npezacraBienbl coOTBeTCTBYyONITE IPADBI IEPEXOIOB CO-

CTOSIHWI PACCMATPUBAEMOr0 TPEXMEPHOIO MAPKOBCKOI'O IIPOIECCA.

3. AJ'II‘OpI/ITM IIOMCKa TEXHUYIECKHNX XapaKTEePUCTUK

OcCHOBHBIE BBIYHCJIUTEIbHBIE TPYIHOCTH CBA3aHbI € (POPMHUPOBAHUEM

MaTpHUIbl KO3(MDUIMEHTOB, TTOCKOIBKY POCT eMKOCTH Oydepa BCero Ha 0IHO
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Puc. 2. T'pad mepexomoB s AuaroHAJbHBIX 3JEMEHTOB MATPHUIIBI IIPOIECCa

{k(t),i(t), 5(t)}

Puc. 3. I'pad nepexonos mist onpeneneHHbix cocrosuuit cucremst {k(t),4(t), 7(¢)}

MECTO BBI3BIBAET PE3KOE YBEJIUYEHUE YHUCJIA YPABHEHHUIl, 9TO TaK¥Ke yBEJH-
yuBaer pasmep marpuipl koddduuuenros. Paccmorpum obnosisieHHbi [6]
AJITOPUTM 3aIOJHEHUsS JaHHONW Marpuibl (Tabm. 1).

4. CpaBHeHUe XapaKTEPUCTUK CUCTEM

B nmamnHOM pasjene MpUBOIATCS XapaKTEPUCTHKU TOKA3ATENS KATeCTBA
0o0CIyKWBaHUS CUCTEM C BXOAHbIME mapamerpamu N1 = 5, Ny = 8 A1 =
0,8, \a =0,5, u1 = 1,7, uo =1,6, a3 = 0,09, ag = 0,03 nnsa paborsi ¢
OTHOCHUTEJIbHBIM / a0COMIOTHBIM TipuopuTeraMu (rabi. 2).



230 H.T. Xaycrosa, C.[l. Monceesa

Tabsmmra 1
AnropurM 3amoHeHHnS MAaTPHUIL KO3() DUIIIEeHTOB

YciaoBue eiicTBue

k=0,i=0,7=0 | Aln,n]—= (A1 + X2); Aln,(1,0,0)]+ = u1;
Aln, (2,0,0)]+ = p2

k=1,i=0,7=0 Aln,n] — = u1; An,(0,0,0)]4+ = A

k=2,i=0,7=0 Aln,n| — = pg; Aln, (0,0,0)]4+ = Ao

k=1,i=0,5>0 Aln,n|— =

k=2,i=0,5>0 Aln,n] — = p2; Aln, (2,0,5 — 1)+ = Ao

k=1,:>0 Aln,n]— = u1; Aln, (1,i —1,5)[+ =\

k=1,5>0 Aln, (1,4, — )]+ = Ao

1>0 An,n|— =i

ji>0 Aln,n]— =jas

k:1,2<N1 A[n,n]—:()\l—f—)\g), A[n,(1,2+1,j)]+:u1

k=1,7 <Ny Aln,n] — = Ay

kzl,i:O,j:NQ A[nﬂ(2707])]+:)‘1

k=2,i=0,j <Nz | A[n,n]—=XA1; A[n,(1,0,5 + 1)]+ = p;
Aln,(2,0,7 4+ )]+ = p2

k>0,7 <N, An, ki, 7+ D]+ =0U+1) as

Tabma 2

XapaKTepHCTHKH IIOKa3aTeJad KadeCTBa O6CJ'Iy)KI/IBaHI/IH CHUCTEM

XapakTepucTuka 3uauenue

BepogrrnocTs nocryiuienus 3asgBKu 0,264/0,259

Ha, MOMEHTAJILHOE ODCJTYKUBAHNE

BepogarHocts 0TKa3a B 006CIy)KUBAHUHT 0,005/0,003

[IPUOPHUTETHDHIX 3aIBOK

BepogaTHocTh OTKa3a B 00C/TyKUBAHUHT 0,005,/0,009

HEIIPUOPUTETHBIX 3aABOK

BeposTHOCTH TOTO, 9TO TPUOOP 3AHAT 0,438/0,447

00CTyKMBAHUEM MPUOPUTETHOMN 3asBKHU

Bepogrrocts TOro, 9To npubop 3aHAT 0,288/0,282

00C/IyKMBAHUEM HELIPUOPUTETHON 3asBKH

CrocoGHOCTh TPUOPUTETHON 3asBKYM BBITECHATH HEMPUOPUTETHYIO MPHU
abCoJIIOTHOM [IPUOPHUTETE JAET XOTh M HE3HAYUTE/HHOE, HO CHUKEHUE Be-
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POSITHOCTH OTKA3a B OOCJIy?KWBAHUU NMPUOPUTETHHIX 3aSBOK. B crieHapusx
peasbHOM KU3HU, MOJIEIUPYEMbIX CUCTEMAME C aOCOFOTHBIM TPUOPUTETOM,
cyeT MOXKeT WJATHU Ha CeKYHJbl — HallpUMEpP, OKa3aHue MeJUIMHCKON 11I0MO-
1A B 9KCTPEHHBIX CIydasdX.

3akJiroueHne

B mpeicraBienHoit cTaThe OMMUCAaH PACIIUPEHHBIN aJITOPUTM TTONCKA, TEX-
HUYECKUX XaPAKTEPUCTUK CUCTEMBI C aDCOTIOTHBIM TpuoputeroM. [Ipusenen
AHAJIU3 TOJIyYeHHBIX XapPaKTePUCTUK B CDABHEHUNU C XapaKTEPUCTUKAMU CH-
CTEMBI C OTHOCUTEIbHBIM npuopureroM. CHUXKEHHE BEPOSTHOCTUA OTKa3a B
OOCTyKWBAHUY TTPUOPUTETHBIX 3aSBOK MOXKET WTPATh KJIIOYEBYIO POJIb B
paboTe BHICOKOMPUOPUTETHBIX CHCTEM MaCCOBOTO OOCTYKUBAHWS, UJIN K€ B
CHCTeMAaX, MOJIEJIMPYIONINX CIEHAPUU PeajIbHOI YKU3HU YeJIOBeKa, K IIPUMe-
PY, 9KCTpeHHas IOMOIIIb.

CIINCOK JIMTEPATYPHI
1. Jaiswal N. K. Priority Queues// Academic Press, 1968. 240 p.
2. Bponwmetn O. U, Ayxroenwt U. M Mouenu upuopureTHOro 006C/LyKUBaHUS
B WH(OPMAITMOHHO-BBIYHAC/IUTETFHBIX cucTeMax. M.: Hayxka, 1976. 220 c.

3. Poworcun A.JI, Kapnos A. A, JIu H. B. PedeBoit 1 MHOTOMOJAJIbHBIN MHTEP-
deiicer. M.: Hayxka, 2006. 173 c.

4. Cmenanos C. H. Teopus rtenerpaduka: KOHIEIIFH, METOAbI, IPUIOKEHHSI.
M.: l'opauaga smuua — Tenexom, 2015. 868 c.

5. Hasapos A. A., Bmees O. A. Orpanndenne Harpy3KW B TEJIEKOMMYHHUKAIIMOH-
ubIxX cersix // Haydmnoe TBOpdecTBO Mosonexku. Maremaruka. upopmarnka.
Marepuasnst XVIII Beepoc.nay4.-npakr. koud. 2014. C.11-15.

6. Xaycmosa H.I., Mouceesa C.II., Ilaxyarosa E. A. Anropurm BbIYUCIEHUS
CTAITMOHAPHOTO PACIIpeieIeHNs BEPOATHOCTEH CUCTEMBI C TIPUOPUTETAMH JIJIst
IIPOM3BOJILHOIO YHC/Ia MeCcT B odepenu // VHbOpPMAIMOHHbIE T€XHOIOIHA H
marTemarudeckoe mozesmposanue (ITMM-2024): marepuanst XXIIT Mexay-
uHaposHoit koudepenmn nmenn A. @. Tepryrosa, Tomck, 20-26 okTs6pst 2024.
159-165 c.

XaycroBa Haranbs I'me6oBHa — crynent HarmonaapHOro ncciesoBaTebcKo-
ro Tomckoro rocymapcrsennoro yuusepcurera. E-mail: khaustovan@Qinboz.ru
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CNCTEMA MACCOBOTI'O OBCJIY2KIBAHU A
C ITIOBTOPHBIMU OBPAIITEHNAMMN
1N KOHEYHBIM BYHKEPOM IIEPE/] ITPUBOPOM

1. U. Xomnuakos!

! Besopyceruii zocydapemeennmii yrueepcumem uH@opmamuKy
u paduossexmpornury, 2. Muwnck, Beaapyco

B pabore paccmarpuBaeTcst SKCIIOHEHITHAIbHAS CHCTEMa MAaCCOBOTO
o6cnyxmBanma (CMO) ¢ moBTOpHBIMEU 3asgBKaMM, OHAM IPUGOPOM
71 00CI/Iy KMBAHUS U KOHeIHBbIM Oydepom 1yia oxumanus. [Toxydge-
ol muddepennmanbabe ypasaeraus ([Y) OTHOCHTEIHHO MPOU3BO-
AsmuX GYHKIUN CTAIMOHAPHBIX BEPOATHOCTEN COCTOSHUI CHCTEMbI
nig koHeqHoro Oydepa. B kagecrBe npumepa, korga Oydep mmve-
eT OHO MeCTO IS OXKUIAHUd, IOJIy9YeHO pemreHne maHHOTO LY B
BUJIE TUIIEPreOMeTPUYecKoro pszna. KirroueBble cJioBa: cucmema
MACCO6020 0BAYHCUBAHUA, KOHEUHDIT OYdep Oas oocudanud, 2unep-
2eomempuseckuli pad

Bsenenue

B cucremy maccosoro obciyzxusanusi CMO mnocrynaer myacCOHOBCKMit
IIOTOK 3asgBOK C MHTEHCHBHOCTHIO A. Ha mpumbope obCayKuUBaeTCs TOIBKO
0/IHA 3adBKA C MHTEHCUBHOCTHIO 4. Ilepen npubopom obciiyKuBaHUS MMeEeT-
cas N — 1 mecr qya oxunanus (6ydep). Eciu nmpu nocrymiennn 3adBku B
cucTeMy TpubOp 3aHAT, TO 3asgBKa monazaer B Oydep. Eciu 6ydep 3amor-
HEH, TO 3asBKa CTAHOBUTCH MOBTOpHOU. Karkmas moBTOpHaAs 3asBKa depes
SKCIIOHEHIHATTLHOE BPEMsi ¢ MHTEHCUBHOCTHIO U CHOBA TOCTYMAET HA TPH-
60p obCcayKUBaHUS. 3adBKA MOKUIAET CHCTEMY TOCTe OOCTy:KUBAHUS HA
npubope. IloBropHbie 3asBKHU MOCTYMAIOT HA MPUOOP [0 TEX IMOpP, IOKA HE
OymyT obcayxkenbl. lannas CMO sBisiercst ageKBaTHOW MATEMATHIECKOM
MOJIEJIBIO CHUCTEMBI mepefadn nHMOPMAIUU C OJHUM KAHAJIOM CBS3U TpU
OTPAHUYEHHOM YHUCJIE MECT JJIs OXKUIAHUSI HACTOWYMBBIX 3asaBOK. Hactos-
mast CMO paccmarpusasach, Hanpumep, B [1], rae acumuroruyeckum me-
TOM HCCIEIOBAJIMCH OCHOBHBIE BEPOSTHOCTHBIE XAPAKTEPUCTUKU B CILydae
HU3KOW WHTEHCUBHOCTH TIOBTOPHBIX 3asiBOK. Hac B mammoil pabore Oymer
WHTEPECOBATH METOJ HAXOYXK IEHUS TIPOU3BOAAIINX (DYHKIUI CTAIHOHAPHBIX
BeposiTHOCTeH cocTosumit CMO B obmem ciydae.

1. Cucrema ypaBHeHUI AJisi TPOU3BOJIBHOTO 06bema Oydepa

Bsenem mpousBomsmine GyHKIUN
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Py(z) = z:pk(n)ac”7 k=0,N,
n=0

rie pg(n) CTAIMOHAPHBIE BEPOATHOCTH CITy9aifHOTO MPOIECCa,
& = (k(t),n(t)), e k(t) — cymmaproe 4nciio 3asBoK B 6ydepe u Ha mpu-
Gope, k(t) = 0, N , n(t) — 4ucsI0 NOBTOPHBIX 3asBOK B cucreme, n(t) = 0, co.
Crammonapuble BepoaTHocTH pi(n) ,k =0, N, n=0,00 caydaifHoro
upouecca & = (k(t),n(t)) ymoBaerBopsior cucreme ypaBHEHMIi:

(A+mnv)po(n) = p py(n),n = 0,00,
A+ p+nv)pr(n) = A pe_1(n) + p prya(n) + (n+ v pp_i(n + 1),
n=0,00,k=1N—1,
A+ wpn(n) =Apy_1(n)+(n+1)v py-1(n+1)+Apy_y(n),
n =0, 00,

N oo
Z Zpk(n) =1.

k=0n=0

Cucrema 1Y orHocuresnbho npoussoisiux byuxkuuit Py(x), k = 0, N,
AMeeT BUI:
A Py(z) +v x Pi(z) = p Pi(x),

(A u) Pe(z)+v z Pl(z) = X Pr—1(x)+p Pegr(x)+v Pl_y(z), k=1,N — 1,
A+ pu) Pv(x)+va Py_q(x) =X Py_1(z) +v Py_i(z) + Xz Pn(x).

IMocme cymmuposanus stux Y n cOKpalneHnst Ha MHOXKHUTEb (1 — )
nocjaeJHee ypaBHEHUE 3aMeHHM Ha

N—-1
A Py(z)=v Pl (z).
k=0
Bsenem obozmnadenus a = %, b= ﬁ

Teopema 1. Ilpoussousuiue dbyukiuu P, (z), n = 0, N, Bolpaxkaiorcs
gepe3 byukiuu Py(x) no dbopmymnam:

n k
P,(x) = Zbk (Z C’,g"}ﬂ) Pék)(x), n=1N
k=0 i=0
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rae Ko3ddunuenTor C’,i"i), n=1,N,k=0,n,i =0,n o6pa3yioT HHKHIOIO
rpeyrosbiyio (n+ 1) x (n+ 1) marpuny ¢ s1emenramu:

C((),QO) =a?,
o =-1, Cl=b+2a+1,
o5 =0, @?_Q o) =1,

upun =3, N

o =ar, M =0, i=0,n-3

o =0, i=0n-1, =1
a HeHyJIeBbIe JIEMEHTHI ManI/IHbI OHpe,ELeJIHIOTCH C IOMOIIBIO peKyppeHTHbIX
dopmyir:

n+1 n
ol =, -,

ot =1 ratnb)C L,
rnen =2,N —1,

O = A+ a+ ko) O + Oy —a O Y,

Clinzﬂ) (1+a+1b) Ck?fi + Ckil,ifl - ackfliil)

—b(i+ 1) O - ofY,

rmen=2,N—-1, k=1,n-1, i=0k— 1.
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Teopema 2. Tlpoussousmas dyukuus Py(x) aBisgercs pemeHuem o/
HOPOAHOTO auddepeHInaaIbHOro ypapaenus N-ro mopsaka:

NN ax — 1) PO(N) (x)+

N—1 k ‘ k—1 N—-1 N—-1 ‘
+ 3 bk{aZC,(ﬁ)x’ - [Z (ba+1) Y ciy+ Y o)+
k=2 =0 =0 n=~k n=~k

N-1

4 gkt }Pék)( )+ { (C(N) (n) (n) }P(l)( )
n:l

+ a1 Py(x) = 0.

3ameuanme 1. JIY wmmeer ase ocobbie Tourkn = 0 u = % =8>1

Ilocnenree mepaBeHCTBO CiieyeT U3 yCIOBHUS CYIECTBOBAHUS CTAIMOHAPHO-

ro pacupejiesieHnst ﬁ < 1. Takum obpa3som, Ha orpeske |z|< 1 Y umeer

€IMHCTBEHHY0 0CO0YI0 TOuky = (0, KOTOpas SBJISIETCS UPPErYJIsTPHON.

2. Cucrema ¢ OJHUM MECTOM [JId OXKWIAHUS

Paccemorpum gacrabriii caygdait CMO omauM MECTOM JIJTsT OXKUTAHUS, T.€.
korga N = 2. B srom caygae /1Y orHOCHTEIBHO TPOW3BOIsIIeil dyHKINNA
Py(x) umeer Bum:

va(ax — 1)P) (z) + b(b + 2a + 1)(ax — 1) P(x) + a>Py(z) = 0.

Cuenaem 3ameny Py(x) = W(z), z = ax. llpuznem Kk ypasuenuto aycca:

2(z=1) W'(2) + [=y+ (1 +a+B)z] W(z)+aB W(z)=
rae

20 +1++V4da+1 2a +1—+/4a +1 2a +b+1
- 2 » A= 2 T Ty

B okpecrrocTu ocoboit Touku z = (), KOTOpas B JAHHOM Ciydae Oyrer
perynsapuoii, /1Y umeer /Ba HE3aBUCHUMBIX PEIICHUSI:

Wi(z) = F(a, B,7; ),
WQ(Z) = ZlivF(a‘i’l 7735+1 7,7’27/7;2)7
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rue F(a, B,7; 2) — runepreomerpudeckuii psi:

00 n—1
(a+k)(B+E)\ 2"
F(avﬂv’}/;z) = E e
n=0 k:l;[() ’Y+k‘ n!

IIpu z = 1 sror psiz cxomurcs npu yeaosuu ¥ —a— 3 > 0. B Hamewm ciy-
qae y—a—ff = % > 0 370 ycyioBue BhIMOTHSAETCs. [Ipon3Boasamas QyHKIus
Py(z) B Touke & = 0 npuHUMaeT KoHeuHoe 3HadeHne Py(x) = po(0). IlepBoe
pemenue Wi(z) yzosiersopsier sromy yciaoBuio. Bropoe pemennu Wa(2),
COMEPIKUT MHOKUTEIb 21=7 = 2~ %" ¢ OTPUIATEIBHOI CTENeHbIO, a 3Ha-
YUT OHO B OKPECTHOCTH TOYKH x = () OyJeT HeOrpaHWYEHHBIM, T.€. OHO HAM
He noaxoanuT. OKOHYATETBHO ¢ TOYHOCTHIO 40 KOHCTAHTHI HMEEM:

Py(z) = Wi(ax) = F(a,p,7v;az), rne C' 1pon3BoiabHAst KOHCTAHTA.
C yuerom Teopembr 1 HaXOmMM:

Py(z) = bz Py(x) + a Py(z),
Py(x) = 0?2 P (x) + b((b+ 2a + 1)x — 1) Pj(x) + a®Py(x).
YuurbiBas cpoiicrsa Gyukuuu F(a, 8,7; z),

of

F'(a,B,7v;2) = TF(Q + 1,8+ 1,7+ 1;2),
F'(a, B,7;2) = alo j(,ly)f(f;r 1)F(oz +2,842,7+2;2),

TIOJTyYMM BBIDayKeHust Jist Tpon3soasiumx byukunii Py (x), Pa(x). Koncran-
ry C' HaxoauM u3 ycioBnst HopMupoBku Po(1) + Pi(1) + Pe(1) = 1.

3akJiroueHne

B pabore paccMoTpeHa IKCIIOHEHIMAJIbHAS CHCTEMa MacCOBOIO OOCIy-
KWBAHUS C MOBTOPHBIMYU BHI30BAMHU W KOHEYHBIM YHUCJIOM MECT [IJisi OXKW 1A~
HUA 3asBOK Iepej OOCIyKHBAIONUM IpubopoM. B ciaydae mpou3BoIbHOTO
qucjaa MeCcT aid OkujaHuil (komewnbrit Oydep) mosydennr nuddepenuy-
aJbHBbIE YPABHEHWS JJIs PACYETa MPOU3BOIAIINX (DYHKIUN CTAIIHOHAPHBIX
BEPOSATHOCTEH COCTOSIHUI CHCTEMBI. B cilyuae OZHOrO MeCcTa st OXKWIa-
HUs HAEHBI B IBHOM BUJE PENIeHus JAHHBIX CUCTEeM uddePeHITnaTbHBIX
YPaBHEHUM.
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OBOBIIEHUE MYJIbTUIIJINKATUBHO
TEOPEMBI /1JI¢1 CETY C 3ABUCMBIMI
OT YUCJIA 3AABOK ITEPEXOJHBIMUA
NMHTEHCHBHOCTAMUN

I. 1. HMunuamsuin®

1 .
Hrnemumym npukaadnot mamemamury Jasvresocmounozo omdeseHus
Poccutickoti axaxdemuu nayx, 2. Baadusocmoxk, Poccus

B pa6ore moctpoena mymbTuIMKATHBHAS (HOPMYIA s CTAIHO-
HAPHOTO PACIPEIEIEHNsT OTKPHITOM CETH MaCCOBOTO OOC/IY *KUBAHUS
Ipu yCJI0BUU, 9TO MHTEHCUBHOCTHU O6CﬂyX{HBaHHH 3aBUCAT OT YUC-
JIa 3adBOK B y3/7ax ceTu. Dta (Gopmysia 6a3upyercs Ha BbLIETCHUI
B Tpade mepexoqHBIX WHTEHCUBHOCTEH IMUCKPETHOTO MAapKOBCKOTO
nporecca obciykuBanust 6a30serx noarpados. B kaxkgom 6a3oBoM
noarpade cramuoHapubie ypaBHeHus Kosmmoroposa-enmvena mpu
BBIOPAHHON MYJIbTUIINKATHBHON (hOpMe CTAIMOHAPHOTO pACIIpeIe-
JIEHUA CBOOATCA K 6aHaHCOBbIM COOTHOIIECHUAM CEeTH. HpI/IBO,Z[I/ITCH
IIpuMep CeTHu MaCCOBOIr'O O6Cﬂy)KI/IBaHI/IH C HECKOJIbKMMHU IIOTOKaMH
3asBOK JJIsi MMHUTAIIMOHHHON MOJE/ N paboThl MOPCKOTO TPAHCIIOP-
ta. KirrogeBsblie cioBa: 6a4arco6bie COOMHOWEHUA, CITNAYUOHAPHOE
pacnpedeaerue, 6azosvie nodzpago

BBenenue

Hapsiny ¢ xKaccuuecKumMu My/IbTUILIMKATUBHBIMU TEOPEMAMU IS OT-
KPBITBIX ceTei MaccoBoro obcayzxkusanus (CeMQO) u cucrem MaccoBoro 06-
cnyxkuBanusi (CMO) (cum., Hampumep, [1]) cymmecTByer GOJIBIIOE YHCIO UX
00001TeHn. DTH 0000IEHNS TPEICTABIAIOT WHTEPEC, €CJTH OHU CBSI3aHbI
C MHTEPECHBIMH MPAKTUIECKUMHU MPHUIOKEHUSMHU, HAIIPAMED, C BBEJIEHUEM
B mozesnu CeMO Guiokupyromux BepositHocreil (cm., Hanpumep, [2]). Ha-
CTOAILILAA pa.6OTa BbI3BaHa TMOABJIECHUEM HOBbBIX MHTEPECHbIX UMHWUTAIIUOHHBIX
mozerneit CeMO B MopckoMm TpaHcmopTe (CM., HanpuMep, [3]).

B 5TuX MOIENAX MOABJIAETCA HEOOXOUMOCTD OIPEIEIEH s CTAIMOHAD-
HBIX XaPAKTEPHUCTUK HECKOIBLKUX PA3HOPOJHBIX MOTOKOB M y9eTa 3aBUCAMO-
CTell MHTEeHCUBHOCTEH OOCTy?KMBAHHS OT YHCIA 3aBOK B PA3HBIX y3/IaX AU
OT YHUCJIA 3a8BOK PA3HBIX IOTOKOB B OJJHOM y3Ji€. 9TO TpeboBaHuUe 1EeIecoot-
Pa3HO UCIOJIB30BATH NPU PACCMOTPEHUM y3JIOB CETH, BBITOJHSIOIIUX POJIb

Pabora BrImONHEHA B paMKax rocyzapcrsexnoro 3aganus WUIIM JIBO PAH Ne 075-
00459-25-00.
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CKJIaJI0B, B KOTOPBIX MMOMENMIAIOTCI TPY3bl, IBATAIOIINAECS C CY/IOB HA CYTITY, U
IPY30B, HAIPABJILIOMUXCs ¢ cyinu Ha cyaa. OObIYHO JJig TaKuX ceTeit onpe-
ACJIAI0TCA CTalMOHAPHDBIE XaPAaKTEPUCTUKHU, YTO CBA3aHO C TaK HA3bIBACMbIM
JINHEWHBIM CYZI0XOICTBOM, KOT/IA CyJa paboTalT MO CTPOTO OTOBOPEHHOMY
MapHIPyTy U PACHUCAHUIO.

B macrosmeit pabore mpemaraerca 0OODINEHHE MYIbTHUILTHKATABHON
TeopeMbl [JI OTKPBITON CeTu, B KOTOPOH JOMyCKaeTCsd 3aBUCAMOCTb WH-
TEeHCUBHOCTEMN O6Cﬂy}KI/IBaHI/IH OT 4YHCJIa 3adBOK B DPa3/IMYHBIX y3JlaX CETH
WJIA OT YHCJIA 3aBOK PA3JIUYHBIX TTOTOKOB B OTIEILHOM y3Jje. 9TO 00001Ie-
Hue TpedyeT HOBOI (DOPMBI BHIDAYKEHUSI I CTAIIMOHAPHOTO PACPIIEIeICHIS
YHUCJIa 3a8BOK B y3JaX ceTH. B yacTHOCTH, Takoe 0000IIeHNe BBI3BAHO HEOO-
XOOUMOCTBIO pacCMaTpUBaTb CE€TH C MHOTOKaHAJbHBIMHA Y3JIaMH.

1. TeopeMa AProguIHOCTHA JUCKPETHOI'O MapKOBCKOI'O IIpoliecca

Paccmorpum juckpernbiii mapkosckuii npouece X (t), ompeiesisemblit
B3BELICHHDBIM CBA3HBIM OPHEHTHPOBAHHBIM I'PadbOM II€PEXOAHBIX MHTCHCHB-
uocreit I'. [Iycts oprpad ' umeer caeTHOe MHOKECTBO BEPIIWH V U CIETHOE
MHOXKeCTBO F OpueHTUpPOBaHHBIX pebep 6e3 neresb. 3aech pebpo (v,v') € F
HATIPABJIEHO W3 BEPIIUHBI v B BepmuHy v’ m mmeer Bec L(v,v’) > 0, xa-
PaKTEPU3YIONHil HHTEHCHBHOCTD MEPEX0Ia MapPKOBCKOro mporecca X (t) u3
cocrogHug v B cocrognue v’'. 3 moboit Bepmubbl v € V' B 1100y10 BepLIH-
ny v € V, v’ # v B oprpade I' cymecTByer myTh ¢ pebpaMu, MMEIOIIAMHA
MOJIO’KATETHHBIE BECA.

Teopema 1. Ilycrb cymecrByer HabOp MOJIOXKUTENbHBIX uucesn f(v),
v € V, yIOBJIETBOPAIONIUX PABEHCTBAM

Z F"L(' v) = Z f()L(v,v"), veV (1)

(v w)EE (v,v")EE

W YCJIOBUIO Z f(v) < oo. Torna mapkoBckmii mporece X (t) sBiaseTcst 3p-

veV
TOIUYIECKUM, 3 (DyHKIUS

W)
) = Ry

SIBJISIETCST €r0 TIpesieNTbHbIM pacnipenenenneM [4, Teopema 2.4, c. 77].

veV (2)

2. OrkpsbiTtags CeMO

Paccmorpum otkpriTyio ceth JIxxekcorna G ¢ MyacCOHOBCKUM BXOIHBIM
ITOTOKOM WHTEHCUBHOCTH A, COCTOSAIIYIO U3 1 OJHOKAHAJIHHBIX CUCTEM MaC-
COBOTO OOCTTY’KUBAHUS C SKCIOHEHITHATBHBIMA BPEMEHAMHU OOCTTYKUBAHUS
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UHTEHCUBHOCTHU [i;, © = 1,...,m (MOryIMMHU 3aBHCETh OT YUCJIA 3a9BOK B
y3anax CeMO). Junamuka nepeMelienusi 3asBKH B CETH 331aeTCs Maplii-
pyrHoit marpuneit © = ||0;;] [ _,, rue 0;; — BeposTHOCTH HEpexoja 1ociie
obcyKUBaHUS U3 (-TO y37a B j-biif, Ogg = 0, y3ea ¢ Homepom 0 — BHeNHMHA
ucTouHuK. IIpemmosiaraercs, 9TO MaplIpyTHAs MaTPHUIQ HEepa3JI0KUMAs:
Vi,j € {0, 1., m} 3 iy,19, ..., iTE{l, ey m} i 03,>0,0,,,>0, ..., 9“]‘>0.
Hasiee juis ynoberBa u3iioxkeHus Marepuasa crarbu (HO 6e3 orpaHudeHus
obuaoctu) pacemorpum CeMO ¢ aByMs 06C/1y2KUBAOIIMMY y3JaMu M = 2,
nonarasi 0; = 0, i = 0,1,2. Torga Bekrop A = (A, A1, A2) siBIASIETCST €7MH-
CTBEHHBIM DEIIEHUEM CUCTeMbI OAJIAHCOBBIX COOTHOIIEHUH

A= Aib10 + Aabag, A1 = Ao1 + Aabla1, Ao = M2 + A1b1a. (3)

®dyukuonuposanue CeMO (Uuciio 3asBOK B y3j1aX) ONUCHIBAETCA JHC-
KPETHBIM MapKOBCKHUM IipoiieccoM y(t) ¢ muoxkecTBoM cocrosiauil N = {n =
(n1,n2) : ni,n2 > 0} U NEPeXOAHBIMU UHTEHCUBHOCTSIMHU:

L{(n1,n2), (n1 + 1,n2)] = XNo1, L{(n1,n2), (n1,n2 +1)] = Ao,

L{(n1 +1,n2), (n1,n2)] = p1(n1 + 1, n2)010,
L{(ni,n2 + 1), (n1,n2)] = pa(nq, ne + 1),
L{(n1 + 1,n2), (n1,n2 4+ 1)] = p1(n1 + 1,n2)612,
L[(n1,n2 + 1), (n1 + 1,n2)] = p2(ni, ng + 1)621,

KOTOPBIE OMPEIETAiOT B3BEIMIEHHBIH rpad MepexoaHblx WHTeHCcHBHOCTEH .
Bynem nckarh cramuoHapHOe pacrupenenenne mporecca y(t) B BuIe

na

A
-1 . 2
W(nl’nQ =C H /f17n2) H (71171452)7

=0 H ko= H2

A1 Ao
_ —1, 4
p1(0,m2)  p2(ng,0) )

montarast C' < oo.

Bergennm B rpade mepexomHbIx HHTEHCUBHOCTEH JUCKPETHOTO MAapKOB-
ckoro nporecca y(t) 6azosbie noarpadut I'(n1,ng) ¢ MHOXKECTBAMU BEPIIUH
V(ni,n2) = {(n1,n2), (n1 + 1,n2), (n1,n2 + 1)} u pebpamu, coeguusio-
My 31U Bepiuunbl. Hazoem Bepiuuny (17, no) 6a3080ii BepiuuHoil rpada
I'(ny,ns), Torna B 6azosom moarpade I'(ny, ny) crannonaproe pacmpeaene-
H1e m(ny,n2) yJAOBIETBOPSIET CTAIMOHAPHBIM ypaBHeHusiM Kommoroposa-
Yemnmena, KOTOPbIE COBNAAIOT ¢ GATAHCOBBIMU COOTHOIIeHUsAMA (4). A mo-
CKOJIbKY 6a30Bble Tpadbl C PA3TUIHBIMIA OA30BBIMHU BEPIIMHAMEI HE UMEIOT
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obmx pebep, TO CTanuMOHApHOE pacupejeserue 7(ny,Ny) yAOBIETBOPSAET
cTarnoHapHBIM ypaBHeHnsaM Kommoroposa—denmena na Bcem rpade I me-
PEXOIHBIX MHTEHCUBHOCTEH mponecca y(t), mpudaem rpad

r= |J T((n,mn2).

(n1,m2)EN

3ameuanme 1. Kaxmomy HampasieHHOMY pebOpy 0a3osoro rpada
I'(n1,n2) coorBercrByer pebpo HAIPABJIEHHOE B [IPOTUBOIOIOXKHYIO CTOPO-
uy. JIiobbre nBa 6azoBbIX rpada He uMeT O0IMX Pedep.

3. CMO c HeCKOJbKUMH BXOJHBIMHU IIOTOKAMHU

IIpeniokennas koucrpyKuust Boiaesenus B rpade I' (6e3 neress u kpar-
HBIX pebep) 6a30BbIX MOArpad OB JOMycKaer cieryiomee obodmenne. I[Tycrs
JIMCKPETHBI MapKOBCKUil mporece y(t) ¢ MHoxkecTBoM cocroguuii N omnpe-
JIeTISIeTCsl MePeXOIHBIMUA HWHTEHCHBHOCTSIMHA

L[(nl,ng), (n1 + 1,’/12)} = )\1, L[(m,ng), (TLl,TLQ + 1)} = )\2,

L[(m + 1,712), (nl,ng)] = ,ul(nl + 1,712),
L[(Tll,’rlg + 1), (n1, nz)] = ,LLQ(TLl,TLQ + 1)

Taxoit nporiecc omuchiBaer CMO ¢ 1ByMsi BXOAHBIMU MOTOKAMYM WHTEHCHB-
HOCTH A1, A2 M MHTE€HCUBHOCTAMHU OOCHyKuBanus# (i1(ni,n2), pz(ni,ns).
Toraa cocrosinue (ni,ns2) upouecca z(t) xapakrepusyer 4ucJIO 3asBOK Hep-
Boro u Broporo moroka B CMO. B rpade nepexomabix waTeHCHBHOCTEH I
nporecca y(t) MOXKHO BbIIeanTh GaszoBble moarpadsr I'(ng,nsy), coennus-
forye BepuuHy (nq,ng) ¢ BepmmHaMu (ny + 1,m2), (n1,n2 + 1). B sarom
cilydae CTaldoHapHOe pachpejesenue 7(ny, ng), OUPeAeIseMoe PABEHCTBA-
mu (4) TakKe yHOBJIETBOPser CTAMOHAPHBIM ypaBHeHnusM Kosimoroposa-
Yenmena, koropeie B Bepumuax rpada I'(n1, ny) npeobpasyorcs B ToxIe-
cTBa A1 = A1, Ay = Ao, ABJSIONINECS OATAHCOBBLIMU COOTHOIEHUSIMK JIJTST
CMO ¢ aByms BXOIHBIME MTOTOKaMHU. A TOCKOJbKY 6a30Bbie rpadbl ¢ pas-
JUYIHBIMEA 0A30BBIMHU BEPIINHAMH HE WMEIOT O0muX pebep, TO CTamuoHap-
HOe pacupezesenue m(ny,ns) YAOBJIETBOPAET CTALMOHAPHBIM YDABHEHUIM
Kommoroposa-Uenvena aHa Bcem rpade

= |J T(n,m).

(n1,m2)EN

HEepPEeXOIHBIX MHTEHCHMBHOCTEH JUCKPETHOrO MAapKOBCKOro mpomuecca y(t).
Ipuuem 6azosbiit rpad I'(n1,n2) Takke yaoBiaerBopser 3aMedaHuio 1.
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I[MpuMEP 1. Pacemorpum CMO ¢ aBymsi THIAMHE 3asBOK, B KOTOPOit
OpU HEKOTOPBIX A1 = Ag = A, >0, 1 <k < o0, 0 < K < N < o0, (31ech
K, N narypaJibHble 4UCJIa) BbIIOJIHHAIOTCH DABEHCTBA,

pi(ni,ne) = pa(ni,ne) = p/k, 0 <nqi,ne < K,

p1(ni,ng) = po(ny, no) = pk, K <ni,ng <N,
pi(ny,ng) = p/k, pa(ni,ng) = pk, 0 <ny < K <ng <N,
pi(ny,ng) = pk, po(ni,ne) = p/k, 0 <nyg < K <ny <N.

Sra MozIeIb BOBHUKAET TIPU PACCMOTPEHHHN CKJIAJIA, Ha KOTODBIi TTOCTYIAIOT
KOHTeﬁHepr, opuineanue MOpCKUM TPaHCIIOPTOM JJId OTIIPABKU Ha3€MHBIM
TPAHCIIOPTOM M KOHTEHHEPHI, IPHUIITE/IIIHE HA3EMHBIM TPAHCIIOPTOM JIJIsi OT-
MIPABKK MOPCKHUM TPAHCIOPTOM.

Pazobbem MHOKecTBO cocrosunuii pannoir CMO N ={0<n; < N, 0 <
ny < N} \ (N, N) HA HemepeceKaroumecs: MoJIMHOKECTBA

Ny ={0<n <K, 0<ny <K},
No={K+1<n; <N, K+1<ny <N}\(N,N),
Ns={0<n <K, ;K+1<ny <N},
Ny={0<n; <K, ;K+1<n; <N}

U BBIYHCIMM CpeJHee 9ucyIo S 3agBOK 1-r0 W 2-TO THIOB B CTalHOHAPHOM
pexkume, niojtarag p1 = A/ (u/k), pa = N/ pk:

S = C_ID, C = Z p’ib1+n2 + Z pg1+n2+

(7l1,n2)€/\/1 (nl,nz)E/\/z

LD DR D W
(n1,m2)EN3 (n1,n2)ENy

D= Z (ny +n2)pP ™™ + Z (ny +mna)ph T4
(n1,n2)EN7 (n1,m2)EN>
D (utm)ptpt Y (nana)pioht,
(n1,m2)EN3 (n1,m2)EN,
Brraucanrensubiit akcnepuMeHT mokasas, uro npu N = 100, K = 15,

p=0,8 k = 1,3 moxyuaem S ~ 7,13896, HO eciau moysoxKuTH k = 1, TO
ostyaum S = 8.
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3akJiroueHne

B mamnoit 3amerke moryd9eHo o0O0OIeHne MY/IbTUILTHKATHBHON T€OPEMbI
g CeMO u g CMO ¢ HECKOIBKHMH TTOTOKAMY 3asIBOK. DTO 00600IIe-
Hue ObLIO BBI3BAHO C OJHON CTOPOHBI MOMBITKON MAaTEMATHYECKH KOPPEKT-
HOIO WCHOJB30BAHUS MYyJIbTUILIUKATUBHON Teopembl st CeMO, BO3HUK-
Iell P UMATAIMOHHOM MOJIEIUPOBAHUS CUCTEMbI O0CTYKUBAHUS MOPCKO-
ro tpancnopra. C Apyroifi CropoHbl TaKOe MareMaTudeckoe 0O0OIIEeHre 110~
TPeDOBAJIO BhIIEIeHNS B rpade MepeXOIHbIX WHTEHCHBHOCTEH 6A30BBIX MOI-
rpados. g 3tux 6a30Bbx moaArpadoB BeiOpana hbopMa, 3anucy CTAInOHAP-
HOTO PaCIpeIe/IeHNs, IPY KOTOPOM cTanuoHapube (hopmysasl Koamoroposa-
Yenmena mpeoObpa3yoTcs B DATAHCOBLIE COOTHOIIEHUsT sl CETH MAaCCOBOTO
obcarykuBanus. [locranoBKa 3aa4u O BKJIIOYEHUU B MOJIEb 3aBUCUMOCTH
WHTEHCUBHOCTH OOCJIY>KUBAHUSI TIO3BOJISIET YUECTh BIUSTHUE COCTOSTHUS Pa3-
muanabix y37a08 CeMO apyr HA Apyra, 9TO eCTECTBEHHBIM 00pPa30M BO3HU-
KaeT B PEAJIbHBIX CHUCTEMAX W CeTAX 00C/Iy:KuBaHus. U, HAKOHEI], TOCTPOEH
YUCJIEHHBIM PUMEP, TOKA3BIBAIOIINN, KAK TaKas 3aBUCUMOCTh HWHTEHUCHUB-
HOCTEll ODCITyKMBAHUS OT YUCTIA 3aBOK MOXKET ObITh MCIOJb30BAHUS JIJIsi
YIPABJIEHUS OTOKAME PA3THYHBIX 3aBOK.
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NCCJIEJOBAHUE TUBPUIHOII CMO

C MTHOBEHHOI 11 OTCPOYEHHOI OBPATHOI
CBSI3BbIO

M. A. HlIxnennuk!, M. /1. JlaBpureHKo'

1 . . . .
Hayuonaavnot uccaedosamenveruti Tomekut 2ocydapemeeriii
yrnusepcumem, 2. Tomck, Poccus

PaccmarpuBaerca rubpugnas cucremMa MacCOBOrO OOC/IyKUBAHUS,
B KOTODOH peajmM3yercsl 1Ba THUIA OOPATHOI CBA3M: MIHOBEHHAS U
oTcpoyeHHas. MruoBennas oOpaTHasi CBsA3b pean3yercs B OJI0Ke C
HEOrPAHUYEHHBIM YUC/I0M IPUBOPOB, & OTCPOUeHHAs - B OJIOKE B BU-
e RQ-cucremsbl, B KOTOpOit 3asiBKY ITOCTYIIAIOT Ha opbuty. Haitnerno
COBMECTHOE PacCIpe/ieJIeHne BEPOATHOCTEH YmcJia 3agdBOK B BJIOKAaX
cucrembl. KirroueBbie ciioBa: 2ubpudHnas cucmema maccosozo 06-
CAYNCUBAHUA, MZHOBEHHAA 00DATHAA CBA3D, OTNCPOUEHHAA 00DATN-
HAA CBA3D, NOCMYNAECHUE 3a4AB0K HaA 0pOUMY

BBemenue

Opxnoit u3 Momucpukauuii cucreM 0OpPabOTKM JAHHDBIX SIBJIAIOTCH CHCTE-
MbI MACCOBOIO OOCJIy2KUBaHMs € OOPATHON CBA3bIO, B KOTOPbLIX 3asBKH 110-
cie 06pabOTKM MOTYT C HEKOTOPOH BEPOSTHOCTHIO TPeOOBATH TTOBTOPHOTO
obcayxwuBanus. B 3aBuCHMOCTH OT XapakTepa MOBTOPHONW 0OpabOTKHU 3a-
SIBOK PA3JIMYAIOT: &) CUCTEMbI ¢ MTHOBEHHOI 0OPATHOI CBA3bIO, /i€ TIOBTOP-
Hasg 00paboTKa HpOMCXOaUT 6e3 3a/epKKu (Hanpumep, Upu OOHAPYKEHUU
owubKy B JaHHbBIX); 6) CUCTEMbBL C OTCPOYEHHOI 0BpPATHOl CBsA3bIO, Ie 3a-
SIBKM BPEMEHHO yXOJAT Ha OPOUTY W TPEOYIOT MOBTOPHOTO OOCITYKUBAHUS
4epe3 ciydaiinble pomexkyTku Bpemenu [3]. Kak mpasmiio, Takue cucre-
MBI HCCIEAYIOTCS OTJEIbHO, HE3aBUCHMO APYT OT Apyra [2, 5, 7]. OxHako
HA MPAKTHKE MOXKET MMETh MECTO TMOpHHAS MOIENb, KOrJa B OJHOM CH-
creMe peasu3dyorcs oba Tuna 00paTHON CBA3M — KaK MIHOBEHHAs, TaK U
orcpouenHas. OTHUM W3 MPUMEPOB TAKUX MOIETEH MOYKHO CUUTATH CHCTE-
MBI 06pabOTKHN JAHHBIX ¢ MPOBEPKOIl KadecTBa 06paboTK [4].

1. Onucanme Modejn U IIOCTAaHOBKA 3aJavn

Paccmorpum cuctemy 00pabOTKY TAHHBIX, TTPEICTABIEHHYIO HA PHUC. 1.
B cucremy mocrymaer mpocreiiniuii TOTOK 3asiBOK ¢ mapamerpom A. Bpems
0bOCTyKMBAHUS 3asIBOK BXOIAIIEr0 TOTOKA SIBJISETCS CJTY9aifHON BETMIWHOIM,
uMeroneil SKCIOHEeHINAIbHOE pacipe/iesieHue ¢ napamerpom fug. [locie ob-
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Puc. 1. Tubpugnas CMO ¢ aymsa tumamu o6paTHORl cBA3M

CIIyKUBAHWS 3aBOK BXOJSIINEr0 MOTOKA BBIMOJIHIETCS TPOBEPKA KA4eCTBA
00paboTKU Ha HaaH4ne omnboK. IIycTh cyIecTByer aBa THIIA OITHOOK:

— TEpBBbIH TUN ONMUOOK yCTPAHSIETCS MTHOBEHHO, HO TIPU 3TOM TpPeOyercs
TMIOBTOPHOE OOC/IY2KUBAHNE; BEPOSITHOCTH BO3HUKHOBEHUS OIMMUOOK MTEPBO-
r'0 THIIA TOCJE MEPBUYIHOrO OOC/IyKUBAHUS PABHA T'1;

— BTOPO# THIl OMINOOK BO3HUKAET IIOCJIE TIEPBUYHOIO OOCIIYKUBAHUA C Be-
POSITHOCTBIO 7'y U JIJIST UX YCTPAHEHUsT TPEOYeTCst CIyUIaiiHOe BpeMsi, pac-
npejeeHHOe SKCIOHEHITNAJIBHO € IaPAMeTPOM o, IIOCJIe Yero 3aABKe TaK-
JKe TpebyeTcsi IOBTOPHOe OOCIIy KHUBaHUEe, KOTOPOE OCYIIECTBIISIETCS O
HUM €JIMHCTBEHHBIM MTPUOOPOM.

Takum 00pa3oM, Kaxk/1as 3asBKa BXO/ISIIEro MOTOKA ITOCJIe 3aBepIeH st
MEPBUYIHOTO OOCTYKUBAHUS MOXKET C BEPOATHOCTHIO 7'y TMOCTYIHUTH BO BTO-
poit 6JI10K, T/1e BpeMsi 0OCIIyKUBAHUS PACIPEIETIEHO C APAMETPOM [i2, JTHOO
C BEPOATHOCTBIO 7'y yHTH HA OPOUTY, /e OCYIIECTBIISAETCS 3/IEPKKA B TEUe-
HUE CIy9IaifHOTO BpeMeHu ¢ mapaMerpom o. C OpOUTHI 3asiBKa TIOCTYITAEeT HA
00CTyKUBAOIIN TPUOOP TPETHEro OJIOKA CHCTEMbI U 00PaOATHIBAETCS TaM
B T€YEHWE HKCIIOHEHIINAJILHO PACIIPEIECTIEHHOTO BPDEMEHN C TTapaMETPOM [i3.

ITocnie o6paboTkm HA BTOpOM OJIOKE MPOBEPKA KAIECTBa OOCTYKUBAHIS
[IOBTOPSIETCs, OJTHAKO BEPOSITHOCTh BOBHUKHOBEHUsI ONIUOOK TIEPBOrO U BTO-
pOro Tura yke paBHa 111 M r12 COOTBETCTBEHHO. Byem canrarh, 910 TIOCIE
00paboTKH 3asgBOK B TpeTheM 6ji0ke (1ocje ycTpaHeHus OmubOK BTOPOroO
THUIA) 3asdBKaM DOJIbIle He Tpebyercs 00pabOTKa U OHU IIOKUIAIOT CUCTEMY.

O603HAYUM iy, () — YHCIO 3aHATHIX TPHOOPOB B M-OM OJIOKE CHCTe-
Mbl B MOMeHT Bpemenu t, m = 1,2,3. CraBurcs 3ajada: HAWTH CTAIKAO-
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HapHOe PACIpEeeHHe BEPOSTHOCTEH TPEXMEPHOTO CJIyYAHOIO MPOIECcCa

{1 (), i2(2), i3(D) }-

2. Cucrema audpdepeHITIaIbHbIX YyPaBHEHUH OIS YaCTUIYHBIX
TIpou3BoOAAINX (BDYHKIHI
Tak kak mporecc {i1(t),i2(t),i3(t)} He siBIsIETCS MapKOBCKMM, BBEIEM
cyqaiinerii mponecc {k(t)}, onpenensonmii cocTosiane mpubopa TPeThero
6J10Ka, OOCITYKMBATOIIETO 3asIBKY TTOCJIE YCTPAHEHNUS OMMUOOK BTOPOTO THIIA,
CITeIYIOMMAM 00Pa30M

k() = 0, eciim mpubop 6s10Ka 3 CBOOOIEH,
| 1, ecam npubop 610Ka 3 3aHAT.

Haiimem cranmoHapHOe pacipeeeHre BepOATHOCTEN YeThIPEXMEPHOTO
mapkoBckoro npouecca {i1(t),ia(t),i3(t), k(t)}.

O603Ha9UM BEPOATHOCTH TOrO, YTO B MOMEHT Bpemenwu ¢ mpudop Tpe-
ThEro OJI0KA HAXOAWTCS B COCTOSHUM Kk, B MEPBOM OJIOKe 0OPadATHLIBAIOTCS
11 3asIBOK, BO BTOPOM OJI0Ke 00pabaTHIBAIOTCS 1o 3aBOK, M B TPETHEeM OJIOKe
HAXOIATCH 13 3aTBOK

Pi(iy, in,is, t) = Plis(t) = iy, ia(t) = in, i3(t) = i, k(t) = k}.

Torpa pacmpeseneHne BEPOATHOCTEH UCCIETYEMOr0 MPOIECCa B CTAIIMOHAD-
HOM pexKuMe MOXKHO 0603HauuTh Kak Py (i1,19,13). BBegem yacruunbie upo-
usBojgiue pyHKIUH BAIA

oo oo oo
Go(z,y,2) = Z Z Z a1y 2" Py (i, i, i3),

i1_0 ig_() i';—()

Gi(z,y,2) Z Z Z m“y”z”Pl(zl,ZQ,m)

=0 12—0 3=

Torma, 3anucap cucremy muddepeHnuaabHbix ypaBuenuit Koimoroposa
JUIsl CTAIMOHAPHOTO DACIIPEeJIeNIeHnsT BeposTHoOcTel mpouecca {i1(t), ia(t),
i3(t), k(t)} [6], moxxem mepeiitn K cucreme nuddepeHIaIbHBIX YPaBHEHMIH
B YACTHBIX MPOMU3BOIHBIX JJIsT YACTUIHBIX XaPAKTEPUCTUIECKUX (DYyHKITHH
BUA
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iy (3= 1= (y—1) —ra(z — 1)) W,

iz (1= 1)y~ 1) = gl — 1) ZE )

_UZW A = 1)Golw,y, 2) + 226 (w.9,2) =0, "
(= 1=y (y—1) — a2 — 1)) W,

pp (L =)y — 1) — r1a(z — 1)) ‘W_

(A = 1) = j13) G (1, 2) + 02 25002 _

0z

Jlannass cucremMa ypaBHEHWH sBJserca cucteMoii mauddepeHnnaabHbIX
YPaBHEHWI B YACTHBIX MPOM3BOIHBIX C MEPEMEHHBIMU KO3I(hDMOUITHEHTAMMA.
Ananuruyueckoe ee pellieHre U3BECTHBIMU METOJAMU TPEACTaBIsger coDOi
BECbMa IPOMO3JIKYIO 3a/ady. B CBSA3M € 3TMM PACCMOTPHUM HCCIIELYEMYTIO CH-
cremMy Kak cOBOKynHOCTh ByX CMO, offa u3 KOTOPBIX MpecTaBisier co0oi
aeyxdaszuyio CMO ¢ HEeOrpaHWYEHHBIM YHUCIOM TPUOOPOB W MTHOBEHHOM
obparnoii cBa3p0 — mamee CMO 1 | a Bropas — RQ-cucremy, B KOTOpOIi
BCe 3asIBKH BXO/ISINErO MOTOKA IOCTYIAIOT Cpa3y Ha OpOUTY, U TOJBLKO C
opOuUTHI 3asiBKU UAYT Ha obcayxkuBanue — nagree CMO 2. Uccnemyem mpo-
[IECCHI, OMUCHIBAIOIINE YHUCIO 3aIBOK B KAYXKION U3 TUX CUCTEM, ¥ UCXO/s U3
MTOJIy Y€HHBIX PE3YJIHTATOB, 3AIHUIIEM TTPOU3BOAAIINE (DYHKIIUN OTHOMEPHBIX
MTPOIIECCOB, ONMUCKHIBAIOIINX YNCIIO 3asBOK B KarKJI0M OJIOKE CHCTEMbI, a TaK-
K€ TIPEJIIONIOKUM BuJ, npousBoasieil dbyuximuu G(x, y, 2) 1jisd TPeXMEePHOro
upouecca {i1(t),ia(t),i3(t)}.

3. IIpousBogsinne pyHKIUU JId MAaPrAHAJIBHBIX pacOpeeeHni
Ymcsia 3agBOK B KaXKJIOM OJioke

Paccmorpum CMO 1, koropas mnpejcrasiisier coboi mepBble 1Ba 0J10Ka
uccnemyemoit cucrembl. Tak kak n3 610ka 3 (CMO 2) 3asiBkM He moCTy-
mator B CMO 1, to moxuO mpeamnosoxutb, 9to CMO 1 dyrkimonupy-
er Hesapucumo ot CMO 2. /lannHast cumcTreMa MOApOOHO OmMcaHa B pabore
[1], u Tam Ke HOJIyYeHO BbIpazkeHue [Jls IPOU3BOsIell QYyHKIMU CTaiuo-
HAPHOTO PACHPEIEIEHUsT BEPOATHOCTEH MBYMEpHOro mpomnecca {41 (t), ia(t)},
OTIHCHIBAIOIIETO YNCJIO 3aBOK B BJIOKAX OOCIYKUBAHUSA, KOTOPOE UMEET BUI

Feg) =en{@-n+ 2 —@-nf. @
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TTo Buay npoussousieii Gynkuuu (2) MOKHO CIEJATH BBIBOJ O TOM, YTO B
CTAIMOHAPHOM YHCJIa 3a8BOK B IIEPBOM M BO BTOPOM OJIOKaX CUCTEMBbI HE 3a-
BUCST APYL OT Apyra u uMmeror pacupeseienue Ilyaccona. Takzke HECI02KHO
MOKa3aTh, YTO TOTOK 3asABOK, Bexomamuii 3 CMO 1 8 CMO 2 gasnsiercs
cranuoHapubiM [1yacCOHOBCKUM TIOTOKOM C TTapaMeTpoM

A:A( +) (3)

].—7"11

Paccmorpum CMO 2. Jlammass cucrema mpezacrasiasier coboit RQ-
cuCTEMY, 0OCOOEHHOCTHIO KOTOPOIl SBJISETCH MOCTYIIEHHE 3asdBOK Ha OpOu-
ty. Ha BXOJ cHCTEMBI TOCTYHAET IMPOCTEHINNI ITOTOK 3ag4BOK ¢ MapaMeTpPOM
(3). Haiinem npoussopsinyo dbyukuuio G(z) craimuoHapHOIO pacipejesie-
nus aucaa 3aa8ok B CMO 2 Py (is) = P{is(t) =is,k(t) =k}, k=0,1. Jna
9TOTO BBEJIEM YACTUIHBIE TIPOU3BOAAIIE (DYHKIAN

G ZZZ3P0 ’Lg G1 ZZZ3P1 7,3

13 0 237

Torma, 3amucaB cucremy mguddepennuanbabix ypasuennit Kommoroposa
JIJIST PACTIPE/IENIEHUsT BEPOSITHOCTEH B CTAIIMOHAPHOM peskuMme  [6], Moykem
mepeiitn K cucreme auddepeHnalbHbIX YPABHEHUN 11T 9aCTUIHBIX PO~
u3BOAANINX (DYHKIWH B BUIE

Az — 1)Go(z) — Uza%ﬁ + %Gl(z) =0,
961 (2) @
(A(z—1) — p3) Gi(z) + oz = 0.

Pemas cucremy (4) npu ycaosun

Go(1) + G1(1) =1,

HoJIy9aem
A
Ly (1-p\*
Golz) = (1 - p)e3 1)(1_@ , (5)
A
1—p\- ™
Gi(z) = pre 7D <1_ppz> ; (6)
e p = ;TAg,

U rorpa, caoxus (5) u (6), HOLyIUCM BbIPpaXKE€HUE JJisl [IPOM3BOMA-
meil GyHKINA CTAITMOHAPHOTO PACITPEIEICHUST BEPOATHOCTEH YHMCIIa, 3asBOK

B CMO 2 B BHIE
A 1—0p ot
— ooz (2T F
G(z)=e (1 — pz) . (7)
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4. TIpomsBoasimias PYHKIUI COBMECTHOTO pacmpeaeaeHus
BepoOATHOCTEN Yncja 3adBOK B 6jo0Kax rubopuaaoit CMO

Bepuemcs k cucreme quddepennuaabubx ypasuenuit (1) aja yactud-
HBIX MPOU3BOIAIIMX (DYHKIMHA COBMECTHOTO CTAIIMOHAPHOTIO PACIIPEIEICHUST
BEPOATHOCTEN YmCia 3asiBOK B Ookax uccienyemoit rubpuanoit CMO. Pe-
HIeHUE 3TOH cCHCTEMBI OyIeM MCKATh B BHJIE

{ Go(aj,y,z) = F(Z‘,y)Go(Z), (8)
Gl(xvyaz) - F(Z‘7y)G1(Z)7

rae F(xz,y) ompeznensiercst BhipaxkenneMm (2), a dyukuun Go(z) n G1(2)
neussectHbl. [logcrasum (8) B cucremy (1). Iomyduum cieayronyio cucremy

A (7“2 + 17"17‘12> (Z - 1)G0(Z) — Uza%y + @Gl(z) =0,

(/\ (72 * 1_{7%) (2 —1) - Mg) G1(2) +025C§81Z(2) o (9)

Hecnoxuo 3aMernuthb, 9410 cucreMa (9) MOTHOCTHIO COBHAJET C CHCTEMOM
(4), ecnu yuecTb MHTEHCUBHOCTH BXOAgIIero noroka (3). CienoBaresibHo,
dyuxn Go(z) n G1(z) nveror Bug (5) m (6) coorBercTBeHHO. A 3TO
3HAYNT, Y4TO MPOU3BOASAIIAsA (DYHKIMS COBMECTHOTO PACIIPE/IEIIEHHS BEPOST-
HOCTel 9HCiIa 3asBOK B GJIOKAX CHCTEMbI HMEET BHUJL

- (52) oo 222
(10)

rae p = ;7A3’ A=) (71717;1121 +7“2).

3akJiroueHune

Ananusupys Bun Boipazkerus (10), MOXKHO CHENATH CJIEIYIOIME BBIBO-
JTBL:

— cayuaiiabie nponeccst {41 (¢)}, {i2(¢)}, {i3(t)}, onmuceiBatomue wucno 3a-
SIBOK B KayKJOM OJIOKE CHCTEMBI, IPH CTAIIMOHAPHOM DEKMUME PabOThI
SIBJIAIOTCS HE3ABUCUMBIMH JIDYT OT JPYTQ;

— mpousBoagamue GHyHKIMA PACIPEIETCHNT BEPOATHOCTEN IMCIa 3adBOK B
HEPBOM M BTOPOM OJIOKAX CHCTEMbI SIBJISIOTCS NPOM3BOAAIMME (DYHK-
nusamu pacupegenennii [lyaccona;

— mpomsBoaAmasa HYHKIWSA INCTa 3a9BOK B TPETHEM BJIOKE CHCTEMBI (pe-
AIM3YIONIEM OTCPOYEHHYIO OOPATHYIO CBSI3b) IIPEJICTABISAET CODOM mpO-
u3BeneHne nponssoaamux GyHkuuii pacnpenenenns Ilyaccona n orpu-
HATETBHOTO OHHOMUAIBHOTO PACTIPE/ETTCHHS.
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This paper analyses a two-server queueing system with prioritized
customers, employing a main and standby server. High-priority
customers have an infinite queue capacity, while low-priority cus-
tomers have a finite capacity. The standby server assumes the main
server’s role during vacations or breakdowns, exclusively serving
high-priority customers. The system is depicted as a QBD process
and matrix analytic methods are applied to derive performance mea-
sures. The findings are numerically substantiated.

Keywords: Multi-server queuing system, priority queues, matrix
analytic methods, vacation, phase type distribution

Introduction

Queuing theory is a mathematical framework used to analyze systems
where entities wait for service, such as in customer service, telecommunica-
tions, and manufacturing. Traditionally, it assumes servers are always avail-
able to process arrivals, but in real-world scenarios, servers often experience
periods of unavailability, such as for maintenance or breaks. To address this,
the concept of ”vacations”is introduced, modeling these downtime periods
and providing a more accurate representation of practical queuing systems..
The concept of vacation was introduced in queuing system first by Y Levy
and U Yechiali in 1975 [7] for an M/G/1 queuing system. The survey paper
by Doshi (1986) [4] and Tian and Zhang (2006) [9] provide more details
about vacation queuing models. The concept of working vacation was first
introduced by L. D. Servi and S. G. Finn in [5]. This paper discussed mul-
tiple working vacations in the M/M/1 queue. This concept was generalized
for the M/G/1 queue with working vacation by Wu and Takagi [10]. Later

Authors would like to thank Dr. A. Krishnamoorthy, Department of Mathematics,
Central Univeristy of Kerala, Tejaswani Hills, Kasaragod, Kerala 671325, India, Centre
for Research in Mathematics, CMS College, Kottayam, Kerala 686001, India for his
valuable suggestions.
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Li and Tian in [8] studied GI/M/1 queues with single working vacation in
2011. Queuing models with backup servers and vacation were discussed by
Gray, Wang, and Scot in [6]. In [2], Chakravarthy, Shruti, and Kulshrestha
propose a model where a backup server assists during the main server’s
breakdowns or vacations, analysing steady-state performance. In [1], Ayya-
pan and Karpagam present a queueing model that incorporates breakdowns,
optional repairs, a standby server, and multiple vacations. An analysis of a
priority queue with phase-type service and failures was done by Dudin, A.,
and Dudin, S. in [3].

This paper analyzes a two-server queuing model that includes real-world
factors like mandatory server vacations, breakdowns, and priority-based
customer service.

1. Mathematical formulation

In this paper, we consider an M/PH(1), PH(2)/2 queueing system. The
two servers are labeled as the main server and the standby server. Two
queues are created based on the priority. High-priority customers are served
by the main server, while low-priority customers are served by the standby
server. The capacity of the queue for the main server is unlimited, but the
capacity of the queue for the standby server is limited, say L. Let A; be the
arrival rate for the high- priority customer and Ay be the arrival rate of the
low- priority customer. The service times of the main server and the stand
by server follow PH-distributions with representations («, T') and (8, U),
where U = 0T, 0 < 6 < 1 respectively. The service rates of the main server
and the standby server are respectively represented by py, = [a(—T) te]~?
and p; = [B(=U)"te]7*.We denote T° and U as the column vectors sat-
isfying Te + T° = 0 and Ue + U? = 0. The main server could experience
downtime due to factors like mandatory vacations or a breakdown. The
main server takes a vacation after rendering service to K customers at a
stretch. During that period, the service of low-priority customers will be
terminated and high-priority customers will be served by the standby server.
The duration of each vacation is modelled with an exponential distribution
with rate n. On the return of the main server, the standby server resumes
the service to the interrupted low priority customer. During the absence of
main server, the low priority customers are not allowed to join the queue
whereas the high priority customers either join the queue with probability
p or returns with probability 1-p. Whenever the system becomes empty,
the main server goes on vacation. When a high-priority customer arrives,
the standby server will serve them. There is a possibility of the main server
breaking down. The standby server is shielded from interruption. The
standby server will take charge during the repair of the main server, just
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like when the main server takes a mandatory vacation. The repair time
is exponentially distributed with rate 4. The underlying random variable
governing the durations of the inter-arrivals, the services, the vacations and
the repairs are all assumed to be mutually independent of each other. The
system can be viewed as a QBD process. We denote the variable as follows:
N;(t) and No(t) represent the number of high priority customers and the
number of low priority customers respectively, Si1(¢) and Sa(t) represnt the
status of the main server and the standby server respectively, C;(t) and
C5(t) indicate the phase of the main server and phase of the standby server
respectively. Finally N(¢) denotes the number of high priority customers
that have been already served by the main server.

0 if the main server offers service

S1(t) = ¢ 1 if the main server is on vacation

2 if the main server is under repair,

0 if the standby server offers service to low priority customers
Sa(t) = < 1 if the standby server offers service to high priority customers
2 if the standby server is idle
Then (Ny(t), Na(t),S1(t),S2(t), C1(t),Ca(t), N(t)) is a continuous time
Markov chain with state space 2 =
{(0,0,4,2,5,7,p) [1 € {1,2}, 1 <j <m, 0<p<k}U
{(0,1,4,0,4,4,p) [i € {1,2}, 1<j<m, 0<p<k, 1<I<L}U
{(¢,0,0,2,5,5.p) L <j<m, ¢=1}U
{(¢,0,3,1,5,5,p)[i € {1,2}, 1 <j<m, ¢>1, 0<p<k}U
{(¢,1,0,0,5,j,p) [1<I< L, 1<j<m, q=1, 0<p<ktU
{(q,1,i,1,4,4,p) i €{1,2}, 1<I<L,1<j<m, ¢>1, 0<p<k}.

Thus the infinitesimal generator of 2 is of the form

Co Cy
Cy A1 A

Q= Ay A A : (1)

Each matrix Ay, A; and A, are square matrices of order 3Km + 3Km?L,
Cy is a square matrix of order 2K + 2KmL, C is a matrix of order (2K +
2KmL) x (3Km+3m2KL) and Cs is a matrix of order (3Km+3m2KL)x
(2K + 2KmL).
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2. Stability condition

Let w = (mg, 71,72, 73) be the steady state probability vector of A =
wA=0, me=1. (2)

The queueing system under study with the generator given in (1) is stable
if and only if
mApe < wAsze. (3)

ie,

7o B1+71-Ba+mo-(I12®Bg)+ms-By < mo-Bs+71-Ba+mo-(I2®By)+m3-By

(4)

where

B, 0 Bsg 0
Ay = Ay =
0 ( 0 IL2®Bz>’ 2 ( 0 IL2®B4>’

B and Bj are square matrices of order 3mK, By and By are square matrices
of order 3m?K and I is an Identity matix of order (L - 2).

3. Steady state probability vector

Let x = (x0,X1,X2,...) where xq is of dimension 2K + 2KmL and
X1,Xa,... are of dimension 3mK + 3m2KL be the steady state probabil-
ity vector of Q. Then x must satisfy the set of equations

xQ = 0,xe = 1. (5)
Thus the above set of equations reduce to:

XOCO + chg = 0,
x0C1 +x141 + x4 =0, (6)
Xn-140 +Xp A1 +Xpy1d2 =0, n2>2.

Under the assumption that the stability condition holds, we see that x is
obtained as
X, =x1R"1, n>2 (7)

where R is the minimal non-negative solution to the matrix quadratic equa-
tion:

R2A2 +RA1+Ag=0 (8)
and the boundary equations are given by

Xoc’o + chz = 0, (9)
X()Cl + X1 [Al + RAQ] =0.
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4. Some important system performance measures

1) Probability that main server is busy:
co m m K

P :ZZZZXi(O,O,Q,T,S,u)Jr

i=1 r=1s=1u=1
m m K

oo L
+ZZZZZXi(j,O,O,r,s,u).

i=1 j=1r=1s=1u=1
2) Probability that the standby server is busy :

co L m m K

Py :ZZZZZXi(j,0,0,T,S,u)—F

i=1 j=1r=1s=1u=1
2 m m K

oo L
A3 333D xiG s ).

i=1j=0 =1 r=1 s=1 u=1

5. Tables

We present a numerical example to highlight how the system behaves
with respect to certain parameters. In Table 1 the probabilities of the
main server being busy are calculated for different values of arrival rates
of high priority customers and vacation rates. we see that as the arrival
rate increases, the probability that the main seerver is busy also increases
whereas it decreases with an increase in the vacation rate.

Table 1
Effect of A\ and n on Pi: Fix up, =2, yy =1, v=0.1, K =3, p =038, L =4,
m = 2.

AP 7 Py

0.6 | 0.5302 || 0.6 | 0.9445
0.7 | 0.6250 || 0.7 | 0.9343
0.8 | 0.7225 || 0.8 | 0.9268
0.9 | 0.8230 || 0.9 | 0.9213
1.0 | 0.9268 || 1.0 | 0.9171

6. Conclusion
We analyzed a queuing model, M/PH(1),PH(2)/2, where the main server
takes vacations or undergoes repair, and the standby server handles high-
priority customers during this time. The matrix analytic method is used
to find the stationary probability vector, helping to calculate performance
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measures. This model can also be extended to include MAP arrivals with
phase-type vacations and repairs.

10.
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This study examines the reliability of a k-out-of-n:G repairable sys-
tem with a single server in charge of repairs of faulty components
and also serves external customers. The failure times of the system’s
components follow an exponential distribution, whereas external
consumers arrive using the Poisson process. The service durations
for both internal components and external customers are exponen-
tially distributed. The system is made up of a finite capacity pool
for waiting external customers, and if the pool is full, arriving ex-
ternal consumers enter a retrial orbit with a probability or exit the
system with the complementary probability. The N policy governs
the servicing of both external customers and internal components.
When the system is free of failing external and internal components,
the server goes on multiple vacations. We use the Matrix Analytic
Method to discuss system stability and steady-state distributions.
Keywords: Multiple vacation, k-out-of-n system, Matriz-Analytic
Method, N-Policy

Introduction

A common type of redundancy is k-out-of-n reliability systems, which
operate if a minimum of k components are functioning. The reliability of
a k-out-of-n:G system with multiple repairmen is studied by Yuan [8]. The
repairmen are going on multiple vacations, which are independently and
identically distributed. A linear consecutive k-out-of-n:F system is investi-
gated by Wang et al. [7] in which the repair facility is subject to breakdown.
When the server is busy, an arriving failed component enters a retrial orbit.

Attending more diverse services may improve the server’s experience.
Krishnamoorthy et al. [5] analysed a k-out-of-n system with a single server
offering service to external customers by using the idle time. The system
consists of a pool of finite capacity for external customers, and when an
arriving external customer finds the pool is fully occupied, the external
customer joins a retrial orbit with a probability and leaves the system with
a complementary probability. Chakravarthy et al. [1] investigated a k-out-



258 Binumon Joseph, K. P. Jose

of-n system with a single reliable server and K spare components, using
the Matrix Geometric method. The spare components are used to replace
the failed components of the system with a probability that depends on the
count of working units.

Dudin et al. [2] studied a k-out-of-n system in which the server’s idle
periods were used to serve external customers. When the server is occupied,
external clients, arriving according to a BMAP, are redirected to an orbit.
Hu et al. [3] investigated a repairable k-out-of-n:G system with no waiting
space for failed components. The failed components enter into a retrial
orbit if the repairman is busy. Joseph and Jose [4] analysed a k-out-of-n
system served by a single server, where the server’s idle time is utilised to
serve external customers. A vacation is triggered for the server whenever
the system has no external customers and fewer than N internal component
failures.

1. Problem Formulation and Analysis

In this paper, we consider a k-out-of-n:G system, in which the compo-
nents are subject to failure. When the number of failed internal components
reaches the predefined threshold IV, the server initiates its repair, handling
each component individually in sequence. Omnce the server has repaired
failed components, it begins a vacation, with the vacation time being expo-
nentially distributed with rate v. However, if the number of failed compo-
nents reaches IV during this vacation, the server interrupts the vacation and
immediately resumes servicing the internal components. The idle time of
the server is used for the service of customers from outside the system. The
lifetime distribution of system components is exponentially distributed with
parameter A;. The external customers approached the system for service;
the inter-arrival time distribution of external customers follows an exponen-
tial distribution with parameter \.. A newly arrived external customer does
not join the system when the server is busy with internal components.

The system consists of a pool of finite capacity K for accommodating
the arriving external customers. An arriving external customer gets into
the pool if it is vacant; otherwise, they join an orbit of infinite capacity
with probability v. The retrial rate of an orbital customer is exponentially
distributed with parameter 8. If there are ¢ external customers in the orbit,
then the retrial rate is #6. If the retrial customer fails to join the pool, then
the customer again joins the orbit with probability . After completing the
vacation, if the pool is free from external customers and the number of failed
internal components is less than IV, then the server goes for another vaca-
tion. When the server is engaged in external service and the count of failed
internal components reaches the threshold N, it transitions to servicing in-
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ternal failures upon completion of the ongoing external task. The service
time distributions of internal failed components and external customers fol-
low exponential distributions with parameters us and p. respectively.

Let N,(t) be the number of external failed customers in the orbit, N,(t)
be the number of external failed customers in the pool, Ns(t) be the num-
ber of internal failed components in the system, and S(¢) the status of the
server at time ¢, which is 0 when the server is in vacation, 1 if in internal
service, and 2 if in external service. Then {X(¢),t > 0} where X (t) = =
(No(t), S(t), Np(t), Ns(t)) is a continuous time Markov chain with the state
space Q = {(4,0,4,1)/i=0,1,2,...;57=0,1,2,..., K;1=0,1,2,...,N—1}
u{(,1,5,0)/t = 0,1,2,...,55 = 0,1,2,...,K; Il = 1,2,...,n — k + 1}
u{(,2,5,0)/t = 0,1,2,...,;5 = 1,2,...,K; | =0,1,2,..., n—k+ 1}.
Let I,, be the n'? order identity matrix, Ej be a k' order square matrix in
which diagonal elements are -1 and (4,7 + 1)*" elements are 1, El; the trans-
pose of Ej, r,(i) be the 1xk order row matrix with i*" element as 1 and all
other elements as zeros, e be a column matrix of appropriate order with all
elements 1, ¢ (%) be the transpose of 74 (7), and ® be the Kronecker product
of matrices. Then he infinitesimal generator matrix @ of {X(¢),t > 0} is
A0 Ao

A1y A Ap
A2 Aa) A
Agry  Aaw A
er+1)  Aar+1) Ao
AL 00
Ao=|0 0 0], A= (r(KH)(K—i—l)@C(KH)(K—i- 1)) @Al
0 0 A
48 = (ric(K) @ Cxe(K)) @ Melupyzy For i = 1,23, Apy =
Ay, 0 0
= | 0 ALy 0|, where Ay, = (Bucrny + Licen) ® i0In+
0 0 A%,

+(r(4) (K +1) @ Cxy1(K +1)) @ (1 = 8)ifln. Also A?w and A?M have
same structure. For i =1,2,3,... A =
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1 1
Bo,i) Bgl,m) .
(1,1) (1,i41)
All,i) A?l,i) A:())l,i) BL
3‘ 5 6 (2,1)

= At oA, av | Al =
ST il R

ALy Apsy A B
(Kfl,i+l)

(K,i)
B(lj’i) = AsEn — (A +10) 1y, B(lj%l) =NIy, forj=0,1,...,K—1,

B(lK,,') =XNEN — (V+ A + (1 —0)i0) In.
A2y =2 T @ (rackia (V) @ Oy (N)),

e :< ON s M(n—k+2) )
(1,9) Ig ® [VIN 0N><n—k+2—N] ’

AZD o
Az(llﬂ.) =IKk+1 @ (TN(l) ® Cn7k+1(1))7 A?l,i) = < (1,4) AE5’4))> ,
1,2
Ag?,ll)) =Ig® (AsEnkarl +/"L5E1I’L—k;+1 +As (rnkarl(n —k+ ]-) ®Cnfk+1(n_

kot 1)) - wI(n_kH)),
AE?:?)) =Ik® ()‘SE”*’CH s B+ As (Tnfkﬂ(n —k+1)®Cppt1(n—
k+ 1)) - (1= 5)i91(n—k+1))a AP}y = 0k 4 1) -kt 1) x K (n—k+2).

Al = (M%IN 00) Al = ONXE)N?D #el(nf(l)Hsz) 8

0 0 0
A?l,i) is a tridiagonal matrix with entries B?M’) = pel(n_py2), for
J=12 0 KBS = ABus iz A, (rn,w(n —k42)® Cpppa(n—
k4 2)) - (Ae Yo + z'e)l(n,m), fori=0,1,...,K —1,
B?K)iﬂ) = AEn_pr2+ s (rn—k+2(n—k+2) ®Chp_pya(n— k+2)) _ (7)\64_
e + (1 - 5)i9)l<n_k+2), B ive) = Aeln—pra, fori=0,1,....K 1.

2. Stability Condition
The stability condition is obtained by the Neuts-Rao truncation [6] by
assuming Aq; = Aqp and Ag; = Agpy for all i > M. Let IT = (IIp, 114, IT5)
be the steady state probability vector of A = Asps+ A1pr+Ap. The stability

I Age
condition of the system is obtained from lim MROT ) .
M — o0 HMAQMe
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3. Steady State Probability Vector

To obtain the steady state probability vector, we use the trunca-
tion method by Neuts-Rao [6]. Let the steady state probability vector

X = (wo,21,72,...) of Q, where, x; = (ﬂﬁ(i,o,o,l),x(i,o,o,z)’---733(1‘,0,0,N)),
(x(i,o,1,1), T(3,0,1,2)5 -+ +» x(i,o,1,N))’ SE) (x(i,O,K,l)v T(3,0,K,2)1 -+ > 'T(i,O,K,N))a
L(3,1,0,1)5 L(i,1,0,2)s -+ x(i,l,O,(n—k—&-l)))»(x(i,l,l,l)r~-ax(i,l,l,(n—k—&-l)))a'“a
(x(i,l,K,l)v T(i,1,K,2) L(i,1,K,3)r > if(i,l,K,(n—k+1)))7 (x(i,Q,l,O)a T(3,2,1,1)5 =+
x(i,Q,l,(nle»l)))a (33(2',2,2,0)7 T(3,2,2,1)5- > :E(i,2,2,(n7k+1)))a- B (9U(i,2,K,0)7
T(4,2,K,1),L(5,2,K,2) 5 -+ > x(i,2,K7(nfk+1)))-

Then, z; follows the relation z,,,, , = z,, ,R*, k > 1, where R is

the least non-negative solution of the quadratic matrix equation, R?Ay+
+RA1 + Ag = 0, with Ay = Ay, Ay = Aspyy and R = lim R, where

n— 00
{R,} is defined such that R, 1 = —A()Al_1 — RnAgAl_l; n > 0and Ry = 0.
The vectors xg, x1,. ..,y —1 are obtained by solving the equations xg A9+
+x1A9 = 0, 25140 + ;A1 + 219641y = 0;(1 <7 < M —2), and
ra—240 + 2ar—1(Ay(m—1) + RA2) = 0, subject to normalizing condition
[ZiAiSQxi +ap_1(1— R)_l]e =1.

4. Performance Measures of the System

1) Fraction of time the system was down,

K K
Pp = 30700 2 im0 T g (n—k+1)) T Doicg 21 (5,2, (n—k+1))-
2) The average number of external customers waiting in the pool,

Np = Zzo (Zf:oj( Z(i,0,5)€+ CU(z',l,j)e) + E.]I'(:l(j -1) x(i,Q,j)e)~

3) The average number of failed system components, Nip =) oo (Z

N-1 —k+1 K —k+1
(X0 Lo+ 250 Loausn) + 2o 2y ! x(i,z,j,w)-
4) Probability that the server was on vacation, P, = Y =, Zf:o T(i,0,5)€-
5) Expected number of external customers lost before entering the orbit,

Epri=X(1-7)Y>7, (x(i,O,K)e + x(i,27K)e>-
6) Average count of external customer lost due to retrial,
Epro =3 ;2i0(1 —0) (x(i,O,K)e +2i,1,x)€ + x(i,?,K)e)~
7) Expected service completion rate of external customers,
00 K
Eescr = le Zi:O Zj:l L(i,2,5)€-
The expected cost/unit time of the system is ETC = C1 Pp + CoNp —

C3FEecser+Cy(Epr1+EgL2)+CsNrp+Cg P, where C; are the cost associated
with the corresponding performance measures.

K
J=0
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5. Conclusion

The problem is analysed by a continuous-time Markov chain. The
steady-state probability vector and system stability are discussed using the
Matrix Analytic method. Several performance measures of the system and
a suitable cost function are obtained.
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The study of insurance networks became popular during the last
decade. In this paper we consider two examples of such systems.
The first one is devoted to investigation of ruin probability for a
network consisting of a main company (reinsurer) and n subsidiary
ones. Proportional (or non-proportional) reinsurance is supposed
to be applied. The second one treats the Generalized Cramer-
Lundberg model. To prove the results we use the integro-differential
equations, stochastic calculus and Fourier transforms. Keywords:
optimization, insurance network, investment, reinsurance

Introduction

Risk management or decision making under uncertainty (unfavorable
or favorable) is specific for all applications of probability theory, such as
insurance, finance, queueing, reliability, population dynamics, medicine,
inventory, dams and many others. The main question is how to choose
an appropriate mathematical model. The most widely used models are of
input-output type described by six-tuple (T,Y, Z,U, U, L), see, for example,
[1]. Here
— T — planning horizon;

- Z={Z(t),t € [0,T]} — input process;

- Y ={Y(t),t € [0,T]} — output process;

- U={U(),t €[0,T]} — control;

— U — functional describing the system configuration and its operation
mode, thus X = ¥(Z,Y,U);

- X ={X(t),t € [0,T]} — the system state;

- Lp(U) = L(Z,Y,U,X,T) — objective function (target, valuation crite-
rion or risk measure) evaluating the quality of system performance.

At the beginning only limit behavior was studied for dams and queueing
systems, that is, no objective function existed. On the other hand, the cost
approach was common for inventories and finance, whereas reliability theory
and insurance used the so-called reliability approach investigating the ruin
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(either survival) probability. Nowadays, objective function (risk measure)

is introduced in all the research domains.

Control Uy = {U*(t),t € [0,T]} is optimal if

ET(U;:) = inf L:T(UT),
UreUr

Definition 1.

(or  Lp(Ur)= sup Lr(Ur)),

Urelr

where U7 is the class of admissible controls.
Further, U* = {U;,T > 0} is called the optimal policy (or strategy).

It is interesting to give the interpretation of the above mentioned pa-
rameters for various applications as stated by the Table 1.

Interpretation of terms for different applications

Table 1

Domain of Input Output State
investigation  Z(t) Y(t) X(t)
Insurance Premium Claims Surplus
Finance Money inflow Money outflow Capital
Inventory Supply Demand Inventory level
Dams Water inflow Outflow Water level
Reliability New & Repaired Damaged Working

elements elements elements
Queueing Clients arrival Served clients Queue length
Population Birth & Death & Population
growth immigration emigration size

We are interested in the study of insurance models, so we provide the

following

Definition 2.

Insurance is a contract where one party (the insurer)

agrees to compensate another party (the insured) for specified losses, dam-
ages, or injuries, in exchange for a premium payment. It’s a form of risk
management that helps individuals and organizations mitigate potential fi-
nancial hardship from unforeseen events. All calculations are performed
according to the laws of probability theory.
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1. Insurance network

Risk networks became popular during the last decade of the 21st century
(see [2], [3]). We begin by investigation of ruin probability for a network
consisting of a main company (insurer, as well as reinsurer) and n subsidiary
ones (insurers). Proportional (or non-proportional) reinsurance is supposed
to be applied.

Define the following processes X;(t), i =0,1,...,n

Xi(t)=u;+¢ -t —a;Ci(t), 1 =1,..,n and
X()(t) =uy+co-t— OéoCo(t) — Z?:l BiC’i(t),

X;(t) is the capital of the i-th company at time ¢, u; = X;(0) is the initial
capital i-th company, ¢; is premium inflow to the i-th company, «;, 8; are
respectively fractions of aggregate claims C;(t) of the i-th company which
are paid by insurers and a sole reinsurer. Note that 0 < «;,5; < 1 and
a;+B;=1,1=0,1,...,n.
The aggregate claim processes are defined as follows
Na. (t)

i

Cz(t) = Z CiJ, i:O,...,n,

j=1

where Ny, (t) is a Poisson process with intensity A;, i = 0,1,...,n, and C; ;
is the j-th payment of the i-th company. It is supposed that C; ; are inde-
pendent identically distributed random variables with a density f;(z), dis-
tribution function Fj(z) and finite expectations. Moreover, C; ; and Ny, (t)
are independent.

Let 7;(u;) = inf{t > 0 : X;(t) < 0|X;(0) = w;} denote the ruin
time of the i-th insurer. We define the system’s ruin time 7(ug, ..., uy,)

as 1:(15111111” 7i ().

Our aim is obtaining the ruin probability, that is, U(ug,...,u,) = =
P(7(ug, ..., Un) < 00).

For investigation we use the Gerber-Shiu function defined as follows:

P(U, -y tn) = E [e™Tw(3ig Xi(r7), o [Xi] - I{T < o0}

Xo(()) = uo,X1 (O) = ui, ,Xn(O) = Un],
§ € [0;+00), w : [0;+00) x (0;+00) — [0;+00) is a bounded (Borel mea-
surable) function and [f(z)]— = max(0, —f(z)) denotes the negative part of
f(z). Note that putting § = 0 and w(z;y) =1 we get @(uo, ..., Un).
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Theorem 1. Gerber-Shiu function ¢(ug, ..., u, ) for (n+1)-dimensional
network satisfies the following integro-differential equation

6+ ;Ai)cp(uo, oy Un) = ;Ciaitﬂ(uo, ey Uy )+
+)\0/ @(uo*x,u1,...,un)fo(x)dx+)\0/ Zu“ folz)dz+
0

n min(g—?7—i)
+Z )\1/ (p(UQ — 51‘1',"&1, ey Uj—1, Uj — OGT, Uit 1, ,’U,n)fl(’l})diﬂ -+
- 0

/ y w(duj, (B —uo)t, (ww — ui) ™) fiw)dx |
mln(ﬁ ,a—‘ )

where w; is the initial capital of company i and f;(z) is the density of its
claims, ¢ =0,1,...,n

2. Generalized Cramer-Lundberg model

In order to make the classical model more realistic, we consider n cate-
gories of insurance (not a single one), replace the compound Poisson process
by a generalized Poisson process and include the investment. Based on these
conditions, a risk model is set up to find (by the martingale methods) the
formula of ruin probability and its upper bound. Thus, we put

U(t) =u1 + (u1 —uz —uz)(b—c+d) + S(t),

n N;(t) n M;(t)
S(t) = ugrit + ug(rot + aB(t) +Z X Z Z Y
j=1 i=1 Jj=1 =1

Here U (t) is the capital of insurance company and S(t) is the gain at time ¢,
uy is the initial reserve of insurance company, us is invested in a non-risky
asset, ug is used in venture capital, r1 is rate of return of us, us(rot +aB(t))
is income from investment of ug in a Brownian motion with parameters ro,
a (here ry is drift parameter, a is volatility, B(t) is a standard Brownian
motion), b is interest rate, c is inflation rate, d is exchange rate.

Clearly, parameters satisfy the following inequalities ¢ > 0,u; > 0,
ug >0, ug > 0,70 > 0,72 > 0,a > 0. Furthermore, N;(t) and M,(t) are
Generalized Poisson processes providing inhomogeneity of premiums and
claims flows, Xi(j ) represents the ith premium, while Yi(j ) is the 4th claim
amount, for the jth insurance branch. All r.v.’s possess finite means and
variances.
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Lemma 1. Surplus process {S(t),t > 0} has stable independent in-
crements.

Lemma 2. There is a function h(r) satisfying the relation
Elexp(—rS(t))] = exp(th(r)).

Lemma 3. Equation h(r) = 0 has only one positive root R.

Theorem 2. For the Doubly Stochastic Generalized Poisson multiple
risk model, the upper bound of ruin is

o(u) < exp[—R(u1 + (u1 —ug — usz)(b — c+ d))].

Theorem 3. For the Doubly Stochastic Generalized Poisson multiple
risk model, the ruin probability is
(u) = exp[—R(u1 + (u1 —ug — u3)(b— c+ d))]
v Elexp[—RU(T)||T < ’

here T is the ruin time, that is, T = inf{t > 0: U(t) < 0}.

Conclusion

Thus, we investigated two interesting models important for applications:
Insurance network with proportional reinsurance and Generalized Cramer-
Lundberg model. In addition to equation for the Gerber-Shiu function we
obtain some results for its Fourier transform and then calculate the ruin
probability. The second model describes a company having several business
lines. The model is doubly stochastic and uses investment in risky and non-
risky assets. Moreover, the input (premiums flow) and output (claims flow)
are generalized Poisson processes (not compound ones). The properties of
company surplus are studied. This model illustrates the reliability approach,
providing the ruin probability. Next step is investigation of system stability
and choice of optimal parameters. The books [4] and [5] and papers [6-8]
enable us to carry out the proofs.

Further research directions are

— consideration of more complex claims flows, for example, instead of Pois-
son process it is possible to introduce renewal either diffusion processes
or their combination;

— transfer of the obtained results to the case of Parisian ruin;

— using of a different objective function such as expected discounted divi-
dends paid until the ruin;

— comparison of models by means of stochastic orders of distribution ap-
pearing in models description.
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In cloud-native environments, the issue of rational resource use and
intensity distribution is relevant. This research proposes an opti-
mal strategy for traffic intensity measurement under uncertainty,
with particular reference to the Kubernetes ecosystem. To improve
the effectiveness of the developed mathematical model (MDP), the
historical and real-time data are comparable. This model solves
the issue with: (1) proactive resource management; (2) service re-
liability; (3) cost optimization. Based on the metrics of spending
(before/after), resource management improvements, effectiveness of
CPU/RAM use and ROI, the hypothesis of optimization strategy
applicability has been confirmed. This experimental study is inno-
vative in terms of organizing the theoretical analysis as a first part
of creating the mathematical model and the experimental study or-
ganization applying Kubernetes for collecting the data and running
a new algorithm comparing the results to evaluate the effectiveness
of the developed Markov optimization strategy as a second part of
the research. The hypothesis of Markov decision process implemen-
tation effectiveness has been approved because the Markov opti-
mization strategy successfully minimizes the probability of entering
undesirable states and resource efficiency increased and overall op-
erating costs decreased. Keywords: optimisation strategy, Markov
decision process, distributed computer system, Kubernetes, proactive
resource management, service reliability, cost optimization, queuing
theory

Introduction

Contemporary distributed systems have the situations of resource man-
agement disbalanced use. Markov optimization strategy can solve this issue.
First of all, to set the objectives of constructing a Markov strategy for proac-
tive management, service reliability and system cost means to have the task
positioning:

— to assume that actions like a1, as (if it involves maintenance/inspection)
or az (maintenance) are proactive. Assign it appropriate reward (costs)

Supported by V.A. Bogatyrev, Professor, Doctor of Technical Sciences, academic
advisor
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to encourage its fulfilment if it leads to higher reliability and lower cost
in the long run;

— to minimise the probability of reaching a failure state s¢ and maximize
the probability of reaching a successful maintenance state ss;

— to minimise the total expected cost or maximise the net reward.

© revars

o state: State
o value: double
o action: Action * Optional, f reward depends on action

o Map<State, Action>
© getoptimalAction(state: State): Action

o sourceState: State
5 targetProbabilities: Map<State, Double>

Figure 1. Markov optimization strategy

1. Methods

The Markov Optimization Strategy 7*(s) is a function for each state
s € S that defines the optimal action a € A(s).

— Reward of success R(s5) = 100 (high positive reward)
— Penalty for failure R(sg) = —200 (high negative reward/penalty)

Action costs (negative reward to minimize):

— R(s1,b1) = —1 (normal work, low cost);

— R(s1,a1) = —2 (move to management process, medium cost)

— R(s1,a2) = —1.5 (transition to another substrate, medium cost);

— R(s2,¢1) = —1 (transition back, normal cost);

— R(s3,b3) = (high cost, alternative way (a fast path) to s5);

— R(s3,a3) = —1 (maintain in s3, low cost);

— R(s3,a4) = —2 (transition to s4, proactive verification, medium cost);
— R(s4,a5) = (completion from s4, low cost if s4 is a validation result);
— R(se,a6) = —1 (continued failure, very high cost).

Discount factor v = 0.95. This value is chosen to emphasize long-term
rewards. If v were too close to 1 (e.g., 0.999), it could lead to an overly
“forward-looking” strategy that is slow to adapt and may not be optimal in
a rapidly changing environment. Conversely, a v that is too low (e.g., 0.5)
would make the system “myopic,” focusing solely on immediate rewards,
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which contradicts the goals of proactive management and reliability. A
value of 0.95 represents a reasonable compromise, sufficiently discounting
very distant future rewards while retaining the importance of medium and
long-term consequences.

Applying the algorithm (Value Iteration) iteratively computes V' (s) for
each state until the values converge [1]:

Vig1(s) = max (R(&a)+ZP(S’|s,a)Vk(S’)>.

ac€A(S) <

Table 1
Value Iteration computational analysis (a few iterations)
Value Calculation
V1(sh) 100
V1(s6) -10 (from action a6 in s6) / V1(s6) = -200 (if it is an

immediate reward)

If s6 is a terminal state with a penalty, then

V(s6) = —200

If in s6 there is action a6 with a reward of -10, then:
V(sg) = H;%X(R(Sﬁa as) + 7P (ssls6,as)V (s6)) (2)

(2) — Bellman equation applied to a failure state (s6)
in the context of a Markov decision process (MDP)
[2]. Tt describes the optimal value (or expected dis-
counted reward) of state s6. V(s6) = —200.

V1(s4) V1(s4) = R(s4,a5) + Y[P(s5]s4,a5)V0(s5)+
(action a5 | 4 P(sg|sy,a5)V0(s6)] = 8.5
only)

*V0(s) = 0 for all s because “according to the optimality principle,
an optimal strategy guarantees that after the first decision, subsequent
decisions are optimal with respect to the new state obtained from the
initial decision, regardless of the initial state and the initial decision” [3].

As Vi (s3) converges, it will use Vi (s4), and Vi(s1) will use Vi (s3) and
Vi(s2), and so on. The optimal strategy 7*(s) will be the action that
maximizes the right-hand side of the Bellman equation [4].

After convergence, 7*(s) for each state s will look like this:

m*(s1):
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— If V(s3) (the value of moving to s3 with al) is significantly higher than
V(sl) (staying in sl with b1) and V(s2) (moving to s2 with a2), then
7*(s1) = al. This would mean that proactive management (moving to
phase s3) is preferable;

— If s1 is a “safe” state with low costs, and V' (s1) is high enough, then
7*(s1) = bl (maintaining the current state);

7*(s2) = ¢l (the only path from s2, returning to sl for further pro-
cessing);
7*(83):

— 7*(s3) = b3 if the direct path to s5 (successful completion) via b3 has
the highest expected value, despite its high immediate cost. This would
be preferred for fast and reliable service.

— 7*(s3) = a4 if the stochastic path via s4 (with a 0.7 chance at s5 and 0.3
at s6) provides greater value, given proactive diagnostics and possible
lower costs along the way. This would be part of proactive management,
accepting managed risks;

— 7*(s3) = a3 if maintaining at s3 is most optimal, perhaps to await
external conditions or additional processing.

7*(s4) = ab (the only path from s4 that leads to the stochastic out-
come s5 or s6);

7*(s5). Terminal state (reward received, system terminated).

m*(s6) = ab (absorbing state with constant penalty if no recovery
action is provided).

2. Results

After the implementation of Markov optimization, the Kubernetes sys-
tem continued to operate as usual, but under the new optimised logic. Con-
tinuous data collection continued for a certain, comparable length of time,
as presented in Table 2, for all the same metrics as before in Table 1. The
observation period takes place one month before integration and one month
after. Workload is controllably varying workload for both phases of the
experiment.

SLO calculated the ratio of the number of successfully completed re-
quests to the total number of requests for the period. MTTR measures
the time it takes for the system to recover from a failure. This was prob-
ably the average of all reported failures. Number of critical failures (s6)
incidents categorised as “critical failures” were recorded and the number of
these per month was calculated. Percentage of proactive inspections/main-
tenance (actions al, ad) tracked actions that were performed as proactive
maintenance (e.g., preventive checks, updates) and their percentage of the
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R(s6) = -200 (Failure Penalty) &
N
R(s5) = 100 (Success)

Discount Factor (gamma): 0.95

Figure 2. Markov optimization strategy model

total number of all operational actions. The number of alerts that did not
correspond to real problems was counted. Resource utilisation across all
Kubernetes nodes and containers was measured. The financial costs as-
sociated with system operation were estimated, including infrastructure,
manual intervention, personnel, etc.

After the implementation of Markov optimization, the Kubernetes sys-
tem continued to operate as usual, but under the new optimised logic. Con-
tinuous data collection continued for a certain, comparable length of time,
as presented in Table 2, for all the same metrics as before in Table 1.
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Table 2
Real-time data from Kubernetes (before integrating the Markov optimisation
strategy)

Metric Average | Unit Description

Value

(before

Imple-

menta-

tion)
Service Reliability
Percentage of Success- | 98.5% % Target SLO =
ful Requests (SLO) 99.9%
Mean Time To Recov- | 45 minutes High recovery time
ery (MTTR) after failures
Number of Critical | 8 times/month| Direct entry into
Failures (s6) failure state
Average API  Re- | 120 ms Delays  affecting
sponse Time UX
Proactive Management
Percentage of Proac- | 15% % of all ac- | Low level of proac-
tive  Checks/Mainte- tions tive actions
nance (actions al, a4)
Number of False | 25 times/month| Distracts  opera-
Alarms tors
System Cost
Average CPU Utiliza- | 75% % Inefficient resource
tion usage
Average RAM Utiliza- | 80% % Risk of OOM er-
tion rors
Total Operational Ex- | 15000 USD/month | High costs for
penses (OpEx) manual interven-

tion, scaling




Markov optimization strategy in distributed computer systems 275

Table 3
Optimal data (after integrating the Markov optimization strategy)
Metric Average | Unit Comments
Value
(After
Imple-
menta-
tion)
Service reliability
Percentage of Success- | 99.8% % Approaching tar-
ful Requests (SLO) get SLO
Mean Time To Recov- | 10 minutes Significant reduc-
ery (MTTR) tion in MTTR due
to automation
Number of Critical | 2 times/month| Reduction in criti-
Failures (s6) cal failures
Average API Re- | 80 ms Performance im-
sponse Time provement
Proactive Management
Percentage of Proac- | 60% % of all ac- | Substantial in-
tive  Checks/Mainte- tions crease in proactive
nance (actions al, a4) actions
Number of False | 5 times/month| Reduced noise,
Alarms increased operator
efficiency
System Cost
Average CPU Utiliza- | 60% % More efficient
tion scheduling, re-
duced over-
provisioning
Average RAM Utiliza- | 65% % Optimized mem-
tion ory consumption
Total Operational Ex- | 12000 USD/month | Reduced costs for
penses (OpEx) manual interven-
tion and inefficient
scaling
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3. Discussion

Service reliability is compared on the Percentage of successful re-
quests (SR), Mean Time to Recovery (MTTR), the number of
critical failures (s6) and the average API response time. SR im-
proved from 98.5% to 99.8%. This demonstrates a significant improvement
in availability and quality of service, which is a direct consequence of min-
imising the probability of reaching a failure state (s6) and maximising the
probability of reaching a successful service state (s5). MTTR has been re-
duced from 45 minutes to 10 minutes. This critical improvement shows that
the system is recovering faster from incidents, which may be due to faster
response to problems, possibly due to better diagnostics and automated ac-
tions provided by the Markov strategy. The number of critical failures (s6)
decreased from 8 to 2 times per month. This is a direct confirmation of
the effectiveness of the system in avoiding undesirable states. The Markov
strategy penalising the s6 state clearly redirects the system along paths
with less risk. Average API response time improved from 120 ms to 80 ms.
Although not directly stated in the MDP goals, improved reliability and
proactive management can lead to a more stable and faster system overall.

Proactive management is compared in the Percentage of proac-
tive inspections/maintenance (actions al, a4) and the number of
false alarms. The Percentage of proactive inspections/maintenance has
increased from 15% to 60%. This is the primary measure of success. The
Markovian system, by assigning appropriate rewards/costs to proactive ac-
tions, encourages the system to perform diagnostics and maintenance more
often, which prevents problems from developing. False positives Decreased
from 25 to 5 false positives per month. Improved decision-making algo-
rithms and proactive problem prevention (through more accurate predic-
tions or early remediation) results in less “noise” for operators. System
cost is measured in average CPU and RAM utilisation, and Total
Operating Expenses (OpEx). Average CPU usage decreased from 75%
to 60%. Average RAM usage has decreased from 80% to 65%. These
metrics show that Markov Optimisation has resulted in more efficient use
of resources. This may be the result of better planning, avoiding over-
allocation of resources to reserves, and more accurate diagnostics to avoid
sub-optimal configurations. OpEx decreased from 15000 USD/month to
12000 USD/month. This is the cumulative effect of reduced manual inter-
vention, reduced downtime, more efficient resource utilisation and avoidance
of costly failures.
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4. Conclusion

The implementation of the Markov optimization system significantly
improved the key indicators of reliability, proactive management and cost
of the Kubernetes system. Markov optimization has been shown to be
a powerful tool for building intelligent management strategies for complex
systems such as Kubernetes, balancing reliability, proactivity and cost. The
results demonstrate that investments in proactive management encouraged
by MDP pay off by increasing stability and reducing operational costs.
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SPATIAL SYNCHRONOUS MARKOVIAN
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Dinata Syalam Ali Wira!
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This paper introduces and analyzes the Spatial Synchronous Marko-
vian Arrival Process (Spatial SynchMAP), a novel extension of clas-
sical Markovian arrival processes that simultaneously captures tem-
poral dynamics through a finite state space {1, ..., K'} with transi-
tion matrix R, state-dependent exponential arrival rates, spatial
dynamics via transition displacement kernels, state-specific spatial
distributions, modulated transition matrix. The joint characteristic
function, combining arrival counts and spatial positions.
Keywords: Spatial, Synchronous, MAP

1. Introduction

Markovian Arrival Processes (MAP) [1-3] have significant importance in
queuing theory [4, 5] and applied probability. In this work, we analyze the
Spatial Synchronous Markovian Arrival Process (Spatial SynchMAP), an
extension of synchronous MAP [6, 7] that incorporates both temporal and
spatial dimensions. Therefore, we systematically examine its fundamental
properties to establish a foundation for subsequent research applications.

2. Spatial Synchronous Markovian Arrival Process (Spatial
SynchMAP)

The Spatial Synchronous Markovian Arrival Process (Spatial SynchMAP)
is an extension of the classical Synchronous MAP that incorporates spatial
dynamics by associating each arrival with a spatial location x € R?. The
system operates in a finite state space {1,2,..., K}, where k(¢) denotes the
system’s state at time ¢. Transitions between states are governed by an em-
bedded Markov chain with transition probabilities collected in a stochastic
matrix R = [r,x], where 7, is the probability of moving from state v to
state k after an arrival.

While in state k, inter-arrival times are exponentially distributed with
rate \p. After an arrival in state v at location x’, the process transitions
to a new state k with probability r,, and the new arrival location x is
drawn from a spatial transition kernel gg,(x — x’), which links the current
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and previous arrival locations. This kernel introduces spatial correlation
between successive arrivals.

Let Py(n,x,t) denote the probability density of being in state k at time
t, having experienced n arrivals, with the last arrival occurring at location
x. With the convention Py(n < 0,x,t) = 0, the space-time Kolmogorov
system governing the evolution of Py is given by:

K
0
—Pi(n,x,t) = =\ Pu(n,x,t)+ E )\U/ Tko Gko(X—X') Py(n—1,x",t) dx'.
R

ot
(1)

The first term on the right-hand side represents the rate of loss of prob-
ability mass from configuration (k,n,x) caused by the occurrence of the
next arrival while the system is in state k, while the integral term aggre-
gates arrivals into state k from all other states v, weighted by their respec-
tive transition probabilities 7y, and spatial kernel gg,(x — x’). The kernel
grv(x — X’) determines how the new location x depends on the previous
location x’, thereby introducing spatial dependence into the process.

To simplify the analysis, we introduce the joint count—spatial character-
istic function, which simultaneously applies the Fourier transform in both
the counting index n and the spatial coordinate x:

v=1

(o)
Hi(u,w,t) = Z edum /d eijka(n,x,t) dx, (2)
n=0 R

where u € R is the Fourier variable associated with the counting process,

and w € R? is the Fourier variable corresponding to the spatial coordinate.
Applying the transform (2) to the Kolmogorov equation (1) yields the

time—evolution system for Hy(u, w,t). Using the convolution identity

LT ’ -
/IRd e’ (x=x )gkv(x - X/) dx = gkv(w)a

where gr,(W) denotes the Fourier transform of the spatial kernel g, (x),
the double integral collapses to a product of transforms, and we obtain

K
%Hk(u,w, t) = =\ Hi(u,w,t) + el Z Ao Tko Gko (W) Hy (u, w,t). (3)
v=1

Equation (3) shows that the temporal evolution of the joint transform
Hj, depends linearly on the transforms of all other states H,,, weighted by the
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transition probabilities 7., the exponential arrival rate \,, and the Fourier-
transformed spatial kernel g, (w). The exponential factor e/* accounts for
the increment in the arrival count after each transition.

To separate the convolution integral, we assume that the spatial tran-
sition intensity factorizes through a spatial kernel gx,(x — x’) describing
how the new location x depends on the previous location x’. Applying
the Fourier transform with respect to x and x’ converts the convolution
structure into a simple product of Fourier images:

// O gy (¢ — x) dxdx! = (W), (4)

where g, (W) is the Fourier transform of the spatial kernel gg,(x). This
identity ensures that the convolution over space collapses into a simple mul-
tiplicative factor in the transform domain.

Substituting (4) into the evolution equation (3), we can express the
system compactly in vector form. Let

h(u,w,t) = [Hy(u, w,t),..., Hx(u,w,t)],

be the row vector of joint transforms for all states, and define the diagonal
rate matrix
A= diag()\l, ey )\K)

We also introduce the spatially modified transition matrix

Ry (W)]1 = Tho Gho(W), (5)

which incorporates both the state transition probabilities and the spatial
Fourier structure.

Then the time evolution of the system can be written as a compact
row-vector matrix ordinary differential equation:

%h(u,w, t) = h(u,w,t) A (e’"R,(w) — I). (6)

The exponential factor e/* accounts for the increment in the number of
arrivals, while Ry(w) encodes the spatial dependence of transitions. This
form unifies the temporal and spatial evolution of the Spatial SynchMAP
into a single linear system in the joint Fourier domain.

Since (6) is linear with constant coefficients (for fixed u, w), its solution
is given by the matrix exponential [8]. The initial vector h(u, w,0) carries
the process’s initial conditions (e.g., the initial state distribution and the
initial location distribution).
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Since (6) is a linear system with constant coefficients (for fixed u and
w), its solution is given by the matrix exponential [8]:

h(u, w,t) = h(u,w,0) exp{t A (¢/*"Ry(w) —I)}. (7)

The initial vector h(u,w,0) encodes the starting configuration of the
process, including both the initial state distribution and the initial spatial
distribution of arrivals. If T denotes the initial state probabilities and
@(w) the Fourier transforms of the initial spatial densities, then

h(u,w,0) =7" © @(w),

where ® denotes elementwise (Hadamard) multiplication.

Finally, the quantity h(u,w,t) defined in (2) represents the vector of
joint characteristic functions for the pair (n(t),x(t)) conditioned on each
state k. Restating its definition for clarity:

K

h(u,w,t) [Zew"/ ™ X Py(n, x,t) dx ; (8)

k=1

where w € R? is the spatial Fourier variable. Thus, h(u, w,t) serves as the
complete spatio-temporal transform of the Spatial SynchMAP, combining
the counting dynamics through u and the spatial correlations through w.

We begin with the vector ODE for the joint characteristic function in
(6), which can be rewritten in compact operator form as

Oh(u, w,t)
at

where the system matrix A (u, w) collects both the counting dynamics and
the spatial structure:

= h(u,w,t) A(u,w), (9)

A(u,w) = A (/"Ry(w) — 1), (10)

and Rg(w) is the spatially modified transition matrix defined by
[Rg(W)]ko = Tko Gro(W). The initial condition is given by h(u,w,0) = r
where r encodes the initial joint transform determined by the starting state
and location distributions.

If A(u,w) is diagonalizable, its exact time-domain solution is obtained
through the matrix exponential in the eigenbasis of A. Let X(u,w) de-
note the eigenvector matrix and I'(u, w) the diagonal matrix of eigenvalues
~i(u, w). Then the solution of (9) takes the closed form:

h(u,w,t) =rX(u,w) diag(e%(“’w)t) X (u, w)~ L. (11)
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This representation follows directly from the eigen—decomposition of the
system matrix,

exp(t A(u, w)) = X(u, w) diag(e? (™)) X (u, w) !,

and is consistent with the initial condition h(u, w,0) = r.

The spectral matrix A(u, w) thus governs the spatio-temporal propa-
gation of the joint characteristic function. Its eigenvalues 7;(u, w) describe
the exponential decay or growth rates of each spatio—temporal mode, while
the eigenvectors in X(u, w) determine how these modes are mixed across
states. For w = 0, the operator A(u,0) = A(e/*R — I) reduces to the
standard synchronous MAP generator, ensuring full consistency with the
non-spatial formulation.

The scalar (aggregated) joint characteristic function for the total arrival
count and spatial locations is obtained by summing over all states. Let
e=1[1,1,..., 1]T be the column vector of ones. Then the total characteristic
function is

h(u,w,t) = h(u, w,t)e = r X(u, w) diag(ew»wﬁ) X(u,w)te, (12)

where ~v;(u,w) denote the eigenvalues of the system matrix A(u,w) =
A(e7"R,(w) — 1),

The joint probability density P(n,x,t) of observing n arrivals by time
t and the last arrival at location x can be recovered by inverse Fourier
transforms in both variables:

1 " —jun—jw ' x
P(n,x,t) = 2 /_W/[Rd eTIUNTIV X (u, w, t) dw du. (13)

For the marginal distribution of arrival counts, we set w = 0 (ignoring
spatial dependence) and invert only with respect to wu:

P(n,t) = %/ e 7" h(u, 0,t) du. (14)

—T

This expression corresponds to the classical inversion formula for the count
distribution in the Synchronous MAP, recovered as a special case of the
Spatial SynchMAP when w = 0.

Conversely, the spatial probability density is obtained by summing over
all arrival counts and inverting with respect to the spatial Fourier variable:

oo

p(x,t) = Z ﬁ /[Rd eiijxh(O,w,t) dw. (15)

n=0
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Equation (15) describes the spatial density of arrivals aggregated over
all event counts. In practice, the factor gr,(w) in Ry(w) acts as a spectral
filter that controls the degree of spatial smoothness of the density p(x,t).
For small spatial frequencies w, the expansion g, (w) = 1 — %WTE]WW +
O(||lw]|*) illustrates a diffusive effect: the process behaves locally like a
Gaussian field with spatial covariance matrices Yy, .

In the high-intensity regime (A — o0), we introduce a common scaling
parameter A > 1 and write

AZ)\A, A:diag(j\l,...,j\;{),

where the matrix A captures the relative state rates and remains O(1) as
A — o0.

At large \, the generator in (10) is dominated by the term A\e/*AR,(w),
and the smaller contribution —AA affects only the first-order correction.
Thus, the leading-order dynamics of the joint characteristic function are
governed by

%h(u, w,t) =~ Ah(u, w,t) A (/" Ry(w) — I),

whose spectral modes satisfy
’Y%(U,W) = )\71(U>W)a h(uvwvt) ~ exp()\tfy(u,w)).

In this asymptotic regime, the Spatial SynchMAP approaches a spatial
Poisson process with state-dependent corrections. The high-frequency ar-
rivals make successive transitions nearly independent, and the aggregated
process obeys a diffusion-type Central Limit Theorem (CLT). At the macro-
scopic scale, both the count process n(t) and the spatial component x(t)
converge in distribution to Gaussian laws:

nt) ~ N (Apnt, Aoat),  x(t) ~ N(Apgt, AX.t), (16)
where ji,,, 02, p,, and X, are derived from the local expansion of 7(u, w)
near (u,w) = (0,0).
To formalize the time and intensity normalization, we rescale the gov-
erning equation by a large normalization constant N = At with
1 Oh(u,w,t)
N ot
Under this scaling, the effective dynamics of the aggregated scalar transform
h(u,w,t) reduce to the leading-order scalar approximation
1 Oh(u,w,t)
N ot

= h(u,w,t) A ("R, (w) — I). (17)

~ (7" — 1) X (w) h(u, w, 1), (18)
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where the effective spatial arrival rate is given by
N (w)=m AR (w)e,

and 7 is the stationary distribution of the embedded chain generated by
R = R,;(0). The effective rate \*(w) captures both temporal intensity
and spatial coherence through Ry(w). At w = 0, this rate reduces to the
classical mean arrival rate of a standard synchronous MAP \*(0) = 7 " Ae.

However, the proposed asymptotic and spectral approximation intro-
duces several computational challenges especially in numerically evaluating
the matrix exponential for large A and non-commuting A (u, w) operators.
In future research, we plan to extend this framework to queuing systems
driven by spatial synchronous MAP arrivals, and to conduct a detailed
asymptotic and numerical analysis of the high-intensity limit, following the
methods of [10, 11, 12].

3. Conclusion

This paper investigates a spatial synchronous MAP-flow under high-
intensity conditions, with an unlimited number of devices and arbitrary
service patterns. The analysis is carried out under the assumption of in-
finitely increasing intensity of the incoming flow. It is demonstrated that, at
sufficiently high flow intensities, the multidimensional probability distribu-
tion of the number of requests at the system’s synchronous phases in steady
state can be accurately approximated by a multidimensional normal distri-
bution. The study provides the expectation vector and covariance matrix
for this Gaussian approximation. Additionally, numerical experiments using
simulation modeling help define the range of applicability for the derived
approximation.
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SYSTEM WITH DIVERSE SERVERS AND BATCH
MARKOV ARRIVAL PROCESS
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A multi-server queueing system with jobs retrials and diverse servers
is studied. The primary jobs arrival is described by a batch Marko-
vian arrival process. The service times follow the exponential dis-
tribution with the parameter that depends on the server number.
The available servers having the minimal number are always as-
signed for jobs service. If a server completes service of a job, it
immediately starts service of another job which is processed by the
busy server with the maximal number. When the number of idle
servers at a batch arrival moment is insufficient for admission of
a whole batch, the number of jobs corresponding to the number
of available servers start service. The other job attend the virtual
place called orbit to retry to reach the servers in exponentially dis-
tributed periods of time. Upon arrival or retrial from the orbit, a
job occupies the server having the minimal number among all idle
servers, if any. The system behavior is described by a Markov chain
in several dimensions having the special block upper-Hessenberg
structure of the infinitesimal generator. The explicit expression for
the blocks of the generator are presented. Ergodicity condition of
the system is given. The expressions for computation of the key per-
formance characteristics are given. Keywords: Batch Markovian
arrival process, retrials, heterogeneous servers, stationary distribu-
tion, asymptotically quasi- Toeplitz Markov chains

1. Introduction

Operation of versatile contact centers, communications and communi-
cation networks, including mobile cellular networks, and other real-world
systems can all be described using retrial queues. Compared to examining
queues with job loss or waiting in a buffer when servers are busy, analyzing
such queues is much more complicated. This explains why the retrial queues
have received significantly less attention. Refer to the surveys in [1, 2] for
additional details regarding the retrial waits. Due of the increased size of
the state space of the random process characterizing the system behavior,
multi-server retrial queues are researched to a far lesser amount than single-
server queues. The monograph [1] presents the background results achieved
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for the multi-server retrial queues of the M/M/N type. In these queues
service times have an exponential distribution and jobs arrive in the sta-
tionary Poisson process. However, the BM AP (Batch Markovian Arrival
Process), see, for example, [4, 10, 11] is essentially a more appropriate model
of arrivals in the modern systems.

The quite general BMAP/PH/N type retrial queue was studied in [6]
and [7]. It is suggested there that the servers of the system are identical.
Here, we omit this assumption.

The following is a quick outlook of the manuscript’s content. Section 2
provides an explanation of the mathematical model being studied. Section 3
introduces the random process that describes the dynamics of the system
under consideration. It presents the explicit expression for the chain’s gener-
ator. In this section, the difficulty of computing the stationary distribution
is touched upon and the sufficient condition for the ergodicity of this chain
is stated. Formulas for calculating the values of the system’s primary per-
formance metrics are provided in Section 4. The conclusion is in Section 5.

2. Mathematical model

We analyse a queueing system having N diverse servers. A job ser-
vice time in the nth server is exponentially distributed with parameter p.,,
n=1,N.

The jobs arrive to the system in a BM AP. Let vy, t > 0, be the directing
process of the BM AP. The transition intensities of this process are defined
as the entries of the square matrices Dy, k > 0, of size W. The matrix

(o]
D = > Dy is a generator of the process v;. The row vector €, which
k=0
satisfies equations @D(1) = 0,0e = 1 is the invariant probability vector of
the process v;. From this point on, e represents a column vector of suitable

size made up of 1s, and 0 represents a row vector of suitable size made up of

zeroes. The mean arrival rate of the BM AP is defined as A =80 > kDye .
k=1
If the arriving batch of jobs does not meet any server being idle, then

all arrived jobs transit to the virtual place that is called orbit and try to
enter the service individually later on. Capacity of the orbit is unlimited.
When the number of jobs on the orbit is equal to i, the rate of jobs retrials
is a; @ > 0. We suppose that hm a; = 00.

If the arriving batch meets the number of available servers sufficient for
service of all jobs from the batch, these jobs enter the service. If the arriving
batch meets the number of idle servers insufficient for service of all jobs from
the batch, the corresponding part of jobs enters the service while the rest
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of a batch moves to the orbit. They will try to enter service later on, as it
was described above.

We assume that the jobs in a batch are enumerated in such a way that
if the batch consists of n jobs then an arbitrary job receives the number k
with the probability %, for k = 1,n. Jobs arriving in the batch occupy the
idle servers according to their numbers. Jobs having minimal number enter
the service first.

We assume the following discipline of servers occupation / releasing. Let
the number of busy servers be n, n =0, N — 1. Then the admitted job will
be processed by the (n + 1)th server. When the number of busy servers is
n, n = 1, N, and service in one of these servers is completed, the released
server immediately starts service of the job that was serviced by the nth
server. This server becomes idle.

3. Process describing the dynamics of the system and its analysis

Let 4; be the number of jobs on the orbit, i; > 0; n; be the number
of busy servers, n = 0,N; 14 be the state of the directing process of the
arrivals, vy = 1, W, at the moment ¢, ¢t > 0.

Let us analyze the process & = {i¢, ny, 11}, t > 0. It is easy to verify that
this process is an irreducible continuous-time Markov chain. We arrange the
states of Markov chain & in the direct lexicographic order and We call the
set of the states ((i,n,1),(i,n,2),...,(¢,n,W)) of the chain as sub-level
(i,n). The level i the set of the sub-levels (¢,0), (¢,1),..., (i, N)). Let the

matrix Ql(-f;’n,) consists of the rates of transition from the states belonging
to sub-level (i,n) to the states belonging to sub-level (j,n') and denote the

matrix consisting of the blocks QEZ” ), n,n’ =0,N, as Q; ;.

Let us denote fig = 0, fi, = >, pux, n = 1,N, M, = jg,Iw, n =
k=1

0,N, A; = a;Iy, i > 0, where Iy is the identity matrix of size W.
Lemma 1. The matrix @ has the following structure:

Qoo Qo1 Qo2 Qo3

Qo Qi1 Qi2 Q13

Q= O Q21 Q22 Q23
@ O @32 Q33
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where the blocks @Q; ; of size W x (N + 1) have the following form:

O A, O ... O
O O A, ... O
Qii-1 = o ot ;
O O O A;
O O O 0]
@) O  Dpyn
O O Diin-1
Qiik=| @ -+ O Dien— k>,
O ... 0 D
— My + Dy D, Dy Dy
M, —M + Dy Dy Dy_1
Quim Tt ) My,  —My+Dy ... Dy
O 0] 0] ... =My + Dy

where J;, ¢ > 0, is the block diagonal matrix of block size N + 1 with all
diagonal entries equal to the matrix A; except the last zero block.

Proof evidently follows from analysis of transitions between the states
of the chain &.

Lemma 2. The Markov chain & is the member of the class of asymp-
totically quasi-Toeplitz Markov chains (AQTMC), see [8].

Proof is performed via the validation that the generator @) has the form
that fits the definition of AQTMC given in [8].

Theorem 1. The Markov chain & is ergodic if the following inequality

holds true:
N
A< Z -
k=1

Proof is implemented via numerous algebraic transformation of ergodic-
ity condition given in [8] in matrix form to the scalar form.

Let the ergodicity condition be satisfied. Then there exist the invariant
probabilities of the chain & defined by the limits

(i, n,v) :tlim Plis=ini=nvy=v} i>0,n=0,N, v=1W.
—00
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The invariant probabilities of the states from sub-level (i,n) can be as-
sembled into the row vectors m(i,n), i > 0, n = 0, N, and the invariant
probabilities of the states from level ¢ can be assembled into the row vectors
™5, ) > 0.

The vectors 7r;, i > 0, can be calculated as the solution of equations

(71'0,7'&'1,7!’27 PN )Q = 07 (71'07771,71'2, .o )e =1.

When the matrix @) does not possess quasi-Toeplitz property, the task of
this system solution is quite difficult. However, it can be successfully solved
using the numerically stable algorithms developed for the AQT M C's, see,
e.g., [8].

4. The key performance indicators

The mean quantity L,z of jobs in the orbit is computed by

oo

Lorbit = E Z7T’Le

i=1
The probability Pep,pty—orbi+ that the orbit is empty is computed by
Pempty—orbit = moe.

The mean quantity Np,sy of occupied servers is computed as
co N
Npusy = Z Z nm(i,n)e
=0 n=1

The probability Pb(:gy that the nth server is occupied at an arbitrary
epoch is computed by

=1,N.

)

The probability P, that an arbltrary job succeeds to enter service at
an arrival moment is computed by

oco N—
Pimm:izz_: i,n) zzjka—i— Z (k=N +n)Dy| e.

k=N-—-n+1

The rate P( ")

interruption of service interruptions in the nth server is

oo n—1
( p—
Plnterrupfzon E § Mkﬂ- i, ’I”L =2 N.

=0 k=1
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5. Conclusion

The generator of the multidimensional Markov chain that describes the
behavior of the system being studied is given in explicit form. This en-
ables us to calculate the stationary distribution of the system states and
other performance metrics of the system, as well as to show the transparent
ergodicity condition.

REFERENCES

1. Falin G.1., Templeton J.G.C. Retrial Queues. London: Chapman & Hall.
1997.

2. Artalejo J.R., Gomez-Corral A. Retrial Queueing Systems. Springer:
Berlin/Heidelberg. 2008.

3. Lucantoni D. New results on the single server queue with a batch Markovian
arrival process // Communication in Statistics-Stochastic Models. 1991.
Vol. 7. P. 1-46.

4. Chakravarthy S. R. The batch Markovian arrival process: A review and
future work. // Adv. Probab. Theory Stoch. Process. 2001. Vol. 1.
P. 21-49.

5. Dudin A.N., Klimenok V.I., Vishnevsky V.M.: The theory of queuing sys-
tems with correlated flows. Cham: Springer Nature. 2020.

6. He Q. M., Li H., Zhao Y. Q. Ergodicity of the BMAP/PH/s/s + K
retrial queue with PH-retrial times // Queueing Systems. 2000. Vol. 35.
P. 323-347.

7. Breuer L., Dudin A., Klimenok V. A retrial BMAP/PH/N system //
Queueing Systems. 2002. Vol. 40, Ne. 4. P. 433-457.

8. Klimenok V. I, Dudin A. N. Multi-dimensional asymptotically quasi-

Toeplitz Markov chains and their application in queueing theory // Queue-
ing Systems. 2006. Vol. 54. P. 245-259.

Dudin Alexander — Doctor of Sciences, Professor, Head, laboratory of applied
probabilistic analysis. E-mail: dudin@bsu.by

Liu Mei — Researcher, laboratory of applied probabilistic analysis. E-mail:
liumei19910101@126.com



ITMM - 2025

RETRIAL QUEUEING SYSTEM WITH A FINITE
NUMBER OF SOURCES AND ADDITIONAL
OPPORTUNISTIC FLOW OF CUSTOMERS

O. Dudinal, S. Dudin', A. Dudin!

! Belarusian State University, Minsk, Belarus

The article studies a multi-server queueing system with a finite num-
ber of sources of repeated requests. Each source, independently
of other sources in the system, generates a request for service. If
all servers are busy at the moment of generating a request from
a source, the latter makes repeated attempts to enter the service
until this request finds a free server. An additional Markov arrival
process of requests arrives to the system. These requests are ac-
cepted for service opportunistically. The request is accepted only if
the number of busy servers is less than some preassigned threshold.
Otherwise, the request permanently leaves the system (is rejected).
The time of request service by a server has a phase-type distribu-
tion. Operation of this system is described by the multi-dimensional
Markov chain. The explicit form of the blocks of the generator of
this Markov chain as the block structured matrices is obtained.
Keywords: retrial queue with a finite number of sources, phase-
type distribution, Markov arrival process, opportunistic service of
additional flow

1. Introduction

Queueing systems in which an arriving request that meets all servers
busy has an opportunity to make repeated attempts (retrials) to receive
service adequately describe many important real-world systems. This ex-
plains the great interest in their study. For a survey of the state of the
art in the investigation of retrial queues, see, e.g., [1-3]. The overwhelming
majority of research is done for the systems where the number of requests,
which make retrials, is not limited. But there are a lot of real-world sys-
tems where the number of requests that can make the retrials is finite. It
is assumed that in a system with a finite number of sources of repeated
requests, each source can stay in one of three states: the source is free,
the source generates repeated requests, or the source is busy. If a source is
free, it can generate a primary request. If this request finds the server busy,
the corresponding source starts the generation of repeated attempts to get



Retrial queueing system... 293

service. If a request coming from a source finds the server free, it begins to
be serviced, and the source goes into the busy state.

The corresponding queueing systems were considered in the literature;
see, e.g., in [4-8], mainly in single-server settings, under various assump-
tions about the availability of the servicing server and various types of dis-
tributions describing the processes of servicing and generating initial and
repeated requests.

Most of the existing papers have assumed that the request’s service times
are distributed according to an exponential law, which is a quite restrictive
assumption when studying real systems. In this paper, it is assumed that
the request service time has a much more general phase-type distribution
that can adequately fit the real service time distribution in the system,
in particular, accounting not only for the mean service time but also its
variance. It is also assumed in our paper that the source may not wait
for the end of servicing the request it has generated, but generate the next
request.

In addition, the possibility of existence of an additional request flow
is considered. Request from this flow is accepted for service only if the
number of busy servers upon arrival epoch is less than some preassigned
threshold. Service of additional requests allows to increase the throughput
of the system and service provider’s revenue. The optimal choice of the
threshold allows receiving the maximum revenue. In modeling cognitive
radio systems, the additional requests correspond to the cognitive requests.

2. Mathematical model

Consider a multi-server system with N identical servers providing service
to requests and a finite number R of sources. Each free source, indepen-
dently of other sources in the system, generates a service request after an
exponentially distributed time with intensity «, a > 0. If there is a free
server at the moment of request generation, then this request starts servic-
ing on any of the idle servers.

The service time of a request has a phase-type distribution with an
irreducible representation (3,.5). Such distribution is defined by a Markov
chain my, t > 0, with a state space {1,2,..., M} of transient states and an
absorbing state M +1. A stochastic row vector 3 of dimension M determines
the initial state of the chain at the moment of service beginning. The square
matrix S of dimension M is a sub-generator that determines the intensities
of transitions of the chain m; within the set {1,2,..., M}. The transition to
the absorbing state means the end of service. The intensities of transitions
to absorbing states are determined by the column vector Sy = —Se. Here
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and below, the vector e has all entries equal to 1. Also, we will use the row
vector 0 that has all entries equal to 0.

If all servers are busy at the moment the source generates a request,
then this source decides to make repeated attempts to service the generated
request. The time between repeated attempts to send a request for service
has an exponential distribution with the parameter v, v > 0. Attempts will
be made until the request is received for service.

In contrast to the usual assumption in the literature that a source can
generate the next primary request only when its previous request ends ser-
vice, we assume that the source can generate the next primary request when
its previous request starts service.

An additional flow of requests, which is described as a Markov arrival
process (M AP), enters the system. This input flow is determined by the
control process vy, t > 0, which is an irreducible Markov chain with continu-
ous time. This chain has a finite state space {1,2,...,V} and a generator H
of size V', which can be represented as the sum of two matrices, Hy and H;.
The probabilistic meaning of the matrices Hy and H; and more information
about the M AP can be found in [9-11].

If at the moment of arrival of an additional request the number of occu-
pied servers is greater than or equal to K, K = 0, N, then this additional
request is rejected; otherwise, it occupies a free server and begins service.

3. Process describing behavior of the system

Let, at the moment ¢, ¢t > 0,

i¢, it = 0, R, be the number of free sources;

ng, ny = 0, N, be the number of busy servers;

v, v¢ = 1,V be the state of the control process of an additional M AP

flow;
e

, 1 =1, M, be the number of servers in which service is provided at

M) NG
the I-th phase, s;” =0,n¢, >, 8, = 4.
1=1

st s,

It can be verified that the random process & = {is, n¢, vy, ey Sy

t > 0, is an irreducible continuous-time Markov chain.

To facilitate work with the multidimensional Markov chain &, t > 0,
we enumerate its states in the lexicographic order of components n;, v; and
inverse lexicographic order of components sgl), I =1,M. We call the cor-
responding set of the states of Markov chain & having the value ¢ of the
component #; as level 1.

Let the matrix @; ; consists of transition intensities from level 7 to level
4, 4,5 >0, |i — §|< 0. The following statement is true.
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Theorem 1. The generator @) of the Markov chain & has the block
tridiagonal structure:

Q070 QO,I 0] A O 0] O
Qio Qi1 @iz .. 0 0] 0]
O Q21 Q22 0] 0] 0]
Q= : : : . :
@ @ O ... Qp-1,r—2 Q@r-1,r-1 QRrR-1R
) 0 o ... 0 QR.R-1 QR.R
The diagonal blocks Q; ;, i = 0, R, have a block tridiagonal structure:
QY QY o .. o o o
Ql 0 Ql’ 1 Q1,2 O O O
o Qi Q¥ .. o) o) 0
Qii = : : : . : : : ’
oo o QNN QN-LNCL VoL
o o o .. o QNN-L QNN

where the diagonal blocks Q;;" > n=0,N, are determined by

QY = dx—oHo — lia+ (R —i)y][y, n =0, N,
Qi =Ho® I, +Iv @ (A, + Ay)—
—[iac + 6N (R — )V IvT, + On>xH1 @ IT,, n =1, N,

the overdiagonal blocks Q” oy = 0, N — 1, are given by the formula

QU = ialy ® Po(B) + Sucx Hi © Pu(B), n =0, N — 1,

and the sub-diagonal blocks Qnin*l, n = 1, N, have the form
Q" '=Iy®L,, n=1N.

The overdiagonal blocks Q; 41, ¢ = 0, R — 1, have the form

0 Qi 102 ... O 0] 0

0O O Qf, ... o0 0 0
Qiiv1 = : : . : : : )

o o0 o ... 0 QYA o

o O o ... 0 0 Qr

o o 0 0 0 0
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n,n+1

where the overdiagonal blocks @; ;7" are given by

QUi =(R-i)yly®P,(B),n=0,N—-1,i=0R—1.

The subdiagonal blocks Q; ;_1, i = 1, R, have the form

O noa O ~n
vy T, V'S TuxVTw
Qii—1 = " "ONN )
’ 0 N-1 Qi1
VTNXV Z Tn
n=0

where the diagonal block vazj_vl is defined by the formula
Qi\,[{]_\ll =ialyry,,i=1,R.

Here
I is the identity matrix, O is the zero matrix;
® is the matrix Kronecker product symbol;
5 { 1, if the condition a is satisfied;
“7 1 0, otherwise;
T,=CM i1, n=1N.
Algorithms for finding matrices L,, n = 1, N, A,, A,, n = 0, N, and

P,(B),n=0,N — 1, are given in [12].

4. Conclusion

The explicit form of the generator of the multidimensional Markov chain
describing the behavior of the system under study is presented. This allows
us to compute the stationary distribution of the system states and various
performance characteristics of the system. The outcome of such computa-
tion as well as the results of investigation of the impact of the input param-
eter on the performance characteristics of the system will be presented. The
problem of the choice of optimal value of the threshold K will be solved.
All these results are planned to be presented in the extended version of this

paper.
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In this paper, we investigate the role of various environmental fac-
tors in causing service interruptions in queueing models and analyze
their consequent effects on system performance. Specifically, we
consider a single-server queueing system disrupted by a finite num-
ber of environmental influences. Some of these interruptions are
mild, allowing service to continue at a reduced rate, with the possi-
bility of self-correction, after which the server resumes normal op-
eration. The duration of service under mild interruptions is tracked
using an interruption clock, which, upon expiration, leads to server
repair. On the epoch of repair the interrupted customer may leave
the system without completing service. Depending on the situation,
interrupted service may either resume or restart after the comple-
tion of repair. Severe interruptions, caused by the remaining envi-
ronmental factors, necessitate immediate server replacement before
service can continue. We examine system stability, determine the
steady-state probability vector using the matrix-analytic method,
and present numerical results to illustrate key performance mea-
sures. Keywords: environmental factor, self correction, protected
service, interruption clock, ignored interruption

Introduction

Interruptions are intrinsic to numerous real-world systems and play a
critical role in determining their operational efficiency. In queueing sys-
tems, service disruptions can markedly affect performance by altering queue
dynamics and compromising overall system functionality. Characterized as
temporary pauses in service, these interruptions have been extensively an-
alyzed in queueing theory to elucidate their impact. Foundational work by
White and Christie (1958) [7] established the basis for research in this area,
leading to extensive studies on queueing models incorporating service inter-
ruptions. For a comprehensive overview of such models, we refer readers
to the work of A. Krishnamoorthy, P. K. Pramod, and S. R. Chakravarthy
(2012) [4]. In certain scenarios, to mitigate customer dissatisfaction, systems
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may attempt to maintain service continuity during interruptions whenever
feasible. In practice, servers often continue operating during disruptions,
albeit at reduced efficiency.

Postponement of interruption refers to delaying the interruption until the
current service finishes. Kalidass and Kasturi (2012) [3], and Deepa, Kali-
dass and Vijayalakshmi(2021) [1] considered a breakdown policy called
working break down where customers receive service at a reduced rate when
the system experiences partial failure. To ensure stability, it is essential to
identify their root causes and address them promptly. In [5] the interruption
causing environmental factors and duration of interruption are the deciding
factors of whether to repeat, resume the service after interruption, or replace
the server. In such cases, the likelihood of server damage and self-correction
of the interruption is equal.

Modern automated systems are increasingly designed to facilitate self-
correction as exemplified by the recent work by Hafaiedh and Slimane(2022)
[2] on designing autonomous systems that can identify and fix problems
themselves. These autonomic computing systems, inspired by the hu-
man body’s self-regulating nervous system, strive for a high degree of self-
management. In [6], Jaya(2019) explores the concept of partially ignored
interruptions with the possibility of self-correction. Queueing models are
fundamentally designed to achieve a balance between uninterrupted ser-
vice, cost-effectiveness, and high levels of customer satisfaction.

This work focuses on a single-server queueing system characterized by Pois-
son arrivals and Erlang-distributed service times. The system is prone to
service interruptions, and we analyze its performance in response to such
disruptions, with the duration of each interruption assumed to follow an
exponential distribution.

1. Model description

We consider a single-server queueing system. Customers arrive accord-
ing to a Poisson process with arrival rate A\. The customers are served in
FIFO service order. Service times follow an Erlang distribution with shape
parameter k and scale parameter . During service, interruptions can occur
due to n environmental factors.These factors are ranked from 1 to n based
on the severity of the interruption they cause. Interruption stream follow a
Poisson process with parameter 9. Interruption due to i*", (1 < i < n) factor
occurs with probability p;. If the interruptions originate from one of the first
m factors (m < n), it is considered mild. Then the actual service phase does
not change and the service continues at a reduced rate p;(i = 1,2,...,m).
An interruption clock start ticking at the onset of interruption. This clock is
exponentially distributed with parameter 6;, (i = 1,2,...,m). During this
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interrupted service period, there is a chance for self-correction, which is ex-
ponentially distributed with parameter 7;,7 = 1,2, ..., m. If self-correction
occurs, the service rate returns to u. If the customer finishes their service
before a pre-defined repair window opens (triggered by a random clock), the
system moves on to the next customer(assuming it is still operational). On
the realisation of interruption clock the server directly goes for repair. In
such situation the customer in service either leaves the system without com-
pleting service with probability p or waits for the return of server from repair
with probability 1 — p. Interruptions caused by the remaining n —m factors
are considered severe and the faulty server is replaced with a new one. The
repair time depends on the specific environmental factor that caused the
interruption. Each factor has its own associated repair time distribution,
denoted by the parameter 7;,7 = 1,2,...,m. Once the repair is complete,
the interrupted service is resumed from the halted phase with probability
q or restarted with probabilty 1 — g depending on the circumstances of
interruption. Service protection, ensuring no further interruptions to the
remaining service, is provided to the customer whose service was disrupted
by the it" factor, where i = m 4+ 1,...,n, starting from the moment service
resumes following repair.

2. Mathematical Description

The behavior of the queueing system described above can be analyzed us-
ing a Markov chain. Let X = {X (¢),t > 0} = {(N(¢), S(¢), [1(t), I=(t)),t > 0}
where N(t) is the number of customers in the system, S(t) is the status of
the server, I;(t) is the environmental factor causing interruption and I (t)
is the phase of service:

0, servier is idle ;
1, service without any interruption ;
S(t) =< 2, if interrupted service going on;
3, if server under repair;
4, if protected service is going on.
The state space of the process is
{(0,0)U(O,?),j)U(T, 1,2')U(?",2,j,i)U(T,37j,i)U(T,4,l,i);7“ =1,...,00;i =
1,....kj=1,....m;l=m+1,...,n}
The infinitesimal generator matrix of the process is given by
By By
By A1 A
Q= Ay A1 Ao
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3. Analysis of service process

The service time follows PH distribution with representation

Di D1 0 Ds
Ds Dy D; O

Dg 0 D, 0

Ds 0 0 Dj
D{ = Do+ M, D) = Dy+ M, D}, = D; + M\ and D§j = Dg + M. The
absorbing state is represented by

(a, S) where o = (1,0,...,0)1x (m4n+1)x and S =

7 fori=kandi=(m+n+1k+m-—n+h,
h=1,...,(n—m)and j = 1;
SO, 5) =< pr, fori=({(k—1)m+k+rj=1Lr=1,...,m;
(1-p)o, fori=k+mr+l,j=11=1,....mr=0,...,(k—1);
0; otherwise.

which is a column matrix.

— The response time of the service process, E(S) = —aS~e.
— Hence the expected service rate p; = ﬁ

Theorem: The queueing system is stable when A\ < .

4. Stationary Distribution

The stationary distribution, under the condition of stability, A < ps of
the model, has Matrix Geometric solution. Let xy=(xo,X1,X2,...) be the
steady state probability vector of the Markov chain {V'(¢),t > 0}. Each
x;,1 > 0 are vectors with (14+m+n)K elements. We assume that xo = x1.R,
and x; = x;.R'~1,i > 2, where R is the minimal non- negative solution to
the matrix quadratic equation
R%2A5 + RA,| + Ap=0.

From xQ=0 we get
XoBO + XlBQ = 0,

X0B1 + X1(A1 + RAQ) =0.

Solving the above two equations we get xy and x; subject to the normalizing
condition xge + x1(I — R)“te=1. The stationary distribution, under the
condition of stability, A < ps of the model, has Matrix Geometric solution.

5. Important performance measures
— Probability that the system is idle, P(I) = xqg.
co m k
— Fraction of time the system is under repair P(R) = Z Z inglj.
i=1 =1 j=1
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(o]
— Expected number of customers in the system, E(C) = Z ix;e.
i=1

oo m k (e} n k
— Effective interruption rate, E;,; = 19(2 Z X215 +Z Z Z Xilj)-
i=1 1=1 j=1 i=1l=m+1 j=1

6. Numerical Illustrations

In this section assuming arbitrary values for the parameters, subject
to stability, we obtained the numerical values for important performance
measures. Let n =5m =3,m =4,m2 =3,m3 = 2,71 = 1,70 = 2; §; =2,
02 = 1,03 =0.5;p1 =p2 =p3 =pg = ps = 0.2.

The conclusion drawn are purely based on the values of input parameters.

Table 1
Effect of p on various performance measures

W [ES) [EC) [PO) | P& | Em
8 2.8208 | 6.9016 | 0.0618 | 0.8279 | 0.8726
9 2.9444 | 4.8883 | 0.0906 | 0.5891 | 0.6120
10 | 3.0704 | 3.9329 | 0.1160 | 0.4717 | 0.4852
11 | 3.1985 | 3.3722 | 0.1385 | 0.4001 | 0.4087
12 | 3.3281 | 3.0017 | 0.1586 | 0.3509 | 0.3566
13 | 3.4590 | 2.7375 | 0.1767 | 0.3145 | 0.3183
14 | 3.5910 | 2.5390 | 0.1929 | 0.2861 | 0.2888
15 | 3.7239 | 2.3839 | 0.2077 | 0.2632 | 0.2651

7. Conclusion

In this study, we have explored the impact of environmental factors on
service interruptions in a single-server queueing system. By distinguish-
ing between mild and severe types of interruptions and modeling their re-
spective effects on service continuity, recovery, and customer behavior, we
provide a comprehensive framework that reflects more realistic operational
scenarios. The incorporation of an interruption clock and the possibility of
self-correction add depth to the modeling of mild interruptions, while the
necessity of server replacement in severe cases highlights the critical role of
system resilience. Using the matrix-analytic method, we derived the steady-
state probability vector and evaluated performance measures This work lays
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the foundation for future studies on sustainable and resilient queueing sys-
tems under uncertainty and dynamic environments.
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The paper proposes to study a mathematical model of a comput-
ing node in the form of an infinite queueing system with an input
Markov modulated Poisson process. This correlated flow can model
complex stochastic processes in a node, in which the rate of occur-
rence of arrivals depends on the state of the underlying process,
which makes it useful taking into account the correlation between
the moments of occurrence of tasks on the node. The service rate
for each request depends on the number of requests in the sys-
tem. The purpose of the study is to apply the asymptotic analysis
method and obtain the Gaussian approximation of the probability
distribution of the number of requests in the system. Keywords:
infinite-server queueing system, Markov modulated Poisson process,
asymptotic analysis method

Introduction

The application of the queuing theory apparatus in modeling computing
systems allows us to predict and calculate their performance metrics, such
as average latency or the probability that the service level agreement (SLA)
will exceed, the number of requests waiting to be serviced, the average
number of servers in use, average waiting time, server load, throughput,
buffer overflow probability, waiting time distribution, and server activity
period.

On the one hand, when several tasks arrive at a computing node, the
data transfer rate may change depending on external factors and will switch
between different levels. On the other hand, the deterioration of service
quality in computing nodes is associated with the problem of parallelism
(contention for resources). When tasks are executed on a node, this can
slow down its operation, even if the node has enough resources to service
them. Modeling the service rate in such systems should take into account
the dependence on the number of tasks executed in the node [1-3].

Queueing models with an infinite number of devices, correlated incom-
ing flows and the rate of task execution depending on the total number of
tasks on the node are suitable for modeling such computing systems, since
they can take into account the variable nature of the system parameters. To
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/i)

MMPP

i)

Figure 1. Mathematical Model

model the processor operation, we will use a queuing system with an unlim-
ited number of devices. The incoming Markov modulated Poisson flow [4, 5]
describes the flow of tasks that arrive at the processor. Each busy device
will be identified with the task being executed. The more devices are busy,
the more tasks are simultaneously executed on the node. To model the de-
crease in service rate, we will use a degradation function that changes the
service intensity depending on the number of requests in the system. Thus,
the randomness of the request execution time is generated by the different
volume of incoming tasks and the variable speed of their execution. The
study will be carried out using the method of asymptotic analysis.

1. Mathematical Model

Let us consider an infinite queueing model (Fig. 1) The input to the sys-
tem is a Markovian modulated Poisson process of requests (MMPP) spec-
ified by the generator Qg,, = [¢um] of infinitesimal characteristics of the
Markov chain m(t) = 0,1, ..., M, diagonal matrix A g, conditional rates A,
occurrence of arrivals in the m-th state of the MMPP, when process m(t)
takes the value m = 0, ..., M. The process m(t) is called the Markov control
chain for the MMPP considered. The states of the control process m(t) will
also be called MMPP states. Each request of the incoming flow immedi-
ately begins servicing. The servicing time is distributed with the parameter
depends on the number of requests in the system. The service intensity can
be written as pf(i), where p is the service rate when the only one request
in the system (without competition), and f(i) is a degradation function
whose values are a dimensionless coefficient of service rate reduction de-
pending on the number of requests ¢ in the system. The more requests are
simultaneously in the system, the lower the intensity of their service.
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Let us denote: i(t) is the number of requests in the system at time ¢.
For the probability distribution

P(m,i,t) = P{m(t) = m,i(t) = i} (1)

of the two-dimensional Markov process {m(t),i(t)} we will compose a Kol-
mogorov system in stationary mode. Let is denote vector

P(i) ={P(1,7), P(2,i),..., P(M,i)}
and identity matrix I. We have
P(Z) (Qdop - Adop - ’L,Ltf(Z)I) + P(i - 1)Adop+

+Pi+1)(i+ Duf(i+1) =0. (2)

We obtain the solution to system (2) using the asymptotic analysis method
under the limit condition of a high intensity incoming flow, which is provided
by the parameter T and the conditions A4y, = AT, Qq,, = QT f(i) =

F(4) S
P(i) (Q _A— %;J (;) 1> +
+P(i—1)A+P(z’+1)i+T1Mf(i;1> — 0. 3)

Let us write down the consistent equation, which we obtain by multiplying
equation (3) by the unit column vector e:

—P(i) (A + %;J (;) I) e+

+P(i—1)Ae+P(i+1)i;1uf<i;1)e:0. (4)

2. Asymptotic Analysis Method

We will study the system (3)—(6) under the limit condition of a high-
intensity incoming flow T — oco. By the method of asymptotic analysis,
we obtain the limiting Gaussian probability distribution density (¢) of the
number of servers in the system under study, which is determined by the
equality

1 _(e—mD)?

p(z) = \/TWP/ Pl (5)
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where sz is the solution to the equation

rAe — %17(%1) =0. (6)
25 is defined by equality

Ae — A

= 28" PAC (7)

a
_d(zf(2))
a=p——— )

dx B

the vector ¢ is the solution of the following system

eQ =r (A —suf(0)I),
we = 0.

To obtain a discrete probability distribution of the process i(t), we will
use the following formula

pdiscret(i) = s 1> 0. (8)

The Gaussian probability distribution p(i) is determined by the average
number 1T and the variance T of service requests in the system.

3. Numerical Example

Let us consider the following values of the model parameters

100 0 0 —3 24 06
A=|0 07 0 |, Q=01 —02 01
0 0 0.1 03 07 -1

The average number of tasks sent to the processor per unit of time is
rAe = 1, i.e. the intensity of task arrival; 4 = 2 is the value inverse to
the average time of request execution in the absence of other tasks on the
processor; the parameter of high intensity of the incoming flow T' = 5; we
define the service rate degradation function as a non-negative decreasing

function
1

1) = .
Fig. 2 shows a Gaussian approximation of the probability distribution of

the number of service requests in the system, taking into account the degra-
dation function.
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0.165+
0.151
0.135+
0.121
0.105+¢
0.09

0.075+

Pdiscret (i)

0.061
0.045+
0.03 1

0.015+

—8+ + + + + + >
0 2 4 6 8 10 12 14 16 18 20

Figure 2. Gaussian approximation of the probability distribution of the number
of service requests in the system

4. Conclusion

The proposed paper considers a mathematical model of a computing
node in the form of an infinite queueing system taking into account the
dependence of the rate of servicing requests on the number of busy servers,
at the input of which a Markov modulated Poisson process of arrives for
servicing, with which it is possible to take into account the correlation of
intervals between the moments of receipt of requests in the system.
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Abstract This article deals with a production inventory system
with perishable items where the customers arrive according to the
Markovian Arrival Process. The time interval between the produc-
tion of each item is exponentially distributed. It is assumed that
the service time follows Phase-type distribution. The server is con-
sidered unreliable and upon arrival, a customer receives service if
the server is available and the inventory is non-empty. If the server
is busy or experiencing a breakdown, the arriving customer either
joins an infinite waiting space. The Matrix Analytic Method is used
to solve the system. A profit function is constructed based on the
system parameters to analyze the efficiency of the system model.
Keywords: Perishable Inventory, Markovian Arrival Process, Un-
reliable Server, Retrial, Production

Introduction

Services may be frequently halted for several reasons, including wear and
tear, exhaustion, and other innate problems. The impact of such failures
has to be studied to anticipate the overall compatibility of the system. This
paper considers a MAP /PH perishable inventory system with an unreliable
server and a production unit. A real life example of such an inventory model
is a pharmaceutical manufacturing and distribution center.

A single server queueing approach with consumers arriving with MAP
complying with the FCFS regulation was investigated by Chakravarthy [2].
Krishnamoorthy et al. [4] study looked at a single server queue that in-
cluded multiple services. Melikov and Shahmaliyev [5] constructed a queue-
ing system model with a single server, perishable inventory, and repeated
customers forming an infinite orbit. Salini and Jose [7]incorporated varying
service rates to a production inventory model. Reshmi and Jose [3] mod-
elled production inventory with detriorating items. Bobina and Jose [1]
investigated a system with deteriorating items under the MAP/PH frame,
where the server is unreliable and the system is equipped with a production
unit.
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1. Mathematical Model

Consider a single server production inventory system of perishable items
governed by a continuous review (s, S) policy. The following are the assump-
tions of the model:

— production is turned On at inventory level s. Production time follows
an exponential distribution with rate 3. Production stops at maximum
capacity S.

— Arrivals follow the Markovian arrival process having representation
MAP(D, DY) with m phases;

— service time is phase type distributed with representation PH (n,T) hav-
ing n phases;

— a customer who arrives when the server is busy or when inventory is
zero may wait in the orbit with probability v or leave the system with
complementary probability;

— retrying customer, on finding zero inventory or busy server waits in the
orbit with probability § or exits the system with probability 1 — §;

— the lifetime of an item and inter-retrial times of consecutive retrials are
exponentially distributed with linear rates jw and 26, respectively;

— the server may breakdown while in service and it follows Poisson process
with parameter d;. The repair times of the server are exponentially
distributed with parameter ds.

We use the notations, N(¢) for the number of customers in the orbit at
time t. C(t) takes the values 0, 1 or 2 whenever the server is idle, busy or
breakdown respectively. The production status, P(t) takes values 0 or 1 if
the production is of f or on respectively. I(t), represents inventory level at
time ¢t. F(t) and Fy(t) represents phases of the arrival and service at time
t respectively.

Then {X(t);¢t > 0} is a level dependent quasi-birth-death process on
the state space E, where X (t) = (N(¢),C(t), P(t),I(t), F1(t), F2(t)) and
E:Hl UHQUH3UH4UH5 with

Hy = (4,0,0,5) ={(i,0,0,5,k) : s + 1 < j < 5,0 > 0,1 <k <mj},

Hy = (i,0,1,5) ={(4,0,1,5,k) : i > 0,0 < j < S —1,i > 0,1 < k <m},
:(210,]) ={(4,1,0,7,k,0) :s+1<j<85,i>0,1<k<m,1<I<n},
Hy=(3,1,1,7) ={(i, 1, 1,5,k 1) : 1<j<S-1,i>0,1 <k <m,1 <1 <n},
Hs = (i,2,p,§) ={(i,2,p,j,k) :p=0,1;1<j <5 —1,i 20,1 < k <m}.
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The infinitesimal generator of the process is

A Ao
A A Ao
Q= Asp A1z Ay

Order of Ag, A1;(¢ > 0) and Ay (i > 1) are (25 — s)m + (25 — s — 1)mn
The transitions of Ay, Ay; and Ag; are given in Table 1.

2. System Stability

For obtaining the system stability, we apply the Neuts-Rao truncation,
[6] by assuming A;; = Ajy and Ag; = Agy for all ¢ > N, where N is
sufficiently large. In this scenario, the change in the steady state probability
vector is negligible if the number of customers in the orbit is limited to a
suitably chosen N.

The system under consideration is stable if and only if,

wnApe

lim )< 1.

N —o0 ’]TNAQNC

3. System Performance Measures

Let x = (x, x1, T2, ...) be the stationary probability vector of Q, where
each x;(¢ > 0) has (45 — 2s — 1)m + (25 — s — 1)mn elements where

@i = (20,0,0,841,15 - -+ 20,0,0,8,m, 2,0,1,0,1 - - -5 20,0,1,5~1,m;
2i,1,0,541,15 « -+, 24,1,0,S,m, %i,1,1,1,15 - - -y 4,1,1,S—1,m;
20,2,0,541, 15+« + 5 2,2,0,8,m5 Z0,2,1,1,15 - - +» 242 1.5 1.m )3 (8 = 0).
in which

2i1,0,5,k = (2,1,0,5,k,15 s Zi1,050km ), 8 +1 < <8, 1<k <m,
Zi1,1,5k = (Ze1,1,5,k,15 5 Zi,1,1,5,km),0 < J < S — 1,1 < k < m.
The performance measures of the system in terms of stationary probability vectors
are:
a) expected Inventory level

o0 m n
El=73% Z kz_:lj(zi,o,o,j,k + > 21,05,k + Zi,2,0,j,k> +

=1

j=s
co S—1 m n
+ >33 > dlzonk+ 2 Zi1k0 T Zi,2,1,j,k)§

i=0 j=1 k=1 =1
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Table 1
Transitions
From To Rate Description
Transitions of Ay
(i,0,1,0) (i+1,0,1,0) ~D!
(4,1,0,7) (i+1,1,0,5) ~yD'®1I, s+1<j<8
(4,1,1,5) (i+1,1,1,5) ~AD'®1I, 1<j<8S-1
(4,2,0,7) (i+1,2,0,5) ~D! s+1<j<8
(4,2,1,7) (i+1,2,1,5) ~D! 1<j<85-1
Transitions of Ay;
(,0,0, ) (i-1,1,0,5) 0L, ®n s+1<j<8
(4,0,1,0) (i—1,0,1,0) i0(1 — &)1,
(4,0,1,5) (i-1,1,1,4) 0L, ®n 1<j<s§
(4,1,0,5) (i-1,1,0,5) i0(1—0)Inn s+1<j<S
(4,1,1,75) (i—1,1,1,7) 01 — &)Ly 1<j<85-1
(4,2,0,4) (i—1,2,0,7) i0(1 — &)Ly, s+1<j<8
(4,2,1,5) (i-1,2,1,5) 001 —0)Imn 1<j<8-1
Transitions of Aj;
(4,0,0,4) (1,0,0, 7) D° —ibl,, — jwl, s+1<j<8
(4,0,0,s +1)  (,0,1,5) (s + Dwly
(4,0,0,7) (1,0,0,5 — 1) jwl, s+2<j<8
(4,0,0,7) (i,1,0,4) D'®n s+1<j<8S
(4,0,1,8 = 1)  (4,0,0,5) B
(4,0,1,5) (4,0,1,7) D+ (1 —~)D' —ib(1 = 8) Ly, — BI, Jj=
(4,0,1,5) (i,0,1,7) D® — 61, — BI,, — jwl 1<j<8-1
(4,0,1,7) (,0,1,5+1) B, 0<j<8-2
(4,0,1,7) (,0,1,5 — 1) jwly, 1<j<85-1
(4,0,1,5) (4,1,1,5) D'an 1<j<S—1
(4,1,0,7) (1,0,0,j —1) I, ®T° s+2<j<8
(4,1,0,s +1)  (,0,1,s) I, ®T°
(4,1,0,7) (i,1,0,7) D+ (1 =y)DY®T —i0(1 — 8)yn — 61 L @ s+1<j<8
(i,1,0,7) (1,1,0,5 = 1) jwlnn s+2<j<8S
(4,1,0,s +1)  (i,1,1,s) (s + Dwlinn
(4,1,0,5) (4,2,0, ) 01l ®cn s+2<j<S
(i,1,1,5) (4,0,1,j - 1) I, ®1T° 1<j<S5-1
(4,1,1,8—-1) (4,1,0,8) Blnn
(i,1,1,5) (i,1,1,5) DO+ 1 =y)DY)@T —i0(1 = 8) Ly — 1L @ — Bl 1<j<S—1
(4,1,1,75) (i,1,1,5 = 1) jwlnn, 2<j<85~-1
(4,1,1,5) (i,1,1,5+1)  Blomn 1<j<8§-2
(i,1,1,7) (4,2,1,4) 011 & cp 1<j<8S-1
(4,2,0,7) (1,1,0,4) 0ol @1 s+1<j<8
(4,2,0,4) (4,2,0,7) D% 4 (1 —4)D' —if(1 — 8) I, — Salp — jwlm s+1<j<8S
(4,2,0,7) (4,2,0,5 — 1) jwly s+2<j<8
(4,2,0,s +1)  (,2,1,s) (s + Dwly
(4,2,1,5) (i,1,1,5) 0ol @1 1<j<8S—-1
(4,2,1,5) (4,2,0,5+1) BlLn j=85-1
(4,2,1,7) (1,2,1,) DO+ (1 =)D —i0(1 — &)1y, — S21y — Bl — jwln, 1<j<8S—-1
(4,2,1,5) (i,2,1,5 = 1) jwly, 2<j<S5—1
(4,2,1,7) (i,2,1,j+1) Bl 1<j<8-2

=1

n
(Zi,o,o,j,k + 22 2i1,0,,k,0 Zi,2,o,j,k) +
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oo S—1 m n
Jwzioigke+ 2, O Y jw (Z Zi1,1,5,k,1 Zi,2,1,j,k);

1=0 j=2 k=1 =1

||Mg

55

c) fractlo of time the production is on

HMS

oo S—1 m

FPon,=3% 3 > zioijk+ Z Z

i=0 j=0 k=1

m
Do 20,21,k

HMS

n oo
Z Zi11,5,k1+ Z

d) expected number of customers in the orbit

EC = Z Z Z Z(Zz 0,0,k T Z 2i,1,0,,,0 T 2,2,0,5,k ) +
1=0 j=s+1 k=1 =
o S—1 m

+22 20 > Z(Zz 0,1,5,k + Z Zi1,1,5,k,0 T 2i,2,1,5,k ) ;

1=0 j=1 k=1

e) expected departures after service

o S m n o o
Eas =3 > > X zin05kidy + 22

i=0j=s+1k=11=1 i=0 j=1k
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g) expected number of primary loss

En=(01-%) Z( > zi0,1,0k Db, + Z Z Z Z 2i,1,0,5,k0 Db, +
1

E=1ki=1 j=stl k=11=1k =
E Z Z 2i1,1,5,k,0 Diey + Z > | #2050k + 202,05k | Diky ) )
': =1 :1
h) expected rate of repair

k=1k1=1
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i=0 j=s+1k=1 i=0 j=1 k=1
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f) expected rate of breakdown
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-

3
3
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expected number of retrial customer loss

S m n
Ep = Z ( 1=¥8zi0106+ > > S A—=08)zi1,04kit+

—
=

A Z
i=1 k=1 Jj=s+1k=11=1
S—1 m n S m
Z Z Z( Nzinagkl + 2(1—5)Zi,2,0,j,k+
=1 k=11=1 j=st1 k=1

S—1 m

+> >0 —5)Zi,2,1,j,k>«
J=1 k=1

The construction of the total profit per unit time is as follows:

Eprofit = c1FEgs — 2 EI — 3 EC — ca(En + Ei2) — cs Ep — cs FPon — ¢7 Evr — cs By,
where ¢; =revenue from selling unit item per unit time and c2, c3, c4, c5 and
c¢ are the inventory holding cost, waiting space maintenance cost, penalty due
to customer loss, disposing cost of decayed items and production running cost,
per unit per unit time respectively. c7 is penalty due to breakdown and cs is the
repair cost.
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4. Conclusion

The paper examines a perishable inventory system with an unreliable server
under a MAP/PH framework, incorporating (s,S) production policy and retrial
mechanisms. Using the matrix-geometric method, it analyzes system performance
and profit. Future extension of this work may done by replacing MAP with BMAP.

REFERENCES

1. Bobina J. M., Jose K. P. Stochastic Analysis of a Production Inventory Sys-
tem with Deteriorating Items, Unreliable Server and Retrial of Customers //
ITMM. Queueing Theory and Applications. 2024. Vol.2163. P.91-105.

2. Chakravarthy S. R. The batch Markovian arrival process: A review and fu-
ture work // Advances in Probability Theory and Stochastic Processes. 2001.
P.21-39.

3. Jose K.P., Reshmi P.S. A Production Inventory Model with Deteriorating
Items and Retrial Demands // Opsearch(Springer). 2020. Vol. 58. P.71-82.

4. Krishnamoorthy A., Vishnevsky V.,Dhanya S. Single server queues with sev-
eral services // Automatic control theory and applications. 2017. Vol. 12.

5. Melikov A. Z., Shahmaliyev M. O. Queueing system m/m/1/oo with perish-
able inventory and repeated customers. // Automation and Remote Control.
2019. Vol. 38, Ne80. P.53-65.

6. Neuts M.F., Rao B. Numerical investigation of a multiserver retrial model. //
Queueing systems. 1990. Vol. 7, Ne2. P. 160-190.

7. Salini S. N., Jose K. P. A MAP/PH/1 Production Inventory Model with Vary-

ing Service Rates. // International Journal of Pure and Applied Mathematics.
2017. Vol. 117, Ne12. P.373-381.

Agassi Melikov — Ph.D., Vice- Rector of Scientific Affairs, Dept. of Math-
ematics, Baku Engineering University,Hasan Aliyev Str. 120, Baku AZ 0101,
Azerbaijan. E-mail: amelikov@beu.edu.az

K. P. Jose — Ph.D., Associate Professor, P. G. & Research Dept. of Mathemat-
ics, St. Peter’s College, Kolenchery, Kerala, India. E-mail: kpjspc@gmail.com

Bobina J. Mattam — M.Sc., Research Scholar, P. G. & Research Dept.
of Mathematics, St. Peter’s College, Kolenchery, Kerala, India. E-mail: its-
boby7@gmail.com



ITMM - 2025

BUSY PERIOD ANALYSIS OF M/G/1-TYPE
RETRIAL QUEUE
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We study the busy period of a stationary single-server retrial system
with constant retrial rate. The analysis is based on the comparing
the considered retrial system with a buffered M/G/1-type model
with the first exceptional service. It is shown that the distribution
of the busy period satisfies a functional equation which is similar
to the well-known equation for the conventional M/G/1 system.
The main result is expressed in the terms of the Laplace-Stieltjes
transforms (LST) and an explicit example is given as well.
Keywords: busy period, retrial queue, Laplace-Stieltjes transform,
constant retrial rate

Introduction

In this paper, we perform the busy period analysis of a single-server
single class M/G/1-type system with constant retrial rate with Poisson
input process and general service time distribution. The analysis is based
on the reduction of the original retrial system to a buffered system with
the 1st exceptional service (of the customer starting each busy period) [2].
That is, the customer beginning each busy period has in general another
distribution than that other customers arriving during busy period.

We show that the target Laplace-Stieltjes transform (LST) satisfies a
functional equation which is similar to the corresponding equation in the
stationary classic M/G/1 queueing system, and the further analysis is based
on the application of the Last-In-First-Out (LIFO) service discipline, see for
instance, [1]. Under this discipline each new customer arriving during the
1st service generates a new busy period and, as a result, an integral equation
containing series of convolutions of the service time distribution is obtained.
Then the application of the LST gives the mentioned functional equation.

The structure of the paper is as follows. Section 1 contains a detailed
description of the constant retrial rate system under consideration. In Sec-
tion 2, using the approach similar to that is applied in the conventional
buffered M/G/1 system, we derive the functional equation for the LST of
the busy period in the original retrial system. Also we give an explicit
example when all governing distributions are exponential.
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1. Model Description

We consider a single-server retrial system fed by Poisson input with
rate A\. Denote by {t,, n > 1} the arrival times of the customers to the
system. Let 7 be the generic exponential interarrival time and the indepen-
dent identically distributed (iid) service times {S,} be generally distributed
with function Fs and the mean ES < oco. When the new customer enters
the system, there are two possible cases. If server is idly upon an arrival,
he/she occupies it. Otherwise, the arrival joins a virtual orbit working as
First-In-First-Out queue, where the top customer makes attempts to get
service after the exponential time £ with parameter . This type of retrial
discipline is called constant retrial rate policy. The stability criterion of
such a system is [4]

~y
p: )\ES</\+’Y. (1)
The processes describing the dynamics of the system are all regenerative,
and we show it for the process N(¢) which is the number of customers in
the system at instant ¢, ¢ > 0. The process {N(t)} is regenerative, and the
regeneration instants {6, } in which the process stochastically restarts are
defined recursively as

Ops1 = inf(k >0, : Ny =0),n >0 (6 :=0), (2)

where N(t,;) = N, n > 1. The existence of such epochs follows because
the so-called regeneration condition P(7 > S7) > 0 holds, see [4]. It means
that each regeneration period starts by a customer which meets the system
fully empty. This period is thus composed by a busy period (when there
are customers in the system) and the following idle exponential period 7.
During busy period, after each departure of the served customer from the
system, there exists an idle period, which is the minimum of retrial time and
interarrival time ¢ := min(§, 7). This period ( is exponentially distributed,
and it can be considered as an addition to the following ’service time’. It
allows us to treat the retrial system (from the viewpoint of busy period
analysis) as a buffered queueing system with an exceptional 1st service be-
cause the service time of the 1st customer beginning busy period is simply
its service time S without the additional term {. Other customers have the
service time ¢ + S where ¢ and S are independent random variables. We
apply this idea to the busy period analysis of the retrial queuing system
under consideration.
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2. Functional equation for the LST of busy period

The well-known analysis of the busy period in the conventional M/G/1
queue [1] is directly extended to the system with the exceptional 1st service
in which we denote busy period by B; and its distribution function (d.f.)
by Gi. An important observation is that busy periods generated by the
customers arrived during the 1st service are distributed as a random variable
B with d.f. G in the standard M/G/1 system. Then, adapting the approach
from [1], we obtain

Gi(z)=P(B; <z) = /Ze"\“[)\nﬂG(”)(x —u)dFg,(u), >0, (3)
0 n=0 :

implying the functional equation for the corresponding LST’s:

91(2) = p1(z + A = Ag(2)), (4)

where g1(z) = Ee=*B1, 1(2) = Ee7*% and G denotes n-convolution of
the d.f. G with itself.

Now we specify this analysis to the system under consideration and recall
that, because in our setting S7 = S while other service times are distributed
as S + ¢, then (4) becomes

91(2) = (z + A = Ag(2)), ()

where g(z) = Ee*ZE, ©(z) = Ee=*5 and B denotes a (continuous-time)
busy period in M/G/1 system (denoted by X) in which each service time is
distributed as S + (. Hence, g(z) satisfies functional equation

9(z) = 2(z + A = Ag(2)), (6)
with §(z) = Ee=*(5T¢) = ©(2)Ee~*¢. In particular, the discrete-time busy
period in the system X, denoted by €, has the mean

~ 1
B=-§0)=—
90 =7E 570
(We recall that AE(S + ¢) < 1 by (1).) In the basic system we have by (5)
ES
EB = —¢,(0) = —— .

Ezample. In M /M /1-type retrial system, equation (6) can be solved in an
explicit form. Let service time S be exponential with parameter p. In this
case

A +7)
(H+2)A+v+2)

Plz) =
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and (6) can be written as

(A +7)

9C) = A T2 )R+ 42—

(8)

The third degree equation (8) (with respect to g(z)) can be solved explicitly
with given parameters A, u, 7y (satisfying stability condition (1)). As a result,
g1(z) also can be derived from equation (4). In particular, by (7),

A tpty

EB, .
(g +y)

More numerical examples are assumed to be considered.

3. Conclusion

The busy period analysis of a stationary single-server retrial system with
constant retrial rate is performed. The basic idea of the analysis is to
compare the original retrial system with a buffered M/G/1-type model with
the 1st exceptional service. It is shown that the distribution of the busy
period satisfies a functional equation which is similar to the well-known
equation for the conventional M/G/1 system. The case of the exponential
service time is considered as a numerical example.
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This paper considers an inventory queuing model with batch de-
mands where customers arrive according to a Markovian Arrival
Process and service times is phase type distributed. An arriving
customer can request between 1 and N items, where N denotes the
maximum allowable number of items per demand. If the demanded
unit of item is unavailable, customers can leave the system or can
enter into service with suitable probabilities. Further, if they enter
the service, they can purchase the available items or can wait by
moving to a buffer of finite capacity. An (s,.S) policy is used for
inventory replenishment and customers in the buffer are instanta-
neously provided with items when replenishment occurs. Analysis
of this model was done by classical matrix analytic method and
some important performance measures are derived. A suitable cost
function is also constructed. Keywords: queuing inventory, batch
demands, finite buffer

Introduction

Traditional queuing inventory models with positive service time often
assume that customer demands arrive individually, one unit at a time and
many scholars have undertaken detailed analyses in this domain. The ear-
liest contributions to this field were made by Sigman and Simchi-Levi [§]
and Melikov and Molchanov [7] followed by Berman et al. [2], Berman and
Kim [3] and so on. But there are many real world scenarios where cus-
tomer demands often occur in batches, meaning that a single arriving cus-
tomer may request multiple items from the inventory. Yue et al. [9] analyze
an M/M/1 queueing inventory system with batch demands modelled by a
compound Poisson process and geometric distribution, deriving stationary
distributions under two loss scenarios. Later, Chakravarthy [4] investigates
two batch-demand queueing inventory models with positive service times
and customer loss scenarios, analyzing them in steady state using matrix
analytic methods. Chakravarthy and Rumyantsev [5] extend this work by

Authors thank Prof. (Dr.) A. Krishnamoorthy, Director of Centre for Research in
Mathematics, CMS College, Kottayam, Professor of Department of Mathematics, Central
University of Kerala, India.
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incorporating MAP arrivals and phase-type service times, analyzing both
single-server and multi-server cases. Some other contributions to this area
had been done by Akash Verma et al. [1] and Linhong et al. [6] and so on.
This paper introduces an inventory queuing model with batch demands
for each customer but with a limit of N units of items. If the demanded
units is unavailable, customer can either leave without buying any item or
can proceed to service where they are free to choose between the options

— leave by purchasing available items from the inventory or
— move to a finite buffer and can wait.

This scenario is common in everyday life, where customers may find items
out of stock. Providing them the option to wait for restocking can help
buisnesses retain customers and build strong relationships.

1. Model Formulation

We consider a single server single inventory system with infinite queue
where services are offered in FCFS manner. The customer arrival pattern
is modelled as a Markovian Arrival Process with representation (Dg, D1) of
order m; and the service time is assumed to be phase type distributed with
representation (n,7T) of order my. Assume (s, S) replenishment policy is
used for replenishment. It is further assumed that each customer announces
their required item quantity at the arrival epoch and each customer has
the option to request a batch of items, labeled as Z, from the inventory.
Each customer can place a demand for up to N items where N < s. The
probability of demanding i items is given by

N
P(Z=1i)=p;, 1 <i< N with Zpizl-
i=1

If the requested quantity of items is unavailable, customers are free to

— leave the system without taking any item from the inventory with prob-
ability (1 — p) or
— can enter into the service with probability p.

Additionally, when a customer enters the service, they can either leave
the system by purchasing all the available items from the inventory with
probability (1 — g) or after completing the service, the customer may move
to a buffer of finite capacity, (say K), without taking any item from the
inventory and can wait there with probability q.

This system employs an (s, S) replenishment policy in such a way that if
the inventory level drops to s or below, a replenishment order is triggered.
The order quantity is calculated to bring back inventory level to S together
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with an additional amount of inventory to meet the demands of customer
in buffer.

That is, when the replenishment occurs, customers in the buffer are
instantaneously provided with items. When the total demands in the buffer
reaches its maximum and the requested number of items is unavailable, then
the arriving customers are lost.

2. Mathematical Analysis of Model

The following notations are required for the mathematical analysis of
the model. Let Ny(t),1(t), Na(t), J1(t) and Ja(¢) represents the number of
customers in the system, inventory level, number of customers in the buffer,
phase of service process and phase of arrival process at time t, respec-
tively. Then the process X (t) = (Ny(¢), I(t), Na(t), J1(t), Jo(t)) constitutes
a CTMC possessing the state space {(0,4,n9,%,72)[0 <i < N—-1,0<ny <
K,1<j<mi}u
{(07i707*7j2)|N <i<S81<j<m
{(nl,i,07j1,j2)‘n121,0§i N
1<jo<mq}U
{(n1,4,0,71,42)[n1 > 1, N <i < 5,1 <51 <mg,1 < jp <my}.

To effectively represent the infinitesimal generator matrix of the Markov
Process, we need to introduce some notations beforehand.

— Define f = (K+1)N+S—-—(N—-1),n=K+1m=s—(N-1),
b=S5—-s,a=Nn+m.

— With the probabilities {p;|]1 < ¢ < N} representing the demand of i
items, we proceed to define the probabilities corresponding to demands
greater than i as, p; = ZkN:i+1 pr, 1 <i< N -1, and demands less than
orequal toias, p; =, _; Pk, 2 <7< N.

— We use notations I and e for the identity matrix and column matrix of
ones of appropriate order.

— We use the notations Q) and € to denote Kronecker product and Kro-
necker sum respectively.

Then the infinitesimal generator matrix Q of the process is given by:
By B

B2 A1 Ao
Ay A, A
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3. Stability Condition

Let m denote the steady state probability vector of the generator A =
= Ag+ A1 + As. Then we have 1A = 0 and we = 1. And the system is
stable if and only if TAge < wAse.

On solving we get

N-1

(m0e — 70.5) (Imy Q) PD1) + D mi(Im, QRY(Bi + p-5:D1))+
=1

7i(Imy Q) D1) < T° (R 1 (X) I, -

Stationary Distribution

S
+
i=N

Assuming the stability condition is satisfied, the steady state probability
vector of the system is obtained by solving the equations @) = 0 and xe = 1,
where x = (zg, 1, - - ) denote the steady state probability vector of Q.

From zQ = 0 we get

.’E()BO + (ElBQ = 0, (1)
l‘oBl + IlAl + IQAQ == 0, (2)
Tpn—140 + Tp A1 + 142 =0.n > 2 (3)
Now x is obtained as
z, =z RV, (4)

where R is the minimal non negative solution to the matrix quadratic
equation R%2A; + RA; + Ay = 0, subject to the normalizing condition

zoe +x1(I — R) " le=1. (5)

4. System Performance Measures
Some of the important performance measures are given by

— Probability that system is idle

Didle = Zo€.
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Expected number of customers in the system

cus - E ny.Tn,€

n11

Mean inventory level

0o S
My, = E E 1.Tn, €.

ni =0i=1
— Expected number of customers in the buffer

oo N-1 K

EBuff = Z Z Z ng.a:nhi,we.

n1=0 =0 no=0

— Expected rate of customer loss

ELoss = (1 _p))‘ Z ﬁi-nl-xnl,i,nge+

co N-1

+)\ Z Z ﬁi.nl.xnhi’Ke.

ni=1 i=0
— Expected number of partially lost customers,

co N-1

EPloss 1 - q Z Z p'L ni. Inl i€.
ni1=1 i=0
Cost Function

Expected Total Cost is given by ETC = c¢1.Mrpy + 2 + c3Epyss +
c4.Eross +¢5.Ep,, . where c; is the holding cost of inventory per unit time,
co is the fixed cost for buffer, c3 is buffer maintenance cost, ¢4 is cost for
customer loss and c5 is cost for partially lost customers.

We take
—3.0067  3.0067 0 0 0 0
Dy = 0 —3.0067 0 , D=1 00301 0 2.9766 |,
0 0 —677.2500 670.4775 0 6.7725

T= (810 _49>, T = (f) n=(03 0.7).
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5. Numerical Illustration

In this section we provide numerical illustration of some of the system
performance measures with varying parameters. Here, (see Table 1) as the
buffer size increases, expected number of customers in the system as well as
expected number of customers in the buffer also increases.

Table 1
Effect of Epuys and Ecus on K: Fix S=20, s=8, K=7, N=3, p=0.8, 1-p=0.2,
q=0.6, v=0.4, v=0.7

EBuff Ecus

0.4358 | 3.0891
0.5210 | 3.2903
0.5884 | 3.4579
0.6424 | 3.5967
0.6860 | 3.7098

N O O || X

6. Conclusion

This paper studied a queuing inventory model with batch demands and
finite buffer, where each arriving customer can demand between 1 and N
units of item and if the demanded unit is unavailable, customers have the
provision to wait. We analyzed the system through matrix analytic method
and some performance measures are derived. A suitable cost function is
also constructed on the basis of system performance measures.
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Absract: This paper studies a production inventory model under
(s,S) policy incorporating customer retrials and service interrup-
tions. Customer arrivals follow a Markovian Arrival Process(MAP)
,and service times follow a Phase Type (PH) distribution. When
the inventory falls to s, production starts at an increased rate un-
til the inventory reaches the level s+1. Customers encountering a
busy server or stockout enter an orbit of infinite capacity and retry
after an exponentially distributed time. Service interruptions also
redirect customers to the orbit. Customers who experience exces-
sive delays may leave the system permanently. Key performance
measures and the relevant cost function are constructed to opti-
mize the total expected cost. Keywords: retrial inventory, (s,S)
policy, Markovian arrival process, phase type distribution, service
interruption, cost function

Introduction

Efficient inventory control is crucial in uncertain markets to ensure op-
timal resource use and customer satisfaction. Modern research focuses on
stochastic inventory models incorporating random arrivals, service interrup-
tions, retrials and system failures.

Krishnamoorthy et al.[3] analyzed an (s,S) production inventory system
with Poisson arrivals and Erlang service times. They introduced a novel
method to obtain an explicit expression for the stability of the system and
several system performance measures were derived. Salini and Jose [4] were
studied the production inventory system with retrial and varying service
rates by assuming MAP arrivals with Phase Type service times. They
defined some important system performance measures and constructed a
suitable cost function. Nisha Mathew et al. [2] studied models with server
breakdowns, customer impatience and multi-stage production using MAP

The authors acknowledge the financial support provided by the FIST Program, De-
partment of Science and Technology, Govt.of India, to the PG and Research Department
of Mathematics through SR/FST/College-2018-XA 276(C)
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and Phase Type distributions. A production inventory system with different
rates of production and retrials was studied by Jose and Salini [1]. They
used the Matrix analytic method to find an algorithmic solution. Serife
Ozkar [5] studied a production inventory model with phase type service
times where customers join the system according to a Markovian arrival
process. The steady-state analysis was done by using the Matrix Geometric
Method.

This paper analyzes a production inventory model running with different
production rates, MAP arrivals and with the concept of interruption to the
service facility.

1. Mathematical Modeling and Analysis of the Problem

Consider a production inventory system operating under the (s, .S) pol-
icy, which allows customer retrials and service interruptions. Customer
arrivals follow a Markovian arrival process with representation (Dg, D7) of
order m, and service time follows a Phase type distribution with represen-
tation (n,T) of order ms. The item in the inventory is served through a
single server counter. Production starts when the inventory falls to s and
continues the production till the inventory reaches the level S. The pro-
duction rate is o where a € [1,¢] and ¢ is a finite number greater than 1,
when production starts and the rate falls to § when it exceeds s. Customer
service can be interrupted at any time, but only during active service. Inter
occurrence time of interruption is exponentially distributed with parameter
01 and time to resume the service is also exponentially distributed with pa-
rameter do . An arriving customer facing a busy server, an interruption or
zero inventory enters with probability -, or is lost forever with probability
1 — . A retrial customer encountering the same condition re-enters the
orbit with probability §, or is lost forever with probability 1 — §. The inter
retrial time is exponentially distributed with linear rate 6, when there are
i customers in the orbit. No inventory or customers are lost due to server
interruptions.

The following are the notations used in this model.

N(t): Number of customers in the orbit at time ¢.

1(t): Inventory level at time ¢.

J(t): The production status,

J(t) = 0, if the production is in OFF mode,
] 1,if the production is in ON mode.
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S(t): The server status

0, if the server is idle,
S(t) = { 1,if the server is busy,
2, if the sever is in interruption.

Fy(t): Phase of the arrival process at time t¢.

F5(t): Phase of the service process at time ¢.

Now X(t) = {(N(t),S(t), J(t),I(t), Fi(t), F2(t)) : t > 0.} is a level de-
pendent quasi birth death process on the state space

{(3,0,0,k,0) :i > 0k =s+1,..,81=1,..m1} | J

{(0,5,0,k,1,p) 1§ > 055 =1,2ik = s+ 1,..., S50 = 1,..masp = 1, ..ma} ]
{(3,0,1,k,0):i >0k =0,...S = L;1=1,..m}| J

{(4,7,1,k,l,p):1>0;5=1,2k=1,....8=1;l=1,..my;p=1,...ma}.

The infinitesimal generator QQ of the process is a block tri-diagonal matrix
and has the form:

Ao Ao
As1 Aiqn A
Q= Ao Aia Ao ’

Asz A1z Ao

where the block matrices Ag, A1,:;(¢ > 0) and As;; (¢ > 1.) are square
matrices of order (45 — 2s — 2)mymg + (25 — s)m; and are given by

0,00 o 0 0 0 0
0,110 B:1 O 0 0 0
1,010 0 B2 O 0 0 _JyDism=n=1
Ao = 1,1(0 0 0 Bs O 01’ where (B1)mn = {0;otherwise ’
2,0(0 O 0 0 By O
2,110 O 0 0 0 Bs
D1 ®In,;m=1,..85—s,n=
(B2)mn - TP ® ,2 " s " )
0; otherwise
D1 ®ILp,;m=1,..S—1,n=
(Bd)mn = T © .2 mn " m 5
0; otherwise
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YD1 Q@ I;my;m=1,..5 —s,n=m
(Ba)mn = .
0; otherwise

YD1 @ I;my;m=1,..5—1,n=m

(Bs)mn = 0; otherwise
0,0fo 0 ¢y O 0 0
0,110 ¢ 0 Cs 0 0
1,00 0 Cs O 0 0
AQZ' = )
’ 1,1{0 0 0 Cs O 0
2,010 0 0 0 Cs O
2,110 0 0 0 0 Cs
0,0[Ey 0 E» O 0 0
0,1|F5 E4 0 FEs 0 0
A 1,0|Es Er FEs 0 Ey 0
bi = 1,110 Fio FEi11 FEie 0 Eis|’
2,01 0 0 FEusu 0 Es5 O
2,10 0O 0 FEe 0 Eir
(C1 ) = {(i9)1m1 (X.)n;m =1,.S—s,n=m 7
0; otherwise

(Con = {(i@)(l—é)[—ml; m=n=1

mn — .
0; otherwise

() {(i0)1m1®7];m—2,...S,n—m—1
3)mn =

0; otherwise

(C)on = (E0)(1 = 0)mims; m=1,...85—s,n=m
Hmn 0; otherwise

) {(i@)(lé)]mlmz; m=1,.S—1,n=m
5)mn —

0; otherwise

A;m=1,..S—s,n=m
(El)mn - .
0; otherwise

Di®n,m=1,.S—s,n=m
E =
(B2 {0; otherwise

0; otherwise

(E3)mn _ {B[mﬁ m=n=>_5
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oy m=n=1
I'yym=2.s+1,n=m
Toym=s4+2,...5n=m

aflp,; m=1,..s+1,n=m+1
Blm; m=s5+2,.S—1,n=m+1

0; otherwise

Dy ®np; m=2,...Sn=m-1
(ES)'mn = ! K .
0; otherwise

Im, ® T°; m=2,...S-sn=m-1
(EG)mn = ! .
0; otherwise

I T m=1,n= 1
(E’?)mn - i © 7, m " st 5
0; otherwise

Ai;m=1,.5—s,n=m
(Bs)mn = 0 :
0; otherwise

01lmime; m=1,..5—s,n=m
E. = R
(b {O; otherwise
I, @T% m=1,..8—1,n=m
E — 1 ) ) ) ,
(Ero)mn {0; otherwise

Imimey; m=S—1,n=5—s
(Ell)mn: /8 1 .
0; otherwise

Ay m=1,..s,n=m
As;m=s+1,.5—1,n=m

(B12)mn = S aBlmymy; m=1,...s,;n=m+1 ,
Blmime; m=s+1,..5—-2n=m+1

0; otherwise

01lmimy; m=1,..5—1,n=
(E13)'mn = ! 1 ,m " "
0; otherwise

02lmimy; m=1,...8 —s,n=
(E14)mn = 2 e ,m s mn
0; otherwise

Agy; m=1,...85—s,n=m
(E15)mn = ! .
0; otherwise

(Br6)mn = 021 ms; .m =1.5—-1,n=m
0; otherwise
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As; m=1,..s,n=m

Ag;m=s+1,..5—1,n=m
(Evt)mn = aBlmyme; m=1,..s;n=m+1

Blymims; m=s+1,.5—-2n=m+1

0; otherwise.

2. System Stability

Take the Lyapunov test function o(r) as, ¢(r) = 4, if r is in level 3.
Then the mean drift y, for any r belonging to the level ¢ > 1, is given by

Yr = ; QTp(<P(p) — (1)), ie,

—10; if the server is idle and inventory level is positive,
—i0(1 — &) + y(D1e);; if the server is idle

and the inventory level is zero,

—if0(1 — 8) + (v(D1€) ® €my) (1—1)m,+n; Otherwise.

Yr =

Since (1—4) > 0, for any € > 0, we can find N large enough that y, < —¢
for any r belonging to the level ¢ > N. By Tweedi’s [6]result, the system
under consideration is stable.

3. System Performance Measures

Let the steady state probability vector x of QQ be
x = (2(0),z(1),...,z(n — 1),2(n),...) Then x(i)’s are given by

x(z) = (yi,0,0,s-i-la -4y Y4,0,0,85 Yi,0,1,05 ++++» Y4,0,1,8—15 Yi,1,0,5+15 +-+» Y4,1,0,S»

Yi1, 1,155 Yi1,1,5-15Yi,2,0,5415 -+, Yi,2,0,S Yi,2,1,15 -++» yi,2,1,371)-
Some important performance measures are

(i) Expected inventory level in the system

mi1l mo
EIL = Z Z Zk?hﬂoakﬂfzz Z D> kyigonist
1=0 k=s+1 =1 1=0 j=1 k=s+1 I=1 p=1

-

S— co 2 S—1mp m2

Z Z Z kyi0,1,6,0 + Z Z Z Z Z kYi,j,1,k,0,p-
k=0 =1

i=0 i=0 j=1 k=1 I=1 p=1

(ii) Expected Number of customers in the orbit

ENC = <im> e= (i izi +an(NI —R)™ 4+ R(I — R)_2)> e
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(iii)

(vi)

(vii)

(viii)

Expected interruption rate
EIR=51Z< Z Yi,1,0,kCmo +Zy111k6m2> .
=0 \k=s+1
Expected repair rate of the server
ERR— 53" ( S esonens + 2 ym> |
i=0 \k=s+1

Expected number of external customers lost, before entering the orbit is

ECLP = <(Z yi,o,l,o)(l — ’Y)D1€> +
co 2 S-—-1
+(( D1®€m2 <ZZ Z y130k+zzzyl,3,l,k>-

1=0 j=1 k=s+1 1=0 j=1 k=1

Expected number of departures after completing service is

oo S—1
END = (Z D vinow(em @T) + 30> yira 6m1®T0)+>

=0 k=s+1 1=0 k=1

Expected number of customers lost due to retrials

oo
ECLr=6(1—- (Z (yi,0,1,0€m, +

2 S—1
+Z Z Yi,5,0,k€mymy T Z Z yl,],17k6m1m2>> :

Jj=1k=s+1 j=1 k=1

Expected switching rate

ESR = Z Yi,1,0,541(€m; ® TO)-
i=0

Cost Function:The Expected total Cost is defined as

ETC =ciESR+coFIL+c3sENC+cyECLp+cs ECLp+csEND+c; ERR,
where ¢; =switching cost for production, co = holding cost of inventory /u-
nit/unit time, ¢35 =holding cost of the customers in the orbit/unit/unit time,
¢4 =cost due to loss of primary customers/unit/unit time, cs =cost due to
loss of retrial customers/unit/unit time, cg =cost due to service/unit/unit
time, c; = repair cost for the server.
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4. Conclusion

This paper proposed a production inventory system incorporating vary-
ing production rates, customer retrials and server interruptions. Assuming
that customer arrivals follow a Markovian Arrival Process (MAP), suitable
production strategies and a cost function were developed. This study can
be further extended by considering a Batch Markovian Arrival process.
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SIMULATION OF A RETRIAL QUEUEING
SYSTEM WITH TWO-WAY COMMUNICATION,
AN UNRELIABLE SERVER AND IMPATIENT
CUSTOMERS ACROSS VARIOUS SCENARIOS

A. Téth!, J. Sztrik!

Y University of Debrecen, Debrecen, Hungary

The paper examines a retrial queueing model featuring a finite
source, two-way communication, and a server susceptible to break-
downs. Primary customers, coming from a limited pool, ar-
rive according to an exponential distribution. Should the server
be available, the service initiates instantaneously; in the alterna-
tive, customers are routed to the orbit and attempt reconnection
subsequent to an exponentially distributed delay. A salient at-
tribute of the model is that, in instances of server idleness, out-
bound calls—designated as secondary customers—are directed to-
ward both the orbit and the source, with each pathway controlled
by distinct parameters. As a consequence of the server’s inherent
unreliability, the provision of customer service may be subject to
disruptions, wherein such interruptions adhere to an exponential
distribution. Additionally, the system accounts for customer im-
patience, where customers may abandon the queue if delays exceed
their tolerance. The study conducts a sensitivity analysis by testing
different service time distributions to evaluate their effects on key
performance metrics in two distinct scenarios. Results and com-
parisons are presented through graphical illustrations. Keywords:
Simulation, queueing system, finite-source model, sensitivity analy-
sis, two-Way communication, unreliable operation, impatience

Introduction

Two-way communication is a widely studied concept due to its relevance
in modeling retrial queueing systems across numerous real-world applica-
tions. A key example is call centers, where agents, during idle periods,
perform tasks like sales, marketing, or product promotion while handling
incoming customer calls. A critical factor in these systems is utilization,
with ongoing efforts to enhance the efficiency of service units or agents, as

J. Sztrik was supported by the Thematic Excellence Programme (TKP2021-NKTA-
34) of the Ministry for Innovation and Technology in Hungary.
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discussed in studies such as [1].The defining feature of two-way communi-
cation resides in the capability to originate calls both internally and exter-
nally to the system during intervals of server idleness. In the context of our
model, the server possesses the ability to dispatch outbound calls directed
toward either the source or the orbit. Extant literature, encompassing the
work of Nazarov et al. [6], has delved into retrial queueing systems with in-
finite sources that incorporate two-way communication, whereas Dragieva
and Phung-Duc [3] scrutinized a setup wherein a secondary outbound call
reverts to the source upon service completion.

Building on [7], this study introduces other aspect like impatience where
the service unit is prone to periodic breakdowns following an exponential
distribution.

Waiting is a common experience across many areas of life, frequently
causing frustration due to prolonged time spent in queues. This frustra-
tion may lead to requests leaving the system prematurely without receiving
service, a phenomenon known as impatience. This behavior is evident in
various fields, such as healthcare systems, call centers, and telecommunica-
tion networks. The impatience mechanism plays a vital role in the model,
as it impacts system performance by potentially decreasing the number of
customers remaining in the queue and altering service dynamics. Research
exploring these behaviors includes [5].

The novelty of this research lies in conducting a sensitivity analysis to
assess how various service time distributions affect key performance met-
rics. The results are generated using our stochastic simulation program,
developed based on SimPack ( [4]). This toolkit includes C/C++ libraries
and executable programs tailored for computer simulation, supporting dis-
crete event, continuous, and hybrid (multi-model) simulations. It provides
the flexibility to model any queueing system or simulation type, calculat-
ing performance metrics with customizable random number generators for
any specified random variable. The paper presents a table of input param-
eters and graphical representations illustrating operational modes and the
impacts of different distributions.

1. System model

The present section delineates a retrial queueing model characterized by
a finite source and a solitary server. The source encompasses N requests,
wherein each entity is capable of originating a primary inbound call directed
toward the server, with inter-arrival intervals conforming to an exponential
distribution parameterized by A. Upon server availability, the servicing
of an arriving customer commences without delay, with service durations
adhering to gamma, hyper-exponential, Pareto, or lognormal distributions,
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each exhibiting distinct parameters yet sharing an identical mean value.
Upon the conclusion of service, customers revert to the originating source.
If an incoming customer finds the server occupied, they are redirected to
the orbit instead of being lost. These become secondary incoming jobs that
may retry connecting to the server after a random delay, governed by an
exponential distribution with parameter o.

Furthermore, in periods of server idleness, outbound calls may be ini-
tiated toward both the source and the orbit. Two distinct categories of
outbound calls are delineated:

— The server is capable of soliciting a job from the source for servic-
ing—termed a primary outbound call-subsequent to an exponentially
distributed duration parameterized by As.

— The server is capable of engaging a job from the orbit—designated as
a secondary outbound call-subsequent to an exponentially distributed
duration parameterized by os.

The duration of service for outbound customers conforms to an expo-
nential distribution parameterized by u. Two distinct scenarios are outlined
for outbound calls emanating from the orbit:

— Case 1: The call involves an unserved incoming request, and after the
outgoing service, it returns to the orbit to await service for its incoming
request.

— Case 2: The call includes an unserved incoming request, but after the
outgoing service, the server immediately processes the incoming request.
This results in a two-phase service process — first the outgoing call,
then the incoming one — after which the call returns to the source upon
completion of both phases.

The server is susceptible to breakdowns, which adhere to an exponential
distribution parameterized by . In the event of a failure, the restoration
process initiates instantaneously, with repair durations conforming to an
exponential distribution specified by parameter 7.

Every primary customer in the system possesses an impatience attribute,
determining their likelihood of exiting the system if service is not provided
within a specific timeframe. This decision to depart transpires subsequent
to a stochastic interval, which adheres to an exponential distribution char-
acterized by the rate parameter 7.

It is posited that the arrivals of primary inbound calls, the retrial periods
for secondary inbound calls, the service durations for both inbound and
outbound calls, the failure and repair intervals, the impatience durations,
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and the intervals preceding the initiation of outbound calls exhibit mutual
independence.

2. Simulation results

We utilized a statistical module equipped with an advanced analyti-
cal toolkit to quantitatively evaluate the mean and variance of the observed
variables through the application of the batch means method. This method-
ology involves partitioning n successive observations derived from a steady-
state simulation into batches, thereby yielding a sequence of approximately
independent sample means. The batch means method is esteemed for its
efficacy in deriving confidence intervals pertaining to the steady-state mean
of a stochastic process. Attaining sample means that are sufficiently in-
dependent necessitates the selection of adequately large batch sizes. An
exhaustive exposition of the batch means method is available in [2]. The
simulations were executed at a 99.9% confidence level, terminating upon
attainment of a relative half-width for the confidence interval of 0.00001.

Table 1
Numerical values of model parameters
N T [ Az o2 Y2 g Y
100 | 0.001 | 1 | 0.02 | 0.02 1 |0.01 0.1

In the present section, our objective is to specify the parameters for
service times across each distribution, thereby ensuring equivalence in their
mean values and variances. Four distinct distributions are scrutinized to
evaluate their impacts on key performance metrics. The hyper-exponential
distribution is selected to ensure a squared coefficient of variation exceeding
one. The input parameters for these distributions are delineated in Table 2,
whereas Table 1 enumerates the values of other pertinent parameters.

Table 2
Parameters of service time of primary customers
Distribution Gamma | Hyper-exponential | Pareto | Lognormal
Parameters a = 0.011 p = 0.494 a=2.005 | m=—-2.257
£ =0.011 A1 =0.989 k = 0.501 o =2125
Ay = 1.011
Mean 1
Variance 90.25
Squared coefficient of variation 90.25

Figure 1 depicts the correlation between the mean response time of cus-
tomers who are successfully served and the arrival intensity. Successfully
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served customers refer to those who remain in the system and do not leave
prematurely due to impatience. The Pareto distribution yields the highest
mean response time, while the distinctions among the other distributions
become more evident. In particular, the gamma distribution produces the
lowest mean response time.

A notable finding is that as arrival intensity grows, the mean response
time initially increases but then declines after surpassing a certain threshold.
This behavior is typical of finite-source retrial queueing systems and emerges
under specific parameter settings. In the expanded version of our paper, we
intend to include results based on an alternative parameter setup with a
squared coeflicient of variation below one and placing greater emphasis on
how customer impatience influences performance metrics.
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Figure 1. Mean response time vs. arrival intensity

3. Conclusion

The present study proposes a retrial queueing system characterized by a
finite source and a two-way communication system, which encompasses an
unreliable server, impatient customers, and a range of service time distri-
butions. Different scenarios were analyzed using distinct parameters for a
sensitivity analysis focused on the average customer response time and the
service unit’s utilization. Results were derived from our simulation program,



340 A. Téth, J. Sztrik

accompanied by graphical representations that illustrate how different ser-
vice time distributions impact system performance metrics. These visuals
reveal slight variations in performance measures when the squared coeffi-
cient of variation exceeds one, emphasizing the importance of distribution
selection. In prospective endeavors, we aim to further examine additional
finite-source retrial queueing systems incorporating two-way communication
or to integrate a secondary service unit functioning as a backup mechanism.
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AKTUBHOE BHE/PEHUE U UCIIOJIb30BAHUE CUCTEM UCKYCCTBEHHOI'O UH-
reqnekta () m wHOOPMAIMOHHO-KOMMYHUKAITMOHHBIX TEXHOJIO-
ruit (UKT) B o6pa3oBaTesbHBIN mporece TpedyeT 0CMBICIUTD TIPO-
6s1eMy 3TUHYECKON UM KOMMYHUKATUBHON PEJIEBAHTHOCTU €ro pabo-
TBI B IIPOIECCE YIIPABJIEHWUsI O0y<ueHHMeM B HH(POPMAIMOHHBIX 00-
pasoBarenpubix cpemax (MOC). Cobmomenme 3THYECKHX, KyJIb-
TYPHBIX M HPABCTBEHHBIX HOPM OCOOEHHO Ba)KHO B paMKax obpa-
30BATEJIHHON IeATEIbHOCTH B TOIUKYIBTYPHON MHGMOPMAIMOHHO-
obpaszoBaresnbHoil cdepe. Borpoc obecnievenns 6e30macHOR U KOM-
GOpTHOI Cpeibl AOCTATOYHO OCTPO CTOUT HA I[OBECTKE JHS U
TpebyeT MeXKIUCIUIIMHAPHOIO KOMILIEKCHOTO IoAxoma. Heobxo-
AUMO OBYYUTH A3BIKOBBIE MOJIEIM YUYUTHIBATH WHIUBUILYAJIHHO-
LICUXOJIOPMYECKHUE U KYJIbTYPHO-KOIHUTUBHbBIE 0CODeHHOCTH 00y4da-
IOLIUXCS JJIs ONITHMU3AINH YIIPABJIEHNs YIeOHBIM IIPOIECCOM B IIO-
mukynbrypabix TOC. B crarbe paccmarpuBaorcs miaru i ajar-
TalUy CyIEeCTBYOUUX IPOrPAMM L0, PA3JIMYHbIE KYJ/IbTYPHbBIE 1IPO-
bum. KirrodeBble cioBa: 9muka ucCKycmeeHH020 UHIMEeANEKMa,
60ADUWUE AZDKOBBLE MOOEAU, KYADMYDPHBLE NPOPHUAD UCKYCTNEEHHO020
UHMEANEKTNA, AOKGADHAHA GIATMAUUA UHTEAAEKMYANDHBLT CUCTIEM

BBenenune

OpHa W3 OCHOBHBIX 337a4 PA3pA0OTIMKOB U TIOJH30BATEIEl CUCTEM WC-
KYCCTBEHHOT'O WHTEJIJIEKTA — HAYYUTh WX BECTH JAUAJIOT C yIETOM OOIIede-
JIOBEYECKUX U KYJIbTYPHO-CIENUu(MUIHBIX MPUHIUIIOB MOPAJIH U ITUKH IS
[PEeOTBPAIIEHNS CePhe3HbIX HEraTUBHBIX mocaeacTeuit. CyimecTByer HAbOP
TUYECKUX MPUHIUIIOB: IPUBATHOCTD, IPO3PAYHOCTD, HAJAEKHOCTD, MOI0T-
YETHOCTH, 6€30MACHOCTh, KOHTPOJIUPYEMOCTh, U B UIEAJIE€ CUCTEMBI, UCITOIh-

MccnepoBanue BBIIOJIHEHO B paMKaX Hay4HOH nporpambl HanuonasbHOTO meHTpa
dusuku U MareMarTuku, HanpasgeHne Nt 9 «VICKyCCTBEHHBIN UHTEJIIEKT U OOJIBIINE JaH-
Hbl€ B TEXHUYIECKHUX, IPOMBIILICHHBIX, IPUPOJHBIX U COIUAJBHBIX CHCTEMAX
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gytormue U, momx#abl nx obecnednBarh. BaykHO yaeasTh BHUMAHIE IPEI0T-
BpAIIEHUIO TPOOJIeM HA CTA/UH MPOEKTUPOBAHNA NH(MOPMAIMOHHOIO CEPBU-
ca, ucnosip3ytomiero V.

[Tpu monroTOBKE HHTEIEKTYAJBHBIX 00PA30BATEIHHBIX CEPBUCOB ITHYIE-
ckuit podusb JI0Ael, yIacTBYIONUX B pa3paboOTKe, OyAeT BIWSATH HA KO-
HEYHBIN TPOAYKT. BO3MOXKHOCTD THOKO# aIanTaIiun Io 0COOEHHOCTH KaxK-
JIOr0 KOHKPETHOTO YeJI0BEKA — 3ITO YHUKAJIbHAS BO3MOXKHOCTH, OTKDPbHIBA-
fo1asi OOJIBIINE MEPCIIEKTUBBI s 00Jiee KOMMOPTHOIO M KAI€CTBEHHOIO
oOydenusi u B IEJIOM Obecriedensi 00JIee BHICOKOTO YPOBHS YKU3HU TOJIH30-
Bareseir. Hayunts VW sTrveckoMy OOLIEHWIO B PAMKAaX dTHOKYJIBTYPHBIX
U PEIUTHO3HBIX OCOOEHHOCTEH BO3MOXKHO, 33/1aB €My OCHOBHBIE AJITOPUT-
MBI U CKPHUIITHI KOMMYHUKAIIU, XaPAKTEPHBIE JJIs PA3HBIX KyJIbTyp: Da30-
BbI€ IIEHHOCTH, CIIeIu(pUKA TUCKYPCa, Taby, PeTUTHO3HbIE Ta0y, CTEPEOTHIIBI,
upeapacceyaku u r.ou. 1, 2].

1. IIpenBapuTesabHbIE STANbl CO3/JAaHUS NHTEJJIEKTYaJIbHBIX
obOpa3oBaTeJbHBIX CHCTEM C y9€TOM KYJIbTYpPHOTO Hnpoduniig

ToBopst 06 sTwarOM U, MBI TOBOPUM O HAJIUYIUU B HEM JOTTOTHUTETBHBIX
CEPBUCOB MPEJ- ¥ TOCTMOAEPAINH, TPEIOTBPAIIAIONIINX BIBO/L MIOTEHIIAA b~
HO ONACHBIX pe3ysibraToB. CucremMa 4eI0BeYecKux MEeHHOCTEH CI0KHA U 9a-
CTO MOXKeT ObITh MHTEPIPETUPOBAHA B 3aBUCHUMOCTH OT PAa3JIMYHBIX COIHU-
AJIBHBIX KOHTEKCTOB, W 3J€Ch HEMAJIYIO POJIb UTPAET YeIOBEYECKUil (haKTOP
[3, 4]. Pemmenne Bonpoca srnunoCcTH U KynbTypHOocTH VI, BUAMMO, TOJIKHO
COCTOSATDH U3 CJEAYIONINX TIAroB:

1. O6yuenume N o6mieuemoBe9eCKuM KyJIbTYPHBIM HOPMAaM U MPABU-
JlaM. 37eCh B8, OCHOBHBIX IIyTH: TIOMBITKA BHIPAOOTATH CBOJ MPABUII U (HOP-
MaJbHBIX MPU3HAKOB W/ UTEPANMOHHBIN MyTh 00ydenus. Ha Bbixoe s3bI-
KOBBIE MOJIEJI JOJIKHBI ObITh 00yYeHbI TaK, 9TOObI OHM MOTJIH KOMMYHHU-
UMPOBATH C y4€TOM KyJIbTYPHOIO KOHTEKCTa 110 Merody code switching (ue-
pekoyenue Koza). KoruuTuBHoe paciumpenne MOXKeT MO3BOJIUTh, C OIHOM
CTOPOHBI, AEHICTBOBATH B PAMKAaX MPUHSITHIX JJI JAHHOW KYJIbTYPbI HOPM U
Mozeselt KOMMYHUKAIIAH, & C IPYTO# CTOPOHBI, OEPATUBHO TOMOJHATD TTYJT
cTpaTeruii KOMMYHUKAIUH.

2. Cuoco0bl BbIsIBJIEHUS U YI€Ta WHIUBH/LYATbHBIX 0COOEHHOCTEH 110 TH-
My COCTABJIEHUST MHIUBUIYATHHOTO TTPOMUIIST KAZKIOTO MOJIB30BATENSA. 3IECh
TOXKe MOTYT OBITH BOMPOCHI KAK TEXHUYECKOTO, TAK U ITUIECKOTO WA 3~
KOHOJIATEJILHOrO Xapakrepa (XpaHeHUe MO CYTH <«JI0Che», XapaKTEePUCTUKU
smanoctu). Hesb3sg 0nycTuTh AMCKPUMUHAIIMU 10 T€HIEPHOMY, BO3DACT-
HOMY U PACOBOMY IPU3HAKAM.
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3. OOyuenwe u BEIPAOOTKA CIOCODOB OBITEHN s, OCHOBAHHOIO HA TOHUMA~
HUU CYIIECTBOBAHUS PA3JUIHBIX TPYII JIIOJe. 3/1eCh MOXKET MPUTOJAUTHCS
onbIT PAbOTHI ICUXOTEPALIEBTOB, KOTOPHIE OCHOBBIBAIOTCS Ha 0E3yCJIOBHOM
YBaXKEHUN JINIHOCTU YeJIOBEKA HE3aBHUCHMO OT ero yoexxaenwii. B oriamune
OT MIEPBOr0 MyHKTA 37[eCh HYKHO (DOPMUPOBAHNE MOHUMAHHS OCTOPOYKHBIX,
OOJIE3HEHHBIX TEM U 0COD0H OCTOPOKHOCTU B BBICKA3BIBAHUAX, a HE TOJIBKO
3armpera OLpee/IeHHbIX naeit [5-7].

OpHaKO B KPOCC-KYJIBTYPHBIX KOMMYHUKAIUSX JJIS JOCTUXKEHUS YPOB-
Hs 9TUYECKOrO ODIIEHUs TPeOYyIOTCs JIONOJHUTETHHBIE KOMIIETEHITHH Pa3-
PabOTYMKOB, yIeT PA3JIUIHBIX KyJIbTYPHBIX Mpoduieil, rae moMuMo obIei
6e3omracuHoctu cucrem NN ¢ ToUky 3peHns MOTEHITHATHHO BO3MOXKHOIO Bpe-
Jla [IJIsT 9eJIOBEKA W YHUBEPCAJBHBIX ITUYECKUX HOPM OyIyT YUUTHIBATHCS
eIle U KyJIbTYPHbIE MapaMeTphbl. MOXKHO BBIIEIUTD P TapaMeTPOB, KOTO-
pBIe JIesKAT B OCHOBE aHATN3a KyJIbTYPHON ClenuduKu MOBEIeHIsT, MbIIILIe-
HUASA U IeATeIbHOCTH W KOTOpbIE OyayT 00yC/IaBINBATh COOCTBEHHO CITEIIH-
UKy KyIbTyPHO-KOIHUTHBHOIO PO(UIIs JIUIHOCTU: BOCIPUATHE BPEMEHH,
MPOCTPAHCTBA U, KAK CJIEICTBUE, CTIENN(UKA TeITeTbHOCTH; MPEICTABICHNS
nHGOPMAINH, MBIILIEHAST 1 BHUMAHUS; COITUATbHBIX KOMMYHUKAIWIA; TOMU-
HUPYIOIIUE MEHHOCTU. B J11000#f KOMMYHUKAIINA MOXKHO YCJIOBHO BBIIEJIUTD
KOPHUTHUBHBIH, S9MOIUOHAJIBHBIN W OMEPAIMOHHBIN KOMIIOHEHThI. KorHuTus-
HBII KOMIIOHEHT Oy/IeT BKJIIOYATh B c€0s1 0COOEHHOCTH KOTHUTUBHOTO CTUJIS
7 criocoboB paboTh! ¢ wHdopMarmeii. OmeparmoHHbIil KOMITOHEHT — OTHOTIIe-
HUE€ KO BPEMEHW, K MHCTPYKIUSAM, K IIEJIETOJAraHuI0, MECTO B COIUYyME, OT-
HOIIIEHWE K BHEITHEH cpelie, K KOMaHIHON pabore. Takke OyaeT 3HAINMBIM
SMOIUOHATBHBIA KOMIIOHEHT, KAK KOHTEKCT, JeTePMUHUPY IO KOrHUTHB-
HbBIA U OLIEPALMOHHBINA KOMIIOHEHTbI (KOHTEKCTYaJlbHbIE HAPAMETPbI).

2. Yd4eT KyJbTYPHBIX Npoduiieii B 06pa3oBaTeIbHBIX
mporpaMmMmax

C mosiBjieHMEM B yUI€OHBIX 3aBEIEHUSTX HH(MOPMAIIMOHHO-00Pa30BATEIHHOMN
CpeJIbl MOSBUJIACH TEXHUIECKAsT BO3MOKHOCTH TEPCOHMMDUITIPOBAHHOTO TIO/I-
Xoma K 00pa3oBaTebHOW TPAEKTOPUU OOydaoONIerocsi M OTCJIe’KUBAHMIO
ero nporpecca. Iuzaiin u apxurekrypa nonukyabrypaoit UOC mo3sosstor
aJanTUPOBATh KOHTEHT U uHTepdeiic Mo, KyJIbTyPHO-KOTHUTUBHbBIE OCOOEH-
HOCTHU O0YJaIONUXcs U (GOPMUPOBATH €r0 IUHAMUYECKYI0 KOMIETEHTHOCT-
uyto momenb. Texuomoruu MU ciocoOCTBYIOT MHKIIIO3UK JIUIL C OTPAHUYIEH-
HBIMH BO3MOXKHOCTSMHU B y94eOHBIN MPOIECC, a TAKXKE TaHHBIE TEXHOJIOTUN
crrocoOCTBYIOT OBICTPOI AJANTAIME YIAIIAXCS U3 IPYTUX PETUOHOB, CTPAH U
KyJbTyp. Bostee Toro, cOop u ananus JaHHBIX, EPCOHAINIUPOBAHHBIE TPE-
KU U 9JIEKTPOHHOE 110PTQOJIMO, PEKOMEH/JaTellbHble cepBuchl U T. 1. [8, 9]. B
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JIAHHOM KOHTEKCTE PeYb UJET O BO3MOKHOCTH TEXHUYECKOMN aalTaluu moT
MHIUBUTyaJbHbIE 0COOEHHOCTH HHTepdeiica, KOHTEHTa W CII0CO0a peasn-
3anuu y4eOHoro marepuasia. [Ipu npoekrupoBanuu nosmkysibrypaoit 1OC
OPMEHTHPYEMCs Ha, CIIeLyIoNine Tpr OJI0Ka pa3anynii: crenndrKa 3proHoMu-
9eCKOro An3aiiHa, cuernudruKka Oprann3anyy U CTPYKTYPUPOBAHUST KOHTEHTA,
crrennprka 00pa30BaATETHHON KOMMYHHKaNu. lIpeamnomaraercs, 94To JaH-
nast MOC momkHa 001a0aTh «KYJIBTYPHBIM HHTEJJIEKTOM», TO €CTh MMETh
CITOCOOHOCTDH OTOOPAKATH PA3INIHBIE MHTEPGEHCHI U CTPATErUH ITOTAYH Ma-
Tepuaja B 3aBUCUMOCTU OT KYJIBTYPHBIX OCOOEHHOCTEH 00ydaeMoro.

Cucrema 1oJKHA YMETh HHTEPIIPETHPOBATH TIOBEJEHNE YUAIErocs B CO-
OTBETCTBUU C €0 KYJIbTYPHOU IPYNNOH U B PE3Y/IbTATE «IIPEJIaraTby €My
Ty WJIM MHYIO IporpaMmy obyueHnus u coorBercrByiouiuii unrepdeiic [10].
B nepByio o4epe/ib OCyIECTBISETCS WHTEPIPETALUs KyJIbTYPHBIX MPOdu-
Jieit Ha, ocHOBe MHMOPMaLKMU U3 0a3bl 3HAHUN O THUIAX MBIIJIEHUS U JIesi-
TEJIbHOCTH B PA3HBIX KYJIbTYPAX W KOHCYIbTAIMN C TPOMUIHLHBIMA CIIEIH-
aJInCcTaMu, BhIPADATHIBAIOTCS COOTBETCTBYIOINIHE yueOHble npoduin. Jaee
MOJIyYeHHbIE JAaHHBIE TMEePeJAloTCa B MOYJb BBIOOPA y4eOHON MporpaMMbl
U CBEPSIOTCS C JIAHHBIMU, TOIY9aeMbIMU OT CTYJIEHTA MPU 3AM0JTHEHIH AH-
KeT W BbInojaHeHuu 3ajanuii. [Tosrygaembie or cTyaenTa JanHble TOCTOSHHO
MOCTYTAKT O0PATHO B CUCTEMY IJjIs OOPADOTKY U JIOMOJIHEHUST KaK CAMUX
KYJIBTYPHBIX TPOdUIeii, TaK U I MPOBEPKH MPABUIBHOCTH OTHECEHUsT 00Y-
YAOIIErocs K To# uin uHoil rpynie. Ha mepBbIx uTeparusx Ha KaxKJI0M I1a-
re TpedyeTcss MOIEPAIUs 9€I0BEKOM U MTPOBEPKA MOIY9IaeMbIX PE3YIbTATOB.
IIpeanonaraercs, 9T0 33 HECKOJIBKO UTEPAIUN WHTEJIEKTYAIbHAS CUCTEMA
CMOXKET MOAOUPATH KYJbTYPHBIH TPOMUIL IJIsT CTYIEHTa ¢ MUHUMAJIbHBIM
KOHTDOJIEM CO CTODPOHBI YejoBeKa (puc. 1).

3akJIroueHme

Takuwm obpazom, IU B nonukynsTypubix LOC MOKeT BBINOJHATH POJIh
ACCHCTEHTa W MEHTOPA B yIPABJIEHUH y4eOHBIM ITPOIECCOM, TO €CTh OpaTh
Ha cebd 3312491 10 AIANTAIUN YYaIIerocs B y4eOHbId MpOoIecc, OTCIeKnBa-
HUU €r0 COCTOSHUS U HABBIKOB, OOPAIIEHUH K I1€JArOrHIECKOMY [IEPCOHAJLY
B CiIydae BO3HUKHOBEHUS CJIOYKHO MHTEPIpEeTHpyeMbix mpobiem. Ilpenmtara-
€MbIif aJITOPUTM He SIBJISIeTCs IPUMEPOM KOHKDETHOTO PelIeHHs, & sIBJISIeTCs
00IIMM IIJIAHOM IIIAroB JJIsl y4eTa KyIbTyPHbIX npoduseii. Beibop KoHKpeT-
ubix uHTPyMeHTOB U, MeTomoB u Kpureprues OIEHKH PE3yJIbTaTOB, CIIOCO-
60B 0OPAOOTKU OOPATHOM CBSA3M U T. J. HOJIZKHBI OBITh MPUBA3aHBI K KOH-
KPETHOI mporpamme, miaardopMe o00ydeHust, KBATUMUKAINN COTPYIHUKOB
M JIOCTYIHOCTH HEOOXOIMMBIX CIEIHAINCTOB U Apyrux ¢axrtopos. Ilpen-
JIOXKEHHBIN aBTOPAMU aJITOPUTM SBJISETCS OOIIeil CXeMOil, pyKOBOACTBYSChH
KOTOPO# CITEIUATUCTHI MOT'YT BBIOMPATH METOAWKH i PeaM3aluu KOH-
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AnropvTm agantauum yuebHOro npowecca ¢ UCnonb3oBaHMeM
KY/IbTYPHO-3TUYECKOM afanTaLumum
2

BasoBan nporpamma Kypca

Web Mnardopma ana obyveHus

/\

MpoBeneHue c negaroramu paboTbl 0 CocrasnieHve npodunei

HEOGXOAMMOCTM n npasunnax

ajanTaumu yuyebHbIx 3agaHuni
v

Pa3paboTka negaroramv 3aaHni c
Y4YETOM Ky/IbTYPHO-3TUYECKOTO

nosb3oBaTenen: HeMTpanbHbIN,
KOTHUTUBHO-KYNbTYPHbIN,
KOTHUTUBHO-MNCUXON0MUY €CKMNIA

npodpuna
v

O6yyeHne UN: 06paboTKa AMYHBIX
Aen v pacnpeaeneHue no npopuaam

AHanM3 noaroToBAEHHbIX

e matepuanos u OﬁpaTHaﬂ CBA3b OT
HeT

OueHKa KauecTsa, 06paboTka
OWKBOK, BbipaboTKa cTpaTerum

cneynanncTos

Matepwvanbl NPUHATBI?

paspelueHus npobaem,
LOMOJ/IHUTE/IbHbIE MPOBEPKM

L
D

KauecrBo yctpansaer?
Jit)

‘ Pa3paboTka meToanKM GOpPMUPOBaAHMA aJaNTMPOBAHHOMN Cpesbl C y4eTOM ‘
npoduna: nuTepdeiica n yaebHon nporpammol

‘ MpuHATHE peLeHns o cnocobax u BOSMOXKHOCTAX UHAMBUAYANbHOMN ‘
HaCcTPOWiKKM 1 Bblbopa npoduns, CYLLECTBOBAHMM CMeLWaHHbIX npodunei

TectnpoBaHwWe, OTNaAKa, HaCTPOMKa NapaMeTpoB, OLLeHKa 06paTHOW CBA3M
ﬁ OT TECTOBOW rpynnbl

HeT
0¥HO JONYCTUTb K paboTe ¢ 0ByyatoLwmmmnc

Jit]
v

‘ MpUMeHeHVe afanTMpPOBaHHOM NPorpammbl K npoueccy obydeHus ‘
v

OTCnexnBaHUe U KOHTPO/Ib YCNEBAEMOCTH, CPAaBHEHWE CO CTaTUCTUKOMN
HeafanTUPOBaAHHbIX Nporpamm, cbop CTaTUCTUKM U 06paTHOWM CBA3M,
NOCTOAHHbIN KOHTRO/Ib CNeUNanmCTos

‘ AHanu3 pesynbTaTos, o0byyeHne NN, NpuHATHE pelueHnit no ‘
KOPPEKTUPOBKE aArOPUTMOB M HACTPOEK

CHOHHOLI,EHHOE McnoNb3oBaHUE NPOorpammeol B y‘-{e6HOM npou,ecce)

Puc. 1. Ayropur™m yupasienus obydenueM B 1oymKyiabrypaoit 1IOC
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KPeTHBIX 1aros. HeoOxoammMo mpomoKaTh paboTy B JaHHOM HAIIPABICHNH,
MOJIKTI0YATH AJANTAIUIO O, OCODEHHOCTH (PUIUIECKOTO U ICUXUIECKOrO
Xapakrepa, cobuparb 0OPATHYIO CBS3b, KOPPEKTUPOBATH AJTOPUTMbI U Me-
TOIBI. TOTBKO C MOMOIIBIO UTEPAITMOHHON PAOOTHI U O0bEINHEHNUS CIIEeIa-
JINCTOB PA3HBIX CHENUAIbHOCTEH MOXKHO HAyYuTh U sTranomy obiieHuio u
«PAa3BUTH KYJIbTYPHBIH HHTELIEKT>. HeoOXomuMo nTpUBIeKaTh K JJaHHON pa-
00Te CIenuaIncToOB MO HelpoHHbIM ceTsaMm, N, amanTuBabIiM nnrepdeiicam,
[EJArOrOB, METOIMUCTOB, STHOICKXOJIOIOB, ICUXOJIO0I0B, UHKEHEPOB, TECTH-
POBIIIMKOB U Pa3pabOTUYNKOB.
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QCOPEKTNBHOCTDb AJAIITNPOBAHHDBIX
HENPOCETEN B JIMATHOCTUKE IIEPEJIOMOB

E.E. Tongenox!?, H. A. JIykpanosa'?, U. C. Jluxauen!
! Kpacrosperuti zocydapemeennonti MeOuyuHckutl YHUSEPCUTE UMEHU
p p yoap Y Y P
npogeccopa B. @. Botno-Stceneyrozo, 2. Kpacnoapck, Poccusa
2 Cubupexui pedepanvroi ynusepcumem, 2. Kpacwosper, Poccus

TIpoBeneno cpaBHUTEILHOE UCCAeHOBaHME 3D (DEKTUBHOCTH aTATITH-
POBaHHBIX TTPEIO0YYEHHBIX CBEPTOYHBIX HEMPOHHBIX CETEH I aB-
TOMATHU3WPOBAHHON AUATHOCTUKH MEPEIOMOB KOCTell KOHETHOCTEMN
TI0 PEHTTEHOBCKUM CHHUMKaM. B kadecTBe MaTepmasia MCCIe0BAHIST
WCTI0JIb30BaHA 00'beIMHEeHHast 06a3a PEHTT€HOBCKUX CHUMKOB, COIEp-
xamasa 5720 m3obpaxKeHwit w3 OTKPHITOrO permo3urtopus Kaggle.
st perenwst Ipo6/IeMbl HEIOCTATOTHOCTH JTAHHBIX TIPUMEHEHBI Me-
TOIBI AyTMEHTAINH, ITO3BOJIMBIINE YBEJIUYUTH HAOOP TAHHBIX 10
21173 un3zobpaxenmii (10523 6e3 maromormm m 10650 ¢ mepesno-
Mom). PazpaboTanbl n peasm30BaHbl MOAM(DUKAIINA T€THIPEX APXU-
TekTyp cBeprounbix cereii: AlexNet, MobileNetV2, EfficientNet-B0
u ResNet-18, aganrupoBannbie 11s 3aa4u OMHAPHON Ktaccuduka-
v trepesiomoB. CpaBHUTEIBHBIN aHAIN3 00YUEHHBIX MOJIEJeH 1o
TIOKA3aTe 0 ACCUracy IOKa3aJjl, ITO BCEe APXUTEKTYDPHI JOCTUTAIOT
tognoctr cBbime 96%, mMpu 3TOM HAaMJTydIIue Pe3yJIbTAThl IPOJIe-
mouctpupoBasin ResNet-18 u EfficientNet-B0. ITomyuenubie pe3yan-
TaThl MOATBEPKIAIOT IePCIeKTUBHOCTH HCIIOIH30BAHUS TIyOOKOTO
obydeHust Jjisi aBTOMATU3AIUN [IEPBUYHONO CKPUHUHIA PEHTTEHOB-
CKUX CHUMKOB TP JUATHOCTUKE TIEPEIOMOB.

Kurro4deBsle ciioBa: ceepmownbie HEUPOHHDBLE CETMU, PACTIO3HABAHUE
nepeaomos Kocmet, Kaaccudpurayus, mpancheproe obywenue

BBemenue

ITepestombr KOCTEI IPEICTABIIAIOT COOOI CEPbE3HY IO MEIUKO-COIUAIBHY O
npobJIeMy, sIBJISSICH OTHON W3 BEIYIINX MPUYNH BPEMEHHONH HETPYI0CIOCO0-
moctu u naBaauaHOCTH. 110 manubim BO3 exkeroHo peructpupyercs OKOJIo
5 MUJIJIMOHOB JIETATBHBIX MCXO0B, CBA3aHHBIX C TPABMAaMM, YTO COCTABJISAET
nouru 9% or 0T 06ImEl CMEPTHOCTH, TPABMBI ABJISIFOTCS OCHOBHON MPAYHHOR
cMepTH B Bo3pacrHoil rpynue or 1 10 40 ser [1].

TpaaunnoHHbIe METOIBI IMATHOCTUKH, OCHOBAHHBIE HA BU3YAJTHLHOM aHa-
mu3e pearrenorpamm, KT u MPT, obnazaroT psaoM OrpaHuydeHuil, BKIIIO-
49ast CyObEKTUBHOCTD OIEHKH, 3aBUCUMOCTD OT KBAJTN(DUKAIIUN CIEIHATACTA
¥ BBICOKYIO BEPOSITHOCTD OMIAOOK TIPY CJIOKHBIX MTEPETOMAX.
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[Mpumenenre TeXHOJOTHN WCKYCCTBEHHOIO WHTEJIEKTA, B YACTHOCTH
ceeprounbix Heliponnbix cereii (CNN, Convolutional Neural Network) B
cdepe MeUIMHDbL, OTKPBIBAET HOBBIE BO3MOXKHOCTH )15l ABTOMATH3AIIUY JIH-
araoctuku. COBpEeMEHHBbIE WCCJIEIOBAHNS TOKA3BIBAIOT, YTO MEIUITHHCKIE
TEXHOJIOTUU AKTUBHO HCIOJIB3YIOT METOIbI MAITUHHOTO OOyYI€HUs /I aHa-
33 JAHHBIX MAIMEHTOB, BKJIIOYAS MEIUIMHCKUE U300parKeHust, OuoMer-
puueckue nokasaresu [2]. Tiybokoe obyuenue criocoGHO BBIIOJIHATD CJIOXK-
HYIO MHTEPIPETANMIO HA yPOBHE CHEIUAJMCTOB 3/IPABOOXPAHEHUs, OJHAKO
X KJIUHUYECKOE TPUMEHEHUE CTAJKUBAETCS C PSAOM MPOOIEM, BKIIIOUAS
HETOCTATOK PA3MEUYEHHBIX JAHHBIX, BHICOKWE TPEOOBAHUS K BBIUUC/IATEH-
HBIM PECypCaM U CJIOXKHOCTH WHTErPAINW C MEIUIUHCKAME HHGMOPMAIMOH-
HbIMU cucreMamu [3]. DTo umeer 0cobyi0 3HAYMMOCTH B KOHTEKCTE PACIIO-
3HABAHMS MEPEJIOMOB, TaK KAaK MOI00HBIE OBPEXKIEHUsI MOI'YT IIPUHUMATH
pazauganbie GOPMBI U JIOKAJIU3AMUN, 9TO 3aTPYAHSIET WX UACHTH(MUKAINIO
HA PEHTTEHOBCKUX CHUMKaxX. HecMoTpst HA TO, 9TO 337a4a IETEKIUN Tepe-
JIOMOB SIBJISIETCS aKTUBHO U3y 9aeMOii, TPOBEIEHIE CPABHUTEIHHOTO AHAJIN3A,
3 HEKTUBHOCTH U MPAKTUYECKON TPUMEHUMOCTH aANTHPOBAHHBIX BEPCUit
COBPEMEHHBIX APXUTEKTYP B YCJIOBUAX OrPAHUYIEHHBIX BHIUUCIATETbHBIX Pe-
CYPCOB COXPAHSIET CBOIO AKTYAJIbHOCTH JJist MOTEHIMAIBLHOIO BHEIDEHUS B
KJIMHUYECKYIO MTPAKTUKY.

ens nccnenoBannsa: CPpaBHUTENLHBIH aHaIN3 3P(MEKTUBHOCTH ATATTH-
POBAHHBIX P00y YEHHBIX HEHPOHHBIX ceTell s PACTIO3HABAHUS HATTHIWST
WU OTCYTCTBHUS MEPEJOMOB HA PEHTIEHOBCKUX CHUMKAX.

1. MarepuaJjibl 1 METO/bI UCCJIETOBAHUS

MarepuasioM Jijisi HCCIIeI0OBAHUS TIOCITY KU PEHTT€HOBCKUE CHUMKU W3
JIByX OTKDPbIThIX HAOOPOB JanHbix penosuropust Kaggle [4, 5], cogepxaiiue
n300pakeHns KOCTEH BEPXHUX W HUXKHUX KOoHEeUHOCTeH. O0bhe TuHeHHbBIH 1a-
TaceT BKI0YaeT 5 720 aHHOTHPOBAHHBIX M300parkenuii (2 667 6e3 maTosormii
u 3053 ¢ mepenomamn).

Bbinosinenst npenobpaborka (IPernponeccunr) u ayrMeHTalys JaHHbIX.
K sramy npenobpaboTku OTHOCHINCH: KOHBEPTAIUS B TPAIAIIAN CEPOTO, IIEH-
TpaJbHOE KaJAPUPOBAHUE, HOPMAJIU3aIUs 3HAYEHUN MUKCcesel. Ayrmenra-
nus JaHHBIX BKOYana adbdunnbie npeobpa3oBanus (moBoporbl Ha +20°,
FOPU30HTAIBHBIE OTPAYKEHNUS ), KOPPEKIIUIO APKOCTH M KOHTPACTHOCTH, YTO
[IO3BOJIMIIO PEIIATH MPOOIEMY HEIOCTATOIHOCTH JAHHBIX W MOBBICUTD yCTOM-
YUBOCTH MOJIEJIeH K BapUALMIM BXOJHBIX JIAHHBIX. TexXHUYecKas peam3a-
[IUsT STUX TPEOOPA3OBAHUI OCYIIECTBIISIACH C UCIOJIH30BAHUEM OUOIHOTEK
PyTorch u torchvision. Ilocie ayrmentanun ob6beM BBIOOPKH yBeJutdeH 0
21 173 uzobpazkenuii (10523 6e3 nepesiomos u 10 650 ¢ nepesjomamu), Kjac-
cbl cOATAHCHPOBAHHBIE.
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st pertiennst 331291 OMHAPHON KIACCH(DUKAIINN UCIOTH30BAHBI 9€THIPE
npenobydentbie apxurekTypbl CNN: AlexNet, MobileNetV2, EfficientNet-

B0 u ResNet-18. Bce apxurekrypbt 6buin MOAUMUIHPOBAHBL C yI€TOM OCO-

OeHHOCTEN peraeMoil 3a,1a9M, BKII0UYast TPeodPa30BAHIE BXOIHOTO CJIOS JIJIs

00pabOTKM OTHOKAHAIHHBIX W300pPaXKEHU, KOPPEKINIO KIacCudukaropa u

JI00ABJIEHHE MEXAHU3MOB PETYJISIPU3AIIH.

ITo opurunanbuoii apxurekrype AlexNet [6] BbiOIHEHDI CaeLyOLIIE MO~
nudukanum:

— aJanTanmsa BXOHA: OBLT M3MEHEH IEPBBLIA CBEPTOUYHBIN CIOH [ obpa-
60TKU OnHOKaHAIbHbIX u300pazkenuit (1 x 400 x 400), coxpaHeHa opu-
PUHAJIbHAS CTPATErMs MHUIMAJU3AIUN BECOB;

— yaydineHust HopMaau3auu: Obutn qodasens cyion Batch Normalization
TOCJIe KaKI0T0 CBEPTOYHOTO €105, yaasaera Local Response Normalization
KaK yCTapeBIias;

— MomudUKanus KIACCHMUKATOPA: YMEHBIIEHA PA3ZMEPHOCTH MOJTHOCBI3-
HbIX cJ10€eB, yBesuded dropout (0,5) jyis sy diueil peryispusanuu, BbIXO,
AIAnTUPOBAH JTst OMHAPHON KjIaccuukammm.

ITo opurunasnbuoii apxurekrype MobileNetV2 [7] Bbinosnnenbt ciesyio-
e MOIU(DUKAIIAN:

— KACTOMHAasi IOJIOBKA KjaccuuKaTopa: 100aBIIEH [TOMOJTHUTEHHBIH T0JI-
HOCB#A3HbII c10#i (128 neiiponos), dropout 0,5, Ha BbIXO/E UCIO/Ib3YETCs
CUTMOW/THAS aKTUBAIIUS;

— crTparerus OOyYeHHUs: TOJHAS 3aMOPO3KA MPEIO00YUEHHBIX CJIOEB, WC-
mop30Banue mpeayctanoBok ImageNet;

— ayrMeHTalus JAHHbIX: yBEJIMYEHHBIH Auana3on mosoporos (+20°), kop-
pekuus apkocru (auanazod 0,8 — 1,2), ropu30HTAIbHBIE OTPAXKEHUS;

— ONTUMHU3AIMUS: pa3Mep BXoaa 224 X 224, cnenuduyHass HOPMAJIU3AIIUSI.

Opurunasnpuas apxurekrypa EfficientNet-B0 [8] ocnoBana Ha yiyuiien-
ubix MBConv-6uiokax ¢ depthwise-cBéprkaMu u pacimuperueM KaHajios. B
Ka4uecTBe aKTUBaIMu mpuMensercs dyuknus Swish, mpeanoxkennas Google,
KOTOpAasi TIOBBIMIAET KadecTBO Moiesu mo cpasuenuio ¢ ReLU. B pabore BbI-
MOJTHEHBI MOTU(DUKATIAN:

— 100aBJIeH JOMOTHUTEIbHBIN CKPBITHII CJI0i, comep:kamuit 256 HeifipOHOB,
Batch Normalization, ysesmuennniii dropout (0,3);

— crparerusi o0y4eHus: YaCTUYHOE Pa3zMoOpazkKupBaHue ([OCje 5-ro ypoB-
usg), ucnosnb3opanue AdamW onrumusaropa [6], L2 perynsipusanus
(weight _decay=1e—4);

— OastancupoBka kitaccoB: npumenenne WeightedRandomSampler, Beramnc-
JIEHHe BECOB KJIACCOB;

— runepmnapamerpsl: learning rate pasen 0,0005, batch size = 32.
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ITo opurunanbuoii apxurekrype ResNet-18 [9] BbimosHens ciemyoriue
MOIU(PUKATIAN:
— aJanTtanusa BXOJA: CIAeNaHa MOAUPUKAIMS TepBOro CJIos Jist grayscale,
MHUIAAIU3AIAS BECOB CPETHUM MO KAHAIAM;
— crparerus 0Oy4YeHus: YaCTUYHOE pa3MopazkuBanue (Locjaentue 5 cjaoes),
MeXaHu3M paHHeil ocranoBku (patience= 3);
— kJyaccuduraTop: 100aBIeH CKPLITHI ¢10# (256 Heiiponos), dropout 0,3,
ReLU-akTuBanmus;
— ONTHMU3ANFs: B3BEIIEHHAsA (PYHKIMS MOTEPh, L2 perynsapusamms.
Anamus sddexTuBHOCTH MOJE/EH NPOBOAMIICA Ha OCHOBE KJIIOUEBBIX
merpuk: touHocru (Accuracy), Fl-mepwr, n0am J102KHOIMONIOKUATEIBHBIX
(FPR) u noxuoorpurarensubix (FNR) pacnosnoBanmii nepeioMos, a Tak-
2Ke BpeMeHu O00y4eHUsI M BbIYMCIUTEbHBIX TPeOOoBaHMIA.

2. Pe3yabTaThl 1 06CYXKaOeHUSI

B Tabs. 1 npuBenensr pe3yabrarhl cpaBHEHUs 3D (HEKTUBHOCTH Y€THIPEX
vomubuinpoBanubix apxutekTyp CNN 1115 BBISIBJIEHUST TIEPETOMOB KOCTEH
0 PEHTTEeHOTrpadUIECKUM U300PAKEHUAM.

Tabmuma 1
Cpasuenne 3} GEKTUBHOCTH MOe el MAITHHHOTO 00y YeHs

ITokazaresu | AlexNet | MobileNetV2 | EfficientNet-BO | ResNet-18
Accuracy, % 99,25 96,01 99,37 99,76
Fl-score, % 99,25 96,00 99,35 99,80
FNR, % 0,60 2,89 0,40 0,30
FPR, % 0,90 5,02 0,84 0,19
O1oxu, 1T 15 25 8 15
Bpewms,mun 780 90 300 480

Mopnens ResNet-18 mokaszana HamBbiciLyio ToqHOCTb (99,76%) u MuHU-
MaJIbHBIE 3HAYCHUA JOJIN JIOXKHOMOJOKATENbHBIX Aereknuil FPR= 0,19% u
nomum joxuoorpunarenbabix FNR= 0,3% (nponymenubie nepemomer), 9To
Jenaer eé HanboJIee OAXOISINEH A7 KIMHUIECKOTO MTPUMEHEHNUSI, TIe KPH-
THYIECKN BaKHA MUHMMH3AIN auarHocTudecknx ommbok. EfficientNet-B0
MpY 3HAYUTEILHO MEHbBINEM BpeMeHu 00ydenusi mo cpaBuenuio ¢ ResNet-18
u AlexNet (5 yacoB nporus 8 u 13 4acoB COOTBETCTBEHHO) IIPOIEMOHCTPH-
posama 6mm3kyio k ResNet-18 Tounocts (99,37%), uto menaer eé mpeano-
YTUTEJLHON [JIsT BHEIPEHWS B MEIWIIMHCKUX YUPEKICHUSAX C OTPAHUYECH-
HBIMU BbIYHCIUTEILHBIME pecypcamu. AlexNet obecrieuniia BBICOKYIO TOY-
Hocrb (99,25%), onnako TpeboBana 13 vacoB oOydeHuUs, 9TO CHUKAET €&
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MPAKTUYECKYIO TPUBJIEKATETBHOCTh 0 CPABHEHUIO C DOJIee COBPEMEHHBIMU
apxurekrypamu. MobileNetV2 nokazasa 6osiee Hu3KHE METPUKU TOIHOCTH
(96,01%) npu HAMMEHBIINX BBIYUCIUTENLHBIX 3aTPATAX — OOy9IeHHe 3aBep-
mmaoch 3a 90 MunyT (25 3M0X), YTO YKA3HIBAET HA €€ MOTEHIUATIBHYIO TPU-
MEHUMOCTb B CHCTEMaX C OTPAHUYEHHBIMU BBIYUCIUTEILHBIMU DECYPCAMHU,
OJIHAKO OTHOCHTENBbHO Hu3Kas creruduarocts (94,98%) moxker mpusectn K
YBEJMYEHUIO YUCIIa UCCIIEI0BAHUT, TPEOYIOMUX BepUMUKAINT BPAIOM, 9TO
CJe/lyer yUUThIBATH [IPU BHEIPEHH.

MoaudunupoBaHHbie HEHPOCETH IEMOHCTPUPYIOT 0COOVI0 3 deKTuB-
HOCTb [IPU aHAJIM3€E CJIOKHBIX CIydaes (puc. 1), Takux Kak, MUKPOTPEIITHBI
M CKDBITbIE TI€PEIOMBI, MEePeIoMbl ¢ apTedaKTaMyu ¥ HU3KOH KOHTPACTHO-
CTHI0, ATUNUYHBIE JOKATU3AIUHA TTOBPEK ICHUSI.

(a)

Puc. 1. IIpumepsl CjI02KHBIX Cirydaes nepesoMos: (a) — Mukporpemuna auadusa,
(6) — mepesrom ¢ apredakTaMm, (B) — aTHMUYHAS JTOKAJIU3ANUS TIOBPEK ICHUS

Bee momenn, ocobenno ResNet-18 u EfficientNet-B0, mokazanu Bbico-
Ky 9yBCTBUTEJBHOCTH K MAHUMATHHBIM ITOBPEXKIEHUAM, KOTOPBIE TPYIHO
06HapyKUTh Bu3yasbHO (puc. 1la). Apxurexrypsbl ¢ riaybokumu cjiosmu (Ha-
npumep, AlexNet) ycnermso buabTpyOT MyMbI U BIEISIOT 3HAYUMBIE AT-
repHbl (puc. 16) Ha cauMKax ¢ apredaxramu. Biarogaps aBToMaTnaeckoMy
M3BJIEYEHUIO NPU3HAKOB, HEHPOCETH BBIABISIOT MEPEJOMbl B HETHUITMIHBIX
0bJiacTsx, rje py4YHble MeTobl YacTo ommbatores (puc. 1B).

3. 3akJrouyeHue

B xome paborbr 6Lt MOAU(UIMPOBAHBI U OOYUEHBI UETHIPE MOJIETH
CBEPTOYHBIX HEMPOHHBIX CETel )i aBTOMATU3NPOBAHHOTO PACITO3HABAHUS
MEPEJIOMOB HA PEHTTEHOBCKUX CHUMKAX. [IpOBeIeHHbIE SKCIIEPUMEHTHI TTOKA~
3asiu, uro Mozienn ResNet-18 u EfficientNet-B0 nemonctrpupyioT Hammtyimme
Pe3ynbTaThl, JOCTHTAass TOYHOCTH cBbIme 99%, W 0COGEHHO XOPOIIO CIpas-
JISIIOTCS. CO CJIOXKHBIMHU CJIy4asiMU JIMATHOCTUKHU, BKJIIOYAs MUKDPOTPENUHbI
n n3obparkenus ¢ aprepaxramu. IloaydeHHbe pe3yabTarsl MOATBEPXK IAIOT
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BO3MOZKHOCTDb IIPAKTHUYECKOI'O IIPpHUMEHEHUA JaHHBIX aPXHTEKTYD B KJ/IMHHU-
4eCKOMn IIPpaKTHUKE B Ka9€CTBE BCIIOMOI'aTE€JIbHOI'O HHCTPYMEHTA JJId IIePBUI-
HOIr0O CKpHHHUHI'a PEHTT€HOBCKUX CHUMKOB.
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B pabore paccmarpuBaTcs paHee MpejIOKEHHAsS TEXHUKA ITOCTPO-
eHNd aJTOPUTMOB DPelleHnd 3aa49d KOPPeIAIMOHHON KiacTepu3a-
I, OCHOBAHHBIX HA CTPYKType rpada ¢ TOYKH 3DEHUS BBIUHUCJIH-
TeJIbHOI CI0KHOCTH. TexXHmKa Im03BOJIZeT KOHCTPYHPOBATH HOBBIE
AJITOPUTMBI TAKOT'O THIIA U3 MOYyJIell, IMATAPY IOIINX II0BeJeHNe U3-
BECTHBIX aJI'OPUTMOB. B pabore rnmpoanain3npoBaHa BbIYUCIUTEb-
Hasl CJ0XKHOCTb MOMIyJeil m nx kKomOuuammu. Kiro4deBbie ciioBa:
300040 KOPPEAAUUOHHOT KAGCTNEPUIAUUL, BHUUCAUMENDHAL CAOMHC-
HOCTD

BBenenue

Banaua koppensuuonnoii kiacrepusanuu (CCP) 3aki049aerca B OUC-
K€ ONTHUMAaJIbLHON KIACTepU3aIny Ha 33JaHHOM 3HAKOBOM Tpade. IIpn sTom
KOJIMYECTBO KJIACTEPOB 3apaHee He 3a/aH0, a (PYHKIMOHAJ OMMMOKM Jarme
BCEro IPEJICTABJISAETCS B BUJE CYMMbI MEXKKJIACTEPHONH M BHYTPHUKJIACTEP-
Hoit omubok. Paccmarpusaemas 3azada sisiserca N P-rpyauoit [4].

Anropurmer pemmennst CCP pasnensitor Ha nBa moaxoza [9]. B meprowm 3a-
Ja49a PaCCMATPUBAECTCA B TEpDMUHAX MATEMATHYIECCKOrO IPOTrPaMMUPDOBAHUA,
a BO BTOPOM B T€OPETUKO-TpadoBoii mocTanoBke. BTopoit moaxom BKIOIaeT
B cebst aITOPUTMBI, HCIIOIb3YIONINEe MATPUILY TPada U aarOpPUTMbI, OCHOBBI-
Batowuecs Ha crpykrype rpada (NS-anropurmbr).

Jannag paboTa IIPOJ0JIZKAET PA3BUTHE IPEJIO?KEHHOIO CUCTEMHOTO MO/1-
XoZla K mocTpoennto u aHaim3y NS-anropurmos [1, 2]|. TTogxon mossossier
KOM6I/IHI/IpOBaTb Pa3JuYHbIe MOJAYJIN U MOJIYYaTh HOBBIC I\IS—E]J[FOpI/ITMbI7 a
TaK2>Ke 06H6aneT JIOKa3aTeJIbCTBO BBIYUCTATEABHON CJOXKHOCTH TaKHAX aJl-
ropurmoB. Jlamee Oymer mpeacTaBieH aHAIN3 BbITHCIUTETHHON CI0KHOCTH
AJIPCOPUTMOB, CKOHCTPYUPOBAHHbIHN C IIOMOIIBIO PACCMATPUBAEMANl TEXHUKU.

1. ITocraHoBKa 3aJaun

B pabore nccrenyorest 3HakoBbie rpadbl Buna X = (G,0) = (V, E, o),
rne G = (V, E) — HeoOpreHTHPOBAHHBIN, HEB3BEIIeHHbI rpad 6e3 KpaTHBIX
pebép u neresib ¢ MHOKeCTBOM Bepiud V., |V|=n > 2, u MHOKecTBOM DEDEp
E,|E|=m > 1.
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O603HaYMM MHOXKECTBO BEPIIKUH CMEXKHBIX ¢ v Kak ['(v) = {u: (v,u) € E}.
ITon cTeneHpio BEPIIMHBL U TPAAUIMOHHO IOHMMAETCS YUCI0 PEGEp, MHIM-
jgentHbix eif. O4eBUAHO, YTO CTENEeHb BEPLIMHBL U MOXKHO LPEJICTABUTH B
Buze 6(v) = |I'(v)|. Torma crenennio rpada Gymzer A = max d(v). Ha pe6-

pax (u,v) € E rpada G 3azana dbyukuus 3uaka o : E — {4, —}, koropas
nopoxaer pasbuenue MHoxkecrsa pébep rpada E = EY U E™, rue ET —
MHOYKECTBO TTOJIOKUTENBHBIX, £/~ MHOXKECTBO OTpHIATEIhHBIX pébep. Torma
Yt = (V,ET,0) u ¥~ = (V,E~,0) 6yayT 3HaKoBbIMU TpadaMu ¢ TOJIHKO
MOJIO’KATEHHBIMA U TOJIHKO OTPUIATENIBHBIMEA pedpaMu COOTBETCTBEHHO.

IMox nomoxuTenbHON Win MexKaacrepHoit ommbkoit P(C) pasbuenus C
OyJieM OHMMATD YHCJIO IIOJOKUTENbHBIX Pebep MEXKly KIACTEPAMHU.

TTox orpuiaTebHON MM BHYTpUKIAcTepHOit ommokoi N (C) Gyaem mo-
HUMaTh YHCJIO OTPHIATENHHBIX peGep BHYTpH KiacrepoB. B [7] aBrops!
peJIarajoT MpeaCTaBIATh CyMMapHyI0 OMMOKY B BHUJE BBITYKJIOH KOMOW-
HAITNX TOJOKUTETHHON W OTPHUIIATETHHOM OMMUOOK, 3aBUCAIIEl OT mapamer-
pa a € [0,1]:

Qu(€) = aN(C) + (1 — a)P(C). M

Bamerum, uyro dyukmonas omubku (1) Bceraa yaoBaeTBopaeT HEPABEHCTBY
0<Qa <alE7[+(1 - a)|E"].

B pabore 3amaga kmacrepusaiuy 3HAKOBOrO rpada paccMaTpUBAETCS B
crenyioneii nocranoske [6].

CORRELATION CLUSTERING PROBLEM (CCP)

Venosue: 3asan 3uakosbiii rpad X = (G,0), tue G = (V, E) —
HeopmeHTUpOoBaHHbIH rpad, n = |V |> 2, m = |E|> 1.

Bonpoc: asst 3amamnoro « € [0, 1] TpeGyercs HaiiTn pasbuenune C
MHOXKECTBa BepImH V' 3HAKOBOTO rpada > ¢ MUHUMAJIb-
HOIT cymMMapHOii omubkoit @, (C).

2. BoruncaunrenbHas CJI0XKHOCTh CKOHCTPYUPOBAaHHBIX
aJITOPUTMOB

Cxema mocrpoenusi NS-anroputmor 1 cocronT u3 mectn 6JI0KOB, KOTO-
phIe BBIMOJIHSIOTCS TIOCJIEIOBATENIHHO MOKA HE OyJeT BBIIOIHEHO YCJIOBHE
OCTaHOBA.

B pabore [2] ¢ moMoIpi0 HaHHO# CXeMbl ObLIN TPOAHAJIU3UPOBAHbI CJIe-
aytoue NS-anropurmst pemenust CCP: relocation heuristic (RH) [6], tabu
search (T'S) [5], variable neighborhood search (VNS) [5], KwikCluster [3],
iterated local search (ILS) [8], SGClust, [2] n CarVeR [2]. Jast kaxkaoro



Cnoxuocte anroputmos pewernus CCP 357

HauanbsHoe Pematomas
paszbuenue bynkuus Tlepememnenne

Vinov

Cpasnenue

LI/IT()F()B()(-E pasbuenune C *J

Puc. 1. Obas cxema aJiropuTMOB, OCHOBAHHBIX Ha CTPyKType rpada

0J10Ka OBLIN BBIAEJIEHBI MOIY/IU, MMUTHAPYIOIIUE TOBEIEHNE TTPOAHAIUIUPO-
BaHHBIX NS-asropurMoB. B rabiumax 1 u 2 npefcraBieHa BEIYUCIATETbHAS
CJIO?KHOCTD OJHOKPATHOI'O IIOBTOPEHUs PACCMOTPEHHbBIX MOLYJIEH.

WroroBas BbIMMC/IMTEbHAA CJIOXKHOCTb CKOHCTPYUPOBAHHOIO aJIrOpPUT-
Ma, 3aBUCUT OT BBIYUCIUTEIHLHON CA0KHOCTH KarKI0TO UCIOIH30BAHHOTO MO-
JIyJisi, KOJUYECTBA MOBTOPEHWI KaXKJA0ro OJIOKA W 33JaHHBIX TapaMeTPOB
(ecsin Takue 3a1a10TCs I MOJyJIeid ).

IIycts BBIMHCAUTENbHAS CIOXKHOCTH BBIOPAHHOTO MOy s OJI0Ka
«HauasibHoe pazouenue» Oyuer Cjyit, i 010ka «Pematomas GyHKupsay —
Clecision, I 6oka «Ilepemeriennes — Chreiocation, JJst 610K « O1ieHKa» —
Ceval, ona 610Ka «Bosmymenne pemennsgs — Chpere. Ecam B azropurme or-
CyTCTBYET KaKOU-In00 OJIOK, TO MO2KHO CIUTATH, 9TO €r0 BHIYUCIUTEIHHASL
CJIO2KHOCTDH paBHA (.

BorauciurenbHas Ca0KHOCTH OJHON UTEPAMi CKOHCTPY UPOBAHHOIO aJi-
roputMa Cjier OYIET CyMMO#t CIIOKHOCTEH €10 MOIYJIeH:

Citer = Cdecision + Crelocation + Ceval + Cpert~

Ecnu kpurepreM ocTaHOBa aJrOpUTMa, SBJISIOTCS BPEMS WU KOJIMYECTBO
urepanuii, To obmas cnoKHOCTb Cyeneral OyIET:

Cgeneral = Oinit +x- Citeh

rje x — aubo 3aJaHHOE KOJUYIECTBO MUTepalfii, 1100 MPOU3Be/IeHHOe 33 3a-
Jannoe BpeMsi. ECiu KpuTepreM OCTAHOBA sIBJISIETCST MTOCEINEHUE BCEX Bep-
IIIAH, TO O0IAsA CJIOXKHOCTD OyIeT:

Ogeneral = Cinit +n- Citer-
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Brraucimresbaas C10KHOCTh MOAY/IeN aaropuTMoB. Jacrs 1

Tabsmmra 1

BJiok

Monayab

CJ102KHOCThb

NcTrouHuk

HauvaJsibnoe
pazbuenne

TpuBuasbHOE — CIIy-
qaiiHoe pa3bueHue

O(n)

RH

TFotroBoe pazbumennme —
pe3ysbTaT paboThL IPY-
roro aJjiropurmMa

o)

TS, VNS

KoMmmonenTsl  CBSA3HO-
CTH — KOMIIOHEHTBI B

2+

O(n+m)

SGClustq,
CarVeR

Pamxuposanue u cpe3

1LS

KwikCluster

KwikCluster

Pemaromas
byukImIa

Tpusnanbuas  GyHK-
nus — BO3BPAINAET BCE
BEPIIUHBI

RH, VNS, ILS

Taby — BO3Bparmmaer
BepIUINHBI, KOTOPBIE He
HAXOJATCH B CIIUCKE Ta-
6y, B KOTOPBIiT TOMeIa-
IOTCSI 3aTPOHYTHIE BEP-
LIVHBI HA 33aHHOE KO-
JITIECTBO WTePaIIii

TS

Orpurarenbaasa omrub-
Ka — BO3BpallaeT BCe
BEPIINHBI, KOTODBIE
BHOCAT BKJIAJ B OTPH-
ATEJIPHYIO OUIHOKY

O(nm)

SGClusty

Ilorenrnmanbuas yHK-
nMs  —  BO3BpAIaeT
BEDPLIUHbL, UId KO-
TOPBIX 3HAYEHE
HEKOTOPO TIOTEH-
YA IbHOM byuarIIN
VIOBJIETBODSIET 3a/IaH-
HOMY YCJIOBHIO

O(PC - n)

CarVeR

B ciygae mHOTOKpaTHOTO Mepesamycka aaropuT™Ma, Cgeperql OyZET I0-
MHO?KAaThCAd Ha KOJIMYIECTBO SaHyCKOB. TaK}Ke HO,I[pa3yMeBaeTCH, 9TO KazK-
JIBIi OJIOK peasn3yeTcs B aJITOPUTME €IUHOXKIbI.
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Brraucimresbaas C10KHOCTh MOAY/IeN aJropuTMOB. JacTs 2

Tabsmmra 2

BJiok

Monayab

CJ102KHOCThb

NcTrouHuk

ITepemernienue

Ilo Brkmamy — BepmuHa,
KOTODasi BHOCHUT HaHW-
OoMbIIHUIT BKJIAJT B OT-
PUIIATEIHHYIO OMMUOKY

O(n*m)

SGClustqa,
CarVeR

Ilo memeBoit dynxmEMI
— BepIIWHA, TPU Tepe-
MeNeHnn KOTOPOH, ITe-
steBad (DYHKIUS MUHU-
MaJIbHA

O(n’m)

RH, TS, VNS

Ilepememienne r Bep-
mua — 1 < r <
T'maz BEPIINH, TIPU OJ-
HOBPEMEHHOM IIepeMe-
MeHNd KOTOPBIX, IIe-
seBast (OYHKITNAS MITHU-
MaJIbHA

O(n* ™m)

ILS

Onenka

Omenka BCex BEPIINH

OneHka B OKPECTHOCTHU
BEPIIUHBI

Kpurepuit
OCTaHOBa

Bpems — ocranoBka 1o
HUCTEYEHUIO 33/IaHHOIO
KOJIMYECTBA BPEMEHM

RH, TS, VNS,
ILS

Urepammuu — ocraHos-
Ka 110CJIe 3alaHHOI0 KO-
JITIEeCTBA, WTePAIUii

ILS

ITocemenue Bepmuua —
OCTaHOBKa LI0CJIE 110Ce-
IEeHUsT BCEX BEPIINH

KwikCluster,
SGClustqy,
CarVeR

Bosmymenue
pelreHust

IlepememuBanue Bep-
IIUH — 33JaHHOE UUCJI0
BEPIIUH [1EPEMEIIaeTCs
cJrygaiiHpIM 00pa3om

VNS, ILS

3akJiroueHue

[IpoBemen ananu3 BBIYUCIUTENBHON CIOXKHOCTH NS-aJIrOpUTMOB, KOTO-
PBIil TIOKA3BIBAET, YTO CJOKHOCTH KOHKPETHOro NS-aniropurma MOXKeT ObITh
JIEIKO MOJIyYeHa M3 CJIOKHOCTEH UCIOJIb30BaHHbIX Momysieil. OqauM u3 Ha-
TIPaBJIEHNI PA3BUTHS UCCIIEIOBAHNS SIBISETCA JOTIOJTHEHNE CITUCKA MOJTyTIei.
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Takxke paccmarpuBaemMasi TEXHUKA ObLIa PEAJM30BAHA B BUJE ITPOrPaAMM-
HOro komiuiekca. KoMmiureke cocTonT u3 OnuCaHHBbIX MOJYJIei, aJropuTMOB
reHepaluy 3HAKOBBIX I'PadO0B u comepkuT (DYHKIUOHA JJjid aHAJIA3A pe-
3yabraToB. OH TO3BOJISET KOHCTPYUPOBATH NS-aJIrOPUTMBI, TECTUPOBATEH HA
CreHepUPOBAHHBIX TECTOBBIX rpadax U CPABHUBATDH PE3y/IbTATHI PAOOTHI AJl-
TOPUTMOB.

CIINCOK JINTEPATYPbI

1. Ibragimova E. I., Semenova D.V., Soldatenko A.A. A Technique of Algorithms
Construction for Correlation Clustering Problem // Discrete and Continuous
Models and Applied Computational Science. In press.

2. Coadamenxo A. A., Cemenosa /[[. B., Hbpazumosa 3. U. Tloaxon x anaimsy
¥ IIOCTPOEHUIO AJITOPUTMOB PELIEHUs OIHON 3324l KJIACTEPU3AUY Ha 3HAKO-
Beix rpadax // Ilpukiansas nuckpernas maremaruka. 2024. Ne 64. C. 112—
127.

3. Ailon N., Charikar M., Newman A. Aggregating inconsistent information:
Ranking and clustering // Proceedings of the Thirty-Seventh Annual ACM
Symposium on Theory of Computing, 2008, P. 684-693.

4. Bansal N., Blum A., Chawla S. Correlation Clustering // Machine Learning,
2002, Ne.56. P.89-113.

5. Brusco M. J., Doreian P. Partitioning signed networks using relocation
heuristics, tabu search, and variable neighborhood search // Soc. Networks,
2019, Ne. 56. P. 70-80.

6. Doreian P., Mrvar A. A partitioning approach to structural balance // Social
Networks, 1996, Ne. 18. P. 149-168.

7. Doreian P., Mrvar A. Structural balance and partitioning signed graphs //
In A. Ferligoj & A. Kramberger (Eds.), Developments in data analysis.
Metodoloskizvezki 12. Ljubljana, Slovenia: FDV, 1996, P. 195-208.

8. Levorato, M., Figueiredo, R., Frota, Yu., Drummond, L. Evaluating balancing
on social networks through the efficient solution of correlation clustering
problems // EURO Journal on Computational Optimization, 2017. Vol.4,
Ne.5. P.467-498.

9. Wahid D. F., Hassini E. A Literature Review on Correlation Clustering: Cross-

disciplinary Taxonomy with Bibliometric Analysis // Oper. Res. Forum. 2022.
Vol. 47, Ne. 3.

HN6parnmoBa Diutana VIoparumoBaa — actuupant, Cubupckuii deiepaibablii
yuusepcurer. E-mail: ibragimovaei@mail.Tu



NTMM - 2025

OBPABOTKA
TFTAMMA-CIIEKTPOMETPUYECKUX ITOJIEBBIX
N3MEPEHVUN B TEO®N3VKE C IIPUMEHEHNEM
IIOHATNA NMHTEPBAJIOB CTAIIMOHAPHOCTU

C.T. Karaes!, C.C. Karaesa?, A. A. Mumnep?, E. }O. Epmosmum*

L Tomeruti zocydapemeenmniti nedazozuneckud ynusepcumem, 2. Tomex, Poccus
2 Hayuonanrvrwti uccaedosamenveruti Tomeruts 2ocydapemeermod
yrueepcumem, 2. Tomck, Poccua
3AO HIIII BHAUUTHC, 2. Canxm-Iemepbype, Poccus
1000 «JIXKH M Cepsucs, 2. Cankm-Ilemepbype, Poccus

PaccmarpuBatorcst 0c06eHHOCTH 06pabOTKHU raMMa-CIIEKTPOCKOITMIECKUAX
JAaHHBbIX aJIrOPUTMaMU METO/la BBIABJIEHUA CTPYKTYP B PA3IUYIHBIX
reodusnaeckux ucciaenoBanugax. lIpeacrasiennsie B paboTe pe3ysib-
TaThl OJEMOHCTPUPYIOT HMIUPOKWE BO3MOXKHOCTHU METOOa IIPDW aHa-
nm3e ganabix. KiroueBble cjioBa: 2aMMa-CREKMPOMEM]P, 20.MMA-
KAPOmaoic, epaPui, NOMOK CAYHAUHBT cOOBMUT, MEMOJ BBLABAEHUA
cmpyrmyp

BBenenue

B nmacrosiiiiee Bpems mpu reodu3UIECKUX UCCIEI0BAHUAX IMTUPOKO TIPU-
MEHSIOTCSI MHOTOKAHAJIbHBIE CIeKTpoMerpudeckne meroinl. Hambombiee
pacmpocTpanenre B CKBAa)KWHHBIX M3MEPEHHAX MOJIYUUJIA TAKUe CIIEKTPO-
METPUYECKHE METO/Ibl, KAK CIIEKTPOMETPUYECKUN IaMMa-KapOTazK U CIIEK-
TPOMETPUYECKUH UMITYILCHBI HEHTPOHHBIH raMMa-KapoTayk. AHaaus mo-
TOKA TaMMa KBAHTOB KAaK IpU MOTPYKEHUU JATINKA B CKBAYKUHY, TaK U
MIPY TIEPEMEIEHUHN ero 10 MOBEPXHOCTH, TIO3BOJISIET BbIAEIATh JUTOIOTAYIe-
CKUe TPAHUIbI B Pa3pe3e C MPUBA3KON mX 1o riybune, gubO ONpEIeIsaTh
[IPOCTPAHCTBEHHBIE I'PAHUIBI PA3IUIHBIX OPO/. liaBHbIM TpeboBanuemM K
00paboTKe M MHTEPIPETANNN JAHHBIX CIIEKTPOMETPUYECKUX METOIOB Kapo-
TaXKa, ABJISETCS TOYHOCTh OMpPEIeIeHNsT KOHIIEHTPAIUI 3JIEMEHTOB TOPOJIHI,
YCTOWYHUBOCTh AJITOPUTMOB U OTCYTCTBUE CACTEMATUIECKUX MTOTPENTHOCTEH.

Bce reodumsmueckne MeToOabI UMEIOT CTATHCTHIECKUN pas3bpoc mpu u3-
MepeHUusX, HO MMEHHO I PAJMOAKTUBHLIX M3MepeHuil u3-3a cruenuduiu
PErUCTpAINY CUTHAJIA CTATUCTUIECKAS OITMOKA HAMHOTO OOJIBITE IPYTHUX CO-
CTaBJIAIONINX PE3YJIbTUPYIOIei omubku n3mepenusi. OCHOBHAS TPYIHOCTD
npu 00pabOTKE CIIEKTPOMETPUIECKUX JTAHHBIX 3aKJII0YAETCS B HEOOXOIUMO-
CTH HAKOIJIEHUS HEOOXOIMMOTO YUC/Ia UMITYIHCOB JIJIsl IOy YeHUS 33, TaHHON
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MIOTPEITHOCTU n3MepeHus. Tak, mpsMble 3KCIEPUMEHThI OKA3AJIN, ITO JIO-
KaJIbHAsI AaHOMAJINS HE MPOABJISETCS IPH HEIIPEPHIBHOM [IBUKEHUAN ITPHOOPA,
HO eCJjin OCYHIECTBJIATD CbEMKY KBA3UIIOTOYE€YHO, OCTAHABJIUBAACDH Ka2K/bIE
nosiverpa Ha 10 ceKyH, TO aHOMAJINA BUIHA.

DT0 00CTOATENHCTBO, IIIOC TPEOOBAHNE ONEPATUBHOCTY WHTEPIIPETAINH,
Y9TO HEMAJIOBAa2KHO 14 IIPOMBIILIEHHOI'O UCIIOJIb30BaHUA, IDUBOJAT K H€O6-
XOIMMOCTH Pa3pabOTKH HOBBIX IOIX0/I0B, TTO3BOJISIONINX OCYIIECTBISITD IKC-
npecc aHaJIu3 JaHHBbIX B aBTOMATHUYE€CKOM DEzKHMe.

1. IToaxon xk 06paboTKe raMMa-CcIeKTPOCKOMNIECKUX JTaHHBIX

MOYKHO MOMBITATHCS YIAYUNTUTH PE3YIbTaTH 0OPA0OTKHU TAHHBIX U3MEPe-
HUM, eCIIM 33/1aTHCS ATTPUOPHBIM MTPETIOTI0KEHUEM, UTO CYIIECTBYIOT HHTED-
BaJIbl (IPOCTPAHCTBEHHBIE WJIM BPEMEHHBIE), B IIPEJIEJIaX KOTOPBIX MapaMer-
PBI TaMMa-IoJisi He MEHSIOTCsI. [e0Iorudecku 3T0 OyIeT COOTBETCTBOBATH
[JIACTaM ONpeJesIeHHbIX TIopod. HazoBeMm Takwe wHTEpBAIbI MHTEpBaJIa-
MH CTAalMOHAPHOCTH, TO €CTb MHTEPBAJIAME, B IIPEJETIAX KOTOPBIX CIIy-
YaWHBIH TPOIECC TOCTYIIJICHUST TAMMAa-KBAHTOB B JETEKTOP MOKHO CUHUTATH
cranmonapubiM. Ho craructuaeckass ommbKa W3MepeHuil mMpu TaKOM MOI-
XOZe JIOJIPKHA OBITh MEHDINE, 9eM PA3HUIA MEXKJY OTICTHHBIMU MLIACTAMU,
IPaHUIBI KOTOPBIX MbI IbiTaeMmcs 3adukcuposarb. Beenenne monsitus VC
OIPABJAHO, YYUTHIBAs, YTO B KaXKJOU TOYKE M3MEPEHHUs IIOTOK PAMOAK-
TUBHBIX YACTHUI[ MOXKHO CYUTATH MYyaCCOHOBCKUM, WCXOIS W3 YCJIOBUI €ro
dopMupOBaHUSI.

Takoit moaxo, ObLI HAMU TPUMEHEH MPU AHAJIN3€ CKBAYKUHHBIX H3Me-
penwuii [1], a TakKe IpPU HA3EMHBIX UCCIEIOBaHUAX [2] ¢ MCHONb3OBaHHEM
OJIHOI'O U3 AJIrOPUTMOB MeTo/a BbisBsenus crpykryp (MBC) [3]. A umenno
aiaropurm APFLOW [4], koropblit panee HaMu HPUMEHSLICS JJisi OLPe/eie-
HUSI TAPaMeTPOB CIIyIaifHOTO TTOTOKA COOBITHI, SBIAIONIEr0Cs CTAHIAPTHBIM
00BEKTOM B TEOPHH MaccoBoro obciyzkuBanus. OH TO3BOJISIET BBISBISATH
CTPYKTYPY MOTOKA, T. €. MPeJCTABIATH UCXOJHBIM MACCUB JAHHBIX B BHJE
nocienoBarenbioctu VIC, co cBouM HAOOPOM mapameTrpoB.

W3mepentbie KOIMYECTBA raMMa-KBAHTOB B CEKYHJIy IIPU IIOIPYKEHUU
JIATYNKA B CKBAXKWHY JUOO TPU TEPEMEINIEHUU €r0 MO MOBEPXHOCTH MPEI-
CTAaBJIAIOT COOOM PsJT CIYIARHBIX THCET N1, N2, . .., Ny. B KAPOTAXKHBIX UC-
CJIeJIOBAHUSX B KaXKJOU TOYKE JATIUK MPUHAMAET MOTOK YACTHIL, WUyIIUi
U3 TOPU30HTAIBLHOTO CJIOs, U 9TOT HOTOK MOYKHO CYHTATH IIyACCOHOBCKHUM,
UCXOJs U3 yCoBuii ero ¢popMupoBanus. Ecim npoBoAUTh U3MEPEHUs B TOY-
Ke ompesiesieHHoe (He MaJjoe) BPEMs, TO PA3HOCTH BPEMEH CPAOATHIBAHWS
JaTIuKa OyIyT NOAIMHATHCS MyacCOHOBCKOMY PACIPEIeIEHHI0. JTO YTBEDP-
KIEHUE CIPABEIJINBO [JIA JIIOOOH TOYKH, HAXOMAIIEHCS Ha ITPOM3BOJIHHOMN
roybune. Ilpudem, guciao cpabaThIBaHUN HATINKA 3a €IUHUIYY BPEMEHU B
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TOYKaX OJHOrO CJIOA OYIyT HPUMEPHO ONMHAKOBBIMH, T. K. Mbl (PHKCHPYEM
MHTEHCUBHOCTH 11, M2, . . . , Ny, GPAKTHYECKH, OZHOIO U TOIO K€ [1yaCCOHOB-
CKOI'O IIOTOKA, IIOJIyY€HHbIE I PA3HbIX €r0 y4aCTKOB.

Takum obpasoM, 3a7a49a ONMpeIesIeHnsi TPAHNI CJIOEB TTPU KAPOTAXKHBIX
U3MEPEHUsX, MOXKeT ObITh chOpMyIUpOBaHa, ciemyionmm obpasom. Haiitu
HOMepa OTCIeTOB mj;,j = 1,...,k , vae K — KOJIWYecTBO CTOEB, pasfe-
ssomue pasnaununbie VIC, rae IC — nociienoBareibHOCTh WY IIKUX HOAPSI,
HOMEPOB P#/ia, UHTEHCUBHOCTH IIPH KOTOPBIX IIPUMEPHO OJMHAKOBbI, & CyM-
MapHasi JUCTEepCUsT BbIIeJIeHHBbIX TakuM obpaszom NC — munnmansra. To
K€ W B CJIy9ae MepeMenIeHus TaTInKa M0 MOBEPXHOCTH.

2. MeTO,E[ HaX0oXJeHnd MHTEePpBaJIOB CTallMOHaAapHOCTHU

s maxoxaerus UC mbr ucnonsdyem MBC. [lnst 3Toro mHeobxoammo
¥ JOCTATOYHO TIOCTPOUTH MATPHWILy OTHOINEHWH Mexay obbekrtamu. B ka-
qecTBe OOBEKTOB B 3aJade BBICTYIAOT HOMEpa OTcdeToB ¢ = 1,...,m,
a B KadecTBe IPU3HAKOB — HAKOIJIEHHbIE 3HAYEHUH HHTEHCUBHOCTH U;,
i = 1, ..., m. yst TOro 9ro0bI OTOK OBLT YIOPSIOYEHHBIM, 3HAYEHUS T;
CTPOWJINCH PEKYPPEHTHO, TO €CTh

ti=1t;_1+mn; (1)

ITpu sT0M, Kax BumHO U3 (1) Pa3HOCTb MEXKIY JABYMS COCEJIHUMU 3HAUE-
HUSIMH PABHA TPOCTO ;. B KadecTBe XapaKTEPUCTUKUA OTHOIIEHUS MEXKJLY
obbeKkTaMu ¢ U j yIOOHO BBIOPATH «PACCTOSHUE» MEXKIYy HUMH, T.€. BETHIH-
Hy d;; oupenesnsemMyo mo (2).

dij:{ tj;li;iifl . ZSL ’L:7]:=17"'7N (2)

0 >3 0,5=1,--- N

Ompenenennble TakuM 00pa3oM 3JeMEHTHI d;; 00pa3yloT BepxXHeTpe-
yrompuyto marpuny D = [di;], . Torna dopmamusamus MBC ps manmoit
331291 MOXKeT ObITh M3JI0XKeHa B ciedyoleil pegakiuu. ComocTaBuM KaxK-
JIOMY i-My COOBITHIO TOTOKA, ¢ = 1,...,M, BEPIIUHY C TEM XK€ HOMEPOM 1%
uHekoroporo rpada G(V, E), tne V — MHOXKeCTBO BepIiH Tpada MOIIHOCTH
N, a E — MHOXX€eCTBO TIap BEpIIUH, T.e. MHOXKECTBO pebep rpada. CronmocTs
KaxkJ0ro pebpa rpada, CBA3BIBAIOIIErO i-10 U j-10 (i < j) BEpIIUHBI — BEJIM-
uqunf d;;, coorBercrBytomuit snement mMarpuipt D. Mommocrs MHOZKeCTBA
E cocraBur m(m — 1)/2. Iockonbky MBC orbickusaer na rpade 3apanee
33JaHHbIE CTPYKTYPDI, HAJ0 ONPEIEJIUTh, 4TO B JTaHHON 3aJa4e sIBJISIeTCS
cTpyKTypoii. Onpesenenne CTpyKTYpPbl MOKHO ChOPMYIUPOBATH, UCXOIS U3
nonsitust IC. A umenno, eciu rpymnma cobbituii ¢ Homepamu 4,5, ..., i} co-
CTaB/IfAET y4aCTOK CTAIMOHAPHOCTH C HHTEHCUBHOCTBIO A = A, TO 9TO O3Ha-
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Yaer, 4TO: BO-IEPBLIX, CPeIHee 3HaYeHne CTOUMOCTeH pebep, CBA3bIBAIOIIIX
MezK/ly cODOii COOTBETCTBYIOIIME BEPIIMHbBI, IIPUMEPHO PABHO MHTEHCHBHO-
CTH Ap:

2 ~J
m Z dij = )‘pa (3)

(i,5)el
rae I — MHOMXKECTBO BCEBO3MOMKHBIX YIIOPSJOYEHHBIX IO HOMEpaM IIap
us {4,144, ...,4} }; BO-BTODbBIX, HOMEepa if, WIYT HOADsJ; B-TPETHUX BCE

dij,1,j € I npuHaIe’kaT, B OCHOBHOM, HEKOTOPOMY HHTEpPBaTIy (A, = AN).

OrneHKa WHTEHCUBHOCTH, TOJyYEHHAsi MO BCel Tpyrme COOBITHi, T.e.
(¢}, % )-s1 koMnoHeHTa Marpuupl D, T0IKHA AaBATh HAXOOIEE TOUHYIO OLEH-
KY Ap. OTH cOOOpasKeHHUA ONPeAeTAI0T eI alrOPUTMAa BhIJIeTeHNd yJIacT-
KOB CTaIuoHapHOCTH NOTOKA. [Ipm BBIGOpE ymawHOoro muTepBana (A, & AN)
u ynasenun u3 rpada G Bcex pebep, CTOMMOCTb KOTOPBIX HE IOMaJa-
eT B YKa3aHHLIH WHTEPBAJ, B Tpade BHIIENSATCA KOMIIOHEHTHI CBA3ZHOCTH
Gi, = (Vi, Ei), COOTBETCTBYIOIINE yIACTKAM CTAIMOHAPHOCTH, OTHOCSIINM-
cst K p-my cocrosinuio MC-noToka.

3. IIpumep

Ha reppuropun Cubupu OblLia mpoOW3BEIEHA MNEIMIEXONHAS ChEeMKa C
ucrnonb3oBanueM ramma-crekrpomerpa GM-GAMMA-1000. Beero 6b110
upoitneno okosio 60 Tpacc ¢ obumm KosmyuecTBOM Todek 1opsakal’0000.
B wuneane, B kaxxm0ifi MpOCTPAHCTBEHHOW TOYKE PE3YIHTATOM W3MEPEHUS
raMMa-CIIEKTPOMETPOM SBJISETCA SHEPTeTHIECKUN CIEKTP, KOTOPbIH MOKa-
3BIBAET, CKOJIbKO TaMMa-KBAHTOB ObLIO 3a(UKCUPOBAHO B OIIPEIEICHHOM HUH-
TepBaJie sHeprun 3a eauauily BpeMenu. QCHOBHbBIE HCTOYHUKHU PAJTAAINN —
310 u3oronst aromoB K, U u Th. B peanbuoctu, npu 0osbimux oObeMax
TMPOBOIUMBIX MCCJIEJOBAHUM MOJIYyIaeMBbIil CIIEKTP B OTAEIBLHON MPOCTPAaH-
CTBEHHO!N TOYKE HE JAET BO3MOYKHOCTH OMPEIeIATh AHOMAJIbHBIE COIEPIKA-
HUS YKA3aHHBIX PAIMOAKTUBHBIX JIEMEHTOB B CHJIY HEOOJIBIIIOrO YUCIA MO~
CTYIUBINUX UMIYJIHCOB B enuHuily spemenu. [To 3roif mpudawbe, Kak u B
[POJIETAHHBIX HAMU PAHEe UCCIEI0BAHUSIX, [IJTsl TIOCIETYOIIEro AHAJIN3A UC-
XOJHBIE JIAHHBIE IPYIHIUPOBAJIACH B I8Th MHTErPAJIbHbIX KaHauos: kl, k2,
k3, k4, k5. KommaecTBO MMITY/ILCOB B KaXKIOM WHTETDAJIHHOM KAHAJIE TOJTY-
9aJ10Ch CyMMUPOBAHUEM I10 WJLyIIUM [OAPs/] annaparypHbiM Kanagam (ot 1
1o 4084). TIpuuem, rpanunst kKananos k2, k3, k4, k5 nnonbupanuch Takum
06pa3oM, 9TOOBI BBIAEIEHHDBIE OOJIACTH SHEPTUN BKJIIOYAIN B cebs MUKH, CO-
orBercTBYIomme ramma usiydernto aromos C's, K, U u Th, coorBeTcTBEHHO.

TakumM 006pa3oM, KayKI0if TPOCTPAHCTBEHHON TOUKe (X, y) MCCIeTyEMBIX
npodueil TPUCBAMBAJICS YIIOPSIOYEHHBIH HAOOD w3 5 uuces. Y duThIBas,
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qro Gostlee OOBLEKTUBHBIM TOKA3ATETeM PACIPEIeTeHUs YUCIa UMILYIbCOB
110 MHTerpasibHbIM KananaMm kl — kb #aBisercss He abCOIIOTHOE 3HAYEHUE
— KOJIMYECTBO UMILYJIbCOB B JJAHHOM MHTErPAJIbHOM KAHAJE, & €r0 OTHOCH-
TeJbHAS BEJINYNHA — JOJIST 9TUX MMITYJIHCOB OTHOCUTENHHO MOJHOTO YHUCIa
MUMITYJIbCOB, TO JAJIbHEIiIIee MCCIe0BaHNe TPOBOIUIOCH UMEHHO JJIsT J10-
neit kananos kannst (k3) , ypasa (k4) u ropus (k5) OTHOCHTETHHO MOTHOTO
YUCIIA UMITYJIBCOB.

I
doly(z,y) = — mpr, (2, Y) i=3,4,5, (4)
Z_j:l Impkj ($7 y)

riae Impy, (x,y) — CyMMapHOe YMCIIO UMITYJIECOB KaHana k;.

C 1esbio MmoJIydeHus MpPeICTABIEHUS O PACIPEIEIEHUN HA, UCCIeIyeMOit
TEPPUTOPUU ECTECTBEHHBIX M30TOMOB — FAMMAa-U3JIydareneil i HaXOXK JeHUsT
BO3MOKHBIX AHOMAJIBHBIX 00JacTeil Oblaa MpOBeIeHA KJIACCH(PUKAINASL IO
cOpMUPOBAHHOI cHCTEME PUBHAKOB BCeX MPOMUIIEH OTAEJIbHO JIJisd KaXK-
nporo mpusHaka dol;. Knaccudukanust mo kanany k4 BBISBUIA IBE XOPOIIO
JIOKAJIN30BAHHBIE 00JIACTHU C TIOBBINEHHBIM COJEp:KaHNeM ypana. st Topus
110100HbIe 001aCTH He HAaOMIOLAI0TCS.
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Puc. 1. a) Cuexrpsr Teppuropuu ¢ ypanosoii anomanueii (Imp 54 59) B cpaBue-
HUU CO crieKTpamu (hOHOBBIX apeasios (6e3 ypanosoii anomasmn). CTpesikn yKa3bl-
BAIOT HA IOJI0YKEHUsS OCHOBHBIX TIMKOB; yPaHOBBIN tipu £ =1,76 Mase u TopueBbIit
upu E =2,61 Mse . 6) ITonoxenuns VIC ma sTom ygacrke

Pacuer cymmapHOro crmekTpa TOYEK, PACIOJJATAIONINXCA B ITUX 00Ia-
CTsIX, TAKXKE [IOKA3bIBAIOT HAJUW4Yue ypaHoBoil anomasuu. Ha puc. la noka-
3aH CIEeKTP, TTOCTPOCHHBIN O TOYKAM, BXOAAIINX B obyacth 54-59. Bummo,
YTO CyMMapHOe KOJIMYeCTBO MMIIYJIbCOB B obsactu E =1760 Kae nns To-
4qek apeasa 54-59 MpakTUYecKu B ABA Pa3a MPEBHIMIAET (DOHOBbIE 3HAYCHUS.
Meromom APFLOW 6bumu maiigenst IC niis apeana 54-59, mosozkeHust Ko-
TOPBIX HA HCCJIEAyeMOM Ipoduie n300pazkeHbl Ha puc. 16.
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3akJiroueHne

IIpenozkenHbIit HOBBIH OIX0/T K 00pab0TKe raMMa-CIIEKTPOCKOIUIECKIAX
JIAHHBIX TIOKA3aJI CBOIO PAbOTOCTOCOOHOCTH. VCmomb3yeMbrii aaroputM Me-
TOJIA BBISBJIEHUS] CTPYKTYD JIaeT BO3MOKHOCTD TPEJICTABATH KAXKIYIO TPac-
Cy HCCIeyeMOoil TEpPUTOPUH B BUJE JUCKPETHON mocaenoBarenbroctu VC.
Pacopenenernune VIC ra HEOOIBIIOE YUCIO COCTOSHUM ¢ OIU3KUMU CPEIHE-
MU 3HAYEHUSIMU YHUCIA UMITYJIbCOB [TO3BOJIAET IIOJIYYUTh IPOCTPAHCTBEHHOE
nonoxkenne Becex MC. Bmecre ¢ 06pabOTKOil CITEKTPOB MO JOIAM PAINOAK-
TUBHBIX 3JIEMEHTOB, OCOOEHHO YPAHA, 3TO MO3BOJISET JIYUIle BhIABJIATH I'e0-
JIOTUYECKUE MPAHUILBI M0 CPABHEHUIO C TPAJAWIIMOHHBIM BBHIYUCJIEHHEM TIPO-
[EHTHOTO COJIEPXKAHUS YPAHA.
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OIITMIMU3ALINA BbICTPO,ZLEIU/ICTBI/IH
IMTPOINECCOPHOT'O KOHBEMNEPA

A.B. Kopcyn!, C.II. Cymenxo'?, A, C. HIxypkun'

1 o o
Tomcruti 2ocydapemeernviti ynueepcumem, Tomcr, Poccus
2 Tomexuti Buavanr Pedepanrvhozo UCCLed06GMENDCKO20 UEHMPA
UHPOPMAYUOHHBLET U BBUUCAUMENLHUT mexHoso2ut, Tomek, Poccus

PaccmoTpena xomBeliepHad MOIeNb IPOIECCA BBITOTHEHUS HEOI-
HOPOJHOI'0 ITOTOKa KOMAaHI OJHOPOIHBIM IporeccopoM. llomydena
byHKIIMOHAIbHAS 3aBUCUMOCTD ONITUMAJIBHON IJIMHBI KOHBEWepa 0T
BPEMEHN BBITIOJTHEHUS OTAEIHHBIX KOMAHI TPUIOKEHHUs, Pa3Mepa
TPUJIOKEHN I, HAKJIAHBIX PACXO/IOB HA 3AMMCh W YTEHUE TTPOMEKY-
TOYHBIX PE3Y/IbTATOB HA KAaXKOM dTalle KOHBelepa U HEOTHOPOIHBIX
BEPOATHOCTEH Mepe3arpy3Ku KOHBelepa IPH IIPOMAXaX IIpefcKa3a-
HUS BETBJIEHUN HA PA3JIMIHBIX YIaCTKAX MPOTPaMMHOT0 Kozma. IIpo-
BeJieH aHa 3 dddeKTa OT onTUMaJIbHON KoHBelepusanuu. Haiine-
HbI YCJIOBUS YCKOPEHUsI KOHBEHEPU3NPOBAHHBIX BBIUNCTEHUN.
KuroueBbie ciioBa: npoueccophoili Konsetiep, 0AuHG KOHEEUEPA,
ONMUMUIAYUUA

BBemenue

Baxkueiimum napaMeTpoM, OIpPeIessioniuM ObICTPOAEHCTBIE BbIUUCIIH-
TeJIsI, ABJISETCS KOJIMIEeCTBO (Da3 MpOoIecCoOpHOro Kouneitepa. Kiaccuaeckmii
KOHBeilep mporeccopa [1] mmeer nsTh a3 — dreHne KOMaHIbI, JEKOINPOBa-
HUEe KOMAH/IbI, YTEHUE OMEPAH0B, BHIIOTHEHNE KOMAH/IbI U 3aIiCh Pe3yJib-
tara. s yBenmwderns ObICTPOMEHCTBHS KaxKIbIil M3 ITANOB pa3buBaercs
Ha OTzesbHbIE (Pa3bl, 9TO JAeT BO3MOXKHOCTH MOBBICUTH PAbOUYyI0 4acTOTy
MPOIIECCOpa W KaK CeACcTBUe — ObicTpoaeiicTBre. Pa3bl YTEHUST KOMAHI U
OTIEPAHIOB, a TakKe (hba3y 3aIMUCH PE3YJIBTATOB YCKOPSIOT 33, CIET OITePEerKa-
101eil BHIOOPKW KOMAH]I, OPTaHW3aIMd MHOTOYPOBHEBOTO ACCOIMATUBHOIO
K3IIAPOBAHUA aPECYEMbIX OOBEKTOB C BBICOKHM KO3(DhpuImeHToM HeOIT0-
KHUPYEMOCTU MEPAPXUYECKON TAMSTH, 00ECIeIUBAIOIIUM [TAPAJLIETLHOE BbI-
nosiHeHre GOJIBITOTO YNC/Ia, HEOJOKUPYIOMUX TPAH3AKIIAHA JOCTYTa K MHO-
TOYPOBHEBO MOJCHCTEME TIAMSITH, M BO3MOYKHOCTBIO 00paTHOi 3ammch [1].
BricTponeiictBue a3pr gekoaupoBaHus KOMAHI, YCKOPSIOT 33, CIET OPraHuU-
3aIlUU TAPALIENTbHON paboThl HECKOJBKUX KOHBEHEPU3UPOBAHHBIX eI (-
PUDYIOLIUX yCTPOHCTB pasiu4Hoil ciaoxuocru [1]. Beicokas ckopocts dasbl
BBIIIOJIHEHHMS KOMAH/| DU BBIIOJHEHUU MPEAYCIOBUNl 06PAbOTKU JOCTUrA-
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€TCAd C IMOMOIIBbIO HEYIIOPATOYECHHOI'O M CIIEKYJIATHUBHOI'O BBIIIOJTHEHUA KO-
MaH/l, HECKOJIbKMMHA HE€3aBUCUMbIMU HUCIIOJITHUTEJIbHbBIMU ychOﬁCTBaMH pa3-
JIMYHDBIX IIOAMHO2KECTB CHCTE€MbI KOMaH/I IIpOo1eccopa. TaK}Ke yckopenue 1ie-
peUuCIeHHBIX (a3 JOCTUTACTCS 38 CYET YBEJIUUEHUs 00heMa PErucTPOBOM
IaMATH JJIA ITPEOJOJIEHU A HpO6.HeM «JIOXKHBIX» B3aMMO3aBUCHUMOCTEH C II0-
MOITBIO APXUTEKTYPHOTO MPHUEMa, «IIEPENMEHOBAHUE PErHCTPOB», Oecredn-
BAIOIIEro OTOOPAKEHNEe OTPAHUIEHHOIO KOJUIECTBA, APXUTEKTYPHBIX PEru-
CcTPOB OOIero Ha3HAYEHHUsI HA CYIIECTBEHHO OOJIbIIee 9uCiI0 (PU3NIECKUX
perucrpos [1]. Kpome Toro, ycKOpeHWe MCHOJHUTENHLHOTO JTAna MPH «HC-
THHHBIX» B3aMMO3aBHCUMOCTAX IIOCJIE€J0OBATEIIBHBIX KOMaH]I HpI/LHO}KeHI/Iﬁ
JOCTUTALTCA C TMOMOMIbIO APXUTEKTYPHOTO HIpHueMa <<O6XO,Z[ u IIpOABUZKE-
HHEe JaHHBIX», CHHUXKAIONIETO HAKJIQJHbIE PAaCXOObl Ha 3allUChb PE3YJIbTaTOB
pEabIAYINei KOMAH/IbI ¥ YTEHHE OIEPAH/IOB s Ceayiomeii. Bompocs om-
TUMU3AUU IIPOLECCOPHOIO KOHBeHepa 110 KPUTEPUI0 MUHUMYMA BPEMEHU
WCIIOJIHEHNS TTPUJIOKEHUH 33 IaHHOT0 00beMa pacCMaTPUBAJINCH B paboTax
[274]. OHAKO B HUX TOJIYY€HBI PE3YJIHTATHI TOJBKO I OTHOPOIHOIO TOTO-
Ka 00pabaTbIBaeMbIX KOMAH/I MPUIOKEHNST U PABHOBEPOSITHON Iepe3arpys-
KU KOHBeliepa Ipu HEeBEPHOM IPEJICKA3aHNU BCEX YCIOBHBIX MPOTPAMMHBIX
epexo/10B npujozkeHus. Kpome Toro, B yKa3aHHBIX IYOJTUKAIMAX HE COIEP-
KUTCA UccaeqoBanre 3p@eKTa OT OMTUMU3AINN OMEPAIIMOHHBIX XapaKTe-
PUCTHK MPOIECCa KOHBeepHOit 00paboTKu.

1. Mogesb IeHTPAJIBHOTO MpoIleccopa

ITenTpanbHblii nporeccop [1] MogeanpyeTcs KOHBEHEPOM ¢ KOJIUIECTBOM
da3 D > 1, 06pabaTbIBAIONIAM TOTOK KOMAH/I IPUTOKEHNS PA3TAIHONR TPY-
JIOEMKOCTH C OJIMHAKOBBIM OBICTPOJEHCTBUEM HA PAa3JIMYHbIX (da3ax KOHBEIi-
epa. HOHaFaeM, YTO HA BBIYUCJIUTEJIBHOW CUCTEMBbI BBIIOJJHSAETCS HEOIHO-
pomuoe mpusioxkenne u3 N > 1 komarmg. Cunraem, 9410 00IIee BPEMs BBITTOJI-
HEHMs KOMAHbI MPUJIOKEHNsT B BHUAe omHoi ¢aswl 1,,n = 1, N. O0braHO
STalbl KOHBEHepa Peain3yoTCs KaK HE3aBUCHMbIE UCIIOJIHUTE/IbHbIE yCTPOii-
crBa [1]. Torna npu BbIIOIHEHUH KOMAH/bL HA OTAEIbHbBIX ITAlaX IPOMEXKY-
TOYHbIE PE3yJIbraTbl COXpaHAOTCd B OydepHbIX [0JIsIX KOHBelepa, a 1Lepes,
00paboTkoii Ha crenyomeil dase — cunrbiBaiorcs u3 6ydepa (puc. 1).
Cuwnraem, 94TO BpeMsi YT€HUA-3AIICH TIPOMEYKYTOUHBIX PE3YJIbTATOB Ha, KaXK-
ZIOM 9TaIe KoHBeiepa t,, n = 1, N IpOIOPIHOHATLHO JTHTETHHOCTH BBIIOI-
HeHUsl KOMaH/bl. Torma BpeMsl BbIIOJIHEHHS 7N-if KOMaHIbl Ha OTHe/IbHOM
daze KoHBeepa € y4eroM HaKJIAAHbIX PACXOI0B Ha YTEHHe-3alKMCh IIPOMe-
JKYTOYHBIX PE3YJIBTATOB cocTasut b, = T, /D + t,. IIpomeccop ¢ Heymopsi-
JIOYEHHBIM WCIOJHEHUEM KOMAH[ BUIUT WMCIOJHSIEMOE MPUIOKEHUE Yepes
CKOJTh34IIIee BIOJIb MPOrPAMMHOTO KOJa OKHO KOMAaH]I, PEeaJu3yer MPOTHO-
3UPOBAHKE IEPEXOJ0B IIPU BETBJIEHHH MIPOrPAMMBI, BHIOMPAET KOMAaHIbLI C
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Bydep NpoMeXKyTOUHbIX pe3ynbTaToB

Puc. 1. CrpykTypHast MOZE/Ih IPOIECCOPHOTO KOHBEHepa

IpeJICKa3aHHOro apeca nepexo/ia JIo Toro, KaK OH y3HAET, BEPHLIM JIU ObLI
€ro IPOTHO3 U CHeKY/ISTHBHO UX BbINOJIHAET. IIpu HeBepHOM [pejCcKa3aHuu
BeTBJIEHUd 1IpOrpaMMbl Tpebyercs nepesarpyska kouseitepa. Ilonaraem, 4ro
BEPOSITHOCTH HEBEPHOTO MPEJCKA3AHUS TEPEXOIOB Pp, N = 1, N 3aBUCAT OT
THTa KOMAHIBI, TIOCJIE KOTOPOI BBITIOIHAETCA TIepe3arpy3ka Konseiiepa. s
nepe3arpy3Ky MOCJe BLIIOJHEHU n-i KOMaH/Ibl IPUIOKEeHUs HoTpebyeTcs
JIONOJIHUTE/ILHOE BpeMs, [IPOIOPIMOHAIbLHOE JJjIMHe KOoHBelepa 6e3 ojHoii
dazet (D — 1)7, [5], tne 7,,n = 1, N — cpeqnas 3a1epKKa Ha OTIeTbHOI
dase KoHBeiiepa MpW BHITIOIHEHUN N-if KOMAHIBI MTPUIOKEHUS W TTOCIEIYTO-
el nepe3arpyske.

2. BpeMSI BBITTIOJIHEHUA HEOJHOPOJHOTO MIPpUJI0>XKeHndA

Bazkmeiimeit omepaimoHHOil XapaKTEPUCTUKON KOHBeepHOi 00paboTKu
NIPUJIOYKEHUA ABJIA€TCH BPEMs €0 BBIIIOJIHEHN S KOHBeepU3UPOBAHHBIM IIPO-
meccopoM. [Ipu BhIIOTHEHUN HEOMHOPOIHOIO MPUJIOXKEHUS HA KOHBeiepe
bl D > 1 cpennee Bpems#, 3aTpaduBaeMoe Ha Ie€Pe3arpy3Ku, COCTABUT
(D-1) Zn o PnTn. Cpenuas 3alepkKa T,,n = 2, 2, N ompenensieTcst B3Be-
IIIEHHOMN 10 BEPOSITHOCTSM CYMMOil [IJINTETLHOCTEH OTAEIBHBIX (a3 /It BCEX
BapUaHTOB Hepe3arpy30K Hpe,ZLH_IeCTByIOHH/IX nepesarpySKe rnocJse n- Ko-
manzpt: 7, = b(1,n) [T/ (1 p1)+21_2 pib(i,n) [ —z+1(]‘ p;j)sn=2,N,
rae b(i,n) — AIUTeNbHOCT OTAEIbHON KOHBEHepPHOI (ba3b1 caMoii Tpy/10eM-
KO KOMaHIbI MEXKy TIOCTIe/IOBATEHLHBIMHU Tlepe3arpy3KaMu 1mocye 4-if u n-

I KOMaHIAMH IPOrPaMMHOTO Koxa [5] b(i,n) = max b;,i = 1,n—1,n =
j=i+1,n

2, N. Cpemsee BpeMs BBITTOJTHEHUST HEOHOPOIHOTO 110 COCTABY KOMAH]I TIPH-
JIO?KEeHHUs IIPOIEeCCOPOM € JIMHAMUYECKUM HCIIOTHEHUEeM IpUMeT BUJ,

T(D,N)= (D -1) T—+t +an <+t7,,) +ZN:<%+tn>,

T, = max T,,t,, = max t,.
n=1,N n=1,N
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n—1 n—1

T, = max T H 1—p) +Z max iH(l_pl)7

j=1n i—2 j=i+1,n 1—i

ty = maxt; H 1—p)+ Z max t;p;_1 H (1—p). (1)

j=1ln C o j=i+ln =i

3. Onrumusanus IJIMHBbI KOHBeliepa

OKCcTpeMaIbHas 3aBUCHMOCTD BPEMEHU BBIMOJTHEHUs] MPUIOXKEHUST OT
JUIHHBI KOHBelepa obyciiosiena niByms (akropamu. C OgHOI CTOPOHBL, POCT
KOJIMYECTBA KOHBEHEPHBIX (ha3 MPUBOAUT K CHUKEHHUIO BPEMeHr 00pabOTKH
MIPOTPAMMHOTO KOJIa 33 CUeT MapaJsiiesibHOi 00pabOTKM Ha PAa3INIHBIX ITa-
nmax KOHBeiepa pa3nudHbix KoMaHI. C Ipyroit CTOPOHBI, YBEJIMYEHNE UUCTIA
STAIOB MPUBOJUT K TPOTOPIHOHATILHOMY HAPACTAHUIO HAKIATHBIX PACXOI0B
HA 3aIUCh/YTEeHUE IIPOMEKYTOUYHBIX PE3YJIbTaTOB KayK/IOr0 3TAla U POCTY
BPEMEHU IIepe3arpy3Ku HOoCae OMMOOK Ipejckasanus nepexonos. Onpeje-
JiuM 13 (1) BBIUTPBIIT OT KOHBEHEPHOTO MCIIOJHEHUS TPUIOKEHUS:

A(D,N)=T(1,N) = T(D,N) =
D5 [V T Db~ Sy (T 02

Yeaosue A(D; N) > 0 oupezesser pai@oHaibHOe MHOXKECTBO JJIMH KOHBeTi-
epa. BuIMrphbliil MOJI0KUTENIEH 1P UHTEPBAJIBHBIX OIPAHUYCHUAX HA JJTHHY

KomBeitepa 1 < D < (ZfLLn;ﬁm T, - N, pnTn) / (tm +3N, pnt_n).

3aBUCUMOCTD BBIUTPBIIIA TIPU BBITOJTHEHUN WHTEPBAIBHBIX YCIOBHI MOJIO-
KHUTETHHOCTH SIBJISETCS YHUMOMAJBHON (pyHKIHMe# OoT IJIuHbI KOHBeiepa
(puc. 2). dysi OJHOPOJHOIO NOTOKA KOMAHJ U DPABHOBEPOATHON Iiepe3a-
Ipy3KHU KOHBelepa Toc/ae KayKI0i KOMaHIbI BHIUTPHINT (2) mpeobpasyercs
kK A(D,N) = 251 [T(N —1)(1 —p) — Dt (1+ p(N —1))]. Yenosue noso-

2KUTEJIbHOCTH BBIUIPBIMA npuaumaer sug 1 < D < %. Kpowme

TOTO, TMOJIOYKUTEJTHHBIH BBLIUTPBIMT JOCTUTACTCA 4 BEPOATHOCTU TIEepe3a-

T(N-1)-Dt
rpy3ku p < N=1)(1¥D0)
KOMaH,Z[I)I T K HaKJIAJHbIM PACX0/iaM t YJIOBJIETBOPSAET OrPAHUYEHUIO CHUBY
T o D(+p(N-1)

(N-1)(1-p) *

U3 (2) nosnyuaem onTuMasibHYIO JUIMHY KOHBeHepa

1 eCJid OTHOIIEHHUE IIOJTHOIO BpEMEHH! BbBIIIOJTHEHUA

N
Do = Z Zrn an n tm + anfn . (3)
n=2

n=1,n#m
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A(D,N)t

N = 300

500

Puc. 2. BaBucumMocTh OTHOCUTEILHOIO BBLIMIPBINIA OT JJIMHBL KOHBelepa D npu

p=202; T/t =10

OIHOPO/THBIN TIOTOK KOMAH/, U PABHOBEPOSTHAS Mepe3arpy3ka KOoHBelepa B
JiI000# TOYKE [PUIIOKEHUS IIPUBOAUT BbipaxkeHnue (3) K COOTHOLICHUIO JIJisi
T(N-1)(1—p)
t(1+p(N—1))
TebHbIH (PPEKT 0T ONTHMATBLHON KOHBEHEPU3AIUU OIPEIEIseTCs OITH-
MaJIbHBIM BBIUTPBIIIEM

ONTUMAJILHOM JJIUHBI BUuaa D, = . IloTeHIIMaIbHBINA TTOJTOXK -

27]:]:1 n#£m Tn_zﬁlzz Pnfn+tm,+227:2 pn{n
A(DO,N):2{ oz ! -

- \/(Zr]zv—l,n;ém Lo =Y p"T") (tm + X pnt_n)J .

s OMHOPOIHOTO MOTOKA KOMAaHJ W PABHOBEPOSATHON Iepe3arpys3ke mpo-
[IECCOPHOTO KOHBeepa ONTUMAJIbHBIN BBIUTPBIII IPUHUMAET BHUJ,

A(Do, N) =2 [T(N‘1><1—p>2+t<1+p(N—1>)_

—VT(N-1)1—-p)t(1+pN-1))].

Orciofa ciemyer, 9TO BEPOATHOCTh MEPe3arpy3Ku JTOJXKHA YIAOBIETBOPSITH
T(N—1)—t
OI'PaHUYECHHUIO p < m
HaM HPUJIOKEHUH BUJIHO, YTO OLTHUMAJIbHOE KOJIMIeCTBO (ha3 IPOLECCOPHOIO
KOHBeﬁep& B 3HAYUTEJIBHON Mepe OTIpeeIgaeTCd BEPOATHOCTHIO Tepe3arpys-

KH.

I3 mpuBeneHHBIX paCIpe/IesIeRnit o JIJIN-
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3akJiroueHne

[Ipeagoxkena MOIEb MPOLECCA BBIIIOIHEHUS] HEOAHOPOJAHOTO IIOTOKA KO-
MaH] OTHOPOIHBIM MTPOIECCOPHIM KOHBEiiepoM. B anamnTuyeckom Bue Haii-
JIeHa, ONITUMAJIbHAS JJINHA KOHBelepa Kak (DYHKIMS MOHOJUTHOTO BPEMEHH
BBIMIOJTHEHUS OTIETHHBIX KOMAH], OHOCTAIUNHBIM MPOIECCOPOM, U3IEPIKEK
HA COXPAaHEHUE W YTeHUE MPOMEKYTOYHbIX PE3YIbTAaTOB 0OPAOOTKU HA HEe3a-
BHCUMBIX (hpa3ax KOHBeiepa, pazMepa IPUJIOKEHHsI U BEPOSITHOCTH [IEpe3a-
IPY3KM KOHBelepa Mpu MpoMaxax MPeICKA3aHNsS BETBJIECHUN MTPOrPAMMHBIX
aJITOPUTMOB. BhITIO/THEH aHAIN3 TOTEHIMAIBHBIX BO3MOXKHOCTEH YCKOPEHUS
BBIMUCJINTEJIBHOIO ITpotiecca. 1loka3ana mpeeMcTBeHHOCTD K PaHee MOJIy YeH-
HBIM pe3yJbraTaMm JIpyrux aBropos. Ha ocHoBe ananm3a QpyHKIUN BBIATPHI-
1113, TIOJTY9€HbI YCJIOBUS METECO00PA3HOCTH KOHBEHEpHOH 00pabOTKU B BUJIE
HEPABEHCTB.
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CIIOCOBHBI [IPUMEHEHUSI BAMECOBCKOW
CETU HA OCHOBE CTAHJIAPTA OMG ESSENCE
JJISI ABTOMATUYECKOI'O COCTABJIEHU L
IIJIAHA UTEPAIIN

0.B. Jlazapes!, 1. O. 3mees!

1 . . . .
Hayuonaavnoti uccaedosamenveruti Tomekutd 2ocydapemeertid
yHnusepcumem, 2. Tomck, Poccus

SHaunTeIbHOE KOJIUYECTBO MPUHATHIX B IIPOIPAMMHON MHXKEHEPUU
MEeTOJ0B paBpa6OTKI/I UMET I/ITepaTHBHO—HHerMeHTaHBHLIﬁ Xa-
pakTep, TO eCTh MMOAPA3yMEBAIOT BBHIMOJIHEHHWE PAbOTHI HEOOIHINH-
Mu (pparMeHTaMu, KaxKAbI M3 KOTOPBIX 3aHUMAaeT OIIPeJIeIEHHOe
BpeMs — uTepanmio. BaykHOil 3amadeil pPyKOBOOMTEIS MPOEKTA U
HpOeKTHOﬁ KOMaH/IbI IIPU UCIIOJIb30BAHUU TAKUX METOI0B ABJIAECTCA
IJIAHUPOBAHKME WTEepPaluil, TO eCTh olpejeseHne oobémMa paboT Ha
wurepamnuio. B HacTosmei paboTe pacCMOTPEHBI CIIOCOOBI ABTOMATH-
3aLMy STOTO IPOIIECCA, OCHOBAHHBIE HA NCIIOJIb30BAHNN 0aileCOBCKOM
ceru, nocrpoennoii va ocaose crangapra OMG Essence. [IpuBogur-
Cd CpaBHEHUHE PA3JIMYHBIX aJITOPUTMOB COCTABJICHUA TIJIaHa WUTEpPa-
mn. Karouessbie caoBa: OMG Essence, ynpasaenue npoexmamu,
batiecosckas cemsb, UMePayUs, NAGH UMEPALUUY

BBenenue

3HaduTEbHOE KOJUYECTBO METOJIOB Pa3pabOTKU HMPOrpaMMHOrO obec-
MeYeHus, TPUHATHIX B MPOTPAMMHON WHIKEHEPUUW, WMEIOT WTePATHBHO-
MHKDPEMEHTAJIbHBIA Xapakrep [1], 4To mojpasymMeBaer, 9To pean3alys mpo-
eKTa pa3buBaeTcs Ha HeGOJIbINNE BPEMEHHBIE OTPE3KU (MMEHYeMbIe UTepa-
UMK ), B PAMKAX KazK /10l 13 KOTOPBIX K pa3padaTbiBAEMOMY [IPOrPAMMHO-
My obeciiedeHuro J06aBIIeTCs HEKOTOPast HEHHOCTb (MMeHyeMast UHKPEeMeH-
rom). Urepanmm 06bI1MHO MMEIOT PABHYIO UM TPUMEPHO PABHY IO TIPOIOJIK U~
TEJILHOCTh B PAMKaX OJHOTO MPOEKTA, MPU ITOM TIJIAHUPOBAHWE UTEPAIU
OOBIYHO OCYIIECTBIISIETCS He 3apaHee, B HAYAJIe MPOEKTA, & HEITIOCPEICTBEHHO
IO OKOHYAHWHU OJHOW UTEPALMU U Mepe]] HadaaoM CIIeIYIOEen.

O HUM U3 caMBIX M3BECTHBIX MIPOIECCOB TAKOro Tuia, sibysiercs SCRUM,
B TEPMUHOJIOIMH KOTOPOIO UTepali UMeHyIoTcs cupunramu [2]. B nannom
MPOIIECCe TPUHSITO, YTOOBI MPOIOKUTEIHLHOCTL UTEPAIINN COCTABJISAIA OT
1 mepenm 10 1 Mecana (B Ka4ecTBe CTAHIAPTHOTO PEIICHUsI MTPe/IaraloTCs
2 HezenM), ¥ B HaYaJe KaxKJIOW UTepalyu POBOAUIIOCH IIAHUPOBAHUE, HA
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KOTOPOM OIPEIENsica Obl HHKPEMEHT, KOTOPBIH ITAHUPYETCA CO3ATh B Te-
YeHHe MTEPAIU, TO eCTh COCTABJAICA Obl miaH urepamun. O4YeBHIHO, 9TO
OT Ka4eCTBa, IJIAHUPOBAHNS UTEPALMI BO MHOIOM 3aBHCHUT YCIIEX IIPOEKTA.

B cBs3M ¢ BBICOKOH pACIPOCTPAHEHHOCTHIO HUTEPATUBHO-UHKPEMEH-
TAJIbHBIX METOJOB Pa3pal0OTKU U BAXKHOCTHIO TIPOIECCA MJIAHUPOBAHUS UTe-
panyu IpuoGpeTaeT aKTyalbHOCTD 331898 ABTOMATH3AIAN STOTO MPOIECCa.
Jlia perieHns 3TOH 3aJa49M MCIONb3YIOTCA PA3JUYHbIE METOMAbI, BKIIOYAs
reHeruyeckue aaropurmbl [3], skonomuueckue mozenu [4] u rpadosble npe-
CTaBJIEHHSI TIPOIIECCOB Pa3paboTKu [5].

B macrodmeil Mozie/in pacCMaTpPUBAETCsS ABTOMATHYECKOE COCTABJICHUE
NJIaHA UTEPAIUHU C UCIOJIb30BaHUEM GAleCOBCKOI CeTH Ha OCHOBE CTaHIap-
ta OMG Essence, BBIIONHAECMOE B PAMKAX CHCTEMBI IIOJJICPKKA TPAHATHA
peleHuil, IPeJIoKEeHHON B [6].

1. ®opmyanpoBKa 3aadn

Cranmapr OMG Essence Bbijesisier ceMb OCHOBHBIX ACIHEKTOB IIPOEKTA,
M0 Pa3paboTKe MPOTPAMMHOIO O0ECTIeUeHUs, UMEHYS UX aJb(paMu U MPeI-
Jlarasi MCIoJIb30BaTh WX JIJIs OTCIEKMBAHUS Iporpecca npoekTa. st sToro
B KaxKJI0W anb(e BBIIEISIOTCS COCTOSHUSA, OOBIYHO TIOCTEI0BATETHHO J10-
cruraembie asbgoil B xoze mpoekra. Kaxkaoe coCcTosHre XapakTepu3yercs
HADOPOM YeKNOMHTOB. CUMTAETCs, 9TO €CIIU KaXK/IbIil Y€KIIOUHT COCTOSHHUS
anbdBbI BBITIOTHEH, TO aJb(a JTOCTUTIIA ITOTO COCTOsTHMS. Takum 00pa3om, B
MOMEHT WHUIHAAIMY MPOEKTA HU OJUH U3 YEKIOWHTOB HE BBIMOJHEH, & MU
€r0 3aBEpIEHNU — BBIMTOJTHEHBI BCE YEKMOUHTHI. (OTMETHM, YTO CTAHIAAPT
OMG Essence oxBaTblBaeT BeCh YKU3HEHHBIH IIHUKJ IPOrPAMMHOIO obectie-
YEHWSs, TOITOMY ITOJT 3ABEPIIEHUEM ITPOEKTA TIOHUMAECTCS BBIBOJL, CHCTEMbI U3
JKCIJIyaTallun, XOTs1 OH O6I)I'~IHO HE OCyHIeCTBJIAECTCA B PaMKaX ITPOEKTa 110
pazpaboTKe TPOrpaMMHOr0 0OecTieveHus .

B pamkax IHCCEPTAIMOHHOIO HCCJIEIOBaHUs [6] mpeqyiorKeH ajJropuTm
OIIEHKY CTETEeHU YBEPEHHOCTH B JOCTUXKEHWU YEKIIOWHTOB, T. €. BEPOSITHO-
creifl MX JOCTUYKEHUsI, OCHOBAHHBIM HA MPSIMOM BEPOSATHOCTHOM BBIBOJE B
GaitecoBCKOI cerw, IJie B KAYECTBE CBUAETEIbCTB UCIOJIb3YeTCs MHEHUE Me-
HeJXKepa MPOEKTA O JOCTHKEHWW WJIN HEJTOCTHYKEHUW YEeKNMOMHTOB. B [7]
AJITOPUTM JIOMOJIHEH YIETOM O0bEKTUBHBIX CBUIETEILCTB — COCTOSIHUIA CyO-
anbd u ypoBHe# meranmsamuu pabounx mpoayKTOB. [Ipu sTom ydareno, 4o
cy0-anbdbl 1 paboUune MPOAYKTHI, B OTJIHYINE OT YEKIIOWHTOB aabd, MOTYT
BHOCHUTH HE TOJBKO MMOJIOKUTEJbHBIN, HO U OTPHUIATEbHBIA BKJIAJ B MPO-
IPECC MPOEKTA, & TAKIKE MEHSTh «3HAK» CBOETO BKJIAJA B 3aBUCUMOCTH OT
CTEMEHN JeTATN3AINN.

ITockoabKy mporpecc mMpoeKTa pPaBHO3HAYEH BBIMOJHEHUIO YEKIIONHTOB,
OH MOXKET ObITh YUCIEHHO MPEJICTABIEH KAK CYMMa BEPOSITHOCTEH JTOCTHKE-
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HUs BCEX YEKIMOMHTOB. Takmm 0O6pa3oM, 337a49a ONTUMAIHHOTO TLIAHHPOBA-
HUs UTEPAIUU CBOIUTCS K OIPE/IEJIEHNIO TAKOTO MHOYKECTBA COCTOsIHUI CyO-
aibd, ypoBHeil geraiudanuu pabodux LPOAYKTOB U YEKIIOUHTOB (najgee —
9JIEMEHTORB), 9YTO CyMMAaPHBIE TPYI03aTPATHI HA UX UCIIOJTHEHUE HE TPEBBIITIA-
0T TIPOJIOJIKUTEIHLHOCTH urepanuu (06a mapaMerpa JI0JKHbI U3MEPITHCS B
€IMHUIAX PA3MEPHOCTH YETOBEK-BPEMsT; B pAMKax PabOThl OyIyT UCIOIB30-
BaTbCs YEJIOBEKO-YAChl), & UX Peaju3alys IPUBEIET K HauboblieMy yBe-
JIMYEHUIO CyMMbl BEPOATHOCTEN JIOCTUKEHU YeKIIOMHTOB CPe/Id BCeX TaKuX
MHOXKECTB.

2. AaropuTmbl perieHus 3aga9u

B yka3zanHO#l BbIIIEe TTOCTAHOBKE 3a/a9a aBTOMATHYECKOTO COCTABJICHUS
[JIAHA WTepanyy CTAHOBUTCS AHAJIOIMYHA OJHOM M3 KJIACCHYECKHUX 3313
KOMOMHATOPHON ONTUMHU3AIME — 33/a49e O plok3ake. JleficTBUTEIBbHO, TMe-
€TCs MHOXKECTBO <IIPEIMETOB» (IJIEMEHTOB), i KAXKJOIO M3 KOTOPBIX
olpe/ieiietbl «Becy (OLEHKA TPYI03aTPAT B Y€JI0BEKO-4aCaX) U «CTOUMOCTD»
(IPUPOCT CyMMBI BEPOSATHOCTEH JOCTUKEHUST YEKTIOMHTOB). II0CKOIbKY 9€K-
MMOWHTBI, COCTOSIHUS CyO-abdbl M YPOBHU JeTaIn3annn padovuero mpoaiyKTa
HE MOTYT OBITh JOCTUTHYTHI JABAXKIBI, 3a7a9y MOXKHO PACCMATPUBATH KaK
3ajady o «piok3ake 0-1» [8].

O/ 1HAKO, CYIIECTBYET BayKHOE PA3JIMYUe MEXKJY TPaJMIUOHHON (OpMYy-
JIMPOBKO# 33/1a49M O PIOK3aKe W PeIaeMoil 3a7ade aBTOMATHIECKOTO COCTAB-
JIEHUS TIJIaHA UTEPAIUU. 33/1atell 0 PIOK3aKe OOBIYHO MPE/INOJIAraeTCsl, YTOo
CTOMMOCTH IIPEJIMETOB HE MEHSETCSI B 3aBUCHMOCTH OT TOrO, KaKHe U3 MpeJi-
METOB MMOMEIEHbI B PIOK3aK. JTO, OMHAKO, HE TAaK B CJIydae PACCMATPUBAE-
MOT0 MOAXO/A K ABTOMATHYECKOMY COCTABJICHUIO TtaHa urepanuu. [Ipu m1o-
OaBjieHNT JIIOOOTO JIEMEHTA HEOOXOANMO BBITTOJTHUTH TEPEPACIET TTPUPOCTA
BEPOSITHOCTEN TOCTHKEHWS TeKITOMHTOB.

Paccmorpum B KadecTBe NMpuMepa JABa YEKIIOWHTA:

(1) Stakeholder groups identified («I'pynmer creiikxonaepos umenTudu-
[[IPOBAHBI» )
(2) Requirement’s format agreed («®opmar TpeboBanuii coriacoBat» )

B mpucyrcrsun (1) meHHOCTH (2) CyIIECTBEHHO BO3PACTALT, Tak Kak 6e3
UIEHTUOUKAIUN TPYTIT CTEHKXO0JIIEPOB BOODIINE HEMOHATHO, C KeM OBbLT CO-
rimacoBad dbopmar TpeboBanuii. CaemoBarenbHO, OTMETKa, (2) JOCTUTHY THIM
6e3 ormerku (1) JOCTUTHYTBHIM He MPUBEIET K CYIECTBEHHOMY POCTY CyMMBI
BEPOATHOCTEH JOCTUKEHUsI YEKIIOMHTOB, TAK KAK BEPOATHOCTD J[OCTHKEHH
(2) Bymer olieHeHa HU3KO BOMPEKN MHEHMIO MeHekepa. OHaKO, IpU HAJIN-
YMU OTMEYEHHOTrO BBIMOIHEHHBIM (1) oTMeTKa (2) BBIMTOJHEHHBIM MPUBEIET
K CYIIECTBEHHOMY POCTY CYMMBbI BEPOSITHOCTEH JTOCTUKEHUs] Y€KIONHTOB.
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VkazaHHOe pasndne [1ej1aeT HEBO3MOXKHBIM HCIOJIH30BAHUE KIaCCUYe-
CKOI'O TIO/JIXO/Ia K PEIIeHHIO 33/I1a91 O PIOK3aKe — JUHAMHIECKOrO [IPOrpaM-
MHUPOBAHUS, IIOCKOJIbKY HE BBIIOJIHAETCHA TPEOOBAHNE O HAJIMYIUU OITUMAIb-
HOM TOJACTPYKTYPHI, 00s3aTEIbHOE B IUHAMUYIECKOM MPOTPAMMUDOBAHWH.
PaccvoTpum BO3MOKHBIE TIOJIXOBI K PEIIEHWIO 33Ja9W C YIETOM JTAHHOTO
OTpaHUYEeHUS.

Iloambrit mepebop. JJamublit crrocod TapaHTHPOBAHHO MO3BOJISET MMOJTY-
YUTH ONTUMAJIbLHOE PEIeHne, OJIHAKO SIBJIAETCS HEIPUEMJIEMBIM I10 TPYIO-
évkoctu. [ToCKOIBKY KaxKIbIil W3 3JIEMEHTOB MOXKET OBITH JTUOO BKJIIOUEH,
00 He BKJIIOYEH B PEIleHne, O0IIee KOJIMIeCTBO BO3MOKHBIX PEIIeHUH CO-
crapyser 27, rae n — 00IIee KOJUIECTBO IJIEMEHTOB.

ITockonbKy agropuT™ mMpsiMOro BEPOSITHOCTHOTO BBIBOZA JIJIsT BCEIO MHO-
JKECTBA 3JIeMeHTOB umeeT Tpyaoémkoctb O(n-2P); riae n — cpenHee Kojaude-
CTBO POAMTENEH y IJEMEHTA, TPYAOEMKOCTD MOJHOTO mepedopa COCTABISET
O(2" - n - 2P), 4TO ABJIAETCS HEMPUEMJIEMBIM JIa¥Ke IPU HeOOJIBIIOM 7.

Meropa BerBeit m rpanuil. IlpeacraBuM MOIHBIN mepebOp BapUaHTOB
MOXKeT ObITh B BHJE J€PeBa, /e KaXKIAbIil y3es MPeJCTABISIeT BO3MOKHOE
petenre (HaAGOP JIEMEHTOB), & €ro0 IIOTOMKAMM SABJISIOTCH HAOOPbBI, OTJIH-
4Jarommecs OT Hero 1006aB/J€eHueM POBHO OJHOIO 3djieMenTa. Beeaém na MHO-
KECTBE DJIEMEHTOB KAKON-JIMO0 CTPOTUil MOPSIOK W M1 KasyKI0N BEpPITMHBI
JT00ABJISITH B KAYECTBE TTOTOMKOB TOJIBKO PEITIEHS, OTIMIAIOITNECs 100aBIe-
HHUEM 3JIEMEHTa, «OOJIbIIeroy, 4eM N00aBJIEHHBI B TeKyIei BepiimHe (310
MTO3BOJIAT M30€XKATh UAEHTUYHBIX ITO//IEPEBHEB, OTINYAIONIMXCS JIUIITh TI0-
PAAKOM JI06ABJIEHUS BEPILUH).

BrinosHssT TOMCK B TAKOM [I€PEBE OMTHMAJIBHOTO PEIreHusi, OyIeM OT-
CEKATh TOAEPEBbsi, BEPINHA KOTOPHIX HAPYIIAET OTPAHUYEHUE HA MAKCHU-
MaJIbHYIO0 TPYA0EMKOCTh urepaliuu (T. K. J100aBJICHUE DJIEMEHTA B PEIIeHNe
HE MOXKET CHU3UTH OOIMYI0 TPYIOEMKOCTB, B 9TOM IOJJAepeBe He Oymer mo-
[yCTUMbBIX DELIeHHUIt).

B mamxymmem ciydae Meros BeTBeil M I'DAHUI UMEET Ty 2K€ TPYI0EM-
KOCTh, 9TO U TIOJIHBIN TIepebop, OJHAKO HA MPAKTUKE UTEPAINS OOBITHO CO-
JIEPKUT JIUITH HEOOIBITIOE KOJIUIECTBO JJIEMEHTOB, TIOITOMY OTCEIEHHUE TO/I-
JIEPEBBEB CYIIECTBEHHO COKPATUT 1epedbop.

Kanuerii aaroputM. IIocKOIbKY MHOKECTBO JIEMEHTOB €/IBa JIH SB-
JISI€TCS MaTPOHMIOM, KA/HBII AJIrOPUTM SBJILAETCH JIUIIb IPUOINKEHHBIM
MEeTOIOM peIeHusi paccMarpuBaeMoii 3amaun. OIHAKO, pACCMOTPUM €ro B
KavecTBe MpuOIMKEHHOr0 MeToga. Ha Kaxk oM mare OyaeM pacCIUThIBATD
CYMMY BePOSTHOCTEH /I KaXKJOTO U3 eI¢ He OTMEYeHHBIX 3JIEMEHTOB, MO-
cJie 9ero BhIOMPATh OMTUMAJIBHBIN, OTMEYaTh €r0 U MOBTOPATD Ty MPOIE/Ly-
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Py, MOKa cyMMapHasi TPYI0EMKOCTb UTEPAINY HE MPEBBICUT YCTAHOBIEHHOE
OorpaHuveHue.

B kadecrsBe kpurepus ONTHMAJIBHOCTU MOXKHO HCIIOJIb30BATH MAKCUMU-
3aIWI0 TPUPOCTA, CYMMbI BEPOATHOCTEH JOCTUKEHUST YEKITONHTOB WU MaK-
CUMU3ANNIO €€ K€ MPUPOCTA B eIUHUILY BpeMeHu. BTopoit momaxo1 mo3BoIuT
OTHATH TPUOPUTET HEOOIBINM 33JaUaM, IO3BOJIAIONIAM 38 KOPOTKOE BpeMs
JIOOUTHCS CYIIECTBEHHOTO MPOTPECCa HA MPOEKTE, B TO BPEMs KAK IEePBBIi
OTHAET MPUOPUTET KPYIHBIM 3aja4aM. Kcim ke TPyJ0éMKOCTH 3JIeMEHTOB
ONIM3KM JIPYT K APYTY, PA3HUIIA MEXKIY MOJXOJAMY He SIBJISIETCS CYIIECTBEH-
HOM.

ITockoabky pacdér CyMMbl BEPOSATHOCTEH JJIs BCEX JJIEMEHTOB HMEET
TpyaoémkocTs O(n?-2P), TpyI0EMKOCTD JKaIHOTO ANTOPHTMA, B XY IITeM CITy-
vae (uTepanus, BKIOYAIONAs Bech mpoekT) cocrasiuser O(n-2P). Eciu xe
NPUHSTH CPEJIHEE KOJMYECTBO 3JIEMEHTOB B MTEPALMKU PaBHbIM M (M < n),
TPYI0EMKOCTE B cpeuem coctasut O(m - n? - 2P).

HawmBHoe pemrenue. B kadecTtBe apyroro mpuOInKEHHOTO METOIA
MO2KHO TPOUTHOPUPOBATH OTCYTCTBUE ONTUMAJIBHON TOACTPYKTYPHI ¥ Pe-
I1aeMO#l 33/[a9 W UCIOJIH30BATH CTAHIAPTHBIN AJITOPUTM PEIICHUs 33/1a91
O PIOK3aKe.

TpymoéMKOCTH TaKoro aiaroputMa cocrapisier O(nw), e w — mpeeh-
Has TPYJOEMKOCTDb UTepaluu («rpy30n0bEMHOCTh> piok3aka). (IIpu gqocra-
TOYHO MaJbIX W TPYA0EMKOCTb coctapisger O(n? - 2P), Tak KaK OCHOBHBIM
3JIEMEHTOM AJTOPUTMA CTAHOBUTCS M3HAYAIBHBIA PACIET MPUPOCTA CYMMBbI
BEPOSTHOCTEH JIJIsl KAZKJIONO YEKIIOMHTA. )

B cBsi3u ¢ Tem, 4TO perenure MOJHBIM EPeOOPOM ODJIAIAET HETPUeM-
JIEMO BBICOKOH TPYIOEMKOCTHIO, ONTUMAJIBHBIM OyIeT WMCIOJIH30BAHUE Me-
TOZ@ BETBEl W I'PAHUIl WJIM OJHOTO U3 MPEJIOKEHHBIX MPUOIMAKEHHBIX aJl-
roputMoB. J[j1a BBIOOpaA aaropuTMa HEOOXOIHUMO PeaTn30BaTh UX MPOBECTH
CPABHUTEJIbHBIA aHAJIN3 [0 BPEMEHU HUCIIOJHEHUS U KA4eCTBY IIpeijiarae-
MbIX perrerunii. BaxkHo# moazagadeil Ipyu 3TOM TAKKe siBJIS€TCsS OILpe/ese-
HU 3HAYEHUN TPYJIOEMKOCTEN 7 3JIEMEHTOB, TTOCKOJIBKY OHU HE BBOIATCS
crangmaprom OMG Essence.

3akJiroueHune

B nacrosmeit pabote 3a/1a4a aBTOMATHUECKOIO COCTABJIEHH IIJIAHA UTe-
panuu cpOpMyTUPOBAHA il CACTEMbI MOJIEPKKYU MPUHATHS PEIeHnit Ha
ocuose Gaiiecosckoii ceru u crangapra OMG Essence, upejgioxkennoii B [6]
Samadva cBemeHa K KJIACCUYIECKOI 3a/1ate O PIOK3aKe, OTHAKO, C HAPYTTeHHeM
TpeOOBAHUST O HAJUYUU ONTHUMAJBHONU MOACTPYKTYPHI, 9TO €T HEBO3-
MOXKHBIM UCIIOIb30BAHNE TUHAMUAIECKOTO MPOrPAMMUPOBAHUS JJIs TOIHOTO
pereHus 3amaqu. PaccMOTpeHbl BADUAHTHI AJITOPUTMA PEIIeHus ITON 3a-
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nmagu. Oupeenensbl JaabHeRIe HAPABICHNUsT UCCIEIOBAHNN — MpaKTHYe-
CKagd peaju3alyd PacCMOTPEHHBIX aJTOPUTMOB U UX CPABHUTE/IbHbBIM aHa-
JIU3, a TAKKe OIpeJieieHue TPYA0EMKOCTEH 3JIEMEHTOB.
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ITenp paGoTHI: OIEHKA IIPOTHO3UPOBAHUS BBHIXKUBAEMOCTH IIAIMEH-
TOB C PAKOM MOJIOYHOR 2Kejie3bl. AHa/U3 [POBOAUIICA HAa OCHO-
Be 00e3mueHHON 6a3bl MAHHBIX MAIMEHTOB KpacHOSpPCKOro Kpast
(2014-2024 rr.), BrIOuatomeit 18 228 ciryuaes paka MOJIOYHON Ke-
JIe3bl KaK y MYXK4UH, TaK U y KeHuH. Peann3zoBana cepus BbIlYuc-
JINTEJILHBIX SKCIEPUMEHTOB C MATHI0 METOJaMH MAIIUHHOTO 00Y-
9eHUs, aAlITUPOBAHHBIME i1 aHA/M3a BblKuUBaeMocTH. Momern
00yYaJINCh HA COBOKYTTHOCTH OTOOPAHHBIX 3HAUNMBIX TIPEINKTOPOB
B PErpecCUOHHON MOJEJN CJIydaifHoro Jjeca. Bce momenu BBIXKUBa-
€MOCTH II0Ka3a/Ii XOPOIIUe IIPOTHOCTUYECKUE Pe3y/IbTaThl ¢ KO-
dummentom coorBercrBust C—mraexc>0,9.

KuiroueBble cJI0Ba: NPaBOCMOPORHEe YEH3YPUPOBAHUE, MAULUHHOE
obyuenue, NPOZHO3UPOBAHUE, BBLHCUBLEMOCTD

BBemenue

Pak mosiounoii xkesne3nt (PM2K) npogosekaer ocraBarbCst OQHUM U3 Be-
JIYIIAX OHKOJOTHUYecKnx 3abomerannii [1]. Ha Teppuropnn Poccuiickoii ®e-
neparuu B 2023 T. B 00III€H CTPYKTYpe 3a00/1€BAEMOCTH HACEJIEHUST 37TOKAYE-
crBerHbiME 3a00seBanusaMu (3HO) PMZK 3anuman 1-e MecTo cpeay »KeH-
cKoro Hacejienus, cocraniss 22,5% [2]. Habmonaercs renaennys K yBeande-
uuto 3abonesaemoctu PM2K na 18-22%, 4o cBA3aHO KaK C COBEPIIEHCTBO-
BAHMEM METOJOB DAHHEH IUATHOCTUKHU, TAK ¥ C POCTOM BJIUsHUs (DAKTOPOB
OKPYKAOIIEH CpeIbl, TOPMOHAIBHBIMI U TEHETUIECKUMU TTPEIPACTIOT0XKEH-
HOocTsiME [3]. BaxKHBIM TOKa3arTesieM, XapakTepusyomnM 3¢ dekTnBHOCT
[POTHBOOITYXOJIEBOM MOMOIIH, SIBIISIETCST YPOBEHb CBOEBPEMEHHOM JIMarHo-
cruku. Ilo nausbiv [2] mons nanumentos ¢ IV crapwmeii 3abosesanusi npu
LOCTaHOBKE Jlyartosa cocrasiger oxkoio 30% cpenu nauuentos ¢ PM2ZK. B

Aptopel  6GraromapAT  3aMeECTHTENs I[JIABHOTO Bpada [0 OPraHHU3AIHOHHO-
Meroauyeckoit pabore KpacHOAPCKOrOo Kpaesoro KJMHHYECKOI'O OHKOJIOIHYEeCKOIO
nucnancepa umenu A. V. Kpseikanosckoro, x.Mm.H. Cadonnesa Usana Ilerposuua 3a
[IpeJOCTABIEHNE JAHHBIX M BO3MOXKHOCTD [IPOBEIEHUS HCCIIeTOBAHUS
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Poccuiickoit @egepamuu 8 2023 1. B crpykType cmepraoctr ot 3HO yaennb-
ubtit Bec PMZK cocrasun 7,2% [2]. O HeobGxonuMocTs paspabOTKH U BHE/-
penus 6osiee 3PHEKTUBHBIX CKPUHUHTOBBIX MPOrPAMM, HAIIPABIEHHBIX HA
BBIABJICHUE STHX 3a00JI€BAHMIT HA PAHHMX HTANAX OTMEUEHO B padore [4].
Ocobyo 3HAYNMOCTH MTPUOOPETAET AHAJN3 BHIZKUBAEMOCTH, TTPOTHO3UPOBA~
HUe TedeHusi 3a00JEBAHUS ¥ BBISIBIEHHE MTPOrHOCTHYECKH ZHAUMMBIX (haK-
TOPOB, KOTOPbIE MOT'YT MOBJIUATH HA UCXO[ JIEICHMUS.

Hesnb uccreioBanmst: OMEHKA BBRKUBAEMOCTH OOJIBHBIX CO 3JIOKAYECTBEH-
HO# MaTOJOTHell MOJIOUHOM »Kee3bl B KpacHosSpckoM Kpae.

1. MarepuaJjbl 1 MeTOJbI MCCJI€TOBAHUS

MarepuaJiom uccienoBanus aBjsgercs obesnudyennas 6asa gannabrx (BT)
o mamuenTax ¢ guaraozom C50 m3 mHOpManmoHHON cucTtembl «Kanmep-
perucTp», npegocraBieHHas KpacHOSPCKUM KPAEBBIM KIMHHIECKHUM OHKO-
soruvdeckum gucnancepom umenu A. WM. Kpbpkanosckoro 3a mepuog 2014—
2024 rr. ITocme npemobpadborku B BJI naxongrca ganabie o 18 228 nanuen-
Tax, U3 HUX 73 MyK4IuHbl U 18 155 keHmuH, n 0 167 mpr3Hakax, BKIIOYAI0-
mux gemorpadudeckue (Bo3pacr, o), Kannudeckue (craaus, MopdhoJiori-
geckuil Tun omyxosu, TNM-kiaccudbukanus) u repanesrudeckue (XumMuo-
Tepamnus, JiydeBas Tepalus, XUPyPruuecKue BMEIIATeIbCTBA) XapaKTepu-
cruku. Ocoboe BHUMAHME YIEJIeHO BPEMEHHBIM IapaMeTpaM: JaTe PoxKie-
HUsI, JaTe YCTAHOBJIEHWS TUATHO33 W TaTe CMEPTHU WJIW MTOCJIEIHEr0 HADJIIO-
JIeHUs JIJIs EH3YPUPOBAHHBIX CaydaeB. /laTa 3aBepIneHus uCCaeI0BaHus —
nara Bbirpy3ku u3 «Kannep-perucrp» (01.04.2025). Ha ocHOBe BpeMeHHbBIX
[EePEMEHHBIX OIPEJIeJIEH BO3PACT MalUeHTa (B rojax) Ha MOMEHT yCTaHOB-
JieHus amartosa. Ilpu cosmanuu npushnaka Cobvimue 3allojHeHre JaHHbIX
MPOMCXOIUIIO TIO MPUHINIY, ecan Jlama cmepmu 3anoiarena B B/, To nmpwu-
cBamBayica craryc 1 (mojiHoe cOOBITHE), €CIIU Ke JaTa He BBEJEHA, TO IPUCBa-
usajica craryc 0 (mensypupoBanuoe coobitre). Ilen3ypuposanue npaBocTo-
pOHHee: JaTa HadaIa HAOMIOMeHN KayKI0T0 MAIlHeHTa — 1aTa, YyCTAaHOBIEHNS
nuarnosa. Ilepuon nabsronenus (B IHSAX) BbIYUCIAICH, KAK PA3HOCTh MEXK-
Jly JATON KJIMHUYECKOIO UCX0/a (CMepTu) U JaTol yCTaHOBJIEHU AUAIHO3A.

Jst aHanm3a BEIXKMBAEMOCTH MCTTONMh30Ban Kpubble Kammana—Meiiepa [5],
a TakKe ObLjIa pealn30BaHa CEepUs BLIYUCIUTEIbHBIX IKCIEPUMEHTOB (pHC.
1) ¢ npumeHeHHWeM AJArOPUTMOB MAaIIMHHONO O0yueHus [6], azanTupoBaH-
HBIX JI/Ts1 paOOTHI € TIeH3y PUPOBAHHBIMHY JTAHHBIMHU U 00y I€HHBIX HA COBOKYTI-
HOCTH MPU3HAKOB, MPEIBAPUTETHBHO OTOOPAHHBIX PErPECCHOHHON MOJIEIBIO
ciydaiinoro jeca (Random Forest Regressor):

1) ciayuaiinstit ec Boikusanus (Random Survival Forests);
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2) KOMIIOHEHTHbIN rpaaueHTHbI OycTuHr anaau3a seikuaemoctu (Component

wise Gradient Boosting Survival Analysis);

3) rpajuenrupiii Oycrunr amanmsa sbokusBaemoct (Gradient Boosting
Survival Analysis);

4) MamMHA ONOPHBIX BEKTOPOB BbKMBaHus (Survival Support Vector
Machine);

5) nomonHuTenbHbIE NepeBbs BhiKuBanus (Extra Survival Trees).

15 m3MepeHnss TOYHOCTH MPOrHOCTHYIECKUX MOJIEIIEH MCIOIb3yeTCsl MHIEKC
cormacoBanHoct (C-nHJEKC).

Hab6op gaaxbx no C50
(3aBeplieHHEBIE H 11eH3YPHPOBaHHEIe CTIpaBa COOLITHA)

PerpecionHtas Mojens caydaiiHoro neca
Random Forest Regressor

0T6OD BayKHBIX NMPH3HAKOB
feature_importances

Gradient Survival

Random Component wise

g’gﬂfﬁ:ﬁ Survival Gradient Boosting S\]’,fgg?
Analysis Forests Survival Analysis Machine

OreHKa Mogeneil BbDKMBaHHA
Evaluating Survival Models

Puc. 1. Cxema OpOBEAEHUA BBIYUC/IUTEIBHBIX 3KCIIEPUMEHTOB

Obpaborka m aHa/JIW3 JAHHBIX MPOBEIEHBI B paboueir cpeme Google
Colaboratory ma sizbike nmporpamvupoBanus Python sepcus 3.11.

2. PesyabraTrhl u 06CyXkKaeHUs

Bozpacr myxuwmn Bapsupyercs ot 35 10 91 roga, y xkenmums ot 22 10 98
aer. Meauana Bospacra (Meage [Q1, Q3]) Ha MOMEHT OCTAHOBKH JAUAIHO32
y My»kunH cocraBmia 65 [58; 71] mer, skenmma: Meyge = 61 [50;69] rom.
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Hons meH3ypupoBaAHHBIX COOBITHI DOBINE TON TOTHBIX:

— monusle — 4850 (27%) nanuentos, Me,gze = 64 [54; 74] roga, MUHEMATD-
HOe BpeMms HaOmonAeHus 1 qeHb, makcuMaabaoe — 3993 mus;

— mensypuposauuse — 13378 (73%) namuentos, Meage = 59 [48;67] xer,
MUHHAMAJIbHOE BpeMs Habsonenus — 95 mgueit, makcumasabaoe — 4108.
ITo Bcem nanuenram Bl mepuany BoikuBaemoct (Megime) OIpeseanTb

HEBO3MOYKHO, COOBITHE HE HACTYIUJIO y MOJOBHHBI MAIMEHTOB BOOOIIE, 0

1617 qusa MOKUIIM TPU YETBEPTHU BCEX HAOIIOAAeMbIX anueHTos (75%), 1ro

TOBOPUT O BBICOKOI BBIKUBAEMOCTH TanueHToB. [1o (byHKIMN BhIKIBaEMO-
cru S(t) Bepoarnocts (P, %):

— 1l-nermeit BKUBaemoctu: Py = 93,18%;

— b-meTHel BDKHBaeMoCcTH: Py = 72,70%;

— 10-nermeit BeKEBaemocTn: P1g = 59,29%.

Broicokast 1-eTHsIsSI BBIXKHUBAEMOCTH TOBOPHUT O TOM, UTO OOJIBIITHHCTBO
MAIMEHTOB YCIEITHO MEePEKUBAIOT TIEPBBIA IO/ MOCJIe TIOCTAHOBKY JTUATHO3A
n Hadaja jgedennsd. Jlamee, ¢ yBenmdeHHEM IEPHUOIA BPEMEHH HIET IOCTe-
MMEHHOE CHUKEHNE BEPOATHOCTU BBHIZKHUBAHUS.

B rpymrme xenmua Megi,e OnpesenTh HEBO3MOXKHO, COObITHE HE HACTY-
MAJIO y TIOJIOBWHBI HCIBITYEMbIX BooOme, mo 1623 nreit moxxuan 75% mabo-
JAEMBIX TAIIMEHTOB, YTO TOBOPHUT O BBICOKOH BBIXKMBAEMOCTH TAIIMEHTOK. B
rpy1mme My:KIuH Megime = 2252 mHSA, THTEPKBAPTUIHHBIA pPa3Max HE UMeeT
BepxHe# rpaHurbl. BeposTHOCTH H5-eTHeidl BLIKMBAEMOCTH B T'PYIIIE KEH-
mun 72,75%; B rpynne myzkaun — 60,06%. Pasnuuns B QyHKIUAX BBIKHBA-
€MOCTH MEKJy MOJaMU SBJIAIOTCA craructudeckn suaunMbivu (Log-Rank
test: p = 0,01).

[Ipoanaam3upoBaHbl pacupese/IeHrs MAIMEHTOB 10 CTAIUIM U PyHKITUN
BBIKHBAEMOCTH, N — KOJHMYIECTBO MAIHEHTOB:

— I cragua — n = 5284 (29%), Metime HaiiTu HeBo3MOxHO, Ps = 90,10%),
P10 = 79,63%,

— Il crapus —n = 7885 (43%); Metime HaliTi HEBO3MOXKHO, T5% LAaLMEHTOB
nmoxunu 10 2276 ameii (Gosbme 6 met), Py = 79,32%, P1g = 65,57%;

— III cragus — n = 3817 (21%), Megime = 2182 aHsi, MHTEPKBAPTUIIH-
HBII pa3Max He MMeeT BepXHell I'paHuIlbl, HUKHAA rpaHurna 930 maHeit,
P5 = 54,97%, P10 = 37,12%,

- IV cragua — n = 1242 (7%), Megtime = 413 [78;1106] ameii,
P, = 52,39%, P5 = 16,02%, P19 = 10,72%.

Paznuuanga B pyHknmsax BpkuBaeMocTH 1o craguavu npu PMZK asasiorcs
crarucrudeckn 3HadumMbive (Log-Rank test: p < 0,005).
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Coruacuo cxeme (puc. 1) npoBeieHust BBIYUCIUTEIbHBIX SKCIEPUMEHTOB
C WCIIOJIb30BAHUEM METOOB MAIIMHHOIO OOydYeHusi HeOOXOIMMO BBIIEIUTD
BazkHble 1peaukTopbl. g sroro ucnonb3oBanmu RandomForestRegressor.
IleneBast mepemennasi Bpems — BpeMsi JKU3HU MOCJI€ YCTAHOBJICHUS TUATHO-
3a (B AHaAX). Perpeccuonnas Mojie/b CIy9aiinoro jieca nokasaja koagbdurm-
enT merepmuHamun R? = 0,96. 13 167 mpu3HaKoB, BOIIEMNX B MOJETD, 45
UPU3HAKOB MMEIOT HeHYJIeBOl BKJaJl B Mojesib. B ron-10 Bouwiu: 1) mopdo-
Jlorudeckuii tuil, 2) cobbirue (110JHOe/ eH3ypa), 3) Bo3pact, 4) Tonorpadus
PM2K, 5) meracTa3supoBaHue B peruoHapHbIe TUMMaTHIeCKUe Y3JIbl B COOT-
BercrBun ¢ Knaccudurarmeit TNM, 6) KoJu4ecTBO KypCOB JIEKAPCTBEHHO-
ro JiedeHus (XUMHUATEPAHs UM FOPMOHOMMMYHOTEPAIUS ), 7) KOJIUIECTBO
orepaiuii, 8) 06beM IePBUYHOI OIIyXO0JIU B COOTBETCTBUM C Kiaccudukary-
eit TNM, 9) Buz JsiyueBoro siedenusi, 10) macrakromus o Maueny.

B meromax mammHHOrO 00yYeHnst aHAIN3a BHIZKMBAEMOCTH TIEJIEBYIO TIe-
pemMenHyio (HOpMUPYIOT, yunThiBas mepemenubie Cobwmue u Bpemasa. Ha
TPEHUPOBOYHYIO M TECTOBYIO BHIOOPKY Habop mo PM2K nennrcs B coorHO-
menun 7 : 3 coorBercreenno. OGydaeM MOIENH U JeaeM OIEHKY TPOrHO3H-
poBanus. Pe3yibraTbl BBIYUCIUTEIBHBIX SKCIIEPUMEHTOB IIPOTHO3UPOBAHMS:

1) momenr RandomSurvivalForests mHa TecroBoii BLIOOpKe JaeT 3HAUEHUE
C-unnexc= 0,94, aa tperuposounoit — C-namexc= 0,95;

2) mogenr ComponentwiseGradientBoostingSurvivalAnalysis wa Tecrosoit
BbIOOPKE nMeeT 3nadenne C-ungekc= 0,92, Ha TPEHUPOBOYHON BHIOOPKE
— C-unnexc= 0,92;

3) momens GradientBoostingSurvivalAnalysis Ha TecTOBO#l BLIGOpKE MMeeT
C-unnmexkc= 0,94, na tpeaupoBounoii — C-unmekc= 0,94;

4) wmogmennb Survival Support Vector Machine na recroBoit BeIGOpKe nMmeeT
C-ungekc= 0,93, na tperuposounoii — C-ungekc= 0,93;

5) wmozens Extra Survival Trees Ha TecroBoil BBIGOPKE HMeeT 3HAYEHUE
C-unnmexkc= 0,94, na tpeanpoBounoii — C-ungexkc= 0,95.

st Bcex Mozenieit BbKUBaHus 3Hadenne Koagdunuenrta C-unmexc>0,9,
YTO FOBOPUT O BBICOKOM IIPEICKA3ATEIHLHOM TOYHOCTH IPOIHO3UPOBAHUS BbI-
xkuBaemoctu mpu PM2K ¢ yaérom nensypuposanusi. Kiaccuaeckue MeTompt
anajm3a BeiKUBaemoctu (momenb Kokca, momens Beiibynna) B cpaBHenuu ¢
MEeTOJAaMU MAITUHHOTO OOyYEHNs MOKA3AJIN XyKe PEe3yJIbTAThI, HA TECTOBOM
BBIOOPKeE 00e Momenn umesn 3uadennst C-urnmekc= 0,71. Tor ¢axT, gaTo HaM-
0oJiee 3HAYMMBIMU B MOJEJSIX OKA3aJACh UMEHHO Te IIapaMeTpPhbl, KOTOPhIE
y2Ke HCIIOJIb3YIOTCS B KJIMHUYIECKON IIPAKTUKE, CBUIETEIbCTBYET O JIErHTHM-
HOCTH 1I0J1y YEHHbIX PE3YJIbTATOB U MX LIPAKTHYECKON LIPUMEHUMOCTH.



384 H. A. Jlykbsinosa, E. E. longenok, E. FO. 3apybur

3. 3akJroueHue

Pak Mmosi0uHOl 2Keje3bl ocTaercs HamboJiee PaCIpPOCTPAHEHHBIM OHKO-
JIOTMYECKUM 3a00JIEBAHUEM CpeIy YKEHINWH, a 3a00JeBAEMOCTh UM PACTET,
ocoberno B Kpacmosipckom kpae. Hanbombimmas 3abonesaemocts PM2ZK mpu-
XOIUTCA HA BO3pacTHbie Tpymnmbl crapire 60 ser. Bece momenu mammuuaHOTO
obyJeHns MPHU AHAIN3€ BBIKHUBAEMOCTH ITOKA3AJIH XOPOIIHE IPOTHOCTHYE-
ckue pesysbrarst ¢ C-unekcom Boiire 0,9 Ha OCHOBE OTOOPAHHBIX 3HAYUMBIX
45 TIPeINKTOPOB B PETPECCUOHHON MOJETN CJAYYANHOTO JIeca.
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NCCJIEJJIOBAHUNE BJINAHUNSA ITAPAMETPOB

I‘EUHEPATI/IBHO-COCTHBATEHBHOﬂ
HENPOCETN HA KAYECTBO BU/EO,
CO3JABAEMOI'O HA OCHOBE HABOPA

BUJIEO3AIINCEN
P. 1. Mackanés!, 1. B. Bapanosa'

L Cubuperuii pedeparvrniii yrnusepcumem, 2. Kpacroapek, Poccus

ITenpio qannaOit PabOTHI ABIAETCS UCCAENOBAHNE BIIUAHNS IAPAMET-
POB TE€HEPATUBHO-COCTA3ATEJILHON HEHPOCETH, TeHepUpyIomeil Bu-
J1e0 TI0 33JIAHHON BBIOODKE, HA KAYECTBO IOJIy9aeMOr0 BHJIEO. 3a-
[a4a TeHePalny 3aKJII09aeTCsd B TOM, 9TOOBI CO31ATh BHIEO, MAK-
CHMAJIHHO IIOX0XKee HA BUEOMATepHaJsbl U3 00ywaomeil BHIOOPKH.
B pabore mpesyiaraercs HefpoHHas CeTh I'€HEPAIMM BUIIEO HA OC-
noBe apxurekrypol DCGAN. IlpoBoasrcs BblYuc/auTE/IbHBIE IKC-
TIEPUMEHTHI TI0 T€HEPAINN BUIEO C TOMOMNIHI0 Pa3pabOTaHHON Heli-
poceTHu C 3aJaHWEM PA3INIHBIX 3HAYEHNN MapaMeTPOB HeHpoceTH.
Uccnemyrorca cnenpytomue mapaMerpbl HedpoceTeil: miymM W apXu-
TeKTypHbIE 0COOEHHOCTH. BBINOIHSETCS aHAIM3 KadecTBa CreHe-
PUpPOBaHHBIX BujaeomaTepraioB. KJirodeBble cJjioBa: HelpoHHaA
Cemb, 2eHEPATMUBHO-COCMAZAMEALHAA HEUPOCEMD, 2EHEPAUUA, 6U-
deo, wym

BBenenue

leneparus Bumeo siBJIsi€TCs OJHUM U3 HanOOJIEe BOCTPEOOBAHHBIX U AK-
TyaJIbHBIX HAIMPABIEHUN B ODJACTH AHAIM3A JAHHBIX, NCKYCCTBEHHOTO WH-
TeJUIeKTa U MamuHHOro obydenus. IlocraBiennas 3a7a4da sABISETCH IPAK-
THYECKN 3HAYUMON W MMeeT MUPOKHUIl CIEKTP MPUMEHEHWS B PA3IUIHBIX
00J1aCTSAX IeATEIHHOCTH: B 00PA30BAHNN, HAYKE, MAPKETUHTE, PEKJIAME, TIPO-
M3BO/ICTBE, NCKYCCTBE U T.J. B pabore pertaercs ciieyoias pa3HOBHIHOCTh
3a/1a9¥ T€HEePAINN: TeHepaIus YEPHO-OEIIbIX BU/IEO C IBUKYIIIUMICS T€OMeT-
pudeckumu obbekTamu. Vmeercs: ucxomnast BBIOOPKa 9EPHO-OETIBIX BHIEO C
JBUKYIIAMUCS [€OMETPUYECKUMEU OObEeKTaMu, Ha OCHOBE KOTOPOH BBIIIOJI-
HsIeTCs 00ydeHre HeHpPOHHON CeTH, CIIOCOOHON TNeHepHpOBATH HOBBIE BUIEO
¢ ucmoIb30BauueM myma. 1o rmyMoM moHuMAaeTCs MHOYKECTBO CJIY 9aifHbIX
quCces, KOTOPbIE UCIOJIb3YIOTCs IPY TeHePAIy TuKcereii kaapa suzaeo. [lo-
JlydaeMble BUJEO JIOJZKHbBI ObITh IOX0XKHU Ha BUJIEO U3 MCXOAHOI BbIGOPKU (B
cMbIcJie 6J1M30CTU OTHOCUTEIbHO BLIODAHHONW METPUKH).
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[envio uccmenoBanus sBISIETCS ONEHKA BJIMSIHHUS, OKa3bIBAEMOTO pPa3-
JINYHBIME MTapaMeTpPaMu HEHPOHHBIX CeTell HAa MeHEPAIUIo BUJE0, U noA00p
TAKHAX I[IapaMeTpoB, 9TOObI OOy4ueHne OBbLIO MAKCHMAJIBHO 3(DPEKTUBHBIM.
Jlj1st 5TOrO B JAHHOI PAbOTE BBIMTOIHSAETCS CTATUCTUIECKUN AHAJIN3 OIEHOK
KAIeCTBA TEHEPAINH TOJIY9€HHBIX BHUIEO.

1. DrTansl pelneHnud 3aJa4Yu resepannum

Permenne 3aa4un pacno3naBannsi 00bEKTa HA W300PAKEHUSIX BBIMTOJIHS-
€TCA B HECKOJIbKO 3TallOB:

1) TIpenoGpaboTka JAaHHBIX: OCYIIECTB/ISETCsS 3arpy3Ka U IpPeABapUTEIb-
Hasg 06paboTKa JaHHBLIX (M3MEHEHUE Pa3Mepa BHJEO, HOPMAIU3ALMs U
ayrMeHTalus JAHHbBIX).

2) OO6yuenue MOe/IH, reHepalys U PACIIO3HABAHUE: BbILIOJIHAETCs 00y YeHne
MOJIEJIV TEeHEPAIINHU BUIE0 U MOIEIN PACTIO3HABAHNS, 3TEM BBITTOJIHIETCS
reHepanysi BUIEO.

3) OueHka Ka4eCTBa Cr€HEPUPOBAHHBIX BHJIEO: OLUEHUBAIOTCA DPE3YJIbTATHI
TeHEPAIMHA BHJEO C HCIOJb30BAHMEM CJIEAYIONIAX METPHK KAIeCTBA:
Average Content Distance (ACD), CLIP Tem-Con, Mean Squared Error
(MSE) n Mean Absolute Error (MAE) [1].

2. MaremaTnyeckas IMOCTaHOBKAa 3aJa4u

ITycTh MMeeTcsi MHOXKECTBO OOBEKTOB (B JAHHOM ciydae BHIeo) X =
T1,...,Ty, THe T; € X — 00bexT remepanuu. Ilycts F — mpocTpancTBO
npusHakos, roraa dbyukys f(x) : X — F craBur B COOTBETCTBUE KazKIOMY
obberTy = 104Ky f(x). Bekrop f(x) saBnsercs obpasom obbekra = [2-3].

Tpebyercsi nocTpoUTh TAKOE IeHEpUpYIOLIee IPAaBUIO ¢(X) HA OCHOBA-
HUK pocTynHoi nHbopmanun o yHKImax f; = f(x;), 9TOOB HOBBIH cre-
HEPUPOBAHHBIN 00bEKT x € X, TpUYeM MOy IeHHbIH 00bEKT ObLIT OJIM30K K
00bEKTaM MCXOJHOTO MHOXKECTBA OTHOCUTEIBHO BHIOPDAHHON METPUKHU p.

3. BpruucanreabHble SKCIEPUMEHTHI 110 MCCJIE/IOBAHUIO BIIUSTHUS
napaMeTpoB HelpoceTH Ha pe3yJbTaT I'eHepanuu BHUIe0

T'eneparuBHO-cocTa3aresibHas Helipocerb (GAN) — ajropurm ma-
[IMHHOrO O0ydYeHusi 0e3 yduTesis, HOCTPOEHHBIN Ha KOMOWHAIIMKM U3 JBYX
HEHPOHHBIX CeTel, OMHA W3 KOTOPBIX MeHEPUPYET 00PA3IlhI, & BTOPAsi CTapa-
eTcsl OTIIMYIUTh CeHEPUPOBAHHbIE OObEKTHI OT HACTOSAIINX [4].

B mamnoit pabore ObLma MpeaIo:KeHa HeHPOHHAS CeTh T€HePAIH, TPe-
craBysoiias coboit momudukanuto neiipoceru DCGAN [5-6] u ucnosnb3y-
I0I[Asi TPEXMEPHbIE CBEPTOYHBIE CJIOM BMECTO JAByMepHbiX. [Ipu obydenuun
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B KadecTBe (PYHKIIHK MOTEPH HMCIOAB30BAIACH (DYHKIHAS OMHAPHONH KPOCC-
suTponu# [7].

Bbuin 1poBe/ieHbl BHIYUCIATEIbHDIE IKCIIEPUMEHTBI 110 N€HEPAIUHA BH-
JIe0 C TIOMOIIBIO Pa3pabOTAHHON HEHpOCeTH ¢ 3aJaHWeM pa3JIudHbIX 3Ha-
JeHuil mapaMeTpoB HeipoceTn. B KaduecTBe HCCIEMyeMBIX MapaMerpoB B
pabore pacCMATPUBAIKCH: JIOMOTHUTETHHBIE CIOU UCKIIOYEHUs HEHPOHOB
(dropout), paziuunble BUIbI CJOydYailHbIX NIyMOB (IIyM ¢ HOPMAJIbHBIM Pac-
upe/iejieHueM, ¢ PABHOMEPHbIM pacipejeienuem, myM [lepauna), pasmep
SIIEP CBEPTOYHBIX CJIOEB.

[Iym Ilepaumaa — MareMaTUIeCcKuil aJrOpuT™M MO T€HEPUPOBAHUIO TIPO-
eIy PHOI TEKCTYPHBI TICEBIOCTY JaiiHbIM METOAOM. VICOIb3yercst B KOMITBIO-
repHOil rpaduke g yBesudeHus peasusMa (uin rpaduvecKkoil CIO0KHO-
CTH) HOBEPXHOCTU M€OMETPUYECKUX 00bEKTOB, /s reHepanuu dpdekra Jibi-
Ma, TyMaHa 1 T. .

Kaxk y»xe ObLI0 CKa3aHO paHee, B paboTe PEmaercs Caeayromas pa3Ho-
BUIHOCTH 33/Ia9¥ T€HEPAINN: TeHEPAIns YEPHO-0/IbIX BUIEO C JBUKYIIHU-
MHECSI T€OMETPHIECKIMH O0bEeKTaMH. B KadecTBe MCXOIHOTO HAOOPa BUIEO-
zamuceit B pabore ucnonb3oBasics garacer Moving MNIST, comepxarmuit
10 000 Bumeozamnuceit. Kaxkmnoe Bueo cocrout u3 20 kaapos. Pazmepsr ka -
pa — 64 x 64 nmukcens. B Kaxkmoit BUIEOMOCIEIOBATEILHOCTH JIBE IMUMPHI
HE3ABUCUMO MEPEMEIIAIOTCA IO KAJIPY, IePECeKAIOTCs APYT C APYTOM U OT-
CKaKMBAOT OT KpaeB Kajpa. Kax ol pasHOBUAHOCTBIO Helipoceru (C¢ pas-
JIMYHBIM HAGOPOM HapaMeTpoB) ObLIO crenepupoBaHo 50 BUIEO.

Ha puc. 1 cieBa mpuBeneHO HECKOJBKO IPUMEDPOB € KaJpaMu YEepHO-
0esIbIX BUIEO U3 00yUaoIeil BHIDOPKH, CIIpaBa — KAJIPhl BUIE0, CTEHEPUPO-
BaHHbIE HEHPOCETHIO (C PA3JIMIHBIMU 3HAYEHUS TIAPAMETPOB).

s mabopa BHUEO, MOJYYEHHOTO KaXKIO0H DPA3HOBHUIHOCTHIO HEHpoce-
i, ObLIN HANIEHBI OIIEHKU KAYeCTBa CreHePUPOBAHHBIX BuIeo. ITocie atoro
OBLIO BBIMOJIHEHO CPABHEHUE TOJIYYEHHBIX 3HAYEHUN METPUK MEXKJLy COOOI.
OneHuBaHUE KAYECTBA MEHEPAIMU BbIIOJIHSAIOCH C UCHOJb30BAHUEM CJIELy-
rommux Merpuk: Average Content Distance (ACD), CLIP Tem-Con, Mean
Squared Error (MSE) u Mean Absolute Error (MAE) [1].

Metpuka ACD xapakTepu3yer CKOPOCTb U3MEHEHUS COAEPIKAHNS BUIIEO,
OHA HAXOIMTCS CJEYIONIM 00pa3oM:

| Tl
ACD = 71 ;Wtﬂ — Vi,

rae T — obriee KOIMYECTBO KaApoB B BUuueo, Pi(i,j) — 3HaveHue nukcess
B no3uuuu (i,7) kaupa t (1 — eciu tmkcenb Gesptit, —1 — eciu 4épHblii),
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Puc. 1. CieBa nipuBeieHbl KQIphl BUAEO U3 00ydJatomeil BHIGOPKHU, CIIpaBa, — MOJIy-
YeHHBbIE BUE0, CreHEPUPOBAHHBIE HEHPOCETHIO

Vi = Zﬁl Zjvﬂ Pi(i,j) — cymma Bcex nmkceneit kagpa t, M — Beicora
KaJpa B MuKcensax, N — IMUPUHA KaJIPpa B MHKCETIIX.

Berancienne CLIP Tem-Con BbITOHSIETCS TaK: ABA KaIpa PacCMaTpPU-
BAIOTCs KAK MaTPUIbl. Bepércs KaxKaasi CTPOKa MATPHUIILI, K HEil TPUCOe -
HSI€TCS CJIeIYIONIAsi, IIOTOM K IOJIyYHMBIIeics CTPOKE Cireayomas u T.4. Tak
MarTpuibl Ipespamaiorca B Bekropa. [locie sroro maxomurcs KOCHHYCHOE
paccTosHTe ABYX KaJIPOB KaK CKAJISIPHOE MPOM3BEIEHUE TOJYIEHHBIX BEK-
TOPOB, MO/IeJIEHHOE HA IPOU3BeIeHNe nX HOpM. Takoe KOCHHYCHOE PacCTOs-
HIe BBIYUCIAETCA /1A BCEX COCETHUX KaJpOB, a 3aTeM HAXOAWUTCA CpeHee
apudMeTniIecKkoe MeXK Iy MOy IeHHBIMU 3HAYCHUSIMHU.

Merpuku MSE u MAE ornpeiesior peasucTuaHOCTb BAJIEO 110 MHEHUIO
auckpuMmuHaTopa. Merpuka MSE Berancisercss Kak cpeaHee KBaIpaTuIHOe
OmmOOK JUCKPUMUHATOPA!

1, . ; 2

_ 7 7

MSE = ﬁ(y true — Y pred)

MAE Bbrunciisiercsd Kak cyMMa MOAYyJeil OmuOOK AUCKPUMUHATODA, Je-
JIEBHHBIX HA MX KOJIMIECTBO:

1 . P
MAFE = E|y7’true - ylpred‘7

e Y’ e — MCTHHHOE 3HAYCHHE Jif JTAHHOTO BUJIEO, & yipred — BBIBO/L JIUC-
KPUMHUHATOPA.

B tabm. 1 mpezcraBieHbl pe3yJbTaThl CPABHEHNST KA9eCTBA PEATbHBIX 1
HOJIyYeHHBIX BHUJEO0, CPeHePUPOBAHHBIX HEHPOCETBhIO C Pa3/IMYHBIMU BUJA-
MU IIyMOB, JIONOJIHUTEJIbHBIME CJIOSMU UCKJI0YeHus Heitponos (dropout) u
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PA3MUYIHBIM PA3MEPOM sIfiep CBEPTOUYHBIX ca0eB. OIeHNBAHUE KAYeCTBA Te-
HEPAIUH BBIMOJHSIOCH ¢ UCIOJIb30BaHueM BbIeonucanabix Mmerpuk ACD,

CLIP Tem-Con, MSE u MAE.

Tabmma 1
Pesynbrarsl BBIMUCIUTEIbHBIX IKCIIEPUMEHTOB 110 CPDABHEHUIO KA9eCTBa PeasibHbIX
¥ T€HEPUPYEMBIX BUIEO

ACD CLIP MSE | MAE
Tem-Con

Peanbubie BuIe0 0,002 0,9 - -
Iym ¢ HOpMaIbHBIM
pacrpeaeieHueM 0,04 0,94 0,5 0,5
[IIym ¢ paBHOMEPHBIM
pacupe/ieJleHIeEM 0,02 0,94 0,5 0,5
Iywm Ilepauna 0,01 0,97 0,5 0,5
Iym Ilepauna
-+ mpomayT 0,01 0,95 0,35 0,39
MIym Ilepauna
+ yMeHbIIEHUE Sapa 0,1 0,28 0,5 0,5

U3 taba. 1 BuaHO, 4TO HEHPOCETh, FEHEPUPYOIIAsd BUIEO C IOMOIIBIO
myma Ilepinna, mMOKa3bIBaeT pPe3ybTAaThl HanboIee OJIU3KHE K PeaTbHbIM
Busieo ornocurenbuo merpuku ACD. /Tanras MeTpuka XapakTepu3yer CKO-
POCTh M3MEHeHusI cofepKanns Buaeo. Helipocern ¢ aByMst ApyruMu IIyMa-
MU TIOKA3aJIU CYIIECTBEHHOE OTKJIOHEHUE OT PEAbHBIX BUJIEO 0 9TOH METpH-
ke. JTobaBieHne JOMOIHATEIHLHOTO CJI0ST MCKIIIOYEHHsT HEePOHOB (IponayT)
K Heiipoceru ¢ nrymoM IlepsvHa He OKa3aJl0 CYHNIECTBEHHOIO BJIMSHUS Ha,
snadenue merpuku ACD, a yMmeHbIlieHre siipa CBEPTOYHOTO CJIOsT s ITON
Heitpoceru ToIbKO yxyaimuio curyaruio. [To merpuke CLIP Tem-Con, noka-
3bIBAIOIIEH BPEMEHHYIO COIVIACOBAHHOCTH, MOXKHO YBH/IETh, YTO HEHpoceTn
reHepupyoT 0oJiee IJIABHBIE BHUIEO, YeM HUCXOJAHBbIC, U HauboJee ILIABHBI-
MU TOJYYIATCAd BUIE0, CTEHEPUPOBAHHBIE U3 TITyMa, HepJH/IHa. HpI/IMeHeHI/Ie
JporayTa K ceTd ¢ mymoMm llepamHa caenano BHIEO MeHee ILIABHBIM, HO,
B II€JIOM, BPEMEHHAs COIVIACOBAHHOCTD B 9TOM CJIydae ObLIa BCE ellle BBIIIe,
4eM JJis Hefipocereil ¢ yMaMy ¢ HOpMAJIbHbIM MJIM PABHOMEPHbIM paciipe-
JeJIEHUEM. yMeHbLHeHI/Ie dpa CBEPTOYHOTO CJIOA IJIA HeﬁpOCQTH C NTyMOM
Ilepsvna oka3aj0 JOCTATOYHO CUJIBHBIA OTPHUIATEIbHBIN dhdeKT u mpu-
BEJIO K CYIIECTBEHHON BPEMEHHO! HECOrJIACOBAHHOCTH IOJIyYEHHBIX BUJIEO.
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Kak yxe 6b110 ckazano panee, merpuku MSE u MAE onpezgensiior peam-
CTUYHOCTH BHE0 10 MHEHWIO nuckpuMmaaropa. Kak cimeayer u3 Tabu. 1,
3HaYEHUH ITUX METPUK LIPAKTUYECKU Jijld BCeX UCCJelyeMblX TUIIOB Helpo-
cereit paBabl 0,5, 9TO CBUIETEIBCTBYIOT 00 O0Y9YE€HHOCTH JUCKPUMHUHATOPA
y HeiipoceTeil, KpoMe HEeHPOCeTH C APOMayTOM, OHA 00YYIAeTCs 3HAYUTEIHHO
menentee (IIOCKOJIbKY ee 3uadenue pasho 0,35).

Takum 00pazoM, BBIYUCIUTEIbHBIE SKCIEPUMEHTHI MOKA3AJINA, YTO HAU-
Jyduieii HefipoceTblo, MeHepUupyIolleil camble Ka4eCTBEeHHbIE BUIEO, T.€. Ca-
MbIe OJIU3KUE K PEAJIBHBIM BUIEO TIO CKOPOCTH M3MEHEHUS COMNEPIKAHUS BU-
J1€0, BPEMEHHOI COTJIACOBAHHOCTHU M PEATUCTUYHOCTH, ABJIAETCA HepOHHAA
CeTh, TEeHEPUPYIOIas BIUAeO Ha ocHOBe mmyMa llepinna. Takzke mpoBeIeHHBIE
SKCIIEPUMEHTHI BBISBUJIN, 9TO HAUOOJbINIEe BIMSHIE HA KA9eCTBO CO3/aBae-
MOT'O BH/JIEO OKa3bIBA€T IIYM, & YMEHBIIIEHHE 5/IpA CBEPTKU BCETA YXY/IIIAET
PE3YJIbTAT MEeHEPALUH.

3akJiroueHne

B pabore Obl1a TpeIioXKeHa HEHPOHHAS CeTh TeHepalluu YEPHO-OeIhIX
BUEO C JBUKYITUMHUCS M€OMETPUIECKUME O0bEKTAMU HA OCHOBE MCXOIHOMN
BeIOOpKHU. Paspaboramno mporpamMmMHOe obecliedenne Ha si3bIKe MPOrpaMMHE-
poBamus Python, peanm3yroree paboTy pasHOBHUIHOCTE HEAPOCETH TeHe-
pamuu BUEO0 HA OCHOBE MCXO/HOM BBIOODKU.

Bri1o mpoBemeHo uccienoBanye BIUSHUS, OKA3bIBAEMOrO PA3IUIHBIMU
mapaMeTpaMu HeHpOHHOW CEeTH Ha TeHEPAIWIO BHUIEO: PA3IHIHBIMYU BUIAMU
Iy MOB, JONOJHUTEIbHBIMU CJIOAMHU UCKJIIOUeHus Heiiponos (dropout) u pas-
MepOM siiep CBEPTOYHBIX CJI0eB. IIpOBeIeHHbII aHAIM3 TO3BOIIII BBIAETUTD
3HAYUTEJBHBIN BKJIA/, OKA3bIBAEMbIH IIIyMOM HA KA9€CTBO I'€HEPUPYEMOrO
Bue0. Takke ObII0 OOHAPYKEHO, ITO CYIIECTBEHHOE BJIUSHUE HA KAYECTBO
TeHEePAINU OKA3bIBAET MPOIECC 00yUIeHNsT HEHPOCETH.
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OBb AJITOPUTMAX I'EHEPAIII1 CETEBOI'O
I'PA®UIKA TIPOEKTOB /1JI{d 3AJAYN RCPSP

A.B. Macrymenxo!, /1. B. Cemenonal
L Cubuperuii pedeparvrniti yrnusepcumem, 2. Kpacrnoapek, Poccus

B pabore paccmaTpuBaioTcs ABe MOIMGPUKAINN aJTOPUTMa, TTPEI-
HA3HAYEHHOTO JjIs TeHEePaIuy WHBECTUITMOHHBIX MPOEKTOB IS 3a-
naun RCPSP ¢ makcmvmzanmeit NPV — amcroit npusenénmnoii cro-
UMOCTH. DTU MOAN(MUKAIUNA TTO3BOJISIOT CO3aBATh MTPOEKTHI C Pa3-
JIMIHBIMY XaPaKTEPUCTUKAMU CETH: B TIEPBOM CJIYIAET COXPAHIETCS
crocob pacipejiesieHusl BEPIIMH 110 yPOBHIAM, HO KOJIMYECTBO JIyT
33JA€TCST CIIYIANHBIM 00pPa30M; BO BTOPOM CJIy9ae BEPIIUHBI PABHO-
MEpHO paCIpee/IeHbl 0 YPOBHAM, & BEPOSTHOCTH CBSI3U C IIPEIbI-
AyLUIUM YPOBHEM 3aJ@aercd Kak mnapamerp. IlosyueHHble SK3eMILIs-
PHI TIPOEKTOB MOTYT OBITH UCITOJIBL30BAHBI JIJIsT OIIEHKY W CPABHEHUS
ONTUMHU3AIMOHHBIX AJITOPUTMOB PEIIeHUs 3aa4H.

KumroueBsbie ciioBa: 3adava KaaeHdapHo20 NAGHUPOBAHUA, UHEE-
cmuyuorkul npoexm, cemesol; epaduk NPoexma

BBenenune

Bazaua kamengapuoro maanuposanus npoekra (RCPSP — Resource-
Constrained Project Scheduling Problem) ¢ kpurepuem Makcumu3anmu qu-
croit npusenennoii npubbun (NPV) ¢ pecypcamu B nenexnoit ¢hopme rep-
Bble Obuia paccMmorpena B pabore Paccena [1] 8 1970 r.. C 1ex nop B Ju-
Teparype aKTUBHO MCCIIEYIOTCS PA3IUYHBIE IOCTAHOBKU 33J1a49d, MHOIHE
U3 KOTOPBIX OTHOCATCS K TPyIHOpernaeMbiM [2-5]. B nammx ucciaenopanu-
X OCHOBHOI aKIEHT CJIEJaH Ha 3324y KaJEeHIAPHOrO ILIAHUPOBAHUS WH-
BECTUIHOHHBIX MPOEKTOB C OMPAHUYEHHBIMU PECYPCAMU B JEHEKHON (op-
me [6, 4]. Kpurepuem onrumasibHOrO paciucanus Hadasla 1jis Kax 100 u3 pa-
60T LIPOEKTA BBICTYIIAET MAKCUMYM YUCTOM npuseéHuoii croumoctu (NPV-
KpUTEpHUii), TpU KOTOPOM BBIMOIHAIOTCA OTPAHUYEHUS HA JOCTATOYHOCTD
CPEJICTB U YUYUTHIBAIOTCSA TEXHOJOTUUECKHUE B3aMMOCBSI3U MEXKy PabOTaMHU.
Haunast 3aga4da sasasiercs NP-tpynHoit B cusibHOM cMmbicie [4].

OrmenbHOR TEMOH JJist UCCIeIOBAHKS B 9TOM 06JIacTu cTajia paspaborka
PEHEPATOPOB CeTell MPOEKTOB U CO3/aHus OMOINOTEK TECTOBBIX 33/1a9 aHA-
33 3G GHEKTUBHOCTH METOIOB U aJITOPUTMOB perenus. QIHUM U3 TEePBhIX
CJIydaiiHbIX TeHepaTopoB, ObLI reHeparop Ay cetu tuna AoA (Activity-
On-Arrow), a Takxe Habop ITarrepcona n3 120 mpoekToBs [7] u reHeparop
DAGEN [8]. B 1950-x rr. Bce paHHHE IPOEKTHI HCIOIB30BAIH ITOT THII CETH.
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Tonpko B 1960-x rr. nosiBunack cerb tuna AoN (Activity-On-Node). Tns
peleHus 3a/1a9 ¢ TAKAM TUIIOM CeTH npuMensiercss remeparop ProGen, ero
mopuduranuu ProGen/Max, RanGenl, RanGen2 u, ocHoBaHHasi Ha HUX,
orkpbTast 6ubimoreka PSLIB sramonnsix 3ama4 [9]. Oum wmcrosnb3yorcs
JIJIsI TeCTUpOBaHusA Oosbineit dactu nccaemosannit RCPSP. Ho crout orme-
TUTh, 9TO OHU TPEIHAZHAYEHBI TOJBKO s 33129 PECYPCHO-KATEHIAPHOTO
[JIAHUPOBAHKS IPOEKTA C OIPAHUYEHHBIMU PECYPCAMU M0 KPUTEPUIO MUHU-
MUBAIUY [IMHBL PACIUCAHNS BBIIOJIHEHUs BCEX PADOT IPOEKTA.

[Hesnbio paboTH! siBJIsIETCsT pa3pabOTKa U aHAJN3 AJTOPUTMOB T€HEPATO-
POB IK3EMILISIPOB 33129 KAJEHIAPHOIO IJIAHUPOBAHUS MPOEKTA C KPUTEPHU-
€M MaKCAMW3AINHU YUCTON MPUBEICHHON MPUOBLIN C PECyPCaMU B T€HEKHOM
dopme, yIOBIETBOPAIONINX 3aJAHHBIM TPEOOBAHUSIM.

1. Aurropurmsl /ijid reHepanuu cetu npoekToB tuna AoN

B [10, 11] 6buin 1pemioxKeHbl aJrOpUTM JJls MEHEPALMU CETH [IPOeK-
ToB Tuna AoN u ero moaudukanuu, KOTOPblE PACCMATPUBAIOT CJIydanm C
MOCTOSIHHON BEPOSATHOCTHIO MOSBJICHUS TyTH K BEPITUHAM C MPEIbIIyIIero
YPOBHS M <«3aTyXalomel» BEPOATHOCTHIO MOSBJICHAS JYyTU K BEPIIMHAM W3
BCEX MPEJbILYINUX yPoBHeH. B mannoii paboTe mpemioKeHsl 1Be HOBBIX MO-
JupUKAIUY 3TUX aJTOPUTMOB — aJIrOPUTMbL A1 u As.

Ilepsbiii A1 — ¢ anasoruyunbiv [10] pacupesenenuemM BepUIMH 110 YPOB-
HSIM, HO CO CIIyYaififHBIM YHCIOM JIyT.

Agnropurm A; paboTaeT CaeayIonmM 00pa3oM:

1) Ha Bxoxm momarorcs obiee KOJMIECTBO TPOEKTOB 1 U KOJIMIECTBO YPOB-
ueii k. Cospaercs HadasbHblii rpad € OuHON BepIMHON (MCTOYHMK) U
HHUIMAJU3UPYETCA CHMCOK BEPUIMH HPEJBLAYIIEr0 YPOBHS.

2) Onpepaenenune pasmepa ypoBHs: JJisl KaxKJOrO YPOBHS 4 KOJUYECTBO BEP-
mmH X; BeIOMpaeTcs paBHOMEPHO W3 IENbIX 4nces oT 1 mo m; [10], roe

i—1
n — Z Xl
=1

LA A

3aMernM, YTO MaTEeMATHYECKOe OKUJAHWE U JUCIHEPCHd I HUC-
Jla BEPIIUH HA KaxkXJIOM ypoHe mmeor sum: E[X;] = (m; +1)/2,
DX,] = (m? — 1)/12.

3) [obaBneHune BepLUNH: BBIYUCIEHHOE KOJIWIECTBO BEPIITHH TOOABISETCS B
rpad ¥ B CIMCOK BEpIIMH TEKYIIEro YPOBHS.

4) Cospatue cBsA3el: /i KaxK IOl BEPIIMHBI TEKYIIEr0 YPOBHS CJIyYaiiHbIM
00pa3oM BBIOMPAETCs KOJIUYEeCTBO BXOISAIIMX JyTI B jauarna3oHe or 1 70
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™M; — KOJMYECTBA BEPIIMH IPEIBIIYIIEr0 yPOBHA. 3aT€M BBIOMPAIOTCS
CJlydaiiHble BEPIIMHBL I COeJIUHCHHS.

ITaru 2-4 NOBTOPSAIOTCA /Ui KazKJOIO YPOBHH, [IOKA HE OyJIeT JOCTHI-
HYT TOcaeaHuil ypoBerb. Ha mocsennem ypoBHe J00ABIAETCA OCTABIIE-
€Csl KOJIMYECTBO BEPIIUH, HEOOXOAUMOE JIJIs JOCTUKEHUST OOIIEro Yucia
IIPOEKTOB T.

[obaenenue crtoka: nobasisercs KoneuHas sepiuHa (crok). Eciaum y
KaKOH-/1100 BEPIIMHBL HET MCXOANIMX JIyT, OHA COGIUHSETCA CO CTOKOM.
Bbluncnenne kpaTtyaiilwero nyTu n NO3MLUUOHNPOBAHNE: BHITACISCTCS IJIN-
Ha KpaT4aiImero ImyTH OT MCTOYHWKA. Ha ocHOBe 3Toi mHboOpmanmm,
3a714€TCS KOOPAMHATHOE TTOJIO?KEHUE YPOBHEH W BEPIIUH B rpade.

Ha puc. 1 npencraBieHbl Bce BO3MOXKHBIE YCJIOBHBIE PACTIPEIEIeHUsT KO-

sudectBa BepinuH X; Ha i-M cioe (i = 1,m), KOTOpble MOXHO MOJIyYUTh
HA BTOPOM M TPEThEM IIarax anropurma A mpw 3aJaHHOM 9HCJIE BEPITUH
n = 7 u Kosmvecrse cio€B k = 3. 3amerum, 410 PACLPEAEIEHUs HA KAXKIOM
YPOBHE BBIYUCIIAIOTCS PEKYPCUBHO, 8 TIPU 33JAHHBIX TTAPAMETPAX BO3MOKHDI
OATh Pa3/IUYHBIX YCJIOBHBIX pacupenenenuii P(X;|X;_1). Biarogaps Tako-

My

JepeBy MOXKHO HaIVIAIHO MOKa3aTh, KAKHe CYIIECTBYIOT BapUAHTHI Pac-

npejiejieHns BEePIINH, CKOJIBKO UX BCEro U HAWTU BEPOATHOCTb OCYIIECTBJIe-
HUA KaXKJI0I'0 U3 BAPUAHTOB.

i 2
P=05000 P=0.5000

b=l = 1-3 A=l 252
P=0.3333 P=0.3333 P=0.3333 P=0.5000 P=0.5000

nc

Puc. 1. lepeso BapuantoB ipun = 7, k = 3

Bropoit ciydail — ¢ paBHOMEPHBIM PacIpeeeHueM BEPIIIH 0 YPOBHAM
3a/IaHHON BEPOATHOCTBIO MOABJIEHUS JAYTH K BEPIIMHAM C MIPEbIIYIIETrO

YPOBHsI peanu3oBaH B anropurme As.
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Ha Bxox anropurm Ao mosydaer: n — o0IIee KOJIUIEeCTBO BEPIIXH, IPe/i-
CTaBIAIONIAX MTPOEKTHI; k — KOJMIECTBO YPOBHEN B rpade; p — BEPOITHOCTD
co3anus pedpa MeXK Iy BEPIIUHAMU COCEIHUX YPOBHEH.

Paboraer asroput™m ciaemyoommM 00pa3oM:

1) Ha Bxon nonatorcs n, k u p. Coznaercsa HadaibHblil rpad ¢ HCTOYHUKOM
¥ WHUIHAJIU3UPYETCS CJI0BAPh YPOBHEH M CIUCOK BEPIIUH.

2) Onpepenenune pasmepa ypoBHsl. BBIYUC/ISETCS KOJUYECTBO BEPIIMH HA,
KaxkJoM yposHe: L = max(1, L%J) OTO TapaHTUPYET, 4TO HA KaXKIOM
ypoBHe Oymer X0oTs ObI OIHA BEepPINHHA, HO HE OOMbIIe, 9eM IPOIOPIHO-
HAJIbHO OOIIEMY 9YHCIIy BEPIINWH U yPOBHENA.

3) [obasnenmne BepwunH. Boruuciennoe kosmuecrso uepsbix L Bepuius j0-
OaBysieTcst B rpad ¥ B CIUCOK BEPIIWH TEKYIIErO YPOBHS, 3aTeM yIaJis-
FOTCSL U3 OOIIEro CIIMCKA.

4) Co3patne cBsizeii. C BEpOATHOCTHIO P NOABIAETCS JIyTra MEXK /Iy BepIIuHa-
MU C TIPEJIBIIYINEro YPOBHs U ¢ TeKyIero yposus. Eciu Bapyr Bepiinuaa
TEKYIIEro YPOBHS HE CBA3aHA HU C OJHON BEPIIMHON C IPEJbIILYIIEro,
J00aBIISIETCS TyTra OT CAYyYaNHON BEPITUHBI MPEIBIIYINEro YPOBHS.

5) Illaru 2-4 noBTOpsieTcs JJisi BCEX YPOBHEH, eCJIU B CIIUCKE OCTAJUCH BEp-
MUHBI, OHU YXOAAT B TIOCEIHUIN CITOH.

6) [obGasnenme croka. lobasiserca konednas sepiiuna (crok). Eciu y
KaKOH-Inb0 BEPIIMHBI HET UCXO/SIIUX YT, OHA COSJUHAETCS CO CTOKOM.

7) Mosuuymnonmposarue. Mcnionb3ys ClIoBaph ypOBHEH, 38,1a€TCA KOOPIUHAT-
HOEe TIOJIOYKEHWE YPOBHEI U BepiiuH B rpade.

Oba asiropurma co34a10T ceru ¢ n + 2 BepumuHamu (1 IPOMEZKYTOYHbIX
OPOEKTOB, UCTOYHWK U CTOK ), KOTOPbIE YIOPSIOYEHBI TI0 yPOBHAM. Makcu-
MaJjibHas rIyOuHa ceTu (KOJIMYeCTBO ypoBHEi) He npesbimaeT k + 2. Bax-
HO OTMETHTb, 4TO 1 Gosbiie k, U B cersX Her JIMIHUX cBa3eil (u30bITou-
HBIX JIyT).

XapakTepuCcTUKU cereil, MOy YeHHBIX AJIIrOPUTMOM Ag MPEJICTABICHBI B
Tabsa. 1. [y oleHKn ceTeil MCmoIb30BAINCH MOMYJISTPHBIE METPUKHM W3 pa-
6orst [12]. B Tabnune ucnons3yiorcs ciaeayomnme obosnadenus: C'NC' — Ko-
spdumment caoxuoctn cerm; CNC' — kosaddbunment Kaitmanna; Tyensity
— 00m1asl IJI0THOCTh akTUBHOCTH; ADD — cpensss IJIOTHOCTH AKTUBHOCTH;
C — caoxHOCTB cern; A’ — KOMM4ecTBO M30BITOYHDBIX JIYT.

3akJiroueHne

Ob61ueit 1esbI0 UCCIeIOBAHN ABIeTCs pa3paboTKa reHepaTopoB cereit
npoekToB st RCPSP ¢ kpurepnem MakCHMU3AIUU YUCTONW TPUBEIEHHON
croumoctu (NPV) u cospanus 6ubanoreku 3a1a4 anaiusa G dek TuBHOCTH
MEeTOZ0B W AJTOPUTMOB perennsi. B pabore caenan akieHT HA AJITOPUT-
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Tabsmmra 1
XapakTepucTuku ceTeil, moLydeHHbiX ajaropurmom Ag, ¢ uuciaom Bepmuna n = 13

Peonst | k& | CNC | CNC” | C' | Tuensity | ADD | A’
025 | 3| 1,53 | 35,26 | O 10 0,66 | 0
050 | 3] 1,6 | 384 | 0 10 0,66 | 0
0,75 | 3 | 2,15 | 60,26 | 0 12 0,92 | 0
025 | 5] 1,30 | 2223 | 0 6 0,46 | 0
050 | 5| 1,42 | 2857 | O 7 05 | 0
0,75 | 5| 1,58 | 30,08 | 0 9 0,75 | 0

MBI TeHepanun ceTu mpoekToB Tuna AoN ¥ TpeIoXKeHbl 1Be MoaudKa-
muu asropurMa. OIEHKN CIO0KHOCTH ceTeil, MOTydeHHbIX aJrOpUTMOM Ag,
NPOMJUTIOCTPUPOBAHBI HA PUMEPE CETH MAJONH PA3MEPHOCTH, OIHAKO AHA-
JIOTMYHAST METOJMKA MPUMEHNMA, [ TeHEPAIMU CeTeil ¢ GOJIbIMM InuCaI0M
1poekToB. IlepCcreKTuBHbIM HAIPABIEHUEM UCCJIENOBAHUI SBJIACTCA AHAIN3
BIIVSTHUST TTADAMETPOB aJITOPUTMA Ha XapaKTEPUCTHKK CeTH, & TaK¥Ke MOJIU-
dbuKanus aJropuTMOB reHepalny ceTeil ¢ yI6TOM JJINTETbHOCTH TPOEKTHBIX
pabor (Ha SAHHOM JTAle AJUTEIBHOCTH PAbOT PABHA M IEPUOJ CUHTAETCS
MAKCUMAJIbHBIM ).
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METO/, BbIBOPA MOJEJIT HA OCHOBE

HEMNPOHHON CETU CO CTEIIEHHBIMIU
IIAPAMETPAMMU 1JIS1 OBPABOTKU CUT'HAJIOB

E. A. ITuennnues', 3. M. Kypuomes!?

! Tomexuti zocydapemeenmnnt ynusepcumem, 2. Tomex, Poccua
2 Camaprandexut 2ocydapemeennmt ynusepcumem, 2. Camaprand, Yabexucmarn
) ’

B pabore pasBuBaercs I0Jx0j HAa OCHOBE HEHPOCETEBOrO MOJIEJIU-
POBAHUS JJIsl PEKOHCTPYKIINU HEU3BECTHOTO CUTHAJIA TT0 3AITYMJICH-
HBIM HAOJIIOIEHUSM, OMMCHIBAEMBIM CTOXACTUIeCKuM Jnddepenim-
AQJIbHBIM yPAaBHEHUEM C MaJIbIM HIyMOM. B rubpuiHyio HeipOHHYIO
apxuTeKTypy BBeAeH HOBHIH cioit Model Selection Method (MSM),
BKJIIOYAIONIUI CBEPTOYHBIE W CTATUCTUYECKUE KOMIIOHEHTHI. JIjis
kourposmpyemoro obyuenus HC co3man cunrerwdeckuit mabop
JAHHBIX U3 «YUCTHIX» U 3aI1YMJIEHHBIX CUTHAJIOB. [IpeioxkeHa mpo-
TieIypa BBIOOpa Mojie/in Ha OCHOBe B3BemeHHBIX ormeHok MHK co
crenensbivu Becamu. KirrogeBslie cjioBa: cmamucmuyeckasn 06pa-
bomka cu2HaN08, HEUPOHHBLE cemU, 2ubPUIHBIE MOJEAU

BBenenune

PaccmarpuBaercs mpobjiemMa OIEHWBAHUST HEU3BECTHOTO JETEPMUHUPO-
BAHHOTO CUTHAJA S MO JUCKPETHHIM HADJIOJEHUSIM MPOIECC, ¥, KOTOPBIHA
SABJISIETCS PEIIEHNeM CTOXaCTUIECKOTro Au(PepeHITHATBHOTO Y PABHEHUS

dyt = Stdt + €dwt, 0 <t < 1, (].)

rae S; — HEM3BECTHLIH KBA/IPATHIHO HHTEIPUPYEMBIH CHIHAT, MyM (We)i>0
— CTAHJAPTHBIA BUHEPOBCKUI mpomece, € > 0 — MHTEHCHBHOCTD myMa. 1Ipo-
1ece JI0CTyIeH HabJII0JIeHUIO JIIb B Toukax ¢ = I/n, | = 0,n tae n > 3
— 00beM BBIOOPKHU. DTa MOJE/Ib UMEET BAXKHOE 3HAYCHHE B M3YYCHUH Pas-
JINIHBIX CTOXACTHYECKUX MporeccoB. OHU CTaIn KII0YEBBIM WHCTPYMEHTOM
JUUIST MOZIETMPOBAHNST M aHAJIN3a BasKHBIX MPOIECCOB B MeauimHe [1, 2] dbu-
HaHcax [3], crarucTuke [4, 5], Merposoruu [6], o6paborke curHamos [7], 6uo-
goruu [8] u mMHOrux apyrux obsacrax. Pexoncrpykuus dyukuuu S(t) B
3TO MOJEIH HMEeT IPUHIUINAILHOE 3HAYEHHE Il IPUHATHA PELIeHH
U IIPOrHO3UPOBAHUS, & ee HauboJIee TOYHAA OLEHKA OYCHb BasKHA C TOYKHU
3PEHNST CTATHCTUYECKOTO AHAJIN3A W MTPAKTUIECKONH mpuMeanmocTr. Tpaapy-
[IMOHHBIE TTAPAMETPUIECKUE W HEIIapaMeTPUIECKHe METONWKHN ONEHUBAHMS

Pabora nogmepxkana PH®, mpoexkt Ne 24-11-00191.
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3aBUCAT OT MAPAMETPOB (DYHKIIMOHATBHOTO KJIACCA, KOTOPOMY MPUHAITIE-
xkur S(+). Baxknoil npakruveckoil 3ajadeil siBisercs BbIOOP NapaMerpos,
MUHAMHA3HPYIONUX OMUOKY oneHuBanusd. s BpiOOpa HAMIYyYIIAX Mapa-
METPOB IITUPOKO MPUMEHSIOTCS METOIbI, OCHOBAHHBIC HAa, MEHAJIU3AIMOHHBIX
kpurepusax Axkawke, IIBapria, Kpocc-BajuJalii U OPaKYJIbHBIX HEpaBEeH-
crBax [9-12]. Llesb mannoil paboThl — ABTOMATU3UPOBATH IPOLECC BHIGOPA
MO/IEJTH, OCHOBAHHOI'O HA TOYHBIX OPAKYJIHbHBIX HEPABEHCTBAX, IPUMEHSIS Me-
TOJbI MAIIUHHOIO 00y YeHMSI.

1. ITocTpoeHue HelipoceTeBoOil MpolieAypbl BbIOOpa Moaen

IMocTpoenue HEHPOCETEBOTO AJNTOPUTMA, BLIOOPA MOIENU OCHOBAHO Ha
CTATHCTHYECKOM HEMapaMeTpUYecKoM MeTone oOpaboTKM CUIHAJIOB 3 [5].
IMycrs meussectHbiil curaan S B (1) npunagiexkur CobOJIEBCKOMY mIapy B
[:2 [O, 1]:

Opr = {S € Lo[0,1]: > j7%67 <r/n’"}. (2)
j=1

Bmech k > 1mr > 0,0; = (S,¢), j =1, - koadpbumuentor Pypne
qns Gyuxnun S orHocuTenbHO Gasuca (¢;)j>1 B mpocrpancrse L]0, 1],
ompesesneHHoro Huxke. g onennBanus curaaia S € © B (1) ucrmosp3yem
ClIeAy0Imue B3BEIIEHHbIE OIIEHKN HANMEHBIINX KBaJIPaTOB

Sne(t) =D Aib50;(1). (3)
j=1
3mech BecoBbie KOI(DMDUITHEHTHI

Aj:Aj(k,r)=1—<j>k, (4)

T

rje
l l
Ny =max<{ [l >1: Zijk—Zj2k<5_2r/7r2k . (5)
j=1 j=1
Onenxku MHK s koaddunmentos @ypoe:

A
0] = ﬁ Zgﬁj(tl)Ayl, Ayl =Y —Yi-1, (6)
=1

u (¢;)j>1 — TpuronoMerpudeckuit 6asuc B L2[0,1]: o1 =1, a g1 j > 2

() = ﬂsin(?#[%]t}, JIJIST HEUIETHBIX j, (7)
Pilt) = V2cos(2m[L]t),  aas vernbix j,
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rae [-] obo3navaer eIy 4acThb.
st u3Mepenusi KadecrBa OLEHKH S OyJeM HCIOJIb30BATH KBAJAPATHY-
HbIA PpUCK

1
R(S:8) =Es||S - 8|2, |IflI= / 20yt (8)

rae Eg o6o3nagaer oxkmaanne OTHOCUTEILHO pacnpenenenns Pg nabmome-
muit (y;)o<i<1 B (1) opu 3azamnoit S.

Cornacuo nogxony u3 [12] BBemeM ciefyloliee ANCKPETHOE MapaMeTpH-
YecKoe IPOCTPAHCTBO:

Ay ={Q1,....kq) x (T1,...,ra)}, (9)
rie
1
kg = ko—}-“ln(l—F?) , ko >0, (10)
7 1
—— i 1,.d d—d.—|—=]|. 11
T+ ) L?] (11)

B [5] ycraHOoBI€HO, YTO OlEHKH (3) SBISIOTCS aCUMITOTHYIECKH 3 dek-
TuBHBIME TpU € — 0 g m00bix 3HakveHuit mapamerpoB k > 1 u r > 0.
Samerum, 9T0 3pPEKTUBHAS CKOPOCTHh CXOAUMOCTH W KoHcranTa [luHCcKe-
pa (oupezessionas MUHUMAJIbHOE 3HAaYeHUe pUcKa) s moienn (1) 3a-

BUCSIT OT BBIODAHHBIX MAPAMETPOB U OMPEENISIOTCS COOTBETCTBEHHO KAaK
v, = e 2k/(2k+1)

. (2% + 1)r 1/(2k+1) o\ 2k/(2k+1)
A % + 2 '

Takum 06pa30M, TAPAMETPHI HATIPSMYIO BIAMSIOT HA TOYHOCTH ONEHKH (1)
gepe3 n, (MaKCUMaJIbHOE KOJIMYECTBO 0Aa3UCHBIX (DYHKIM, UCIIOIb3YeMbIX
OpU OLIEHKE), OIPEeAEIeHHOr0 B (5) U onTUMAabHbINA BIOOD k U 7 onpeses-
er cxomumocts S(t) x S(t). TIpu oupee/eHn i ONTHMAIBHEIX TAPAMETPOB
B CBH3U C BbILENEPEYUCIIEHHBIMU 3aBUCUMOCTSMYU BO3HUKAIOT CJIELYIOLIKE
TPOOIEMBbI:

— HEOIPEIETEHHOE BIUSHUE MAPAMETPOB, T.€. KaxKJAasd KoMOuHarus k u r
TI0-PA3HOMY BIIHSIET Ha TOYHOCTH S(1);

— pacder n, s KaxK0i mapbl TapaMeTpoB TpebyeT UTEePAIMOHHOTO TPO-
1IeCca, 9TO 3aTPYyIHSET 00pabOTKy B peajbHOM BPEMEHH.
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IlosToMy akTyaabHBIM SBJISIETCS PAa3pabOTKA ABTOMATHIECKOTO MEXAHU3MA
BBIOOPA ONTUMAJIbHBIX 3HadeHuit k u r Ha ocaoBe UHC, koropbie 103BOJISIOT
OCYIIECTBUATH OBICTPBII HOUCK B IIPOCTPAHCTBE IAPAMETPOB IIPU MUHUMHU3a~
uu ommboK. [locse ompeiesiennst mapaMeTpoB MPOU3BOIUTCS PEKOHCTPYK-
I[MsI CUTHAJIOB C WCIOJb30BAHUEM BCEX HalIeHHBIX KOMOMHAIMH 110 hopMy-
nam (3)—(7). KomGunarus napamerpo k u 7, HCIOTIb3yeMast s JOCTHIKe-
HUsl ONTUMAJBHBIX PE3YIHTATOB IIPU PEKOHCTPYKIUU CUT'HAJIA, 3ABUCUT OT
XapaKTEPUCTUK KaXKI0r0 curnasa. Mexanusm crpobupoBaHmst, OCHOBAHHBIH
Ha npunimne «Cumech sxkcnepToBs [14, 15], ncronsayercs miist BHIGOpA HAU-
6osiee TTOIXOMAIIEH KOMOWHAIMK JJIs KarK/IO0T0 CUTHAJA U3 ONpEeIeeHHBIX
rapamMerpoB. MexaHu3M COCTOUT M3 TPEX CJIOeB:

BD — S’k“ WO 4 pM @) ¢ gax64 (12)
h? =ReLU(hY), (13)
z=h®D . W@ 1 pd @ ¢ R64xd, (14)

rie Sy, — Kanauaar soccranosyentoro curnata. W W2 — peca. B mpo-
necce 0O0y9eHNs BBITOJHAIOTCSA CJICIYIOIINE IArH:

1) u3 Bcex Sy, BHIOMPAETCS MOJEND ¢ HAUOONBIINM BECOM:

(k*,r") = argmaz wy,,; (15)
(k,r)eA

2) BbIOpaHHBIE TAPAMETPBI k¥ 1 7 CUMTAIOTCSA ONTUMAJIBHBIMU JIJIsi JAHHOTO
TUTIA, CHTHAJIOB.

Puc. 1 nnmocrpupyer apxurexkrypy UHC. dusa upenaraemoii obydenwusi

1, Aijar 6.0 Pk H gtzx,nj,rd H z,we
M., Aijar6i .0 Pk H gax,nj,rd H Z, We -
s )5 )

Puc. 1. Apxurexkrypa THC

WNHC ucnonn3yeTcst 5 pa3InaHbIX CHHTETHIECKUX CUTHAJIOB CO CIYYaiHBIMI
rapamMeTrpaMu, repedncaennbie B Tadi. 1.
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2. PesyabraThl

[Tocsie obyuenuss UHC recrupoBasiu jijisi pa3HbIX CUTHAJIOB € PA3HBIMU
cBoiictrBamu. Hampumep, curaajbl, KOTOPhIX He ObLIO B Obydaromieii Hase

JaHHbIX. Pe3yabrarhl TeCTHpOBaHUS MOKA3aHbI B Ta0jI. 1 u HA puc. 2.

HBIX &

Tabma 1

OMoupudecKne KBaJpaTUIeCKHe PUCKHU IpU 00pabOTKe CUTHAJOB IS Pa3JIAT-
Twun curnajia e=0,01 | e=0,05 | e=0,1
CuHyCOUTaIbHBIX CUTHAJIOB 0,0093 0,1041 0,2927
DJIEKTPUIECKIE UMITYJIHC 0,0279 0,0705 0,2389
Jluneitnasg gyacrornas monynasauus | 0,0322 0,1346 0,3316
CyMMa CHTHAJIOB 0,0105 0,0869 0,2692
Kombunamust curaajios 0,0368 0,1822 0,2612

s(t)

—— Predict NN
—— True signal

-0.25
-0.50

-0.75

-1.00

0.0 0.2 0.4 0.6 0.8 1.0
t

(a) Cumycomma npm ¢ = 0,01,
S(t) = 0,98sin(27t)

— Predict NN
— True signal

0.0 0.2 0.4 0.6 0.8 1.0
t

(b) Komburanus: CHTHAIOB TPA
e=0,1: S(t) =
0,54 sin(27t) (o<t<0,3)+ 0,47 -
Tto1, to.1+0,29)(t)(0,3<t<0,6)F
0, 63 sin(27(0, 3¢ +
5t2/2))(0,6<t<1)

Puc. 2. Cpennne 3unauenust nmpenckazanns HC u BT MCXOTHOTO CUTHAJIA

[Monydennbie pe3yabTaThl TOKA3BIBAIOT, YTO MPEIJIOKEHHBIN THOPUIHBII
agroput™m MSM mocrarouno addpexkTnner, 0COOEHHO ¢ OUYeHb BBHICOKON TOU-
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HOCTHIO BOCCTAHABIIUBAET CUHYCOUIATBHBIE CUTHAIIBI, 8 TAKYKE CUTHAIBI, KO-
TOPBIE MPE/ICTABISIOT COOON Pa3IuIHbIe KOMONHAITUN 0A30BBIX CUTHAJIOB.

3akJiroueHne

OcHoBHOIT BKJIaJT PabOTHI BKJIIOY9aeT pa3paboTKy MeXaHUu3Ma CcTpoOupo-
BAHUS JJIs TUHAMWIECKOTO BHIOOPA MOIEIN W WHTETPAIMIO THOPUIHOTO CTa~
THCTUYECKOTO U HEHPOCETEBOIO MOIX0A0B, KOTOPBIH MCIOIB3yeT TPENMYIIe-
crBa 0benx meromosioruii. MSM mpogeMoHCTpupOBas HAIEKHYIO TTPOU3BO-
JUTETHbHOCTh HA D TUMAX 0A30BBIX CUTHAJIOB M WX KOMOWHAIUSAX, JA€T Ha-
JIE?KHBIE OIEHKHU JIa’Ke P BBICOKMX YPOBHSIX IIyMAa, IIPA 3TOM IPEJICTAB-
JIGHHBIH METOJ, SIBJISETCS BBIUUCIUTENIHHO d(D(EKTUBHBIM W 1€ CTBEHHBIM
JIIST TIPUJIOZKEHVH B PEAJIbHOM BPEMEHH.
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PA3BPABOTKA BEB-CANTA /IJis IIONCKA
NMHO®OPMAIINN O HAYYHBIX N3JAHNAX

A.A. Connarenko!

L Cubuperut dedeparvhnis yrusepcumem, 2. Kpacnoapex, Poccus
bl bl

B pabore mpejcTaBiieH mpoOIece CO3aHus Beb-caiiTa JJid ITOUCKA
JKYPHAJIOB, BXOSANINX B IIEPEUEHD PEIEH3UPYEMbIX HAYIHBIX M3~
HUH, B KOTOPBIX JTOJIXKHBI OBITH OIyOJIMKOBAHBI OCHOBHBIE HAYYHBIE
Pe3y/IbTAThI AUCCEPTAINN HA COUCKAHNE YISHON CTEITeHN KAHIUIaTa
HAyK, HA COMCKAHUe y4eHOH crereHu JOKTOpa HayK. OCHOBHOM 1e-
JIBIO0 pa3pabOTKU OBLIIO OBICTPOE TTOTyYeHe MH(OPMAIIH O TTPUHAI-
JIEXKHOCTH Ky PHAJIA KOHKPETHOM HAY9IHOU CIIEINAIbHOCTH, & TAKKE
nostygeHne nHGOPMAINN 0 BKIIOYEHUH COOTBETCTBYIONIEr0 JKyPHA-
na B Gessrit crimcok. KurrodeBsle cioBa: 6e6-paspabomka, peyen-
3upyemvie uU300HUA, NOUCKOEBLE CUCTIEMDL, 6a3bL JaHHBLT

Bsenenue

B nacrosimmee BpeMs, mogb0op HAyIHBIX KYPHAIOB 15 IIyOJHKAIINA CBO-
UX MCCJIEJOBAHUN COUCKATEJSIMHA OTPDAHMYEH [IEPEYHEM DPElEeH3UPyeMbIX Ha-
VYHBIX W3JAHUN, KOTOPBIH TIpeJCcTaBaeH BhIcimeil aTTecTalmoHHON KOMWC-
cueii mpu MuHECTEpCTBE HAYKU U BBICHIEro obpasoBanus Poccuiickoit ®Pe-
nepamw [1]. Jauubiii nepedens npejcrasier B Buge PDF daiina, conepxka-
miero 3206 naygubix usganuil (Ha moment 19.05.2025). Ilon6op kypuasia 1o
2KeJJaeMOM Hay4HOU CHenuabHOCTU B JAHHOU CUTYallMd BO3MOXKEH TOJIBKO
PY4HBIM IIOMCKOM 1O aiiny.

Takyke MuHHICTEPCTBOM HAYKM 1 BhICHTEro oopazosanns Poccniickoit @e-
Jlepalii OPraHu30BaH «DBesbIil CuCoK» — CIMHUCOK HAYYHBIX KYPHAJIOB, CO-
3/IAHHBIA B IEIIX OOeCredYeHrss MOHUTOPWHTA W OIEHKH ITyOJIMKAIIMOHHON
akTuBHOCTH. Poccuiickuii 1eHTp HaydHOH MHQMOPMAIWH MPEJICTABUI BeO-
cafiT ¢ akTyaabHOI nHOpMAaIEe M0 Hay IHbIM U3IAHAAM, BXOISIIIM B «Oe-
JIBI CIIMCOK», & TaK¥Ke TO IPYTUM HAyKOMETPHYeCKNM Ga3aM JTaHHBIX [2].
OpHako, MOa00P HAYYHBIX M3JIAHUN MO HAYYHON CHEIUAJTbHOCTH TaK¥Ke He
MIPEyCMOTPEH.

Hesbio mannoil pabOTHI ABIAETCSA BOCIOJIHEHNE YKA3AHHOTO HEJOCTATKA,
B BHUIE CO3JaHHUsS BebO-caiita, KOTOPBIH Oymer comep:KaTb WHMOPMAIUIO O
PEIEH3UPYEMOM TIePEYHE HAYTHBIX W3TAHUN, BXOKIEHUH B «OEJIbIf CITHCOK»,
U TIPEIOCTABIATH BO3MOXKHOCTH OBICTPOTO TMOWCKA O 33JAHHON HAYJIHON
CIIEIMAJIBHOCTH U OTPAC/u HayKu. B pabore OyayT OMUCAHBI IITArd, KOTOPHIE
ObLIH TIPO/IETIAHBL I8 TOCTUXKEHNS JAHHON IIeJIH.
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1. IToanydeune nHpoOpMAINKA U3 IIEPEYHS PEIEH3NPYEMbIX
n3JaHun

Kaxk 6b110 cka3aH0 panee, mepeveHsb MPeICTaB/IeH HA OQUIINaTLHOM BeD-
caiite BAK B Buzne PDF aiina. @aiin or 19 mas 2025 r. comepxxur 1281
CTpaHUILy, HA KOTOPBIX mpemacrasieHbl 3206 nHayuubrx m3ganus. Jas kaxk-
JIOTO M3/IaHUs yKa3aH yHUKATbHBI HOMep ISSN, nepedersb HAy9IHBIX CHIEIHU-
aJIbHOCTEl ¥ COOTBETCTBYIOIIMX OTPAC/EN HAyKHU, a TAKKE J[aTa BKIIOYEHUS
u3ganus B nepedenn. Kak u3BectHo, co3ganne PDF moxker ObITh pa3ind-
HBIM, CYIIIECTBEHHO 3aBUCHUT OT BXOJHBIX JAHHBIX, AJITOPUTMA €r0 CO3TAHUS
U MHOXKeCTBa ApYrux mepeMeHHbIX [3]. Ilosromy aBrOoMarHueckoe BbLiese-
Hre nHMOpMAINU TpedyeT WHANBUIAYATHHOIO MOIX0AA K KaxKI0My (airy.

B pabore gmsa stux meneit mcrnonb3oBasics a3bIK Python ¢ makeramm
Camelot, Pandas w NumPy. I[lepeuens mpeacrasisier coboit MHOTOCTpa-
HUYHYIO TaOIUIly, KaxKablii (DparMeHT KOTOPOH MOXKHO H3BJIEYb MAKETOM
Camelot ¢ xakmoit cTpanumsl. s o0mero XxpaneHus BCEro MacCHBa, JAH-
HBIX mcrnoab3yercs makeT Pandas. IlockonbKy B JOKyMeHTE BCTPEUAIOTCS
HAy4HbIE YKYPHAJIbI, HHPOPMAIs O KOTOPHIX [IPECTABICHA HA HECKOJIbKIX
CTPAaHUIAX, [I03TOMY BO BpeMs u3BJjiedeHus: Tabsuibl TPeOyeTcs XPaHUTb
MPEIBIAYINYIO 3aMKUCh, YTOOBI C TIOMOINBIO makera Pandas ux MOKHO OBLIO
COE/INHUTb.

IIpu 06paboTKe TepedHst OBLIN BBIIBICHBI CISIYIONHE OCOOEHHOCTH, KO-
TOpBIE 3ATPYAHAIOT ABTOMATHIECKYI0 00PabOTKY:

— OlleYaTKW B HAMMEHOBAHUHU CIIENMAJIbHOCTEN, HAyYHBIX HAIIPDaBJIeHUN U
JaT NPUHATU;

— orcyrcTBr€e eauHO00pa3us HA3BAHUS B HEKOTODPBIX HAYYHBIX HAIIPABJIE-
HUAX;

— MHOTOYHCJIEHHBIE TTPOOEJIBI 0, B U MOCJIE HEKOTOPBHIX CTPOK.

IlepBble Be 0COOEHHOCTH JIETKO OTCJIEKUBAIOTCS HPU HPOBEPKHU yHUKAJb-
HBIX 3HAYEHUH, OJHAKO MOCJIEIHsIsT OCOOEHHOCTH TOCTABJISIET CEPHE3HBIE
HEYI00CTBa, MOCKOJIBKY NTOTOBast CTPOKA € MPO0eIaMi MOYKeT BHICTYTIATh 33
TPAHUIIBI CTPAHUIIBI, BCaeacTBre dero naker Camelot u apyrue, HEIpaBuIb-
HO PACIO3HAIOT CTPOKY U MOTYT TIOMECTHUTD €€ B IPYTYIO a9eiiky Tabiuibl. B
GOJIBIIMHCTBE CJydaeB JaHHAs OCOOEHHOCTHh BCTPEYALTCS B HAMMEHOBAHUU
HAYYHBIX CHIEIHATHHOCTENA.

B xome w3BiedenHusi TaHHBIX W3 MTEPEYHS, s KAYKIOTO W3IAHUS Obl-
Ja nosydeHa wH(MOpPMAIUs O caiiTe M3/JAHUSI, €CJIU OHA IIPEJ/ICTABIEHA HA
nopraJe perucrpanuu ISSN [4]. Crour ormeruTh, 4To TOABKO AJist 870 u3-
manwii npu perucrpanuun [SSN Obumn ykazanbl BeG-agpeca, ocTajibHbIE, B
JAHHBIH MOMEHT, yka3anbl Kak “‘None”. Takke m3-3a HEHIEAJTbHOCTH BbI-
nestenust nadopMarmu u3 ¢haiiaa, y HEKOTOPBIX HAYYHBIX CIENUaIbHOCTEH
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issn_table
- pissn
add_issn
journal_spec_table journal_table white_table
2id © pissn F - pissn
issn E j-name white_level
spec_id o url_address stale_date
date_id
date_table spec_table
- £ date_id £ spec_id
date_start spec_num
date_end branch
spec_description
iy drawSQL new_spec

Puc. 1. ER-munarpamma 6a3bl JAHHBIX PELHEH3UPYEMBIX HAYYHBIX W3TaHUIMA

ObL7Ia yTepsiHa OTPAC/Tb HAYKH, MOITOMY B 0a3e MAHHBIX OHA OyIeT mpes-
CTABJIEHA KAK «-».

2. OpraHusanug 6a3bl JaHHBIX

Jlist XpaHeHusT MOJIy9YeHHON WH(MOPMAIMA HUCIOIh3yeTcss 6a3a JAHHBIX
PostgreSQL. Cxema 6a3bl JaHHBIX TpeacTaBjieHa B Buae ER-mamarpavmb
Ha puc. 1.

OCHOBHBIM KJTIOYOM ¥ YHUKAJIBHBIM HICHTU(MUKATOPOM KyPHATIA SBJIsI-
erca ISSN. 3a KaxKpIM HAy9IHBIM >KYyPHAJIOM 3aKPEIIeH CIHCOK HAYIHBIX
CHEIUAJIBHOCTEN U OTPAC/Iedl, KOTOPbIE COOTBETCTBYIOT TEMATUKE XKyDPHAJIA,
YTO OTpaskeHo B TabiuIax journal_spec_table u spec_table. Jonoman-
TEJIbHO XPAHUTCS OyJIeBa MEPEMEHHAS NeW_Spec I OTPAXKEHUsI, HOBOH nin
cTapoii HOMEHKJIATYyPe COOTBETCTBYET HAaydHAs CIENUuaIbHOCTh. B Tabnuime
date_table oTpazkeHO, KOIJa HAayIHOMY KypHaJy ObLIa MPUCBOCHA HAYy Y-
Hasl CHEMUAIbHOCTh. [IOCKOJIbKY 2KypHAJIbl MOTYT MMeTh HECKOJIHKO ISSN
(nns mewatHoit u online Bepcwii), TO MOMOJIHATENHLHBIA HOMED XPAHUTCH B
tabsure issn_table. Tabauna white_table xpanut B cebe ypOBEHDb Kyp-
Haja B «0O€JIOM CHWCKE», W 1O CYIIECTBY SABJISETCS KIIMUPYIOMIEH, 9TOObI
cHu3uTh uncsio obpamennii K API cepsepam «besioro cimckas. JIjss o6HOB-
sienns nHGOPMAIMY O HOJIO2KEHUU KyPHAJIA B «DEJIOM CIHCKE», UCIIOJIb3Y-
ercs mepemenHas stale_date, KOTOpasi OTMEYAET BPEMsI YCTAPEBAHUS WH-
dopmaru u paBHA OJHON Hemesle OT TOCJIeTHEero obpalleHuss K «OeIoMmy
CITUCKY ».
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Mounck HayuYHbIX U3JaHUM MO cneuuanbHOCTU

123. v || dusmo-maremarnsecme Haykn v

o Benbiii
Ne  HassaHue XypHana ISSN Cait XypHana o
C nepeson Ha if F3BIK ]
1 Gegepaun: BbIMVCIMTENBHBIE HAHOTEXHONOMM) R MR I Tz
BecTHik M. H.3. Baymana. Cepua
B | s 0236-3933  None 4
3 Bectawk Mepmckoro Mexariia 19930550  None He snioven
4 BecTHuK Teepckoro Cepus: 19950136 None He BkriodeH
5 Becrn i) Cepusi "B

¢ 2305-9052  https:/ivestnik.susu.rufemi 3
MaTemaTVka U iHpopMaTIa!

6 VIWTennexTyansHbie CUCTEMI. TEOPHS M MDUTIOXEHMS 24114448 None He BKioven
7 Wngpopmatusauyn u cense 2078-8320  None He sicnioten
8  VHcpopMmaTiKa U ee NpUMeHeHUs 1992-2264 "‘s‘;‘\’je’Mww ipiran.rufjoumal |
9 MncpopmaLmoRHbie Texsonom 1684-6400 None 4
10 " cncTems! 2071-8632  None 4

Puc. 2. Braenrnmit Bug caiita ¢ 3ampocoM MO crenuaJpbHocTu 1.2.3. m oTpacan
GU3NKO-MaTEMATUIECKIE HAYKN

3. Cosmanne Beb-caiita

Caiir pa3paboTaH ¢ UCIOJb30BaHuEM CTaHapTHOM Tpoiiku PHP, HTML
u JavaScript, 6e3 npusnedenus BeG-dpeiiMBopKOB. OCHOBHON (DYyHKITHOHAT
caiiTa COCTOUT B CJIeAYyIOLIEM:

— Bribop Hay9HOIl CienuaabHOCTU W OTPACIN HAYKH IS TOUCKA;
— Tlonydenne nadopmarmu 00 ypoOBHE KypHAJIA B «OEJIOM CIHCKE».

Bun caiita mpeicraBien Ha puc. 2.

JonomHuTeNbHY0 WHPOPMAITHIO 00 M3JAHUH MOXKHO IOJYIATDH IIyTEM
HaKaTHUs HA COOTBETCTBYIOILYIO CTPOKY Tabaurbl. BHemawit By nudopma-
IUOHHOIrO OJIOKA IIPE/ICTaBIeH HA PHUC. 3.
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HasBaHve xypHana: Tpyabl IHCTUTYTa MatemaTtuku 1 Mexadukv YpO PAH (o)
ISSN: 0134-4889
1aj URL agpec: None e

T

YpoBeHb xypHana B Genbiii cnucke: 3
Cnncok cneuunanbHOCTEN:

a 01.01.02 AndbchepeHumanbHble ypaBHeHUs, AUHaMUYECKME CUCTEMbI 1 ONTUManbHoe e
ynpasneHue (pusnko-matematnyeckue Hayku) [lata sknrodenus: 2018-12-28 [lata
uckntoyeHns: 2022-10-16

M 01.01.03 Matemarnyeckas uauka (dpusnko-matematnyeckve Hayku) [lata BKYeHUA:  §-//u
2018-12-28 [lata uckntodeHus: 2022-10-16

01.01.06 Matemarnyeckas noruka, anrebpa u Teopusi Ymcen (puanko-matemaTnyieckne
Hayku) [lata BkntoyeHus: 2018-12-28 [lata ncknioyeHus: 2022-10-16

01.01.09 [inckpeTHas matemaTka U MaTemaTnyeckas knbepHeTuka (husnko-

v

Puc. 3. Ilonpobuast mudopmarus 0 KypHaJse, IpeacTaBaseMas IPU HaXKaTHN HA
CTPOKY TaOIUIIBI

3akJiroueHue

B paMkax paboThI IpeicTaBIeH IPOIECC CO3TAHMS BeO-CaiTa I7IsT TIONCKa,
HAYYHBIX U3IAHUHN, MOAXOAAIINX /I IyOJIMKAIMY HAYy IHBIX paboT 1o orpe-
JIEJTEHHBIM CTEIUATBHOCTSM, 8 TAK¥Ke MOJYyIeHUI0 TOMOJTHATEIHHBIX CBEIe-
Huil 0 XXypHaJe. B majbHelimemM npeamnosaraeTcs pa3BuTtue (hyHKIIHOHAIA
caiita 1y Oojiee TuOKOi bunbTpanyuy HAYIHBIX W3/IAaHWI, 100ABIEHNE WH-
dopMaIrmu 0 BXOXK/IEHUU B APYrAe HAYKOMETPUUIECKUX 0a3bl JAHHBIX, 10-
OaBjieHNEe ONMMCAHUS HAYIHOTO M3/IaHUsd, €ro TpeboBaHus K 0OPMICHHUIO.

CIINCOK JINTEPATYPbI

1. https://vak.minobrnauki.gov.ru/ — Briciias aTTecTalmoHHas KOMUCCHS
npu MuHHCTEpPCTBe HayKH 1 BhICHIero obpasosanus Poccuiickoit Peneparmu.
2025.

2. https://journalrank.rcsi.science/ru/ — «BEJIBII CIIMCOK>» maydmerx
xypuajgos PITHU. 2025.

3. https://opensource.adobe.com/dc-acrobat-sdk-docs/pdfstandards/
PDF32000_2008.pdf — Document management — Portable document format —
Part 1: PDF 1.7. 2008.

4. https://portal.issn.org/ — The ISSN Portal. 2025.

Counparenko Asiekcanzp AJteKCaHAPOBUY — KAHINUIAT (PU3NKO-MATEMATHIECKUX
HayK, fAoneHT, THcTuTyT BBICIIel u npukaaaHoii Maremaruku. E-mail: ASoldatenko@sfu-
kras.ru
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CPABHUTEJIbHBIN AHAJIN3 METO/J0B
IIMNP®POBOTI'O ITPEJABICKAKEHN A CUT'HAJIA
C NCIIOJIb3OBAHUVEM APXUTEKTYPHI
KOCBEHHOI'O OBYYEHUNA 11 PA3JINMYHbBIX
AJAIITUBHBIX AJITOPUTMOB

B.T. Xoanr!

1 o o o
Mocxrosckutl pusuro-mernuveckut uncmumym Mockosckus
Ppusuro-mexnuveckud unemumym,141701, Mockosckas obaacmy,
2. Joazonpyonod, Hnemumymekud nepeyarox, 0.9

B mammoit crarbe mpenCcTaBiIEH CPABHUTEILHBIN aHAJIN3 aJTOPUT
MOB I POBOr0 IIPEIbICKAKEHNUsI, PEAJM30OBAHHBIX B APXUTEKTYpe
KOCBEHHOTO 00yYeHUs U MPeIHA3HAMEHHBIX /Il IMHEAPU3AIIH YCh-
nurenst MoigHOCTH. Paccmorpensr amropurver LMS, RLS, RPEM
u RLS-Kanvana. MonmenupoBanue II0Ka3aJio, ITO HCIIOIb30BAHIE
JAHHBIX METOOB II03BOJISET CYNeCTBEHHO CHIU3UTDH HeJIMHEITHbIEe HC-
KayKeHWsI, YIyUIIUTh CIIeKTPAIbHbIE XaPAKTEPUCTUKN YCUTUTENS U
TOBBICUTH ero dHepreruteckyio 3ddexruBuocTs. Ilomyuennsie pe-
3yJIbTATHI TIOATBEPKAAIOT, UTO IIPY IPUMEHEHNN AJAITUBHOTO (-
POBOTO TIPEIBICKAYKEHNST TTO3BOJISITH MOBLICUTE ITPOU3BOIATEIHHOCTD
cuctembl nepemaun ganabix. KuroueBbie cioBa: DPD,yugposoe
npedvickadicenue, yecuaumenv mownocmu, LMS, RLS, RPEM, RLS-
Kaamana

BBenenne

B ycioBusiIX cTpeMUTEILHOTNO PA3BUTHSI CTAHIAPTOB DECIIPOBOIHON CBSI-
3u HOBOro mokojienust (DVB-T2, LTE, 5G u np.) [1, 2] Bo3pacraer norped-
HOCTHh B ODECIIEYE€HNM BBICOKOM JIMHEHHOCTH W dHEPTeTHdecKoit 3 dexTus-
HOCTH LepealoIuX TPakToB. Ycuuuresab Mompocru (YM) asisiercs kpu-
TUYECKHW BazKHbIM 3JIEMEHTOM, OJIHAKO 1TPpU pa6OTe B6JII/IBI/I HACbIILIEHUA BO3-
HUKAIOT HeJIMHEHHBIE NCKayKeHUs U 3(DMEKThI TaMsITH, YXYIIAIONNe Kade-
crBo curHasa. Hudposoe npeapickazkenne (DPD) [3] mo3Bossier KoMIeH-
cupoBaTh 3T ucKaxkenus. Cpeay pazIudHbIX APXUTEKTYP OCOOBIH HHTEpeC
upescrasiser kocsenHoe obydenue (ILA) [4-7], ornmyaromeecst HU3KOI BbI-
YUCUTEJbHOM CI0KHOCTBIO U HpakTu4decKoi peasm3anuu. Onaako adpdex-
TUBHOCTH ILA B 3HAYUTEIHLHON CTENEHU ONMPEIENISIeTCS KaueCTBOM MTPUMe-
HIEMBIX aJIANITUBHBIX aJITOPUTMOB, KOTOPbIE HEMOCPEICTBEHHO BJIUAIOT HA,
UTOrOBYIO NPOM3BOAUTENLHOCTH cucTeMbl. B pabore [4] paccmarpuBaiuch
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roapko RLS, dunbrp Kanvana u RPEM, 6e3 yuéra LMS B oraenbubrit
meroa. Kpome Toro, He mpOBOIUIICH AHAJN3 BBIYUCIUTEIbHON CJIOKHOCTH,
YTO OrPAHUYUBAET MPAKTHYECKYIO OHEHKY, JIOMOJHUTETBHO UCIOIb3YeT st
Mogzenb yeunmress Burepa—Casexa, TO3BOISIONIAS TOYHEE YIUTHIBATH KAK
AM/AM, rak u AM/PM uenuueitHocTn npu Hajmdun 3HEdeKToB mams-
tu.Hacrosmas pabora mocssinena CpaBHETETHHOMY aHATIN3Y 3D PEKTUBHO-
CTH 4YeThbIPEX ajanTuBHbIX ajgropurmMoB — LMS (asropurM HamMeHbIIMX
cpeaHekBaparuydibix ommbok), RLS (pexypcuBHblii MeTo) HaMMEHbLIMX
kBaAparos), RPEM (pekypCcuBHBIH METO MUHUMU3AIUY ONTUOKA TPEICKA-
sanus) u RLS-Kanmana (mogudunuposanubiii RLS ¢ dunsrpanueit Kas-
MaHa) — I JIMHEAPU3alUK YCUJIUTEJIs] MOIIHOCTH.

1. Mogens nugpoBOro npeabiCKa>keHus

Chom /
x(n) wu(m) i ) win)
——»] ITPEJIBICKASITETL L 31?&111553; {
Cion /'
m(n) .
pln) nocT-
+ TMPEJBICKA3IITEIL

e(m)=u(i) - (i1} /

AJIATITHBHBIT
AJITOPITM

Puc. 1. ApxurekTypa KOCBEHHOTO 00yd9eHust

Puc. 1 nokaspiBaer 6JI0K-CXeMy CHCTEMBI MUMPOBOTO TPEIBICKAKEHUS
[7], peanuzoBannoil 0 apxurekType Kocsennoro obyuenus (ILA). Baaumo-
CBSA3b ME2K/ly BXOJHBIM U BBIXOJHBIM CHTHAJIOM MOJETH IPEBICKA3HTEs
MATEMATUYECKU OTUCHIBAETCSA CJISLYIOMNM 00Pa30M:

K M
u(n) =" crmaln —m) z(n—m)* (1)

k=1m=0

K M
() =Y Y ckm2(n—m)|z(n—m)|" ", (2)

k=1m=0

K M
y(n) =D agm u(n —m) [u(n —m)*" (3)

k=1m=0
TIE Ok XaPAKTEPU3YIOT HmapameTpsbl mogean ¥ M.
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AugropurMm 1. LMS-DPD

Boixon;: ¢(n)

Bxon: n =0, ¢(0), u

forn=1to L

1. e(n) =u(n) — zp(n)

2. c(n)=c(n—1)+pu-e(n)-2T(n)

2. AjanTuBHBIE AJTOPUTMbI
21. Aaropurm LMS

Anxroputm LMS BBEIBOIWTCS HA OCHOBE MUHWMA3AIAN CPEIHEKBAIPATIT-
noit omm6kn (MSE) E {€?(n,c)} , obnoBnenne xosddummentos c¢(n) ocy-
[IECTBJIIETCS C UCIOJIH30BAHUEM IMIPABUJIA CTOXACTUYECKOTrO PAAUEHTHOrO
CIIyCKa € TIOCTOSTHHBIM Tarom obydenus . IIpenmyrnecrsa LMS 3akmoua-
IOTCSA B €ro IIPOCTOTE W HU3KOH BBIYMCIUTENBHON CJIOKHOCTH, YTO JIETIAET
AJIPOPUTM OCOBEHHO TTOAXOMAIINM JjIsl PEATM3ALUU B YCJIOBUAX OIDAHUYEH-
HBIX BBIUYUC/IATELHBIX PECYPCOB U B CUCTEMAX PEAIbHOrO Bpemenu. OHaKko
OpPU BBICOKON HENMHEHHOCTH YCUJIMTENs MOIIHOCTH U Hajguduu 3GbhEKToB
NaMSTH CXOJAAMOCTb MOXKET OBITh MEIJIEHHOH M IyBCTBHTEIHHON K BBIOODY
u [5]. ObuoBiienne KOI(MHUIUEHTOB 110 NPABUILY CTOXACTUYECKOrO IPaiy-
enrHoro cuycka rpebyer nopsijika O(P) onepauuil yMHOXKeHUs /CII0KeHUs
Ha oxua orcuér (P = K(M+1)).

22. Aagropurm RLS

Asnropurm RLS npumensiercs s aganTuBHOM HACTPONRKEH KOIDDuIm-
€HTOB TIPEIBICKA3ATENIST HA OCHOBE MUHUMUBAIWY IKCIOHEHIINAJIHHO B3BE-
IMIEHHONW CYMMBI KBaIpATOB OMuOOK. KTI04eBbhIM 3/7IeMEHTOM SBJISIETCS KO-
sddunuent 3a0bBanus A € (0,1), KOTOpPbI peryaupyer BJIUSHUE MPe/Ibi-
aymwmx Habmiogeruit. Yem MeHbIne 3HadeHne A\, TeM ObICTpee MHEMOPMAIIHST
O MPOIILIbIX JAHHBIX TepseT 3HadeHue. Takum oO6pa3oM, BHIOOP A ompeme-
JISIET CIIOCODHOCTH AJTOPUTMA OTCJIEXKHMBATH M3MEHEHHs [APAMETPOB yCH-
JINTEJIS MOIITHOCTHU BO Bpemenu. OIHAKO HEIOCTATKAMY SBJISIIOTCS 9yBCTBU-
TEJIbHOCTh K IIyMy TIPW MAJIOM A ¥ BBICOKAs BBIYUCIUTEIbHAS CJIO2KHOCTbD,
CBsI3aHHAs ¢ OOHOBJIEHMEM KOBapualuoHHOl Marpuilbl [4]. Pekypcusroe 06-
HOBJIEHHE KOBAPHAIMOHHON MaTpuIlbl pa3mepa P X P u BekTopa K03pdu-
unentos aaér cioxkuocrs O(P?).

23. Aaropurm RPEM
Anropurm RPEM wucnosib3yercs Jijist OeHKH KO3(DMDUITMEHTOB TPE/IbIC-

Ka3areJid C IeJIbIO IIOBbIIEHUA yCTOfI‘{I/IBOCTI/I aJallTalluy 1 CHU2KEHUA KO-
nebannit pyu U3MEHEHUN XaPAKTEPUCTUK YCUJIUTEJIAd MOIITHOCTH. B orm-
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Aaropurm 2. RLS-DPD
Boixon;: ¢(n)
Bxom: n =0, A\, P(0) = pI, ¢(0)

forn=1to L
1. e(n) =u(n )P? zpl()n())
n z\n
2. k(”) A+zT (n)P(n—1)z(n)

3. P(n) = x[P(n—1) = k(n)z" (n)P(n — 1)]
4. c¢(n)=c(n—1)+k(n)e(n)

end

Asaropuntm 3. RPEM-DPD
Bsoixox;: ¢(n)
Bxom: n =0, A(0), Ao, P(0) = pI, ¢(0)

forn=1to L

L e(n) = u(n) - z,(n)

2. An)=XA(n—1)+(1—X)

3. k(n) = Xeyst (P

4. P(n)= ﬁ[P(n —1) = k(n)zT(n)P(n —1)]
5. ¢(n)=c(n—1)+k(n)e(n)

end

que ot RLS, B RPEM npumensiercs nepemMenHbIit Ko GUImueHT 3abbIBaHmst
A(n), KOTOpPBIIi SKCIIOHEHIMAILHO CTPEMUTC K 1 1pu 1 — 00, obeclieduBas
TeM caMbiM 0oJiee CTabUIBbHYTO OIEHKY B YCTAHOBUBIIEMCS PEKUME U yJIyd-
IIEHHOE MTOBEJIEHNe B TIEPEXOIHBIX mporeccax. HecMoTpst Ha penMyIiecTsa,
RPEM tpebyet GoJiee CI0KHOM HACTPOHKH, & €ro 3P HEKTUBHOCTH IyBCTBU-
TeJIbHA K BHIOOPY HAYAJbHBIX apaMerpoB u (gyukuuu uzmenenus A(n). Ilo
crpykrype 630k Kk RLS n Takxke mmeer cioxkuocts O(P2), HO ¢ mepe-
MeHHbIM KO3 dunuenrom 3abbiBanus A(n). JonosHuTenbHble BbIYUCIEHIs
Juist obuoBnenust A(n) nMeror nopsnok O(1).

24. Aaropurm RLS-Kaawman

Anropurm RLS-Kalman npescrasisier coboit MoauduIupoBaHHy 0 Bep-
cuto RLS, B xoTOpO#t BekTOp KO3 DuImenTos ¢(n) paccMarpuBaeTcs Kak
CIIy9aiHbIN MPOIECC B MOJENN COCTOSHUMN. DTO MO3BOIAET 3P PHEKTUBHO OT-
CJIEKMBATh BPEMEHHBIE M3MEHEHWS MAapaAMETPOB YCHJINTEJIS MOIIHOCTH 33,
CYET KOBAPUAIMOHHOM MATPUIILI MyMa Rj, KOTOpas Peryaupyer CKOpOCTh
amantaruu. OgHako merosn Tpebyer TOYHON HACTPOHKU mapamerpa Ri u
HUMEET IOBBIMIEHHYO BbIYUCIUTEIBHYIO CJIOXKHOCTD IO CDABHEHUIO C KJIac-
cuueckum RLS. Teopermdeckast cioxkuocTh Takxke O(P?), omHako MeTo,
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Aaropurm 4. RLS-Kalman-DPD

Bseixox;: ¢(n)

Bxox: n =0, P(0) = pI, ¢(0), Ry

forn=1to L

1. e(n) =u(n) — zp(n)

2. k(n) = 1+z7{)((nn)P1()nZ—(73z(n)

3. P(n)=Pn—-1)—kn)z"'(n)P(n—1)+ Ry
4. ¢(n+1)=c(n)+ k(n)e(n)

Tpedyer XpaHeHus u 00PabOTKY JOMOJTHUTEILHON KOBAPUAIIMOHHOW MAaTPH-
IIBI TITyMa cocTosiHns R pa3mepoMm P X P, a Tak:Ke BBITOJTHEHUS ONepartuii
CITOXKEHWs /BhIYNTaHUs MaTpull P X P Ha KaXKJOM Inare. 9T0 MPUBOIAT K
YJIBOEHUIO YHCIIA ONEPAIii CI0XKEHNS 10 CPABHEHUIO ¢ KiaccudeckuM RLS
U YBEJIMYINBAET OObEM IMAMSTH.

3. PesyabpTraT MoJeampoBaHUsd

B pabore ucnonb3yercs MOme b YCHIATESSI MOITHOCTHA, OCHOBAHHAS Ha,
crpykrype Bunepa. Bxonnoii curnan menunHeiiHOrO 0/I0Ka 337a8TCS KaK:
v(n) = hou(n)+hiu(n—1)+hou(n—2), h =10,7692, 0,06538, 0,00769],

BrixoznHoit curnas onpejesisiercs Mozesnbio Saleh [6]:

Tabmmra 1
Cpasuenue NMSE [dB]|, ACPR [dB]
Meroz, NMSE [dB] | ACPR [dB]
LMS -37,1777 -44,7208
RLS -42,4215 -46,0795
RPEM -43,4844 -48,3331
RLS-KALMAN -43,1012 -47,9234

Kak Bumao 3 tabs. 1 u puc. 2, ucrnoab3oBanue mudpoBOro mpeabcKazKe-
uust (DPD) 3HAUNTEIHHO CHMXKAET MOIIHOCTh YyTEUEK B COCEHUE KAHAJDIL.
Hamy«mmme XxapakTepuCTUKH JTOCTUTAIOTCS TP MPUMEHEHUH aJTOPUTMOB
RPEM u RLS-Kamvana. Oanako Boicokas 3(HEKTUBHOCTh 3TUX METOIO0B
COIIPOBOXK/TAETCS CYIIECTBEHHBIMY BbIYUCIUTEIHHBIMI 3aTPATAMH.
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BxonHon cnrHan
Bea DPD
20 DPD-LMS
DPD-RLS
o | DPD-RLS-KSLMAN
-40 i DPD-RPEM ]
»

-60 ) )"’l

PDS [dB]

-140

Yacrtota [Hz] %107

Puc. 2. CnexrpasnsHas Momuocts (PSD) Ha Beixome YM Ge3 u ¢ mpuMmeHeHHEM
DPD.

3akJiroueHne

B jannoit pabore npoBeiéH CpABHUTEIbHBIN AHAJIU3 YEThIPEX a/allTUB-
ueix asroputmoB DPD: LMS, RLS, RPEM u RLS-Kanmana. Iloka3amo,
aro anroputm LMS meaddexTuBeH mjis CUIBHO HEIWHEHHBIX CHCTEM, a
RLS ayscrBurenen x mymy. RPEM u RLS-Kanmana 1eMOHCTPUPYIOT BbI-
COKYTO TOYHOCTH, HO TPEOYIOT 3HAYUTETHHBIX PecypcoB.C IO MOBbIIIe-
Hust 3(PGEKTUBHOCTH MPOCTHIX AJITOPUTMOB [IPU COXPAHEHHUU TPUEMJIEMOMN
CJIOKHOCTH BBIYMCIEHUN 1€IeCO00PA3HO MCIOIb30BATH KOMOMHUDOBAHHBIH
noaxo/;: npeasapurenbHas offline-nacrpoiika koaddunuentos (Hanpumep,
merozoMm JlesenGepra-Mapksapsra [7]) ¢ mocienyormeit online-aganrarmeit
(LMS,RLS). D10 yiyuiaer cXOQUMOCTb M CHUXKAET TPEOOBAHUSA K BBHIYUC-
JIATEJIbHBIM PECYPCaM.

CIINCOK JINTEPATYPbI
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METOAbI JETEKTNNPOBAHNA BUPTVYAJIBHBIX
MAIIINH HA OCHOBE AHAJIN3A CPUID, DMI
1N CUCTEMHBIX APTE®AKTOB

I.B. Yageix!, A. C. Trapmosckmit'

1 . . . .
Hayuonaavnot uccaedosamenveruti Tomekut 2ocydapemeeriviil
yrnusepcumem, 2. Tomck, Poccus

B wessx 3amurbl KOPHOPATUBHOIO IIPOrPAMMHOIO OOeCredeHust
OT HECAHKIIMOHMPOBAHHOTO KOIMMPOBAHUS B BUPTYAJIN3NPOBAHHBIX
cpefax TPeIoXKEeHbl METOIbl JETEeKTUPOBAHUSA, OMUPAIONIUECT Ha
ocobernocTu paboTsl mporeccopa, manuabie Desktop Management
Interface (DMI) u cucremubie apredakTsr runepsu3opa. [Ipemiara-
eMasl peanu3anys BKIo4daer B cebs mosrydenue uacrpykipn CPUID
nutst ipoBepku 31-ro 6ura ECX| ycranasiuBaiomerocs BHy TPy BUp-
ryasbHON Maumebl (BM). Ananus noseit DMI no3Bossier BBISIBUTH
CTpOKH, CBa3aHHble ¢ BupTyanu3anueir. Izmepenne RDTSC obna-
PyXKUBaeT XapaKTePHbIE I BUPTYAJIU3ALUUA 3/E€PKKU U K-
npomaxu. Takke [1eTeKTHUPOBAHME JOMOIHSIOT TAKWE METOIBI, KaK
nposepka 1epsbix Tpéx okreroB MAC-anpeca, nabionenue 3a u-
HAMUKON TeMIepaTypbl U aHaju3 pa3Mepa BUPTYaJIbHOIO JUCKA.
Metozst uHa ocmose CPUID, DMI u cucremubx apTedakToB BHI-
SBJIAIOT UCIOJHEHWE KO/Ia B BUPTYAJbHON Cpesie, 9TO MO3BOJIAET
6/I0KMPOBATH 3AILYyCK POIPAMMBIL Jjisl [IPEJOTBPAIEHUS HeJleralb-
HOrO KommpoBaHus jmueH3un. Kirogesble cioBa: Bupmyasvhoie
MOULUHDL, 3AUUMA 0T MUPEHCUPOBAHUA, 2UNEPEUIOP, JEMeEKMUPO-
sanue supmyaaudayuu, CPUID, Desktop Management Interface

BBemenue

AKTHBHOE pa3BHTHE TeXHOJOTHi BUpTyanu3aiuu [1] mo3sonnio M me-
pepacTu u3 WOEeH OPraHU3aIUyd COBMECTHOTO JOCTyHa K (hailjlOBBIM CHCTE-
MaM B ypPOBEHb LEJIOCTHO! smyssiiuu onepanuonubix cucrem (OC). Teky-
Iue PelieHrs B OOJIACTA BUPTYAJHU3ANUH BKJIIOYAOT B CeOS MOIIEPKKY
MHOI'033/1a4HOCTH, IPOU3BO/IAT paclipejie/leHue PECYPCOB B JUHAMUYHOM De-
KWMe W JIOCTUTAIOT BBICOKON CTEMeHW MaCHITadMPyeMOCTH. BupTyaiabHbIe
Cpebl SMYJINPYIOT HEKOTOPBIE CUCTEMHbBIE JATYNKU, MTOAJEPKIUBAIOT HUBKO-
YPOBHEBBIE AIMMapaTHbie (DYHKIMN PA3IUIHBIX MPOIECCOPHBIX aPXUTEKTY]
U pasiudHble perucTpbl nponeccopa. OJHAKO KIOHHPOBAHUE BUPTYATHHBIX
MAalllUH CO3JaeT PeaIbHYyI0 yI'DO3y HE3aKOHHOI'O PAaCIPOCTPAHEHUS JIUIIECH-
3uil, 910 TpeOyer HAJ/IEXKHBIX CPEJICTB 3aIUATHI.
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Tunepsusop [2] npeacrasiser u3 cebsd IporpaMMy WU OTAEIHHYIO Olle-
PAIMOHHYIO CUCTEMY U [MO3BOJISET OTHOBPEMEHHO 3aITyCKATH HECKOIHKO BUP-
ryainbibix OC Ha OnHOM U TOM 2Ke XOcT-KoMIibiorepe. ['unepsuzop obeciie-
quBaer u3ossnuio OC apyr or apyra, 3alUIaeT XOCT-MAITHHY OT MOIHU-
dukanuii, pa3menaser pecypchl MexIy pasiaudnbiMu 3amnyienabiva OC u
yIPABIseT BCEMU BBIYUCIUTEILHBIMU PECYPCAMHU, MPEIOCTABIEHHBIMU T'0-
creBoit MaruHe. ['MmepBU30pbI MEPBOrO TUIA HE TPEOYIOT HATUYMS XOCT-
MAIIUHBbL C OLPeJeeHHON OlepalMOHHON CUCTEMON U, HE ABIAACH IIPUIIO-
KEHUEM, TTPEJCTABISIOT OTIEIHHYI0 OMEPAIMOHHYIO CUCTEMY. | NepBu30phI
BTOPOTO THIIA — 3TO OCOOBIE TPUJIOKEHHS, KOTOPhIe pabOTalOT Ha 6a3e Xo-
CTOBO#1 OIIEPAITMOHHON CUCTEMBI U CIIOCOOHBI BHYTPH Ce0st B OTIETHHOM OKHE
3aIlyCKATh BUPTYATBHYIO CHCTEMY.

B nmammoit pabore paccMaTpUBAIOTCS METOIbI OOHAPYKEHUST UCIIOTHEHIS
KOJa B BI/IpTyaﬂbeIX Ccpeaax, MO3BOJIANOIINE TIPU BbIABJIEHUN BI/IpTyaJ[I/I3a—
U OJIOKUPOBATE JIUIEH3UIO. JIJIs1 JeTeKTUPOBAHUS UCIOJIb3yeTC sl WHCTPYK-
st CPUID ans mposepkn 31-ro 6ura perncrpa ECX [3], akruBupyemo-
ro BHYTPH BUPTyasabHOM Maruibl. Ananuszupyiorcs DMI-noas BIOS u cu-
cremMHasg nHMOPMAIHSA I OOHAPYKEHUA XapaKTEPHBIX MUQPPOBBIX METOK
rurepsu3opa. IIpoBoauTcs n3MepeHue BpEMEHH BBITOJHEHUST WHCTPYKIUU
RDTSC [4] ¢ nocaeayrommm aHATIN30M 3aJIepKeK W KII-mpoMaxos. I[Tpose-
pstorcs mepsbie Tpu okrera MAC-aapeca Ha COOTBETCTBUE MIAOJIOHAM BHUD-
TYaATbHBIX CETEBLIX ANANTEPOB. JLOMOJHATETEHBIMY TPU3HAKAMU SIBJISIETCST
HAJIMYHE W JUHAMHUKA TEeMIEePATyPHbIX JATYUKOB IOJ HAPY3KOM, oOImumit
pasmMep BUPTYAJIbHOIO JUCKA, & TAKXKE HAJMYIUE BCIOMOTATEJbHBIX (hailioB
U HEKOTOPbIE TIOJIST B CUCTEMHOM PEECTPE.

1. IIpomeccopHble METOABI JEeKTUPOBAHUSI

Onpenenenne (axTa BBHIMTOTHEHNS MPOrPAMMHOTO KOIA B BUPTYaJIbHOMN
cpejie BO3MOXKHO TIOCPEJICTBOM aHAIM3a, OCOOEHHOCTEH PabOThI MPOIECCO-
pa u OTKJIOHEeHHUi B ero mosegeHuu. KIacCH4ecKuM MTPUMEPOM BBICTYTIAET
unacrpyknus CPUID, nmo3Bossiomnas u3Biekarb WHGOPMAIUIO O XapaKTe-
PUCTUKAX I[POIECCOPa, BKJIIOYAs MPU3HAKK HAJIUYKMS CUIEPBU30PA. Takum
obpaszom, padora wacrpyknuun CPUID B KOHTEKCTE BUPTyaIu3UpPOBAHHON
CpeJibl OCHOBBIBAETCS HA MEXAHW3ME MEPeIad yIPABJIEHUS Uepe3 TUIePBU-
30p. Ilpu ucnommennn CPUID 3ampoc cHadaja HampaBIsgeTcs OT MOJIb30-
BATEJIHLCKOTO MPHUJIOXKEHWS B OMEPAIMOHHYIO CHCTEMY, a 3aTeM MepeaaéTcs
HA ypOBEHb rumneppu3opa. B ciydae (pu3n4ecKoro BBIMOJIHEHUS IIPOIECCOD
BO3BpAIIAET 3HAYEHUsI, XapaKTepHbIe s 00opyaoBanus. OqHAKO MpU 3a-
nycke BHyTpu BM runepBu3op MoKeT mepexBaThbIBATh U M3MEHATH PE3YJib-
TaT, TOJCTABJIAS COOCTBEHHYIO CTPOKY UACHTU(DUKAINH, HAITPUMED, C yKa3a-
HUEM Ha3BaHUs MOJETN THrnepBu3opa. Takoil moaxo | MO3BOJIsgeT CKPbIBAThH
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HAIH HA0OOPOT SIBHO COOOIATEH O HAMWYWH BUPTya u3anuu. BusyaabHo 3TOT
[POIIECC TPEJCTABIEH KAK MOCTIEIOBATEIbHBIA MyTh 3apOca OT MPUJIOKe-
HUsI 9epe3 sifIpo, Jlajiee — B IUIIEPBU30D, KOTOPBIH SMYJIUPYET MOBEJICHUE
npoueccopa (puc. 1).

BupTtyanbHasa malumHa

Bbi3oB MHCTpykuum CPUID

A
Anpo cuctemsl

O6HosneHne CPUID 3anpoc
[laHHbIMU rnepBu3opa VAEHTUUKaTOpOB

XocT MalmHa

[MnepBun3op

A I
BospalieHve ¢ 3anpoc
peansHoro CPUID VaeHTUUKaTOPOB

Pusnyeckoe obopynosaHue

Puc. 1. O6paborka uncrpykiuu CPUID B Bupryanusuposanuoil cpeje

Bropbim uneHTrdUKATOPOM, CBI3aHHBIM C BBIIEJIEHHEM TIPOIECCOPHBIX
pecypcoB, sapiserca 3amep Bpemeru paborbi RDTSC — dyukiuu noacye-
Ta TAKTOB MPOIECCOpa. Bbi3biBast 9Ty (QyHKIMIO BO BPEMs MHOMOYUCTIEHHO-
ro TOACYeTa XMM-MYHKIMA UJIN JIF000H APYroii paboThl, MOXKHO 3aMETHUTH
PACXOXKIeHNE BO BPEMEHHU: WHOTIA (DYHKIHS CPAOATHIBAET JOJIbINE, WA Ha-
060pOT — BBIMOIHAETCS HEECTECTBEHHO MHOTO MPOIECCOPHBIX KOMaHI. T1o-
CYUTAB 9TO BpeMs, MOXKHO HaWTH OOJIbIINE <«IPBIKKH» BO BPEMEHH, YTO
HETUIINIHO st PU3HIECKOrO0 000Dy IOBAHUS.

JI7isi TIPOIECCOPHBIX METOMOB PEAJM30BAH MPOTOTHUI HU3KOYPOBHEBBIX
u3mepenuii Ha a3bike C++ co cpeacrBamu cOOpa W TMPUHSTHS PEIIEHUS.
Peamuzamusa Bkiogaer cbop 31-ro dmra ECX wmucTpykmuun CPUID u ce-
puitabie 3amepbt RDTSC npu BbINOTHEHUH KOHTPOJUPYEMONW HATPY3KH —
[UKJIHIECKUI pacder X3M-(QyHKIUU € MOACIYETOM AHOMAJBHBIX CKAIKOB
Bpemenn. TecTupoBanmue npoBoauaoch Ha rutnepeuzopax KVM, VMware n
VirtualBox. [Ipu3uaku no otaenbHOCTH OKa3anuch Henaaéxubivu: CPUID
ckpbiBaercas KVM-runepBu3opom, ABa APYrAX TUIEPBU30PA BBIBOAAT WH-
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dopmaruio o Bupryanuzamuun. RDTSC nanexen npu donoBoit Harpyske,
HO MHOI/IA JAET JIOKHBIE AHOMAJIMK U3-38 CHCTEMHBIX MPEPLIBAHKI.

2. JlerekTupoBaHUe mo MeTadaHHBIM DMI

st oupenesnenus paborbl B BUpTyasbHoil mawune Ha ocuose BIOS /DMI
UHOOPMAIIMKA MOYKHO BOCTIOIB30BATHCS KOMAHIAMY, W3BJIEKAIOIINMHU CH-
cremuble MeTaganuble. C momompbio ytuauThl dmidecode B Linux wnim
SystemInfo ma Windows cumTsiBarorcs moms System Vendor, Product
Name, BIOS Version, coxpauéunbie B SMBIOS [5] — obaacru, ¢popmupy-
eMoii npomuBKoii. B dbusnyeckux MalmHax 9TU MOJisi COAEPKAT CBEJICHUsT
O TTPOW3BOMNTENIE ATITTAPATHOTO OOECTIeYeH s, B TO BPEMST KaK B BUPTYaJb-
HBIX CPEJIAX OHU 3AMOJHSIOTCS UACHTU(DUKATOPAMHU TUIIEPBU30Pa. B MOJIsax
MOT'YT BCTPEYAThCs CTPOKH, CBSI3AHHBIE C MCIIOJb30BAHNEM BUPTYAIU3AINN
u co3mannbie runepsu3opom. [Tomumo sroro 8 SMBIOS mpucyrcrByer crie-
muanbubiii dpstar — SMBIOS VM-bit, koTopbiit IpsiMO yKa3bIBAET HA BUP-
TYAJIU3AIUI0 ¥ MOXKET ObITh MCIOJIb30BAH KAK OJHO3HAYHbBIA HIPU3HAK PabO-
1 BHyTPpU BM. Onucanubie npusnaku meraganasix DMI npencrapieHs: B
Tabma. 1.

Tabma 1
IIpusnaku BupTyasbHOM cpeab! o marabiM DMI

dusuveckas | BUPTyaJbHasd
IToge MaIlmHa MaIImHa

sys_ vendor Dell Inc. VMware, Inc.
product_name Latitude 7280 | VMware Virtual Platform

Phoenix 1.20
bios _version A05 VIRTUALBOX 1.2

SMBIOS VM-bit | 0 1
ACPI-rabymupl SSDT, DSDT | VMxxx, VBOX, QEMU

s u3BIedYeHWs METAJAHHBIX HUCIOJIb3yeTCs NpsaMoe durenune /sys/
class/dmi/id/ u pa3bop BoiBoma dmidecode. Ilposepsitorcsi monsi sys_
vendor, product_name,bios_version, Hamuuue cuenuduanbix ACPI-
tabaurr 1 SMBIOS VM-bit. Tectsl npoBOAMINCH B AHAJOTUYIHON KOHDU-
rypamuu #Ha, KVM, VMware u VirtualBox. [ljaa kaxkmoit KouuUrypamun
BBITIOJTHsATACHh Tporpamma Ha C++, koropast ¢dyHkimeit popen() BbI3bIBa-
Ja cucreMHblii dmidecode M OCTPOYHO AHAJIU3UPOBAJIA KOHCOJBbHBIN BbI-
BOM; 3areM mporpaMmma depe3 read_file() umrasa coaepKUMOE ITUPEKTO-
pun /sys/class/dmi/id/. B crampmaprabix HacTpoiikax BM manubii me-
TOJ, BCEra CPabATHIBAET YCIEINTHO — BCE TECTOBBIE MAINWHBI UMEIOT SBHBIE
DMI-merku. OgHAKO IJIaBHBIH HEJOCTATOK B TOM, 9TO, 3HAS PACIOIOXKEHNE
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u dopmar 3TuxX (HaAAIOB, BO3MOXKHA [EIEHATPABIEHHAs TOIMEHA, TOITOMY
MEeTOJ], CJle/lyeT cO4eTaTb C JPYIUMU IIPOBEPKAMU.

3. Cucremuble apTedaKThl B BUPTYAJIbHBIX cpeax

s 1ereKTupOBaHuS MOXKHO HCIOJIB30BATh CJI€/Ibl, OCTABJIECHHbIE BUP-
TyaJu3alyei B anmapaTHbIX XapaKTEPUCTUKAX OMEPAIMOHHON crucTembl. ['u-
MEPBU30PHI OCTABJIAIOT CBOM WIEHTH(MDUKATOPHI B HA3BAHUU 00ODYIOBAHUS,
cucTeMHBIX (baittax u perucrpax. B rocreBoit MarimHe aBTOMaTHIECKU Ha-
3HagaloTcsa cereBbiM amantepam MAC-anpeca ¢ onpeeneHHbIMI HA9a TbHbI-
MH OKTETaMH, XaPAKTEPHBIMHU [IJIsi KaXKJ0r0 runepBu3opa. B BUpPTyasbHbIX
Mammnaax VMware aro MAC-anpeca ¢ npedukcamu 00:50:56 nan 00:0C:29,
mist Hyper V tunuuasiv Oymer 00:15:5D.

Kpome MAC-aipecoB MOXKHO OPHEHTUPOBATHCS HA MAJIBII pa3Mep »KecT-
KOr'0 JUCKA, HeTUIMIHbIH 71 dbu3ndeckoir mamuubl. Emé ogaum ammapar-
HBIM CJIEJIOM THIIEPBU30PA SABJIAIOTCH JATIMKH TEMIIEPATYPHI: BUPTYAJIbHBIE
MAIlIMHbI K HAM HE UMEIOT JOCTYIA, U JATYUKA IMYJIUPYIOTCS WU OTCYT-
CTBYIOT.

locreBbie MaImmMHBI OCTABJSAIOT CBOM METKH B CIyKeOHBIX dailaax: Ha
Linux sTo nanmumne aupekropuii /sys/hypervisor/*, daitios
/run/.containerenv wiu /.dockerenv. A Bor B Windows npoBepsitorcs
kuttoan peecrpa HKLM\HARDWARE\DESCRIPTION\System\SystemBiosVersion,
paszenst HKLM\SOFTWARE\Oracle\VirtualBox Guest Additions m
HKLM\SOFTWARE\VMware, Inc.\VMware Tools, a Take CIy>KObI B
HKLM\SYSTEM\CurrentControlSet\Services. Hanuune ciyxkebubix daii-
JIOB ¥ KJIIOY€H PEecTPOB, ONMMCAHHBIX BBINIE, YKA3bIBAET HA PAOOTY BHYTPHU
BUPTYAJIbHOU MAaIlIWHBI.

PeasmzoBannasi nporpamma Ha C++ 3sanyckamach B KVM, VMware
n VirtualBox n cobmpaja mpu3HaKKW CETEBLIX aJANTEpPOB, IWCKA W JaTUM-
koB. [Ins MAC-anpecos uuraja (aitn /sys/class/net/*/address; pas-
Mep HCKa onpenessiicsa depe3 statvfs(), a 3Havenus remmneparyp — dre-
HueMm /sys/class/thermal/. Ha Windows aHa/IOrH4HO HCIIOJIb30BAIUCH
dbyuxuuu RegOpenKeyEx (), RegQueryValueEx () myst npoBepku Kirodeii pe-
ecTpa u CiIy:keOHbIX 3anuceil. IloyueHHble mporpaMMoil 3HAYEHUS TOKA3a~
g, uro npedukchl MAC U OTCyTCTBHE TEMIEPATYPHBIX JATIUKOB SBJISIOT-
Cs HaJIEXKHBIMU WHINKATOPAMU B CTAHIAPTHON KOHMurypamuu BM.

3akJiroueHune

B pabore mpejcraBieHbl U peann30BaHbl METObl JIETEKTUPOBAHUS WUC-
[OJIHEHKS TTPOIPAMMHOIO KOJa B BHpTyasibHO cpene Ha ocHose CPUID,
RDTSC, ananuza nosieit DMI u cucremubix apredaxros. Iloarorosien
MPOTOTHUII TTPOrPAMMBI JJIsT OOHAPY:KeHus BUpTyaau3anuu. [IpoBenén sxc-
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MEPUMEHTATBHBIN aHasm3 u anpobanus nporpammbl Ha KVM, VMware u
VirtualBox. Ilo pe3ysnbpraram 3amycka oOHapy?KEHO, 9TO HE KaXK/IbIii U3 HC-
CJIeJlyeMbIX METOJIOB HAJIEXKEH, W [IJIs YCIIEITHOIO ODHAPYKEHUsT BUPTYaJIH-
3aIuu TPeOyeTCcsi COBMECTHOE MCIOIh30BaHNe TPU3HAKOB. TekyIast peasn-
3aIs M03BOJIsIeT GJIOKMPOBATH 3amyck 3ammurinénaoro 110, ¥To yxe moxer
UCTIOTB30BAThCS [T 3aIUThI JulleH3un. Ho Takoil moaxos CHILHO orpa-
HUYUBAET TOIH30BATENSA, TIOITOMY JIaIbHEHIne UCCAeJOBAHNST ITONH TeMbl
Oy/LyT HAIIPABJIEHBI HA TIOUCK UIEHTU(MUKATOPOB BUPTYAJIbHBIX MAIIWH, 9TO
MO3BOJIUT OTJIUYUTH KAXKIYI0 CO3JAHHYIO0 MAIIUHY OT JIPYTOM.
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This study investigates the feasibility of predicting the final score
of a student in the third-year Probability and Statistics (PAS)
course using scores and derived metrics from second-year mathemat-
ics courses: Engineering Mathematics (EM), Discrete Mathematics
(DM) and Linear Algebra (LA), which are taught on the 2nd year.
The prediction model consists of 2 models chained together in a
linear workflow. One model predicts the all other components of
score except a final exam, and second predicts the final exam score.
Separation is done to improve the accuracy and counter the cor-
ruption of data due to difference in the exam format. The study
demonstrates that reliable grade prediction is feasible even with a
limited amount of data. Keywords: grade prediction, educational
data mining, machine learning, performance analysis

Introduction

Early identification of students who may struggle academically allows
universities to deploy timely interventions, allocate learning resources more
effectively, and ultimately improve retention and graduation rates. Fur-
thermore, the ability to predict future scores allows students to understand
whether they fall behind much earlier and therefore take some actions. Most
prior work on grade prediction assumes access to large, multi-modal datasets
that include behavioural logs, (for instance the attendance statistics), demo-
graphic variables, or detailed assessment histories [1-3, 7]. Also the datasets
are usually collected using online platforms, that allows to capture many
details, like the average amount of time between posting an assignment and
submitting solution to it, time spent on watching educational materials or
how many clicks students make before answering. These features can give
vital insights into students’ behaviour. However, in practice, many insti-
tutions, with smaller enrolments or in developing countries do not possess
technologies to gather such data, and usually have small number of stu-
dents, which causes data scarcity. Therefore, as a proof of concept, this
study reveals that grade prediction is possible to some extent even when
have limited access to data. We decided to predict the PAS grades based on
the DM, EM and LA grades for few reasons. Firstly, they are all taught by
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the same professor. Secondly, as they are all maths related courses, there is
a stronger correlation between them. We were given a table that contains
all scores for midterm examination, final examination and the total score
for each subject of 262 students. Initially, we started with naive approaches
using simple regression algorithms, which yielded poor results. Then we
moved on some advanced methods: we made a deep dive into the data,
analysed correlations and engineered features. In the end, we came up with
the approach discussed in this paper. First, the total score is split into 3
parts that contribute to it: midterm exam score (mid) — 30% of total score,
final exam score (final) — 40% of total score and all other activities that
contribute to total score (etc) — 30%. On top of that we did not use any
data about the attendance of students, as it is not reliable. We identified
high correlation between EM, DM, LA mid and etc and PAS mid and etc
at around 0.7. However the EM, DM, LA final scores and PAS final had
correlation only at around 0.3, which is explained by the fact that it was
held in different conditions compared to other exams. Therefore we use a
second model to predict accurate final scores. Overall, our approach lets
predict the score with approximately 70% accuracy. In view of the data
scarcity, absence of additional features, the obtained result can be regarded
as significant.

1. Related Work

Most grade-prediction studies assume that assessments like exams and
home assignments share a uniform, proctored delivery format and therefore
exhibit stable cross-subject correlations. In addition, they assume access
to reliable behavioural information like: attendance, weekly study time,
number of past class failures and etc. On top of that, some researches had
access to personal information of students: living conditions, relationship
status, health and some subjective data — interest in subject, in higher
education and so on [1-5, 7]. Under this premise, researchers have explored
linear regression, tree-based ensembles, and kernel methods to forecast end-
of-semester marks from continuous coursework signals or cumulative GPA
snapshots. In contrast, comparatively few investigations use the smaller
datasets, that contain only grades, for a few amount of subjects and for
small number of students [6]. As gathering such information on constant
basis, to analyse the performance of students each year is a burden for
majority of educational institutions, there should be a model or an approach
that would work with low amount of data. Also, none of the works we
reviewed addressed the reliability gap that emerges when one high-stakes
exam is conducted online (in different format compared to other exams)
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while the remaining subjects retain traditional, in-person examination. And
our research aims to cover exactly these difficulties in grade prediction.

2. Methodology
Feature Engineering.

1) Residual (etc) scores: {prefix}_etc_score = {prefix} score —
({prefix}mid + {prefix}_final). Where prefix is one of EM,LA DM
or PAS.

2) Scaled mid—final differences: Exam columns were min—max scaled to
[0, 1]; per-student changes A = final—mid were stored as {prefix} diff.

3) Percentile ranks: Column-wise percentile ranks (%-score in cohort)
give {prefix} mid pct_rank and {prefix} final pct_rank.

1
4) Mathematics halo: student_overall avg diff = g(EM,diff +

+DM_diff 4+ LA_diff) captures overall changes in each students scores
from midterm to final examination.

Table 1
Mid-term Pearson correlations (n = 262).
EM_mid DM_mid LA_mid PAS_mid
EM_mid 0.673 0.762 0.674
DM _mid 0.673 1.000 0.721 0.706
LA _mid 0.762 0.721 1.000
PAS_mid 0.674 0.706 0.705
Table 2

Final-exam Pearson correlations.

EM_final DM_final LA _final PAS_final

EM final 0.679 0.747 0.317
DM _final 0.679 0.716 0.330
LA final 0.747 0.716 0.278

PAS_final 0.317 0.330 0.278

The Pearson correlations reveal a clear pattern across the courses.
As shown in Table 1, all mid-term exam scores are strongly correlated
(r = 0.67-0.76), indicating a shared quantitative aptitude and validating
their use for early forecasting. In contrast, the final exam correlations in
Table 2 show a significant divergence. While the EM, DM, and LA fi-
nals remain aligned, correlations with the online PAS final drop sharply
(r < 0.34), suggesting score inflation from the unproctored online format
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Table 3
Correlation of residual (etc) components.

EM_etc DM_ete LA_etc PAS_etc
EM _etc 1.000 0.669 0.684 0.625
DM_etc 0.669 1.000 0.692 0.653
LA etc 0.684 0.692 0.664
PAS_etc  0.625 0.653

rather than a shift in academic content. This anomaly is confirmed to
be localized to the PAS final exam; after subtracting the exam compo-
nents, the residual scores in Table 3 regain a uniform, moderate correlation
(r &~ 0.65) across all subjects. Taken together, these views motivate our
two-part strategy: (i) trusting the midterm and residual scores for captur-
ing student knowledge, and (ii) correcting the anomalous PAS_final score
before predictive modelling.

Distribution of Scaled Score Differences (Final - Midterm)
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Figure 1. Dot /violin distributions of A for each subject.

What Fig.1 shows. The violin kernel density for PAS is visibly fatter
in the positive domain, while the other subjects display symmetric, slim
profiles centred on zero. Individual dot scatter confirms more extreme pos-
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itive A values in PAS, underscoring heterogeneity introduced by the online
unmonitored test environment.

Statistical confirmation. Welch two-sample ¢-tests corroborate
the visuals: PAS_diff significantly exceeds each of {EM, DM, LA} diff
(p < 0.05), and exceeds their pooled mean (¢ = 11.2, p <1072°). Hence
the PAS final must be corrected before any predictive modelling.

Predictive Modelling. The modelling pipeline contains two stages,
each solved by a best suiting ML model. The best model for each step was
chosen by systematically evaluating the performance of different regression
algorithms.

Stage A — Predicting PAS mid _etc.

— Target PAS mid_etc, i.e. the portion of the PAS course mark except for
final component (as it is not reliable).

— Predictors {EM,DM, LA} _mid_etc
+ {EM,DM,LA} _mid_pct + {EM,DM,LA} final_pct (9 features total).

— Model SVR [8] with following parameters: C' = 100.0,¢ = 0.1,y = 0.01,
kernel=rbf

— Validation Three-fold cross-validation. Mean R? = 0.6633 % 0.02.

Stage B — Predicting the offline-equivalent PAS final.

— Target PAS_final_offline The true score that students would get if the
final exam was held offline.

— Predictors Just two: {PAS_mid, student_overall avg diff}.

— Model Simple linear regression.

~ Validation Three-fold cross-validation (R? = 0.7276)

Why these models With only 262 students and features deliberately
engineered for linearity, other higher-capacity models (Random Forest [10],
XGBoost [9], etc.) saw a strong undertraining. The two-stage approach
solved this issue, and resolved problem of inconsitent finals.

Runtime & reproducibility. Both stages were complete end-to-end
on the cloud environment provided by Google Colab. All pseudo-random
generators were fixed at RANDOM_STATE = 42.

3. Experimental Results

Magnitude and Significance of Mid—Final Shifts. Figure 1 vi-
sualises A = final — mid for each course. Density confirms heavier skew for
PAS compared with EM, DM and LA. Welch t-tests verify that PAS_diff
differs significantly (p < 0.05) from every other subject, and from their
pooled mean (t = 11.2, p < 1072%). These findings justify treating the PAS
final as an outlier when constructing the offline proxy target.
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Predictive Performance.

1) Linear Regression dominates. A mean R? = 0.728 (SD 0.017) out-
performs every regularised, tree-based or kernel alternative, confirming
that the engineered features linearly explain the adjusted PAS score.

2) Non-linear models underperform. SVR [8] (0.663), XGBoost [9]
(0.640) and Random Forest [10] (0.631) do not capture additional vari-
ance, suggesting limited curvature in the feature—target relationship.

3) Stability. All standard deviations remain below 0.024, indicating con-
sistent generalisation across folds.

Error Profile. Prediction residuals (not shown for brevity) were
centred and approximately homoscedastic, with no visible pattern against
fitted values—further evidence that a simple linear model suffices once the
PAS anomaly is corrected.

Summary of Findings.

— Midterm results and scores for other activities (_etc) form a coherent
block; the online PAS final disrupts this structure.

— Scaled mid-final differences confirm a statistically significant uplift ex-
clusively in PAS.

— After adjusting the PAS target, a transparent Linear Regression reaches
~ 73% variance explained—adequate for early warning systems without
sacrificing interpretability.

These results set the stage for the Discussion, where we interpret practical
implications for instructors and outline limitations.

Conclusion

This work set out to demonstrate a possibility to create systems de-
signed to predict scores in future courses based on previous scores, despite
the lack of behavioural data and low enrolment. Crucially, this work high-
lights the importance of considering the mode of examination (e.g., online
vs. in-person) in predictive modelling. Exploratory analysis revealed an
anomalous inflation in the online conducted PAS_final exam, verified by
t-tests on scaled mid—final differences.

Code & Data Availability. All scripts are available at the GitHub
page: https://github.com/BSA44/grade_prediction research. The authors
express special gratitude to Dr. Anna Tomskova for providing us scores of
students. The student grade data is private and cannot be shared due to
privacy restrictions.
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This paper presents an experimental analysis of the Multipath TCP
(MPTCP) protocol and its implementation within the PNETLab
network emulation environment. The study evaluates MPTCP per-
formance under both homogeneous and heterogeneous network con-
ditions, comparing it against traditional single-path TCP. Metrics
such as throughput, goodput, round-trip time (RTT), jitter, re-
transmission rate, and out-of-order packet occurrence are investi-
gated. Experimental results demonstrate that MPTCP can im-
prove data transmission efficiency by leveraging multiple network
paths, providing higher goodput and reduced retransmission rates,
although with slightly increased latency and packet reordering. The
findings highlight the protocol’s potential benefits in optimizing
bandwidth utilization in modern multi-interface networks.

Keywords: Multipath TCP, MPTCP, TCP, PNETLab, Network
Emulation, Throughput, Goodput, RTT, Jitter, Packet Reordering

Introduction

Today, more and more end devices are equipped with multiple interfaces.
Parallel multipath data transmission attracts the attention of telecommu-
nication technology specialists. For these purposes, multipath data transfer
protocols are used. It could be SCTP, MPRTP, MPTCP, MPQUIC etc.

Multipath TCP (MPTCP) is an extension of standard TCP that allows
the simultaneous use of multiple network paths between two endpoints of a
single connection. This could increase bandwidth, reliability, and resilience
to infrastructure failures [1]. This protocol continues to be actively devel-
oped and is supported at the Linux kernel level (from version 5.6 and above),
including major distributions such as Red Hat and Ubuntu. In addition,
this protocol is integrated into Apple solutions (for Siri, Apple Maps, Wi-
Fi Assist, and other services), enabling smooth transitions between Wi-Fi
and cellular networks without disconnections. The protocol is also open to
third-party developers of iOS apps.

However, MPTCP is an end-to-end protocol that does consider the net-
work state at lower levels. For example, different subflows of a single con-
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nection can be distributed along the same path in the network. In such a
situation, network resources are used inefliciently, and competition between
subflows on the same path can lead to network congestion. In addition, due
to different delays between subflows, data packets can arrive at the receiver
in the wrong order. Packet reordering significantly reduces transmission
performance. Another problem is that the number of MPTCP subflows is
fixed and cannot be automatically and correctly adapted depends on service
requirements and available network resources.

Simulation modeling is the most widely used method for analyzing the
characteristics of data networks because it helps to overcome the limitations
of analytical models. There are many tools available for network simulation,
such as GPSS World, NS3, OPNET Modeler, Mininet, Pnetlab and others.
The result of the modeling is a description of the processes of servicing a
multidimensional input data stream, which allows determining Quality of
Service (QoS) parameters and selecting the processing order. Pnetlab is
a modern platform for network modeling and emulation that enables the
creation of complex virtual network environments with support for many
network devices and protocols [2].

The contribution of this paper is to analyze the operation of the Mul-
tipath TCP protocol implemented in Linux (Ubuntu) and to study the
features of its implementation in PNETLab environment [3]. Moreover, our
objective is to evaluate the efficiency of using MPTCP in various network
conditions.

1. Research methodology

This study investigates the performance of the MPTCP protocol under
diverse network conditions through a systematic experimental approach.
The testing methodology employs traffic generation and transmission com-
bined with comprehensive metric analysis using custom Python scripts. The
experimental framework evaluates MPTCP behavior in two distinct network
environments. First, controlled wired network conditions establish baseline
performance metrics. Second, emulated heterogeneous network conditions
replicate real-world scenarios with multiple connection paths. For compar-
ative analysis, parallel measurements are conducted using both traditional
TCP and MPTCP protocols under identical network configurations.

1.1. Performance Metrics

The chosen metrics are essential for evaluating MPTCP performance
compared to TCP.

Throughput serves as a fundamental metric for assessing data transfer
speed. Higher throughput values indicate more efficient protocol perfor-
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mance, reflecting optimized data transmission logic. While MPTCP can
potentially increase throughput by utilizing multiple paths, this requires
more complex mechanisms compared to traditional TCP [4].

Goodput measures the actual useful data rate consumed by applica-
tions. MPTCP may improve this metric by reducing the impact of retrans-
missions, while TCP might suffer from the lack of alternative paths when
packet loss or delays occur on the primary path [5].

Round-trip time (RTT) represents the time it takes for a packet to
travel from the sender to the receiver and back. It represents delays associ-
ated with packet retransmission. This metric is particularly important for
TCP connections, which are prone to packet retransmission. RTT reflects
protocol reliability and efficiency in handling packet loss, directly impacting
overall performance [5].

Jitter measures delay variability. Jitter helps assess a protocol’s ability
to handle inconsistent network conditions [4].

Retransmission Rate indicates the frequency packets need to be re-
transmitted. Lower retransmission rates typically suggest better protocol
efficiency and reliability. This metric helps evaluate the stability of each
protocol [6].

TCP Out-of-Order quantifies packets arriving at the receiver in a dif-
ferent sequence than transmitted. For order-sensitive applications, packet
misordering can degrade performance. MPTCP may face greater challenges
maintaining packet order due to its multipath nature. This metric helps as-
sess the trade-offs between multipath utilization and packet ordering main-
tenance [6].

1.2. Experimental Testbed Configuration

All experiments were performed within the PNETLab environment. It
is a network emulation platform that enables the creation of flexible virtual
topologies.

In our testbed environment, we used two virtual machines (a server and
a client) with the following characteristics:

— OS — Ubuntu 24.04
— Linux kernel image: 6.8.0-59-generic
— Hardware resources: 4 CPU, 4 GB RAM

The machines have two interfaces assigned to different subnets: ethl and
eth2. In our experiments we generated an 8.7 GiB test file for transmission
from the client to the server. Next, we established MPTCP connection using
the mptcpize run utility [7], which forces the use of the MPTCP protocol. To
monitor the MPTCP connection we used the ip mptcp monitor command,
launched before the start of the file transfer using netcat.
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2. RESULTS OF EXPERIMENTS
2.1. Goodput

The utility netcat enable the measurement of the connection’s goodput.
This metric is calculated by dividing the transferred file size by the total
transmission time.

All 10 experiments without any restriction on the channels showed a sig-
nificant difference in file transfer time - MPTCP consistently outperformed
TCP, completing the transfer 32 to 53 seconds faster in each case as shown
in the diagram in the fig. 1.

e = Median: 40.5
== Mean: 41.7

53

45

40

Time difference (seconds)

32

Figure 1. Test file transfer time difference between MPTCP and TCP

22. Round-Trip Time

RTT (Round-Trip Time) measurements were collected using the tshark
utility [8] on the server side.This produced an output file containing RTT
values, specifically the time differences between data transmission and re-
ceipt of ACK flags. For calculation average RTT and jitter we used the
python scripts.

Table 1 illustrates the RTT values recorded during transmission of the
test file over the primary subflow. The average RTT for ethl stayed close
to 2.5 ms. The mean jitter can be calculated by analyzing the differences
between the RTT peaks using the script, resulting in an average jitter of
3.45 ms. Statistics for eth2 shows how this metric changes over time in the
MPTCP subflow. The average observed RTT was 2.38 ms, with a mean
jitter of 3.39 ms.
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23. Additional Metrics

To gather information on retransmitted packets (Retransmission Rate)
and packets arriving out of sequence (TCP Out-of-Order) we used the
Wireshark filters tcp.analysis.retransmission and tcp.analysis.out_of_order
respectively. Consequently, the following results were obtained during the
experiment:

— Interface ethl: Retransmission Rate: 44 packets out of 41,698; TCP
Out-of-Order: 7 packets out of 41,698;
— Interface eth2: Retransmission Rate: 55 packets out of 40,715; TCP
Out-of-Order: 67 packets out of 40,715.
24. TCP metrics collection
During the experiments we also calculated the TCP metrics.The average
RTT was 0.83 ms, with a mean jitter of 1.02 ms
Retransmission Rate = 1,000 packets out of 48,899.
TCP Out-of-Order = 0 packets out of 48,899.

Table 1
Metrics of TCP and MPTCP

Metrics Protocols and interfaces

MPTCP MPTCP MPTCP TCP

(eth1) (eth2) (eth1+eth2)
Throughput 3.8 3.3 7.1 7.8
(Gbit/s)
Goodput 190.4 180.2 370.6 299.3
(Mbit/s)
RTT (ms) 2.49 2.37 2.43 0.89
Jitter (ms) 3.41 3.29 3.35 1.14
Retransmission| 0.06 0.04 0.1 0.3
Rate (%)
TCP Out-of- | 0.2 0.1 0.3 0
Order (%)

25. COMPARATIVE ANALYSIS OF MPTCP AND
TCP METRICS IN HOMOGENEOUS DATA
TRANSMISSION

Based on a series of metric measurements, Table 1 shows the average
results from 10 test iterations. MPTCP consistently demonstrated slightly
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lower throughput and higher latency compared to TCP, though the dif-
ference in these metrics was marginal. While MPTCP experienced in-
creased RTT, its connections demonstrated more stable packet retransmis-
sion counts, despite having slightly higher jitter compared to TCP. MPTCP
also had a noticeable proportion of out-of-order packet deliveries, a factor
that single-path TCP completely avoided. Nevertheless, MPTCP consis-
tently achieved significantly greater useful throughput. The combined av-
erage RTT and jitter for MPTCP (using ethl and eth2) were calculated as
the arithmetic mean of both interfaces’ values, since multipath transmission
naturally favors the path with lower latency.

3. Investigation of Network Behavior through Emulation of Real
Traffic

31. Limiting Bandwidth Using Token Bucket Filter
(TBF)

When testing network applications or emulating real-world conditions
at home, it is often useful to introduce controlled limitations on network
bandwidth, delay, jitter, and packet loss. The Linux tc (traffic control)
tool allows precise manipulation of these parameters on network interfaces.

To make the network conditions more realistic, we can add a NetEm
qdisc as a child of the TBF. NetEm can emulate delay, jitter, and packet
loss.

The experiments are conducted similarly to the previously described
tests without channel restrictions. The test file is used to generate traffic,
and the goodput is measured in the same way as before.

By applying the traffic shaping and network impairments described in
the previous sections, we can observe how bandwidth limitations, delay,
jitter, and packet loss affect the performance of the network. These experi-
ments allow us to compare the impact of a restricted network environment
on data transmission and application behavior. The experiment setup is as
follows:

— TCP traffic flows exclusively through ethl (wired connection). The
impact of the wired interface on goodput is measured.

-~ MPTCP traffic utilizes both ethl (wired) and eth2 (Wi-Fi) simul-
taneously. This allows the multipath protocol to aggregate bandwidth
and potentially improve overall goodput compared to TCP over a single
wired link.
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Airport Wired and Wi-Fi Network Scenario

In this experiment, we emulate a heterogeneous network environment
similar to an airport scenario:

— ethl — Wired network
This interface represents a stable wired connection typically available in
an airport.

— eth2 — Wi-Fi network
This interface represents the wireless connection available in the same
environment. In this scenario, the restriction parameters are as follows:
rate limited to 30 Mbit /s, burst size set to 32 kbit, and latency configured
to 100 ms.. As for NetEm: an average delay of 40 ms with a jitter of 10 ms
and a packet loss rate of 0.5%.

This scenario demonstrates how MPTCP can leverage multiple interfaces
to improve performance in a heterogeneous network environment, where
one interface may be less reliable or slower. The results of the experiments
(fig. 2) show that MPTCP provides better goodput, — faster data transmis-
sion even when it has additional slow channel. However, increasing delay
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Figure 2. TCP vs MPTCP Goodput Across 30 Experiments (Airport Conditions)

on the secondary path causes the MPTCP goodput to decrease, resulting
in overall performance degradation (fig. 3) .
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Figure 3. Impact of Wi-Fi (eth2) Delay on TCP vs MPTCP Goodput

4. Conclusion

The conducted study demonstrates that Multipath TCP (MPTCP) pro-
vides tangible advantages in network performance compared to traditional
single-path TCP, particularly in scenarios where multiple network paths are
available. Experimental results indicate that MPTCP consistently achieves
higher goodput, enabling faster transmission of large files, although it ex-
hibits slightly increased latency and jitter due to the need for packet syn-
chronization and reordering across multiple subflows. Despite a higher pro-
portion of out-of-order packets and modest resource overhead, MPTCP
maintains lower retransmission rates, highlighting its reliability and effi-
ciency in utilizing available network paths. The analysis within the PNET-
Lab environment confirms that careful configuration of subflows and end-
point parameters allows effective exploitation of path diversity, resulting in
improved overall data transfer performance. These findings suggest that
MPTCP is a viable solution for enhancing bandwidth utilization offering
significant benefits for modern applications.
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