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INVESTIGATION OF M/G/1//N SYSTEM WITH
IMPATIENT CUSTOMERS, UNRELIABLE
PRIMARY AND A BACKUP SERVER

A. Téth, J. Sztrik

University of Debrecen, Debrecen, Hungary

This paper investigates a finite-source retrial queueing system char-
acterized by request collisions, primary server unreliability, and the
inclusion of a backup server. In cases of collisions, when a new
job arrives while the service facility is occupied, both jobs are sent
to a virtual waiting area called the orbit. Customers in the orbit
make further attempts to access the server after a random interval.
During server breakdowns, the customer at the server is transferred
to the orbit. The system consists of a backup facility when the
primary server is unreachable to process requests while the main
service unit is under repair. The novelty of this study lies in the
implementation of the impatience of the customers and conducting
a sensitivity analysis using various service time distributions for the
primary customers. We examined a scenario where key performance
measures are visually represented, highlighting the observed dispar-
ities. Keywords: simulation, queueing system, finite-source model,
sensitivity analysis, backup server, collisions, unreliable operation,
impatience.

Introduction

In the current era of increasing traffic volumes and growing user bases,
analyzing communication systems and designing optimal configurations
present significant challenges. Information exchange plays a crucial role in
all aspects of life, making it essential to develop or adapt mathematical and
simulation models for telecommunication systems to meet these evolving de-
mands. Retrial queues are particularly effective and suitable for modeling
real-world scenarios encountered in telecommunication systems, networks,
mobile networks, call centers, and similar fields. Numerous scholarly works,
such as those referenced in [2] and [3], have extensively investigated various
aspects of retrial queuing systems characterized by retrial calls.

In certain contexts, researchers assume the perpetual availability of ser-
vice units; however, operational interruptions or unexpected events may
occur, leading to the rejection of incoming customers. Devices across vari-
ous industries are prone to malfunctions, making the presumption of their
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infallible operation overly optimistic and impractical. Similarly, in wireless
communication environments, diverse factors can affect transmission rates,
causing interruptions during packet delivery. The inherent unreliability of
retrial queuing systems significantly impacts system functionality and per-
formance metrics. Additionally, halting production entirely is unfeasible, as
it may cause delays in order fulfillment. Therefore, during such occurrences,
machines or operators with lower processing capacities may continue oper-
ating to maintain smoother functionality. Furthermore, the authors explore
the feasibility of incorporating a backup server capable of providing services
at a reduced rate when the primary server is unavailable. Numerous recent
studies have extensively examined retrial queuing systems with unreliable
servers, as demonstrated by references such as [5].

Waiting is a ubiquitous phenomenon in various aspects of life, often
leading to dissatisfaction due to the time spent in queues. This dissatis-
faction can result in early departures of requests from the system without
being served, a behavior termed impatience. Such behavior is observed in
diverse domains including healthcare applications, call centers, and telecom-
munication networks. The impatience mechanism is a crucial aspect of the
model, as it influences the overall system performance by potentially reduc-
ing the number of customers waiting in the system and affecting the service
dynamics. Studies examining these behaviors include [6].

In technological contexts such as Ethernet networks or constrained com-
munication sessions, job collisions are likely to occur. Multiple entities
within the source may initiate asynchronous attempts, leading to signal
interference and necessitating retransmissions. Consequently, it is crucial
to incorporate this phenomenon into research aimed at developing effective
strategies to mitigate conflicts and the resultant message delays. Publica-
tions that address findings related to collisions include [7].

The objective of this study is to perform a sensitivity analysis using vari-
ous service time distributions for the primary server, in order to evaluate the
main performance metrics in scenarios that incorporate the feature of im-
patience of the customers. When the primary server fails, customer service
is transferred to the backup facility. During this period, new customers are
directed to the backup unit or to the orbit if the backup unit is busy. Our
investigation focuses on the impact of the impatient feature, with results
obtained through simulation using Simpack [4]. The simulation program
is developed based on fundamental code elements that facilitate the com-
putation of desired metrics across a range of input parameters. Graphical
representations are provided to illustrate the effects of different parameters
and distributions on key performance indicators.
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1. System model

We investigate a finite-source retrial queueing system denoted as type
M/G/1//N (as depicted in Figure 6), which integrates an unreliable pri-
mary service unit, collision occurrences, and a backup service unit. This
model features a finite-source, where each of the N individuals generates
requests to the system following an exponential distribution with param-
eter A\. Arrival times adhere to an exponential distribution with a mean
of Ax N. In the absence of queues, arriving jobs are serviced immediately
based on a gamma, hypo-exponential, hyper-exponential, Pareto, or log-
normal distribution, each characterized by distinct parameters but sharing
equivalent mean and variance values (7).

In cases of server busyness, an arriving customer causes a collision with
the customer currently being serviced, resulting in both customers being
transferred to the orbit. Jobs in the orbit subsequently initiate further
attempts to access the server after an exponentially distributed random time
with parameter o. Additionally, random breakdowns occur, with failure
times modeled by exponential random variables. The failure time parameter
is 79 when the server is occupied and v, when idle.

Upon the primary service unit’s failure, repair begins immediately, with
the repair duration following an exponential distribution with parameter
~2. If the server fails while busy, the customer is promptly moved to the
orbit. During the primary server’s unavailability, all customers in the source
continue to generate requests, which are then directed to the backup server.
The backup server operates at a reduced rate, described by an exponentially
distributed random variable with parameter u, and is assumed to be reliable,
functioning only when the primary server is unavailable. Incoming requests
are directed to the orbit if the backup server is busy, and collisions do not
occur at the backup service unit.

Each primary customer in the system is characterized by an impatience
property, which reflects their potential decision to leave the system if not
served within a certain time frame. This decision to abandon the system is
made after a random time period, which follows an exponential distribution
with rate parameter 7.

The model presumes complete independence among all random variables
in its formulation.

2. Simulation results
We utilized a statistical module class equipped with an advanced sta-
tistical analysis tool to quantitatively estimate the mean and variance of
observed variables via the batch mean method. This technique involves ag-
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Figure 1. System model

gregating n successive observations from a steady-state simulation to gen-
erate a sequence of approximately independent samples. The batch mean
method is widely recognized for its effectiveness in establishing confidence
intervals for the steady-state mean of a process. To ensure the sample aver-
ages are approximately independent, large batch sizes are essential. Detailed
information on the batch mean method is provided in [1]. Our simulations
were conducted with a confidence level of 99.9%, and the simulation run was
terminated when the relative half-width of the confidence interval reached
0.00001.

Table 1
Numerical values of model parameters
Nlv|7m|y»| o | p|T
100 | 0.1 | 0.1 1 10.05|0.1]0.01

In this section, our goal was to establish service time parameters for each
distribution such that they exhibit equivalent mean values and variances.
Four distinct distributions were analyzed to evaluate their impact on perfor-
mance metrics. The hyper-exponential distribution was specifically chosen
to ensure a squared coefficient of variation exceeding one. The input pa-
rameters for the various distributions are detailed in Table 2, and Table 1
enumerates the values of other pertinent parameters.

Figure 2 illustrates the relationship between the mean response time of
successfully served customers and the arrival intensity. Under successfully
served customers we mean those customers which do not depart from the
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Table 2
Parameters of service time of primary customers
Distribution Gamma | Hyper-exponential | Pareto | Lognormal
Parameters a=0.011 p=0.494 a=2.005 | m=—2.257
£ =0.011 A1 =0.989 k = 0.501 o=2125
Ao =1.011
Mean 1
Variance 90.25
Squared coefficient of variation 90.25

system earlier because of impatience. The Pareto distribution demonstrates
the highest mean response time, whereas the differences among the other
distributions become more pronounced. Notably, the gamma distribution
results in the lowest mean response time.

An interesting observation is that as the arrival intensity increases, the
mean response time initially rises but subsequently decreases after reaching
a specific threshold. This phenomenon is characteristic of retrial queuing
systems with a finite-source and tends to manifest under appropriate pa-
rameter configurations. In the extended version of our paper, we plan to
present results utilizing an alternative parameter configuration where the
squared coefficient of variation is less than one and focusing more on how
impatience has a role in modifying the performance measures.

55

y served ¢
N
8

timeofa

Mean

[ 1 2 3 4 5 6 7 8 9 10
A

~Gamma ~Hyper-exponential ~Pareto -Lognormal

Figure 2. Mean response time vs. arrival intensity
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3. Conclusion

We conducted simulations of a retrial queuing system based on the
M/G/1//N model, which incorporates an unreliable primary server and
a backup service unit. Our program facilitated a sensitivity analysis on var-
ious performance metrics, including the mean response time of a successfully
served customer. Notably, when the squared coefficient of variation exceeds
one, significant deviations are observed among distributions across multi-
ple aspects of the investigated metrics. Future studies will aim to further
explore the impact of server blocking, other types of customer impatience
in alternative models, and conduct sensitivity analyses for other variables,
such as failure rates.
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TANDEM OF A SELF-SERVICE QUEUEING
SYSTEM AND A FINITE CAPACITY QUEUEING
SYSTEM PROCESSING IN WHICH IS DESCRIBED
BY THE MARKOV CHAIN

A. Dudin, O. Dudina

Belarusian State University, Minsk, Belarus

A dual tandem queueing system with an infinite-server first stage
is considered. Arrivals are defined by the Markov arrival process,
the service time is exponentially distributed. After receiving ser-
vice at the first stage, a customer either departs from the system
permanently or transits to the second stage. Processing of a cus-
tomer at the second stage is described by a system having a finite
capacity. Service of customers at the second stage is defined by an
arbitrary Markov process. If the second stage is full at the service
completion moment of a customer at the first stage, this customer
is lost or repeats service at the first stage. The dynamics of the
system is described by the four-dimensional Markov chain. This
chain belongs to the class of asymptotically quasi-Toeplitz Markov
chains. This allows to implement the stationary analysis of tandem
states and compute the main performance measures of the tandem.
Keywords: tandem queue, infinite-server system, system of a fi-
nite capacity.

Introduction

Tandem queueing systems are the simplest case of queueing networks
and suit for modelling various real-world systems in telecommunication,
transportation, manufacturing, etc. industries. Therefore, they are the sub-
ject of intensive research. Here, we consider a specific tandem system. The
first stage of the system is described by the infinite server system (similar
to M AP/M /oo type system). Infinite-server queues are one of the simplest
kinds of queueing systems, for which sometimes it is possible to obtain even
the transient distribution of the system states (see, e.g., [1]). Motivation for
consideration of tandems with the infinite-server first stage lies in the wide
distribution of such kinds of tandems in real life. Service at the first stage
may be interpreted as a preliminary self-service of a customer before receiv-
ing service at some service facility. The term ”self-service” was used in this
context, e.g., in the paper [2]. Self-service can mean the preliminary prepa-
ration of a customer to service via an Internet-based facility, such as the
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preparation of some files, wish lists, or pre-checks. In medical applications,
self-service can be interpreted, e.g., as a diet compliance or a provision of
emergency medical care outside of a hospital. Service at the second stage
is the essential service of a customer. It is natural that the capacity of any
real service system is finite. Thus, here we make an assumption that the
second stage of the tandem is described by a quite arbitrary queueing sys-
tem of a finite capacity. Only a restricted number of customers can present
in the system (obtain service or wait in the finite buffer or the orbit). We
omit details of the service process at the second stage. It can be a single-
or multi-server system with a finite buffer or no buffer, a system with some
kind of limited processor-sharing service discipline, a polling system with
finite buffers, or a hybrid system. We assume only that a customer process-
ing at the second stage is described by a two-dimensional continuous-time
Markov chain with the known matrices of the chain transition intensities
that do not lead or lead to departure of an arbitrary customer from the sec-
ond stage and its transition probabilities at the moments of a new customer
transfer from the first stage.

1. Model description

The Markovian arrival process (M AP) arriving at the first stage of the
tandem is defined by the irreducible underlying Markov chain v; having a
finite state space {1,2,..., W} and matrices Dy and D; defining the transi-
tion rates of this chain without and with the generation of new customers.
The average arrival rate is denoted by A. More details about the M AP can
be found, e.g., in the paper [3] and books [4], [5], and [6].

The first stage contains an unlimited number of independent, identical
servers. All arriving customers are admitted to the system and immediately
begin service. The service time of an arbitrary customer at an arbitrary
server has the exponential distribution with the rate pu.

After the end of service at the first stage, with the probability p, the
customer transits for service at the second stage or, with the complemen-
tary probability, the customer finishes service and departs from the system.
For example, after the search of information about some entities from the
database in some available indices, the user may discover that he/she al-
ready found the required information and does not need to be processed
using the tables of the relational database.

The second stage of a tandem has a finite capacity. The integer limit
N is fixed. A customer, which finishes service at the first stage when the
number of customers at the second stage is less than N, transits to the
second stage. If this number is equal to N, the customer cannot enter
the second stage. With the probability g, this customer is lost. With the
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complementary probability, the customer returns for the repeated service at
the first stage. Duration of the repeated services also has the exponential
distribution with the rate p.

For generality of the model, we do not suppose any concrete detailed
mechanism of operation of the second stage. We assume that all customers
are processed at this stage independently of each other. The operation of the
second stage is completely described by the two-dimensional Markov chain.
One of the components of this chain is the number, n;, of customers at the
second stage. The second component, 7, defines the auxiliary processes,
such the process {n,n:} is the Markovian one. Actually, the component
71 itself can consist of a finite number of sub-components. For example, if
service times of customers at the second stage have a phase-type distribution
(for definition, see e.g., [4] and [5]), these sub-components may define the
current phase of service of each customer or the number of servers providing
service at each phase.

Customer’s processing at the second stage is characterized by the three
sets of matrices. Under the fixed number n of customers processing at the

second stage (receiving service or waiting in a buffer), n € {0,1,..., N}, the
process 7; admits values from the set of cardinality K,,, n € {0,1,..., N}.
The non-diagonal entries of the square matrix H,, n € {0,1,..., N}, of size

K, describe the transition rates of the process 7; within its state space that
do not lead to departure of a customer from the second stage. The diagonal
entries of the matrix H,, are negative. The module of such an entry defines
the rate of the process 7, exit from the corresponding state. The matrix
H,;, ne{l,2,...,N}, of size K,, x K,,_; describes transition rates of the
process 7; when one of n customers processed at the second stage departs
from this stage. The stochastic matrix H,;', n € {0,1,..., N — 1}, of size
K, x K, 1 describes transition probabilities of the process 1; when a new
customer arrives to the second stage.

Here, Hye+H,e=0" nec{l1,2,...,N},Hfe=e, ne€ {0,1,...,N—
1}, where e and 0 are column and row vectors of 1’s and 0’s of a suitable
size, respectively.

2. Markov chain describing behavior of the tandem
Let us consider the four-dimensional process & = {i¢,ne, ve, e}, 14 >
0,n; €{0,1,...,N}, vy € {1,2,... ., W} n. € {1,2,...,K,,}, t > 0, where,
at the moment ¢, i; is the number of customers at the first stage, n; is the
number of customers at the second stage, v; is the state of the underlying
process of arrivals, and 7; is the state of the underlying process of customers
processing at the second stage.
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It is obvious that the process &; is the Markov chain. Let us enumerate
the states of this chain in some order. The most reasonable is the direct
lexicographic order. However, sometimes the states of the process 7; are
preferred to be enumerated in the reverse lexicographic order. For example,
this takes place when the second stage is a multi-server queueing system
without a buffer and with a phase-type distribution of service times in the
servers. This allows to apply for writing down the explicit form of the
matrices H,, H, , and HI the corresponding recursive formulas presented
in [7] and [8].

Let us call the set of the states of the Markov chain & having the value
(i,n) of the first two components as the sub-level (i,n) of the chain, and
the set {(z 0), (¢,1),..., (i, N)} is the level 4, i > 0.

Let Q ") be the matrix consisting of the transition rates from the
sub-level (z n) to the sub-level (j,n'), i,7 > 0, |i — j|< 1, n,n’ €
{0,1,...,N},|n — n/|< 1. By default, the diagonal entries of the matrix
Q(n ™) are negative, and their moduli define the rates of the exit from the
corresponding state of the Markov chain &. The matrix Q; ; consisting of
the blocks QEZ’TL/), n,n € {0,1,...,N},|n—n'|< 1, defines transition rates
between the levels ¢ and j. The infinite-size matrix Q consisting of the blocks
Qi ; is the generator of the Markov chain &;.

Theorem 1. The generator Q of the Markov chain & is the block
tri-diagonal matrix with the blocks Q; ; that have the following form:

e The matrix Q;; has the diagonal blocks of the form
Q"™ = —iplwr,, +Do® Hy, n€{0,1,...,N — 1},

QY™ = —ip(1 — p(1 — ) Iwry + Do ® Hy,
and subdiagonal blocks of the form
Q"" Y= IyoH ,ne{l,2,.. . N}

i,

e The matrix Q; ;41 is the diagonal matrix with the blocks of the form

Q" =D ®Ix,, ne{0,1,...,N}.

e The matrix Q; ;—1 has the diagonal blocks of the form
ngnf =ip(l —=p)lwrg,, n€{0,1,...,N =1},

QYY) = inlpg + 1 - p)Iw © Iy,
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and updiagonal blocks of the form

Q™) — juply @ HY, ne {0,1,...,N — 1},

7,1—1

where ® and & are symbols of the Kronecker product and sum of ma-
trices.

Proof of the theorem is implemented by analysing all possible transitions
of the considered Markov chain during an interval of infinitesimal length.

Theorem 2. The Markov chain & belongs to the class of asymptoti-
cally quasi-Toeplitz Markov chains (AQT M Cs), for definition and relevant
properties see [5] and [9].

Proof. Let R; be the diagonal matrix with the diagonal entries defined
by the moduli of the diagonal entries of the matrix Q; ;. It is easy to verify
that the following limits exist:

Yo = lim R;'Q;i 1, Vi = lim R;7'Q,; + 1, Yo = lim R;'Q;iq
1—> 00 1—> 00 1—> 00

where Y7 and Y5 are zero matrices and the matrix Yy is the stochastic
matrix with the diagonal blocks (Y5)™™ = (1-p)Iwk,, n € {0,1,..., N—
1}, (Yo)™N) = Iy i, and updiagonal blocks pIyw @ H;f, n € {0,1,..., N —
1}.

According to the definition given in [9], the existence of limits Y, k =
0,1, 2, implies that the Markov chain &; belongs to the class of AQTMCs.
Theorem 2 is proven.

Corollary 1. The Markov chain & is ergodic for any set of system
parameters.

Proof. The sufficient condition for ergodicity of AQTMC, see [5] and [9],
is the fulfillment of the inequality yYope > yYse where the vector y is the
solution of equations y = y(Yp + Y1 + ¥2), ye = 1. Because Yj is the
stochastic matrix while Y5 = O, this inequality is always true. The corollary
is proven.

3. Calculation of the stationary distribution of the Markov chain
and performance measures of the tandem

Let us denote by 7r(i,n) the row vector of the stationary probabili-
ties of the states of the chain & that belongs to the sub-level (i,n) and
7, = (7(i,0),w(i,1),...,7(i, N)), ¢ > 0. Numerically stable algorithms for
computation of the vectors m;, i > 0, can be found in [9, 10, 11].

Having the vectors 7r;, ¢ > 0, been computed, we can calculate the values
of various performance measures of the system. We present expressions for
computing some of them.
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The mean numbers of customers receiving service at the first and second
stages at an arbitrary moment are

00 co N
L, = g ime, Lo = g E nw(i,n)e
i=1 =0 n=1

The rates of customers that received service at the first stage (and do
not need further service) and the second stages are

=l —=p)Li, ro = ZZ

=0 n=1

The loss probability of an arbitrary customer is given by the formulas

Pq o . ry+ 72
Poss = TZZWT(Z’N)e =1- 3

Having fixed, e.g., the costs of maintenance of an unit of the capacity of
the second stage and the penalty for a customer loss, various optimization
problems related to the choice of the parameter N can be solved.

4. Conclusion

We considered a dual tandem of an infinite-server system and a finite
state queueing system processing admitted customers at which is described
by the Markovian process. A multidimensional Markov chain describing the
behavior of the tandem system is analysed. The imposed assumption that
the arrival flow is described by the M AP essentially increases the adequacy
of the considered tandem to the real-world systems. The considered model
creates the framework for analysis of plenty of tandem systems with self-
service at the first stage. Customers processing at the second stage can be
described by the single- and multi-server system, or a system with limited
processor sharing, a system with servers breakdowns, customers impatience,
etc. When the discipline of service at the second stage is fixed, the matrices
H,, H, ,and H,;", n € {0,1,..., N}, have to be computed and, then, the
presented above results can be directly applied for performance evaluation
of a corresponding tandem system.
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We analyze a multi-server resource loss system model with service
times that depends on the resource requirements. We develop a
recurrence algorithm to calculate the stationary probability distri-
bution and its characteristics, such as the blocking probability and
the average amount of occupied resources. In numerical example,
we calculate these characteristics under the assumption of the Er-
lang distribution for the service time and the geometric distribution
for the resource requirements. Keywords: resource loss system,
random requirements, blocking probability, normalization constant.

Introduction

Resource loss systems are widely used in wireless communication net-
work systems performance analysis [1]. An important element of resource
loss systems in application to the analysis of wireless communication net-
work systems is the limited amount of available resources [2]. However, sys-
tems with infinite amount of available resources also have applications [3].

In [2], a multi-server resource loss system with limited amount of re-
sources is introduced with the total amount of resources occupied by all
customers taken for tracking. In [3], a model of the system with service
time that depends on the amount of resources required is considered. This
model can be used to analyze data transmission characteristics under con-
ditions of elastic traffic.

Note that the formulas for calculating stationary probabilities and char-
acteristics presented in [2] are too complex for analytical calculations due
to multiple convolutions of resource requirements’ cumulative distribution

The research was funded by the Russian Science Foundation, project no.22-79-10128,
https://rscf.ru/en/project/22-79-10128/
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function. In [4], a recurrence algorithm is presented for calculating station-
ary probabilities and system characteristics based on [2], with a service time
independent of the resource requirements.

This paper presents the development of a recurrence algorithm for the
case with resource-dependent service times. We introduce formulas for cal-
culating the blocking probability and the average amount of occupied re-
sources and provide a numerical analysis example.

1. Model Description

Consider a multi-server resource loss system with the maximum number
of servers N and R resource units, R < co. Customers arrive according
to the Poisson flow with arrival rate A. The service times are mutually
independent. Let H;(x) be the conditional cumulative distribution function
of the service time provided that j discrete resources are required. The
distribution of resource requirements is determined by {p;},5 =1,2,..,R.

The state of the system at time ¢ is described by the stochastic process
X(t) = (&(t),v(t)). Here £(¢) is the number of customers in the system at
time ¢t. Each customer occupies an integer number of ~(t) resource units,
~v(t) < R. The newly arrived i-th customer requires a random number of
resources r; > 0. If at the arrival instant ¢;, £(¢;) = N or (R — y(t;) < 14),
then the customer is lost. At the end of the service, the customer leaves
the system and releases the amount of resources it occupied. If £(¢) < N or
R —~(t) > r; then the customer is accepted for service.

Let b; = fooo xd(h;(z)) be the conditional average service time, provided
that the customer requires i resource units.

Then the average service time b can be found as:

R
b= Z bip;- (1)
i=0
Denote

1
gi = gbipi- (2)
Then, based on [3], the stationary distribution of the process X (t) can

be found as

N r R
@ = lim P{§() =0} = (1+ Y5> o), (3)
k=1 r=0
k
ar(r) = lim P{&() = ky() =1} = q0- 9P - I, (4)
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k=0,1,2,..,N,7r=0,1,2,.... R, ¢ — k-fold convolution of the distribu-
tion g, p = Ab.

We introduce recurrence algorithm for a model with a service time that
depends on the resource requirements.

Z o Z g (5)

7=0
Note that by definition G(N, R) = ¢; ! is a normalization constant.
Proposition 1. Functions G(n,r) with G(0,7) =1 for r =0,1,2,.., R

and G(1,r) =1 —l—pz gj for j =0,1,2,...,r satisfy the following recurrence
§=0
relation:

Gn.r) = Gln=1,r) + 237 g,(Gn— 1.r =)~ Gn 2,0 =), (6)

=0

2<n<N

Proof. 1

nok_T n—1 p r

P k P k
G(n,r)—G(n—l,r)zzjzgj(.)i v g§):
k=0 " j=0 k=0 = =0
n-1) PN~ N (1)
- nl ZZ ]gJ % - ,Z%Zgj,l

§=0 i=0 i=0  i=j

ZBZgi((p

ngz (n—1,r—14i)—G(n—2,r—1)). O

Proposition 2 The blocking probability 7 can be expressed as:

m=1-G'(N,R)) ¢:G(N - 1,R—1i). (7)
Proof.
N—1 R N-1 pk R
(k+1 — (k+1
=m0 ) 5 Z W=1-GHNR) Y e =
k=0 j=0 k=0 j=0
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=1-GYN,R)Y ¢GN—1,R—i).

>R

Proposition 3. The average number of occupied resources B can be
expressed as:

R
B=R-G '(N,R)> G(N,R—i). (8)
i=1
Proof. Let B be the average number of unoccupied resources. Then, by
definition:

B=R- B
R N N o R "
. k
B=> ()Yl =GR Y S (R =
3=0 k=0 k=0 " j=0
N ok R R—j " N o R R—i w
—1 —1
GHNR)Y D> 9 =G NRY Ty Y g =
k=0 r=0 i=1 k=0 1=0 j=0
R
G™'(N,R)Y G(N,R—i). O
=1

2. Numerical example

Consider a case where the amount of resources allocated to the customer
follows the truncated geometric distribution. Let N = 100, R = 100,k =
2,1 =1[0.3,0.65],p = 0.4 and 0.6.

We suppose that the service time follows the Erlang distribution I'(k, §,)

k 19k
with density h;(z) = = § e %% where §; = %,j =1,2,...,R. Take
_ 2R
7

k = 2, therefore b; =
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The results are depicted in Fig. 1. Initially, the probability of losses
at p = 0.4 is lower than at p = 0.6. But with the increase of the arrival
intensity, the system takes more ”heavy”customers, which, according to
the condition, are serviced faster. Thus, at p = 0.4, the system receives
more customers that do not require many resource units than at p = 0.6.
Customers that are not resource-demanding but time-demanding fill the
system, and when a new one arrives, a loss occurs.

0.25 = 100
—= p=04 o 95 77 p=04
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§ 0.20 7 g 90 P
X e T g v

> gy 7] e
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Figure 1. Numerical example results

3. Conclusion

In this paper, we considered a resource loss system with resource-
dependent service times. We developed a recurrence algorithm to evaluate
the system’s characteristics. The recurrence algorithm can be applied to
models of wireless networks.
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This paper investigates the reliability of a k-out-of-n system with a
single server taking multiple vacations. The server provides service
to failed system components and extends the service to external
clients. The arrival of externally failed customers and the failure
rate of internal components follow Poisson distribution. The ser-
vice times of both internal and external customers, are exponen-
tially distributed. The external and internal services are governed
by N policy with non-preemptive external services. If the server is
on vacation, the vacation stops and internal service starts when the
number of failed system components reaches N. The model is exam-
ined using the Matrix Geometric Method. Several system perfor-
mance measures and an appropriate cost function are determined.
Keywords: k-out-of-n system, vacation, N-Policy, non-preemptive
service, matriz-geometric method.

Introduction

A k-out-of-n system with n components is functional if and only if at
least k of those components are functional. Chakravarthy et al. [2], analysed
a k-out-of-n system with an unreliable server that takes frequent vacations.
A system with N machines having an exponential failure rate and being
served by an unreliable server was examined by Chakravarthy et al. [1].
Dudin et al. [3] utilised the idle time by offering service to external clients.

Krishnamoorthy et al. [5] used the Matrix Geometric Method to assess
the reliability of a k-out-of-n system servicing external clients and to derive
relevant performance measurements. N-policy with non-preemption regu-
lates the switching of servers between internal and external customers. A
repairable system with non-identical components was examined by Wang
et al. [7] under phase-type distributed multiple vacations of a single server.
On the reliability study of a multistate system under phase-type distributed

The authors acknowledge the financial support provided by FIST Program,
Dept.of.Science and Technology, Govt.of India, to the PG & Research Dept.of Math-
ematics through SR/FST/College-2018- XA 276(C).
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repeated vacations of a single server, Liu et al. [6] presented a mixed redun-
dancy technique. Joseph and Jose [4] analysed a k-out-of-n system with
server vaction and extended service to external customers. In this study,
we examine a k-out-of-n system with server vacation, where one server pro-
vides both internal and external services under non-preemptive service. This
problem can be modeled for service cooperation between different companies
that prioritize their own customers.

1. Mathematical Modelling and Analysis of the Problem

At the beginning, all components of a k-out-of-n system work well. The
failure time of system components is distributed exponentially with a value
of s /i, where ¢ is the number of functional components in the system. The
average rate of system component failures per unit of time is thus A4. Failed
component’s service time is distributed exponentially, with u as the param-
eter. The arrival of failed external customers to the system is characterised
by an exponential distribution with parameter A\.. An exponential distri-
bution with parameter p. characterises the service duration of externally
failed customers. By using the idle time for external services, the server’s
performance will increase as a consequence of greater experience from var-
ious external service scenarios. N-policy regulates the servicing of external
failed customers and internal failed components. When the number of in-
ternal failed components reaches level N, then the server begins the internal
service. When the number of internal failed system components reaches
level N and the server is busy providing services for external customers,
it switches from providing external to internal services after the ongoing
external services are finished.

If the system has less than N internal failed components and no exter-
nal failed customers, the server takes a vacation. With parameter v, the
vacation time is exponentially distributed. Following the servicing of inter-
nal components that failed, the server goes on vacation. The server takes
another vacation after the first one ends if there are no external failed cus-
tomers and fewer failed internal components than N. Also, when the system
failure count reaches N, the server’s vacation terminates, and it immediately
fixes each of the N internal failures one by one. When the server is in use by
internal components, external failed customers do not join the system for
service. An external customer does not join the system while the server is in
external service and there are N or more failed system components. If not,
an infinite-length queue is formed to which the external failed customers
are added.

Let E(t) represent the number of external failed components in the sys-
tem, I(t) be the number of internal failed components, and S(t) be the
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status of the server at time t. Let S(¢) = 0, represents the server vaca-
tion, S(t) = 1 if the server services the internal components, and S(t) = 2
if the server services the external customers. Then {X(t),t > 0}, where
X(t) = (E(t),S(t),I(t)) is a continuous time Markov chain with the state
space Q= {(2'170,1'2)/2'1 Z 0,0 S ig S N — l}U{(il, 1,i2)/i1 Z 07 1 S ig S
n—k+1}U{(i1,2,i2)/i1 > 1,0 <iy <n—k+1}. The following notations
are used in the sequel. I,, denotes the n** order identity matrix. Ej, is the
k" order square matrix such that Ey(i,i) = —1,if 1 <i <k, 1if j =i +1,
and all other elements are zeros.  E, is the transpose of Ey, r(i) is a
1xk order row matrix with i** element is 1 and all other elements are zeros.
¢k (1) is the transpose of ri(i), e is a column matrix of appropriate order
with all elements being 1, and ® is the Kronecker product of matrices.
The block tridiagonal infinitesimal generator matrix of {X (¢),¢ > 0} is

B1 By
By A1 Ao Bi1 B
Q= Ay Ay Ay , where By = (313 B14>’ Bi1 = AsEn —

Nelw,  Bua=A(Cn(N)@ra—iia(N)), Bis = iy (Comrra(@ra (1)),
Bis = AEn_gi1+1sEy ot s (Cn,kﬂ(n— k1)@ (n—k+ 1)),

B — < AN ON % (n—k+1) ONx(n—k+2) )
0 — )
Otn—rk+1)xN  Om—tt)x(n—k+1) On—k+1)x(n—k+2)
Onxn ON % (n—k+1) poln
By = | On—k41)xN  On—ki41)x(n—k+1) |, Where Boy = <0 © > ,
B21 322 (n7k+27N)><N
By — ( Onx(v—1) ONx(n—kt2-N) )
Om—kt2-N)x(N=1) Heln —k+2—N)
A A Agg
Ay = A Ais A |, where Ay =Biy—viy, A= (vin 0),
Az Aig Agg

Az = As (CN( )®7ﬂnfk+1(N))7 Ay = ,U*s(Cnfk«i»l ) ® ra(1 )

A15 = En k+1 +,U/sEn k+1+As(rn k+1(n k+1)®Cn k:+1 n— k+1 )
A16 = O(n—rs)x(n—k+2),  A17 = 0n—pt2)xns  A18 = O(n—r12)x (n—k+1)>
A191 - )\sEnle»ZfN + /~L5En_k+2_]\/ + )\s (rnkaerN(n - k + 2 — N) ®

Cn,kJrQ,N(TL— k’+2 - N)),
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Ao = (ASEN —(Ae + )N M (CN(N) ® T(nk:+2N))>.

O(n—k+2-N)xN Ajgq
Acly ONX(nfkle) ONX(n7k+2)
Ao = | O(n—kt1)x N O(n—k41)x(n—k+1) 0(n—k+1)x (n—k+2) \
O(n_k+2)><N O(n—k+2)><(7L—k+l) A01
where Ag; = Aely ON x (n—k+2-N) )
O(n—k42-N)xN O(n—k4+2-N)x(n—k+2—N)
Onxn ON x(n—k+1) ONx(n—k+2)
A2 = | Okt 1)xN Ottt 1)x(n—k+1) O@n—kt1)x(n—k+2) , where
O(n—k+2)x N Aoy Agy
A9 = Baa, Agy = peln O x (n—k+2-N)

Otn—rs2-NyxN  O(n—rt2-N)x(n—kt+2-N) /)

2. Stability Condition

Let IT = (IIy, 115, IT3) be the steady state probablity vector of the gener-
ator matrix A = Ay +A;+Ag, where Iy = ((m(1,1), 7T(1,2)s T(1,3) - - -+ T(1,N))s
Ho = (7m2,1), T(2,2), T(2,3) > T@m—k+1))s U3 = (73,1, T(3.2), T(3,3) s
T(3,n—k+2))). From ITA = 0 and IIe = 1 we obtain,

I A7, + T2 A5, =0, T1; AY, + TIp A5y + 113 A5, = 0, T1; Aj; + TI3 A5 = 0.
where Ail = )\sEN — VIN, AT2 = Alg, ATS = 14137 A;l = A14, A;Q =
A En A1 (CN(N) ® T(n—k+2—N))

O(n—ka2-N)xN A1
The above Markov chain is stable if and only if [TAge < IIAse. We parte-
tioned IT3 as II3; and I3z, where I3 = (m(3,1), 7(3,2),---,7T(3,n)) and
3o = (T(3,N+1), T(3,N+2)s-- > T(3,n—k+2)). Using the structure of matrices,
we obtain

A15, A§2 = Agl, and A§3 =

NAepts
HA()G = )\e[Hle + H316] = T(2,1) 3 H . (1)

Aze = pe[z1e + a2,
N s S s )\S N
Ho p (B _Bs)[1- L (©
)\S He v )\3 +v
Theorem 1. The system is stable if and only if
)\e — He V= [le As N
N 1-—- . 3
(5 < (552) - (%) ®
Proof.  Using equation(10) and equation(7) in the stability condition
ITApe < TTAse, we obtain equation(3) B

= T(2,1) e
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3. Steady State Probability Vector

The Markov process {X(t), t > 0} is a level-independent QBD process.
The stationery distribution, when it exists, has a matrix geometric solu-
tion. Let x = (xg, 21, 2,...) be the probability steady state vector of @,
the generator matrix of the process. Then x satisfies the equations x@Q = 0
and the normalizing condition xe = 1. Here e represents the column matrix
of 1’s with infinite order. Then z;11 = z; R, V i > 1, where R is the min-
imal nonnegative solution of the matrix equation Ag+ RA; + R?A, = 0.
The boundary probability vectors (xg, z1) are obtained from the equa-
tions x9gBg + x1 B2 = 0, x9B1 + x1(RAs + A1) = 0. Using normalization,
zoe + x1(I — R)"'e = 1, one can solve the equations for zg and z;.

4. System Performance Measures
The important performance measures of the system are given below.

1) Portion of time the system is down,
o0 (o)

PF:Z (i, 1L,n—k+1)+ > x(i,2,n—k+1).
=1
2) Rehablhty of the system, Pr = 1 — Pp.

3) The average number of outside failed units in the queue,

oo N-1 oo n—k+1 ) n—k+1
No=Y i x(i,0,j +Z Z 2(i, 1)+ (i—1) Y a(i,2,5).
=0 j=0 i=1 7=0
4) The average number of falled main components,
N—-1 oo n—k+1 o n—k+1 [e%)
Nep =Y 3 x(i,0,5)+ > 5> (1,5 + 3y =i, 2,5).
j=0 =0 j=1 =0 j=0 =1
co N—1
5) Probability that the server was found on vacation, P, Z x(1,0, 7).
i=0 j=
6) Expected rate of external customer loss,
oo n—k+1 oo n—k+1
Bor=2Y Y Hi10) 0y Y, w02
i=0 j=1 i=1 j=N

5. Cost Function

The cost per unit of time incurred if the system fails is shown by C}.
Holding cost of each external customer within the queue for one unit of
time is denoted by Cs; the cost due to the lose of one external customer is
represented by C3; Holding cost of each failed system component for one
unit of time is represented by Cjy; and the cost/unit of time if the server
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is on vacation is represented by Cj5. Then the expected cost/unit time
= C1Pr+ CaNg + C3Egr + CyNip + CsP,.

6. Conclusion

This work investigates a k-out-of-n system where a reliable server addi-
tionally offers service to outside clients. The model is analysed using the
Matrix Geometric Method. The system’s stability state and key perfor-
mance indicators are obtained. A cost function is developed to optimise the
value of N, the N policy level. The study in this paper can be extended by
considering working vacations for the server.
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In this work, a single unreliable server and a perishable inventory
system with clients arriving at exponentially distributed time inter-
vals and demanding a single item are considered. The inventory is
acquired from an external vendor, and the policy for control is (s,
Q). The server may seize up while in service and the failure time
follows an exponential distribution. When a consumer arrives and
discovers that the server is busy or malfunctioning, the customer
either leaves the system or proceeds to an infinitely large waiting
area called orbit. Then further retrial of customers from the orbit is
also considered. An algorithmic solution to the problem is obtained
using Matrix Analytic Method. The mean number of customer loss
before and after entering the system, the average rate of break-
down and repair, and some other relevant performance measures of
the system are derived, and a suitable profit function is obtained.
Keywords: buffer, matrixz analytic method, perishable inventory,
retrials, unreliable server.

1. Introduction

The majority of perishable inventory models that are currently in use in the
literature do not take the server’s annoyances into account. Businesses and sectors
would suffer as a result. Generally, in order to supply the products on time, a
company needs to be ready to handle any unforeseen limitations brought on by
the server. Through appropriate server repair and maintenance, a business can
effectively prevent missed sales and backlogged cases. In this study, we present an
unreliable server inventory model for decaying objects. A thorough overview of
perishable inventory modeling can be found in the review paper [4].At first, there
wasn’t been much focus in the literature on inventory systems that have favorable
service times and customer retrials. Artalejo et al. [2] introduced an alternative
to classical approaches based either on backlogged or lost sale cases. The authors
considered a continuous review (s, .S) inventory system in which primary customer
arrives in stock out period, leave the server and retries after some random time.

The authors acknowledge the financial support provided by FIST Program, Dept.of
Science and Technology, Govt.of India, to the P. G. & Research Dept. of Mathematics,
through SR/FST/College-2018-XA 276(C).
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Reshmi and Jose [6] studied a queueing inventory system with perishable items
where the items in the inventory perish at a linear rate and all the underlying
processes are assumed to be exponential. Bobina and Jose [3]studied an M/M/1
perishable invetory system with production where the service may experience some
interruption while serving.

2. Mathematical Model

Consider an (s, Q) inventory system with a single server retrial facility and
perishable items. The lifetime of an item in the inventory is exponentially dis-
tributed with parameter jw, when there are j items in the inventory. Customers
arrive at the system following the Poisson distribution with parameter A, and
each customer demands a single item. If the server is idle on arrival epoch of
a customer, then that customer is immediately taken for service, provided the
inventory is non-empty. The service time duration follows a negative exponential
distribution with parameter p.

When on-hand inventory level drops to s, an order of quantity @ is placed
and is replenished after a random lead-time, and it is exponentially distributed
with parameter 3. The server may be subject to breakdown while at service,
and it follows Poisson distribution with parameter §; and its repair times are
exponentially distributed with parameter d2. Any arriving customer, on finding
inventory level zero or the server busy or breakdown, either proceeds join a waiting
space of infinite capacity called orbit with probability + or exits the system with
probability 1 —~. All customers who enter the orbit; generate requests for service
at exponentially distributed time intervals with mean é independently. The retrial
customers who find the inventory out of stock or the server busy or breakdown,
return to the orbit with probability ¢ or exit the system with probability 1 — 4.

Let N(¢) and I(t) denote the number of customers in the orbit at time ¢ and
the inventory level at time t, respectively. Further, let

0, if the server idle at time ¢
C(t) : < 1, if the server busy at time ¢
2, if the server is breakdown at time t.

Now, X = {(N(¢),C(t),1(t))|t > 0} constitutes a continuous time Markov chain
with state space Fy U Fi U Fy, where Fy = {(¢,0,7)]1 > 0;0 < j < S},
Fi={(i,1,5)[i >0;1<j < S} and F» = {(i,2,5)[i > 0;1 < j < S}.

The generator matrix of the process is

Ao Ao
A21 All AO
Ql = Ass  Aio Ao ’
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Table 1
Transitions of Ag, A1; and Ag;
From To Rate Description
(1,0,0) (¢+1,0,0) Ay 1>0
(4,1,7) (G+L1L75) M 1>20,1<;<8
(4,2,7) i+1,2,5) Ay i>0,1<j<8
(4,0,5)  (4,1,5) A i>0,1<j<S
(2717.7) (i,O,]—l) 1% 12071§J§5
(4,0,7) (4,0,Q+35) B 1>20,1<j<s
(41,5 (1,1,Q+7) B i>0,1<j<s
(1,2,5) (i,2,Q+j) B i>0,1<j<s
(1,0,7) (4,0, —1) jw 1>0,1<5<8
(i,k,j) (4, k,j—1) jw 1>0,2<7<8Sk=1,2
(4,1,7)  (3,2,5) o 1>0,1<j<8
(L,2,j) (i,l,j) 0o 1>0,1<5;<8
(4,0,7)  (4,0,7) —Ay =B —140(1—9) i>1,7=0
(4,0,7) (4,0,5) “A—f—jw—1ib 12>0,1<j<s
(4,0,7)  (4,0,5) -\ —jw —i6 1>20,s+1<j<8§
(i,1,7)  (4,1,5) My —p—B—i0(1—9) 1>0,7=1
(1,1,7)  (4,1,7) M —p—-B—i0(l—-46)—jw—01 i>0,2<j<s
(1,1,7)  (4,1,7) Ny —p—i0(1 —95) — jw— 0y 1>0,s+1<5<8
(4,2,7)  (4,2,7) Ay — B —d2—i0(1 —9) i>0j=1
(Z727.7) (1,2,]) 7)"77[37627.7“")72.0(176) Z>072<]S5
(4,2,7)  (4,2,7) Ay — jw — b2 —i0(1 — §) i>0,s+1<j5<8
(1,0,0) (i—1,0,0) i0(1—20) i>1
(i,0,5) (i—1,1,5) 6 i>0,1<j<S
(i,1,7) (i—1,1,7) i6(1—26) i>01<j<S
(1,2,7) (i—1,2,5) i0(1—9) 1>1,1<;<8

where each element in @ has size (35S + 1) x

transitions are given in Table 1.

3. System Stability

(35 4+ 1) and their corresponding

For obtaining the stability condition for the system study, we apply the Neuts-
Rao truncation [5] by assuming Ay; = A1y and Ay, = Aoy for all § > N. Then
we define Axy = Ag + A1n + Aan. Thus the generator matrix @ of the truncated

system and Ayn will be

A0 Ao

@= Aoy Ay Ao

A21 All AO

AN =
AQN AIN AO

Hyy Hi2 O
H>1  Hise Has
0 Hs» Hss
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We introduce some notations to describe the terms in the above matrix.
— I, denotes an identity matrix of order m.
— e is a column matrix of appropriate order where all entries are 1.

— 7m (i) denotes a 1 X m row matrix whose ith entry is 1 and all other entries
are zeros and ¢, (i) denotes the transpose of (rny(7)).

— ® denotes the Kronecker product of matrices.

Thus the sub-matrices given in the matrix Ay are as follows.

Hir = B(es41(1) @ rsr1(1)) + S5 (A = B — (i — Dw — NO)cs41(i) ®@ rsr1 (i)

+ L2 (A = (i — Dw = NO)es41(6) @ 41 (6) + T3 iw(cs 1 (1) @ rspa (i — 1))

T+ B(es11() @rs41(@+1)), Hia = (A+ NO) [Olﬂ = p[ls Osa],

Hao = (= — p—01)(cs(1) @rs(1)) + Ei—a (=8 — p — ()w — d1)es (1) @ rs(i)
+ 371 (= — (fw — 61)es (1) @ s (i) + Do ((f)w)es (i) @ rs (i — 1)
+ X5_1Bcs(i) @ rs(Q + 1), Haz = 6115, Hza = 0215,
Hss = (=B — d2)(cs(1) @ rs(1)) + Biza (=6 — ()w — d2)cs (i) @ rs(i)
+ 2 1 (—()w — 82)es (i) @ rs(i) + Dia((Dw)es (i) @ rs(i — 1)
+ Xis1Bes (i) @ rs(Q +19).

The stationary probability vector mn of Ax be partitioned as 7y = (ﬂév N wy );

N N N
o = (7TN,0,07 s 77rN,0,s)77T1 = (ﬂ-N,l,17 s ’TrN,l,S)7 T2 = (ﬂ—N,z,l’ R 71—N,z,s)'

Then the relation 7y Ay = 0 along with the normalizing condition wye = 1 gives
rise to the following equations:

7o Hi1 + 71 Ha1 = 0, — mo = —(m1 Ha1)Hyy',
W(])VH12 + ﬂ'{VHQQ + TI'éVH32 =0,— W{V = f(mI)VHm + WéVng)H;;,
W{VH23+7F£VH33=O.—> Wé\r:—(ﬁ{ngg)Hg_:;l.

The matrices H;;;i = 1,2, 3 in the above set of equations are all diagonally dom-
inant and hence invertible. Thus, all the terms in the previous set of equations
exists and hence by Block Gauss-Seidel iteration, we can find the vector 7.
Thus, the stability condition can be asserted as, the truncated system is stable
if and only if 7y Aoe < mn A2ne. By rearranging and using the limiting technique
used by Krishnamoorthy et.al. [5], as N — oo, we get 1\}21100(%) < 1, where

7 Ace =m0 (Ayes11(1) @ rs11(1))e + My(nt +72))e,
mnAzne =(m) (NO(1 = 8))(cs+1(1) @ rs41(1))e
+ (70 )NOS_1cs41 (i + 1) @ rsia())e + (w1 + w3 )NO(1 — 6))e.
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4. Steady State Analysis

Since X is a level dependent quasi-birth-death process, to calculate the steady
state probability vector, we use the method described by Neuts-Rao [5]. Consider
the steady state probability vector x = (xg,x1,x2,...) of Q, where,

Ti = (Zi,(),[J’Z'i,O,l e 7Zi,O,S7Z'i,1,17Z7L,1,27 tt Zi,l,S7 21.2,17Zi,2,27 Tt Zi,2,S)7 (Z 2 O)

satisfies the relation, z,,_, = x5, R*, k> 1 where the matrix R is the unique

non-negative solution of the matrix quadratic equation R2A; + RA; + Ag = 0

with A1 = Ain, A2 = Aoy and R = lim R,, where {R,} is defined such that
n—o0

Rpy1 = —AoAf1 — RnAgAfl;n > 0 and Ry = 0. The vectors xo,Z1,...,TN-1
corresponding to boundary portion of Q) are obtained using Gauss-Siedel method
subject to normalizing condition ) ° ze = 1.

5. Performance Measures

Using the above probability vector, some important performance measures are
given below,

1) Expected inventory level in the system,
Einy = Zzozi:ozjszljzi,k,j + Ziozizozlejziyk,f
2) Mean number of customers in the orbit,
Eorvit = XiXp X 12ik,j
3) Expected reorder rate
Ero = uXZ02i1,5+1 + (s + 1)w2§202i:02i,k,s+1.
4) Expected perishability rate,
E,=w (Efiozz‘,o,l + E?iozi:ozfzzjzi,k,j) .
5) Average number of departures after service completion,
Eqs = ,uzgiozfﬂzi,m-
6) Average number of customers lost prior to entering the orbit,
Eio =M1 -2, (Zi,O,O + 25:1%,1,;‘ + Ef:lzi,Q,j) .
7) Average number of customers lost during retrials,
Enr=001-96)220i (Zz‘,o,o + Ef:lzi,l,j + Ef:lzi,z,j) .
8) Overall rate of retrials,
01 = 60 (Z21ix;) e.
9) Average rate of breakdown,
Apr = 512}20 (252121',1,3') .

10) Average rate of repair,

Ar,« = 522;20 (Zlezi,g,j) .
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6. Profit Analysis

The long-run profit function for this model, defined as the total profit per unit
time is given by

Epropit = c0Eds — 1 Einy — c2Eorpit — c3Ero — caEp — c5(Eiq + Eir) — c6 Apr — 7 Arr,

where co=revenue per unit purchase, ¢;= holding cost of inventory/unit/unit time,
¢2 = holding cost of customers/unit/unit time, cs=reorder cost, ca=cost due to
decay of items/unit/unit time, cs=cost due to loss of customers/unit/unit time,
ce=penalty due to breakdown of server/unit time, c;=repair cost/unit time.

7. Conclusion

In this paper, we studied a perishable inventory system with possible server
interruption and an infinite orbit for accommodating retrial customers. A suitable
profit function is constructed by using system’s performance measures. This work
can be extended by considering the addition of a buffer or incorporating server
vacation periods to further enhance system efficiency.
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The paper considers two models of queuing with a variable struc-
ture based on the introduction of additional transient intensities
into known models or their combinations, which create stationary
distributions convenient for calculation. In the first model, it is a
probabilistic mixture of known stationary distributions with given
weights. In the second model, this uniform distribution is repeat-
edly used in physical statistics. Both models are based on the se-
lection of states, between which additional transient intensities are
introduced. The algorithms used in the work for introducing new
transient intensities are closely related to the concept of flow in
a deterministic transport network. Keywords: queuing systems,
variable structure, transient intensities, mizture of marginal distri-
butions.

1. Introduction

Recently, due to the development of an information-theoretic approach
to modeling self-organization processes in open physical systems [1], [2] with
stochasticity, it has become possible to combine the dynamic and informa-
tion (control) parts of their description into a single system. In this paper,
this idea is the basis for building a queuing model with a variable structure.
Two models based on the construction of discrete ergodic Markov processes
with continuous time are used to construct a mathematical model of a queu-
ing system with a variable structure. This idea is the basis for building a
queuing model with a variable structure, considered in this paper. There-
fore, it becomes necessary to try to extend the above synergistic approach
to queuing systems. To construct a mathematical model of queuing systems
with a variable structure, the construction of discrete ergodic Markov pro-
cesses with continuous time is used, and the model itself is a combination
of several queuing systems. In this case, the set of states of the combined

The research was carried out within the state assignment for IAM FEB RAS (N
075-00459-24-00).
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system is the union of the sets of states of the combined systems. This is the
difference from the classical queuing systems, in which the set of states of
the system is a direct product of the sets of states of the combined systems.

The first model is a combination of several models of service systems.
The set of states of a combined system is the union of sets of states of
combined systems. The transient intensities between the states of different
systems can be considered as an input control, which is selected so that the
limiting distribution of the combined system is a mixture of the limiting
distributions of the combined systems with different weights determined by
the introduced transient intensities. In particular, when supercritical values
of control parameters (”informantsin the terminology of G. Haken [1]) are
reached, forced transitions between stationary states occur in self-organizing
open systems), in which ordered space-time macroscopic formations arise
(dissipative structures) that persist only in the presence of pumping energy,
matter, etc. from the environment.

The second model is based on the introduction of control in a single-
channel queuing system with losses in order to design a queuing system
with uniform distribution over a variety of states. To do this, we solve the
problem of determining transient intensities in a single-channel queuing sys-
tem with losses, with a finite number of waiting places and the possibility of
cleaning and restoring the system from applications if all waiting places are
filled. This queuing system is a special case of stochastic cleaning systems
that accept and accumulate input data of random variables over random
time intervals until pre-defined criteria are met. Then there is an instant
cleanup of some or all of these inputs (see, for example, [3] - [5]). At the
same time, there is a whole series of anatomical and psychological studies
on the transformation of short-term memory into long-term memory with
the participation of the hippocampus [6], [7].

2. Main results

We call a homogeneous Markov discrete process X (t) with a counting set
of states X' and transient intensities A(z,y), =, y € X irreducible if there
exists such a state * € X', which is reachable from any other state. I.e. for
any x # x* or M(x,2*) > 0, or there will be such a chain of states z1, ..., Z,,
that AM(z,z1) > 0, AM(z1,22) > 0,..., AM(Tn_1,Tn) > 0, Azp,x*) > 0.

Theorem 1. An irreducible homogeneous Markov process is ergodic
if and only if the system of equations

> u@)A(@,y) =D u(y)\y,z), v € X (1)

Yy#T yF£x
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has at least one solution u(x), z € X, for which the sum 0 < Z lu(z)|< 0.
zeX
The formulation of Theorem 1 was given in the classical monograph [8].
Using this theorem, the following theorem is proved, which is the main
result of this paper. Let us first consider the model based on two discrete,
homogeneous and irreducible (and therefore ergodic) Markov processes
Xi(t), t >0, k= 1,2, with counting sets of states X, and with transient
intensities Ag(zg, yx) > 0, and stationary probabilities Py (zx), Tk, yr € X.
From the stationary Kolmogorov-Chapman equations, the equalities follow

> Pelm)Me(@rove) = Y Prlye) Me(Whs ), Tk € X (2)
Yk EX Yk EX

Theorem 2. Suppose that transitional intensities are introduced be-
tween some states 7 € X1, x5 € X of these two processes A(zf,z3) >
0, Aa3,z7) > 0, satisfying for some ¢1, ¢2, 0 < ¢1,¢2 <1, ¢; + ¢ =1, the
conditions of local equilibrium ¢y Py (x7)A (2, 25) = co Po(x3)A(x5, 7). Then
the process X (t) with a set of states X |JX2 and transient intensities
Me(Th, Y), Tioyr € Xk, B = 1,2, Az}, xd), A(x3,z7), is also ergodic
and its stationary probabilities have the form n(zx) = cpPr(zr), zr €

X, kK = 1,2, and satisfy the stationary Kolmogorov-Chapman equations
fork,j=1,2, k#j

mae) > Mewey) = Y 7We)Me(Yr, z1), ok € Xy Tp # 24,

Yk EXk Yr €EXk
r@p) | S0 Melaom) + A | = (3)
Yk EXk
= Z W(yk))\k(ymx@+7T(1’;)A(55;a331:)
Yk EXk

EXAMPLE 1. Suppose that the discrete Markov processes X1 (t), Xa(t),
considered in the theorem 2 describe the number of applications in single-
channel queuing systems M |M|1|oo with Poisson input streams with in-
tensities A1, A2 and with service intensities i, po, p1 = A/ <
1, p2 = A2/pu2 < 1. Then discrete Markov processes Xi(t), Xa(t), de-
scribing the number of customers in the first and second queuing systems
have marginal distributions Pj(z; = k) = (1 — p1)pl, Pa(zy = 1) =
(1 — p2)ph, k,0 = 0,1,.... Select the states i = 0, z3 = 0, select
c1, c2, 0 < ¢1, ca, ¢1 + c2 = 1 and determine the intensity of transi-
tions A; = A(z = 0,25 = 0), As = Az} = 0,27 = 0) from the condition
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c1(1—p1)A(xt = 0,25 = 0) = co(1—p2)A(z3 = 0,27 = 0). For this example,
the positive intensities of transitions between states are determined by Fig.

1.
M My M
@ Ml@ Ml@ -
A
W

P P W
© Hz@ l-lg@ w

Fig. 1. Transient intensities in the queuing system from Example 1.

-

Let’s now move on to the second model, based on a single-server queuing
system with losses M|M|1|m when the number of customers exceeds the
upper limit of m. We describe this queuing system by a discrete Markov
process z(t) with states 0.1, ..., m, characterizing the number customers in
the system. Suppose that the Poisson input flow to this queuing system has
an intensity A, and the service intensity is p. Then the transition intensities
between the states of the system have the form v(i,i+1) = A, v(i+1,7) =
w,t=0,1,....,m—1.

Denote p = A/ coefficient of system loads, then stationary probability
p(4) oncoming systems in state 7 satisfies equalities

7
pli) = il—pf")fl’ p#1; pli) = %H p=1;i=0,1,...,m.

Let us now consider the problem of converting a system with losses
M|M|1|m into a system with a uniform distribution of stationary probabil-
ities. We will introduce additional transition intensities into the M|M|1|m
system, characterizing the cleaning of the system from customers and the re-
plenishment of the system with deleted customers. v(0,m) = A, v(m,0) =

L.
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Fig. 2. Transient intensities in a system with clearance of customers and
uniform stationary distribution.

An elementary calculation shows that the states 0,1,...,m,0, form a
cycle in which the sum of the intensities entering the state 4, is equal to the
sum of the intensities leaving the state (and is equal to A+p). It follows that
the stationary probabilities of being in the states of the extended system
satisfy the equality

1
p(i)=——,i=0,1,...,m, (4)

Remark 1. It should be noted that the transition intensities
v(0,m) = p, v(m,0) = X introduced in Fig. 2 may be different. In-
deed, at the vertices 1, ..., m — 1 of a graph depicting the states of the
M|M]|1lm system and its transient intensities, the difference between the
sum of the output intensities and the sum of the input intensities is zero.
At the vertex 0, this difference is equal to A — p, and at the vertex m it is
equal to u — A. Therefore, introducing between the vertices 0, m transient
intensities v(0,m) = p/, v(m,0) = XN, A+ = N + pu, it is possible to
obtain equality to zero of the corresponding differences. Moreover, with
A > u, you can select N = A —pu+e, ' =¢€, € > 0. Similarly, if 4 > A,
then the transient intensities introducing between the vertices 0, m may be
selected as v(0,m) = ¢, v(m,0) = u — A+ . The corresponding differences
of transit intensities connecting with the states 0, m are equal to zero. It
should be noted that in order to weaken the connection 0 — m, leading
to frequent switches between these states 0, m, it is enough to require the
condition € < 1.
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3. Discussion

The number of examples in the first model can be significantly expanded
using well-known formulas for marginal distributions in various queuing sys-
tems, the number of applications in which the process of death and birth
is described by [8]. Similarly, for this purpose, random processes can also
be used that describe the number of requests in nodes of an open [9] or
closed [10] queuing network, the marginal distributions in which obey mul-
tiplicative theorems.

The design of the managed queuing network given in the second model
allows for numerous generalizations based on the model of a deterministic
transport network with single input and output nodes [11]. By determining
the total flow to the output node in a deterministic network and building
an edge from the output node to the input node with this flow, it is possible
to obtain a system with a uniform stationary distribution.

4. Conclusion

In this paper, two models of managed queuing systems with a variable
structure are presented. The first model is based on a combination of sev-
eral well-known models with switching between them. The second model is
based on the deterministic transport network model and uses the introduc-
tion of feedback in a single-channel queuing system with losses. Stationary
distributions are calculated for both models. For the first model, this distri-
bution is a mixture of two stationary distributions with given weights. For
the second model, this is a uniform distribution.

The research was carried out within the state assignment for IAM FEB
RAS (N 075-00459-24-00). The author thanks Yu.N. Kharchenko for a help
in physical interpretation of obtained results.
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In this article, we examine a discrete-time perishable inventory
model with positive service and lead times under a modified N-
policy framework. We define a suitable cost function for the model
by assuming that the demand process follows a Bernoulli pro-
cess and that both service and lead times are geometrically dis-
tributed. This model is formulated as a level-independent quasi-
birth-death process. We investigate the model using the Matrix
Analytic Method. Keywords: discrete-time inventory, perishable
products, n-policy, matrixz analytic method, quasi-birth-death pro-
cess.

Introduction

Effective inventory management is vital for manufacturing and service
companies to ensure smooth operations. Managing perishable inventory
is particularly challenging due to the deterioration and limited shelf life
of products such as food items, pharmaceuticals, and chemicals. This re-
search examines a discrete-time perishable inventory model with positive
service and lead times under a modified N-policy framework minimize total
expected cost. For example, a grocery store handling perishable items like
fruits, vegetables, and dairy products must manage these items efficiently to
minimize waste, ensure availability, and maintain profitability. The model
in the study determines optimal order quantities and timing, considering
the positive service and lead times common in real-world scenarios where
processing and delivering orders take time.

Key contributions to this field include Ghare and Schrader’s (1963)[3]
model for exponentially decaying inventory and Lian and Liu’s (1999)[8]

The authors acknowledge the financial support provided by FIST program, Dept. of
Science and Technology, Govt. of India, to the PG and Research Dept. of Mathematics
through SR/FST/College-2018-XA 276(C).
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work on approximating continuous-review models using discrete-time mod-
els. Viswanath and Krishnamoorthy (2011)[13] analyzed production inven-
tory systems with service interruptions, highlighting disruption impacts.
Balagopal et al. (2021)[2] studied discrete-time inventory systems with pos-
itive service and lead times, while Selvakumar and Thangaraj (2020)[9] used
Markov Decision Processes to optimize systems with Bernoulli arrivals. Tan
and Weng (2012)[12] explored perishable inventory control with constant
deterioration and demand rates.

Jose and Anilkumar (2020)[1] and Shajin et al. (2018)[11] investigated
queuing inventory models and service time dynamics, respectively. Sigman
and Simchi-Levi (1992)[10] analyzed stochastic lead times, emphasizing in-
herent variability. The N-Policy, introduced by Yadin and Naor (1963)[14]
and further developed by Kella (1989)[6], focuses on controlling service ini-
tiation and cessation. Krishnamoorthy and Anbazhagan (2008)[7] applied
N-Policy to perishable inventory systems, showing its effectiveness in in-
tegrating perishability into decision-making. Jose and Anilkumar (2020)[5]
demonstrated improved efficiency and cost-effectiveness by incorporating N-
Policy in a discrete-time Geo/Geo/1 inventory system. Recent works by Jijo
Joy and K. P. Jose (2020)[4] highlight the growing importance of perishable
inventory models in modern inventory management.

1. Mathematical Modelling and Analysis

In this study, we model a discrete-time perishable inventory system with
positive service and lead times under a modified N-policy framework. Cus-
tomer inter-arrival times follow a geometric distribution with parameter
a. The server goes on vacation when inventory is empty, and all remain-
ing inventory is removed. Upon N customer arrivals, batch service of size
N begins, with service times geometrically distributed with parameter bo.
Additional arriving customers are served individually, with service times
geometrically distributed with parameter b;. No customers enter when in-
ventory is zero to prevent stockouts.

Inventory replenishment lead times follow a geometric distribution with
parameter ¢, occurring at slot boundaries. Inventory perishability also fol-
lows a geometric distribution with parameter d. During batch service, in-
ventory is restocked to maximum levels, ensuring demand is met.
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Notations

0, Server status when server is on vacation,
Y.: 1, Server status when server is busy with single service,
2, Server status when server is busy with batch service.

Zy : Inventory level at an epoch n.
X, : Number of customers in the queue at an epoch n.
e: (1,1,1,...,1), column vector of 1’s of size S + 2.

Then {(X,,Y,,Z,);n =0,1,2,3,..} is a Discrete Time Markov Chain
with state space {(0,0,0) U (i,1,k),s > 0,0 < k < S}U{(:,0,0),1 <4 <
N -1} U{(i,2,5),i > N}.

Now the transition probability matrix of the process is

Cy Co
Dy Dy Dy
Ay Dy Dy
P= Ay Dy Dg ’
D3 Ag A2 Al AO
Ay Az Ay A1 Ay

where the blocks Cp, C; are matrices of order 1 x 1,1 x (S 4 2) respectively,
Dy, D3 are matrices of order (S + 2) x 1 and Dy, D1, Ay, A1, Aa, A3, Ay are
square matrices whose (j, k)" element with phase i is given below. Here
o = [daby + dab, ¢, a; = daby + daby, B = claby + aby],

ab_lé o ab:lc
dabic dabic abic
DO = ._' o - )
dabic dablé o abic
dab1 d(lbl
i daby  dab; ]

)

Ao — aby, fori=1,j=5—-N+2
8 0, otherwise
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)

~ Jaby, fori=1,7=85-N+2
T 0, otherwise

aby, fori=1j=1 aby, fori=1,j=1
Al = . ’ AO = . )
[D1], otherwise [Dy], otherwise

C():((Z,O,"',O), C1 :(C_”)a

c ~ c
cab; caby o 5]
dabic  «  dabic 5
Dl = T t. o . R
dabic o  dabie B
dab; a1 dab;
L daby o cZabl
abi¢ ~ &b} c
dablé d&b16 ablc
A2 = . B
dabic dabic ~ abic
dab; dab;
L daby J@bl

2. Stability Condition and Steady State Analysis
Since customers are not allowed when the inventory is zero, the system
considered is stable if a < b;.
Matrix Analytic Method is used to analyze the model.
3. Performance Measures and Cost Function
Let

S (74,0,05 T3,1,0, Ti1,15 - - - Ti1,s),  for 1 <@ <N,
;= )
(7i,2,8, T, 1,0, T, 1,15+ - -5 Ti1,8), for i > N 4 1.
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Some important performance measures of the system under steady state

1) Expected Re order Rate, ERR, is given by
ERR =by 32 Mit,e41 +dD oy it s42]

2) Expected Inventory Level, FIL, is given by
EIL = Zil 25:1 ki + SZ?;VH 7i,2,85

3) Expected Loss Rate of Customers, ELC, is given by
ELC = Y32 ami 0 + Yito 4,0,

4) Expected Number of Customers waiting in the system for single service
when the inventory level is zero, EWO0, is given by
EW0 = Z?il 7;7‘1’1"1,0,

5) Expected Number of Customers Waiting in the System for Single Ser-
vice, EFCQ, is giv;n by
ECQ =372 3ol = Dmip e + 22y (i = N)migs,

6) Expected Rate of Departure after Completing Service, EDS is given by
EDS = b1 Y202 S0 Mk + Nba Y02y Tias,s

7) Expected Perishable Quantity, EPQ), is given by

EPQ = dz;,)il 2521 kﬂ-ivlvk'

Define the expected total cost of the system per unit time as

ETC = c¢y(ERR) + Z c(S — k)zrcr + co(EIL) + c3(ELC) + ey (EWO0)+
k=1
+c5(ECQ) + c(EPQ) + c7(EDS),

where xy, is the probability that the inventory level is k during single service,
¢o - the setup cost/order, ¢; -procurement cost/unit/unit time, co -inventory
holding cost/unit/unit time, ¢z - cost due to loss of customers/unit/unit
time, ¢4 - holding cost of a customer/unit time when the inventory level is
zero, ¢ - holding cost of a customer/unit time when the server is busy, cg
- expected perishablity cost/unit item, ¢7 - service cost/unit/unit time.

Conclusion

This study has analyzed a discrete-time perishable inventory model
with positive service and lead times under a modified N-policy framework.
The underlying model incorporates geometric distributions for inter-arrival
times, service times, lead times, and perishability, providing a realistic rep-
resentation of inventory dynamics. The modified N-policy effectively man-
ages inventory and service processes, obtaining some relevant performance
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measures and minimizing total expected cost. Future research will include
extensive numerical experiments and the evaluation of the (s, S) policy pair
to further refine and validate the model’s applicability in various real-world
scenarios.
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In this paper, we consider a retrial queue with two types of calls:
incoming and outgoing calls. The input flow is Markovian arrival
process and the service times are arbitrary distributed random vari-
ables. In its idle time the server can initiate the service itself and
make outgoing calls. We consider the system with multiple types
of outgoing calls. We use asymptotic analysis method under the
condition of low rate of retrials to study such system and propose
the approximation of the stationary probability distribution of the
number of calls in the orbit. Keywords: retrial queue, Markovian
arrival process, two-way communication, incoming calls, outgoing
calls, diffusion analysis.

Introduction

Retrial queues are the models of telecommunication and service systems
[2, 6]. They differ from other queueing models by the following behavior:
customers who cannot occupy a server upon arrival join the orbit and retry
to access the server after some random delay. Retrial queues with two-
way communication are used for modeling blended call centers, where the
operator can provide both inbound and outbound calls. In paper [1], the
authors describe the impact of using retrial queues as models of call centers.
Studies [4, 5, 7] are devoted to the QoS requirements in telephone services.
In [3], the authors provide the investigation of input processes in real call
centers.

In literature on retrial queues with two-way communication the models
with both Markovian arrival process and arbitrary distribution of service
times are not considered due to their complex structure. The main com-
plication is that the analysis requires considering four-dimensional Markov
chain. Therefore, we use the asymptotic-diffusion analysis method and build
a modification of it for MAP/GI/1 type of retrial queues with two-way com-
munication.

Similar asymptotic results without using diffusion analysis are presented
by Sakurai and Phung-Duc in [9]. They study asymptotic behavior of
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M/G/1 retrial queue with outgoing calls. Nazarov et al. [8] study the slow
retrial limit condition for Markovian retrial queues.

1. Model Description

We consider single server retrial queue with MAP input. The MAP is
driven by Markov chain m(t) with finite set of states 1, 2,...M defined by the
generator Q = [gym]. Let the diagonal matrix A denotes of the intensities
Am, Where A, is the rate of arrivals in m-th state of the MAP. The matrix
D = [d,,] of the probabilities of the arrival at the moment of the underlying
Markov chain transition from state v to state m. Service times of incoming
calls follow an arbitrary distribution with cumulative distribution function
By (z). If the server is idle at the instant of arrival, then an incoming call
occupies it for service.

If the server is busy upon arrival, the incoming call joins the orbit. In-
coming calls in orbit make an exponentially distributed delay and reattempt
to access the server. The rate of retrials is o for each incoming call in the
orbit. After delay, the incoming call behaves the same way as if it first
arrived at the system. Thus, it can receive service or make a delay again.

When the server is idle, it makes outgoing calls. We consider the system
with multiple types of outgoing calls. The rate of making outgoing calls of
type n is equal to a,,. Service times of outgoing calls of type n are defined
by distribution function B, (x). We assume n = 2,3,..., N to simplify
derivations.

We denote i(t) as the number of incoming calls in the orbit at instant ¢.
Process k(t) reflects the state of the server at instant ¢ as follows:

0, if the server is idle,
k(t) = ¢ 1, if an incoming call is in service,
n, if an outgoing call of type n is in service, n = 2, N.
We also consider the residual time of service z(t), which occurs when the
server is busy. Thus, the random process {k(t),i(t), m(t), 2(t)} with a vari-

able number of components is under investigation.
We denote

P{k(t) =0, i(t) =i, m(t) = m} = Py(i,m,t),
P{k(t) =k, i(t) =1, m(t) =m, 2(t) < z} = Py(i,m, z,t)

and introduce partial characteristic functions

Hy(u,m,t) = _ /" Py(i,m, 1),
=0
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)

o)
Hi(u,m, z,t) = Zej“ipk(i,m,z,t), k=1,...,N
i=0
where j is the imaginary unit. Deriving the system of Kolmogorov differ-
ential equations, we then transform it to the system for the partial charac-
teristic functions, which yields

OHy(u,t) al _ 9Hy(u,t)

N
OHp(u, 0,1t
DI

= 0z
3H 5 ,t aH 9 7t Ju
sl OOSD  H 0@+ (- )A)-
~ 0H4(u,0,1) P OHg(u,t)
T"‘Bl(z)HO(th)A Jjoe Bl(z)Tv
oH,, (u, z,t oH,, (u, z,t u
E’)t ) _ (az ) =H,(u,2,1)(Q+ (/" —1)A)—
OO B H(w 1), n =2, N, 1)
where
HQ(U,t) = {HQ(U,l,t), Ho(u,27t)7 ey Ho(u7M,t)},
Hy(u, z,t) = {Hg(u,1,2,t), Hip(u,2,2,t), ..., Hp(u,M,z,t)},
A=A+DoQ,

and I is the identity matrix. Also, we derive the additional equation ob-
tained by summing up the equations of the system and taking the limit by
z — 00.

%e = (" —1) {jaejuaHoa(:"t)e + (H(u,t) - Ho(u,t))Ae} » (2)

where H(u,t) = Ho(u, t) + Z Hy (u,00,t), e is the vector of ones.

Using the diffusion analyblb method under low rate of retrials condition
and the system above, the diffusion approximation of the number of calls
in the orbit is derived.
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2. Diffusion Approximation for the Number of Calls in the Orbit

From system (1) and equation (2), the following equation was derived:
0d(w, 1) wé)@(wﬂ') ,

(jw)?
or B ow a(z)+ 2

®(w, 7)b(x). 3)

Here ®(w,7) is the asymptotic characteristic function of some diffusion
process approximating the number of calls in the orbit of considered system,
a(x) is the drift coefficient of the diffusion process and b(z) is the diffusion
coefficient. a(z) is given by

a(z) = —zRo(z)e + (R —Ro(x))Ae, (4)
vectors Ry (z) are the solution of the following system:
Ri(z)Qvi + (1 — B (sk))Ro(z) (A + zI) vy = 0,
Ri(z)e = bhiRo(z)(A + z1)e,
Rn(x)ka + an(l - B:;(Sk))Ro(l')Vk = 07 n= 2a Na
R, (z)e = apb,Ro(2)e,

N

> Ry(z) =R.

k=0

Here vectors Ry(z), k = 0,N are the stationary distribution of two-
dimensional process {k(t),m(t)}, sm and v, are eigenvalues and eigenvec-
tors of matrix —Q, b, is the mean service time for calls of type n. Vector R
is the stationary distribution of underlying process m(t), which is the solu-
tion of system RQ = 0, Re = 1. Functions Bj (s) are the Laplace-Stieltjes
transforms of By (z). b(z) is given by

b(z) = a(x) + 2 [—xgoe + (g8 — go)Ae + zRye], (5)
vectors gy (z) are the solution of system
81(7)Qvim + go(2)(A + 2I)(1 = B (sm))vim = 2(1 = B (sm))Ro () vim—
—(Ri(z) = Ri(sm))(A — a(@)D) v,

dR7(0
gi1(z)e — bigo(z)(A + zI)e = —bjzRpe — dl( )

(A —a(x)Te,

gn () Qv + (1 — By (8m))80 () Vi =
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= —(Ra(z) — Ry(sm))(A — a(z))vin, n =2, N,
ga(r)e — anbugo(rle = ~ m (A —a()l)e, n =N,

N
> ek(w)e=
k=0

where s, and v, are eigenvalues and eigenvectors of matrix —Q. Vectors
R} (sm), m=2,M, n=1,N satisfy the system

R ($70,2)(Q + 5T) = Ry (1)Q + (1 — B (500))Ro(2) (A + o),
R (S, 2)Vin = =B} (5m))Ro(2) (A + z1)v,,,
R} (5m, 2)(Q + smI) = Ry (2)Q + an(1 = B; (sm))Ro(2),
R (8, ) Vin = —n Bl (5m)Ro () Vi

dR}(0)

Vectors — , n = 1, N are the parial means of three-dimensional

s
process {k(t),m(t), z(t)} and satisfy the system

dR*
dR7(0 1
_ Rl )e - 7552)R0(A + al)e,
ds
dR*
()Q R, — a,bp,Rg, n =2, N,
—%e = fanbgf)Roe, n=2N.
ds 2

Applying to equation (3) the inverse Fourier transform, we obtain the
Fokker—Planck equation for density function P(y, ) of some diffusion pro-

cess y(7)

oPy.7) ., \OWP(y,7)) , bx)PPly7)

Thus, process y(7) is the solution of stochastic differential equation

dy(7) = a'(x)y(r)dr + \/b(x)dw(T), (7)

where w(7) is Wiener process.
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We introduce diffusion process z(7) = z(7) + ey(7), where € = /o and
function x(7) is the solution of differential equation dx(7) = a(x)dr. Then
process z(7) is the solution of the following stochastic differential equation:

dz(7) = |a(z) + ed (z)y(7)]dT + e\/b(x)dw(T)
We transform the coefficients of the obtained equations as follows:
a(@) + ' (@)y = alw + ey) + O(=?) = a(z) + O(<),

e\/b(z) = e\/b(z + ey — ey) = ey/b(z — ey) = e\/b(z) + O(e?
which yields the stochastic differential equation
dz(1) = a(2)dr + e/b(2)dw(7). (8)

Hence, we can write the Fokker—Planck equation for dencity function
II(z, ) of process z(7)

oll(z,7)  O(a(2)l(z,7))

) £ (B, 7))
or 0z 2 072 |

(9)

Making reverse substitution ¢ = 2 and transform the equation for the

stationary distribution of process z(7)

—(a(2)I1(2))" + 5 (b(2)11(2))" = 0.

It is easy to see that the solution of the last equation is given by

(=) = bi /bi ’

where C' is an integration constant.
Based on the obtained distribution, we build the approximation of prob-
ability distribution of the number of incoming calls in the orbit

II(io)

PD(i) = — .
> (o)

(10)
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3. Conclusion

We have considered MAP /GI/1 retrial queue with two-way communica-
tion and multiple types of outgoing calls. The state of the system is four-
dimensional Markov chain, which we investigated using asymptotic-diffusion
approach. We have derived drift and diffusion coefficients of diffusion pro-
cess approximating the number of incoming calls in the orbit. Based on
the dencity function of diffusion process, we have build the approximation
(10) of the steady state probability distribution of the number of calls in
the orbit.
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Present paper studies a model of a multi-server system that works
at several processing speeds with randomized speed scaling policy
upon customer arrivals and departures. This system is also known
as Cluster Model or Multi-server Job Model. The possibility of
reducing the phase space size of the model is substantiated. An
implementation in the R language is presented for the numerical
compilation of the generator matrix of the Markov chain and its
subsequent application to calculation of the stationary distribution.
Keywords: supercomputer model, matriz-analytic method, quasi-
birth-death process, numerical solution.

Introduction

Most modern computing systems have many processors and their in-
coming jobs can use several cores at once. Supercomputers are one of these
classes which is widely used for tasks requiring large computing resources
and have massive energy consumption [1]. There are several energy sav-
ing methods, one of which is frequency scaling [2]. Using frequency scaling
implies that the computing cluster (i.e. system) switches between different
speed modes that determine performance and power consumption. Present
paper discusses simultaneous frequency switching between predetermined
values on arrival and departure events with certain probabilities.

The present paper is concentrated on a method (somewhat similar to
state space lumping [3]) for decreasing the (large in general) size of phase
space of the Quasi-Birth-Death (QBD) continuous-time Markov chain that
describes behavior of the supercomputer model [9]. This allows one to
compute the stationary distribution and some related characteristics such as
distribution of the number of customers or mean power consumption. Our
method allows to construct infinitesimal generator matrix algoritmically
with reduced phase space at once.

Author thanks Alexander Rumyantsev for constructive criticism.
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1. Model

We briefly describe the Multi-server Job model (MJM) [9] below. The
system consists of ¢ identical servers and a FCFS queue. Arrivals follow
Poisson process with rate A\. The k-th customer has two parameters:

— A random number of required servers Ny (class), drawn from a discrete
distribution &2 = {(j,p;) : 1 < j < ¢,p; = P(N = j)}. Customer k is
served by exactly Ny customers (seized/released at once).

— A random exponentially distributed job amount Sy (with mean u&i).

The system works in one of n regimes (modes) which affects performance
and power consumption. Regime ¢, where 1 < ¢ < n, means that all servers
run at speed (frequency) f;. Switching from regime i to j occurs when

(a) (d)

customers arrive or depart, with probabilities p; ; and p; 7, respectively.

Such systems can be studied as a QBD, which is shown in the next section.

2. Quasi-birth-death process

Models similar to the one presented in Section 1 can be studied as
the well-known QBD processes, see e.g. [4]. Consider the random process
X(t) = (x(t), ¢(t));>( in continuous time ¢ € Ry where:

— x(t) is a level (enumerable), e.g. number of customers in the system

(Jx(t2) — x(t1)|< 1 where t; < to are the epochs of consecutive events);
— () is a phase (finite), i.e. internal state of system. We call the phase

space the set of all possible states of the ¢(t).
For more details on QBD see e.g. [5, pp. 117-132].

Evolution of such process describes by equation d’;it) = 7 (t)Q where Q
is a three-diagonal infinitesimal generator matrix. The stationary distribu-
tion 7r is expressed from an infinite system of linear equations 7w = 0 and
can be calculated by using well-known Matrix-Analytic Method (MAM) [7].
The analytical solution in MAM method is usually possible when number
of phases is small (see [8], [9]). Since one of the main problems in analyzing
QBD processes is the curse of dimensionality, we propose compact phase
description in the next section.

3. Description of the phase

There are several ways to describe the phase ¢(t) of process X (t). Fur-
ther, the notation in the form of tuples is used to describe the phase. Since
the set of possible phase states depends on the level z(t) and its cardinality
increases with increasing level (from 0 to c¢), in this section we consider the
set of phase states at level x(t) = c.
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Consider the pair (m,u) first, where m is a current regime, u is a class
for the first ¢ customers in the system. This method is used for explicit
expression of the stationary distribution in [9] for small systems (¢ < 2).
Size of the phase space is [{(m,u) : m € l.n,u € {l..c}*“}|= nc for levels
greater than or equal to c.

Present paper is focused on the pair (m, s) where m is a current regime, s
is number of customers at service of each class. It was first used for a single-
speed version of MJM in [6] for obtaining stability condition. It’s easy to
understand that [{(m,s) : m € 1.n,s € {{0..c}*¢: 0 < > is; < ¢}}|< nc®
but an explicit expression for size of this set is unknown (see [10, A026905]
and [10, A000041]). At the time of writing, to the best of our knowledge,
this is a description of the phase with the minimum set of states, for which it
was possible to obtain transition matrices. Further in this section theoretical
foundations are described that allow one to move from (m,u) description to
(m,s).

3.1. Reducing phase description

Consider the description of the first type, (m,u). The article [4] demon-
strates that this description can be reduced: the distribution of customers
classes is the same for any customer in the queue, except for the first one.
We denote such state description as (m, 11, q) where m is a current regime,
1 is a list of currently served customers and q is a first customer in queue.
Note that due to the memoryless property [11, pp. 191] of the exponential
distribution, the order in the vector it is not important.

Let & ~ Exp(A1) and & ~ Exp(A2), then min(&y, &) ~ Exp(A + A2)
(see e.g. [11, p. 193]). This property allows to collect individual customers
of the same class together and get the form (m, s, q), where m, s and q were
described earlier. Note that q has distribution &2 for some subsets from
{(m,s,q)} (all servers busy or queue is empty) with fixed m and s. We
use notation q = 0 for such cases. Further reduction is possible due to the
removal of the q component, which is based on the following theorem:

Theorem 1. Let the initial state X (0) of the Markov chain X (¢) =
(x(t), (t)) where ¢(t) € {(m,s,q)} be such that ¢(0) = (m(0), s(0),0) (i.e.
¢(0) = 0). Consider the set of all possible phase states {(m’,s’,q')} at time
t where m’, s are fixed. Let v = c—) ¢, 4s} i.e. is a number of idle servers.
Then P(q" =ils') = P(q' =i|v) = & for all v < i < ¢ where w = Zf:vﬂpi.

Proof. To prove Theorem 1 we consider changes of component q and
number of free servers step by step, when customer leaves or tries to start
service. For convenience, the proof is divided into two parts:

I) Let the class of customer that tries to enter service have the initial
distribution 2, i.e. ¢(© = 0 where ¢(? is a state of component q before trial.
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Let v(¥ is a number of idle servers before trial, i.e. v(® =c— 3¢ is®

where 5(9) € s are currently served customers. Then

o)
q(l) = {07 WP Zi:1 Di; oD = {U(O) — kWP Pk S 'U(O),

k, w.p.pg, k> U(O), ’ 'U(O)v w.p. Zf:v(O)H Pi, ’

where ¢, v is the class of first customer in queue and number of idle
servers respectively after trial. Then, by the Bayes theorem [11, pp. 79-86]:

[P(q(l) _ k|v(1) _ v(o)) _ P = v@]g") = k)P(¢)) = k) S Dk 7
P(v®) = v(®) D ico 1 Pi
(1)
where k& > v, P(v™®) = v@|¢() = k) = 1 because customers come to ser-
vice in sequence, and ¢(!) # 0 means that a next customer joined/remained
in the queue. Denote Z(v) = {(k,dx) : v < k < ¢;dx = pr/d5_ 11 P4}
Note that Z2(0) = & which corresponds to all busy servers.

IT) Let 51 and 7(*) servers were idle before and after customer leav-
ing the system, respectively. Let before leaving queue was not empty and
7Y ~ 2(t(=Y). Then after customer leaving becomes: §(®) ~ D(z(~1)
and

?(0) — c
a(l) — 0, W.p. 2125(71)4_1 di7 E(1) _ 'U(O)’ w.p. Zi:ﬂ(o)-ﬁ-l dia
k, w.p. de, k>0, 70—k, wop.dy, k<70,

where gV, 51 are the class of first customer in queue and the number of
idle servers respectively after trial. Then, by the Bayes theorem:

—(1) _ =(0)|=(1) _ —(1) _
[P(q(l) _ kl@‘” :5(0)) _ [P(U( ) =7 )|q( ) = k)[P(q( ) = k) _
P@M =5(©)
d _ Pk .\ P _ Pk
Z?:i(o)_i,_l d; 2525(—1)4.1 Dpj Zizw—l)“ bj Zf:guurl Di

i=v(0) +1

That is, if not enough servers are idle after a customer leaves, then 2 (@(1))
is the distribution of the first customer in the queue, and otherwise its
distribution is reduced to the first case considered. The probability P(7(}) =
701" = k) = 1 because k > 0 means that the next client remains in the
queue and the number of idle servers has not changed. This completes the
proof of the Theorem 1. W
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4. Implementation

To test the functionality of the concept, algorithms were created for the
numerical construction of the matrix ) with a phase description in the form
(m,s). The R language! implementation is available as MJMrss package?.
The matrix R that needs for MAM method was calculated by logarithmic
reduction algorithm [12, pp. 188-189].

To validate the calculation results, a discrete-event simulation model of
the system was used. Confidence intervals for the probabilities of being at
each level were calculated by using the regenerative estimation method [13].
In total, 10% independent trajectories were launched with a length of 10*
events of the customers arrivals.

The distribution of the number of customers in the system with 16th
servers, 2 regimes and 4 classes is showed at Figure 1 (only for levels
0..20). Normalized root-mean-square deviation (NRMSD) is approximately
0.433420%. Figure 2 shows the relative deviations of the 99% confidence
intervals for mean values obtained from the simulation.

L4 .
& A N + Numerical solution ™ 7—  Numerical solution “
e < Simulation e  Simulation
© M c — | & 99%inter. - upp. bound|
> S . % v 99%inter. - low. bound |4
= = . e
8 e | é o O—Q—H—Q—H—Q—O—H—Q—@—@—%—f.—A
'g <} @ - 2 Vov
o = v .
[e) o) v
o A o 4
O‘ * v
A @
8.4 QQeeee@e@ee@ o o v
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# of customers in system # of customers in system
Figure 1. Distribution of the number Figure 2. Relative deviation for 99%
of customers in the system. confidence intervals of distribution.

The Figures and NRMSD show that the values obtained numerically
are close to the values obtained by simulation. The expansion of confidence
intervals on the right side of Figure 2 is associated with the proximity of
numerical values to zero.

5. Conclusion

The method presented in the article allows one to numerically obtain
the stationary distribution of the MJM with up to several dosens of servers

Thttps://wuw.r-project.org/
?https://github.com/ProgGrey/MIMrss
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(depending on memory and computation time limits), which is an order
of magnitude higher than in earlier works. Thus, the MJMrss R package
presented in present paper can be used as another tool for validating models
of larger systems.

10.
11.

12.

13.
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Term ”Internet of Things” (IoT) describes a type of technical system
in which various devices and sensors are connected with each other
and cloud computing resources via wireless networks. IoT found its
applications in various industrial spheres such as energy grids, smart
factories, network load monitoring and many others. For the pur-
poses of monitoring and manipulating in industrial IoT applications
it is important for information to be as relevant as possible, which
is where Age of Information steps in. Age of Information (Aol)
and its upper bound Peak Age of Information (PAol) are metrics of
information freshness in communication systems. In this study we
propose a queuing system (QS) for describing wireless network of
industrial IoT application which will be analysed through imitation
modeling. The QS in question will have several update types arriv-
ing in batches at the system according to switched Poisson process
and servicing in discrete time. For the purposes of the study, various
service disciplines will be analysed utilizing mean PAol metric.

Keywords: Aol, Age of Information, 5G, Internet of Things.

Introduction

Nowadays communication systems are actively employed in different
spheres of life. Internet of Things (ToT) is a type of communication system
which includes so-called ”things”and wireless networks connecting them.
The term ”things”in IoT can describe any physical object that can be mod-
ified with sensors and/or communication devices to provide remote monitor-
ing, status, manipulation and control. To provide an example, in consumer
applications IoT can be utilized to create smart homes, smart household
appliances and connected health.

The research was funded by the Russian Science Foundation, project Ne.22-79-10053,
(https://rscf.ru/en/project/22-79-10053/). This publication has been supported by
the RUDN University Scientific Projects Grant System, project Ne.021937-2-000. Authors
thank prof. Molchanov Dmitri for his extensive assistance with system model analysis.
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IoT found a lot of applications in the industry. As a matter of fact,
industrial Internet of Things (IIoT) can be utilized in energy grids, network
load control, smart factories, crop monitoring and various other industries.
IIoT devices acquire and analyze data from connected equipment, different
locations, sensors and devices in order to maintain, control or manipulate
the work of the devices remotely and/or automatically.

To adequately assess the information in the remote control center (CC),
the information in system should be as relevant as possible. This is where
the Age of Information (Aol) metric is utilized. Aol quantitatively measures
the relevance of information in CC. Aol’s upper bound is measured by Peak
Age of Information (PAolI). The mean PAol across a large enough amount of
time can be utilized as an optimization metric. Mean PAol for any system
can be divided into two components: interrarival time and sojourn time [1].

Previous literature review [2,3] showed that the analysis of metrics re-
lated to latency, which is a component of sojourn time, is often complicated
by orthogonal frequency-division multiple access (OFDMA). This leads to
the need to use packet service.

Consequently, to take into account the features of wireless systems with
OFDMA technology support, this study suggests model serving an arbitary
number of devices. Each device be in either of two states: “regular” and
“emergency”’, where the “emergency” state corresponds to a higher intensity
of update generation as compared to “regular”. Model is described as a
queuing system in discrete time-space with single server, limited buffer,
several batch income streams and batch service.

1. System model

The considered system model is based on IIoT application. System
model is presented in Fig. 1. It describes the up-link channel on base sta-
tion (BS). Information from N devices is sent in batches of updates and is
collected in a buffer space on BS. Maximum number of updates that can be
in buffer space at BS is denoted as R.

Each of N devices can be in either of two states, i, i = 1,2. For each
device let the difference in states correspond to different update generation
intensity denoted as A,;, n = 1, N, ¢ = 1,2, where n refers to the number
of device updates are generated at and i refers to the state that the system
is in. Consider that in state ¢ = 2 the device will have update generation
intensity higher than in state ¢ = 1.

Updates arriving in system form unanimous income stream and are or-
dered based on the number of device they are generated at. Upon arriving
updates may be blocked if buffer space is nit enough for them. Blocked
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Figure 1. System model
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are only the updates that are exceeding the buffer space available, B

n=1

denoting the blocked updates.

The service time p for a batch of updates is fixed and equals to 1 ms.
K in system denotes the service batch size. After a previous service time is
finished, the buffer is checked for updates:

— if it has no updates, the service in this time slot will not be done;

— if buffer has less than K updates, they form a batch and the batch is
served in this slot;

— if buffer has K or more updates, the batch of K updates is formed from
the first K updates in the buffer and the batch is served in a slot.

2. Queuing system
21. Income stream

The updates arrive in batches from N devices in system, which cor-
responds to IN group income streams in the system. Each of the income
streams has two states, 7, ¢ = 1,2, in which the update generating intensity
is varied. As per technical system requirements, time in system is slotted,
slot duration is fixed. At the instant new time slot starts each device can
either switch its state or conserve it.

Let a,, and B,, n = 1, N, denote the probability of n-th device switching
from state 1 to state 2 and from state 2 to state 1 respectively.

Since each of N devices can be in either of two states, let S,,(t), n = 1, N
denote the state of n-th device at instance right after slot ¢ starts. Thus, to
account for all the devices, let S(¢) " = (S1(t),...,Sn(t)) denote the vector
of states of N devices at the start of the slot ¢.

Devices generate updates at the end of each time slot. In each of the two
states the updates are generated in batches of size varying in accordance to
Poisson distribution law with the mean given as \,;, n =1, N;i=1,2. In
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system A,;, n = 1,N,i = 1,2, denotes the update generation intensity of
n-th device in state 7, which corresponds to the mean size of update batch
sent to BS.

Consider updates generated at arbitrary slot. At each device a batch
of updates is generated. Let W,(¢), n = 1, N denote the size of batch
generated at n-th device at the end of time slot ¢. Generated updates from
N devices are ordered based on the number of device they were sent from

N
and are combined into unified batch of size W (t) = > W;(¢t) for the QS to
i=1

receive.
2.2. Buffer space and update processing

Batches of generated updates are arriving at the system and, due to
delayed access, attempt to access the buffer space. Let Q(t) denote the
occupied buffer space at instance new slot starts. Then R — Q(¢) denotes
the buffer space accessible for updates. As the unoccupied buffer space
is limited, update losses are inevitable. Thus, if number W (t) of updates
generated at time slot t is greater than R — Q(t), W(¢) — R + Q(t) last
updates are not accepted in buffer and are considered lost.

The accepted updates are placed in buffer space and, based on their po-
sition, either form a batch and are sent for processing, or wait for processing
in buffer.

3. Simulation model

Simulation model for the considered system was written using Python
programming language. Imitation model flow diagram is presented in fig. 2.

For the purposes of imitating the considered queuing system, several
input parameters are required. Input parameters include those mentioned
in section 1 (N, R, K), section 2.1 (a = (ay,...,an)", 8= (B1,...,8~5) 7,
At =(A11,--,ANn1) and A2 = (A1 2,...,AN,2)), as well as simulation time
constraint, which is denoted as t,,4:.

For each of the updates generated in imitation model several parameters
are stored. Those parameters later form final statistics for the imitation
run. Parameters are as follows: global sequential number of the update, n;
number of source device, type; time slot the update was generated at, G;
variable storing if update was accepted to system, E,; time slot update was
processed by the system, Fj,; time slot previous accepted update with the
same type was generated at, GP"Y; interarrival time for the n-th update,
Y,; sojourn time for the n-th update, T,,; PAol for the n-th update, 4,,.

Out of those parameters, n, type and G,, are fixed from the moment
update was generated at the device. Then update is sent to the buffer and,
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Figure 2. Flow diagram for the simulation model (main cycle)

if accepted, E,, value is set to True. If accepted, F,, is modified at the time
slot update was included in service batch and sent to processing. After
processing, previous statistics is checked and GP"® value is set based on
the G,, of the previous processed update with the same type. If none of
the processed updates have the same type value, GE™®" is set to 0. For an
update, Peak Age of Information, as calculated in [1], includes interarrival
time and sojourn time.

From imitation model data and calculated parameters, final statistics
for a run is collected and can be exported in any format. In addition to
information about each of the updates generated across imitation model
run, several values are calculated. Those values are as follows: number of
updates generated across the imitation model run, U; number of updates
accepted in system, E:; number of lost updates, L; update loss probability,
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B; mean interarrival time across the whole system and across a fixed type,
M [Y] and M [Y], respectively; mean sojourn time across the whole system
and across a fixed type, M [T] and M [T, respectively; mean PAol across
the whole system and across a fixed type, M [A] and M [A], respectively.

Number of generated, accepted and lost updates are the direct results of
imitation model run. Update loss probability B is calculated as a ratio of
number L of updates lost to number U of updates generated. The means in
statistics are calculated as averages across either all the generated packets,
or the packets with a fixed type value.

4. Conclusion

The considered system more closely represents the work of 5G NR, wire-
less communication systems. The queuing system is analysed, imitation
model is constructed and thoroughly described in this study. Peak Age
of Information for the considered system is to be evaluated utilizing the
provided imitation model.
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Queue models incorporating working vacations have been exten-
sively studied. This research further develops the M/M/1 model
with two types of working vacations by introducing a scenario where
customers arrive in batches. Using the probability generating func-
tion method, performance indicators such as steady-state probabili-
ties are derived. Additionally, numerical experiments are conducted
to discuss the average number of customers in the system when
the batch size follows an arbitrary distribution. Keywords: work-
ing vacation, batch arrival, probability generating function, arbitrary
distribution.

Introduction

In recent years, with the proliferation of IoT and Al, there has been a
daily transmission of massive amounts of data, leading to concerns about
the increased power consumption of IT devices that need to process this
data. As a countermeasure, it has become common for recent IT devices
to be equipped with power-saving modes. The analysis of queueing mod-
els incorporating working vacations has been conducted as a method for
evaluating the performance of systems equipped with power-saving modes.
Recent studies have focused on models incorporating multiple working va-
cations to evaluate the performance of systems equipped with multi-stage
power-saving modes.

Servi and Finn [5] studied an M/M/1 queue with working vacations. Xu
et al. [6] analyzed an M?®/M/1 queue with working vacations. Baba [1]
analyzed a model introducing multiple working vacations into an M*/M/1
model. Ibe and Isijola [2] examined an M/M/1 queueing system with mul-
tiple differentiated vacations. Phung-Duc [4] analyzed a model introducing
two types of working vacations into an M/M/1 model. Ye [7] analyzed an
M?*/M/1 queue with a two-stage vacation policy. Manickam and Kalidass
[3] studied the optimality of bulk entry queues with differentiated hiatuses.
In this paper, we extend the model discussed by Phung-Duc [4] and intro-
duce two types of working vacations into an M*/M /1 model with batch
arrivals. Using the probability generating function method, we derive exact
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solutions for performance evaluation indices such as steady-state probabil-
ities and the average number of customers in the system. Additionally, as
a numerical experiment, we compare and discuss the simulation and ana-
lytical results for the average number of customers in the system when the
batch size follows an arbitrary distribution.

1. Mathematical Model

The model in this study introduces two types of working vacations with
different service rates into an M®/M/1 model where customers arrive in
batches. Batches of customers arrive at the server according to a Poisson
process with rate A\. The probability that the batch size B =i is b;, where
i represents the number of customers in a batch.Service times follow an
exponential distribution, with an average service time of 1/u. When the
server finishes serving a customer and there are no customers in the system,
the server starts Vacation 1. The service time during Vacation 1 follows an
exponential distribution, with an average service time of 1/u1. The vacation
time of Vacation 1 follows an exponential distribution with an average time
of 1/~1. If there are no customers in the system when Vacation 1 ends,
the server starts Vacation 2. The service time during Vacation 2 follows an
exponential distribution, with an average service time of 1/us. The vacation
time of Vacation 2 follows an exponential distribution with an average time
of 1/75. Vacation 2 will continue to repeat as long as there are no customers
in the system. When each vacation ends, the server returns to the normal
state and resumes service at a rate of y. The state transition diagram of
the model in this study is shown in Figure 1.

Figure 1. State transition diagram (b1 + ba + b3 = 1).
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2. Analysis

Let N(t) be the number of customers in the server at time ¢ and S(¢)
be the state of the server

0 if the server in normal,
S(t) = ¢ 1 if the server in vacation 1,

2 if the server in vacation 2.

Then, (S(t), N(t)) forms a two dimensional Markov chain on the state
space {0,1,2} x Z*, where Z+ ={0,1,2,...}.

The steady-state probability of the system being in state (4, j) is denoted
as 7; ;. From the state transition diagram in Figure 1, the following balance
equations can be derived:

(A =+ p)To,1 = 1m0 + Va2 + pmo,2, (1)
n—1

A+ 1)Ton = M1710 + V220 + U0 g1 + A Z bmon—k, (n>2), (2)
k=1

(A +71)7m10 = a1 + pmo,1, (3)

A+ +p1)m = pamre + Abimy o, (4)
n—1

A+ + p1)T10 = 171 g1 + Abpmio + A Z biTin—k, (n=>2), (5)
k=1

ATr9.0 = [2T2,1 + Y1710, (6)

(A4 v2 + p2)ma1 = pama 2 + Ab1ma 0, (7)
n—1

(A + 72 + H2) T2 = HaTa i1 + AbnTr20 + A > bero ok, (n>2). (8)
k=1

The probability generating function of the system in state (¢,j) is de-
fined as II;(2) = > - mn2" for ¢ = 0,1,2. Additionally, the probability
generating function of the batch size B is defined as B(z) = > o, by2".

Multiplying both sides of equations (1) and (2) by 2", summing over n,
and transforming into generating functions, we obtain:

_ 2 (2) + v2la(2) — pmo ]
Mh(z) = AN+ p)z —p—AzB(2)
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Similarly, from equations (4) and (5), we obtain:

Z[/\WLOB(Z) - M17T1,1]

) = s T )z — - AeB)

Since there exists an unique 0 < z; < 1 such that the denominator becomes
zero, we find z;. When substituting z = z;, the numerator also becomes
zero, yielding the following equation:

7T1,1 = fﬂ'LoB(Zl).
H1

Similarly, from equations (6) and (7), we obtain:

2[Ama,0B(2) — pama, 1]

1) = s 4 )z — i — AB ()

Similarly, we obtain the following equation:
mo1 = —m2,0B(22),
2

where 0 < z2 < 1 is an unique value that the denominator of II3(z) is zero.
The steady-state probability lim1 IIy(z) is derived as follows:
z—

My(1) = lim 2l (2) +92115(2)] + [l (2) + 12lla(2) — pmoa]
0 1 (A + ) — \zB'(2) — AB(z)

_ IT (1) 4+ 72II5(1) + [ 11 (1) 4 42Ila(1) — pmo,1]
p—AB'(1)

From the total probability formula, we obtain:

m10 + (1) + 20 + II2(1) + Mo (1) = 1.
From the state transition diagram, the following equations are obtained:
o =v2lla(1), pmoq =m0 +7Ihi(1).

The unknowns 7,9, 72,0, and mg,; can be solved from the above three
equations as follows:

A= +72) + Ma(l = B(21)(p — p1) — Vi pa,
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N Ay1y2(p— AB'(1))(1 — B(22))
N7 TTNA(L - B(z)) + e

S Yiv2 (1 — AB'(1))
207 N = B(22)) + e’
M1y2(p — AB'(1))(1 — B(22))(71 + A1 — B(z1)))
MA(1 = B(z2)) + p2yiy2 '

Let TI(z) be the generating function representing the number of cus-
tomers in the system. II(z) is derived from the following equation:

mo,1 =

[(z) = Tlo(2) + My (2) +T2(2) + 71,0 + 72,0-

The average number of customers in the system E[L] is obtained from
IT'(1):
E[L] =1I'(1) = (1) + I3 (1) + II5(1).

3. Numerical examples

In this experiment, we investigated the behavior of the average number
of customers in the system E[L] with respect to the traffic density p =
% and compared the analytical results with the simulation results. The
experiment was conducted with the following parameter settings: p = 1.0,
gy = 0.05, gy = 0.1, vy = 1.0, 72 = 1.0,0.5,0.25,0.1, and B'(1) = 2.0.
Figures 2(a), 2(b) and 2(c) show the graphs when the batch size follows
a geometric distribution B(z) = ﬁ, a Poisson distribution B(z) =
e**~1 and a uniform distribution B(z) = + Z]kvzl 2¥ respectively. In all
graphs, we confirmed that the analytical results matched the simulation
results.

Figure 2. Comparison of E[L] against p.
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4. Conclusion

In this study, we considered a model that introduces two types of working
vacations with different service rates into an M?/M/1 model with batch
arrivals. We derived the steady-state probabilities and the average number
of customers in the system. Additionally, through numerical experiments,
we confirmed that the analytical results for the average number of customers
in the system match the simulation results when the batch size follows an
arbitrary distribution. For future research, an extension to an M*/M/C
model with two types of working vacations can be considered.
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AHAJIN3 MOAEJINNT C OTHOCUTEJIbHBIM
ITPMOPUTETOM IIEPEPACIIPEJEJIEHN A
PECYPCA ME2KY ABYMA CETMEHTAMNI
CETU C 9JIACTNNYHBIM TPA®NKOM

A.C. Brackuna', C. A. Bypuesa', . A. Kouerkosa'-?

L Poccutickuti yrusepcumem dpyorc6o. napodos, 2. Mocksa, Poccus
2 . .
Dedepanvrniti uccaedosamenvekut yenmp <«HMupopmamura v ynpasaenues
Poccutickoti axademuu Hayx, 2. Mockea, Poccus

Texnonorust Hape3ku cetr B 0eCIPOBOIHBIX ceTssXx 5G onTMMU3M-
pyeTr paboTy ceTu m OOJerdaer ympaBjeHHe ee pecypcaMu. UToObI
[OBBICUTH [IPOILYCKHYIO CIOCOOHOCTH CETH, CJIEAYeT LIPUHUMATH BO
BHIMAaHNE OTHOCUTEJIHLHBIN IPHOPUTET YCIyT. B pamMkax mcciieoBa-
HUs PaccMaTpuBaeTcs IpobiieMa paclpesesieHusi PECYPCOB MeXK Ty
ABYMsl CerMeHTaMu OeCIPOBOIHON CeTd € y4YeTOM [PUOpUTeTa Ol
Horo u3 Hux. KirrogyeBsie ciaoBa: 5G, napeska cemu, anacmustbil
mpadur, OMHOCUMENLHBLT NPUOPUMEM, CUCTEME MACCOB020 06CAY-
HCUBAHUSA.

1. BBenenne

Texnonorus Hapesku cetu (network slicing) B 6ecripoBoubix cerax 5G
[TOMOTAEeT ONTHUMHU3NPOBATH PAOOTY CETH U YIIPOCTUTH YIIPABJIEHUE €€ PeCyp-
camu [1, 2]. a5 yBeawdeHus MPOIYCKHOM CIOCOGHOCTH CETH HEeOOXOIMMO
YUUTBIBATH OTHOCUTEJIbHBIN mpuopurer ycayr. B mamuoil pabore ucciemsy-
eTcs 33/]a9a PACIPE/IEIEHUs PECYPCA MEXK LY JIBYMsi CEIMEHTAMU OeCIIPOBO/I-
HO¥i ceTn [3] ¢ y4eToM TpHOpHUTETa OIHOTO W3 HHUX.

2. CucremHas MoaeJjb

Paccmorpum cuTyarmio, Korjia OCHOBHOI OIMepaTop BBIIEIsSeT CBOU pe-
cypcbl V' aByM BuUpTyasbHbIM oreparopam (puc. 1). ljs 3Toro mexmy
HUMU 3aKJI0YaeTcs coryanenue o6 ypoBHe obciyxubanus (service level
agreement, SLA), B KOTOpOM olpeesisiercss peKOMEeHyeMblii 00beM pecyp-
ca 1715 KazKI0ro cermenta: Vi, Va. YIpaBieHue IepepacipeseseHueM pe-
cypca MeyKIy CerMeHTaM’ OCYNIeCTBIsIeT KOHTposiep. OH mepnoanvdeckn
OTIIPABJISIET CUTHAJIbI, 9TOOBI MTPOBEPUTH HEOOXOAMMOCTH TAKOTO MEPEpac-
npeaenenus. [IoTOK CUrHAJIOB ABJISIETCS MyaCCOHOBCKUM C MHTEHCHBHOCTHIO

J.

[Iy6nukanua BbIIIONIHEHa B paMKax mpoekTa Ne 025319-2-000 CucrteMbl I'DaHTOBOMH
OJEPKKM Hay4YHbIX 1poexkTos PY/IH.
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HauansHoe
pacnpefeneHue
pecypea

-

A1y By By "
[ r V4
BxopAwwuiA noTox 3aAeok 1 kKnacca
MpwopuTer & - pac:'ia”"“a
3AABOK - pecypca
BXoALMA NOTOK 33ABOK 2 Knacca.
Ag, Mz, by _
. — § - Ve

Puc. 1. Cxema cucTeMbl MacCOBOr0 00CIIy KUBAHUA

Kaxk aprit BUpTyaIbHBIN OEPATOD MPEIOCTABJISET CBOUM TI0JIb30BATEISIM
YCAYTY Tepeadn JaHHBIX. Y MEPBOrO OMeparopa MPHOPUTETHBINA JTOCTYIT K
pecypcy, u o6beM pecypca CerMeHtTa He MoKeT ObiTh Menbine Vi. Kpowme
TOrO, MOJIb30BATEU JTOJZKHBI OOC/TYKHBATHCA C MHHAMAJIBHON CKOPOCTHIO
b1 u by. Bxogsmue moToKu 3as8BOK HA Mepenady Tpaduka siBISIOTCS Myac-
COHOBCKUMHM C WHTEHCUBHOCTAMHU A1 U Ao. OO0beM TpaduKa pacipeaesieH mo
9KCMOHEHITNAJILHOMY 3aKOHY C MapaMeTPaMU (41 A 3.

3. Cucrema MmaccoBoro 06CJIy)KI/IBaHI/ISI

PaccMOTpHEM CHCTEMy KaK CHCTEMY MAaCCOBOTO OOCTYKHBAHUSA C OTHOCH-
TeJbHbIM IIPUOPUTEToM U curnajamu. Onuinem (pyHKIMOHUPOBAHKME CUCTe-
mbr caydaitabiv nporneccom X (t) ¢ cocrosumavu @ = (Vi,nq,ns), roe Vi
00beM pecypca 1-cerMenTa, 1y YUCI0 06CTy>KIBACMBIX 3adBOK 1-Kjacca, nao
YHCII0 00CTYKHBAEMBIX 3adBOK 2-Kjacca. [IpocTpaHCcTBO COCTOSAHUIT CrcTe-
MBI BBITIAIAT CICAYIONM 00pa3oM

X ={(Vi,n1,m): 0<myby <Vi, 0<moby <V —Vi, i <V <V}
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3aBUMCMMOCTb BEPOSTHOCTU BNOKMPOBKM 3a8BKM 2 Knacca oT A1 Ans pa3HbiX 3Ha4eHun &

0.870 1 —e~ 5 = 1e-07
6=025
— 56=1

0.868 -

0.866 -

0.864

0.862

BepOATHOCTb BNOKMPOBKM 3asBKM 2 Knacca

0.860

0.0 0.2 0.4 0.6 0.8 10
AL

Puc. 2. BepoaTHocTh GJIOKUPOBKY 3asBKH 2 KJIACCA

DJIEMEHTHI MaTpPHUITbI MHTEHCUBHOCTE Iepexoa0B UMEIOT BH/

AL, x' = (Vi,n1 +1,n2), niby + by < V7,
)\2, :c’:(Vl,nl,n2+1) n2b2+b2§V_V17
Vi, ' = (Vi,n1 —1,ng), ng >0,
a(z,z’) = (V -V, = = Vi,n1,na—1), ny >0,
0, ' = (V14 1,n1,n9), noby <V — V4,
d, ' = (V1 —1,n1,n9), noby =V — V7,
niby < Vi, Vi > V4.

IIpounnocTpupyeMm, KaKk BEPOATHOCTb OJIOKUPOBKHU 3asBOK 3aBHCUT OT
MHTEHCHBHOCTH MOCTYILIEHNS 3asgBOK JABYX KJIACCOB A1 U Ag. VIcxXomHble maH-
woie: A = 0,8, Ay = 0,6, u1 = 0,4, e = 0,1. Ha puc. 2 u 3 nokazaubl 3aBucu-
MOCTH BEPOSTHOCTH OJIOKUPOBKHM 3asIBOK BTOPOTO KJIACCA OT WHTEHCUBHOCTH
MOCTYTLJIEHNS 3asIBOK MEPBOTO KJIACCA U BTOPOTO KJIACCOB.

3akJiroueHne

B naunoit paboTe npoaHaJn3npOBaHA MOJIEJIb, B KOTOPOi PECYypPC MEXKLy
JABYMS CETMEHTAMU CETU PACIPEIENIAETCS ¢ YIeTOM OTHOCHTEIHHOTO MPUO-
purera. PaccMmorpeno Binsinue nHTEPBAJIA HAPE3KU HA BEPOATHOCTH OJIOKU-
POBKH 3asBOK IIEPBOI'O U BTOPOI'O KJIACCOB.
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3aBUCUMMOCTb BEpPOSTHOCTM BNOKMPOBKY 3asiBKK 1 knacca oT A2 Ans pa3sHbIX 3HaYeHnin &

& 0§ = 1le-07
6=0.25
-~ 5=1

o o L4
n o o
£ o o

BeposTHOCTL 6NOKUPOBKM 3asBKM 1 Knacca

o
)
w

0.0 0.2 0.4 0.6 0.8 1.0

Puc. 3. BeposiTHOCTH 6/T0KMPOBKY 3asBKU 1 KIaCCA
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ACUMIITOTUYECKUN AHAJIN3 RQ-CUCTEMBEI

M|M|1 C ABYMSA OPBUTAMU N BBICOKON
NMHTEHCUBHOCTBIO OBPAIITEHN A 3AABOK

CO BTOPOI OPBUTHI
A.A. Hazapos, 4. E. l3maiinosa

Hayuonasvnwut uccaedosamenveruti Tomekut 2ocydapemeennsitl ynusepcumen,
2. Tomcx, Poccua

B pabote paccmaTpmBaeTcs CHCTEMa MaCCOBOTO OOC/IyKUBAHUS C
TOBTOPHBIMU BbI30BamMu. Ha BXoz mocTymaer mpocTedniuil moTok 3a-
sBoK. Ecsim mpubop cBobomeH, To mpuirenias 3asBKa 00CIy K MBaeT-
Cs1, €CJIM 3aHSAT, TO IePEeXOaUT Ha IepByio opbuty. Ilocse skcrmonen-
IIUAJIbHO PACIPE/IC/IEHHOTO BPEMEHU 3aJIePXKKU 3asiBKUA Ha opoute,
OHa BHOBb 0OpaIaeTcst K mMpubOpy € MOBTOPHO IMOMBITKON 3aXBa-
ta. Ecam mpubop 3aHAT, TO 3asgBKa [IEPEXOIUT HA BTOPYIO OpoUTYy,
B KOTOPOM MHTEHCUBHOCTH OOpAllleHus 3asdBOK BbICOKasi. BbIIIOJITHUB
CIyJaiiHyIo 33/1epKKY, 3asIBKa 00pAIIaeTcs K IPHUOOPY € TIOBTOPHOM
TIOTIBITKO ero 3axBara. Eciam mpubop cBoOOIEH, TO 3asBKa HAYNHA~
erT O6CJ'Iy)KHBaHHe, €CJId 3aHAT, TO MITHOBEHHO BO3BPalla€TCA Ha BTO-
PyI0 OpOUTY JJIsi OCYIIECTBJIEHUST CJIEAYIONIeH CIydaiiHON 3a/1epiK-
KH. Hoc.ne OKOHYaHUA O6CHy}KI/IBaHI/IH 3adBKHU TTOKUIAIOT CUCTEMY.
MCCJ’IB,D;OB&HI/IG IIPOBOAUTCA METOAOM ACHMIITOTHYIECKOI'O aHaJIh3a.
TTonmyuensr pacnpenesieHne BEepOSITHOCTEH UHCJIA 3asIBOK Ha MEPBOM
opbure M pacIpeesieHHe BePOSTHOCTEIl YKC/A 3asBOK Ha BTOPOM
opbure u npubope. KuroueBbie cioBa: RQ)-cucmema, opbuma,
6bICOKAA UHMEHCUBHOCTNG 00DAWEHUA 3AAB0K, ACUMNIMOMUYECKUT
aAHANUS.

BBenenue

ObpaszoBanue odepesieil mepesn CToHKaMu OpPOHHPOBaHWS OWUJIETOB, B
6obHUIAX, OGAHKAX, TOPrOBBIX IEHTPAX — 3TO CHEHAPUH C KOTOPBIMH CO-
BpeMeHHbIﬁ YEJIOBEK CTAJIKMBACTCA IPAKTUYECKU €2KeJIHEBHO. I/IHOI‘/I& n3-3a
3arpy’KeHHOCTH KJIMEHTDHI JIUIIAIOTCSA OOCTYKUBAHUS U TBITAIOTCSA TTOBTO-
PUTH TOMBITKY OOCIYKUTbCA 4yTh MO3:Ke. Takoil ClieHapuil MOBEICHUS U
OpUBEJI K BOBHUKHOBEHUIO CHCTEM C MOBTOPHbIME Bbi3oBamu (RQ-cucrem).
Bonbmas pabora 6pL1a mpoaesaHa B 0OJACTH UCCIEIOBAHNS CHCTEM C IIO-
BTOPHBIME BBI3OBAMHU, U COOTBETCTBYIOILYIO JIUTEPATYPY MOXKHO HAWTH B
o63opubIx crarbax J.R. Artalejo [1], I. @anuna [2].
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Curyarun, KOrja KJAAEHTHI MOT'YT ObITh 3aWHTEPECOBAHBI B OXKUTAHUH
obcatykuBanust B 6osiee ya00HOM MecTe (TO ecTh Ha IPeMUasbHONH opOu-
T€), B TO BpeMs KaK OObIUHbIE KJIUEHTbI OyAyT 0KUAATh OOC/IyKUBAHUE HA
00bI4HOI OpOuTE, OHUCHIBAIOT MareMarudeckue mojesnu RQ-cucrem ¢ aBy-
Mst opbuTamMu. JIByXopOHTATILHbBIE CHCTEMBI MACCOBOTO OOCTYKUBAHUS C ITO-
BTOPHBIME BBI30BaMHU OBLTH PAcCMOTpeHLI B padorax [3], [4], [5], [6]-

B naumoit pabore x)e paccmarpuBaerca RQ-cucrema, B KOTOPOit Kinen-
TBI, OOHAPYKUB MPHUOOP 3aHSITHIM, NMEPEXOAAT HA IEPBYI0 OPOUTY U TOCIIE
obparreHusi ¢ nmepBoit opouThI K MPUObOPY, OOHAPYKUB €r0 3aHATHIM, IIepe-
XOIAT Ha BTOPYIO opOuTy. VIHTEHCHBHOCTH OOpAIIEHNS CO BTOPOH OpOUTHI
BBICOKAS, YTO YMEHBIIAET BPEMs OKUIAHUsT OOCTYKUBAHUS KJIUEHTA (3asB-

1. Maremarunueckas MOJeJIb 1 IIOCTaHOBKa 3aJlavun

Ha Bxoj cucrembl mocrymaer mpocTeHInii TOTOK 3asiBOK ¢ WHTEHCHUB-
Hocrbio A (Puc. 1). Ecau upubop cBoboieH, TO 3asBKa HaYMHAET OOCJLY-
KUBATHCS B TEYEHUE BPEMEHU, PACIHPEIEJICHHOMY O IKCIIOHEHIIUATbHOMY
3aKOHY C mapaMerpoM 4. Eciu npubop 3aHAT, TO TOCTYMHBINAS 3asIBKA YXO-
JUT HA TEPBYIO OPOWUTY, re OCYIIECTBIAET CAYyYaWHYIO KCIOHEHIIMAIHLHO
pacmpesiesieHHy 0 3aJep:KKy ¢ mapamerpom oi. Ilocne ciaydaiinoit 3amepx-
KH, 3asgBKa OOpaIaercs K mMpubopy € MOBTOPHOI MOMBITKONW €ro 3axBaTa.
Eciu on cBoboeH, T0O 3asgBKa 00CTyKABACTCS, IOC/IE I€r0 MOKUIAET CHCTE-
My. Eciu mpubop 3aHAT, TO OHA MEPEXOJUT HA BTOPYIO OPOUTY, ¢ KOTOPOW
WHTEHCHBHOCTH OOpAIleHNs 3asgBOK K mMpubOpy BbiCOKas. Ha BTOPOi opOu-
Te 3asBKa OCYIIECTBJISAET KCIOHEHIINAIBHYIO 33E€PKKY C TapAMETPOM 0.
Tlocne 3ameprkku 3asBKa obparaercsa K npubopy. Ecim cBobomen, To obcty-
KuBaercs. Eciim OH 3aHsT, TO MTHOBEHHO BO3BPAIAETCst OOPATHO HA BTOPYIO
opouTy.

O6o3naunm n(t) — 94uCI0 3asiBOK Ha BTOPOi opbure u mpubope; i(t) —
9HCJI0 3a8BOK HA E€pBOit opbure; k(t) — cocrosinue npudopa. Eciu cBoboeH,
To npuHuMaer 3Hadenue 0, ecau 3angaT, To 3Hauenue 1; P(k,n,i) — pacupe-
JIeJIeHre BePOATHOCTEH Yucia § 3asBOK HA MEPBOM opbuTe, YuCia 1 3asiBOK
Ha BTOPOI# opbure u npubope, cocrosans npudopa; R(k, n) — pacnpenenenue
BEPOSAITHOCTEH YMCJIa 11 3agBOK HA BTOPOH OpOMTE W TpuUdOPE M COCTOSTHUS
npubopa.

CraBurcs 3a1a9a HAXOXKIEHUS PACTIPE/IETEHUs] BEPOITHOCTEH ducia 3a-
SIBOK Ha TE€pPBOIl opbuTe, pacipeieieHus BEPOATHOCTEH YUCIa 3asdBOK HA
BTOPO# opbute u nmpudope. MccrenoBanme mpoBOANM METOAOM ACHMIITOTH-
YECKOTO QHAJIM3a B YCJIOBUM OOJIBIION 33I€PKKHU 3asBOK HA TEPBOil opbuTe
(0’1 — 0)



82 A. A. Hazapos, 4. E. Wamarinosa

Opbura
R
A
g L —

Puc. 1. Maremarugeckas monens RQ-cucremst M|M|1 ¢ nByms opburamu.

2. Cucrema ypasHenuii Kosmoroposa

st pacupenenenusi Bepositaocreii P(k,n, ), 3anuiinemM cucremy ypas-
Henuit KoJIMOroposa B CTAIMOHAPHOM PEXKHME:

—(A+io1 +no2)P(0,n,i) + pP(1,n+ 1,7) = 0,
—(A+ioy +p)P(1,n,i) + AP(0,n — 1,7)+
+noaP(0,n,i) + AP(1,n,i— 1)+
+(i+ Do PO, —1,i+1) + (i + Doy P(1L,n —1,i+ 1) = 0.

Beenem wactudHble XapakTepucruaeckne byHKmun
H(k,n,u) Ze]“ZP (k,n,3), H(1,0,u) = 0. (1)
3anumem cucTeMy ypaBHEHHMIT IJIs XapAKTEPUCTHICCKHX (ByHKIHiL:

0H(0
—(A+no2)H(0,n,u) + pH(1,n+ 1,u) +j01M =

A ou
— A+ H(, n,u)+ X H(1,n,u) + AH(0,n — 1,u)+
H(1
+nooH(0,n,u) +j01L’un7u)f
je-itg, OH(O,n —1,u) je—iug, OH(1,n—1,u) _0.
ou ou

Januyio cucremy OyJieM periarh METOJ0OM aCHMITOTHYecKoro anaau3a. Oc-
HOBHBIE PE3YJIbTATHI, MOy IEHHBIE TIPU PEIEHUH, C(OOPMYJIUPOBAHBI HUKE.
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3. Pacupegesienne BeposTHOCTEN umciia 3aiBOK Ha BTOPOM
opbute u mpubope

BBenem gacTuUHyI0 TPOU3BOALAINIYIO (PYHKIHIO PACIPEIETEHAS BEPOSAT-
HOCTEH YMCIIa 3asiBOK Ha, BTOPOIl opbuTe m mpubope:

G(k,z) =Y _ 2"R(k,n), G(z)=G(0,2)+G(1,2).
n=k

Jlemma 1. Pacmopenenenne BepOATHOCTEH COCTOSHHN TpHOOpa MMEEeT
BHT

A A
R0O)=1-—=, R(1)=-.
0 I
CdopmymupyeM CIeayOIIYIO TEOPEMY.
Teopema 1. Ilpoussomsimas dyuknust G(z) pacrnpeenenns BepOsT-
HOCTEe 9rciia 3asBOK Ha BTOPOI OpOuTE M MpubOpe MMeeT BU

G(z) = R(O)<11_—ppz>a + R(l)z(ll__;)aH, 2)

A+ A A\ 2

mea:M,ap:< ) .
g2l

Takum o6pa3om, MOTyIaeM,q9TO IPOU3BOIAIIAA (PYHKITU TUCTA 3aABOK

HA BTOPO# 0pbuTe n MpubOpe UMEET BUI, MPOU3BOAAIIEH (DYHKIINN B3BEIIEH-

HOM CyMMBI ABYX OTPHUIATEIHFHO-OMHOMUAIBHBIX PACIPEIETIEHHUIA.

4. PacupegeneHnune BeposiTHOCTEH YmMciia 3asiBOK Ha MepBOit
opbure

s HaXOXKJIeHUsI PACIPeIeIeHUsT BEPOSITHOCTEH YHCIa 3asiBOK HA Iep-
BOiT OpOUTE BOCIOIB3YEMCSI METOIOM ACUMITOTHIECKOIO AHAJIN3A B YCJIOBUN
o1 — 0.

Teopema 2. B npemensuom ycnosum o1 — 0 XapakTepuCTHIECKYIO
co 1
dyukuuio H(u) = Z ZH (k,n,u) pacupejeienus BEPOATHOCTEH YUCIA

n=0 k=0
3aBOK HA MEPBOil OpOUTE MOXKHO ANMTPOKCHMUPOBATH

o (7 W)

) = exp (ju” + 572 ), (3)
. A2 M2+ 2))

LOe ) = —, %9 = ——————.

e ST (TESN)
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Takum 0O0pa3oM, pacrupee/ieHne BEPOITHOCTEN YUCIa 3asBOK HA MTEPBOM
opbuTe MOXKHO ANMPOKCHMHUPOBATH TayCCOBCKUM PACIIPEIEIEHUEM BEPOST-

. 1 2
HOCTEH ¢ TapaMeTpaMu — H 4 [ —.
01 01
3akJiroueHne

B pabore paccMmoTpena cuctemMa ¢ MOBTOPHBIMY BBI30BAMHU C IIPOCTEHIITIM
BXOJISIIIM ITOTOKOM U AByMs opbutamu. ITocse mepBoro obpatienus 3asiBOK
C epPBOit OPOUTHI K PUOOPY, OHU MEPEXOJAT HAa BTOPYIO, C KOTOPOI BBICOKAsT
MHTEHCUBHOCTDH OOpalieHns 3agaBOK K npubopy. Ilpemioxxennas maremarn-
JecKasi MOJIEIb PACIIUPSAET KJIACC AByXopouTaabubix RQ-cucrem u MeToaoB
uccaeaoBanus ux. Pe3yabrars penenus 3a1a49u MOTYT OBITh UCIOIb30BAHbI
B MPAKTHYECKUX MPUIOKEHUAX, [/I€ HEOOXOIUMO YCKOPEHHE B OXKUIAHUN HA
obcyKUBaHUe KJIHEHTA.
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O HEKOTOPBIX COOTHOIIEHNAX 1JI5
BPEMEHU PA3I'PY3KM OYEPEIUN ITPU
MNKJINYECKOM VYIIPABJIEHUN

®OPMUPYEMBIMUI B CJAVUANHON CPEIE
ITOTOKAMMUA

A.B. Bopun

Hayuonasvnoti uccaedosamenveruti Huorcezopodexuti 2ocydapemeeroit
yrusepcumem um. H.HU. Jlobauesckozo, 2. Huorcnuti Hoszopod, Poccus

B paGore paccmarpuBaeTcs cucTeMa OOCIYKWBAHWS KOHEYHOTO
YHUC/Ia BXOMHBIX MOTOKOB II0 TUKJINIECKOMY AJTOPUTMY C (DUKCH-
POBaHHBIM PUTMOM Irepeksodenusi. Bxommbie moToku GOpMUPYIOT-
Cd BO BHEITHeH CJIyJaiiHOHN Cpele ¢ KOHEYHBIM YHCJIOM COCTOAHUIA,
CHHXPOHUPOBAHHON ¢ obCIyRuBaOmuM ycrpoiicteMm. [Ipu kaxmom
U3 COCTOAHUM Cpenpl KaKJbI BXOAHOM IIOTOK ABJIAETCA IIyacCo-
HOBCKMM HEODAWHAPHBIM ITIOTOKOM C ITapaMeTpaMM, 3aBUCAIINMUI
oT ciayd4aitHoit cpenpl. ITocTpoena Maremarwyeckas MOMETh B BU-
e MHOTOMEPHOM cueTHOU 1erm MapkoBa, Moy IeHbl HeOOXOAUMbIe
M JOCTATOYHBIE YCJIOBHSA CyIIeCTBOBAHUS CTAIMOHAPHOTO pacHpe-
nenernns. [locTpoeHbl MapTUHTAIBHBIE TTOCIEI0BATEIHHOCTH, C II0-
MOIIBIO KOTOPBIX MOXKHO M3Yy4aTh CPeJHee BPeMs JI0 OILLyCTOUIEHUS
BeIOpaHHO# ouepeau. KirroueBbie ciioBa: KoHGAUKMHDIE TLOMOKU,
CAYHATHas CPeda, YUKAUNECKUT aA20PUMM 06CAYHCUBAHUA, BPEMA
onycmowenus ovepedu, uenv Maprosa, yciosue cmayuonapHocmu,
MaAPMUH2ANDL.

Bsemenue

IIpeacraBisiomnieil MpakKTHYIECKUi WHTEpeC 3ajadeil ABISeTCcsa MCCIeI0-
BaHWE BPEMEHU JOCTUKEHUs 09epe/IbIo HYJEeBOr0 YPOBHS B CHCTEME OOCITY-
KUBaHNs KOH(MIUKTHBIX IIOTOKOB. B HacToserrit pabore Oymer HalIeHO BbI-
paxkeHue Uit CPEJHEro BPEMEHHU JOCTUXKEHUsI HYJIEBOIO yPOBHS OY€pe/in
B CHCTEMEe MaCCOBOTO OOC/y’KWBAHUS B KJIACCE IMUKJIMYECKUX AJTOPUTMOB
JUIS BXOJHBIX MTOTOKOB, (DOpMUPYEMBIX B Ciaydaiinoii cpeme. Umes B Buxy
OPUIOKEHUS K 3aadaM yIPaBIEHUs] TPAHCIOPTHBIMUA MTOTOKAMHU, CIIydaii-
HYIO CPeJy MOXKHO MHTEPIPETUPOBATH KAK MOTOHBIE YCIOBUS, BJIUSIIONINE
KAaK HA MHTEHCUBHOCTHU MOCTYIUIEHUS ABTOTPAHCIIOPTA, TAK U HA CTPYKTYPY
TPAHCTIOPTHBIX Madek. [I0CKOIbKY TMOTOMHBIE YCIOBUS MEHSIOTCS TOPa3Io
MeJIJTeHee, YeM MPOUCXOAAT MEPEKJI0UeHns CBETOMOpa, BhIDEpEM B Kade-
CTBE MATEMATHIECKOW MOJEJIN TOroabl 1erb MapKoBa, BO3MOKHBIE CMEHbI
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COCTOAHUI KOTOPOI MOTYT IIPOUCXOJUTH TOJBKO BMECTE CO CMEHOU COCTOA-
HUM CUTHAJIOB CBETOMOPA.

Vipasjienue BXOJHBIMY [TOTOKAMHU C AHAJOTMYHON MIEPEMEHHON BEPOT-
HOCTHOH CIPYKTYpO#l paccMarpuBaloch B paborax [1, 2] rae 6buiu ycranos-
JIEHBI YCJIOBUS CYIIECTBOBAHUS CTAIMOHAPHOTO PEYKUMA, TIPU JIOTIOTHUTE b
HOM TIPEJIMOJIOXKEHUH O COXPAHEHWM WHTEHCUBHOCTHU MOTOKOB TPH PA3HBIX
COCTOSTHUSIX BHeEIHeH cpenpl. B meoM, ucciaemoBanme cucreM OOCITyKUBA-
Hust ¢ GOPMUPYEMBIMU B CIAYYaiHON Cpejie MOTOKAMH UMEET BAYKHOE TEO-
peruyeckoe U HpUKJaaHoe 3HadHeue [6]. 3asadua 0 BpeMeHu OIyCToLIeHusi
ovepey TP IUKJINYIECKOM yTpaBJIeHnn paccMarpubaiack B [3]. Ucnonn3y-
eMble MapTHHraJIbHbIE METOIBI BOCXOJAT K paboram [4, 5.

1. ITocranmoBka 3aJla'um 1 MaTeMaTn4deckKad Mo/JdeJIb

B cucremy mocrymaror m < oo KOH(MJIMKTHBIX MOTOKA. BepogTHOCTHAST
CTPYKTypa BCeX IMTOTOKOB 3aBUCHUT OT COCTOAHUA BHEIITHEN CIIy4allHOU CpeJibl
¢ KOHedyHBIM dmcioM Bo3MoxkubX cocrogumit {e(D), e . @) d < oo.
Ipu cocrosimuu cpeapt e¥)| rpebosanus noroka II; nocrymaror rpynna-
(1)
J

MH C U3BECTHBIMU mapamerpamu A > (0 — MHTEHCHBHOCTH MOCTYILICHUN

IPYII K g§k)(b) — BEPOATHOCTH TOrO, YTO I'PYIIa COmepXKHUT b = 1, 2, ...

TpeboBaHuil. BymeMm mpeamnosararsk, 9To mpu Kaxk10i (hUKCHPOBAHHON mape
(J, k) HaMMeHBIHN{I 1IAr PEIeTKN, Ha KOTOPOi COCPEIOTOUYEHO PACTIpeiesie-
HUE {g§k)(b);b = 1,2,...}, paBen equuuie. CMeHa COCTOSHUI CIIy9IaiHOM
Cpeabl MOXKET IIPOUCXOAUTH TOJHKO B MOMEHTHI CMEHBI COCTOSHHUI 00CIIy-
JKUBAIOIEr0 yCTPOUCTBA, U MyCTh Gj, €CTh BEPOSTHOCTH CMEHBI COCTOSHUS
e(®) na cocrosmue el a cocrosuus cBs3anbl B 9projudeckyio ueb Mapko-
Ba. Tpebosamma moroka II; momemrarorca B nakomurens O; HEOrPAHWYEH-
Hoit BMecTiMocTH. OBCIIyKIBAIOIIEe YCTPOYCTBO MMeeT 2m cocrostamii I
r®, ..., 1@ Jamreasrocts npeGoBanus B cocrosamu I'(7) Hec/IydJaitHa
upasna T, r = 1, 2, ..., 2m. B cocrosmun suga I'?), j =1, 2, ...,
m, TpeGoBanus He obciyxusaiorcs. B cocrosuun I'Z—1) o6ciyxusaor-
ca TpeboBama TONLKO U3 odepean O;. MakcuMaabHOE IHCI0 OOCITYKeHHBIX
TPeDOBAHUI TIPU ITOM HE MOYKET IPEBBINIATh 3aJAHHOTO HECTyIalHOTO MO~
pora £; € {1,2,...}. Obcayxennble TpeGOBAHUS HOKHIAIOT CUCTEMY.
Bynem cuurarb, 94TO BCe olpeneisieMble HUXKE CIydalHble BeJUYUHbL U
CJly4afiHble 3JIEMEHTBI OLpeJeseHbl Ha ODLIEM BEPOSTHOCTHOM IIPOCTPAH-

cree (9,F,P). O6osnaunm wepe3 7;, ¢ = 0, 1, ... MOMEHTBI CMEHBI CO-
CTOSTHUT 00CITyKMBAIOIIero ycrpoiictsa, mpudeM 79 = 0. Ilycrs I'; €
e {rW 1@ . TC™} ecrb cocrosmme o6CIyKMBAIONIEr0 yCTPOHCTBA Ha,

HOPOMEXYTKe (T;_1,T;], 0003Ha4UnM depe3 X ; 9ucao TpeOOBaHUN B OUepenn
O; B MOMEHT T;, 4epe3 1), — 4ucjo rpebosauuil Bxoxnoro noroka II;, nmo-
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CTYIUBINUX Ha IPOMEXKYTKE (T;, Tit1], &j,; — 9UCIO TpeOOBAHMUIT j-TO ITOTOKA
HACBITEHNS HA TPOMEKYTKe (Ti, Tit1], &4 — UHCIO OOCTY?KEHHBIX TPeGO-
BaHuil u3 ouepenu O; Ha mpomexyrtke (7;,T;11]. Ilycte r @1 =1 + 1 naa
r=12...,2m—-1,02m)@l=1Lroxz=(r®(x—1)) @1 ana nenpx
HEOTpHUIATENbHBIX ©. HakoHer, 0003HaYNM Yepe3 X; COCTOSHUE CJIyJaiiHOM
Cpenbl Ha IPOMERYTKE (7;, Ti41]. VI3 MOCTAHOBKY 3a/a49K yCTAHABIMBAIOTCS
crepyionme (pyHKINOHATBHBIE COOTHOIIEHUS:

Xjiv1 = Xji + 50 — & = max{0, X;; + 1 — &i} (1)

& = min{&; ., X0 +nj4t, (2)

i1 = u(Ty), rie u(F(T)) =reen, (3)

i =7+,  tae (D) = The. (4)

Tak>ke W3 MOCTAHOBKY 33Ja9W CJIEIYeT, 9TO TIpH (PUKCUPOBAHHOM 3HAYEHUN

(T, e®)) pexropa (T, X:), HAO0D (X > 1.4 M2,is - - - » Nhm.i) YCIOBHO HE3aBHU-

cuM ¢ (§1,4,82,45 - - -, Em,i) B 008 HAOOPA He 3aBUCAT OT COOBITHIT IO MOMEHTA,

7;. 1Ipu 3TOM, /7151 NPOU3BO/IbHBIX LE/IBIX HEOTPULATENBHBIX b1, b2, ..., b,
b1, ba, ..., by, yCAOBHAS BEPOITHOCTH COOBITHS

{wixivy1 = e(l)»nl,i =b1,m2,0 =ba,... ;i = b JN

U{w:&ri=b1,80:="ba,...,Emi =bm}

paBHa
a,191(b1; Tran, k)p2(ba; Tra1, k) X @m(bim; Tran, k)

ecu b0 HeweTHO T U by = by = ... = by, = 0, mGo werno r = 2j u

bs = lj@10s o1, s = 1, 2, ..., M; B OCTAJIBHBIX C/IydasdX 3Ta BEPOATHOCTDH

pasna 0. 3uech 0, ; — neabra-bynkuusa Kponekepa, npuHuMalomas 3Ha4e-
uue 1 mas s # j u 3Hadenne 1 npu s = j, a dysxuun ¢;(-;-,-), j=1,2, ...,
m, ONPEIEIAIOTCA U3 PA3JIOKEHU I MPON3BOIAIINX (DYHKIWA /I TPOCTOTO
HEOPJAMHAPHOTO MOTOKA:

z:zbgoj(b;t7 k) = exp{)\;k)t(z gék)(b)zb = 1) }, t>0,z|< 1.
b=0 b=1

Teopema 1. Mmuoromepnas caydaifHas MOCJI€I0BATETLHOCTH
{(FiaxiaXl,iaXQ,ia"'7Xm,i);i:0713"'} (5)

npu 331auH0M pacnpegenernn Bektopa (Lo, xo, X1,4, X2,0,- .-, Xm,0) 9BIA-
€TCs1 OIHOPOIHOMN IEeThI0 MapKOBa, € € IMHCTBEHHBIM KJIACCOM COODIIAIONTIX-
Cs NEePUOAUYECKUX COCTOSHMIA C IIEPHOAOM 2.
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Ilycth o — crammonapHas BepOHTHOCTb COCTOHHI/IH cpenpr ¥ ko= 1,
2, ..., d. Obosnaaum gepe3 LL = > 1bg] ( ) < 00 cpeanuil pasmep
rpymmbr TpeGosanuii 1o noroxky I1; mpu cocrosmuu cpeapt eF)) u mycrs

(k) _ y(R) (k)
)\j —)\j [y -

Teopema 2. [l cymecTBOBaHNSA €IUHCTBEHHOTO CTAITHOHAPHOTO PAC-
upesenenus uenu Mapkosa (5) HEOOXOQMMO M JOCTATOYHO BbIIOJHEHUS
HepaBeHCTBRA!

M=
2

max {(T1 + .o+ Top)
1<jsm

—@}<0 (6)

k=1
JlokazaTenbCTBO TeOpeMbl 2 OCHOBAHO JjieMMe 1, comep:kaiieil pekyp-

PEHTHBIE COOTHOINEHUS sl TPOU3BOAANINX (DYHKIMI

U, i(zm k) = B I =T, x; = ™)), [2|< 1.

£5(z) Zzb W), gte®) = e AP e - D e

Jlemma 1. Uwmeior mecto pexyppentabie mo ¢ = 0, 1, ... coorHOIIE-
HUS:

d
Viipi(zrel,l) = Zak,lqj(z;Tr@l, NG (2 k), r@1#25 -1,
k=1

Uiipi(z;r@1,0) Za’“< i gi(2; Tray, eV i (27, )+

ZJ' ijlfx
+Z[P(F =10, X Xji =2, Xi = e(k)) Z ©j(b; Tre1, k) (1 — ZQHbJj))'

=0 b=0
B ocranbnoit actu paboThl OymeM CYATATH YCJIOBHS CYIECTBOBAHIS
CTaIMOHAPHOIO PACIPEE/IeHNs BbIIIOJTHEHHBIMHA.
2. N3yuenue cpegHero BpeMeHU PasTpPy3KH odepenu
Bceiony masee, He ymenbinasi obmuOCTH, momoxkuM j = 1. Beemem ciy-
YalHBIIT MOMEHT
0, ecim Xq; >0 gnaseex i =1, 2, ...;
V=
min{i; > 1: X; ; = 0} B OPOTHBHOM CIydTae.
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Ilox mepuomom pasrpys3ku odepemu (1 OyaeM TOHMMATH CIyYallHbBINA TPO-
MexkyToK Bpemenu [0, 7,).

Beenem marpuisr A(z;t) = (akylagk) (z38) g =t t > 0. IIpu 0 <z < 1
9JIEMEHTBL HEPA3JIOKUMON (B CUILy SPrOAMYHOCTH BHEIIHEH Cily4daiiHoil cpe-
1e1) Marpunsl A(z, T,.) HEOTPUIIATETBHBI, CJIeIOBATENLHO, 10 Teopeme Dpo-
GeHMyca OHa MMeeT MPOCTOe MOJOKUTEIBLHOE COOCTBeHHOE Ynciio (.(z), Ma-
JKOPUPYIOIIEE MOJIY/IN BCEX OCTAJIBHBIX €€ COOCTBEHHBIX YUCEJ M TaKOe UTO
¢-(1) = 1. Pacupocrpanum 31y dyHKIMIO HA KOMILIEKCHBI KpyT |2|< 1.

JIlemma 2. Ilycrs (-(z) — perynsipHas B obsacti |z|< 1 BerBb (yHK-
UM, YIOBIETBOPSIONIEH XapaKTEPUCTHIECKOMY YDABHEHUIO

det(A(zaTr) - CId) =0, (Id = (5k7l)k,l:ﬁ)’ (7)

rakag 4910 ((1) = 1. Torma |(-(2)|< 1 mpm |2|< 1, z # 1 u ¢.(1) =
=T Zi:l O‘k/_\gk)'

3ameruM, 9TO OXHO U3 HEpaBeHCTB (6), COOTBETCTBYIOIIEE MEPBOil Oue-
pean (j = 1) mpumer Bu: Zle (1) < 4.

Jlemma 3. Vpasmerne 2/ = (1(2)(2(2) X ... X (opm(2) mmeer £ — 1
HONb 31, B2, ..., Be,—1 B Kpyre |z|< 1 n HOMB [y, = 1 Ha rpaHwuIeE.

Mycre (") (2) — mpaswiit cobeTrennbiii BekTop MatTpuibt A(z, 1)), co-
OT(B)e(Tlc)TByfiomHﬁ cobcrBeHHOMY 9nCly (-(z) U YAOBIETBOPSIONIMI YCIOBHIO
$O(1) = 1.

Teopema 3. Ilpwu |z|< 1 caydvaiinas mocie[0BaTEIHHOCTD
M;(z) =

i _ 1(re1)y,,(rel)
X1,i+;:min{&,s,Xl,s-‘rm,s} sl;IOrgll(Fs r )¢Xs (Z)

i—1 2m (re1)
[T 3 ITs =T")Ger(2)Yy,  (2)
s=0r=1

1 =20, 1, ..., aBIgeTcd MapTUHTAJIOM OTHOCUTEJILHO TTOTOKA,

%’L = 0(X1,07F07771,07771,1a ceeyM1i—15 X0y X1y e - - 7Xi)7 1= 07 17 LR

CaencrBue 1. Ilycts © = 1, 2, .... Imeer mecTo ciemyforiee coOT-
HOIIIEHUST I MOMEHTA U OMyCTOIIEHUS OUepPe/In:

£y

X1,p—1+M1,0-1 Z (5w
IE<Z . (Cl(z) X ... X Cgm(z)) x

1/71]
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IT V" (2)
X u_s1:O {FO — F(T)7X0 _ 6(k)7X1,0 _ 1_} _
TR
@ (7 1, r = 2m,
=297 (2)Gi(2)

Cro1(2) X oo X Cam(2), r=1,2,...,2m — 1.

3akJiroueHue

B macrosimeit paboTe mocTpoeH MAapTHUHTAM, CBI3AHHBIN C KOJIEOAHUIME

JIJTUHBI BIOPAHHOM OYepe/in, a TaKKe C COCTOSHUSIMU BHEIHEH CydaiiHoN
cpeanl U 00CTYKUBAOIIErO YCTPOHCTBA JJIsi CUCTEMBI OOCTyKuBauus (hop-
MHUDPYEMBIX B CJIyYalHONW cpeme KOH(MIMKTHBIX MOTOKOB MO ITUKJIHIECKOMY
aaroputMy. B manmbreiiem m3ydenume 3TOr0 MapTHHAraJja JOJKHO MO3BO-
JINTH U3y9IUTH BPEMsi, HEOOXOIUMOE J1Jisi OITyCTOIIEeHNs] BRIOPAHHON Odepen.
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MOJAEJIb CETN MACCOBOTI'O
OBCJ/IV2KUBAHUSA C TPEMS YV3JIAMMNT J1JIA

PACYETA TPEBYEMOI1 BEIYNCJINTEJIbHON
MOIITHOCTU CETU NHTEPHETA BEIIIEN

B. 3. Babaesa, E. FO. Jlucosckas

Havyuonaavhvili Uccaedosamenbekut
Tomcxuti 2ocydapemeennniti yrnueepcumem, 2. Tomck, Poccus

B nanmoit paboTe TpOBOIUTCS NCCTIETOBAHNIE CETH MAaCCOBOTO 0OCIIy-
JKUBaHUS, COCTOALIEH M3 TPeX y3JI0B, KaXKJbIl U3 KOTODPBIX IIPE/I-
CTaBJISeT CYMMAPHYIO BBIUUC/IATEIHHYIO MOIIHOCTH PA3HBIX YPOB-
meit cern Unrepnera semeit (IoT): rpanmanstit (edge), TymaHHbII
(fog) m obmaunsiii (cloud). B pesynprare mccnepnoBanmsa npemsara-
€TCs WHCTPYMEHT, ITO3BOJISIIONINMI PACCINTATH TPEOYeMyIO BBIUHC-
JIUTEIbHYIO MOIIHOCTh HA y3Jax ceTu. B pabore mpuBomuTcs Je-
MOHCTPALMOHHBI IIPUMED, B KOTOPOM BbIYUC/IAETCH HEoOX0ommumMoe
KOJIMIECTBO IIPOIECCOPOB st 00pabOTKY 3AIIPOCOB HA KaXKIOM M3
YPOBHE BBIYUCIEHUN /I CEMU THUIIOB YCTPONCTB, YTOOBI MUHUMU-
3UPOBATHh BEPOATHOCTh OTKA3a U IIPOCTOU OOC/LyKUBAHUS.
KimrodeBble ciioBa: cemb Macco6020 00CAYNCUBAHUA, UHMEDHET
seweti, CTAY, onmumudayua.

BBemenue

Paccmorpum HEKOTOPYIO TEPPUTOPUIO TOPOLIA, HA KOTOPOH HEOOXOIMMO
Pa3BEPHYTH BHIMHUCIUTEIbHYIO CETh TPEX yPOBHEH: IPAHUYHbBIHN, TyMAaHHbBINA
u obmavnbii [1].

IIpennonaraercs, 9T0 MOAOOHBIE CETH YiKe ObLIN PA3BEPHYTHI B IPYTHX
paffioHaxX roposia, TOITOMY CTAHOBUTCS BO3MOXKHBIM CTATHCTHYECKA OIIEHKA
nmapaMeTrpoB maremarudeckoit momesn. Ha paccmarpuBaemoit Teppuropun
OyayT OOCIIy2KMBATHCS yCTPOUCTBA CJieAyloIuX Kareropuit: 1 — marawmkw,
2 — aKTUBATOPHI, 3 — YMHbIE yCTPOWCTBA /I 10MA, 4 — 3J]pABOOXPAHEHNE U
HOCHMAsd 3JIeKTPOHUKA, 5 — IIPOMBITIJIEHHBIE YCTPOUCTBA, 6 — TPAHCIOPTHBIE
YCTPOHCTBA, 7 — CETHbCKOE XO3AUCTRO.

KonugyecTBO BhIAHMCIAUTENBHBIX YCTPONCTB HA KAXKIOM U3 YPOBHEHl BbI-
gucienuii orpanundeno. CrTaBuTcs 3aa9a MOUCKA ONTUMAJBHOIO KOJHYe-
CTBA BBIYHUCJIMTEIbHBIX YCTPOICTB HA y3J/laX CeTH JJjid PACCMATPUBAEMBIX
THUIIOB 3aITIPOCOB C TIEJIBI0 YMEHBITIEHNST BEPOATHOCTH OTKA3a M MPOCTOS BbI-
YUCTUTEHHBIX YCTPOHCTB.
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Jannas pabora siBJIsieTcs 9acThIo MCCIeJoBaHuii (Takne Kak [2, 3] u MHO-
JKECTBO JPYTHX), MOCBSIIEHHBIX TEXHOJOTHA WHTEPHETA BEIeil, U mpesia-
raer emie OJMH [OJX0J, K MOJE/JUPOBAHUIO CETH UHTEPHeTa Belleil U BbIYuc-
JIEHUIO TPeOyeMOli BLIYMCIMTELHOM MOIIHOCTY Ha BHIYACIMTEbLHBIX Y3Jax.

1. MaremaTnueckas MoJeJb

B kagecTBe MaTeMaTUIeCcKOi MOJETN CETH YCTPOWCTB MHTEPHETA Berrei
paccmarpuBaercss orkpbitas CeMO [6] ¢ Tpems y3mamu, KaxkIplii U3 KO-
TOPBIX [PEJCTABJIAET PA3IUYHBI yPOBEHb BBIYMC/ICHUN (CPAHUYHBINA, TY-
MaHHbI U 00JIAYHBII), ¢ MAPKOBCKON MapIIpyTU3alueil U OrpaHuYeHHbIM
qucsom upubopos B y3iax (N1, No, N3, coorsercrsento). B cerb nocryna-
eT TIPOCTEeHIIHi TOTOK 3as1BOK € HHTeHCUBHOCTHIO A [4]. Kaxnas n3 3asaBok ¢
BEPOSITHOCTBHIO Pj, TTOCTYTAET B k-bIif y3€J1, IIe HAXOOUTCA B TEYEHUE CIIyJaii-
HOTO BPEMEHU, UMEIOIIEr0 IKCIOHEHIINAIBHYIO (PYHKIIUIO PACIPEIETICHUS C
napamerpoMm pg, k € {1,2,3}. Ilocie vero 3asBka jaubo nepexoauT B y3ei |
C BEPOSATHOCTBHIO 7'y, KOTOPAs SIBJIAETCS JIEMEHTOM MAaTPUIIbI MaPIIPYTH3a-
uuu, aubo MOKUIAET CETh C BEPOATHOCTHIO

3

’r‘k():l— E Tkl

i=1

NmiocTpariyst MaTeMaTHIeCKOi MOJeN MPeJICTaBIeHa Ha PHCYHKe 1.

O6o3naumM ny(t) — 9UCIO 3a8BOK, KOTOPBIE HAXOAATCH Ha ODCITY KHBa-
Hum B k-oM y371e ceru B MOMEHT BpeMenn t. Torma 0003HaInM CTAIMOHAPHbBIE
(bunanbubIe) BeposTHOCTH cocTOstHUET w3 MHOKecTBa N = {(n1,ng,n3)} :
0 < ng < Ni} cayuaiinoro mporecca {nq (), na(t), ns(t)} :

lim P{ny(t) = n1,na2(t) = na,n3(t) = ng} = 7(n1,n2,n3).
t—o00
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Puc. 1. Cxema CeMO c tpems y3mamu

CocraBum cucTeMy ypaBHEHWII PABHOBECHS IS CTAIIMOHAPHBIX BEPOSIT-
HOCTEH COCTOAHUN HCCJIeyeMOr0 TPeXMEepPHOTO IMPOoIecca:

m(n1,n2,n3)[(Ap1 + naporar + napsrsi)I(n +1 < Ni)+

+n1p1T10 + N2pareo + n3parso + (Ap2 + napirie + napzrae)l(ng + 1 < Na)
+(Aps + nipariz + noporez)(ng + 1 < N3)| =
= A\p1(ny — 1,n2,ng) + Apam(ny,ne — 1,n3) + Apsm(ny, na,ng — 1)+

+(n1+ Dpr0m(ng + L,ng,n3)l(ng +1 < Ny)+

Np)+

+(ng + 1)pusrsom(ni, no,ng + 1)I(ng + 1 < N3)+

ny+1< Ny)+
no+1 < No)+
+(n3+1)pz(raim(n —1,n9, n3+1) +r3om(ng, ng — 1,n3+1)I(n3+1 < N3),

(
+(TL2 + ].) 2T207T(n1,n2 + 1,n3)I(n2 +1<
(

+(n14+1Dpr (rigm(n1+1,n2—1,ng) +ri3m(ny +1, ne, ng — 1)I(
(

( (
—|—(n2—|—1),u2(7”217r(n1 —1,n2—|—1,n3)+r237r(n1,n2—|—1,n3— )I
( (

rje
1, ecnu A ucruna,

I(A) =
0, ecau A JI0XKb.

Pemmasi marpuunoe ypapuenne A7 = b COBMECTHO C yCIOBHEM HOPMU-
poBrEu e = 1, rme A — marpura Ko3pUIEeHTOB CUCTEMBI, b — BEKTOp-
cTOoJI0eI] CBOOOTHBIX UJIEHOB, € — EIWHUYHBIA BEKTOp-CTOJOer, Haiiaem
BEKTOP-CTPOKY BEPOATHOCTeil COCTOAHUI T = [7(11,M2,13)] (ny na,ns)eN-
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2. Pemienne cucrembl ypaBHEHUIT

Cucremy ypaBHEHHIT JJjisd CTAIMOHAPHOIO PACIpPeNe/IeHusl BEPOITHOCTEH
COCTOSIHMII ceTH OyJeM PeIrarb YUCAEHHBIM METOIOM C IOMOIIbI0 Onbmo-
TeKW numpy s3bIKa TporpammupoBanus Python cormacno ajaropurmama 1
u 2.

AsaroputMm 1. Beraucienne cTaiuoHapHOrO PACIPE/IEIEHUS BEPOATHOCTEH
COCTOSTHUIT CETH MACCOBOIO OOCITYKMBAHUS

Bxom: Ny, Na, N3, A, p1,p2, P3, pa, p, 43,
710,712,713, 720, 721, 723, 30, 731, 7'32
Beixom: m = [m(n1,12,73)] (01, ns,ns)eN
1: BoraucauTs 00Iee KOIUIECTBO COCTOSTHUN

IN|= (N1 +1)(N2 + 1)(N3 + 1).

2: YCTaHOBUTH B3aUMHO-OJHO3HAYHOE COOTBETCTBUE MEXK/Yy WHIEKCOM
cocrosinug i € [0, [N|] u cocrosamem (ng,ng,ng).

3: 3amosHuTh Marpuiy A Ko3()OUIHEHTOB CHCTEMbl Y PABHEHU
110 aJIrOpUTMy 2.

4: 3amoJIHUTH TIOCTETHIO CTPOKY MATPHUILI A €INHUIIAMHU.

5: 3amoJHUTH BEKTOP CBOOOIHBIX YJIEHOB b, y KOTOPOrO BCE 3JIEMEHTHI
PAaBHbBI HYJII0, KPOME MOCIEIHEr0 — OH PABEH eIUHUIIE.

6: Pemmurh cucremy JMHEHHBIX anreOpandecKux ypaBuenunit Amw = b
C IIOMOIIIbI0 MEeTO/Ia numpy.linalg.solve.

7: BO3BpaTUTh T
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AsropunrMm 2. 3anosHenre MaTpuilbl KO3MQUIIMEHTOB CHCTEMBI

Bxom: |N[, N1, No, N3, A, p1, p2, p3, fi1, a2, 143,
T10,712,713,720, 721,723,730, 731,732
Boixom: A
1: IMKJI
2: s KaxK0ro cocrosuust (ni, g, ng) HAfTH COOTBETCTBYIOLIEE i
W BBITIOJHATH CJICIYIOMAE MATH:

3:  gud Beex (ny,ng,ng)

4: A[Z,’L]— =niU1710, A[Z,’L]— = NalU2T20, A[Z,’L]— = N3U3T30
5  ecaumny + 1< Ny To

6: A[Zﬂ,]— = )\pl + NalaT21 + N3U3T31

7 Ali, (n1 + 1,n2,n3)]+ = (n1 + 1) 1710

8 ecamng + 1< Ny To

9: Ali,i]— = Apa + nypuriz + napiorss

10: A[Z, (nl,ng + 1, ng)]+ = (n2 + 1)#27‘20

11: ecamn3z+ 1 < N3 To

12: A[Li]— = Ap3 + ni1pu1r13 + Napioros

13: A[Z, (nl,ng,n;g + 1)]+ = (’I’L3 + 1)M3T30

14: ecaum ny > 0 ToO

15: A[Z, (n1 — 1, ng, ng)]+ = /\p1

16:  ecyqu no > 0 TO

17: Ali, (n1,n2 — 1,n3)]+ = Ap2

18: ecyqm ng > 0 To

19: A[Z, (nl,ng,ng — 1)]—1— = A\p3

20 ecamni+ 1< Ny and ny > 0 To

21: A[Z, (Tll —+ 1, Nng — ].,TLg)}F = (TLl + 1)M1T12
22:. ecamni+ 1< Ny and ng > 0 To

23: Ali, (n1 + 1,n2,n3 — 1)]4+ = (n1 + 1)piris
24: ecamns +1 < Ny and ny; > 0 To

25: A[i, (Tll —1,n9 + 1,n3)}+ = (712 + 1)M2T21
26:  ecam ng + 1 < Ny and n3 > 0 To

27: A[’L7 (nl,ng +1,n3 — 1)}-’- = (TLQ + 1)M2T23
28: ecamng+ 1 < N3 and n; > 0 To

29: A[Z, (n1 —1,n9,n3 + 1)}-‘,— = (n3 + 1),&37"31
30: ecamnz+ 1 < N3 and ny > 0 To

31: A[Z, (nl,ng —1,n3 + 1)}}* = (7’L3 + 1)M3T32

32: BO3BpaTUTh A

3. UuciieHHBIN 3KCIIEPUMEHT

Bepmemcst K paccMoTpeHnio TeppuTOpUu ropoaa. B rabmure 1 npencras-
JIeHbI ITApaMeTPbl CeTU JJId KaxKJ0M U3 KaTeropuil yCTPOUCTB HHTEPHETA Be-
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mieit. [Tapamerpsr momo0panbl TakuM 00pa30M, 9TOOBI OTPA3UTH Crenudu-
Ky MOBEIEHUS 3alPOCOB OT COOTBETCTBYIOMINX ycTpoiicTB. PaccMorpentas
MaTEeMaTHIeCKas MOJIEIb IBISETCA MOIEBIO IPOIecca 00paboTKu Tpapuka
JI7Ist OMHOM u3 Kareropuil. It KazK10ro u3 TUIIOB yCTPOMRCTB HAXOIUM TAKOe
KoIM4IecTBO MPUOOPOB N1, No, N3, 9TOOBI BEPOATHOCTH OTKA3a HA KaKIOM
6s10ke Obra He bostee 0, 1, a kKoaddunument 3arpy3ku R Bceit ceTu ObLT MaK-
CUMaJIbHBIM. Pe3yibTarsl 9KCIEPUMEHTa TaKKe MPUBeIeHbl B Tadmie 1.

Tabymra 1
JlaHnuble I8 9KCIEPUMEHTA U Pe3yJIbTaThl

pr | p1o| riz/ris/rio || N1
N\l X | pg | p2 | ror/rasz/rao || Ne R
ps | ps | 731/r32/r30 || N3
100 ] 0,6 [ 0,7/0,2/0,1 ] 2
1150 | 10 | 0,3]0,2/0,5/0,3 | 10 | 0,817
1] 0,1]0,1/0,4/0,5 || 50

0,3

0,5

100 0,7/0,2/0,1 || 2
2 1| 50 | 10 0,2/0,5/0,3 || 10 | 0,829
1 10,21]0,1/0,4/0,5 || 52
50 | 0,4 | 0,6/0,3/0,1 | 3
3150 ] 5 |03]03/04/0,3 | 14 | 0,886
0,5 |0,3]0,1/0,3/0,6 || 96
20 | 0,4 | 0,6/0,3/0,1 | 3

4 |20] 2 |0,3]03/0,4/0,3 | 14 | 0,886
0,2 |0,3]0,1/0,3/0,6 || 96
200 | 0,6 | 0,7/0,2/0,1 || 2

51180 | 10 | 0,3]0,2/0,5/0,3 || 14 | 0,867
1 |[0,1]0,1/0,4/0,5 | 78
50 | 0,4 ] 0,6/0,3/0,1 || 4

6 || 80| 20 | 0,3]03/0,4/0,31 8 | 0,679
5 10,3]0,1/0,4/0,5 || 20
20 | 0,6 | 0,7/0,2/0,1 || 6

7 120( 10 | 0,3]0,3/0,4/0,3 || 10 | 0,730
2 10,110,2/0,3/0,5 || 25
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3akJiroueHue

B nmammoit pabore mocTpoeHa MOIETb CETH MACCOBOIO OOCTYKHUBAHUSA C
TPeMsl y3JIaMU M OIDAHMYEHHBIM YUCJIOM HPUOOPOB HA y3J/1aX, COCTABJIEHA
CUCTeMa ypaBHEHNH, peleHne KOTOPOIi, TaeT paclpeieleHne BepOATHOCTEN
YHC/Ia 3adBOK Ha y3Jax ceTu. lIpwBeneH aaropuTm fAjid BBIYHACIEHUS Pac-
npejiesieHns BeEpOATHOCTEN COCTOSHUM CEeTH /18 IPOU3BOJILHOIO YHUCTIa IIPH-
OOPOB Ha y3J1aX CETH, KOTOPOE MO3BOJISIET HAWTHU ONTUMAJIbHOE KOJIMIECTBO
YCTPOHCTB HA KazK/IOM U3 YPOBHEH BbIYUCJICHUN.
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ACUMIITOTUYECKUIN AHAJIN3 CUCTEMBI
MACCOBOTI'O OBCJIV2KNIBAHUNZA C
O2KNIJARKIIINMMNY OTPUITATEJIBHBIMUA
S3AABKAMNI

. A. Koposes, C.II. Mouceesa, A. H. Moucees

Hayuonasrvnoti uccaedosamenvcruti Tomekut 2ocydapemeennnvitll yrnusepcumen,
2. Tomcx, Poccua

B pabore paccmarpuBaercs mMareMaTHdecKas MOJETb CHUCTEMBI C
02KU/IQIOIUMMU OTPUIIATE/IbHBIMU 3adBKaMU, & TaKKe aCUMIITOTH-
YeCKHil aHaIU3 3TOi cucTeMsl. lloyden Bra XxapaKTepHCTUYIECKOM
GYHKINN 91CIa I0/I0KUTE/TbHBIX U OTPUNATEIbHBIX 3asBOK B JaH-
Holl cucreme. KiIlfodeBble cjIoBa: cucmema maccoe020 00CAYHCU-
6QHUA, OMPUUATNEALHDIE 3AACKU, ACUMNMOMUYECKUT GHAAUS.

BBenenune

B coBpemennom mupe cdepbl 00C/Iy:KHBAHUS, TaKWEe KAK KJINEHTCKUE
CEPBUCHI, TPAHCIIOPTHBIE CUCTEMbI, MEIUIUHCKUAE YIPEXKICHUS U MHOTHE
JIpyTHe, CTATKUBAIOTCS C PACTYIIMMH [MOTOKAMHU 3asgBOK, TJ€ KaK [OJIO-
KHUTE/bHbIE, TAK W OTPHUIATEbHbIE obparneHus TpedyioT 3>h(eKTuBHOrO
ynpasjenus. 11oqo0HbIe CHTyaIy HEPEIKO BKJIOYAIOT B Ce0si HE TOJBKO
00CIyKWBaHNE KJIMEHTOB, HO W YIPABJICHUE HEKEIATETbHBIMUA COOBITHSIMMU
uinn 3ampocavu. VHMOpMAIMOHHBIE TEXHOJIOIHU UTPAIOT BCe 0OJiee BaXK-
HYTO POJib B TIOBCEIHEBHOM IEATETHHOCTH KaK MPEIPUATHN, TaK U IACTHBIX
stt. OT 91eKTPOHHOM KOMMEPIUH JI0 COIUAJIbHBIX ceTell, Hama mudpoBas
nH@PACTPYKTYPA TOABEPTAETCS MOCTOSHHOMY TOTOKY 3ampOCOB, KOTOPHIE
MOXKHO PACCMATPUBATH KAK 3asBKU B CHCTEME MAaCCOBOTO OOCIIyKWBAHWS
(CMO). B peaibHoii x)kusuu, cdepa uHGOPMANIUOHHBIX TEXHOJIOTUI CTAJIKI-
BAETCS C PA3TUIHBIMU BBI30BAMHE, CBA3AHHBIME C 00PAOOTKOM pasHoobpas-
HBIX 3asBOK ¥ BBISBJIEHHEM OINTUMAJIBHBIX cTpaTeruil ynpasienus. Hampu-
Mep, aTaKy 3JI0yMBIIIJIEHHUKOB WK 00K B PAbOTE MOI'YT HETATHBHO OTPA-
3UTHCS HA TPOU3BOIUTEIHHOCTH U 6€30MacHOCTH HH(MOPMAITMOHHBIX CUCTEM.
OrpurnarenpHbie 3asBKU, KaK U B PEAJIbHON KU3HU, B CUCTEMAX OOCIIyKU-
BaHMSA MOTYT HE TOJBKO MOTPEDIATH PECypPChl, HO W BJIUATH Ha 00pabOTKY
MOJIOKUTETBHBIX 3asBOK. HanmpumMep, OHU MOTrYT BBI3bIBATH 3aJ€PKKH HUJIH

Wccnenosanue BBITOJIHEHO 3a C4YeT rpaHTa Poccumiickoro Hay4vHOro ¢onma Ne 24-21-
00454, https://rscf.ru/project/24-21-00454/
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J1axke OJIOKMPOBKH IIPOIECCOB OOCIY KMBAHUS, YTO OTPUIATEILHO CKA3bIBa-
ercsa Ha obmiel 3 PEKTUBHOCTH CHCTEMBI.

Paccvorpum mporiecc 06paboTKu CETEBBIX 3aIIPOCOB B IIEHTPe 00pabOTKU
nannbix (Data Center). B 91oit cucreme noozKuresibHble 3asABKU IPEJICTAB
JIAI0T co00# 3ampochl Ha JOCTYT K ONMPEIeJeHHBIM TaHHBIM UJIH PECypcaM,
KOTOpbIE 00pabaTHIBAIOTCS MMEHTPOM 00pabOTKM MaHHBIX. Takwue 3ampochl
MOCTYIAIOT HEMPEPBIBHO B CHCTEMY B TedeHue ciaydaitaoro spemenn. C apy-
roif CTOPOHDI, OTPUIATEbHBIE 3asIBKH MOTYT OBITH IIPEJCTABJIEHBI B BHJE
3sionamepenHbix arak uwiu DDoS-arak (arak pacupejesienHoro orkasa B 06-
ciyxusanun). Korga Takas oTpunaTenbHas 3agBKa MOCTYIAET, OHA HE B3a-
UMOJIEHCTBYET C MPEIbIIyInell 00padaTbIBAEMON TOJOXKUTETHHOM 3asIBKOIH,
a HaYMHAET CBOIO JIECTPYKTHBHYIO aKTHBHOCTH I1O I€PErpy3Ke CeTeBOil MH-
dpactpykrypsl. Korga mocTymnaioTr HOBbIE 3ampOChl HA JOCTYII K JAHHBIM,
noMexwu, Bor3BaHubie DDoS-arakamu, MOryT 3abJIOKMPOBATH WJIH YHUYTO-
KWUTh ITU 3AMPOCHI.

B [6] npexncrasiena CMO c orpuiaTeabHBIMU 3asBKaMH U OYHKEDPOM
JIJIs1 BBITECHEHHSI TIOJIOXKUTEIBHBIX 3asdBOK. B pabore [14] 6biia paccMorpe-
Ha Geckonegnonuueiinas CMO ¢ oTpunarebHbIMKA 3agBKAME C OXKUIAHW-
€M, B KOTOPO# [IPUXOIAIIAS OTPUIATEIHbHA 3a5IBKA MTHOBEHHO YHIUITOXKAET
00C/Iy KMBAIOIILYIO II0JIOKUTEIbHYIO 3a:ABKY. B o1stm4ue or ynoMmsiHyToii pa-
6OTHI B TIPE/ICTABIEHHON CTAThE PACCMATPUBAETCS CIIydail, KOTJA BXOSIIA
OTpHIIATEIHbHAS 3asBKA HE B3AUMO/IEHCTBYET C MMEIOIIMMHUCS ITOJIOXKNATEIb-
HBIMU.

1. MaremaTnuyeckas MO/I€eJIb

Paccmorpum cucremy MaccoBoro 0o0CIIyKWBaHUS C HEOPAHWYEHHBIM
quciaoM cepsepoB. Ilycrs Ha BXOZ CHCTEMBI MOCTYMAIOT JBA MPOCTENNINX
MOTOKA, 3aSTBOK, MO OJHOMY W3 HUX C WHTEHCHBHOCTBHIO \ MOCTYMAKT OOBIU-
HbIe (MOJIOKUTEIbHBIE) 3a9BKH, TI0 IPYTOMY ¢ MHTEHCUBHOCTHIO (v — OTPUIIA-
tenbHbe. [lookuTEIbHAS 3as9BKA, MPUXOISAINAsS B CUCTEMY, BHIOMPAET JIIO-
00if M3 CBOOOIHBIX MPUOOPOB M CPa3y HAUMHAET OOCTYKHUBAHNE B TEICHUE
CJIy9aifHOTO BPEMEHU, SKCIOHEHIMAJIHHO PACIIPEIESIEHHOIO C IapaMeTPOM
. B 3amaqe ¢ oxxuannemM oTpunaTesibHasd 3as4BKa, IPUXOJIAIIAd B CHCTEMY,
HE B3aUMOJIEHCTBYET C yKe OOCYKUBAIOIINMUCS TTOJIOKUTETHHBIMU 3aIBKA~
MW, & OXKUIAET MIPUX0 HOBOM TOJOXKUTEIHHO 3adBKU. Kak TOJbKO Takas
3asBKa MOABJISIETCS, OTPUIIATEIbHAS 3asBKA YHUYTOXKAET €€ U OHU 00e mo-
KugaoT cucremy. B ciaydae ecsim cucrema mycra, OTpUIIATETbHAS 3asBKA
O2KH/IAeT MOCTYILIEHUS [OJI0KUTEJIHbHON 115 BBIIOJHEHUS YKA3aHHON IIPO-
meayphl. Ecau B cucreMe mpucyTCTBYeT HECKOJIBKO OTPHUIATETHHBIX 3asBOK,
TO TOJILKO ofHa (100as) pearupyeT ONMUCAHHBIM 0Opa30M Ha MOCTYILJICHUE
HOBOH NOJIO?KATEIbHON.
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B pabGore nccaenyercs caydgaitubiii mpouece {i(t),[(t)}, rme i(t) — umcmo
HOJIOKUTEIBHBIX, & [(t) — 9MCII0 OTPUIIATENIbHBIX 3a58BOK B CACTEME B MOMEHT
BpeMeHu t.

Has pacupenenenus seposrrocreit P(i,1,t) = P{i(t) = 4,1(t) = I} no-
crpoum cucremy muddepennuaabubix ypasuenuit Koamoroposa B crammo-
HAPHOM PEXKUME:

—(A 4 a)P(0,0) + uP(1,0) + AP(0,1) = 0,
—(A 4 a+ip)P(i,0) + AP(i — 1,0) + (i + 1)uP(i + 1,0) + AP(i, 1) = 0,
—(A 4 a)P(0,1) + nP(1,1) + aP(0,1 — 1) + AP(0,1 + 1) = 0,
~(A+a+ip)P(i,1) + aP(i,l — 1) + (i + V)P (i +1,1) + AP(i,] + 1) = 0.

HUcnonp3ysi MmeTos 4acTuuHbIX Xapakrepucrudeckux Gyukuuii [15], mox-
HO IIOJIyYUTb CJIEJIYIOULYI0 CUCTEeMY:

Ju(l— e_j“)w + e — (A4 @) H (u,0) + MH (u, 1) = 0,
Ju(l — e*j“)% - A+ a)H(u,l) + aH(u,l — 1) + AH(u,l +1) =0,

rae H(u,l) = Zej“iP(i,l), 1=0,00.
i=0

2. MeTO,Z[ ACUMIITOTUYECKOI'O aHaJInu3a

ITockoJIbKY TIpsSIMOE peleHre TMOJIYyYeHHON cucTembl auddepenimaib-
HBIX yPABHEHWII HE IPEICTABILETCA BO3MOXKHBIM, IPUMEHUM [JId €€ Pere-
HUsl METOJ aCUMIITOTHYECKOIO aHAJIM3a [7] B [PeJeJIbHOM yCJIOBUU IKBUBA-
JIEHTHO BBICOKOW MHTEHCUBHOCTU BXOAAIIMUX ITOTOKOB. STO yCHOBI/Ie MOZKHO
OIIPEJICJINTD KaK

A= AN, a = aN,

rame N — oo — mapaMeTp BBICOKOUW MHTEHCUBHOCTHU TTOTOKOB.

B pesyaprare acuMnrormdeckoro anasm3a ObLIa MMOJIydYeHA XapaKTepu-
crrdeckasi (PYHKIMS COBMECTHOI'O PACIPEIEICHHUS YUCIA IIOJI0KUATETbHBIX
U OTPULIATEJIbHBIX 3a4BOK:

H(u,l) _exp{juN%1+W2]V%2} (1—%) (%)l7

TIe 1 W 3o UMEIOT BU:
A—a«
= )
1
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o (322) 2 (30-5).

Ecnu upocymmupoBars 1m0 Bcem [, TO MO2KHO HOJIyYUTHh XaPAKTEPHUCTH-
4eCKy0 (DYHKIWIO OJTHOMEPHOIO MPOIECCA YUCTIA MOJOKUTETHHBIX 3aIBOK:

(jU)QN%z

H(u) =expy julNs + 5

Takum 00pa30M, aCHMITOTHYECKOE CTAIMOHAPHOE DPACIPEIEIEHNE BEPOST-
HOCTEH 4YMCia MOJ0XKHUTEIbHBIX 3adBOK B PACCMaTPUBAEMOIl cuCTeMe SBJISA-
€TCs TAYCCOBCKUM C MaTeMaTuIecKuM okuganneMm N s u nucnepcueit N .

IIpu v = 0, MOXKHO MOJIy9HUTDH PACIIPE/IEIEHUE BEPOATHOCTEN YUCIIa OT-
PUIATETHHBIX 3a9BOK B CHCTEME:

ro=(1-5) ()

To ects omHOMEpHOE pachpeeeHne YUCIa OTPUIATETLHBIX 3aABOK B CH-
cTeMe B CTAIlMOHAPHOM peXWMe B YKA3aHHOM ACHUMITOTHYECKOM YCJIOBUU
SABJTSIETCST TEOMETPUIECKIM.

3. AnHaan3 obsiacTu IPUMEHUMOCTH

Yrobbl OMEHUTH TOYHOCTH MOJYYEHHON AMMPOKCUMAINA U YCTAHOBHUTH
PPAHUIBI €€ IPUMEHUMOCTHU, ObLITa TPOBEJIEHA CEpHsi YUCIECHHBIX YKCIEPH-
MEHTOB, B KOTOPBIX aCUMIITOTUYECKOE PACIPEIEIEHNE CPABHUBAJIOCH C M-
MUPUIECKUM, MOJYIEHHBIM 10 PE3YJIbTATAM UMHUTAIMOHHOTO MOIETHPOBA-
uusi. Ha s3bike mporpammuposanust Python Osu1a paspaborana mporpamma
st uvuranuorHoro MozaenupoBanus CMO ¢ 0XKUJAONMME OTPUIIATE b
HBIMU 3asiBKAMU.

Jtst SKCIIepuMeHTOB ObLITH BHIOPAHDI CJIEIYIONIE 3HAYCHUS IaPAMETPOB:
A=2, a=1, 4 = 1. B arom ciydae »; = 1 U aCHMOTOTUYECKOE CPE]I-
HEEe YHCJIO MOJIOKUTEbHBIX 3adBOK B cHCTEME PABHO N, 9TO yHAOOHO mjis
MOHWMAaHUs O0JACTH TPUMEHUMOCTH pe3ynabraroB. Ha pucynkax 1-3 u300-
pazkeHbl rpadUKyd ACUMITOTHYECKUAX PACHPEIETIeHUH BEPOSITHOCTEH 9uCiIa
[OJIOXKUTEIBHBIX 3asBOK M PACIPEIETIEHUN BEPOATHOCTEH, HOJYyYIEHHBIX C
MTOMOIII0 UMUTAIIMOHHON MOJEIN TPU PA3JIWYHBIX 3HAUEHUAX MapaMeETPa
BBICOKOII MHTEHCUBHOCTH MTOTOKOB V.

JIJ1si OIEHKY MOTPEITHOCTH MOJIYIY€HHOTO ACHMITOTHYIECKOTO PACIIPE/Ie-
JIEHUSI BEPOATHOCTEH YHUCJIa TOJOKUTETHHBIX 3asiBOK OyIeM HCIOTB30BATh
paccrogarem KoaMoroposa, KOTOpOe BBIYHCIAECTCA MO hopMyIe

[
A = max Z Pimit(n) - Pasympt (n) 3
n=0

0<i<oo
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Puc. 3. Pacupenenenns BepodrHOCTEH 9mC/Ia HOJIOKUTEIbHBIX 3a:aBOK, [N = 1000

rjie Pjnir — pacupesieieHue BepOsiTHOCTEH, TIOMyYeHHOe B PE3YJIbTaTe WMU-
TAIMOHHOIO MOJEIUPOBAHUA, Pysympt — ACHMIITOTUYECKOE pacCIpejiesieHue
BeposiTHOCTeHt. B Tabmume 1 npeacraBiennbt 3nadeHus: paccrogauit Komamo-
TOpPOBa MEXKIY aCUMIITOTHYECKUM PACTPEIeIeHNeM W PACTIPE/IeTIeHNeM, MOo-
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JIYYE€HHBIM C TIOMOIIHI0 MMUTAIMOHHON MOJIEJIH, [IJIsT PA3HBIX 3HAYEHUH mapa-
Merpa p. Kak Bumao 3 Tabmauisl u rpaduKOB, Py YBEJIUICHUN TaPAMETPA
BBICOKOII MHTEHCHUBHOCTU NMOTOKOB N ¥ IPU yMEHBbIIEHUHU apamerpa o00-
cayxuBanus (4 paccrogaus Kommoroposa ymenbinatorcd. Eciu B kagectse
npuemsieMoii norpemraocTu BeibpaTh A < 0,05, Trorma g p < 1 mosydaem
00/1aCTh TPUMEHUMOCTHY TTOJIy9eHHOM anmmpokcumanuu N > 20.

Tabma 1
Paccroanne Kommoroposa mpu pa3HbIX 3HageHHAX N

N | p=1|p=05
10 | 0,082 | 0,051
20 | 0,050 | 0,034
50 | 0,029 | 0,021
100 | 0,025 | 0,013
200 | 0,017 | 0,010
500 | 0,009 | 0,008
1000 | 0,004 | 0,002

3akJiroueHne

B crarne PpacCMOTpEHA MaTeEMaTUIECKaAd MOAEJIb CUCTEMbBI MaCCOBOI'O 00-
CIIyKUBAHUA C OZKUIAKIMUMU OTPUIIATEIBHBIMU 3adBKaMU. Boun Beimosnen
ACUMIITOTUYECKUHN aHAJIN3 ITOU CUCTEMBI, TOJIYyYEeH BUJ XaPaKTEPUCTUYIEC-
CKOM (byHKI_H/II/I COBMECTHOI'O pacCIpeaesiCeHuA IUC/Ia IMOJOZKHUTEJIbHBIX U OT-
pumaTe/JIbHbIX 3adABOK, BbIBEICHbI OJHOMEPHBIE aCHMIITOTHYECKHE DacCIIipe-
JeJIeHnuA BepOﬂTHOCTeﬁ YHUCJIa IIOJIO2KUTE/IbHBbIX U OTPUIATEJIbHBIX 3a4BOK B
YCIIOBUU 3KBUBAJIEHTHOT'O POCTA MHTEHCUBHOCTEI BXOIAIIINX ITOTOKOB. HpO—
Be€IeHa CepUusd YHUCJICHHBIX 3KCIEPUMEHTOB W CpaBHEHHE C pe3yjIbTaTaMu
VMUTAIIUOHHOT'O MOJECJIMPOBAHUA, B PE3YJAbTaTe Y€ro yCTaHOBJIEHBI T'DaHU-
ObI IPUMEHUMOCTH IIOJTYYI€HHDBIX aHHpOKCHMaHHﬁ.
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ACUMIITOTUYECKUI AHAJIN3 RQ-CUCTEMBEI

C S—HACTOI"/I‘-II/IBBIMI/I SAABKAMU N .
OBPATHOMU CB43bHO B YCJIOBUN BOJIBITION
SAJEP2KKN

. FO. Hukonaesa, E.A. ®&énoposa

Hayuonasvnot uccaedosamenvcruti Tomekuti 2ocydapemeennnviti yrnusepcumen,
2. Tomcx, Poccua

B pabore uccneayerca CMO c¢ mosropmbivm Bb3oBaMu (RQ-
cucrema) M/M/1. Ecan mpu6op 3aHAT B MOMEHT OGpAINeHHs 3a-
SIBKU C OPOUTHI, OHA MMOKUIAET CUCTEMY C 33IaHHON BEPOSITHOCTHIO
(s-macroiiuusbre 3aaBku). [0 OkOHYAHHMIO OGCITYyKUBAHUS 33:ABKA C
3aIAHHON BEPOSITHOCTHIO BO3BPAIIAETCS HA OPOWUTY IJIsT OCYIIECTB-
JIEHUS TIOBTOPHOTO OOCJIy’KWBAaHUS B OyIyIleM TakKwuM 00pa30oM pe-
anu3ys OTJIOXKEHHYIO OOpaTHYI0 CBaA3b. Jljis HAXOXK/IeHUs CTaIuo-
HAapHOTO DACIpeeSIeHNsT BEPOSITHOCTEH YHCIa 3afBOK Ha OpOHTE
MPEIaraeTcsi METO ACHMIITOTHYECKOTO aHAJIIN3a B YCJIOBUH 00JIb-
ot 3a1epKKM 3asdBOK Ha opbure. [IpuBeieHo 10Kka3arebcTBO, 9T0
ACHMITOTHYECKAS] XaPAKTEPUCTHIECKAsT (DYHKIIMS YHCIA 3asIBOK HA
opbure B JAHHOM YCJIOBUM UMEET BUJ HOPMAJIHLHOTO PACIIPE/IETICHU.
KuroueBsbie cioBa: RQ-cucmema, s-nacmotiuusvie 3aA6KU, 06-
PAMKAA C6A3D, HOADWAA 3a0€PIHCKA, ACUMNMOMUYCERUT GHAAUS.

BBenenune

RQ-cucrembr mpeacTaBagioT coOOil MareMaTndeckne MOJEIN B TEOPUU
maccoBoro obcsrykusanus (TMO), ucnosb3yemble jis MogeupoBanus call-
[EHTPOB, KOMIIBIOTEPHBIX U TEJIEKOMMYHUKAIIMOHHBIX CETeH U T./I., TJIe 3asiB-
KU [OBTOPHO MBITAIOTCS HOJYYUThH OOCIIYKUBAHUE B CJIydae HEJIOCTYTHOCTH
obcy)uBaoIero ycrpoiicrsa. Hampumep, ecin KJneHTHI 3BOHAT B call-
[EHTDP ¥ UX 3BOHOK He MOXKET ObITh 0OpaboTan (13-3a HEXBATKU CBOOOIHBIX
OIIEPATOPOB WJIM JIPYIHMX IIPUYUH), OHU BBIHYZKJEHbI OBTOPHO OOpAINaTh-
cs 9epe3 HEKOTOPOoe, 00BIYHO cirydaiinoe Bpems. CyIecTByeT BepOsSiTHOCTD,
YTO MOCJE HECKOJIBKUX HEYJAYHBIX IMONBITOK KJIMEHT IIPEKPATHT 3BOHUTD,
OJIHAKO BO3MOXKHO OH IOIPOOYET CBA3ATHCA CHOBA CILYCTsi HEKOTOPOE BPEMsi
JUIST TIOJTy9eHus OTOJTHUTEThHOM nHMopManuu. Takme 0cOOEHHOCTH TTOBe-
nenwns cucrem B TMO onuceiBaiorcs repmusavu " s-HACTOWYUBOCTD 3a9BOK "
u "obparHas cBa3b".

WccnenoBanue BBIIOJIHEHO 3a C4YeT rpaHTa Poccuiickoro Hay4vHOro ¢onma Ne 24-21-
00454, https://rscf.ru/project/24-21-00454/



106 . FO. Hukonaesa, E. A. ®énoposa

Hawubosee mupoxkoe ucciaenoBanue RQ-cucrem mpuBeneno B MoHOTrpadu-
ax I'\UI. @anumua [1] u JIx. Apranexo [2]. RQ-cucrembr ¢ HeHACTORYHBBIME
3asABKAME MCCIIEOBAUCH, HATIPUMED, B 4], a Momesmn ¢ 06paTHOH CB3A3bI0
npeiaraauch B paborax [4]. Merox acuMnToTuaeckoro anainsa, NpuMeHs-
eMblit B pabore, ormvcaH B [4].

1. Onucanne mogean

B pabore nccienyercs RQ-cucrema M|M|1. Ha Bxox mocrynaer mpo-
CTeHIIIii TTOTOK 3asBOK C MHTEHCHBHOCTHIO A. Ecim mpubop cBobomeH, TO
3asBKa 3aHUMAET €0 Ha CJIyYallHOe BPeMsi, PACIPEIETIEHHOE M0 SKCIOHEHIIH-
AJIBHOMY 3aKOHY € mapaMerpoMm p. B cirydae 3ansgroctu npubopa mocTynus-
1ast 3as1BKa, TIOMAIAET Ha, OPOUTY, TI€ OCYIIECTBIISIET CAYyIalHYIO 33 I€PKKY,
MPOIOJIKUTETHHOCTh KOTOPO#M MMEET SKCIIOHEHITMATBHOE DACIPEIE/IEHUe C
napamerpom o. [locse ciaydaiinoit 3amep:KKu 3asiBKa CHOBA IBITAETCS TI0O-
JIy9uTh JOCTyI K mnpubopy. Ecim mpubop He 3aHAT, TO 3asBKa ¢ OpOUTHI
3aHUMAET €r0 Ha CIydaifHoe BpeMs OOCIyKUBAHWS, €CJIH YKE OH 3aHIT, TO
3asBKa C BEPOSATHOCTHIO 1 — § MOKU/IAET CUCTEMY UJIH C BEPOSATHOCTHIO § BO3-
Bparaercs ua opouty. Ilocse 3aBepinenus 00CTyKUBAHNS 3asBKA, TIOKUIAET
CHCTEMY C BEPOSATHOCTHIO | — 7 MJIM MEPEXOIUT HA OPOUTY C BEPOSTHOCTHIO
7 JI7IS OCYIIECTBJIEHHS TTOBTOPHOrO obcay)kuBanus B Oyaymem. CTpykrypa
9TOM MoJesn TpeacTasieHa Ha Puc. 1.

u

Puc. 1. RQ-cucrema ¢ s-HACTOMUMBBIMY 3asIBKAMU 1 OOPATHON CBI3BIO

ITycrs i(t) — gucso 3asgBoK Ha opbute, a nporecc k(t) onuceBaeT cocTo-
sSHAe mpubdopa:
0, mpubop cBOOOIEH,
1, mpubop 3aHsAT.
O6oszuaunm P{k(t) = k,i(t) =i} = P(k,i,t) — BEPOATHOCTH TOTO, YTO B
MOMEHT BpeMeHu ¢ mpuOOp HAXOIUTCS B COCTOSTHUU K, & HA, OPOUTE i 3adBOK.
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Hua pacupenenenus Bepostocreil P(k,i,t) cocrosiauii paccMarpuBaeMoit
RQ-cucremsbr cocraBum cucremy nuddepennuanbabix ypapaennii Koamoro-
poBa:

oP(0,5.1) _ —(A+i0)P(0,i,t) + uP(1,i,t)(1 —7) + ruP(1,i — 1,t),

d
oP(Lit) _ ~(A+ g+ (1= 8)io)P(1,i,t) + o(i + 1) P(0,i + 1, )+

—&—/\F(?(O i,t) + AP(1,i — 1,¢) +0(1 —s)(i + 1)P(1,i + 1,1¢).
(1)

JITsl CTaImOHapHOTO PEXKUMA CUCTEMA YPABHEHUM UMeEET CJIETYIONINA BU;:

—(A+1i0)P(0,1) + pP(1,i)(1 —7) + ruP(1,i — 1) = 0,
—(A+p+ 1 —=s)io)P(1,i)+o(i+1)P(0,5+ 1) + AP(0,49)+ (2)
+AP(1,i—1)+o(1—s)(i+1)P(1,i+1) =0.

CocraBum CI/ICTeMy YPaBHEHWUIA, Sa,ZLaIOIHI/IX YaCTUYHBbIE XapaKTepUCTu4e-

ckue pyukuuu H(k,u) Ze]’”P k,1)

—AH (0, u) —&—jaM +p(1 —r)H(1,u) + pre? H(1,u) = 0,

ou
BN RN

ou U
FAH(0,u) + AT H (1, u) — jo(1 — s)%eﬂ'“ — 0.
u

2. MeTO,I[ ACUMIITOTUYECKOI'O aHaJInu3a

st pemenusi cucrembl (3), npejjiaraercs IPUMEHUTb METOJ ACUMIITO-
THYECKOI0 AHAJIN3a B YCJIOBUH OOJIBIIOHN 3a/EePKKU 3agBOK HA opOuUTE, TO
ectp npu o — 0.

21. [TepBasgd acCUMTOTOTHKA

Bsenem crnemyrormue ob03HATIEHNST:
o=c¢,u=cw, HO,u) = F(0,w,e), H{1,u) = F(1,w,e¢). (4)
Torma u3 cucrembl (3) HoIy9YaeM CIeAyOIIue ACUMITOTUIECKUE YPABHEHWS:

AP0, w,e) + j 2008

+urel*¥ F(1,w,e) = 0,
OF (L, w, OF(0,w,€) _..,
- A+ p)F(1,w,e)+4(1 —s) (8ww €) — (aww E)e jew 4
j (1
+HAF(0,w,€) + A’ F(1,w,€) — (1 - S)W

+p(1 —r)F(1,w,e)+

()

eI = 0.
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CyMmMmupysi ypaBHEHUsI, TIOCI€ HEKOTOPBIX MPE0OPA30BAHMI NUMEEM:

e IEw <]5‘F(0,w,€) 4 M

o j(1—s) 5 > + (ur + M) F(1,w,e) =0. (6)

Banummem (5) n (6) mpu € — 0:

AF(0,) + ) ; W4, w) =
U (1, w) + AF(0, w) — é w) _y, (7)
P a9 PP e (1) = 0

IIycTs
F(k,w) = Ry exp{jws }.

IMouncrasnss sun byukuuu F(k, w) B cucremy (7), mojrydaem ciieiyoriue
yPABHEHUS:

—ARy — 1Ry + pR1 =0, 8)
—1Ry — (1 — 8)31 Ry + (ur + M) Ry = 0.

Hobasnss yciaosue nopmuposku R(0) + R(1) = 1, mosyuunm:

)\+%1 . - /1,

Ry = . Ry = .
VD W T

(9)

Mozacrasngas (9) B nocienHee ypaBHeHHE CUCTEMbI (8), MOAyIUM, UTO 3|
UMeeT BUI:

—(u(L =7) = sA) + /(w1 —7) — sA)2 +4(ur + DAL — s)
2(1—s) ’

(10)

1 =

Bossparmascs K 3aMeHaM, ACHMITOTHYECKAS XaPAKTEPUCTHIECKAsT (DY HK-
e
yst IepBoro nopsiaka Hy(u) = e’“ = .
22. Bropag acuMnToTHKaA

B cucreme (3) BbIMOTHUM 3aMeHy:

H(0,u) = eI S Ho(0,u), H(1,u) = eI " Ho(1,u).
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Ilonygaem caemyionine ypaBHEHU:
0H>(0
Ot ) Ha(0,w) + o T2
+(p A pr(e? = 1)Ha(1,u) =0,
(M=) )+ (L= 91— e T pa) (L)t (g
, —juy OH2 (1, w)
ol = s)(1 e =2y

. H
+(A+ e 7*)Ho(0,u) — jaw

ou

e 7" =0.

CuokuM ypasHenus cucrembl (11):

e Hy(0,u) + Jj%;)’u)
8H2(1,U) -0
ou e

BrinosiHuM acuMITOTHYECKAE 3aMEHbI:

+ (7" (ur + X) = (1= s)5e1) Ha (1, u)+

+jo(l—s)

oc=¢2 wu=cw, HO,u)=F(0,we), H(l,u)=F(,we). (13)
ITocrasus (13) B (11), moayunm:

S ) F (0, w,e) e Q)
+(u(1 —7) + pre?=)F(1,w,e) = 0,
A+ FQ,w,e)— (1—8)(1—e ) F(1,w,e)+ (14)

oy OF (1 ;
+je(l —s)(1 — e %) (87 e, A+ 307 7*)VF (0, w, ) —
w
AF(0 . .
—je%e—ﬂw AU R(1,w, ) = 0.
N3 cucremsr (12) nmeem
OF(0
—m F(0,w,e) + Ej%—l—
OF(1,w,¢) (15)

+((pr + N)e?® — (1 — 8)301)F(1,w, ) + je(1 — s) =0.

ow

IIycTs
F(k,w,e) = ®(w) (Ry, + jewfr) + O(?).

Toncrasasiem B ypasuernus (14)-(2), nomyuaem mpu € — 0:
Jw®(w)[=(A +3a) fo + prRy + pfi] + j@' (w)Re = 0,

Jw®(w)[—pfi + (A= (1 = 8)2e1) R+ (16)
+(A+50) fo — 1 Ro] — j'(w)Ro = 0.
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2
HerpynHao 3amernts, uro dyukmums @ (w) nmeer sug: P(w) = exp { (121;2 } ,

rie fi U 3o ONPENeSIOTCS CUCTEMOI:

[—(A+s0) fo + prRi + pfi] — Rosea =0,
—pfi+ A= (1 =s)se1)Ri + (A +sa) fo — 1Ry + 50Ro =0,  (17)
prRy — (A + (1 — s8)se1)Ry — 31 Ry = 0.

Otkyna

—s1fo+ (ur+ N f1+ (ur+ AR — (1 —s) fr
Rl(l — S) + R() '
(J U)Q%z }
20 '
Takum 06pa3oM, OBLIO JOKA3AHO, 9TO ACHMITOTHIECKAST XapAKTEPUCTH-
Jeckasg (PYHKIINSA 9HUCIA 3asdBOK HA opOuTe mMeeT GOpMY XapaKTepUCTHIe-
CKO#t (DYHKIMH TayCCOBCKOTO PACIIPE/ICTIEHUSI:

e = ) = {37 + 0272}

sy = (18)

Bosspaiascs k 3amene, Ha(u) = exp {

(19)

3akJiroueHne

B crarbe paccmorpena RQ-cucrema M/M/1 ¢ s-HacroiiuuBbiMu 3asiBKa-
MU ¥ OTJIOKEHHON 0OpaTHO# CBs3bi0. IIpOBEIeH acCUMIITOTHYECKUN aHAJIN3
CHCTEMBI B yCJIOBUM GOJIBINON 3a1€p:KKH 3asdBOK Ha opbute (o — 0). B pe-
3yJIbTaTe JOKA3aHO, 9TO ACUMITOTUYECKAs XapaKTepucrudeckas (byHKIMs
YHUCIIA 3a9BOK HA OPOUTE MMEET BH/IL TayCCOBCKOTO PACIPEIETCHUS C HANHIeH-
HbIMH (POPMYJIAME /I ACHMITOTHIECKOTO MATEMATHIECKOIO OXKUJIAHUA U
mucniepcnn ((10) n (18)).
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AHAJIN3 BPEMEHHBIX XAPAKTEPUCTUK
TOJIJIMHTOBO CUCTEMBI C TIBYMSI
OYEPE/JISIMU U ITYACCOHOBCKIIMU
BXOIAIMNMUI IIOTOKAMMU 2-TO POJIA

JI. 1. Hukonaer', FO. B. Taitnamaxa's?

! Kagedpa meopuw sepoammocmeti u xubepbesonacrocmi,
Poccutickut ynusepcumem dpyorcov. napodos um. II. JIymymbos,
Poccua, 117198, Mockea, ya. Murayxo-Maxaan, 0.6
2 Pedeparvund uccredosamerverud yenmp <Hngopmamura u ynpasaenues
Poccutickotl axademuu wayx (PHUIL HY PAH)

Poccua, 119333, Mocksa, ya. Basuaosa, 0. 44-2

CI/ICTeMbI TIOJIJIMHTA ABJIAIOTCI BaKHOW TEMOM JJId U3y9eHud B 06.)'[3,—
CTH T€OPHUU MaCCOBOTO OGCJ’Iy)KI/IBaHI/IH, IIOCKOJIbKY OHHU HIMPOKO HC-
TIOJIB3YIOTCS JIJIs1 MOZETNPOBAHNS pA0OTHI COBPEMEHHBIX CETel U CH-
creM 6eCIIpOBOHOM IMIMPOKOIIOIOCHOM cBsi3u. B mammoit pabore pac-
CMaTpHUBaeTCd MOEJIb IIOJIJIMHI'OBOI'O O6Cﬂy}KI/IBaHI/I5{ C AByMd O41e-
peadaMu U MyaCCOHOBCKUMU BXOOANIMMU TTOTOKaAMWU 2—I‘O TUIIa, IJId
KOTOpOfI 6bIJ'[I/I TOJIY9I€HbI aHAJIUTUIECKNE BbIPDAXKEHUI /11 BpEMEH-
HBIX XapaKTEPUCTHK CHCTeMbl. K HUM OTHOCATCH IIPeOOpPa3OBaHUs
Jlammaca-Ctunrbeca, Cpe/iHre U JUCTIEPCUN BPEMEH TPEObIBAHUS 32~
SIBOK B CHCTEMe [IJIs IIPOM3BOJIbHBIX PACIIPEIE/IEHI BpeMEH 00CIIy-
xuBanusg. Kpome Toro, mpencrasiensl GyHKIUN PACIpPeIeCHus], a
TaKZKe HavaJIbHbIE U IEHTPAJbHbIE MOMEHTHL ,]IIO6OI‘O TopdaKa JJId
BpeMéH Hpe6bIBa,HI/IH 3a4dBOK B CUCTEME C IKCIIOHEHIINAJIbHBIMHU BPE-
MeHamu o6ciyxuBanus. KJllo4eBble cJI0Ba: NOAAUHZ, CUCTNEMO
MACCOB020 0OCAYHCUBAHUA, BPEMEHHBLE TAPAKMEPUCTVUKY.

BBenenue

CucTeMbl MOJIIMHTA TITMPOKO MCCIEAYIOTCS KAaK B PYCCKOS3BIYHON [1, 2,
3], rak ¥ B aHIOsA3bIYHON [4, 5] mmuTeparype. Jajgee pacCMOTPHM OTJIHYHU-
TETHHBIE MPU3HAKHA MOJIMHIOBBIX MOJEEH, HEMOCPEICTBEHHO KaCAIOIIAECS
npeajaraeMoi MOJIeJIN.

Bo-TiepBhIX, TIOMLIMATOBBIE CHCTEMBI MOTYT PaboTaTh KaK B IUCKPETHOM
BPEMEHHU, KOIJIa BPEMsl JEJUTCA HA PABHBIE TIPOMEXKYTKU BpEeMeHUu (Ha3bl-
BaeMble TAKTAMU JUCKPETH3AIMHU), TAK U B HEIIPEPHIBHOM BPEMEHH.

UccnenoBanue BBIIOJHEHO 3a cueT rpaHTa Poccuiickoro mayanoro ¢douga Ne 24-19-
00804, https://rscf.ru/project /24-19-00804/.
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Bo-BrOpbIX, eciu ciaydaiiHbie POIECCHI, XapaKTepu3yioIme paboTy cu-
creMbl (HOCTYyILIEHUE U 0OCIYKMBaHUE 3asBOK U JJIUTEIbHOCTH [IEPEKIII0Ye-
Husl 1pUOOpPA MEXK/ly OYepesiMu), CTOXAaCTUYECKU SKBUBAJIEHTHBI /s BCEX
o4epeseil, TO Takas CUCTeMa Ha3blBAeTCd cuMMerpudnoii [6]. B upyrux ciy-
YasX CHCTEMa HA3BIBAETCSH HECUMMETDUIHOI.

Takzxke, ecii BpeMeHa MEPEKIIOUEHUs MPUO0Pa MEXKIy OUepeIsIMu PaB-
HBI HYJII0, TO Mbl TOBOPHM O MI'HOBEHHOM II€PEKJIIOUEHUU CEePBEePa MEXKIy
O4YepesisiMH, B IPOTUBHOM CJIy4ae — He MI'HOBEHHOM IIE€PEKJIFOUYEHUH.

Hukiuueckuil HOPsI0K OOCIyKMBaHUA O4epeeil, KOraa KaxKias Oode-
PeIb B pAMKAX ITUKJIA OOCTYKUBAETCS OJIUH PA3, sIBJISAETCS OJHUM U3 HANOO-
Jiee 9aCTO BCTPEYAIONINXCS TOPSIKOB OOC/TYKUBAHUS B CUCTEMAX MOJIJINHTA.

Ecimu npubop BO Bcex ouepensx 0OCIy>KHBAET TOJHKO IOCTYIIHUBIINE
HA MOMEHT Hadaja LUKJA 3asgBKH, TO TaKas IUCIUILIMHA HA3bIBAETCS
r100aIbHO-TILTIO30BOM. B citygae eciim ogepeib 06CTyKHBAETCS 10 TEX TIOP,
MMOKa, OHA MOJHOCTHIO HE OMyCTEeT, TO MWCIUIINHA HA3BIBHIETCS MCUEPITHI-
Batomieil. B paborax [7, 8] GbuN ONMpesieeHbl CpeiHIe BpeMeHa OXKUIaAHUS
00CIyKWBAHUS JJId MIJIIO30BONW U MCYEPITBGIBAIONIEH TUCITUILINH.

Cxema mpearaemoii B 1anaoit pabore Mozenu npeacrasieHa Ha Puc. 1,
a eé 0cobeHHOCTH OLUCaHbL B Tabmaune 1.

“ﬁ 2 M1 —D

L e

Puc. 1. Ilonymmarosas Momesrb MQ‘MQ‘l C AByM# OdepeasdMM’ M BXOOAIINMU TI0TO-
KaMu 2-TO poja

Tak Kak B MPeIJIaraeMoil MOJEIN OUepeIn 3aMOTHSIIOTCA HEMOCTOSHHO,
TO MMeEeM BXOZSAIIMI yacCOHOBCKMIA MOTOK 2-ro poza [9]. Torma, ecan ) —
MHOZKECTBO COCTOSHHII IIOCTYILIeHH 3aAB0K, a ( oToOpazkaeT TeKyIlee CO-
CTOSHHE CHCTeMbI, TO HapaMeTp A IyaCCOHOBCKOIO IOTOKA 3aBUCUT OT CO-
CTOSHHUA CHCTEMbl U BbIPAXKAETCH KaK

A CEeQ,

NO=10 Caa

(1)
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YaurbiBas JAHHYIO 0COOEHHOCTb UMEEM COYeTaHue IJI00aIbHO-IITI030BOM
¥ UCUEPIIBIBAIOIIEH TUCIUILIAH OOCTY )KUBAHNSA, KOTOPOE HA30BEM TI00ATHHO-
HUCYEPIbIBAIOIIENA JUCIUILIINHON].

Tabyma 1
Oco6ernnocrr momenm Mo |G 12|l ¢ aByMs ouepensaMu v BXOAAIAMYA MOTOKAME 2-TO
pona
TTopstmok obctykuBaHMsT Muknngeckuit
CroxacTryecKass 3KBHBAJEHTHOCTH Xa- HeCHMMeTpH‘IHaH

pakTepusymux cuctemy CII
Jucnunnmna obcayxxnBanus ouepean(eit) | InmobGasbHO-nCUepHBIBAIOILAST
DyHKIMOHUPOBAHNE BO BDEMEHU Henpepsisroe

Bpewmsa nepekisrodyenns Mexxay odepenaMu | HyneBoe BpeMsa nepexIOUeHHS BHYTDHU
[MKJIa ¥ HEHYJIEeBOE BPEMs II€PeKJIoUue-
HUS MEXAY DUKJIAMHU (S1 = So, s2 = 0)
Bxogsmue myaCCOHOBCKHUE IIOTOKH 2-ro pozpa

Jucnuniamaa 00CITy KUBAHASL 3aABOK First Come First Served (FCFS)

1. MaremaTnuyeckas MoOJeJb

[MonnuuroBas Momesb, onuckiBaeMas Tabuieil 1 B mpeabIaynemM pas3ie-
Jie, OblTa moctpoeHa B pabore [10] npuMeHNUTEIBHO K BYHKIMOHHPOBAHUIO
PAHUYHOIO y3Jia CETU MHTErpUPOBAHHOrO gocryna u rpausurta (IAB), ansa
KOTOPOi ObLIN HAIIEHBI BEPOITHOCTHBIE XaPAKTEPUCTHKH.

B nammoit cicreme ciayuaitanre Besmannnl (CB) b;; — Bpemena 06CTy K-
BaHu4 j-# 3asgBKM (Tak KaK Hakonuresm beckoneunnie, 10 j = 0,1,2,...) B i-
it ouepeu (TO €CTH U3 §-TO BXOASIIErO MOTOKA, ¢ = 1, 2), rae b;; He3aBHCHMBI
u onuHaKoBO pacupesesensl (b;) ¢ dyukuusamu pacupenenenus (DP) B, (t),
t > 0. Takxe bg") = [ (b)) — maganbublil MOMeHT TOpsAKa n (n > 1) Bpe-
MeHH O0CIy>KUBAHHSA 3ad4BKH B odepenu (Q;, a bgl) =b; = E (b;) — cpenmee
BpeMd O0CITy>KUBAHUA 3adBKH B odepean ();. AHalorudHo npeobpasoBanue
Jannaca-Crunrseca (IIJIC) CB b; obo3naqaum xax B;(w).

it HaXOXKIeHWsT BPEMEHHBIX XapaKTEepUCTUK cucteMbl u @P Bpemén
npebbIBaHUs 3a8BKY B cucTeMe (0T MOMEHTa Hadasia O0C/IyKMUBAHUS ePBOit
o4epenu [0 yXO/a 3asdBKU U3 CHCTEMbI) BBEIEM Dsiji HOBbIX O0O3HAUEHMIA:

— 0; — CB, paBuas Bpemenu mpeObIBaHUS 3asBKU B ouepean (); 6e3 yuéra
BPEMEHH, 3aTPAveHHOrO ¢ HAYAaIa IUKJIa 00CTyKUBAHUS Ha, OOCITY KABa-
Hue ouepezeit 10 Q;, umeromas PP ©;(t) ¢ HAYAIBHBIM MOMEHTOM 7-I'O
OpsA KA 92("), cpennuM ; = 9,51) n I1JIC évl(w)

— wv; — CB, paBnaa BpeMenu npeOblBaHUA 3asdBKH B CUCTEME, YyYUTHIBAS

BpeMsi MpeObIBAHUST IO HAYAIA OOCIIY:KUBAHUS Odepenu (J;, WMeomas
(1)

f HAYATBHBIM MOMEHTOM N-T0 TOpAIKa v\ CPeIHUM T; = U,
@®P V;(t) c naua. OMEHTO 0 TI0 az(, i

~ K3
n ILJIC V;(w). Bamernm, uto v; = > 0; = v;_1 + 6;, B 9acTHOCTH,
Jj=1
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v =01,v9 =v1 + 0y =01 +05,v3 =vy+03 =0, +0+03,.... lanmabie
0003HAYEHHS MPOULITIOCTPUPOBAHBI Ha Puc. 2.

. t% - Moment noctynnenus i-if 3asBKu u3 1-ro moroka
. t? - MoMeHT NOCTyIUIeH!S j-i 3asBKU H3 2-r0 MOTOKA
. Til— MoMeHT yxoza i-if 3asBKH U3 1-ro MOTOKA U3 CHCTEMBI

2 s
L4 TJ - MomenT yxona j-Hu 3asBKH U3 2-TO TIOTOKA M3 CHCTEMBbI

Q1,Q2(+) Qi(-) Q2(-) Q1,Q2(+)

ti f f% f% fg IS U N A O »

vy =01 +60s =v+ 0y

Puc. 2. TIpumep Tpaekropun CII mocryrrenns n OKOHYAHUS ODCJIYyKUBAHUS 3a-
aBoK gy cucrembl Mz |GI2|1 ¢ Bxomamuvu moTokamu 2-ro poja

Cdopmynupyem masiee CIeayIONyI0 TEOPEMY.

Teopema 1. [ljis cucrembl HOJIMHIOBOro obciyxusanus Ms|GIs|1 ¢
BXO/ISIIIIMMU MIOTOKAMU 2-TO POJIA U BPEMEHEM IEePEeKII0YeHHs Sg, PACIIPe/Ie-
JIEHHBIM COTJIACHO SKCTTOHEHITNAILHOMY 3aKOHY S(t) = 1—e=%t ¢t > 0, Bpems
NpeObIBAHNS v; 3aIBKH B CHCTEMe, IMPHUIIeIIeil B i-M MOTOKe, ¢ = 1, 2, nmeeT
TIJIC, cpeanee u aucnepcuio, npeicTaBieHHbIe B Caemyoleil hopme:

2

S S

Vi(w) = ——— Va(w) = — _—
s+ Ai(1 = Bi(w)) (s + A1 (1 = Bi(w)))(s + X2 (1 — Ba(w)))

(2)

A1by A1b1 + Aaby
ﬁ:’[}%l): 181’ %:vél):%’ (3)
Var (v;) = iix(sb@) F D), i=1,2 (4)

7 52 - ] j IYy ) [

iz

B cayuae eciiv Bpemena 0OC/IyKUBAHUST UMEIOT SKCITOHEHIINAILHOE PAC-
npeziesieHue ¢ mapamerpamu (i, i = 1,2, 1o ectb b; ~ Exp(u;) u B;(t) =
1—etit ¢ > 0, To MBI IOJIy4YHM JONOJHATEIbHLIC K TeopeMe 1 pe3yJbTarThl.

Teopema 2. [ljisi cucreMbl MOJUIMHIOBOrO obcaykuBanusa Ma|Ms|l ¢
BXO/ISIIMME MIOTOKAMU 2-TO POJIA U BPEMEHEM HEePEeKI0YeHNs S, PACIIPe/Ie-
JISHHBIM COIVIACHO 3KCIOHeHIHabHOMY 3aKkony S(t) = 1—e %!, t > 0, Bpems
PeOLIBAHNS V; 3asIBKW B CHUCTEMe, TIPUITIEINel B ¢-M TOTOKe, ¢ = 1,2, nMme-
er ITJIC ‘Z(w), Ha4YaJIbHbIE vz(n) ¥ UEHTPAJIbHbIE 0™ MOMEHTBI opsi/iKa n
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(n € N) u ®P V;(t), upeacrasyientbie B ciemyomeii dhopme:

2

~ s(w+ pr) ~ 9 w+ i
A S N st VAR Vi - I | I N B
Vi(w) w(A +8) + 18’ 2(w) = w ’

) (M t+ul—n)s)n! (A +s " ,
= s = N R =
vy N s s n 0, u(x)

n

ZH/\ jtul—my)s (X +s\" e — 1 m
A +s - ’ 2 — 1,

=0j=1 Hj
n m m—ry—-—
D NI D pR Z H
m=0 r1=0 Ti—1=
- A +u(l—my)s (Aj+s\"™ Y
ZH Aj+s ] (Jﬂj ) 7pj_;;’

m1=0j=1

Vi) =1—Aje " Vo(t) =1 — e — ype @ £ >0,

rIe
)\7; HiS
Ai - 3 i — )
i+ s ¢ A+ s
p2(A1 +8) — p1s p1(A2 + 8) — pas
= A 2 = A .
n Yo+ 5) — (Ao + s) i 21O+ s) — pa(M + )

3akJiroueHne

(10)

B pesynbrare paboTh OMUCAHBI OCOOEHHOCTU MOJIEH TTOJITHHTOBOTO 00-
CIy’KUBAHUS C JIBYMsI OUEPEIsIMU U TYACCOHOBCKUMU BXOIANIUME TIOTOKA~
MH 2-T0 poja, (PYHKIMOHUPYIOIIEH B HEMpepPLIBHOM BpeMeHU. BbIBeeHbl
GOpMYyIIbI BPEMEHHBIX XAPAKTEPUCTUK CHUCTEMbI, BKJIIOYAs AHAJIUTHICCKUE
Boipazkenusi Jist [IJIC, cpennux u gucnepcuit BpeMéH npedbIBaHUs 3a4BOK
B CHCTEME TPHU MPOU3BOJBHBIX PACTPEIEICHUAX BPEMEH OOCIYKUBAHUS, 4
rakyke OP, HauabHbIE U IEHTPAIbHBIE MOMEHTHI JIIOOOTO TOPSIIKA, TIPH IKC-

MOHEHIMATBHBIX PACIPEIEICHUSIX BPEMEH OOCTy KUBAHUS.

Pazpaborka m m3ydeHne Moae i OOYCIOBIEHBI PACTYIIAM CIIPOCOM Ha
3¢ P eKTUBHBIE CHCTEMBI OOCTYKUBAHUS B TEJIEKOMMYHUKAITUAAX, OOIIECTBEH-
HOM TPAHCIIOPTE M OU3HEC-TIPOIECCax. Pe3yIbTaThl MOTYT OBITH UCIOIH30Ba~
HBI JIJIs OIIEHKY U aHaIn3a 3D HEKTUBHOCTH TEJIEKOMMYyHUKAITMOHHBIX CEeTei,
9TO MO3BOJIUT ONTUMW3WPOBATH WX U MOBBICUTH KA9e€CTBO OOC/IYKWBAHUS
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KJINEHTOB. B Oymayiiem miaHupyercs paciimpeHne MOIEIN Ha TTPOU3BOIHLHOE
9HCJIO OUepeeil U yIeT JTOMOTHATETbHBIX (PAKTOPOB, TAKAX KAK CJTy IaiiHbIiH
MOPSIOK OOCTY KHBAHUSI.

10.
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AHAJIN3 G-CETU C KOHTPOJIbBHBIMMU U
KAPAHTVHHBIMU OYEPEJIAMUN N
HETEPIIEJINBBIMU ITIOJIOZKUTEJIBHBIMU N
OTPULIATEJIbHBIMU 3A4dBKAMMU

. 4. Komars

I'podnencruti 2ocydapcmeennuli ynusepcumem umeny Anxu Kynaav, 2. I'podno,
Pecnybaura Beaapyco

O6beKTOM uCCeI0BaHus B CcTaThe aBasercs G-ceTb, COCTosAmas u3
KapaHTWHHBIX, KOHTPOJIBHBIX, OOC/IyKUBAIOIUX O9Y€PeIeii B CHCTE-
MaX C HETEPIIeJTUBBIMU MTOJIOKUTETHHBIMA W OTPUTIATETLHBIMA 3B~
kamu. [TostokuTebHbIE 3aBKH UMEIOT CJIy9aifHOe BpeMsi OXKUJaHUS
B IByX OUepenax (KpoMe KapaHTWHA), 0 UCTEIEHUH KOTOPOTO Tie-
pPexomaT B KOHTPOILHYIO ouepens apyroii cucrembr (CMO). Orpu-
IaTeJIbHbIE 3aABKU 10 MCTEYEHUH CJIy9ailHOrO BPEMEHW W YHUYTO-
JKEHWs OJHOW TTOJIOKUTEIHHON 3a9BKH MOTYT KaK TIOKHJATH CETh,
TaK W TePeMenaThCsa Mexk Iy cucremMaMu cetu. Jannas G-ceThb sBirs-
€ICsl MaTeMaTudeckoil Mmozenbio komubiorepuoit ceru (KC), B kax-
JIOM YCTPOHCTBE KOTOPO#i YCTAHOBJIEHO AHTUBUPYCHOE TIPOTPAMMHOE
obecriewenne (ATIO), ¢ BO3MOKHOCTAME PACIPOCTPAHEHHUS BUPYCOB
mexy CMO ceru u yupasienueMm Harpy3koil 8 ceru. IIpeanosara-
€TCsl, ITO C OTPEEIEHHON BEPOATHOCTHIO BUPYC MOXKET OOMAHYTbH
ATIO u npuumnautrs KC Bpesn. Takoe BO3MOXKHO /10 TeX IOP, MOKA
Bupyc He Oyzner obuapyxen AITIO onpeapenéunoit CMO. C nomo-
MBI0 METOMA MOCIEAOBATEBHBIX TPUOJIMIKEHUIA, COBMEIEHHOTO C
meronoMm psanos (MIIIT) maiimeHpl mepexoHbIe BEPOATHOCTH COCTO-
auwnii nannoi ceru. KiroueBble cioBa: G-cemv, Hemepneiusvie
NONOAHCUTNEADHBIE U OMPUUATNEALHBIE 3AABKU, CUCTIEMBL C KAPAH-
MUHHBMU U KOHMPOALHbLMY 0uepedamu, MIIII, neperodnvie eepo-
AMHOCTNYU COCTNOAHU.

BBenenue

B [1] 6b1a nccnenoana G-cerh ¢ HeTepHeInBbIMI OTPHUIATETHHBIMH 3a-
SIBKAMW B [IEPEXOHOM PEXKNMe, a B CTAIlHOHApHOM — B [2]. MexaHn3M Herep-
HEUBBIX TOJIOXKHUTETbHBIX 3asBOK uccaenoBascsa B [3]. B [4] nannas cers
HCCIeIOBATIACH B CTAIIMOHAPHOM pexkuMe. IlepBast MareMarnaeckas MOJIENb
ATIO ¢ nomorpio CeMO ¢ orpuriaresibHbIMU 3asiBKAMHU B [IEPEXOTHOM Pe-
KuMe OblIa paccMoTpena B [5]. B mammoii crarbe B kaxkgoir CMO cern
UMEETCs KOHTPOJIbHASA 09epelb U 0Uepeib Ha 00C/Iy KUBAHUE, HO KADAHTUH-
Has oYepesb OJHA Ha BCIO ceTh. B [6] mpexamonaraercs Hasindne B KaxK IO
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cucreme MaccoBoro obcnyskupanust (CMO) xourposbroit (KonO) u kapaH-
runnoit ouepeneii (KapQ), nepsas u3 KOTOPbIX IPOBEPsET 3asdBKY HA CTaH-
JIAPTHOCTb U B CJIydae yCIEIIHOTO TPOXOXK/IEHNS JAHHON IIPOBEPKH 3asBKA
[ONAJAeT B 04epeb Ha obciykuBanue. Nuage ona nonagaer 8 KapO u npo-
xoauT Jieverue. B ciaydae ero ycrnentHocTn oHa Bo3Bpariaercs B Ty ke CMO
Ha obciryxuBanune, nuade nokumaer CeMO. B ciaydae ecnu orpunarenbHOM
zasiBke ymaércs oomanyTh ATIO, ona yHHYTOXKAET OJHY TOJOKUTENTHHYIO
3asBKY W MOYKET IMEPEMEIIAThCsI MEXK Iy CHCTEMAMU CeTH, IIOKa He Oyaer 00-
napyxena B KonO. Jaunas crarbs 0600waer mogenu [1, 3, 6] B onuy cerb.
s pemenus cucrembl PJIY 6ymer npumenen MIIII, BuepBbie BBEIEHHBIH
B paccMoTpenue B [7].

1. Onucanue cetu

Paccmorpum G-cers [1], cocrosingyio 3 n CMO. B CMO S; nocrymnaior
MPOCTEHIIAE MOTOKU MOJIOKHUTENbHBIX U OTPHIATENLHBIX 3adBOK C WHTEH-
CHBHOCTSIMU )\ari,)\gi,i = 1, n, coorBeTcTBeHHO. IlepBOHAYMATHHO MOCTYIIHB-
mag B i-io CMO 3agBka cranosurca B KonO, rje nposepsiercs wa cran-
JapTHOCTh, IPUYEM BPEMsI TTPOBEPKHU UMEET TIOKA3ATEIHLHOE PACIPEIe/IeHIe
(.p.) ¢ napamerpom ,ulm, i = 1, n. BpeMsa o:KUIaHIA TTOMOKATETLHON 3a5B-
KOl Havasa 00C/IyKUBAHUSA B OYepeay Ha OOC/Ty?KHBAHUE OIPAHUYEHO CJIy-

vaitnoit Besmuunoii (CB) ¢ w.p. ¢ uapamerpom 0;,i = 1,n, 10 ucreuenuu

KOTO KounO (v) KouO j—roii
poro B KonO ¢ BeposrroCTBIO ¢;;° OHa mepemermaercs B KonO j—roi

CMO j = 1,n uwim ¢ BEpOATHOCTHIO ql%)) =1- Z;‘L:1 qg) HOKHIAeT CeTb.
Bpemsi akruBarmuu orpunarensHoil 3agsku B i-it CMO orpanudeno CB ¢

ILp. C LHapaMerpoMm f; ,% = 1,n, no ucreyenuu xkoroporo B KounO ¢ Bepo-
(v)
j
BeposTHOCTBIO N\ = 1 — S n{?) noxumaer cers. Iocie nposepkn Ha
P i — =1 T it . poBsep
craugapTHOCTD B i-it CMO myTh 3asIBOK CJI€IYIOIIWIL: [IJIsT TIOJIOXKUATETHHOM
3asBKU C BEPOSTHOCTHIO pj‘ OHA TTPU3HAETCST TAKOBOM M MOCTYIIUT B O9E€PE/Ib
Ha obcayzkuBanue B 310it CMO, nnage Oyaer npu3HaHa OTPUNATEIHHOMN 3a-
siBroit u orpasurcs B KapO wa nedenue; fjist OTpunaTebHON 3asBKHU C Be-

SATHOCTBIO M;.’ oHa nepemerraercs B KouO j—roit CMO j = 1,n wmm ¢

POSITHOCTBIO p; OHA HPU3HAETCH TaKoBOil U mepexonut B KapO Ha nedenue,
WHAUEe OHA MPU3HAETCS TOMIOKUTETHLHON 3asIBKOM M TMOCTYNUT B OU€peTh Ha
00pabOTKY, T/Ie OHA YHUUITOKAET O/IHY MOJIOKUTETHHYIO 3asBKY B HEITYCTOM
CHICTEME TIOCJIE TEeT0 C BEPOSITHOCTHIO 7o MOKUIAET CETh UJIH C BEPOSITHOCTHIO
n;; mepexomut B KonO j-it CMO, Y77 (niy; = 1,577 .4 = 1,n. B mycroit
ouepenu Ha OOCJIYKMBAHUE OTPULIATEIbHAS 3a5BKA HE OKA3bIBAET HUKAKOIO
Biusnud Ha CMO. Ilycrs mmresbHocru 06CiyKUBAHUS 1OJI02KUTEIbHBIX

3asBok B CMO uMmerT m.p. ¢ mapamMeTpoM fi;, ¢ = 1,n MO 3aBepIIeHnn KO-
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TOPOTO € BEPOSATHOCTBHIO p;-; nepexoauT B KorO CMO kax moJioxKuTerbHast
3adBKa, C BEPOATHOCTBIO p; — KaK OTpHuIlaTe/IbHAaAd 3adBKa U C BEDOATHOCTBIO

pio=1-3" (p; + pi;) moxmmaer cern, i,j = 1,n. [ocye 3aBepiers

OXKUTAHUS TIOJIOKUTEIbHAST 3asIBKA C BEPOSATHOCTHIO ng OHA, TIEPEXOJUT B
KouO j-toit CMO kak mojoKuTeIbHAS 3aBKa, C BEPOSTHOCTHIO q;; — KaK
OTPHUIATEbHAS 3aIBKA WM ¢ BEPOATHOCTBIO o = 1 — Z?:l(q;; + ¢;;) no-

KNJaeT CETh. HycTL HESU) — HWHTEHCHUBHOCTH JOCPOYHOI'O BBIXOJA 3adABKH N3
odepenu Ha oOciykuBanue, ecau oHa npudhuia w3 KouO i-it CMO. Torga
OHA YJOBJIETBOPHAET CHAeAYIOUIEH cCucTeMe ypaBHEHUIA:

sv) 1 — — v - — = sv — V) —
0" = 0 Ot 0w = 05 ) ()

j=1 j=1

B KapO 3asBku, npu3HaHHbIE HECTAHJIAPTHBIMU, CTAHOBITCS B O4€PEIh
na jevenne. [Ipeamnonokum, 910 IIUTEIHHOCTD JIE9eHUsT 3aIBKHU B (-M y3J1e

MMeeT TI.p. C TTapaMeTPOM u§C>

pgs), U 3asBKa MEPEXOIUT B OYepenb Ha obciayxkuBanue B i-it CMO, nnaue
3apaykeHHasl 3asBKa OKa3bIBAETCS BUPYCOM W MOKHIAeT ceThb. Ilpm ommca-
nun KapO mbl npejmnosaraeM, 4To BEPYC HE MOXKET OOMaHyTh ero IpH €ro
JledeHnn, u 3asBKa He Moxker nokuHyTh KapO. B ciyyae nepexosa 3asBKu
B OYepe/ib Ha ODOCITy)KHUBAHUE €0 BPEMsl OXKUJIAHNS B OUE€DE/H YMEHbIIIAETCS
na semramny (1 t(p; + 1 — pi — p{))(u{?) 1. Tyers 1/6) — cpeanee
BpeMsl OKUJAHUsI Hadasa O0OCIIyKHBAHUSI IOJIOKHUTEIHHON 3asBKON B Oe-
pean Ha obcmyKuBaHue. Ero MOXKHO BBIDA3WUTDL CIEIIOMMM 0OpaszoM: 0, L

-1
0 ot (1 — D)ty +1 - — @) ()
COCTOHHI/Ie CeTHu OIIUChIBAETCA BeKTOpOM:

, & = 1,n. Jleuenne ycrnenraoe ¢ BEpOATHOCTHIO

- = ST T
n

(kalat):(k_)lagy"'knyll72a"' 7t)a (1)

— =
rae (ki, l; ,t) = (kgp), kz(s), lgn), ZES), z§°),t); k?’) n ZE") — YHCJIO MOJIOMKHATEb-
HBIX U OTPHUIATE/bHBIX 3aIBOK, COOTBETCTBEHHO, Haxoagamxcsa B KouO i-i
CMO; lgs) — KOJIMYECTBO OTPULIATEIbHBIX 3a5BOK B OYepe I Ha 00C/1yKuBa-
mme it CMO; k) — KommuecTBo mONOKITeTbHBIX 3AsBOK HA 0OCT

; k; y2KUBa-

uun B i—it CMO; lEC), — kommaectBo 3asaBok Ha KapO B i—it CMO.Ilycrs 3a-
SIBKW BBIOMPAIOTCS HA MMPOBEPKY HA CTAHIAPTHOCTH W3 OYEPEIN CJIyIaifHbIM
o6paszom. Kaxk B [3] nosmoxkunm, uro BepositHOCTE TipoBepkn B KonO monoxu-

y 1
TebHOl 3agBKN pasHa ¢ = (A\J; + E?Zl ujpji)(/\a'i + /\éi) + E?Zl Wi (pj’z +
p;)
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2. P/1Y KoJsimoropoBa aJjisd IEPEXOOHBIX BEPOSITHOCTEN COCTOSTHUM

IIycrp I; — HyneBoit BeKTOp pPa3sMepHOCTH 211, KPOME KOMIIOHEHTHI C HOMe-
poMm @ paBHOii 1, [; — HyJIeBOIl BEKTOP Pa3MepHOCTH 31, KPOME KOMIIOHEHTBI C
HOMepOM 14, paBHOit 1. u(x) — bynkuuns Xesucaiiza. Bo3MOXKHBI ciemyomine
nepexonpl Hameil menu MapKoBa B COCTOSHHIE (?, ?, t) 3a Bpems At:

1) m3 cocroanns (? — Dai1, ?, t + At) ¢ BEPOATHOCTHIO )\aLiu(k*fp))At +o(A)
B KonO i-it CMO u3BHE HOCTYIUT MOJIOXKUTEIbHAS 3asIBKA;

2) W3 coCTOSTHUS (?, 7 Is;_2,t + At) ¢ BEpOATHOCTBHIO )\giu(lg"))At +o(A)
B KouO i-it CMO u3BHe 3a BpeMsi IOCTYIIUT OTPULIATEIbHA 3adBKa;

3) m3 cocToaHUSA (? 4 Toi1 — Ini, I',t) ¢ Beposrroctsio 1l gt pu(k{™) At +
o(At) monoxkuTenrpHAA 3adBKa MOCJIE IMPOBEPKH Ha craHmapraocTh B i-ii CMO
OyJeT TpU3HAHA TAKOBOH W TIEPEHIET B 09epempb Tt 00CTY KUBAHUST;

4) 3 cocroguns (? 4+ Toi1 —Ioj_1, | ,t) ¢ BEPOSTHOCTBIO Hgv)ql(;)At + o(At)
Bpemst oxumanus B Koun(O MOIOXKUTETLHON 3adBKW 3aBEPENICHO W TIEpeHIeT B
KonO j-roit CMO;

5) u3 cocrosamus (k + fgi,;l,?,t) ¢ meposrrrocTrio 6 ¢ At + o(At) To
3aBepnreHny Oxkumanug B KouO MO0KATENbHON 3a9BKH, OHA TIOKUHET CETh;

6) w3 cocrosmma (k + Taic1, 7 — I3;,t) ¢ BEPOATHOCTHIO uE”)q;r(l —
pj)u(lgc))At + o(At) monoxuTepbHAA 3aABKA MOCJIE HEKOPPEKTHON MTPOBEPKH HA
crarmaptaocTh B i-if CMO mepeiizier B KapaHTHUH U1 JI€UCHHAS;

7) m3 cocTogHUS (?, 7} + I3i—2 — fg,i, t) ¢ BEPOATHOCTHIO “2@) (1 — q:r) p; At+
o(At) oTpunarenpHas 3ag4BKa [I0CJIE MPOBEPKHU Ha CTaHIApTHOCTDH B i-it CMO 6y-
JIeT TIPU3HAHA TAKOBOW W TIepeieT B KAPAHTWH /I JICTCHUS;

8) m3 cocroamma (k, I + I3;—2 — I3;—1,t) C BEPOATHOCTHIO ,uEU) (1 — qj') (1-
p; )u(kz@)At + o(At) orpunaresnbHas 3agBKa [10CI€ HEKOPPEKTHON IIPOBEPKH HA
craumapTHOCTh B i-Toii CMO mepeiizeT B odepeib Ha 00C/TyKUBAHUE;

9) u3 cocrosnus (k, | + Isi_2 — I3j_2,1) ¢ BEpOATHOCTHIO ui_néjv-)At + o(At)
noce oxumanust B KonO orpumarensroit 3asBku B i-it CMO oma mepeiiger B
KouO j-roit CMO;

10) u3 cocrostus (?, 7 + I3i—2,t) ¢ BEPOSITHOCTHIO u;nES)At + o(At) oxu-
narane B KonO orpunaresbHON 3a9BKU 3aBEPUIEHO W OHA TIOKUHET CETh;

11) m3 cocroanuns (? + fQi, ? + I3i—1,t) ¢ BeposiTHOCTBIO (11, — HZ(U))nioAt +
o(At) orpunarenbras 3asBka aktusupyerca B i-roit CMO ynanur omHy mosoxu-
TEJHHYIO 3a9BKY, TIOKUIAA CETh;

~ — _

12) u3 cocrosimust (k + Iz, I + I3;—1 — Isj_2,t) ¢ BepostHOCTBIO (U, —
va))nijAt + o(At) orpunarenbuas 3azska akrusupyercs B i-roit CMO u yua-
JIUT TIOJIOXKUTEIBHYIO 3asBKY, nepeiias B KonO j-toit CMO;

13) w3 cocrostamst (k, I + I3;—1,t) c BepositHOCTRIO (p; — 95”))(1 —
u(ki))nioAt 4+ o(At) orpunarTesbHaa 3agBKa aKTHBUPYeTCS B mycToi i-Toit CMO
¥ IOKUHET CETh;
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- -

14) u3 cocrosimust (k + Iz, I + I3;—1 — I3j_2,t) ¢ BepositHOCTBIO (L
05”))nijAt + o(At) orpunaresnbHasi 3asBKa akTUBUpyeTcs B Imycroii ¢-roit CMO
u nepeiiger 8 KonO j-roit CMO;

T T (v)

15) m3 coctosmamz ( k + I, 1 ,t) ¢ BepoaTHOCTBIO (1ipio + 0, qio) At + o( At)

1ocse 00C/Ty KUBANIS UM OXU/IAHIA 3aABKY B ] i-it CMO ona nokujaer cerb;

16) w3 cocrosmma (k + 121 — 12] 1,l t) ¢ BEPOATHOCTHIO (/MPZJ +

H(U)qu) (k;p)) At + o(At) Bpems 0GCITyKUBAHUS WM OKWUIAHUS 3asdBKU B i-it
CMO 3akonuusnoch, u ona nanpasurca B KouO j-it CMO cHoBa Kak 10102k u-
TebHAS 3adBKA;

- - = -

17) w3 cocrosmma (k + Iz;, I — I3j—2,t) € BEPOATHOCTHIO (,uipij +
Hz(v)q;-)u(lg-"))At + o(At) Bpemst O0CIyKUBaHUS WM OXKUAJAHUS 3asiBKU B -§
CMO 3akonuunoch, u ona manpasiagerca B KonO j-it CMO kak orpunarenbHas
3asBKa;

18) u3 cocrognus (? — I, 7 + I5;,t) ¢ BEPOATHOCTHIO /L<C)p(s)u ( (S)) At +
o(At) KapO i-it CMO ymacrTcs BBUIEUNTD 3aPasKEHHYIO OTPUIIATEILHYIO 3asBKY,
¥ OHA OTIIPABJISETCS B Odepensb Ha obciyxuBanue B i-10 CMO;

19) u3 cocrosHus (?7 U + I3, t) ¢ BEPOATHOCTHIO u( 1 - p§‘9))At + o(At)
KapO me ymacrcsa BBUIETINTD OTPHITE/BHYIO 3asBKY H OHA IOKHIALT CeTh;

20) u3 cocroanms ( k , | ,t) C BEPOATHOCTHIO 1—Zyzl[)\&-u(kip))+)\5iu(l§"))+
() 18 + 0, + i + ;)] At + o(At) cocrosiHue cern He U3MEHUTCH.

MOKHO TTOKa3aTh, 9TO HECTAIMOHAPHBIE BEPOSATHOCTH COCTOSTHWI YIOBJIETBO-
psior ciaenyomum PIY:

R — n
dP(E, Tt .
AP L0 5™ k) + 2™+
=1
v c _ - —
"+ i+ 04 s+ w) | PR, T 0+

+i {A[)"iu (ky’)) P(K = Toica, T,t) + Aguu (lE")) P (7 T~ ISi—zvt) +
=
1 g (P uk)V PR + o — T, o004
+(1—pi)u<15°>> (
+ (1= gf) pru®)P (
e e“”)( (kO NnioP(K, T+ Taio,t)}+

1 (1= g )1 = p k) P(R, T + Tsimz — Isim, )+
+H£’C) (pESW(kES )P (? — I, 7 + I3i,t) + (1 fpf)) P (?, 7 + Igi,t)) +

?—1-71 1,?—131'715))-&-
%
k, I3 2—]3i,t>]+
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v v - T - —n\Y
0 ¢ P(K + Tniza, 1 ,t)+m niy P(

+(uy 70”))n10u(k P(k + Ioi 1
+(pipio + 9¢ QiO)P( k + fm‘,

R
k, U +Isi—o,t)+
+ Isi_1,t)+

7
7,0+

+ Z {91@)(]8})1’3(? + Ioio1 — Ioja, ?7 1)+
ij=1
-HL;WJE;)P(?, 7 + I3i2 — I35 2,t)+
(i = 0k g POE + i, T+ Inicy — Inj—a, )+
+(uip; + 6, 45)u (k?(p)) P(R + Toi = Ty, T, 0)+
= 0 (1 — wk N P(E, T+ Isict — Isjoo, D)+
iy + 0 a5 u (197) POR + i, T = Ty2,0) ). 2)

Cucrema (2) siBisieTcs 9acTHBIM ciaydaeM cucreMst PIIY:

— — 3n

WP L8 A, TP T+ 3. @iegeaon(ioh, T)x
dt
a,B,v,0,n=0
Ptk +To+ 15— I, 1+ 1 — Io, t), (3)

_>
ecim kx = (k,0,...,0,),n Hyneil B konue.

n

[ w(kP) + Agu(i™) + (,u(v) + 18 05 4 i+ M;)} 5

i=1

-
@i*j*ag’%g,n(k*, )= )\a—iu (kgp)) 57(%,1)59”5@05604-

g () Sosi2) 8000050 + 1" [0 pi 1w () aodsai-1) 8 airdon+
+g (1-pf)u (ZEC)) e (2i—1)08~0n000(35)+
+(1=g¢)p;u (ZEC)) 6&06[3767](31'72)56(31')] +

18 8008m080(30) [P (kD)8 20y S50+
+(1 = pi)3p] + it (1= qF) (1= p; Ju (kis)) dar 08009 (3i—1)0n(3i—2)+
+9(v)qzo da(2i—1)08y00n + M;n53)5a05675n(3i—2)590+
+(p; — 91( ))mou(kf ))5a(2i_1)5@75n(3¢_1)590 + (pipio + 9§U)qio)5a(2i)§57(5n9+
+(p; — 91@)(1 - U(kis)))ni05a05ﬁ75n(3i71)500+

+6{¢ 4y 50((21'71)57(23'71)5505"9 +ﬂi_ng;)6&05"/567](31'72)59(3]'72)+
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(= 0wk V1500 (20) 050 (30-1) Oa(35—2) + (pimd; + 05 a5 u (k;m) X
X B2y 0y (2j—1)0800n0 + (1, — 05 )1 (1 — u(k™)) 800030 (3i—1) 00 (3j—2)+
+(pipi; + egw%;)u(l;’n))504(21')57[3577059(3]'—2)7

rae §;; — cumBos Kpomekepa.

Ilycts Py(k, 1 ,t) — upubinxeHue P(E>7 ?, t) Ha @-0oif wWrepaiuu, u
Pyyi(k, U,t) — pemenne cucremsr (2), nonygennoe MIIIT. Kaxnoe npubke-
HUe Hpe,I[CTaBI/IMO CXOJSAIUMCS PSIIOM ¢ OECKOHEUHBIM PaJUyCcoOM CXOquMocTH [8]:

P,k ) =30 d;‘l (k ,?)tl, ¢ ko3 duenTaMu yJ10B1eTBOPATONIMMU CO-
oTHoueHusM [8]:
— — = =
ey =AMk, D)) —> 1)y DI (K, 1)
din.(k, )= P E.7 +Z ol
7 ACE, D
quFOi(Ei ?) = P(?a 7>70)751027(E)7 7>) = P(?7 7>70)52072 2 Oa
3n
- T S
DL (K, )= Y ®apyon(k, 1)ds (K +1a+1Is— 1, 1 + 1 — I).

o,B,7,6,n=0

HyneBoe mpubiuzkerne ecTh CTAIIMOHAPHOE PACIPeIeIeHne BAIA

A, T)P(E, T) =
n B ~ =~ =
= Y Bapyon(k, DP(E +1a+15—1,, 1 +1,—Iy).
a,B,7v,0,n=0

3akJiroueHune

B crarne npemioxena croxacruueckas mozaenb KC ¢ AIIO ¢ Bosmoxk-
HOCTBIO 3asIBOK IEPEXOIUTH B O0see ObICTphIe cepBepa 6€3 OTKINKA, eCln
on ocyuiecrsisiercs mejierHo. [lomyyuena cucrema PILY g BepositHOCTE
cocTosTHW# Takoit ceTn u pertena ¢ momoribio MIITI. TTokazamo, 1To BeposT-
HOCTHU COCTOSTHUII C€TH MOTYT OBITH IIPEICTABIECHBI B BUIE CXOISIIIUXCS CTE-
MEHHBIX PAI0B. JlaHHBIE PE3yIBTATH MOTYT OBITH UCIOJB30BAHBI JJIS TIPO-
THO3WPOBAHNS MOMEHTOB IIMKOBOM HATPY3KHU CETH U HEOOXOIMMOCTH €€ mepe-
pacmpejiesieHust, 9TO MO3BOJUT HOBBICUTH MPOIyCKHYI0 criocobrocTs ATIO.
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ACUMITTOTUYECKUIT AHAJIN3
MHOT'OIIOTOYHO HEOJJTHOPOJHOU CMO B

YCJIOBUU ITPEJAEJBHO PEAKNUX U3MEHEHUN

COCTOSIHUI CJIYVUAIMTHON MAPKOBCKOI
CPEBI

E. A. Hesenuenko, C. C. llenusos, C.II. Mouceesa

Hayuonasvnut uccaedosamenvcruti Tomekut 2ocydapemeennniti yrnusepcumen,
2. Tomcx, Poccua

B pabore paccmarpuBaeTcs cmcTemMa MAacCOBOTO OOC/IyKUBAaHUS,
dbyuknmonupyoomas B ciaydaiinoit cpeme. Ha Bxon cucremsr mo-
crynaoT 18a MMPP-1mi0TOKa pa3HOTHIIHBIX 3as1BOK, O0C/IY KIBAHIE
OCYIIEeCTBIISIETCS B COOTBETCTBHUU C TUIIOM 3asBKU HA JBYX 0JI0-
KaX, KayKJbI U3 KOTOPBIX COJEPKUAT HEOIDAHUYEHHOE HHCJIO IIPU-
6opos. s paccMaTpuBaeMoOil CHCTEMBI B YCIOBUH IIPEIEJIHHO Pel-
KX U3MEHEHUN COCTOSHUN yrpas/isaionieil mernu MapkoBa mosryaeHb
pacupeseeHns BEePOATHOCTEN! M BEPOSTHOCTHBIE XaPAKTEPUCTUKHI
9pCiia 3asBOK KaxXKJ0To Tuma. IIpoBefeH CpaBHUTEIBHBIN AHAJIN3
TOYHBIX XaPAKTEPUCTUK W ACUMOTOTHYecKnX. KJfodeBble cJIO-
Ba: cayualtinas cpeda, beckoneunosutinetinas CMO, MMPP-nomorx,
ACUMNIMOMUYECKUT GHAAU3, NPEIEAbHO DEIKUE USMEHEHUA COCTNO-
anut yenu Mapxosa.

BBemenue

Wurepec K ucciaenoBanuio GECKOHEIHOIUHEHHBIX T€TEPONEHHBIX CUCTEM
MacCOBOIrO OOCJIY?KMBAHUS PACTET C PACIHPOCTPAHEHUEM OECIPOBOIHOM Iie-
penaun maHHbIX. OMHON W3 BayKHEHIUX 33/a49 TPHU MEPeIate JTaHHBIX SB-
JIST€TCsT OMTUMHUBAIMSA, KaK C TOYKU 3PEHUs MPOIYCKHON CITOCOOHOCTH, TaK
n Tpebyemoro tpaduka. JJaHHBIM Pa3HBIX THIOB HEe TPeOYyeTCs: OIMHAKOBOE
KOJIMIECTBO PECYPCA.

st orpaxKeHust aJIeKBATHOCTH PEAJIbHBIX CUCTEM OY/IeM CTPOUTH MaTe-
MaTHYIECKYIO MOJIENb, YIUTHIBAs Pa3Hble THITHI JaHHBIX [1], a TakKe n3Mene-
HUsI BO BHEITHEH Cpejie, KOTOPbIE MOTYT BIMATH HA WHTEHCHBHOCTH TOCTYII-
JIeHWsT 3asBOK, HAIPUMED, PEMOHT WM OTKAa3 00OpPYIOBAaHUS, TPUPOIHBLIE
sIBJIEHUS, COOU CBSI3W TIPU mepenade JaHHbIX U Apyrue. CHcTeMbl MaccoBOro

Wccnenosanme BBITOJIHEHO 3a c4YeT rpaHTa Poccumiickoro Hay4dHOro ¢onma Ne 24-21-
00454, https://rscf.ru/project/24-21-00454/
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0bCIyKUBaHMS, OTOOPAYKAIONINE PEATIbHBIE TTPOIIECCHI, CBA3AHHBIE C BO3MY-
MMEeHNSAMHA BHEIHEH Cpeabl, HA3bIBAIOT (DYHKINOHUDPYIOMUMA B CAYIaHHON
cpeze [2, 3,4, 5, 6].

1. IToctaHOoBKa 3aJa49Y 1 MaTeMaTn4deckKad MoJdeJIb

Paccmorpum MareMarndeckyio MOJIEb € IOTOKOM PA3HOTHUIITHBIX 3as$BOK
u rereporennbiM obciyskuBanuem B Buge CMO c aByms y3mamu, oTimda-
IONUMUCS XaPAKTEPUCTUKAMU ODCTYKUBAHUS, KAYXKIBIA U3 KOTOPBIX COIEP-
KWUT JOCTATOYHOE KOJMIECTBO HEOOXOAMMBIX pecypcoB. B mammoii pabore
chaydaiiHas cpeia BIUSET TOJbKO HA BXOMAIIUE MOTOKHU, TOITOMY MOYKHO
TOBOPHUTH, YTO HA BXOJ, CHCTEMbI IOCTYNAET JIBA MAPKOBCKHU MOJLYJIAPO-
BAHHBIX MYaCCOHOBCKUX TIOTOKA, YIpaBjsieMble OIHOM Ienbio MapkoBa C
KOHEUYHBIM YHCJIOM cocrostHmii k(t) = 1,..., K, 3amaHHoil Marpuieil wH-
dbuHMTe3UMATBHBIX XapakTepucTuK Q = |g;;l, 4,7 = 1,..., K, u muaro-
HATBLHBIME MATPHIIAME yCJIOBHBIX MHTeHcuBHOCTel Al 1 A2 ¢ snemenramu
)\,16, )\% >0, k=1,...,K, na rnaBHO#l JuaroHAJIN.

IlocrynuBmine 3asgBKH OOC/Ty2KHUBAIOTCA B OJIOKE 1-Or0 THUIIA B TEUICHHE
CIy49aifHOTO BPEMEHH T;, IKCIIOHEHITHAILHO PACITPEIEIEHHOrO C TapaMeTpoM
Wiyt =1,2.

Beeném rpexmepubiii cayuaitubiii nponecce {k(t),i1(t), i2(t)}, xapakrepu-
gyromuit cocrosiaue ynpasisomnei mernu MapkoBa u 9ucyo 3aHAThIX TPUGO-
POB B COOTBETCTBYIOIMIAX DJIOKAX.

CraBurcst 3a7a9a MCCAEIOBAHNST TPEXMEPHOTO MapKOBCKOTO IMpOIecca,
JIJIsT €r0 CTAIIMOHAPHOIO PACIpe/IesIeHusT BePOSITHOCTEMH

m(k, i, iz) = P{k(t) = k,i1(t) = i1, i2(t) = iz}
3amuieM cucteMmy ypasuenuit Koamoroposa:
0= —(\p + A2+ iy + dopn)m(k,ir,ia)+
e (kyin — 1ig) + Aim(k, i i — 1) 4 (in 4+ Dpam(k, iy + 1,i0)+ (1)
+(ig 4+ D pom(k, i1, 0 + 1) + qukﬁ(u,ih iz).

v

Beenem wacTuanble XapaKTepUCTHIECKUE (DYHKIIUU TPEXMEPHOTO CTAIIH-
onapuoro pacupenenenus 7w(k,i1,492) B BUIE:

o0 o0
H(k,ul,uz) = Z Z e]ulhejuzmﬂ’(k,’h,iz),

11=012=0

e j = v/ —1.
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Torna (1) nepenuiiem B Buze nuddepeHmaibHblX YPABHEHUI 1jis da-
cTuYHbIX Xapakrepucrudeckux Gyukumit H(k, uq, ug):

. i 8H(k7u17u2) . s (9H(k,’u,1,’u,2)
Jur 1 Ju2 1 —
jma (e ) = gur Tinz(e ) =
. A K (2)
= {Mh(e7" — 1) + A2 (72 — 1)} H (k, up, ug) + Z H(v,uy,u2)quk
v=1
C HAYAJBHBIMU YCIOBUSIMHU
H(k,0,0) = r(k), k=1, K.
Baech r = [r(1),...,7(K)] — BEKTOp CTAIMOHAPHOTO PACIPEIETICHUS BEPO-

ATHOCTEN yrnpasasioneit menn MapkoBa, onpeeasaeMblii CHCTEMO JTmHe-

HBIX YPaBHEHUI
rQ =0,
{ re=1, (3)

rIe € — eIUHUIHBIN BeKTOp-cTosber padmepaoct K X 1.
st mosty9eHust BIPAXKEHU Jjis BEPOATHOCTHBIX XaPAKTEPUCTHK BOC-
MOJTE3YEMCsI CBOMCTBAMYM XapakTepuctudeckux dynukmuit. Torma cpemree
YUCIIO 3AHATHIX TPUOOPOB KAXKIOTO TUIA ONMPEIesIsaeTcs mo ¢hopMyJie:
i
@y TR)A,
my (k)—T,z—l,Q, (4)
1

a BTOPbIC HaYaJIbHBIE MOMEHTbBI

mi” (k)AL — 1) + (R,

my (k) = o i=1,2, (5)

Torna, ucnonn3yst (4) u (5), 3aMuIeM KOPPETSITUOHHBI MOMEHT

mit (B)N + mi” (k)]
M1+ 2

2. AcumMnroruuyeckuili aHaans

ma(k) = (6)

Bynem wuckarh pemieHue (2) B aCHMOTOTHYECKOM YCJIOBHUH TPEIETIHHO

PEeAKUX U3MEHEHU COCTOAHMNA CIIy4ailHON CpeJibl.
Ob6o3naunm T}, = —q%k,k = 1,..,K — cpexmnee Bpemsi npeObIBaHUS

YIUPAaBJILAIOIEro Ipomecca B k-oM cocTrosnnm, TOrJa 10/] YCIOBUEM IIPEe/ib-
HO PEIKUX W3MEHEHUH COCTOSHUN Cpeabl OyleM MOHNMATH

Quk = Eqy (7)
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npu € — 0. Pemenne cucremsr (2) ¢ yuerom (7) Oymem nckarh B BHIE
H(k,uy,uz) = F(k,u1,us2,£) ¢ HAYAIBHBIM YCJIOBUEM

F(k,o,o,é‘) = H(k3070) :T(k)v (8)
3allulieM YpaBHEHUA B HOBBIX 0603HaquI/IHX

JOF (k . OF (k
( au17u275) +j,l142(e_Ju2 _1) ( 7U1,U2,€) _

; —Jur _q
Jpa(e ) e Oy
= {Ai(e?" — 1) + A2 (72 — 1)} F(k,uy,ug,€)+ (9)
+qu:kF(V,U]_,U27€).

B ycmoBum € — 0 B CHIy TEOPEMbl O HEIPEPHIBHONW 3aBUCHMO-
cru penrenus cucrembl quddEPEeHINANTbHBIX yPABHEHUH OT Hapamerpa:
liH(l) F(k,u1,uz,e) = Fy(k,u1,uz), cucrema ypasaenuii (9) npumer Bu,

E—

. . OF(k,ui,uz) . s OF (k,u1,u2)
Jur _q juz _ )L, UL, U2)
Ju(e ) s + jpa(e ) iy (10)

= {ML(eT" — 1) + X2 (72 — 1)} Fy(kyug, un).

g cucrembl ypaBHEHHI B 4aCTHBIX Npou3BoAHbIX (10) 3anuiinemM COOTBET-
CTBYIOIIYIO CHCTEMY OOBIKHOBEHHBIX MU(DEPEHITNATBHBIX YPABHEHHI:

6’&1 - 8uQ
jpa(e=im —1)  jus(e—Juz —1)
_ 8F1(k,U1,U2) (11)
(e — 1)+ A (v — 1) P (K ua, ug)

Pemag (11), ¢ ygeroM Ha9aIbHBIX yCJIO0BUil (8) mOMydaem
H(k,u,u2) = F(k,u1,u2,€) = Fi(k,ur,uz) =

A (edur 1 A2 (eduz 1 12

r(k)e:z:p{ G ) + G )} (12)

H1 H2

IIpocymmuposas (12) o Bcem k = 1, ..., K, Haiiem XapakTepUCTHYECKYIO
GYHKIMIO COBMECTHOIO PACIIPEIEICHH BEPOATHOCTEH YHMCIa 3adBOK KazK-
JIOTO TUTIA B CHUCTEME, KOTOpas Ompeesercs hopMyIoii:

K

H(u1,u2) & T(k)efp{
k=1

(e = 1) | Ai(er — 1) } SNGE)

125} H2



130 E. A. Hesenuenko, C. C. LLlenunos, C.[1. Mouceesa

3. UnciieHHbIl aHaAJIN3

st Toro, 4robbl onpenesuTb ToYHOCTH anpokcumanuu (13), npumensis
CBOICTBA XapPaKTEPUCTUIECKUX PYHKIUN, BBIYUCIUM ACUMIITOTUIECKHIE Be-
POATHOCTHBIE XapPAaKTEPHUCTUKH YNCJIA 3aTBOK KarK/IOTO THTIA.
AcumnTorrueckoe MareMaTHIECKOe OKUIAHUE:

. K N
mgz)as = Zr(k)—k,i =1,2. (14)
k=1 g

Acumnroruueckuit BTOpoit HaUaIbHBIA MOMEHT:

‘ K A\ A2
mg)as = Zr(k) {k + (fk> } vi=1,2. (15)
k=1 Hi Hi
Acumnrorudeckuii KOppeJIsiiuOHHBIH MOMEHT:
K
AL A2
migas = Y r(k)-EZE, (16)

s aucmenHoro nmpumepa paccmorpum cucremy ¢ K = 4 cocrosinusivu,
3agannyo napamerpamu p1 = 0,1, uo = 0,2 u marpunamu

400 0 10 00 0
. o3 00] .2 [0 10 0
A=1lo 0580|2003 o
000 1 0 0 0 13
4 1 2 1
0,6 —2 0,4 1
Q=13 1 9 5
2 0 8§ -10

IMockoIbKY aCHMITOTHYECKUE U TOYHBIE MATEMATHUYCCKUE OXKUIAHUS
OIPEIEIAIOTC OIUHAKOBLIME (bOpMysIaMu, OyIeM OIEHUBATH OTHOCUTEIb-
HYIO IIOTPENIHOCTh CPAaBHUBAasg MOMEHTBI BTOpOro mopszka (5) u (15) mo
dopwmyte: " o

1 1
Aizw,izl,z (17)
ms

B rabmnuie 2 mpencTaBaeHbl 3HAYEHUS OTHOCHTENIHLHBIX MOTPEITHOCTE!H
MEXKIy TOYHBIM U AITPOKCUMAIMOHHBIM 3HAYEHUAME BTOPBIX HAYAIBHBIX MO-

MEHTOB.



AcumnroTundeckuii anaanz mHoronoroqyrHon CMO 131

W3 tabmunpt 1 BUAHO, YTO TIPU YMEHBINIEHUH £ 3HAYEHUS OTHOCUTEIHHON
IOTPEIMTHOCTH JJIA KazKJA0T'0 THIIA 3adBOK TaKzKE€ YMEHbIIAITCHA. CJ’IG,Z[OB&-
TEJIbHO, 3HAYE€HUA MOMEHTa BTOPOI'O IIOPAIKa, IIOJy4YE€HHbIE aCHUMIITOTHYE-
CKAM IIyTE€M, CTPEMSATCA K 3HAYEHHUAM, [OJYIE€HHBIM aHaauTudecku. llpnm
€ < 0,005 oTHOCATEIBLHAS TOIPENTHOCTE cocTapgeT Menee 10%.

Tabmra 1
OTHOCHUTETbHAS TIOTPENTHOCTE ATMTPOKCUMAITHN

e=0,11]e=0,01 | e=0,005
Aq 0,29 0,16 0,11
Ay 0,35 0,11 0,06
3akJiroueHne

B pabore mocTpoeHa MareMaTHUeCKas MOIEIbh OeCKOHEWHOJIWHEHHON
MHOromoTounoit Heogunopomuoit CMO, dbyHKIuOHUpPYOMEH B CIydaiiHON
cpezie. B acuMITOTHYECKOM YCIOBUU MPEIEIHHO PEIKAX U3MEHEHMT COCTOsI-
Hull yupassiomnieil e MapKoBa [0y YeHbl BLIPAXKeHHs 11 BEPOITHOCT-
HBIX XapaKTEPUCTHUK, IIPOBEIEH YUCJIEHHbBIHA aHaJIu3 JIJisd CPABHEHUS TOYHBIX
¥ ACHMITOTHYECKUX XapakTepucTuk. [loydeHnbie pe3yabTaThl MO3BOJISIIOT
peraTh 33a9¥ ONTHMHUBAINN TePeIadn TAHHBIX.

CIINCOK JINTEPATYPbI

1. Haymos B. A., Camyiisos K. E. O MOeMPOBAHUU CUCTEM MacCOBOTO OBCIIY-
KuBaHuga ¢ MHOkecTBeHHbIMu pecypcamu // Becramk PYIH. Cepusa: mate-
MaTuka, nadopmaruka, dusuka. 2014. Ne3. C. 60-64.

2. Fisen M., Tainiter M. Stochastic variations in queueing processes //
Operations Research. 1963. V.11. P.922-927.

3. Naor P., Yechiali U. Queueing problems with heterogeneous arrivals and
service // Operations Research. 1971. V.19. Ne3. P. 722-734.

4. Yechiali U. A queueing tipe birth and death process defined as a continuous
time markov chain // Operations Research. 1973. V.21. Ne2. P. 604-629.

5. Neuts M.F. A queue subject to extraneous phase changes // Advances in
applied probability. 1971. V. 3. P. 78-119.

6. Neuts M. F. Matrix-geometric solutions in stochastic models // Baltimore and
London: The John Hopkins University Press. 1981.




132 E. A. Hesenuenko, C. C. LLlenunos, C.[1. Mouceesa

HeBenuenko Exkarepuna AJjiekceeBHa — CTapuiuil penojaBare/ib Kadeapo
Teopuu BeposTHOCTeH u matemaruydeckoi craructuku UITMKH HIU TTY. E-mail:
pavkovakatya_2010@mail.ru

ITennmnos Crenan Cepreesmu — cryzenr WIIMKH HIU TTY. E-mail:
stepanshepilovwork@gmail.com

MouceeBa Csetsiana IleTrpoBHa — HOKTOp (PU3MKO-MATEMATHIECKUX HAYK,
upodeccop, 3aBemyiomas Kadeapoil Teopuu BePOATHOCTEH M MAaTEMaTHIECKOM
craructuku UTIMKH HU TTY. E-mail: smoiseeva@mail.Tu



NTMM - 2024

AHAJINS IINMKOBOT'O BO3PACTA
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B pabore mocTpoena Momenb CeTH WHTEIPHPOBAHHOTO TOCTYIA U
Tpau3ura B Buge ceru /xekcona. Kaxkmas 6a3oBasg craHums ce-
TH TIPEJCTABJEHa CHCTEMONW MacCOBOTO 00C/ITyyKWBaHUST TUma M /-
M/1/inf, rne o6cnyxuBanne mveer HUIMTECKUI CMBICT TIEPEIAIH
o ucxoaguemy 3seny. s Momenn nosrygenst popMmysisl Ipeodpa-
3oBanusd Jlammaca-Crunirheca u GYyHKIMN pACIpeSeIeHNs ITIHKOBOTO
BO3pacTa mHdpopMaIuu Ha ADOHEHTCKUX ycTpoiicTBax. s mposep-
KU QaHAJIUTUYECKUX PE3Y/IbTATOB U [IPOBEIEHUs] YUCIEHHOIO aHAJIN3A
Ha s3bike Python Hammcana mporpamMma MMUTAITHOHHOTO MOIEINPO-
Banus. KiiroyeBsbie cijioBa: 603pacm uH@Gopmayus, cems unmezpu-
POBANH020 OCTNYNG U MPAH3UMGA, CEMU MACCOB020 00CAYINCUBAHUA,
UMUMAYUOHHOE MOIEAUPOBAHUE.

Bsemenue

Bospact undopmanum, KOHIENIHS KOTOPOro HadaJjla Pa3BUBAThCS B Ha-
yuaHO#t muTepaType B Havasae 2010-X rofoB, ABAgeTCd BayKHBIM MTOKA3aTeIeM
KAa4ecTBa, XapaKTepU3YIOIIUM AKTYaJbHOCTh I€PeJaBaeMblX JaHHbIX [1].
Ero Benuuuna onpezesser Bpems, IPOLIEIIIee C MOMEHTA I'€HEePAIUH TAH-
HBIX [I0 UX TOJIy4YeHuss W OOpabOTKH. DTOT MOKA3ATEIh MPEICTAB/IAET WH-
Tepec B CHCTEMAaX PeaJbHOIO BPEMEHMU, HAIPUMepP, B OECIHMIIOTHBIX TPaHC-
MMOPTHBIX aapaTax, CeTAaX WHTEPHETA Belleil 1 MHOTUX APYTUX 00JIaCTIX.
B nacrosimeit pabore uccaeayercs Bo3pacT WHGPOPMAIUA B CETH HHTETPH-
posannoro gocryna u rpansura (Integrated Access and Backhaul, IAB) [2].

1. MaremaTnueckasa MoJeJb

Paccmorpum cers TAB, cocrosinyio 3 cepsepa, TeHEPUPYIOIIErO TaKe-
To1 uadopmanuu, M 6azosbix crannuii (BC) u P aboHEHTCKUX YCTPOHCTE

WccnenoBanue BBIIOJHEHO 3a cueT rpaHTta Poccuiickoro mayanoro ¢omga Ne 24-19-
00804, https://rscf.ru/project/24-19-00804 /. IlyGiukanust BEIIOJIHEHA B pAMKAX IIPOEKTA,
Ne 021937-2-000 Cucrembl rpaHTOBOM IMOALEPXKKHU HAYIHBIX IpoekToB PY/IH.
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(AY). IlakeTbl, creHeprUpOBAHHBIE CEPBEPOM, MOMEHTAJILHO MEPEAAIOTCA K
BC-nonopy, a or Hee nepegatorcs AY 10 KaHATaM CBSI3H, TPOXOISIIAM Ye-
pe3 apyrue BC. PaccmarpuBaercst TOIbKO HECXO/SINEE HAIIPABJIEHUE [IEPe-
maau. BC, AY u kanasbl cBs3u popMupyroT ApeBoBUHbIE rpad, B KOpHE-
BOif BepimHe KOTOpOoro Haxoaurcss BC-I0HOP, & B IMCTHEBBIX BEPIITHHAX —
AV [3].

ITpencraBum onucanHyro Bbilie ceTh B Buje ceru Jxekcona [4]. Muoxke-
ctBO M y3i0B ceru coorBercrByer muoxkecrBy BC, rue nepsbiit y3em, i = 1
coorsercreyer BC-nonopy. Ucrok {a} — cepsep, croku {b,, p =1, P} — AV.
IIpumep cern IAB, npencrasiennoii B Bujge cern JIJKeKCOHA, TPUBEIEH HA
puc. 1.

HUcmok CepBep

{a}

BC-aoHop

Puc. 1. IIpumep ceru IAB. KpacHbiM npeToM yKa3aH MCTOK, OPAHIKEBBIM — MHO-
xkecrBo BC, »XKesrrblM — MHOXKECTBO CTOKOB.

B cuiy Toro, uTo cerh mpejcTaBieHa ApeBOBUIHBIM rpadoM, CyIIecTBY-
eT eIMHCTBEHHbBIA MAPIIPYT OT cepBepa 10 Hekoroporo AY p. Byaem Hazbi-
BaTh 3TOT MAPHIPYT pP-1iyTh. OGO3HAYUM MHOMKECTBO y3JI0B, COCTABJISIIONIAX
p-1yTh, yepes M, M, C M, a muoxecrso yreii — yepe3 P.

O6o3HaunM WHTEHCHBHOCTH TIOCTYTIIEHUS TIAKETOB Ha P-TIYyTh dYepes
Ay, p = 1,P, a WHTEHCHBHOCTb TIOCTYIUICHNS] TAKETOB W3 y371a i B Y3l
j —depe3 \;;. CymMMapHas HHTEHCHBHOCTD BXOJAIIETO TIOTOKA M BBIXOJATIIE-
I'0 TIOTOKA MAKETOB I y3J1a ¢ PABHBI M O0O3HATEHBI I€PE3 \g; = Ajo = ;.
3uadenus A;; JJig PACCMOTPEHHOIO IIPUMEPA CETH LPE/ICTAB/IEHbI HA PUC. 2.
IIpu mymepanuu y3/10B Tak, 4T00bI N3 ABYX JIIOOBIX Y3JI0B TOT, KTO HAXOIHUT-
cst GiIKe K JIOHOPY, BCETIa MMeJT MEHBIIHI HOMep, MaTPHIIA, CTAI[HOHAPHBIX
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{a}

N+N+A3+
+A\4+N5

Puc. 2. Cxema morokos cern. KpacHpiM nBeroB yka3an mCTOK {a}, KeaTbIM —
croku {b1},...,{bp}. CUHNMHU IYHKTUPHBIMU JIUHUSIMU U300PAKEHBI ITyTU CETH

P1,...,PP.

nnTencnBHocTeit A = ()\;;) mpurmmaer Buz (1), rae Bce CTONOIBI Kpome
MEepBOTO COAEPKAT POBHO OIWH HEHYJIEBOH SJIEMEHT. DJIEMEHTHI MapIIpyT-
HOit MaTpuipl O pasust §; ; = \;j/\;, Vi,j € M, | A; > 0.

{fa} 1 2 M {b1} {br}
W@ [ 0 X1 O cee 0 0 e 0 1
1 0 0 X2 -+ Mm Mm+r 0 AM4P
2 0 0 0 -+ Qom Aemp1 o Ddomgp
A= M 0 0 0 0 0  Amm+r - AMM+pP (1)
{b1} 0 0 0 0 0 0 cee 0
@y LO 0 0 ... 0 o ... 0 |

Bynem momenuposars nepemady makera mexay asyms BC B ceru TAB
Kak obOC/Iy:KMBaHHE IMaKeTa mmepemaomuM y3aoMm B cetu Jxxekcona. s
storo BeemeM Cj; — emKkocTh Kanasma mexay BC i u j, Torna C;; — mHTEH-
CHUBHOCTH OOCJIyKWBAHUS y3JIOM  MAKETOB, MPEJAIONINXCS Y37y j, B CeTH
Jxekcona, i € M, j € MU {bp}p:ﬁ. s mpocToThr GyeM CYUTATH
C;; = C nna Beex kanajios ceru IAB.
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Caydaiinas BeqndauHa V; 3aJ€pKKA HA, Y3JI€ § BBIUYUCISAETCS KAaK BpeMsi
nupebbiBanus B cucreme M/M/1/00 ¢ MHTEHCUBHOCTBHIO BXOJMIIErO MOTOKA
A; 1 uHTEHCUBHOCTBIO 0bcayxkuBanus C. Oboznadum v; = C'—\;, rorga V; ~
exp(7;). O6o3nauum 1epes U, ciayuaiinyio sesuuuny BpeMenu npebbiBanus

ITaKeTOB Ha p—HyTI/IZ
> Vi

iEM,

Taxkum obpasom, U, mmeer obobiieHHOe pacupejesieHuHe IpJaHra C
|Mp|= M, stamamu, BpeMs npeOBIBAHUS HA KazKIOM U3 KOTOPBIX PacIpe-
JIEJIEHO SKCIIOHEHIIMAIBHO C IapaMerpamu v;, ¢ € M.

2. Bospact undopmarun

PaccmoTpum HekoTOpyIo Tapy ceppep-AY. O6o3naunm depes t, MOMEHT
co3nanus cepBepoM (u mocrymienus Ha BC-gonop) makera k u uepes t), —
mMoMmeHT nosydenusi AY nakera k. Coraacho [1], Bospact urdopmarmn A(t)
B MOMEHT BpPEMEHH { PaBeH BPEMeHH, MPOIIEIIIeMy ¢ MOMEHTA CO3JIAHUS
IIocjgaegHero JOCTaBJIeHHOI'O IIaKeTa:

A(t) =t —tna, (2)

rae N(t) — HoMeD ToC/IeIHero maKeTa, MoIydYeHHOro AY K MOMEHTY BpeMeHH
t. I'paduxk 3asucumoctu Bozpacra undopmanuu A(f) OT BpeMeHu pecTaBs-
sieH Ha puc. 3. ObozHaunM depe3 Yy BpeMs MeXKJIy eHepalusMi MaKeTOB
k—1wu k, T), — Bpems mocraBku nakera k or cepsepa 10 AY:

Ye =t —ti_1, Ty = tgg — tg- (3)

ITukossrit Bo3pacT nadopmalun Ay nakera k OmMpesesieH CaeayommuM oopa-
30M
Akztgf—tk_l =Yy + T}. (4)

Iycrs Q — nnowans nox rpadbukom A(t), ykazannas ua puc. 3. Cpen-
Huii Bo3pacT uHdopmanun A, 3a BpeMs T OLpenentercsa (popMysioi

N(T)+1

/ At Z Q. (5)

Beenem Y — ciayuaitnas BeuduHa BPEMEHU MEXKY CO3JAHUSMU CepBe-
poMm makeroB, 1 — ciydaifHas BeJIMYWHA BPEMEHH JIOCTABKH Takera, () —
cryvaiiHas BemunHa TIIOMAMN mox rpadukoM A(t) B MPOMEKYTOK MeK-
ny nonyudenusmu AY makeror. leomerpuuecku, () MOXKHO BBIPA3UTH KaK
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CyMMy ILIOMIQJEH MPsIMOYTOJIFHOTO TPEYrOJIbHUKA ¥ TapajlIeIorpaMMma,
Q = %YZ + YT. Takum obpa3om cpemgHee 3HAUEHHE BO3pacTa HHPOPMA-
uun A = lim A, BbIpakaercs Kak

T—00
M@ 1)2 M[Y?] + M[YT]

A= MY MY ’ (©)

a caydJaiiHas BeJIMYWHA, MUKOBOTO Bo3pacta nHopMarmun A nMeer Bus,

A=Y +T. (7)

Puc. 3. I'padux 3aBucumocTtu Bo3pacra nndopmammn A(t) OT BpeMeHH.

3. Pacuer Bo3spacra undopmanun B cetu IAB

N3 onucanusi MaTeMaTUIeCKOW MOJEN CIEAYyeT, 9TO CIydaiiHas Besu-
YUHA BPEMEHH MEXKJy CO3JAHUSME CEPBEPOM IMMAKETOB JJisd P-IIYyTH UMEET
Bun Y, ~ exp (A,). Torna cnyyaiinasg Besuduna HUKOBOIO Bo3pacTra uubop-
MaIUu I TAKETOB Ha P-TIyTH

A=Y+ Y Vi (8)
ieM,

nMeeT 000OImEeHHOe pacnpeaenenne Dpaanra ¢ M, + 1 stamamu, Bpems mpe-
ObIBaHMS HA KAXKJIOM U3 KOTOPBIX PACIPEIETEHO SKCIIOHEHITUATBLHO C Mapa-
merpamu Ap, v;, © € M. s 06001eHHOro pacupe/iesienus JPJiaHra cy-
mecrByer Mmarpudnas (popma 3ammcu npeodbpazosanus Jlamraca-Crunrbeca
a(s) m dynxmun pacnpenenenus Fy, (x):

a(s) = BT(SI — Np)_lnp7 Fy,(z) =1~ BT eNe1, 9)
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rae
1 ~A, A, 0 O...
0 0 -1 N 0

=1 No=| . T U me=nm)
0 0 0 0 —’}/]V[p

Cpennuit MUKOBBIH BO3pacT WHQMOPMAIMKA MOMXKET ObITh BBIYUCIIEH IO
dopwmyite

1

4. YncieHHBIN aHAIN3

J1j1s1 TpOBEPKU QHAJIMTUYECKUX PE3YIbTATOB Ha s3bike Python mamuca-
HA TPOrpaMMa JIUCKPETHO-COOBITHHHONO MMUTAIIMOHHOTO MOJIEIUPOBAHUS.
OKCIIEpUMEHT LIPOBEJIEH Jis IpUMepa cetu Ha puc. 1, npunaro A, = AVp €
PuC = 10mc™ . OrMeTEM, 9TO A8 CYIIECTBOBAHUSA CTAIIHOHAPHOTO PEXKH-
Ma HEOOXOAUMO, YTOObI MHTEHCUBHOCTD BXOJISIIErO [MOTOKA HE IIPEBBIIIATIA
WHTEHCUBHOCTh obcayxuBanusa \; < C, Vi € M. B gacrHocTn s y3ma
BC-nonop HeoGxonumo Bhimosrenne PA < C wim A < C/P = 10/5 = 2.
Orcioma npuasto A = 1,...,2, Vp € P.

Ha puc. 4 npencrasien rpaduK 3aBUCUMOCTH CPEIHErO MHKOBOI'O BO3-
pacra madOpPMAIIUU OT HArPY3KW HA ceTb. 1Ipu HU3KON mHTEHCHBHOCTH A
MUKOBBIH BO3pacT MH(MOPMAIIUN TPUHUMAET BHICOKUE 3HAUEHUS B CUJIY TOTO,
YTO WHTEPBAJ MEXKJy reHepalusMu MakeToB BeJuk. C poCTOM WHTEHCHUB-
HOCTH TIOCTYILIEHUsI MAKETOB BO3pacT uWHMOpMamuu yObIBaeT, HO MPHU MpU
BBICOKOI HAPY3Ke CHOBA PACTET, TAK KAK YBEIUIUBACTCS BPEMS OXKWTAHUST
obciyxkuBaHusd Ha y3max. Ha mpaBom rpaduke mpeacraBieHa OTHOCATE b
Hag IIOrPEUIHOCTH cuMyJ/aTopa. Ilorpemnocrs ne npesbimaer 4%.
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Wmutau, mogen 4.0

5

~== Mopmyna

Mukossiii sospact wchopmaun Ha AY nyTi 1, mc
OrHocnTensHan norpetwhocts, %

o
/
I

0.25 0.50 0.75 L.00 1.25 1.50 175 0.25 0.50 0.75 1.00 1.25 1.50 175
A, mct -1

A, mc

Puc. 4. I'pacduk 3aBUCHMOCTH CpEIHETO TTMKOBOTO BO3pACTa WH(OPMAINN HA, TIep-
BoM myTH Ap—1 or Harpyskm Ha cers A/C mpu C = 10 mc™ .

3akJiroueHne

B xome paborbl mocrpoeHa Mozesb ceru IAB B Buzge ceru [Ixkekcona,
JUIsE KOTOPO# mojiydensr hopmy bl mpeodbpasoBanus Jlamnaca-Crunrseca u
GYHKIUN pacipeaesieHns MHKOBOTO BO3pAcTa HH(MOPMAIINH Ha ADOHEHTCKHAX
ycrpoiicrBax. @opMy/bl MOATBEPKAECHBI PE3YIHTATAME PAOOTHI IPOrPAMMBI
UMUTAITHOHHOTO MOJIEINPOBAHUSI, HAMMUCAHHON Ha s13bike Python.
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HATYPHOE MOAEJINPOBAHUE HAPE3KU

CETU 5G HA BA3E KOMIIJIEKCHOI
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BecniposBommsie cetn msroro moxosienus, wim 5G, MpeIOCTABIISIOT
HIUPOKUN CIEKTD YCJIYr U HPUIOKEHUN. DTU YCIAYrH MOMKHO OT-
JIEJTUTH OT ceTeBoi M (du3mueckoil MHMPACTPYKTYPHI, UTO TO3BO-
JIsTeT CO37aBaTh HECKOJIbKO BUPTYAJIBHBIX CeTeil Ha OIHOM dusnde-
ckoit. g ynpasienus pecypcamu HeoOxoaumo 3¢ dbekTuBHOe pac-
npenenenvie. B pabore mpemcTaBieHa peasn3anyst HATYPHOTO SKCITe-
puMeHTa ¢ Hape3koi ceru. Pacmpernesenne abOHEHTOB IIPOMCXOIUT
MeXK/Iy JIByMsl OllEPATOPAMU: OCHOBHBIM U BUPTYaJIbHbIM. AGOHEHTBI
pa3/esieHbl Ha TPU TPYIIBI B 3aBUCUMOCTH OT THIA YCJIYT: BUPTY-
aJIbHAsT PEAJIbHOCTH, IIPOCMOTD BHIE0 ¥ BHIEOUTDHI. Jljisi IocTpoe-
HHsl CETHU UCIIOJIb3YIOT IPOrPAMMHO-OIIPEEIIeMbIe PAAUOCUCTEMA U
CeTh, a TaK¥Ke KOMMYTAaTODPHl U KOHTPOJLIep. IlocTpoensl dbyHKIwN
pacrpeesieHus 3aepKeK [IepeIatn JaHHbBIX.

KurouesBsle cioBa: 5G, napesxa cemu, xonmpoanep, SDN, SDR.

BBemenue

Ceru Oymymiero — 9To 3HAYUTEJbHBIA MPOPBIB B Cdepe TeeKOMMYHU-
KaIlWii, KOTOPBIH PEITaeT MHOTHWE TEKYIHe MPOOJEMbl U OTKPHIBAET HOBBIE
BO3MOXKHOCTH [IJIs TIOJIb30BaTe ell. ITu ceTu 00J1aJal0T BHICOKOI CTEMEHBIO
MaCITabUPyEeMOCTH W MTPOrPAMMUPYEMOCTH, TIO3BOJISASA JIETKO yBEJININBATD
MPOITYCKHYO CIIOCOOHOCTH MEKJIY PA3TUIHBIMUA TOYKAMHY WU TEHTPAMEU 00-
paborku manabiX. [Ipu aToM HET HEOOXOAUMOCTH OOHOBIATH OOOPYIOBAHKE
WJIA TIPOTPAMMHOE 00ECTIeUeHNE.

dddexTuBHoe ynpasienne ceramu 5G u pecypcamu JOCTHUTAETCS OJia-
rojapsi Hape3Ke CeTH Ha OCHOBE TakuxX rexHojoruii, kak SDN (software-
defined networking) u Bupryasusanus ceresbix (yukuuii. SDN nozsosser
[EHTPAJIUN30BAHHO YIPABJIATH CETHIO C MOMOIIBIO yHU(DUIIMPOBAHHBIX MPO-
IPAMMHBIX CPEJICTB, PA3JIEIATh IPOLIECCHl YIPABJICHUS U EPEIadu JAHHBIX,

[Iy6nukanua BbIIIONIHEHa B paMKax mpoekTa Ne 025319-2-000 CucrteMbl I'DaHTOBOMH
OJEPKKM Hay4YHbIX 1poexkTos PY/IH.
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a TakXKe BUPTYAJIM3UPOBATH (PUBUIECKHUE CETEBBIE PECYPCHI. DTU TEXHOJO-
MU AKTHBHO IPUMEHSIOTCS B PA3JIMYHBbIX HMCCJaenoBaHu#ax [2, 3]. Anasus
HaPE3KW CEeTH TaKKe OCYIIEeCTBJISETCH C IIOMOIIbI0 MATEMATHIECKAX METO-
JIOB, HALIDUMED, YLPABJIAEMON CUCTEMblL MACCOBOIO 00C/LyKuBaHust [4].

WNurepec mpeacraBisieT HE TOJIBKO TEOPETHYECKUN AHAIN3, HO W MPAK-
THYecKas peasu3anus cetu 5G [5] 1 ee Hape3KN HA KOHKPETHOM 060PY/I0Ba-
onn. B mamHO# paboTe moCTpoeHa ceTh, B KOTOPOH pacupeaeseHne abOHEeH-
TOB IPOUCXOJIAT MEXK/Iy OCHOBHBIM U BUPTYaJIbHBIM OIIEPATOPAMU, 8 TAKIKe
1o TpebyembiM yciyraMm. Peasm3aiiusi T€CTOBOIO CT€HJIa I[IPOBOMJIACH HA
6a3e 00OPYIOBAHNS HAYIHOTO IIEHTPA MOJETNPOBAHNS OECTTPOBOAHBIX ceTeit
HOBBIX TTOKOsIeHnit PYJIH.

1. ApxuTekTypa TECTOBOTO CTEeHIa

Paccmorpum cerh ocHoBHOro omeparopa (mobile network operator,
MNO), koropslit Biaazeer 6a3ooii cranuueil (radio access network, RAN),
crieKTpoM paamodacror u siapom ceru (puc. 1). Kommyraropsr obecrieunsa-
10T CBA3b 10 pusndeckuM Kabessim mex ity siapom ceru, RAN u cepsepamu
npustoxkennii. Kommyraropst 1 n 2 (switch 1, switch _2) npenHasHadeHs!
I mporycka Tpaduka aboHeHTOB, a K KomMmyTaropaM 3, 4 u 5 (switch 3,
switch 4, switch 5) nonkiiouensl cepsepbl IPUIIOKEHUIA.

Bupryanbubiii oneparop (virtual network operator, VNO) apenayer pe-
cypchl y ocHOBHOrO oneparopa. On ucnosib3yer ry xe dusnaeckyio nadpa-
CTPYKTYpy — Bce KomMmyTaropbl u RAN, yisi Hero co3mano BUPTYATbHOE
SATIPO CETH.

Yeayrn MOXKHO pa3zennTh Ha jaBe rpynnsl. Ilepsas rpymnma — 3To yciy-
'Y, KOTOpbIe mpeaoctasisaiorcs oT RAN 1o onpeneneHHbIM MapIIpyTaM 10
KOMMYTATOPOB, UMEIOIIUX IPAMOEe UK OJIU3KOe HMOJKIIOYEHUE K CepBepaM
npunoxkennii. K aum orHocaTcsa BupTyaabHasa peaabuocts (VR), Bumeonrpot
(gaming), mpocmorp Bugeo (video watching). Bropas rpymnma — 310 nipoune
YCJIyTH, CBSI3aHHDBIE HEIIOCPE/ICTBEHHO C SIPOM CETH.

Hapeska cern mocruraercs 3a cuer pasaenenus kananos L2 mexay RAN
u siagpom MNO u VNO. JlonoiHuTeIbHO IPOUCXOIUT PA3IEICHIe PATHOPe-
CYPCOB TI0 yCJIyraM JUls KaxKJI0ro oneparopa. B pesynbrare pasziesieHus Ka-
HasoB L2 co3zmaiores BUPTyasbHbIe KAHAIBI [IJIsT PA3JIMYHBIX yeayT. Kanas
abOHEHT — MPUJIOKEHNe YIIPABIISeTCs YIAJIEHHO C sIpa CBOEro OnepaTopa.
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Cayuyaii 1a Cayuaii 1b
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Puc. 1. Apxurekrypa T€CTOBOIO CTEHIA

Paccmorpum Tpu BOBMOXKHBIX CIleHAPUs PAOOTHI JAHHOM CETH, KOTOPHIE
TaKzKe IPeJCTaBIeHbl HA puc. 1:

1) Kommyrarops: switch 4,4 = 1,...,5 He orHOCATCA K apxurekType SDN.

2) Kommyrarop switch 1 Bbmosnsier poias SDN-koHTposiepa, KOTOpbIit
OTIpEJIeIAeT IPUHAJIEKHOCTh ADOHEHTa KOHKPETHOMY OIEPATOPY.

3) Kommyrarop switch 1 urpaer poss SDN-KOHTpOLIEPA, & KOMMYTATOPHI
switch i, i =2,3,4,5 asasiorcs SDN-koMMyTaropamu.

B uepsom cuenapuu (cayuait la), korua aBOHEHT BUPTYaJbHOIO OLEpa-
Topa 3ampaimuaer yeayry VR u nonkmouaercs k RAN, rpaduk mpoxoaut
qepe3 KommyTaTopsl switch 1, switch 4 u switch 5, a 3atem jgocruraer
MNO. MNO omnpegessier, 970 aDOHEHT TPUHAIIEIKUT K BUPTYATBHOMY OITe-
paropy VNO, ocuoBbiBasich Ha IP-anpece, u nanpasiser ero 3anpoc Tyzia.
VNO zarem pacupenenser aboneHTa Ha KomMyTaTop switch 3 njs mosyge-
Hus Hy»KHOU ycayru. B caygae 1b aboment npunagnexxur MNO, nostomy
3aIIPOC HAMPABJIISETCS HEMOCPEICTBEHHO Ha switch 3.

Bo Bropowm cuenapun SDN-koutpossiep SDN _switch 1 urpaer kiiove-
BYIO POJIb B ONPEJIEIEHUN MPUHAJIEXKHOCTH aDOHEHTa K KOHKPETHOMY OIle-
paropy. ITocsie sroro 3ampoc ormnpasisiercs omeparopy 4epe3 sapo VNO
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Tabsmmra 1
TTapamerpbl TeCTOBOrO CTEHIA,
H ITapamerp [ XapaKTepuCTUKA H
Software Defined Radio (SDR)
Mozeib NI USRP-2954R
KoJymuecTBO KaHAIOB 2 (2 Rxu2 Tx)
Junama3on 4acTtor 10 MI'y — 6 I'T'ix
JHuanazon ycumeHuit 0 ab — 20 1B mis Tx, 0 1B — 15 b g Rx
IIpomyckmas cnocobuocts | 160 MI'rg
Kownrposiep
Mogens Intel(R) Xeon(R) CPU E5-2620 v4 @ 2.10GHz
ITamsarb 3216
KommyTaTopst
Mozmemns Intel(R) Xeon(R) CPU E5-2650 v4 @ 2.20GHz
ITamars 32T6

HAMpSMYyI0 HA KOMMyTaTtop switch 3, cooTBercTByIOImit TpeOyemMoit yciy-
re, muayst MNO.

B tperbem crienapum, 6s1arogapst apxurektype SDN, ompenesenne ome-
paropa u Tumna yciayru npoucxoaut Ha kommyrarope SDN _switch 1. Barem
zarpoc aboHeHTa cpa3y ornpasisercs Ha Kommyrarop SDN switch 3 6e3
neobxomumocTn nocerienust VNO.

2. HatypHbIii 5KCIIepUMEHT

Knrouesnie xapakTepucTuku 000PYIOBAHNS, HA KOTOPOM ObLIIa, Pean30-
BaHA CeThb, mpejacTansieHbl B Tabia. 1. B xoae skcnepumenta ObLIa WCITIOIH-
30BaHa pajuokoMMyHukaimonnas cucrema SDR, (Software Defined Radio),
KOTOpas HCIOJb3yeT MPOrpaMMHOE Obecriedenne s OOpabOTKH CUTHAJIOB
BMECTO OOBIYHBIX AIAPATHBIX KOMIIOHEHTOB.

Bxonnoit morok cocrossn u3z noakiaioueHus 3000 aOOHEHTOB B TeUeHUE
qaca, KarKJblii W3 KOTOPBIX IOJB30BAJICA OIPENEJICHHONW YCIyroi OIHOTO
u3 omeparopoB. OOmmit KaHaI MMeJT HPOMYCKHYI0 crocobrocTh 1 I'éut/c
U OblI PABHOMEDHO pasjesieH Mexy AByMs oneparopamu mo 500 Mour/c
JLJTs KK JIOT0.

N3 rpadukoB Ha PUC. 3 MOXKHO CAETATH CJIEAYIONINE BHIBOIbI:

— B crienapun 3, Kora Bce KOMMYTATOPbI OTHOCATCs K apxurekrype SDN,
3aJ€PXKKU 11€PeJadu JAHHBIX Jlsd PA3JIMYHBbIX TULOB ycuayr (gaming,
video, VR) 6buin HanMmenbinmu. 910 roBoput 00 3dhdexrusrocTn man-
HOT'O TOJIXO0/IA.

— Hambonpmme 3amepKKu IO TMepegatde JAHHBIX ObLIH 3a(UKCHPOBAHBI
JUTST yCJIyT gaming BO BCEX TPEX CIAydasX. JTO MOTIEPKUBAET BHICOKHUE
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Puc. 2. ®ysrnua pacupeneieHnd BpeMeHN 33IePKKHA

TpeboBaHMsT K CeTH it AanHoro tumna yciayr. Ocobenno 3amMeTHo 3TO B
crieHapugax 1 m 2, T/e 3aJepKKU JJIsd gaming OKa3auch CYIIECTBEHHO
BBIIE, YeM I APYTUX YCIIyT.

— VYcayru video u VR umeror Gosee cxoxkume pacmpeieseHus 3aJeprKek.
9TO yKa3bIBaeT HA HEMHOI'O MeHbIne TPEOOBAHKS K CETH [0 CPABHEHUTO
¢ Gaming.

3akJiroueHne

Wccnenopanne mokasasio, uro ucrnogb3oBanue SDN mo3sossier addex-
TUBHO YIIPABJIATH peCypCaMu. B rZLa.)'IbHeI‘/‘II_HI/IX NCCJIEIOBAHUAX TIJIAHUPYETCA
MIPOBECTU TECTUPOBAHUE CETH MPU DOJIBIIIEM KOJIMIECTBE YCAYT U aOOHEHTOB.
HJIELHI/IpyeTCH IPOBECTU AOIIOJHUTEIbHBbIE HCCIICIOBAHUA IIO OIITHUMH3AIINN
HAPEe3KN CEeTH C yIeTOM JAMHAMHUYECKH U3MEHSIONINXCHA YCJAOBHUI HATPY3KU
Ha OTIEPATOPOB.
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O IIPUMEHEHUI CETEI MACCOBOTI'O
OBCJIY2KUBAHUNSA OJI14 MOAEJINPOBAHN A

PABOTHI MOPCKOI'O KOHTEMHEPHOTI'O
TEPMUVHAJIA

X.3. By', M.JI. 2Kapkos?, A.JI. Kazakos"?, A. A. Jlemmept?

L Hprymexuil nayuonasbrod ueeiedosamesvekudl meTHueckudl yHueepeumen,
2. Hpxymecex, Poccus
2 Mncmumym JUHGMUKY CUCTNEM U TEOPUL YNPLEAEHUA UMEHU
B.M. Mampocosa CO PAH, 2. Hpxymcx, Poccua

B craTtbhe mpemiaraercsa u ucciieiyeTcs MaTeMaTUIeCKasi MOJIENIb Pa-
60Tl MOPCKOI'O KOHTEHHEPHOIO TE€PpMHUHAJIA, KOTOPbIA obecrieduBa-
€T TepeBaJIKy KOHTEHHEPOB MeXKJy HA3eMHBIM M MOPCKUM BUIAMHU
TPAHCIIOPTA, UMEIOIas BU CETH MAacCOBOTO obcirykuBanusi. [IoTok
KOHTEHHEPOB, MPUOBIBAIONINX HA TPY30BHIX ABTOMOOWUJISX, OTHCHI-
BAeTCs IMIPOCTEHIINM TTOTOKOM 3asBOK, & MOCTYIIJIEHNE KOHTEHHEPOB
HA MOPCKHX Cy/aX — HEOPAWHAPHBIM IIyaCCOHOBCKHM; paboTa BO-
POT M CKJIaJa MOZENNPYETCS] CUCTEMAMM MaCCOBOTO OOCIIY KUBAHMST
(CMO) ¢ orpaHm9IeHHBIM 0XKUJAHUEM, TIPUIAJA — C HEODIUHAPHBIM
00C/Iy)KUBAHUEM W OTPAHUYEHHBIM OXKUIAHWEM, SKOPHOU CTOSHKHU
— CMO c rpynmnoBsiM 06C/IyKUBAHMEM U OTKa3aMu. KOHKPETHBIM
00BEKTOM MCCJIEIOBAHNS SBJISIETCS KPYIHBIN MOPCKOI TepMUHAJI HaA,
ceBepe Boernama. Ha ocHOBe pe3y/ibTaToB YMCIEHHOTO MCCIEI0BA-
HUS €er0 MOJE/V OTPEe/Ie/IeHbl TEeKYIINi YPOBEHb 3aTrPYy3KU U Y3KUe
Mecta cuctembl. KirroueBble ciioBa: mamemamuueckoe modeaupo-
B8AHUE, CEMbB MACCOB020 00CAYNHCUBAHUA, YUCAEHHBLY IKCNEPUMEHM,
MOpCcKOl KOHMEUHEPHBLY MEPMUHAA.

BBenenue

Meronpt Teopun maccosoro obciyxusanus (TMO) sddexrusab npu
HCCJIEOBAHUN TEXHUYECKUX CUCTEM, (DYHKITMOHUDOBAHNE KOTOPHIX TOIBED-
JKEHO CYyNIECTBEHHOMY BJIMSHUIO ciaydaiinbix dbaxropos [1, 2]. B obaacru
TPAHCHOPTA TH METOJbl AKTUBHO IpuMeHstorcs eme ¢ 80-x rogos [3], kak
UPABUJIO, JJlsl AHANM3A HA3eMHbIX cucreM. Tak, B [4, 5] upenioxensr Moe-
JIV TBUKEHUST MACCAXKUPOB Y€PE3 TEPMUHAJBI TPAHCIOPTHO-TIEPECATOTHBIX
y3710B, B [6, 7] — paboThI PA3INYHBIX THIIOB YKEJIE3HOJOPOKHBIX CTAHIIHIL.

VccoenoBanue BBIIOJIHEHO 32 cdeT rpanTa Poccuiickoro nayunoro gouga (mpoekr Ne
24-21-00264).
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B ob6mactu mopckoro Tpamcmopra TMO npumensiercss pexke. Bombimas
4acTb HMCCAEJOBAHUN IOCBAIIEHAa KOHTEHHEPHBbIM TepMmuHaiaMm. [Ipu aToMm
13-3a CJIO2KHOCTH UX CTPYKTYPbI 0OBIYHO U3ydaeTcs paboTa OTAe/IbHbIX IO/I-
cucrem. B yacrnocru, B [9] Mmopesupyercs pasrpyska upubbIBAIOIIUX B MOD-
cKoii mopT Tpy30BuKOB, B [10] oneHnmBaercst 3bGEKTHBHOCTD PA3IHYHBIX
KoHdmryparwii ckiasa, B [11] ommceiBaercs coBMecTHast paboTa CKIala u
OeperoBbIX KPAHOB.

B naunoii crarbe TMO ucnosb3yercs it KOMILIEKCHOI'O MOJIEIUPOBa-
Husi pabOThl MOPCKOIO KOHTEHEPHOro TepMuHadia. B paszaese 1 npuBosurcs
omucanne 00bEeKTa MCCIeI0BaHus. B pa3mesne 2 CTpOUTCS MOJENb ero pado-
THI B BuJE ceTu maccosoro obciayxusanus (CeMO) ¢ aBymsi BXOAANMMEA
MOTOKAMU 3asiBOK. B pasmesie 3 mpOBOAWTCS YHMCIEHHOE MCCJIEIOBAHUE MO-
JIeJIM, X Ha OCHOBE IIOJIyYEHHBIX Pe3yJIbTaTOB JEeJAaeTCs BBIBOZ, 00 ypOBHE
3arpy3KH U OILPEIE/IIOTC Y3KUE MECTa B CIPYKTYPe CUCTEMBI.

1. O6beKT uccijiegoBaHud

Mopckue KOHTEHHEpHbIE TEPMUHAJbI MPEJCTABILIOT CODOM MeXaHu3u-
POBAHHBIE CKJIAIBI, TPEIHABHATYECHHBIE /IS TEPEBAJIKU KOHTEHHEPOB MEXK Iy
HA3eMHBIM ¥ MOPCKHM BHIAMW TPAHCIOpPTA. TumoBasi cxema Takux 00bEK-
TOB BKJIIOYAET TPU OCHOBHBIE MOJCUCTEMBI: TPY30BOM (DPOHT [1J1si HA3EMHO-
IO TPAHCIOPTA; KOHTEHHEPHYIO IIIOaAKy (CKJa); npudas ¢ 6eperoBbiMu
kpanamu. MOPCKHE TEPMUHAJIBL SIBJISIOTCS Y3JIOBBIMU 3JIEMEHTAMU TPAHC-
MTOPTHOM CETH, TIOITOMY WX UCCJIETOBAHUE C [IEJIbI0 YBEJIMUIEHNS TPOIYCKHOM
CTIIOCOOHOCTH SIBJISIETCS aKTYaJIbHO 3a/1axeil.

B kauecTBe KOHKPETHOTO O0bEKTA, UCCIEA0BAHUS PACCMATPUBAETCS MEXK-
JlyHApOJHbBI KoHTeliHepHblil Tepmunan Xaiidon (Haiphong International
Container Terminal), KOTOpbLii siBjislercsi OJHUM U3 KpyHHEHIIUX 10-
JOOHBIX OOBEKTOB Ha ceBepe BherHama u 00/1aJaeT THMOBON KOHMUTY-
parueii: HAJAIECTBYIOT BOPOTA [JIsi IPY30BUKOB, BE3YIIWX KOHTEHHEDHI,
CKJIQJ, W [Ba MNpUYa/Ia; B AKBATOPUU I[IOPTA WMEETCs SIKOPHAs CTOSH-
Ka, TJe Cyla KJIyT pa3pelleHus Ha MIBAPTOBKY. BciencrBue yKperuie-
HHAS YKOHOMUYIECKHX cBsi3eil Mmexkmay Poccmeit m Boermamom nabmomaer-
cdl yBeswdenue roBapoobopora na Junuu Buagusocrok — Xaitdon (cwm.
https://www.interfax.ru/business/942097), uro BaedeT HArPY3Ky Ha MOp-
ckue tepmunabl. Tak, Xaiidon B 2023 romy obpadoran 636 ThIC. KOHTEII-
HEpPOB, 4TO Ha 16% BbINE yPOBHSA OXKUIAHWH, W TPUIAET IIPOBEIECHHOMY
UCCJIEIOBAHUIO OCOOYI0 3HAYMMOCTH B KOHTEKCTE DPA3BUTHSA JBYCTOPOHHHX
9KOHOMHUYECKUX KOHTAKTOB.
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2. Maremarn4deckKkas MOeJIb

Mogesb paborst repmunasia Xaiidoun crpourcs B Buge CeMO B aBa ra-
na. Ha nepBom onuchIBaroTCs 1MOCTYIAONUME IOTOKU KOHTEHHEPOB, HA BTO-
POM — TIpOIIECC WX 0OPAOOTKHU B TOICHCTEMAX.

Onucanue exodawuxr nomoxos. B cpennem B Xaiidon ¢ cymm mocry-
MaeT exkecyTodHO 871 Tpy30BUK, KaxKIbIl JOCTABISET OJNHWH KOHTeHHep,
UX TOCTYIUUIEHHE OIMCHIBAETCH MPOCTEHIMM MOTOKOM M C WHTEHCHBHO-
crpio \; = 36,3 3agBOK B 4ac; ¢ mops upudbBaer 10,3 xonTeiineposo-
30B B HEJIEI0, KaKAbIT M3 HUX mnepeBo3uT oT 320 10 960 koHTeiHEepOB
(cm. https://hict.net.vn/thu-vien/Pages/thu-vien.aspx), koropbie 06pa3y-
10T HEOPIMHAPHBIH ITyaCCOHOBCKMI TOTOK Mo ¢ MHTEHCUBHOCTHIO A2 = 0, 057
rpymn 3asBoK B yac. [lyrem anann3a CTaTuCTUIECKUX JAHHBIX YCTAHOBJIEHO,
4TO pa3Mep IPYLIIbL gBJideTcd CAy4YalHONW BeJIUYUHONU, KOTOpad IIOA4YUHAeT-
csl INCKPETHOMY paBHOMepHOMY pacrpenenenno U(320;960).

Paboma nodcucmem mepmunane MOTEIUPYETCS CJEIYIOIINM 0OPa30M:
KOJINYECTBO Y3JI0B DABHO YHUCJY HAIPABJEHUIl [IBUXKEHUS TIPy30B (OmuH
unu 1Ba). Pacnpenesenus pasmepa 00CIyKUBAEMOl TIPYIIbI 3asiBOK U
BpeMeHu ee OOCIIyKMBAHHS B y3Ji€ OIPENENAIOTCs Ha OCHOBE De3yJibTa-
TOB CTATUCTUYECKON 0OpabOTKM JAHHBIX M3 OTKPbITHIX MCTOYHUKOB (CM.
https://hict.net.vn).

IToncucremsr Tepmunana Xaficdon onuceiBaiores 12 ysmamu, hopmMaiib-
HOE omucanue KOTopbix B Tepmuaax TMO umeer ciemyromumii BUI:

— Vsea 1 - M;/M/9/0, A = 80 B yac — Bbe3HBIE BOPOTA,;

— Vsex 2 - %/M/5/0, A = 80 B Tac — BbIE3IHBIE BOPOTA,;

— ¥Y3abt 3 u 4 — x/M/26/0, A = 15 B 9ac — TPY30BUKH, [EPEBO3SIIHE
KOHTEIHEPHI OT BOPOT K CKJIaAy W OOPATHO COOTBETCTBEHHO;

— V3ea 5-x/M/13/0, A = 50 B uac — KO3J1I0BbIE KPAHbI, [IEPETPYKAOLIUE
KOHTENHEPbl HA CKJIAJL;

— Vsex 6 — x/M/13/20160, A = 50 B uac — crIaz;

— VY3uab1 7 u 8 - x/M/15/0, A = 12 B yac — Tsraum, NepeBO3sIIHe KOH-
TeffHePbI OT CKJIQJa K MPUYAIY U 00paTHO COOTBETCTBEHHO;

— V3ea 9 - x/M/3/0, A = 30 B uac — Geperosbie KpaHbl, KOTOPbIE 3arPy-
JKAIOT CyJa;

— Vsem 10 — #/MX10/1/X, A = 0,057 & wac, X10 = U(420;1060) —
OTIpABJIEHHE 3arpPy>KEHHOrO CYIHA C MPUYasa;

— V3zea 11 — x/M/3/960, A = 30 B wac — mpudaj JJisd Pa3rpyKaeMbIX
CY/I0B;

— Vzex 12 — My/M*12/10/0, A = 0,44 B 9ac, X152 = 960 — akopHas

CTOAHKaA.
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K stum y3nam HeoOx0amMoO H00ABUTH €Ile ABa (DUKTUBHBIX, KOTOPHIE
SIBJIAIOTCS. MCTOYHUKAMU [IOTOKOB 3asBOK [1]: y3es 0 noa My, y3es 13 s
Ms. BeposgTHOCTH 11E€PEXO[0B IPYII 3adBOK MEXK/Iy y3JIaMd B OIMCAHHON
CeMO 1upejicraBiieHbl B BUjie BECOB Ha puc. 1.

,5 1 o 1 @ Hcexomsamuit
IOTOK

Puc. 1. Cxema CeMO

Takum ob6pazom, Moeab paboTsl TepmuHaaa Xaiidon nmeer Bux CeMO
C IIByMs$l BXO/ISAIIUMU [TOTOKAMY 3aBOK U 14 y371aMu, U3 KOTOPBIX J[BA, SABJIs-
T0TC (PUKTUBHBIMHU. ¥3JIbI 1 M 2 OmMUCHIBAIOT PaboOTy BOPOT, ¥Y3JIbI 5 1 6 —
CKJIQJ1a, 8 ¥ 34kl 9-12 — QyHKIMOHUPOBAHNE TPUYAJIOB U IKOPHOM CTOSTHKH.
IlepeBo3ka KOHTEITHEPOB MEXKIY MOACUCTEMAMHU MOJAEJUpyeTcs Y 3JjamMu 3,
4,7 n 8.

3. BpIuucanTeabHBIH SKCHIEPUMEHT

WccnemoBanme MOAEIN BBIMOJHEHO YHCIEHHO C MOMOIIBIO pas3paboTaH-
HOT'O aBTOPaMHU IIPOrPAMMHOrO obecrevdenns. BupryanbHoe BpeMs MOIE/IH-
pPOBaHUs PABHO OHOMY romay. B Tabs. 1 mpeacraBieHbl CPEIHIE Pe3yIbTaThl
3a 10 myCKOB MMHUTAIMOHHON MOjenn: Pj,ss — BEPOATHOCTH 0TKa3a; Tevo —
cpenHee BpeMs MpeObIBAHNSA B CUCTEME OTIeNIbHOM 3asaBKu; K; — Koadduim-
€HT 3aHATOCTH KAHAJIOB B y3j€ 4, 1; — cpeaHee BpeMs: NMpeObIBAHUS 3AsIBKA
(uac), b; — obuiee BpeMsi GJIOKMPOBKH OIHOrO Kanasa (dac) u L; — cpeanss
JJIMHA OYepPeIu B y3JI€ i.

MOXXHO BHIETH, UTO B HACTOSIIEE BpeMsi XaiipOoH CITPABISETCS C Te-
KyImM 00beMoM Tpy30mepeBo3ok. O1HAKO HAOIIOMAETCS BBICOKHI YPOBEHD
3arpyskm cucrembl. B wactrocTm, B cpeanem 0,11% mpuObBaomux rpyso-
BHUKOB TOJIyYAIOT OTKA3 B OOCTYKUBAHUN W3-3a TEPEIOJTHeHUs CKIaga, KO-
TOpPOE MPOUCXOJUT MPHU MUKOBBIX HArPy3Kax. beperoBbie KpaHbI ABJSIOTCS
HauboJtee 3arpyKeHHBIMHA JIEMEHTAMH MOPCKOTO TEPMHUHAJIA, W [IPH yBEJIH-
YEHUU MMOTOKOB KOHTEIHEPOB MX MPOITYCKHOM CIOCOOHOCTH OyIeT HEmOCTa-
TOYHO JIJIsi CBOEBPEMEHHOI 00paboTku cyaoB. B gacTHOCTH, TIpM BO3pacTa-
HUH CPETHEro pasMepa IOCTyIalomeil naptuu KouTeiinepos Ha 10% cpenmee
BpeMs OXKHMIaHWUS Ha SKOPHOI cTogHKe BeIpacrer Ha 33%. Bonee nmogpobuas
nHdOpPMAIES O MOJTYyIeHHBIX Pe3yabTaTax OyJeT MPEeICTaBIeHa B TOK/IAIE.
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Tabsmmra 1

IIpunsTo Ilokazarenu | K; T; b; L;
3asBok M1 V3ea 1 0,05 | 0,01 32,8 -
312765,3 VY3ea 2 0,09 | 0,01 0 -
3aaBok M2 V3ea 3 0,09 | 0,07 33,8 -
313560,6 V3ex 4 0,09 | 0,07 1,2 -
OTKJIOHEHO ¥Y3ea 5 0,11 | 0,02 35,7 -

3asBok M1 VY3ea 6 0,74 | 52,18 | 9036,6 | 3724,8
349,0 VY3ex 7 0,20 | 0,08 29,5 -
3aaBok M2 V3ea 8 0,77 | 0,33 | 8248,9 -
0 V3ea 9 0,82 | 0,07 | 6017,6 -

Pr, = 0,00056 VY3ex 10 0,80 | 32,18 0 538,6

Temo = 94,1 Vzea 11 0,40 | 4,90 38,3 174,0
Y3ea 12 0,02 | 4,13 120,9 -

BriBoabl

B crarbe TMO mpumena s KOMTLJIEKCHOTO OMUCAHUS PADOTHI MEXK Iy~
HapOJIHOr0 KOHTEHHEPHOrOo TepMuHajaa XaitdpoH, KOTOPBIA pacloIOXKeH BO
Brername. Mogens nmeeT BuI ceTH MaCCOBOTO OOCTyKUBAHNS C HECKOIHKHU-
MU BXOISIIUMHE TTOTOKAMH 3asIBOK, B TOM 9HCJIE HeopauHapHbIMU. Ha ocHOBe
PE3YJIbTATOB YMCJIEHHOTO UCC/IE0OBAHUS MO/JIEJIU OlIEHEHA TeKYIas 3arpy3Ka
CHACTEMbI U YCTAHOBJIEHO, YTO IIPOIIyCKHOM CIIOCOOHOCTH OEPEeroBbIX KPAHOB
TIpU YBEJIMYEHUH TOTOKA KOHTEHHEPOB OyIeT HEIOCTATOTHO.

JlanpHeiimme uccae0BaHusg MOTYT OBITh HAMPABJIEHBI HA JETAJTU3AINIO
MOJIETU, B YaCTHOCTH, y4eT HECTAIlMOHAPHOCTU TPAHCIIOPTHBIX ITOTOKOB.
Takzke mHTEpEC TpeacTaBIgAeT MOAETUPOBAHHE PAOOTHI CHCTEMBI MPHU II0-
CcTyIIeHnU CBepxO0JIbIINX KOHTEHHePOB030B, nepeso3dmumx 10 10000 kou-
TEWHEPOB, TIOCKOJIBKY JIJIT UX CBOEBPEMEHHOTO OOCJIYKUBAHUS MOTPEOYETCs
U3MeHEHWe TeXHOJIOTHH DA3TPY3KH/MOrpY3KNH KOHTEHHEPOB Ha NpHYaje W
BBEJIEHUE OO THUTEIbHBIX OPUTAT.
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MOAEJJINMPOBAHUWNE CUCTEMBI XPAHEHUS 1
TPAHCIIOPTUPOBKU I'PY30B CETBHO
MACCOBOTI'O OBCJIYV2KUBAHUZA C
I'PYIIIIOBBIM OBCJIY2KNBAHNEM
TPEBOBAHUU

H. B. Cepreesa, 1. E. Tanauko, E. [1. CrankeBuq

Capamosckudl HAUUOHAADHBIT UCCAEI0BaMENbCKUT 20cYdapcmeEerHbL i
ynusepcumem umeny H. . epunwesckozo, 2. Capamos, Poccus

B xagecTBe MaTeMaTHIECKO# MOZEIN CUCTEMBI I'DY30IIEPEBO30K PAC-
CMATPUBAETCS OTKPHITAs CETh MACCOBOIO OOCIIyKHBAHUS, COCTOSI-
miast u3 cucTeM 00C/TyKuBaHus ABYX THUIOB. CHCTEMBI IIePBOro THIIA
0TOOPAKAIOT PACIPEIe/INTE/bHBIE YHKTHI, & CUCTEMBl BTOPOTO TH-
Ia - TPAHCIOPTHEIE cpenacTBa. lIpeanosmaraercd, 9To AIUTEILHOCTH
00C/IyKMBaHUs B CUCTEMAX CETH SBJISIOTCH HE3ABUCUMBIMU CJIyJaii-
HBIMU BeJIMYMHAMH € HKCIIOHEHIIMAIBLHBIM pacupenesenueM. B cu-
CTeMBI II€PBOr0 THUIla U3 UCTOYHHKA IIOCTYIAeT IIyaCCOHOBCKMII IIO-
TOK TpeboBanmuil. 113 cucrem mepBoro twma TpeGOBAHUS IO OJIHOMY
MOT'YT I€PEXOIUTh B UCTOYHUK WJIU CUCTEMBI BTOPOTO Tuma. 13 cu-
CTeM BTOPOrO THUIIA TPEOOBAHUS MEPEXOIAT I'PYIIIAME TOJIbKO B CHU-
cremsbl 11epBoro tuma. Ilepexoasr TpeboBanuil B ceTu ONPeIessiOTCs
MapupyTHO# Marpunei. Jlas MaHHON ceTH MoIyueH WH(DUHUTE3N-
MaJIbHBIII OIlepaTOp M OCHOBHBIE CTallMOHAPHbIE XapaKTePUCTUKH.
KirrogeBble ciioBa: cemd macco8020 00CAYHCUBAHUA, 2PYNNOBOE
obcaysrcuBaHUE, CMAYUOHAPHBLE TAPAKMEPUCTNUKU.

BBenenune

AHamu3 m onTUMU3AIMS CJIOXKHBIX CTOXAQCTUYECKUX CHCTEM C CETeBOMN
CTPYKTYPO# JIUKTYyeT HEOOXOAMMOCTb CO3JaHUsl, B YACTHOCTH, MOJENeH ce-
Teil MacCOBOTO OOC/TYKUBAHUs C TPYIIOBLIMEA OOC/TYKHBaHIEM TPEOOBAHMIA.
00630p METOJIOB aHAIM3A CUCTEM MAaCCOBOIO OOCIYKUBAHWS C IPYIIOBBIM
obcayKUBaHneM MOXKHO Hafitn B [1]. BaxHeiimas obiacTh TpUMeHEHWsT CH-
CTEM C TPYIMIMIOBBIM BXOISIIMM TIOTOKOM TPEOOBAHUI M IPYIIOBBIM OOCIY-
JKMBaHWEM — TPAHCIOPTHBIE cucTeMbl. Tak B pabore [2] pazpaboraHa u Tpo-
AHAJIM3UPOBAHA MOJIEJb TPAHCIIOPTHON CUCTEMbBI MOYJILHOrO TUna (IOIb-
eMHUKU, KAHATHbIE JIOPOrH, MeTPO u 1p.). Llesbio MogenupoBanus ABIsIIOCH
OIIPE/IEJIEHUE PA3Mepa BXOJSIIEH IPYIIbl B KADMHY HA HUXKHUX CTAHIUSAX,
4TOOBI YMEHBIUThH BPEMs OKUJIAHUS MACCAYKUPOB HA BEPXHUX CTAHIUAX.



154 H. B. Cepreesa, U. E. Tananko, E. 1. CtaHkesu4

C noMoIpIo MOCTPOEHHOI MOeau ObLIM pa3paboTaHbl PEKOMEHIAINH I10
3arpy3Ke TOHIOIBLHOrO TOAbEMHUKA TOPHOJIBIKHOTO KyPOPTA.

B pabore [3] onucana Moieisb, KOTOpas HMCHOJIb3YETCs [P I[LJIAHUPO-
BaHWMM IIPOM3BOJACTBA IOJIYIPOBOIAHUKOBOIO 3aBOJA. MoJiesb npejcraBiis-
er coboif cerb MAaCCOBOTO OOCJYKWBAHWS, COCTOSINIYI0 W3 CHCTEM THUIIA
GI*/ G(:0) /c. IlyTeMm pekoHMUrYpPUPOBAHUS BXOASIIErO MOTOKA JAHHbIE CH-
creMmbl cBozgTcs K cucremam tuna GI/G/c, 1y KOTOPBIX TOJIyYeHbI [IPH-
GsinzkeHHbIe (POPMYJIBI JJIst BEIYUCIEHNs CPeTHUX XapakTepucTuk. OCHOBBI-
BasCb HA TAKOM 2Ke JOIyIIEeHUH, aBTopbl [4] nocpeacrBoM neKoMio3unuu
CeTH MacCOBOTO OOCTYXKMWBAaHWS W MPUMEHEHNS] T€HETHIEeCKOrO aJropuTMa
MOKA3bIBAIOT, KAK MOYKHO DEIIUTH 33/1a4y YNpPaBJIeHNs 3armacaMy, & UMEHHO
3a/1a4y OIpesiesieH:s] ONTUMAJIbHBIX PAa3MeEPOB MapTHil B CUCTEME IIPOU3-
BOJICTBA HECKOJBKUX TPOAYKTOB C IEJbI0 MUHUMHU3AIUK OOINEr0o BPeMeHU
mukia. B pabore [5] ¢ moMONIpIo ceTr MaccoBoro obcayKuBaHus ¢ GJIOKU-
POBKOIT MOIETUPYeTCst PA00TA MOTPY309HO-PA3TPY30UHON TAHIEMHOI CHCTE-
MbI. TIpeayioyxen MpubINKEeHHBIH METOM BHIYUCICHUS XapAKTEPUCTUK CETH,
pa3paboTaH aJropuTM IO3TAITHOI0 HAXO0XK AEH!s OIITUMAJIBLHOTO pa3mepa 0y-
depos.

C pasBuTHeM HHTEPHET-TOPrOBJIHM BHICOKAS 3arPy3Ka MAITUH U COKPAIIIEe-
HUE CPOKOB JIOCTABKH SABJISAIOTCS IIPOTUBOPEYUBLIMU HEJISMUA U HYKIACTCS
B TIOCTPOEHUU MOJeJel s aHaan3a W MIaHUPOBaHWS PAbOTHhl MHTEPHET-
MarasuHoB. B namHO# pabore moctpoeHa MaTeMaTHYecKas MOJIEIb KOMIIa-
HU, UCTIOTB3YIONUX CUCTEMY IPY30IIePEBO30K, B KAYeCTBE KOTOPOi BhIOpa-
HA OTKPBITAs CETh MACCOBOIO ODOCIYKUBAHUS C IPYIIIOBLIM OOC/IY ) KUBAHUEM
TpeboBaHNU.

1. Onucanne mogean

PaccmarpuBaercs MapKeTIieiic, COCTOSIINM U3 MyHKTOB XPAHEHWS U BbI-
JIa4¥ TOBAPOB, & TAKKe TPAHCIOPTHBIX CPEJCTB, KOTOPHIE MEPEBO3SAT TOBAP
MEXK/Iy 9TUMHU IMyHKTaMu. Byaem mcciie10BaTh 3arpyKEeHHOCTD TAKOH CHCTE-
MBI U BPeMsl JIOCTABKY TOBAPOB MOKYIATEISIM.

B kadecTBe MareMaTHYeCcKON MOIETH JAHHONW CHCTEMbI PACCMOTPHUM OT-
KPBITYIO CETh MAacCOBOrO OOCIyKuBaHus. B ceTb M3 MCTOYHUKA MOCTYIA-
€T MyaCCOHOBCKUII TMOTOK TpeOOBAaHUiI C MHTEHCHBHOCTHIO Ag. Ilepexompr
TpeOOBAHMI B CETH OMpPENEJISIOTCI MapIIpyTHOH Marpumeit © = (6;;),
i,7 = 0,1,..., L. Ilpeanonaraercsi, 9T0 ceTb OOCIIyKUBAHUS COCTOUT U3 L
cucreM MaccoBoro obcayxkuanus S;, ¢ € I, I = {1,..., L}, aByx tunos. Cu-
crembl nepsoro tuna obozuauum S, j € J, J ={j:j € I, 0j0 # 0,00; # 0}.
B cucremax S;- CONEPIKUTCA »¢; OOCTYKUBAIOMUX Mproopos. CucTeMbl BTO-
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poro Tumna oDO3HAYUM S,;,, ke K, K=1\J. Ouu cogepxkar ofuH npuodop,
obcyKuBarONHit TpeOOBaHMUS TPYNIIOH pa3mepa by.

CucremMbl IEPBOrO TUIA S} 0TOOPAKAIOT B MOJIEJIN IIyHKTHI XPAHEHUS U
BoLAa4qn. Uuci0 mpubOpPOB COOTBETCTBYET YUCYy PAOOTHUKOB Ha PACIpPee-
quteabHOM myHKTE. [losaraemM, 4T0 MJIUTEIHHOCTH OOCTYKUBAHUS B CHCTE-
me SJ’- ABJIAETCA IKCIOHEHIINAIBHO PACIPEIETIEHHON CIyYaifHON BEJIMYINHON
¢ TapameTpoM i, j € J. TpeboBannsa B CHCTEMBI 3TOTO THIIA MOCTYTIAIOT IO
O/THOMY W3 MCTOYHWKA WJIM TPYNNO pa3mepa by w3 cucrem Sg, ke K. Cu-
CTEMBI BTOPOTO THUIIA Sg 0TODOPa’KA0T B MOJIEIN TPAHCIOPTHBIE CPEICTBA.
CunraeM, 9TO JIUTEIHHOCTH OOCTYyKUBAHUS B CHCTEME Sg — 3KCITOHEHTIN-
ANbHO PACHIpE/IeTIeHHAs CIydaiiHas BEeJUYUHA C mapameTrpoM g, k € K.
Cucrembl S,: CBSA3aHbI TOJILKO C CUCTeMaMu S ; 7 He CBSI3aHBI C HCTOIHUKOM.

2. Metona anajgmn3sa

Ob6o3nauum cocrosinue ceru Bekropom n = (n;), ¢ = 1,..., L, rue n; —
YnCI0 TpeboBanmil, HAXOaAIMXCca B cucteme S;. PaccMoTpum Bee BOZMOXK-
HBIE TIEPEXOBI MEXKLy COCTOTHUSIMY W 3AITUIIEM WX WHTEHCUBHOCTH MEPEX0-
1oB. VI3MeHenne COCTOAHUST CETU MOKET TPOMCXOAMATD B CJIEAYIONIAX CJIyda-
AX:

1) Tpe60BaHI/Ie TIOCTYTINJIO B CE€Th U3 UCTOYHUKA. WuTencuBHOCTD nepexoaa
B 3TOM CJIy4dae UMeeT BHU/I:

g(n,n+e;) = Aoboj, j € J,

L€ e; — 9TO BEKTOP, j - KOMIIOHEHTa, KOTOPOIrO PAaBHA 1, & BCe OCTaIbHbIe
KOMIIOHEHTHI PAaBHBI 0,
2) TpeboBaHue OOCIYKUIIOCH B CHCTEME S]’- ¥ YILIO B UCTOYHUK, TOTIA

g(n,n —e;) = pymin(ng, »;)00, j € J;
3) TpeboBanue 06CIYKUIOCH B cUCTEME S ; 1 TIEPEILIO B CUCTEMY S,;', TOTIA
q(n,n —e; + ex) = pymin(n;, 3;)0,:1(ny, < b),

rae 1(A) =1, ecim A — ncrunno, nnave 1(A) = 0;
11
4) TpeboBamme 0OCIYKHUIOCH B CHCTEME S}, U MEPELITIO B CHCTEMY S;-, TOrIA

q(n7n — brer + bkej) = ukekjl(nk = bk);
5) B OCTAJIbHBIX CJLy9asiX

q(n,n’)=0,n#n’.
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ITocrpous unbunuresnmasbhblii oneparop @ = (¢(n,n’)), craimumonap-
HOEe pacIpejeeHne MOXKHO HAalTH YuCaeHHO pemns cucreMy 7@ = 0.

MHTeHCMBHOCTH BXOISIIUX [IOTOKOB B CUCTEMbI S;, ¢ € I, OyaeM BbIYHC-
JasTh 1o Gopmysam [6]

M= i=1,...,L,
wo

IJI€ OTHOCUTEIbHBIE HHTEHCHBHOCTH IIOTOKOB W; ABJIAIOTCS PEIICHHEM yPaB-
HeHus wO = w ¢ ycioBueM ZiL:O w; = 1.
CeTb MaccoBOTO 0OC/TyKUBAHUS (DYHKIMOHUDPYET B CTAIMOHAPHOM pe-
JKUME, KOrJIa
Aj
25y

<1,j€J

1
Jna cucrem S) Bcerga CymecTByeT CTAIMOHAPHBIA PEKUM.
Maremarnaeckoe oxkuganue (M. 0.) 4ucia TpeboBaHUil B cucreMax S;,

iel[7],
oo
n; = E mP;(m),
m=0
[Jle CTAIIHOHAPHAA BEPOATHOCTH IPEObIBAHUSA CUCTEMBL S; B COCTOSHUAU M

P;(m) = Z m(n).

Vn:n;=m

Wcnonws3ys 3akon JIuTTia, M. 0. JJIATEIHHOCTH MPEObIBAHNS TPEOOBAHMIA B
cucreme S;

Bpewms peaximu cetu MaccoBOTO OOCITY KUBAHIS

3. YwuciueHnHsbIit npuMep

Paccmorpum OTKPBITYIO CETh MACCOBOrO OOCTY KUBAHUS, COCTOAIIYIO U3
L =5 cucrem maccoBoro obciyxuanus. Cucrembr Sy, Sa, S5 OTHOCATCH K
cucremam tuna S’ a cucremsl Sz, Sy K cucreMam s”. st cucrembrt S3 pas-
Mep 00C/IyKUBAEMOi TpYIIbI TpebOBaHM by = 2, a JJIs CUCTEMBI S pa3Mep
by = 3. Bekrop unrencuBHocTell obcayxusanug p = (1.1;1.2;1.7;2.3;2),
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BEKTOD 4HCJIa OOCAYKUBAOIIMX IpubopoB > = (3;3;1;1;2), mapmpyraas
MATPHIA AMEET BHJT

Cooo9oo

No
coococoo
coococoo
coococoo
coocooo

w b
corRroOoO

) 5

Pesynbrarsr MogempoBaHus it HEKOTOPBIX HHTEHCUBHOCTEH BXOIATIIE-
IO MOTOKA MPEICTaBJIeHBI B Tabanie 1.

Tabmmra 1
CramuoHapHble XapaKTEPUCTUKN CETH MACCOBOTO O0C/TY KUBAHUS

Ao = 0.1 Mo=1
A | (0.1; 0.06; 0.03; 0.02; 0.07; 0.09) | (1; 0.59; 0.3; 0.12; 0.64; 0.87)
n (0.05; 0.03; 0.52; 1.42; 0.05) (0.55; 0.26; 0.57; 1.43; 0.57)
U (0.91; 0.84; 43.61; 22.02; 0.55) (0.93; 0.86; 4.77; 2.23; 0.60)
T 20.59 3.33

W3 pe3yapraToB BUIHO, YTO yBegudeHue Ao B 10 pa3 mpuBeso K 3HAYN-
TEJIbHOMY YMEHbIIEHUIO BPEMEHH PEAKIIUU CeTH 00CIyKUBaHus. V3MeHenne
MPOUBOIILIO 34 CIET yMEHbIeHUsT BpeMenu (popMUpoBaHus TPy TpeboBa-
uHuii B cucremax Ss u Sy. M. o. gymresnpHOCTEH MpeObiBaHus TpeOOBAHUN B
cucremax S1, So u Sy HpaKTUYECKU HE U3MEHUJIOCh. Takum o0pa3om, uc-
MOJTF30BAHNE MOJEN MO3BOJISIET TJIAHWPOBATH W ONTUMHU3WPOBATH PAOOTY
MyHKTOB PACIpPeIeIeHUs] U XPaHEHUs] TOBAPOB.

3akJiroueHune

B nannoii pabore mocTpoeHa MaTeMaTwdecKas MOIENIb MPOIECCOB Xpa-
HEHUd U II€PeBO3KUA TOBAPOB B KOMIIAHMAX, 3aHUMAIOIINXCA WHTEpHeT-
npomaxkeii. I 9Toi MOJes M 1101y Y€Hbl OCHOBHBIE CTAIMOHAPHBIE XapaKTe-
puctuku. [IpuBeseHbl YMCIEHHBIE TPUMEDPHI, TEMOHCTPUPYIONTNE 3arPyKeH-
HOCTBb MOJIEJINPYEMO# CUCTEMBI M BDEMEHU JIOCTABKN TOBAPOB MOKYTIATEIAM.
PesynbraTsl, moydenubie B paboOTe, MOT'YT UCIOJIb30BATHCS [TPU MOIEIHPO-
BAHUU IIPOIECCOB: MPOM3BOJACTBA U COOPKU U3IE/Hil U3 MHOTUX SJIEMEHTOB;
COPTUPOBKU U KOMILIJIEKTOBAHUS MaTe€PUAJIOB; XPAHEHUdA B aBTOMATU3UPO-
BAHHBIX CKJI/ICKUX CUCTEMAX; L1aCCA2KUPCKUX U I'PY30BbIX [1€PEBO30K TPAHC-
MOPTHBIX cucTeM. Maremarndeckue OCOOEHHOCTH METOJa AHAJIN3a OTKPbI-
THIX CE€TEH MACCOBOrO OOCIYKUBAHUS C TPYMIOBBIM 00CTyKUBAHUEM O3B0~
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JAI0T pelraTh 331891 KPYIHBIX KOMIIQHUN IO IPOEKTUPOBAHUIO, AHAJIN3Y 1
ONTUMHUBAINY CUCTEM, CBI3aHHBIX C TPOU3BOIACTBOM, IepepPabOTKOM, TpaHC-
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AJITOPUTM BBIYUCJIEHNA CTAIITMOHAPHOTO

PACIIPEJEJIEHISI BEPOATHOCTEN CUCTEMBI
C IIPUOPUTETAMMN 1JI4d ITPONU3BOJIBHOT O
YNCJIA MECT B OYEPE/IN

H.T. Xaycrosa', C.II. Mouceepa', E. A. ITaxymnosa?

1Hauuoua/wm;mi uccaedosamenvckutl Tomexul 2ocydapemeennoil
yrnusepcumem, 2. Tomck, Poccua
2 FOorcuniti gpedeparvrniii ynusepcumem, 2. Tazamupoz, Poccus

Paccmarpusaercs momens 06paboTku nadopManuy ¢ JByMs IIOTO-
KaM{ 3asiBOK — IIPHODUTETHBIX U HEIIPHOPUTETHBIX. BpeMms obciry-
JKABAaHUS 3a4BOK CJLydailHOE C 9KCIIOHEHIHAIbHBIM PACIIPEe/1e/ICHIeM
BEpOSTHOCTEHN, IPUYeM €ro mapaMeTphl COOTBETCTBYIOT THITY 3asiB-
ku. Takxke y KakJ0ro Tuma 3asBOK MMeeTCsl CBOU OyHKeD OXKuia-
HUS, OCPAHUYEHHBIH 10 00bemy. adopmanus, HaxoaAmascsa B 0de-
penu, 006Ia7aeT CPOKOM JKU3HMU, IIOCJIe MCTEUEHUs KOTOPOrO ee Ire-
pefada MOXKeT cTaTh HeakTyaabHOH. CPOK KU3HU — CJIydaiiHas Be-
JIMYHHA, TAK2Ke UMeION[as SCKIIOHEHIMAJIbHOe pacupeaesenue. s
YKA3aHHOI CUCTEMBI PEAJIM30BAH AJTOPUTM BBITHC/IEHUS] CTAIMO-
HAPHOTO pacOpeieleHUd BePOATHOCTEH, ITO3BOIMAIONNNI aBTOMATH-
3upoBarTh OAHy u3 Haubosee TpymoeMKuX dacTeil paboTsl ¢ 1IpuOpu-
TETHBIMH CHCTEMaMU BDPYUHYIO — IIOCTPOEHHe MaTpul] K0dddurm-
enTOB. JIaHHBIN aATOPUTM OTKPBIBAET BO3MOYKHOCTH HUCCJIEOBAHUS
CHACTEM C IIPUOPUTETAMH HA CKOJIb YrOoaHO 00sbimmx obbeMax OyH-
KepOB, “1ero A006uThCs 6€3 aBTOMATH3AINYN KpaiiHe 3aTPYIHUTEIHHO.
KimrogeBble ciioBa: cucmembv, Macco8020 06CAYHCUBAHUA C NPUO-
PUMEMAMY, PA3HOMUNKYLE OGHHBIE, NOCTPOEHUE MAMPUY, K0IPPHU-
YUEHNOE, DPACTIPEJEAEHUE BEPOATTIHOCTIEN CUCTNEMbL, CPOK HCUSHU
UHPOPMAUUL.

Bsemenue

CucreMbl MaccoBOro OOC/Iy’KUBAHUS KaK MOJIEIb OH3HEC-IIPOIECcCOB,
IPOUCXOoAdIuX B O6H],eCTBe, IIJIOTHO BOLIJIM B 2KU3Hb 4€J/I0BEKd, & UX HEIIpe-
PBIBHOE YCOBEPIIIEHCTBOBAHWE W HapalluBaHue (DYHKIUOHAJA TO3BOJISIET
VIOBJIETBOPATH BCe OoJibinie morpednocTeil. Oaunm u3 Hambosee akTyaib-
HBIX HampasjeHuii B Teopuu Tejerpadura [1] saBiagercsa u3ydeHue cucrem
¢ npuoputeramu [2], Giaronaps 4emy IOsBIISETCS BO3MOKHOCTH IPAMOTHO

WccnenoBanue BBIIOJIHEHO 3a C4YeT rpaHTa Poccuiickoro Hay4vHOro ¢onma Ne 24-21-
00454, https://rscf.ru/project/24-21-00454/
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nepepacpeessiTh PeCypchl PACCMATPUBAEMON CeTH — K TPUMEpY, KOJLI-
LEHTP KOMIIAHUY, OOCIIY KUBAIOILEH B [IEPBYIO 0Y€Pe/Ib HOBBIX KJIUEHTOB [4].

O 1HAKO HEPEIKO B XO/IE PACCMOTPEHUs TOW UJIU WHOM CUCTEMbI BOSHUKA-
0T IIPOOJIEMBI, TPEOYIOITUE IPUMEHEHNST METOIOB ONTUMU3AIMHN U AJITOPUT-
MHU3AIUN. K TaKUM OTHOCHUTCA W MUCCJIEJOBAHUE CHCTEMbI C IIPHUOPUTETAMMU
JIJIsI IPOM3BOJILHOTO YHCJIa MECT B OUepequ. ITa MpodaeMa ObIIa BhIABICHA,
B XOZ€ PACCMOTPEHHsI CHCTEM C MPHUOPUTETAMH Ha MAJBIX 00beMax OyHKe-
POB OXKHUIAHUSA U MOCTPOECHHUS MATPHUIBI KOIPPUIIMEHTOB C MIOCTIETY FOIIUM
MOJIydYeHUEeM CTAIMOHAPHOTO PaCIpeieIeHUsl BEPOATHOCTENR BPYy4YHYIO, Ue-
ro caeaTh Ha OOMBITIX 00beMax OYHKEPOB He TPEICTABIAETCS (DU3UIECKH
BO3MOXKHBIM. K TOMY Ke 3asIBKH, TIOCTYTIAIOIINE Ha 00CITY )KUBAHUE TPUOODY,
B OTJINYHE OT paCCMaTPHUBACMbIX B CTaThE [4], ABJIAIOTCA HETEPIICJIUBBIMHA —
TO ecTh WHMOPMAIHsI UMeeT CPOK JKU3HHU, [0 UCTEUYCHUN KOTOPOTO ee Imepe-
JIa9da CTAHOBUTCS HEAKTyasIbHOI. B HacTosiImeil crarbe npuBOIUTCS TOIPOO-
HBII aJITOPUTM BBIYHCTIEHHUS CTAITMOHAPHOTO PACIpeeIeHns BEPOATHOCTENH,
Osiaroapsi KOTOPOMY WCCJIEIOBAHUE CHCTEM C MPUOPUTETAMHU MPU HETep-
NIEJIMBOCTH 3a4dBOK M IIPOU3BOJIBHOM YHCJIE MECT B OY€peIu CTAaHOBUTCA HE
MIPOCTO BO3MOXKHBIM, HO U HAmbOJee yaA0OHBIM /I TOJIb30BATE .

1. MaremaTu4eckas MOJeJib CHCTEMbI C TIPUOPHUTETAMH PHU
HETePIeJTUBOCTH 3adBOK U MPOU3BOJHLHOM YHCJIOM MECT B
ouepen

Cdopmynupyem mocranorky 3ana4u. I1ycTh ¢(t) — YHCIO TPHOPUTETHBIX
3a4BOK B OyHKEpe B MOMEHT BpemeHu ¢, j(t) — HUHC/IO HEMPUOPUTETHBIX
3asgBOK B OyHKepe, k(t) — cocrosinue npubopa B MOMeHT Bpemenu ¢: k(t) =
0 — upubop cBobouen, k(t) = 1 — 3auar upuopureTHoii 3aaBKoii, k(t) = 2 —
3aHAT HEIIPUOPUTETHOIN 3aABKOM.

CraBuTcsa 3a7a4a HAXOXKICHWs CTAIMOHAPHOTO DACTIPENETICHUs BEPO-
SATHOCTEHl TPeXMEPHOro MapKoBCKoro mporecca {k(t),i(t),j(¢)}: Pi(i,j) =
tlggo P{k(t) = k,i(t) =14,j(t) = j} Upu ciaeIyOmmX napaMeTpax CHCTeMBbIL:

Ap — HHTEHCHBHOCTH IIOTOKOB, i, — HHTEHCHBHOCTH OOCIIy’KUBAHUS,
Q, — UHTEHCUBHOCTH BBIXOJa u3 OyHKepoB, N, — KOJIUYECTBO MECT JLIst
oxuganus B Oynkepe, p = 1, 2.

2. ®opmasm3aiusa coObITHII B cucTeMe

Heobxoanmo Hagars ¢ (popmaau3anuu KA09IeBbIX COOBITHIT CHCTEMBI, KO-
TOPBIE TIPU MEPEBOJIE C YEIOBEYECKUX MOHATUHHBIX 00OPA30B B (DOPMAJILHBIH
MaTeMaTUIeCKUil BU MO3BOIAT C(HOPMUPOBATH KOPPEKTHBINA AJITOPUTM.

Co0biTHus B cucreme /ijisi IPUOPUTETHOTO IIOTOKA:

— Ilpumuia 3asiBKa IPUOPUTETHOrO MOTOKa (A1 )
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H2

Puc. 1. Maremarudeckass Momesib 00paboTku wHGOPMAIUA C HPUOPUTETAMH U
HETEPIIEJIUBBIMU 3aIBKAMU

1. Eciim ipubop cBobomen, To cocrosinne mpudbopa pasHo 1.
2. Eciin mpubop 3audar, u B 1-0if odepesn eCTb MECTO, TO UHUCJIO 3aABOK
B 1-0i1 ouepenu yBesnumBaeTca Ha 1.

— 3aKOHYMJIOCHh BpeEMS OXKUIAHUS 3asiBKU IIPUOPUTETHOTO MOTOKA
(i)
3. Eciu B 1-0if odepeau ecTh 3asBKHU, TO 9UCJIO 3agBOK B 1-0if ogepenn
yMeHbIaercs Ha 1.

— 3aBepmmia oOCIIy>KWBaHUEe 3asdgBKa IIPUOPUTETHOTO IOTOKA
(p21)
4. Ecnu B 1-0#f ouepenu ecTh 3asiBKa, TO YHUCJIO 3aBOK B 1-0if odepean
yMeHbIaercd Ha 1.
5. Ecau B 1-0if ouepenu HeT 3asBOK, BO 2-Oif 0O4Yepenn eCTh 3asBKa, TO
COCTOsiHME TIPUOOpPA PABHO 2, & YUCJIO 3aABOK BO 2-Off OdYepenu yMEHb-
maercd Ha 1.
6. Eciiu B 1-0it ouepesn HeT 3asBOK W BO 2-0if 0Uepesn HET 3asBOK, TO
cocrostume mpudopa pasHo 0.

CobbITus B cucreme AJId HEeIIpUoOpUuTeTHOr'o 1ImoToKa:

— IIpumna 3agBKa HEIPUOPHUTETHOrO MOTOKA (A2 )
7. Eciu mpubop ¢BOOOMEH, TO COCTOSIHIE MPUOOpPa PaBHO 2.
8. Eciiu mpubop 3aHsT, 1 BO 2-0if OYepesu eCTh MECTO, TO YHUCJI0 3asIBOK
BO 2-0il o4epe/y yBeJu4yuBaercd Ha 1.

— 3aKOHYMJIOCH BpeMs OXXWUJAAHUSA 3adBKN HEIIPUOPUTETHOTO IIO-
Toka (jas )
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9. Ecam Bo 2-0i ouepeau ecTh 3asBKH, TO YUCJIO 3a9BOK BO 2-0if ouepean
yMeHbInaercs Ha 1.

— 3aBepmmia o0cIy>kmMBaHUEe 3adgBKa HENPUOPUTETHOTO MOTOKA
(n2)
10. Ecnu B 1-0if ouepean HET 3asBOK, BO 2-0if OUepesn ecTh 3asBKa, TO
9HCJIO 3asdBOK BO 2-0if ouepenn yMeHbIaeTcs Ha 1.
11. Eciin B 1-0it ouepenu ecTb 3asiBKa, TO COCTOSHHE IPUOOpa paBHO 1,
a 9ucJIo 3as8BOK B 1-0#1 odepesin ymeHbIaeTcs Ha 1.
12. Eciim B 1-0it ouepeim HET 3asBOK, U BO 2-0if OY€peIn HET 3asBOK, TO
cocrosiuve pudopa pasHo 0.

Ha pucynkax 2 u 3 upezcrasiieHbl COOTBETCTBYIONHE IPADDI IEPEXO/IOB
COCTOSTHWI PACCMATPUBAEMOTO TPEXMEPHOTO MAPKOBCKOTO TTPOIIECCA.

10 2,0,j-1

Puc. 2. T'pad mnepexomoB st AMATOHAJIBHBIX 3JIEMEHTOB MATDPUIIBI IIPOIECCA

{k(2),i(t), 5 ()}

3. AaropuTM BBIYHUCJIEHWUS CTAIMOHAPHOIO pacHpe/ieeHns!
BepOsATHOCTEM

HauBonee Tpys0eMKOi 9aCTbIO UCCAEA0BAHUS CHCTEMbI BDYIHYIO SIBJIsA-
eTCsl COCTABJIEHNE MATPUIHI KOIMDMUITMEHTOB, BEJIb MTPU yBEJIUICHUN KOJIV-
7ecTBA MECT B OYHKEpaxX OKUIAHWS BCErO Ha €JUHUIYY HAOTIONAETCS pe3-
KOe yBeJlMYeHHe YHUCJIa yPABHEHWl, a 3HAYWT, U PA3MEPHOCTH MATPHIIBL.
K Tomy ke, Ba’KHO COMOCTABUTH WHIEKC COCTOSHUS C CAMHM COCTOSHHUEM
{k(t),i(t),7(t)}. Imenno tu aBa MOMEHTa NPEACTABJILAIOT UHTEPEC IPU CO-
3/lAHUM AJINOPUTMA, OLUCAHHOIO B HACTOAWEH crarbe. Aaropur™ peasuso-
BaH Ha s3bIKE TporpaMMupoBanus Python.
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_______ g
Yk>0,i<Ny ! A / A 'k>0~f<N2‘:

(i+1)ay G+a—C  kij*1

Puc. 3. 'pad nepexonos mist onpeneneHHbix cocrostumit cucremst {k(t),4(t), j(¢)}

AnropuTM BBIYHCJIEHHUS CTAIlMOHAPHOTO paclipejieieHus Bepo-
SATHOCTEI:

1. YcranoBuTh B3aMMHO-OJHO3HAYHOE COOTBETCTBUAE MEXK/IY HHIEKCOM
cocrostaust n € [0,...,2 % (N7 + 1) * (Na + 1)] n cocrosamem (k,1,7) npn
nomotu crpykrypsl dict (cioBapb).

2. Onpegenurh HysaeBylo Marpuily A B cTpykType numpy.array (aBy-
MepHbIit MaccuB) pazmeproctu |U|x|U].

3. BanosauTs MaTpuily A B coorBercrBuu ¢ Tabiaureii 1.

4. 3a10/HUTH [OCJIEHIOK CTPOKY MAaTPULIbl A eJIUHULAMU.

5. 3amnoIHUTh BEKTOP CBODOIHBIX UJIEHOB b B CTpPyKType numpy.array
(OIHOMEDHBIH MaCCHB), Y KOTOPOrO BCE JIEMEHTHI PABHBI HYJII0, KPOME 10~
CTIeIHEr0 — OH DABEH eIMHUIIE.

6. Pemmurs cucremy smmelinbix asjreOpamyveckux ypasaenmit Ax=b ¢
HOMOLLBIO MeToga numpy.linalg.solve(), aprymenramu KOTOPOro siBJISIOTCs
Marpura A u BekTOp b.

KnroueBbiM pe3ymbraroM pabOThI aarOpuTMa OYIET SBISATHCA BBIBOI
pacrmpee/ieHuss BEPOSITHOCTEN MO BCEM BO3MOYKHBIM COCTOSTHUSM CHCTEMBI.
Hampuwmep, ana napamerpoB Ni = 1, No = 2, A\ = 0.2, Ay = 0.5, p; =
0.2, pue = 0.3, a3 =0.02, ap = 0.03 mporpamma, UCHOJB3YIOIAsA OIUCAH-
HBIN aJICOPUTM, BBIIACT CJAEAYIONIEe PACIPeIe/IeHne BEPOSITHOCTEM:
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0,0):0.03 | (2,0,0):0.06

0,0):0.015 | (2,0,1):0.108

0,1):0.044 | (2,0,2):0.1

0,2):0.222 | (2,1,0):0.016

1,0) : 0.005 | (2,1, 1) :0.042

1,1):0.033 | (2,1, 2):0.108

1,2):0.217

Tabmmra 1
AJsropuTyM 3amoTHeHNsT MATPUIIHL K03(D DUIMEHTOB

YcaoBue eiicTBue
k=0,i=0,7=0 Aln,n]— =X\ + A2; Aln, (1,0,0)]4+ = p1;

A[TL, (2a 0, 0)]+ = M2
k=1,1>0 Aln,nl— =y
k=2,i>0 Aln,nl— = pg
k=1,i=0,7=0 Aln,n]— = pu1 ; An, (0,0,0)]+ = X\
k=2,4i=0,7=0 Aln,n]— = ps ; Aln, (0,0,0)]4+ = Xy
k=1,i=0,7>0 Aln,n|— =
k=2,i=0,7>0 Aln,n|— = ps
i1>0 Aln,n]— =ioq
7>0 Aln,n|— = jas
k>0,i>0 Aln, (k,i—1,5)]+ =X\
k>0,7>0 Aln, (kyi,j — 1)+ = Ao
kE>0,i<N; Aln,nl— =X ; An, (k,i+ 1,j)]+ = (i + Doy
k>0,7 <Ny Aln,n]— = Ao ; Aln, (k, 4,7+ )]+ = (§ + 1)az
k=11 <Ny Aln,(Li+ 1, )]+ = p1 ; A[n, (2,0 + 1, 5)]+ = pe
k=21=0,7 <Ny | Aln,(1,0,5+ )]+ =1 ; An,(2,0,7 + 1)+ = po

3akJiroueHue

B macrosiem Marepuasie onMcaH aJrOpUTM BbIYMCJIEHHS CTAlMOHAPHO-
o pacipeieeHus BEPOITHOCTEH, 03BOJILIONIUA pacCMATPUBATD CHCTEMbI
C TIPUOPUTETAMHU HA, CKOJIb YTOIHO OOIBITNX 00beMax OYHKEPOB KU TAHIS.
IIpencraBieHHBIN AITOPUTM HE TOJBKO PACIITAPSET BO3MOXKHOCTH HCCIIEI0-
BAHUs CHCTEM C IMPUOPUTETAMU, HO U ONTHUMHU3UPYET BHIYUCIATEIHHYIO Pa-
60Ty uccaegoBaTeNEH, ABTOMATU3UPY S 3AIOTHEHNE MATPHUIIBI KOMDUIIHeH-
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TOB M, KaK CJIEJCTBUE, TOCTPOEHWE CUCTEMbBI YDPABHEHWH /IS BBIYUCTIECHUS
pacmpeesieHus BEPOSTHOCTEI.
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ACUMIITOTUYECKUI AHAJIN3 RQ-CUCTEMBEI

C KATACTPO®AMU B YCJIOBUU BEICOKON
NMHTEHCUBHOCTU BXOIAITIETO IIOTOKA

H.II. MenomuankoBa

Hayuonasrvnuti uccaedosamenveruti Tomekutd 2ocydapemeennsill ynusepcumen,
2. Tomcx, Poccua

B paboTe nipeicTaB/ieHO UCCIEI0BAHYE OTHOMMHETHOM RQ-crcTembt
¢ karactpodamvu. Ha Bxox moctymaer mpocreifminii HOTOK IIOJIO-
JKUTEJIbHBIX 3aIBOK, BpeMs OOC/IyXKHBAaHHS IIPUOOpA pPacCIpe/iesie-
HO TI0 SKCIIOHEHITNAILHOMY 3aKOHY. 3asdBKU, HE TIOJIYYUBIITHE OOCTY-
JKABaHUe, OTIPABJISIOTCI HAa OPOUTY, Ije OCYLIECTBJISIIOT CJIydaii-
HyIO 331epxkKy. KaracTpodbl mpomcxoasT B MOMEHTHI HACTYILIE-
HUsT COOBITUI MPOCTENIIIEro MOTOKA OTPUIATEIHHBIX 3asBOK, KOTO-
pble B MOMEHT IPUXOJda YHUYITOZKAIOT BCE€ <«IIOJIOZKUTEJ/IbHBIEY» 3a-
ABKM, HAXOJSAIIMECS B CHCTEMe: KaK Ha mpubope, Tak U Ha OpOu-
Te. B pabore HaliIeHO CTAIMOHAPHOE PACIIPeIe/IeHre BEPOsSTHOCTEN
9pciia 3agBOK HA OpOWTE METOJOM ACHMIITOTHYECKOrO AaHAJIN3a B
yciaoBun BBICOKOI MHTEHCUBHOCTH BXOA4d10ero 110ToKa. KiroudeBble
cioBa: RQ)-cucmema, ompuyamensvroie 3aA6KU, KAMACMPogo., 6bi-
COKAA UHMEHCUBHOCTD BTO0AULL20 NOMOKG.

BBenenue

Cucrembl MaccoBoro obciyKuBanus ¢ nHoBropabiMu BbrzoBamu (Retrial
queueing systems uiu RQ-cucrembl) 9T0 COBpEMEHHbIE MATEMATHYECKUE
Mozenu Teopuu Maccosoro obciayxkusanus (TMO). Takue Momenau mmpo-
KO WCIIOJTb3YIOTCSA IS MMOCTPOEHUsI, AHAIN3a W ONTUMUBANUYA DPABTUIHBIX
uHGO-KOMMYHUKAIIMOHHBIX CUCTEM, B KOTOPBIX HCIOJb3YIOTCS MEXAHU3MbI
JIJIsT OCYIIECTBJICHUST MOBTOPHBIX TOMBITOK TOIYYUTH OOCIyKUBAHUE CITY-
CTs HEKOTOpoe ciiydaiinoe Bpems. [IpuMepaMu TaKuX CHCTEM SIBJISIOTCS Ce-
TH CBS34, UCIOJIb3YIOMIAE IPOTOKOIbI MHOXKECTBEHHOIO CJIYYaifHOIO J0CTY-
na, call-IeHTpsl, MEHTPHI PACTPEIETICHHBIX BBIUACICHUNA U IPYTHUE CUCTE-
Mol [1, 2].

Takxke Baxkubim nampasiaeraunem TMO sasasiorca G-cucrembr u G-cetu
[3, 4]. Januble Mojesn BKIOYAIOT B cebsd MOHATUHE OTPULIATEIbHBIX 3adBOK,
KOTOPbBIE MOI'YT OKA3bIBATH PA3JUYHBIE BUJIbI HEFATUBHBIX BO3AEHCTBUN Ha
CHUCTEMY: OT YHUUYTOXKEHUsI OJHOTO 00padaTHIBAIOIIETOCS 3aIpoca 10 KaTa-
crpod, MpUBOAAIMX K OOHYJIEHHIO Beeil cucreMmbl [5]. AKTyanbHOCTH Ta-
KUX MOJesieil 00yCIOBIEHHA PA3JTUIHBIMUA HEFATHBHBIMU BO3IEHCTBUIME Ha,
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nHGDO-KOMMYHUKAIIMOHHBIE CUCTEMbI, TAKUMHU KAaK BUPYCHBIE MOPAYKEHWS,
XaKepCKUe aTaKW, CUCTeMHbIe cOOU U JPyrue yrpo3bl.

B pabore mpemiaraercs acUMTIOOTHYECKHI MeToJ, uccaeaoBanus RQ-
cucrembl M/M/1 ¢ karacrpodbamu B yCJ0BUM BbICOKO MHTEHCUBHOCTU BXO-
JISAIIETO TOTOKA [6].

1. MaremaTnyeckas MoJeJb

B pa6otre paccmarpuBaercst ognoanHeitnas RQ-cncrema M/M/1 (Pucy-
HOoK 1). Ha BxOz cucTeMbl mocTynaer npocTeidnuil moToK IMOJI0KUTEIbHBIX
3asgBOK C apaMerpoM A. Bpems obcmyKuBanus KaXKI0# 3agABKH PACIpeie-
JIEHO TI0 9KCIIOHEHITUAJIbHOMY 3aKOHY ¢ napamerpom u. Korga npubop oka-
3BIBAETCS 3aHAT, TO BXOISIIAS 3asBKA, UIET HA OPOUTY, T/I€ OCYIIECTBIISET
CIy9aiiHyI0 3a/I€PIKKY, MPOIOIKUTEILHOCTE KOTOPOH MMEET IKCIOHEHITH-
abHOE pacupezesenne ¢ mapamerpom ¢. C opOUTHI MOC/e CIy9aifHOrO Bpe-
MEHH 33JepPKKHU 3asBKa BHOBb OOpPAIAeTcs K OOCIYKUBAIOIIAMY IPUOOPY
C HOBTOPHOI MHOIIBITKOM.

Tak>ke HA BXOJ| IOCTYIAET MPOCTEHINUI MOTOK OTPUIATEIIBHBIX 3a4BOK
¢ mapamerpom . OTpuraresbHas 3asBKa, HE HYXKIAETCS B OOCTyKMUBAHWUH,
MpY MOCTYIIJIEHWH, OHA «OOHYJISeT» BCIO CHCTEMY, TO €CTh BCE 3asiBKH, Ha-
XOMAIIAECS HA OOCIYKUBAHUN U OPOUTE MOKHUIAIOT CHCTeMy. Takue MOmemn
HA3BIBAIOT CUCTEMAMH C KATaCTPOQaMH.

Puc. 1. RQ-cucrema M|M|1 ¢ katacrpodamu

ITycrs i(t) — uucio 3asBoK Ha opbute, a k(t) — ompeaesser cocrosHue
npubopa CIeaYIONNM 00Pa30M:

k() = 0, mpubop cBobOIEH,

1, mpubop 3aHsT.
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CraBuTcs 3a1a9a HAXOXKIEHUS] CTAMOHAPHOTO PACTIPEIEJICHIS] BEPOSAT-
HOCcTel Yuca 3aaBoK Ha opoure. O6oznaunm P{k(t) = k,i(i) = i} = P(k,1)
— CTaIMOHAPHBIE BEPOATHOCTH TOTO, 4TO HPHOOP HAXOIUTCA B COCTOSHHN
k, a ma opbure i 3asBok. pymepnsiit nponecc {k(t),i(t)} asagerca Map-
koBcknM. Cucrema ypasuernit KoaMoroposa B CTalmoHApHOM BHUIE OyIeT
UMEThb BH/I:

npu ¢ =0:

{ —(A+)P(0,0) + uP(1,0) + v =0,
—~(A+pu+v)P(1,0) + AP(0,0) + cP(0,1) = 0,

npu ¢ > 0: (1)

{ —(N+io 4+ 7)P(0,4) + uP(1,4) = 0,
—~( A+ pu+7)P(1,4) + AP(0,i) + o(i + 1)P(0,i + 1) + AP(1,5 — 1) = 0.

CocraBuM cuCTeMy ypaBHEHUM, ONPEIEISIONINX YACTHIHBIE XaPAKTEPU-

o0 . .
cruueckue byukuun H(k,u) = > e/**P(k,i). Cucrema (1) nepenmmercs B
i=0

BHUIE:
0H (0,
5o (O, 4 (1) 7,
joe_J“w =—A+pu+v)HQ,u)+ XH(0,u) + X/ H(1,u).
u

(2)

CJ10KMB ypaBHEHHsI CHCTEMBI (2), TOIyInM:

OH(0,u)

A @

=~ —y(H(0,u) + H(1,u)) + Xe?* — 1)H(1,u).

st pemmenus cucremsl (2)—(3) B paboTe NpeIaraeTcs MeTo |, aCUMIITO-
TUYECKOTr'0O aHaJIn3a B yC.HOBI/II/I BBICOKOM MHTEHCUBHOCTH BXOJAIIETO IIOTOKA
(A — 0).
2. ACI/IMHTOTI/I“IGCKI/Iﬁ aHaJIn3
Beenem obo3nauenmus:

A==, rtmee—0,u=cw,H1,u) = F(1,w,¢e), H0,u) = cF(0,w,¢).

™ | >
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Torna n3 ypasHenwuit (2)—(3) nomydaunm:

_jaaF(O,w,E) _ <

ow

M = _ (A-f—,u—&-'y) F(l,w,e)+5\F(O,w,€)+
ow €

A (4)
+=e*F(1,w,e),
OF(0,w,¢)

ow

A
—I—g(eﬁ“’ —1)F(1,w,e).

M| >

+ 7) eF(0,w,e) + puF(1,w,e) + 1,
—jew

joe

jo(e 7w — 1)

=~ —v(eF(0,w,e) + F(1,w,e))+

BeimosnuM mpepenbHbIE epexon € — 0 B (4):

—jaw = —AF(0,w) + pF(1,w) + 7,
9F(0,w) A . (5)
Jo = = ~ ) F(Lw) + AF(0,w) + A(jw) F(1, w),

0= —yF(1,w) + \jwF(1,w).
W3 mocsieiHero ypaBHeHust cucTeMbl (5) BbIpa3nM:

v
Y= Ajw
Torga acumnrornydeckasi XapakTepecTudeckas (QyHKIINs YHCIIa 3asBOK
Ha OopOUTE B yCJIOBHH OOJIBINON 3arpy3KU MOXKET ObITH MpeACcTaBIeHa, PyHK-
uen:
u v
oy~ P (1Y) =
€ v — JuA
Takum ob6pazom pacrpe/iesieHre BEPOATHOCTH YUC/IA, 3asIBOK HA OpouTe

~
ABJIAETCA IKCIIOHEHIIUAJIbHBIM C IIapaMe€TPOM X

3akJiroueHune

B pa6ore 6611 IpOBEIEH ACKMITOTHIECKUT aHaTN3 MHOTOIMHEHHONT RQ-
cucrembl M/M /1 ¢ karacrpodbamu B yCJIOBUM BbICOKO# HHTEHCUBHOCTU BXO-
Jriero motoka. B xofe mccienoBanust ObITI0 MTOIYYEHO, YTO pacpeieseHue
BEPOSITHOCTEH YMCIIa 3asIBOK HA OPOUTE B PACCMOTPEHHON MOJIEN SKCIIOHEH-

v
IIMATBHOE C TaPaAMeTPOM 3
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OBJIACTDb ITPUMEHVMOCTU
ACUMIITOTNYECKUX PE3VYJ/IBTATOB IIPU1
NCCJIEAOBAHUN MAPKNPOBAHHOI'O MMPP

C.B. ITaymnb, A. A. Hazapos, U. JI. JTanarun, X. A. By

Hayuonasvnoti uccaedosamenvcruti Tomekuti 2ocydapemeennbiti yrnusepcumen,
2. Tomcx, Poccua

B pabore paccmarpuBaeTcs MOI€sb IBYyMEPHOTO MAapPKUPOBAHHOTO
MMPP u pemaercs 3aava MOCTPOEHNS aITIPOKCUMATIIMI 9HUCTIA CO-
OBITHII, HACTYIIUBIINX B IIOTOKE 33 OIIPEeJEHHOe BPeMsi, KOTOpbIe
CTPOATCH HA OCHOBE PEAIM3AINN METO/Ia ACUMITOTUIECKOTO AHAJIN-
3a MMOTOKA B MPEIEIHHOM YCJIOBHM PACTYIIErO0 BPEMEHN HaDJIIoIe-
HHUF 32 HOTOKOM. KadgecTBO mpemespHBIX pacIpenesieHuil MoaTBep-
JKIaeTCd IyTeM WX CPABHEHWs C JOIPeNeIbHBIM PACIIPEIe/IeHIEM.
KurrogesBsle cioBa: mapkuposanmsiti MMPP, memod acumnmomu-
YECKO20 GHAAU3A, ANNPOKCUMAYUA DACTPEIEAEHUA BEPOATIHOCTIEY

Bsemenue

IIpoekTupys coBpeMeHHbIE MHOTOMOJATbHBIE HHTEPdEHChl, B KOTOPBHIX
OTHOBPEMEHHO IOCTYTIAIOT 3aIIPOChI PA3HOM MPHUPO/IbI, HEOOXOIUMO YIUTHI-
BaTb OCOOEHHOCTH IPOIECCOB IIPH MX COBMECTHOM B3ammopeiicrBuu. Ilpum
9TOM, MOJEJUPYS MOTOKK PA3PO3HEHHONW WHMOPMAIUU, BAYKHO BBIIEISTH
HEOOXOIUMBbIE BXOAAIIME coobImenus. s onucannss TaKuX HEOTHOPOIHBIX
OpPOLECCOB pa3paboTanbl MapkupoBaHHble notoku [2], [3], [4], [5]. B cumy
CJTOXKHOM CTPYKTYPhI TAKHX TOTOKOB HCCIEIOBATENHN MPUMEHSAIOT METO/IbI
AMHUTAIIMOHHOIO ¥ 9HCJEHHOTO MOIE/MPOBAHUS, PEATN3Ys KOTOPBIE YACTO
CTAJIKWBAIOTCS C TPOOIEMAMHU YBEJIUIEHUS PA3ZMEPHOCTH PEITIAEMBIX CUCTEM.
B pabote onuchiBaeTCs aCHMOTOTHIECKUI METOI, PeaIH3aIist KOTOPOTO JIJIs
OJIHO U3 KJIACCOB MapKUpPOBaHHbLIX TOTOKOB (MMPP) no3sosisier no/iydursb
JIOCTaTOYHO MPOCTHIE BBIPAYKEHUS [JIsT PACIPEIeIeHNsT BEPOATHOCTEH InC-
J1a COOBITHI, HACTYNHUBIINAX B HUCCIEIYEMOM IOTOKE 33 OIPeIeeHHOe Bpe-
M. O6J'IaCTb HTPUMEHUMOCTU aCUMIITOTUYECKUX PE3YJIbTATOB ONpeae/iderca
MyTeM CPAaBHEHUs C JIOTPEIEbHBIMU DACIPEICTIEHUSIMU, KOTOPBIE VIAeTCs
3ammcarb B WHTErPAJIbHOM BHUJIE.

WccnemoBanue BBIIOJHEHO 3a cueT rpanTta Poccuiickoro mayanoro ¢omga Ne 24-21-
00454, https://rscf.ru/project /24-21-00454/
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1. Maremarnyeckas MO/€eJIb

HBymepnbrit mapkupoBanubiiit MMPP 3aman reameparopom Q wnnabuHm-
TE3MMAJBHBIX XaPAKTEPUCTHK ynpasisomeil nenu Mapkosa m(t) ¢ nHenpe-
pesabiM Bpemenem; marpumavn A u A?) unrencusrocreii )\%) u )\Sfb)
HACTYILJIEHNs COOBITHUIT IEPBOTO ¥ BTOPOTO THUIIOB B 111-0M cocTosinun. CocTo-
aaug apymepaoro MMPP coBmagaroT co 3HadeHnAMU, KOTOPbIe TPUHAMAET
yupasisomas uenb Mapkosa m(t) B moment Bpemenu t. Korna asymep-
it MmapkupoBaaubiiit MMPP nepeiiner B cocrosinue v B MOMEHT BpPeMEHU
t,m, OH TPOOYIET B HEM 0 MOMEHTA t,;, {1 COTVIACHO TeHepaTopy WHMUHHUTE-
3UMaJIbHBIX XapakTepucTuk Q. B Tedenne 3Toro Bpemenu OyayT HACTyMaTh
COOBITHSI TEPBOTO W BTOPOTrO TUIIOB COMVIACHO IMArOHAIBHBIM MATPUIIAM HH-
rercusrocreil A1) u A coorsercrsenno. /laee B MOMEHT BPeMeHH
mapkupoBanubiii MMPP mepeiiner B HekoTopoe Apyroe COCTOSHHUE U IPO-
neaypa nosropurcs. O6o3HauuM mponeccs 1 (t) u ng(t) — amueno cobprruii
MEPBOTO U BTOPOTO TUIOB, HACTYIUBINNX B UCCJIEIYEMOM TIOTOKE 32 BpeMs t.

Onpezennm TpexMepHBIi MapKoBcKmii poriece {nq (t), na(t), m(t)}, mus
pacnpeeneHus BEPOSTHOCTEH

P (n1,n2,t) = P{n1(t) = n1,na(t) = na,m(t) = m} (1)
cocragum cucremy muddepernnansaerx ypasaernii Komvoroposa,

78137”(”81; "2, t) = — (/\grll) + )\5721)) Pm (nl, na, t)+
M
—|—/\5,1L)Pm(n1 —1,n9, t) + )\g)Pm(nl, ng — 1, t) + Z P, (Tll, na, t)Q'UTYL' (2)
v=0
Pemast nanuyio cucreMmy, MOJIyduM WHTErPAJIbHBIE (DOPMYJIBL JJI BHIAUCIIE-
HHSI MAPTUHATBHBIX PACIPEIETeHUN BePOITHOCTEH 9UCIa COOBITUH TEPBOTO
u BTOporo tunos, Hacrynusiux 8 MMPP.
Teopema 1. Pacnpenenenus BeposaTHOCTEH [mcia COOBITHII TEPBOTO
u BTOoporo Tunos, Hacrynusimux B MMPP 3a Bpems ¢t umeior Buz

P(?’Ll,t) =

1
— X
2T
'S ‘ . ng 1
% e—datn [ (AD _Q —ial) A® AD —Q—jal) eda, (3
Q- Q- )

—0o0
rne | = 1,2, j = /-1, r = [rp], m = 0,..., M — BexTOp CTanmuoHApP-
HBIX BEpPOSITHOCTEN cocrostumii memn Mapkoea m(t), ompenensieMblit cu-

CTEMOI JIMHEHHBIX aJIreOpanvecKuX yPABHEHUN W YCJIOBUEM HOPMHUPOBKH
rQ=0, re=1.
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Haxoxnenue 3HadeHuil 1moJiydeHHBIX pacrpejesenuii (3) Tpebyer 3arpar
MAIIXHHOIO BPEMEHH, KOTOpPOEe HE BCErJa HPUBOIMT K ONPEIETCHHBIM pe-
gysbraTaM. I103TOMY IOJIydUM IIPOCTBIE BHIPAXKEHUS JIJI IIPEJIEIbHBIX Pac-
[pe/ieJIeHU#l BEpOATHOCTEH 4mucja COObITHH, HACTYIUBIIHX 33 BpeMs t B
MMPP. Peanusyst MeTOJ, aCUMITOTUYECKOTO aHajIn3a, cucremy (2) mepe-
MUIIEM JIJI1 9aCTHIHBIX XapaKTEPUCTHYIECKNX (DYHKIMI

) [e%S)
Hm(ula uz, t) = Z Z er1n1 erZTLQPm(nh na, t)v (4)
n1=0n2=0
Beenem cremyiomme 0603HaUEHAS
H(“fl? U2, t) = {Hl (nh na,u, t)v ceey HM(nh n2,u, t)}7

8H(u1,u2,t) _ 8H1(U1,U2,t) aHM(Ul,’U,Q,t) (5)
ot ot T ot ’
3anuIieM 3a1a9Ty Komm B MATPpUYIHOM BHIE

8H(u1, Uug, t)

5 = H(ur,uz,){Q + (" — 1)AW 4 (e7"2 — 1)AP},

H(Ul,’UQ,O) =7r. (6)

Ilocnenuss cucrema OyIeT OCHOBHON B HAJbHEHITHX WCCIEIOBAHUIX.

2. AcumMnroTmueckuii aHAJIN3 YHUCJA 3a9BOK, HACTYITUBINNAX B
MMPP B npeneibHOM yCJOBUU PacTYIIEro BpeMeHu
HabJII0Je s

Paccmorpum cucremy (8) B LPeAeIbHOM YCJIOBUM PACTYIIEIO BPEMEHU
HAOJIOZEHNS 32 TTOTOKOM, KOTOPOE XapaKTepu3yercs 3amenoit t = 771, rue
T — HEOTPAHWIEHHO BO3PACTAIOMIAS MTOJOKUTEIBHAS BEINIUHA. JTO PABEH-
CTBO ONIPENIENIAET 3aBUCHMOCTH BPEMEHH § OT «MEIJIEHHOTO BPEMEHW» T, TAK
KaK i J000ro (pMKCHPOBAHHOTO 3HadeHus 7 > 0 3HaUeHne ¢ HEOTPAHM-
YEHHO BO3PACTAET.

Mero acMMITOTHYECKOrO aHAIM3a Peanu3yerca B asa rana. Ha nep-
BOM 3Tare BBoxuTcst obosHauenue 1/T = & | ryie € — MaJIblil MOJIOKNTETHHbIH
napamerp, B 3aja4e (8) BBIIOIHIIOTCA 3aMEHBI (€ = T, U] = €W, Uy = EWs,
H(uy,us,t) = F(wy,ws,T,¢). Ileppas 3amena onpezesser acCUMITOTHYE-
CKO€ YCJIOBHE PACTYIIEr0 BPeMEHH HaOJIOEHNs 34 JIBYMEPHBIM MAPKHPO-
BaunabiM MMPP, pu BbIO/THEHIT KOTOPOrO YUCIO COOBITHIM, HACTYTUBIIAX
3a BpeMs t, TaKyKe HEOTPAHWHYEHHO BO3PACTAET. [l KOMTEHCAIINN 3TOTO
HEOTPAHWIEHHOTO BO3PACTAHWUS BBITIOJIHAETCS BTOpas 3aMEHa, KOTOPas K-
BUBAJICHTHA PACCMOTPEHHIO KJIACCa Mponeccos eny (t) = eny (I),ens(t) =
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ENg (g), IS KOTOPBIX MOXKHO OXKHUJIATh CXOAUMOCTH Tipu € — 0. Peamm3ys
MEeTOJ, ACHMITOTHYECKOTO AHAJII3a HA TIEPBOM JTAIE CTPOUTCH MPEeAeTbHAs
xapakTepucruieckas QYyHKIMs, KOTOPYIO Mbl Oy/1eM HA3bIBATH ACHMIITOTHU-
KO 11ePBOI0 IOPS/IKA YUCJIa COOBITU IEPBOI0 U BTOPOI'O TUIIOB, HACTYIIHB-
mMUX B IByMepHOM MapkupoBanunom MMPP.

Teopema 2. Ilpespenbuas xapakrepucrudeckas Gyukuust hy(ug, ug,t)
YUCIAa COOBITHI TIEPBOTO W BTOPOTO THIA COODIIEHUI, HACTYMUBINNUX B JIBY-
MepHOM MapkupoBanHOM MMPP 3a Bpems t umeer By,

hi(uy,ug,t) = exp {ju1%§1)Tt —l—qu%%Z)Tt} ) (7

1) (2)

31€eCh BEMUIMHDL 3¢, U >, ONPENENAIOTCA PABEHCTBAMU
%51) = rA(l)e, %%2) =rA@e. (8)

OdeBugHO, aCUMIOTOTHKA NEpBOro mopsika hi(ui,us,t) ompenenser
cpeHue 3HAYEeHU %gl)t u %915 9HCITa COOBITHIH MEPBOTO W BTOPOTO THUIIOB,
HACTYIMBIINX B IIOTOKE 3a BpeMd t.

s mocTpoeHus MpeaesbHOIO PACIPE/IEIeHIs BEPOATHOCTEN peasn3y-
eTcs BTOPOii 3Tal MeTo/a acunTorndeckoro ananusa. Cucremy (8) meperu-
meM C y9eTOM 3aMeHBI

H(Ul, Uz, t) = exrp {jul%g)Tt + j'LLQ%%Q)Tt} Hg(ul, Uz, t)

Brenem oboznagenus 1/T = &2, u ¢aenaem 3aMeHbl te2 = T, Uy = ewy, Uy =
ewy, Ha(uy,us,t) = Fo(wy,ws, T,€). AHAIOrMYHO ACUMITOTHKE HEPBOrO
HOPsIIKA EePBast 3aMEHA, ONIPEIEISET ACAMITOTHIECKOE YCIOBIE PACTYIIErO
BpeMeHn HaOJIOAEHUsT 3a IMOTOKOM, IIPU BBIIMOJHEHHH KOTOPOI'O BO3pAacTa-
I0T HE TOJILKO 3HAMEHUS IPOIEccoB nq(t) U ng(t), HO TAKIKe BO3PACTAIOT U
3HAYEHNST [EHTPUPOBAHHBIX MPOIECCOB N1 (t) — %%Dt u na(t) — %%2)75. Hns
KOMIICHCAIITUH 3TOTI'O BO3PaCTaHUA BBIIIOJIHAECTCA BTOPadA 3aM€Ha, KOTOpad
9KBHBAJIEHTHA PACCMOTPEHUIO KJIACCA TIPOLECCOB

€ (nl(t) — %gl)t) =¢ (nl (é) — %g”i) , 1=1,2,

e2
JIJIS KOTOPBIX MOYKHO OYKMJIATH CXOJIUMOCTH Tipn € — (. Pe3ynbrarom mpume-
HEHUsI METOJA ACUMIITOTHYECKOTO aHAIM3a HA BTOPOM dTare OyIer moJryde-
HA MpeeIbHAS XapaKTEePUCTUIeCKasi (DYHKIUS 9rCIa, COObITHI, HACTYTIHB-
IIIUX B UCCJIEYEMOM MTOTOKE, KOTOPYIO OyIeM Ha3bIBaTh ACUMIITOTHKOMN BTO-
poro nopsijika. OTMerumM, 9T0 ACUMITOTHKY IIEPBOIO U BTOPOIO MOPSIKOB
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paccMaTpuBaEeMOro MeTO4d ACUMITOTHUYECKOIO aHAJN3a AHAJOTUYHbBI 3aKO-
Hy OOJBIINX YUCET W EHTPATBHON IpeaeabHON TeopeMe TEOPUU BEPOSATHO-
creii.

Teopema 3. Ilpenenbras xapakrepucrudeckas Gyukuus ho(uy, ug,t)
YUCsIa COOBITHI MMEPBOrO W BTOPOrO THIIA COOOIIEHUi, HACTYIUBININX B JBY-
mepaoM MapkupoBanHoM MMPP 3a Bpems t umeer Bu,

ha(u1, us,t) = exp {julzgl)Tt —|—ju2%£2)Tt+

(ju1)® () (juz)?

+ Tt+2%§2)Tt+ju1-ju2-%12Tt}. (9)

1 2
31ech BETMYHHDI %§ ) %g ) OMpeneNTIOTCA paBeRCTRAMT (10), BesamUIMHBI

(1)

2
7, %é ) u 12 — PaBEHCTBaMu

%él) =2g;AWMe + %El)

%52) = 2g2A(2)e + %52),
sz = g1APe + goAMe, (10)

BEKTODBI g U o SBJIAIOTCSH PEIIEHUSME CHCTEM JIMHEHHBIX AIre0panIecKux
ypaBHEHU

ng:r(xgl)I—A(l)>7 ge=0,1=1,2 (11)

Ilony4unnu, 9ro npenesbHOE paclpeesieHne BEPOATHOCTeH Incsa coobITuii,
HACTYTUBITUX B JAByMepHOM MapkupoBanuom MMPP, Moxkno anmpokcu-
MHPOBATh JBYMEPHBIM TayCCOBCKUM PACHpeeIeHIeM C aCUMITOTHIeCKIMA
CcpeHIMNI %ﬁl)Tt u %%2)Tt, JIACIepCUAMHA %él)Tt u %ég)Tt U KOBapHUAIlU-
eit 15Tt amcaa coObITH MEPBOr0 W BTOPOrO TUIIOB, KOTOPbIE HACYIIAIA B
TMOTOKE 3a BpeM4d t.

Ha ocHOBe N1ByMepHOTO pachpejesieHus He CJIO0KHO TOJYyIUTHh MapTrh-
HaJIbHBIE PACIIPE/IeJIEHIs] BEPOSTHOCTEH YrCia COOBITUI IEPBOIO U BTOPOTO
THUIIOB, ANMIPOKCUMAIUN KOTOPBIX CTPOSTCH 10 (hopmysie

_ p(ng) _
P(ny) = 72;,::029(”[), 1=1,2, (12)

rae p(x1, o) — NpeesbHas OJHOMEPHAs IayCCOBCKas MIOTHOCTh pacIpe/ie-
JIEHHUsI BEPOATHOCTEI Yncjia cOObITHil [-ro Tuma.
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3. YwucienHsbiil npuMep

st momenu aBymeproro mapkupoBaraoro MMPP 3amamum marpuiist

-1 0,4 0,6
Q=102 -0,5 0,3 |, T=30,t=1,
0,3 0,4 —0,7
1 0 0 0,7 0 0
AD=102 0 |,A®=| 0 08 0
0 0 3 0 0 2

AcuMmnToTHYeCKHe XApAKTEPUCTHKH HPUHEMAIOT —CIEAYIOIIUE 3HAYCHHS
ATt = 64,87, VTt = 36,33, VTt = 90,04, VTt = 55,71 u
12Tt = 16,27. I'paduku, WILTIOCTPUPYIOIINE CPABHEHNE MOCTPOEHHBIX All-
npokcumarumit Plas(n), P2as(n) pacupenenenus BepOSTHOCTEH duCIa 3a-
SIBOK JIBYX THIIOB C JONpenesibHbiMU pacupeaenerusaymu Pldop(n), P2dop(n)
IpPEeJCTaBICHbI Ha PUCYHKE 1.

0.0451 0.0541
0.0411 0.048

0.0361 0.042+

0.0321 0.036

b P2dop(n)

0.027
0.023¢
0.018

i 0.018+

0.009 0.012

0.005 0.006
) > o , >
0 10 20 30 40 50 60 70 80 90 100110120 0 10 20 30 40 50 60 70 80 90 100110120
—0.005+ 0.006

o

Puc. 1. CpaBHenne anmmpoKCUMAIiil pacipe/Ie/IeHnii BEpOSTHOCTEN IUCIa COOBITHIA
ABYX THUIIOB C AONIpeAebHBIMHU pacIpeeleHudAMU B IBYMePHOM MapKHPOBAHHOM

MMPP

ITonydennbie ducaeHHbIE PE3yIbTATHI FOBOPAT O JIOCTATOYHO BBICOKOMN
TOYHOCTU HPEJIOKEHHONH TaycCcoBCKON ammpokcumaruu. C yBenudeHuem
3HaYeHU BpeMeHU ¢ TOYHOCTb I'ayCCOBCKOW AIllIPOKCUMALUU €CTECTBEHHO
TIOBBIMIIAETCA B CHJIYy TPEIeTbHOTO ycaoBus. IIpu Maabx mapaMerpax t pe-
KOMEH/IYEeTCS TOJIb30BATHCS JOMPEIEIbHBIMA WHTErPAIbHBIMA (DOPMYyIaMu
A7 HaXOXKJIeHUs MapTrUHANbHBIX PacIpeeeHuil BEepOATHOCTEN ducia co-
6biruit B 1BymepaoM mapkuposannom MMPP 8 suze (3). Ilpu nocrarouno
60JIbIINX 3HAYEHUSX BPEMEHH { peasiu3alius YUCIE€HHBIX aJrOPUTMOB Ha-
XOXKJIEHUS PaCIpe/ieIeHNsd BEPOATHOCTE CTAHOBUTCA TMPAKTUYECKW HEBO3-
MOXKHBIM, ¥ B 9TOM CJIy9ae IEeIeCO00Pa3HO MPUMEHEHNE aCHMITOTUIECKITX
pPE3yIbTATOB.
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3akJiroueHue

B pabore BBIIOTHEHO UCCAEIOBAHKUE JIBYMEPHOI'O MAPKHPOBAHHOIO
MMPP. Haiinenbr pacupe/iesieHus BEPOATHOCTEH THCIa COOBITUN JBYX TH-
OB, HACTYTUBIINX B TIOTOKE 33 BpeMs . DT pacrpeeseHns HalIeHbl KaK
B JIOTIPEIEJIbHON CUTYaIluu B BUIE JTOCTATOYHO CJIOKHBIX BBIPAYKEHUIA, IUC-
JIEHHAs Pean3aliis KOTOPBIX TPeOyeT 3HAYUTETbHBIX 3aTPAT MAIIMHHOTO
BPEMEHHU, TaK U B IPEIETLHOM YCJIOBHY PACTYIIErO BPEMEHN HAOIIOIECHIUS 34
norokoM. [lokazaHo, 4T0 ACUMITOTHYECKUE PACIPE/IETEHUs] BEPOITHOCTEH
SIBJISIOTCS TQYCCOBCKUMY U OTIPEIESTIOTCS HECIOKHBIMU BBHIPAXKEHUSIMU.
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G-CETb C JOXOJAMU KAK MOJIEJIb
KJIACTEPHOII CUCTEMBI

T.B. Pycunxo, . A. CanbHukoB

I'podnencruts zocydapemeennot yrusepcumem umernu Anku Kynaav, 2. I'podro,
Beaapyco

Crarbs HOCBAIEHA UCCJIEJO0BAHUIO U AHAJIUTUIECKOMY MOE/IUPOBa-
HUIO KJIACTEPHOM CUCTeMBbI. 3AMKHyTast 1o cTpyKType (G-ceTh Macco-
BOrO 00CJ/IyKUBaHMS C 3AIIPOCAMU TIOJIOKUTETHHOTO U OTPULIATE b
HOI'O KJ1aCCOB HpI/IMeHHeTCH JJIA HOCTpOeHI/IH MaTeMaTI/I‘IeCKOﬁ MO-
JeJIM KJIACTEPHOII CHCTEMBI IPHA ydYeTe HEraTUBHOTO BO3ICHCTBUA
BPEIOHOCHOTO KO/Ia M OMIMOOK HA ee y3/bl. [eHepupyeTrcss MHO-
JKECTBO JIOXOMIOB B 3aBUCHMOCTH OT HAITPABJIEHUS] MTAKETOB MEXKIY
y3mamu kjaactepa. llomyueno muddepennmaabHoe ypaBHEHUE TsT
paccuera JI0X0a KJIACTEPHOM CUCTEMBbI 32 BpeMs ¢ PU U3BECTHOM
HaYAJIBLHOM cocTostHuu. llenpio paboThl SIBISIETCS pacUeT I0X0ma,
TeHepUPYeMOro KJIAaCTEPHON MOIEJIbI0 B ACHMIITOTHYMECKOM CJIydae
6osbiroro gucsa obpabarbsiBaeMblx 3ampocoB. KiiroueBbie cJjioBa:
cemv Mmacco6020 obeayscusanud, G-cemv, cemv ¢ dorodamu, Mme-
mo0d ACUMNINOTNUNECKO20 GHAAUIA, KAGCTNEPHAA CUCTILEMA.

BBenenue

Cucrembl, npenHA3HAYEHHBIE I8 MAPAJIETbHON OOPabOTKM JAHHBIX,
HMEOT LIMPOKOE PaclpocTpaHeHre. B OCHOBE TaKUX CHUCTEM JIEXKUT 0Opa-
00TKa HOCTYHAKNMX 334849, JTH 33491 [OCTYIIAIT Ha Y3JIbl CUCTEMbL, 38~
MpammBasi pecypchl st 0opaborku. OIHUM W3 CPEICTB MOIETUDOBAHUS
TaKUX CUCTEM SIBJISIOTCS CETH MACCOBOTO OOC/IyKuBaHWsA. B maHHO! crarbe
MOCTPOEHA MOJENb KJIACTepHO# cucreMbl. Kitactep — 9TO CBA3aHHBIN Ha-
60D BbIYUCIUTEJNbHBIX CUCTEM (KOMIILIOTEPOB), UCIOJb3yEeMbIil B KauecTBe
00beIMHEHHOI'O BhIYUCIUTEILHOIO PECYPCA.

MapKOBCKUIl HPOLIECC CJIYKUT MATEMATHUYECKOW MOJEJIBI0 IIPU UCCJIe-
JOBAHUM CJIOXKHBIX cucTteMm. P. XoBap/ nucciegoBaja MapKOBCKHH MPOIece ¢
HEMPEPBHIBHBIM BPEMEHEM B TPEIIIOOXKEHUHN, 9YTO OH MMOJIYy9aeT BO3HATPAXK-
nenve (moxox) B R;; ycioBHbIX enummmrl (y.e.), KOLJa CHCTEMa COBEPIIAET
[EPeXOJ, U3 COCTOSHUS i B COCTOAHUE j, § # j, a TaK¥kKe MOJIy4aeT JOXO.T
B pa3mepe R; y.e. 3a eauHuIly BpeMeHH HPeObIBAHUSA B COCTOAHUU 1. XO-
BapJ, HA3BaJ TAKO MPOIECC «MAPKOBCKUM TIPOIECCOM € BO3HATPAXKICHUSI-
mu (moxomamm)» [1]. KoHuenius MapKOBCKUX MPOIECCOB € JIOXOJaMK ObLIa
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ucnosb3osada M. A. MarajblnKuM 151 OIPeIeJIeHUsl CETH MaCCOBOrO 00-
cnyxkuBanus (CeMO) ¢ goxogamun — HM(Howard—Matalytski)-ceru [2, 3].
G-ceru — 310 0600mmenabie CeMO ¢ HECKOIBKUMHU THUIIAME 3aIPOCOB
(3a4BOK), B 4ACTHOCTH LIOJIOZKUTE/IbHBIMU U OTPULATE/IbHbIMY 3asiBKamu. G-
ceTH BIepBble OBIIN HpeCTaBIeHbl 1 u3ydeHsl J. Lenente [4]. O6macTs mx
MPUMEHEHUsT — MOJIEJIMPOBAHNE BBHIYUCIUTEIbHBIX CUCTEM U CETEH, OIIEHKA
UX NPOU3BOAUTEIBHOCTH, MOJIEJIUPOBAHUE HEHPOHHBIX ceTeil u apyrue [3].
Henbio ganHON paboThL ABISETCS AHAJN3 JTOXOI0B, TEHEPUPYEMbBIX KJla-
crepHOil Moiesibio. C 3T0l LE/bi0 IPOU3BOAUTCA ACUMIITOTHYECKUI aHA U3
3aMKHYTOH SKCITOHEHIMAIBLHON G-CeTw ¢ BO3HATPAXKIECHUSIMHU C HCIOJIB30-
BAHUEM AINMPOKCUMAIMOHHOTO MeTona uccaemoBanns CeMO mpu kpurnde-
CKOM TIPEIIONIOKEHUH O OOIBIIIOM, HO OTPAHNIEHHOM UHCJIe 3aIpPOCoB [6, 7).

1. Onucanue mogesiu. IlocranoBka npobiieMbl

Paccmorpum KitacrepHyto cucTemMy, KOTOpasi BKIIOYAET B ¢eOsT BHIYUCTU-
TeJIbHBIE YCTPONCTBA, BBHICTYMAIOIINE B KAYECTBE OTIPABUTEJIEH, IOTydaTe-
Jiell 1 00PabOTYUKOB JAHHBIX. YCTPOUCTBA OObEIUHAIOTCA B CETEBYIO CTPYK-
TYpy C TOMOIIBIO JIMHUI CBSA3WM, TAKUM 00pPa30M B OCHOBE KJIACTEPA JIEIKUT
ceThb TepeJiadn JaHHbIX. B cern nepenada nHdOpMaImum mpouCcXoIuT MOCPeI-
CTBOM OT/IEJIbHBIX MAKETOB JIAHHBIX, TP 3TOM CKOPOCTH MEpeIadu JAHHBIX
[0 KaHAJaM, MPOIECCHHT W HAIPABJIEHUE MAKETOB MMEIOT CBOM OIPAHUYe-
nus. B kjnacrepHOil cucremMe MOryT [epeaBaThCs MOJIE3HbIE JTAHHBIE, [TOTe-
PABIINE AKTYAJBHOCTH UJIW TIOBPEK IEHHBIE 3aTIPOCHI, & TAKYKE BPEIOHOCHOE
nporpammMuoe obecrieuenue (I10). IIpeamonaraercs, 9To mpuem u 00paboTKa,
MOJIE3HON MHMOPMAIINN TPHHOCUT HEKOTOPBINA JTOXO/, a BBHIMOJHEHHE HEeaK-
TyaJdbHBIX 337[@9 U BPEIOHOCHOTO KOJa MPUBOIUT K morepsM. B kadectBe
MOJIEJTH KJIACTEPHON cucTeMbl npuMensiercss G-ceTb ¢ JI0XOTaMu.

B ocHOBe mMaTemamnueckoil MOIEIN JIEKUT 3aAMKHYTAsT SKCITOHEHIINAIb-
Hasg G-ceTb W3 KOHEYHOrO YHCId Y3J70B Sp, Si,..., Sp. Mexay y3mgamu
nupKyaupyer (GUKCHPOBAHHOE YHCI0 K 3ampocoB, COOTBETCTBYIOIMIUX IT€-
peraBaeMbiM Ha 00PabOTKY JAHHBIM. Y3ei Sy npejacraBiasger coboit IS-y3en
(Infinite Server). IS-y3es urpaer posib «BHeIIHEl CPeAbl» UM KOHEYHOI'O UC~
rouruka K 3anpocos. Y3ei Sy reHepupyer IIyacCOHOBCKUIT IIOTOK 3aIPOCOB
C MHTEHCUBHOCTHIO A\gkq, TJIe A9 — MHTEHCUBHOCTH TIOTOKA, k) — KOJIUIECTBO
3ampocoB B y3ie Sy. Bxoasmmii moToOK JeINTCA Ha TOTOK TOJI0KUATETHHBIX
U OTPHUIATETHHBIX 3aTPOCOB. OOBIYHBIE 3ATPOCHI OTHOCITCS K MOJIOKUATE b=
HOMY KJIACCy, & HOBPEXKIEHHDIE, YCTAPEBIIUE WU COMEPIKAIINE BPEIOHOC-
noe I1O mpunaurekar K OTpUIATEIHBHOMY KJIACCY. BEpOgTHOCTD HPUXOJA
MOJIOYKUTETHHOTO 3aMpoca 38 KOPOTKUI MPOMEXKYTOK Bpemenu At paBHA
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Nokopd; At + 0 (At), B TO BpeMst Kak BEpOATHOCTD MPUXOJIA OTPHTATETLHOTO
n

3ampoca cocrasnsier Aokopy; At + o (At), i =1,n, > (pa'i + po_i) =1.
Kaxkaprit y3esm KiacTepHOH CHCTEMBI chTaechlﬂ CACTEMOH MacCOBO-
ro obcayxupanusg S;, i = 1,n, uMeeomel m; JUHUN OOCTYKHBAHHAA W
O6eckomeunblii 6ydep. BeposrHocTh 3aBepimneHuss OOCTYyKUBAHUS ITOJTOXKH-
TEJIbHOIO 3alpoca B y3Jie S; 3a KOPOTKMII uHTepBa/ Bpemenu Al paBHA
w; min(my, k; ) At + o(At), rie k; — 4ucsio 3ampocoB B y3ie S;; BEpOsSITHOCTh
3aBepIeHus O0C/IyKuBaHus IBYX u Oosiee 3ampocos pasHa o(At). Cobbi-
THS 3aBepiieHns: OOCTYKUBAHNS 3aIIPOCOB B PA3HBIX Y3JIaX CETH SBISTIOTCS
B3aMMHO HE3aBHCHMBIME. 3anpochl obcaykupaiorcs no npasuiay FIFO. Ko-
/1 3a0POC 3aBepInaer 0bCayKUBaHUE B y3Jie S;, OH MIHOBEHHO [IE€PEIACTCs
B y3ea S; KaK TMOJOXKHTEILHLIH ¢ BEPOATHOCTHIO pjj WJIH OTPUIATETHHBIH
C BEPOATHOCTBLIO P, UHade oH unepejaercd B IS-ysen Sp ¢ BepoarHOCTBIO
n

ph=1-> (p;; +pi;)s i # Jy 4,§ = 1,n. Orpunarensubie 3anpocsr, npu-

Jj=1
ObIBatoIUE B y3eJ1, He 00CayRkuBaroTcsa. OTPUIATETbHBIN 3aMIPOC, MPUOBIB-
muit B y3ea Sy, i = 1, n, ygajadeT OfuH HOJI0KATEIbHLIN 3aIIpoC U3 TOrO 7Ke
y3/a u 06a OHU HeMeJIeHHO nepenatorcs B [S-y3en Sy.

Cocrosinue ucciemyemoit G-ceTu ONUCHIBAETCH N-MEPHBIM MAPKOBCKUM
[IPOIIECCOM C HEIPEPBIBHBIM BPEMEHEM M KOHEYHBIM MHOXKECTBOM COCTOSHUN

k(t) = (k1(t), k2(t), ..., kn(t)), nme k;(t) — KOTMUIECTBO 3aMTPOCOB B y3ie .S;
n
B MomenT ¢, 0 < k;(t) < K, i=1,n,t € [0,+00), ko(t) = K — > ki(t).
i=1
[Ipeamonoxkum, aro onmcannas sbime G-cerb 3apabarbiBaeT Rjj y.e.,

KOI'/Ia TIOJIOXKUTEILHEIN 3aIpOC MepexoiuT U3 y3ia S; B y3el Sj, a TakxKe
Ri_j y.€., KOT/Ia OTPUIIATEIbHBIN 3AITPOC COBEPIITAET TAKOM Ke Tepexo, i # 7,

1,7 = 0, n. MbI Ha3pIBaeM R;rj n Ri_j «JIOXO/TAMU », CBA3aHHBIMU C TIEPEXOTOM
TOJIOKUTETHHOTO W OTPHUIATETHHOTO 3aIPOCa, COOTBETCTBEHHO, U3 S; B S,
R(k) — noxon B enunully BpeMeHu IepeObIBaHUs [IPOLECCA B COCTOAHUA K.
Nurepecyer Bompoc: KakoB Oyjer okumaembiii poxon G-cern depes Bpemsi
t,t € T, ecan ceituac oHa HAXOAUTCH B cocrogamuu K.

2. Acumnrornueckuii aHaians G-ceru ¢ moxogamu

OO6mmast 1meap aCUMITOTUYECKUX METOIO0B B TEOPUM MACCOBOTO ODCITY K-
BaHUs — U3yYEHNE MPOIECCOB O0OCTYyKUBAHNS B CUCTEMAX U CETIX MACCOBO-
r0 00CTyKUBAHUS ITyTEM HAXOXKACHUS JJI HUX MTOJXOIAIINX TPUOINKEHUH
OPU HEKOTOPOM KPUTUYECKOM (IPEIEIbHOM) MPEIIOI0KEHNY.

I/ICHOJ'II)SyeMaH B Ka4deCTBE MOJEJN 3aMKHYTad 3KCIIOHEHIHaJbHadA G-
CEeTh C JOXOJAMU UCCIEAYETCS B ACUMITOTUYECKOM CJIyYIae DOJIBIIOTO YHUCTIA
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sanpocos K. OcylecTBiieH npe/iebHbIil epexos, 0T MapKOBCKoii nenu k()
K HENpepbIBHOMY MapKOBCKOMY mporeccy (t). Maremaruueckuii momxon,
HCIIONb3YEeMbIH B JaHHOW paboTe OCHOBAH HA JAUCKPETHOW MOIEIN HEmpe-
PBIBHOI'O MapKOBCKOI'O 1pouecca [8].

Iycrs V (k,t) — obummit oxkumaemsrii 10xo1 G-ceTH, KOTOPBIii CeTh MOITy-
9UT 33 BpeMs ¢ Ipu HadaabHOM cocTosianu k. JIjist IoTHOCTH 10X01a B CIIy-
4ae aCUMIITOTUYECKON alPOKCUMAIMU UCHOJIb3yeTcs obo3Hauenue v(X,t),
X — HavaJIbHOE COCTOsiHME, ¢ — ocrasiieecs BpeMs. Ilycrb () — byukius
Xesucaiiga, goompeaerennas npu x = 0 3uadenuem 0. B manpueiimem uc-
nmosb3yercs Meroauka ucciaemosanns CeMO nmpu K — oo. B takom ciryuae

nporecc _(t) = (’“T(t), kigt)7...,k"T(t)) 3a7aeT cocrosHue cetu. Ilycrh 1

15

T B r(x) — mapaMerpbl J0X0/a Ha eJIUHHUIY TPOCTPAHCTBA COCTOAHMI (1)

Teopema 1. B acuMmTormdeckKoM ciiydae OOJBIIOTO UHC/Ia 3AIIPOCOB
K dynkmus mmorHOCTH BO3HArpaxkaeHus v(X,t) IpPH yCIOBHH, 9TO OHA
muddepeHIupyeMa, 1o ¢ U IBayKIbl HEMpepbiBHO auddepeHimpyema mo x;,
i = 1,n, yaosaersopsier ¢ ToaHocThio 0(¢?) = 0(1/K?), rne € = 1/ K, 06006-
IMIEHHOMY MHOTOMEPHOMY oOpaTHOMY ypaBHeHuio Komamoroposa:

M = — iAi<X,t) aU(X7 t> + % i Bij(X7 t) 82U(X7t) + q(X), (1)

ot - SOz 2 Ow;dx;
Ai(x,t) = zn: o min(ly, 25)(pg; — pj; + 65i)+
j=1
+ 1y min(l;, ;) zn:PZj(l —0(x;)) — A (1 - zn:ffz> (Poi = Poi)
j=1 i=1
Bii(x,t) = z”: g min(ly, ;) (pf; + p3; + 650)+
j=1
+p; min(l;, ;) znjpfj(l —0(x;)) + A (1 - zn:$1> (pd; — poi) »
j=1 i=1

Bij(x,t) = pimin(li, z;) (py; — p3) 0 # J»

q(x) =r(x) + K Z pimin(li, ;) (pri + piyri; (2 — 0(x5))) +
ij=1

+ Z/«Li min(l;, z;)pjri + ZA (1 - Z%) (pdira: +P0i7"o,-)> )
im1 i—1 i—1
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rae 0;; — mensta Kponekepa.

3. MaremaTtu4deckasi MOA€eJb 0XKHUJIAEMOT0 JI0X0/1a

Pemenue ypasuenusi (1) sarpyauuresvHo. B cBsasu ¢ stum 1peby-
ercs psiJ mocjaenyomux npubimxkenuit. QdeBugHO, 9TO KO3 dUIHEH-
TBI m/ubcbysnn B;;(x,t) ypasuenns (1) uMeOT HOPANOK €, TOLNA UI€H

Zle (x,1) %;’%‘xt) B ipagoit wactu (1) aenserca O(e?). Bnauur, ¢ Tou-

i,

HOCTBIO /10 4ieHoB nopsaka O(e2) mIoTHOCTD 10X0/1a 3a1aeTCs ypaBHeHHeM:

Pl - -3 A 220 g, ©)

Nurerpupys miornoctsb v(X,t) B npenenax n-mepHoii obaacru D, D C
X, monydaem oOIIHii 0XKUIAEMBIi T0XO0M, KOTOPBIi ceTh 3apaboTaer 3a Bpe-
M3 t IPU HAYAJIBHOM COCTOSHUM X € D:

t):// /v(x,t)dx
D

Ipumenss 3o npeobpaszoBanue K obeum dactaMm (2), UCIOIb3Ys [PABUIA
MHTEerpupoOBaHusi, HHTErPAJIbHOE paBuio Jleiitbnumna, auneitnocts ko3 du-
nuentos A;(x,t) 1o x u rpannunoe ycaosue A(x,t)v(x,t) = 0,x € I'(D),
rae I'(D) — orpakaromasi rpanuiia obgactn D [8], Mbl mosyvaem OOBIK-
HOBEHHOE JinHeliHOe auddepeHnnaabHoe YPpABHEHNE TIEPBOT0 MOPSAIKA 11
oXKujaeMoro Bouarpaxenus Vp(t):

Dyt = ;8‘48; 0+ / [ e 3)

1

VYpasuenue (3) — MareMaTHuuecKas MOJEID JJIsd PACIera 0KUJAEMOro JI0X0-
Ja KiacrepHoii cucremsl Vi (t) npu uzsectaom Vp (0).

[To anajioruu ¢ MEHTPOM TSKECTH MATEPUATHLHOTO Tesia D B husnke Mbl
MOKeM HalTH TOYKY PaBHOBECHH OXKHJIAEMOro J0X0/a, Korjaa X € D:

610 kg f [ e
D

3akJiroueHne

B mannoit pabore npeacTaBaeHa aHATATHIECKAS MOJIEh KJIACTEPHO Cr-
creMbl. AHA/IN3 ee JOXOTHOCTH TPOU3BEIEH Ha OCHOBE 3aMKHYTOM IKCITO-
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menrmaabHO G-cetu ¢ goxomamu. Ilocsie10BaTeIbHOCTD JOXOMOB, CO31aBa~
eMasi CeThbI0, BOSHUKAET 34 CUET IepeIadn 3arpOoCcoB Mexay y3iaamu. IIpes-
CTaBJIEHBI PE3yJIbTATHl MATEMATUIECKOIO MOJIEJIMPOBAHNS, KOTOPbIE ObLIN
UCIOJIB30BAHbL JIJIs IPOrHO3UPOBAaHMs ODIIEro oxKupaeMoro poxoma G-ceru
KaK (DYHKIIMK OCTABIIETOCS BPEMEHW f, KOTIa W3BECTHO HAYAJIBHOE COCTOSI-
HUE CeTH.
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ACUMIITOTUYECKUI AHAJIN3 CUCTEMBI
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Tomcxuti 20cydapemeennviti ynusepcumem, Tomex, Poccutickas Dedepayus

B pabore upeyiaraercs MareMarudecKas MO/IE€JIb CUCTEMbLI MACCO-
BOTO OOC/Ty’KUBAHUS C HEOTPAHUYIEHHBIM YHCJIOM TPUOOPOB, BHICO-
KOWHTEHCUBHBIM HECTAITMOHAPHBIM BXOISANIAM ITOTOKOM U ITapaMeT-
pamu O6C/Iy>KUBAHWS, 3aBUCAIINMIA OT BpeMmenu. /I pacrpesesie-
HUS BEPOSATHOCTEN 9HC/Ia 3asdBOK B CHCTEME COCTABJIEHA, CHCTEMA
mnd dbepennuanpubix ypasaeruii Koamoroposa. Beimossen acum-
TOTUYIECKUI aHAJIN3 MOJYIEeHHONU CUCTEMBI B YCIIOBUAX BBICOKOM WH-
TEHCUBHOCTH BXOISAIIEr0 MOTOKA. II0Ka3aH0, 4TO Ipe/ie/IbHOE pac-
mpeseieHne YUCIa 3aHATHIX MIPUOOPOB SBJISIETCS HECTAIMOHAPHBIM
TayCCOBCKWM. B IOMpeneslbHOM WCC/IEIOBAHUN AHATUTUYECKH TIO-
JIy9€eHO, 9TO pacCIpeiesieHre UNC/Ia 3aHATHIX MPUOOPOB SBJISETCS
myacconoBckuM. Paccrosinme Kosmoroposa Mex 1y rayCccOBCKOM ari-
TPOKCUMAITHEN W TIyaCCOBCKUM PACIIPEIEJIEHUEM SIBJISIETCS BIIOJIHE
npuemisiembiM. Keywords: cucmema maccoeozo obcayoscueanua ¢
HE02PAHUMEHHM YUCAOM NPUBOPOS, BBLCOKOUHMEHCUBHDBIT BL00A-
WUl NOMOK, 20YCCOBCKAA ANNPOKCUMAYUUA, NYALCCOHOBCKOE PACTPE-
denerue.

Bsenenue

B macrosmee Bpems B CBA3U ¢ pa3BuTHEM IU(MPOBLIX U HEHPOCETEBBIX
TEXHOJIOTUil AKTYaJIbHBIM CTAHOBUTCS BOIIPOC MCCJIEIOBAHUA CUCTEM OOCTy-
JKUBAHUA C [APAMETPAMHU, M3MEHSAIONIMMUCH LOJ, BO3JEHCTBUEM TEX HJIH
uHbIX akropos. Tak, HampuMmep, B padore [1] W3ydeHBI cHCTEMBI 00CITY-
JKUBaHWs, TTAPAMETPBl KOTOPBIX 3aBUCAT OT 3HAYEHHUIT yNPABISIOMIAX CIIy-
YaiiHbIX mporeccoB. B paborax [2-3] mpeZcTaBieHbI CHCTEMBI, apaMeTphl
(byHKIMOHMPOBAHWST KOTOPBIX - ECTh NEPUOANIECKUe (yHKINK, 3aBUCSIINE
or Bpemenu. B pabore [4] MoxkHO HaiiTu uccienoBanne GECKOHEYHOJIMHET-
HOM CHCTEMBI MaCCOBOTO OOCITY>KMBAHNSI C HECTAIMOHAPHBIM TTYACCOHOBCKUM
MOTOKOM, KOTJIa WHTEHCHBHOCTH BXOJSIIIErO MOTOKA 3aBUCHT OT BpeMeHu. B
pabore [5] mpeCTABIEHO HWCCIEI0BAHNE PA3INYHBIX MOJeseil 6eCKOHeTHO-
JIMHEHBIX CHCTeM OOC/Iy?KUBAHWS ACHMITOTHYECKMM METOAOM. B maHHOlM
pabore paccMOTPHM CHCTEMY OOCIy’KMBAHUS C HEOIDAHUYEHHBIM HYHCJIOM
upubOPOB, HECTALMOHAPHBIM BBICOKOMHTEHCHBHDBIM I1yaCCOHOBCKUM BXO/isl-
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IIIUM TOTOKOM U TapaMEeTPaMHU OOC/IYKUBAHUSI, OMMCHIBAEMBIMU TTEPUOIAIE-
CKAMHU (PYHKIHSIMM.

1. Onucanmne MmareMaTu4ecKomn Mo/JeJin

PaccmorpumM cucremy MaccoBoro OOCTy:KMBAHHSA C HEOIPAHUIEHHBIM
qucjoM npubopoB, Ha BXOJ KOTOPOH MOCTYyIIAeT HECTAIMOHAPHBIN IIyacco-
HoBCKHi [6] ¢ mapamerpom NA(t) mOTOK 3asBOK, rae N — HEKOTOpBIH mMa-
pamerp, MPUHUMAOIIMA JOCTATOYHO OOJIbIINE 3HAUEHHsI. 3agBKa, MOCTY-
OUBIIAS B CUCTEMY, 3aHUMAET CBOOOHDIN pUOOP U HAYMHAET HEMEIJIEHHO
ob6catyKuBaTbesi ¢ uarencuBHocThIo () . Ilo 3aBepinenun obciryKuBaHus
3asiBKa HOKKUJAeT cucremy. duciio 3asBoK B cucreme obo3nauum i(t).

O6osznaunm P{i(t) = i} = P(i,t). B a1060#f MOMEHT BPEMEHM IOJIIKHO
BBILOJIHATBCS YCJIOBHE HOPMUPOBKE » .o P(i,t) = 1. [lns pacupezenenns
BeposiTHOCTEl P (%, t) MOXKHO COCTABUTH cucTeMy Aud depeHImaibHbIX ypaBs-
mennit Kommoroposa:

% = —NXt)P(0,t) + u(t)P(1,1),
AP (i,t) _

B —(NA@) +ipt)P(i,t) + NAX@)P(i — 1,¢)+

(i + Du) P+ 1,8). (1

Hast uccnenoBanust cucrembl (1) mepeiiém or BepositHocreit P(i,t) K
XapaKTEePUCTHIECKON DYyHKIHN:

o0
Z 6J7“P (i,t),

1=0

rae j = v/—1. 3arem mozenuM JeBywo u npasyio dactd Ha N, cucrema (1)
OpUMer BUI:

1 aH(uv t) —Jju /J‘(t) aH(ua t) ) . (2)

N o = (7 —1) <)\(t)H(u7t) + je N Bu

2. AcuMnroTruka HepBOro mopsaka

B cucreme Buma (2) BbIIOAHUM ciepyiomue 3aMesl: 1/N = eu =
ew, H(u,t) = Fi(w,t,&), B pe3yabTaTe nMeem:

E(‘)Fl (w,t,s)

Ey = (ef*v —1) ()\(t)Fl(wJ,a) —i—je_jswu(t)wl}m) . (3)

ow
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Ob6o3naunm: liH(l) Fi(w,t,e) = Fi(w,t).
E—r

Hcnonn3yeM pasioxkenne GyHKIHA /5% B pan Teitiopa ¢ TOTHOCTBIO 10
O(&?), momenmm JieByio W TpaByio 9acTh (3) Ha €, BBLIOIHUM TpeICTbHBIIT
nepexos mpu € — 0, moydmm:

8F1 (w7 t)

BT (4)

=Jjw (A(t)Fl(w,t) +jﬂ(t)‘9Fl(“”t)> )

ow
B (4) sumomnnu 3ameny Fi(w,t) = /%) Gynem nmers:

2(t) = A(t) — p(t)x(t). (5)

Ionyunnn nwreitnoe meompopomnoe auddEepeHInaIhLHOe yPABHEHHAE
nepBoro nopsiaka [7]. [losaraem, 9To B HAYAIbHBI MOMEHT BPEMEHU CHCTE-
Ma CBODOZHA, MO3TOMY HadajbHOe yciaosue umeer Bug x(0) = 0, a pernerue
(5) - caemyromuii B

ott) = eon (- | t usyts) (0 + [ Awerp ([ wsris)av). (o)

3. AcumMmnrormka BTOPOro IOpsgKa

O6o3nauum npasyio udactb auddepenimanbioro ypasuenus (5) Kak

a(t). Bepuémes x nepemennoii u, rorga e/t = eINur(t) B ypapmennn
(2) Bomomany 3ameny H(u,t) = Ho(u,t)e?N4*() i sammmrem ero & Buje:
1 8H2 (u, t)

+ jua(t)Hy(u,t) = (eI — 1) x

. . (t) OHa(u,t
x (()\(t)—e_J“x(t)u(t))Hg(u,t)—i—]e J ](V)g(;)) (7)
B (7) Bumosnum samenn: 1/N = e u = ew, Ha(u,t) = Fp(w,t,e),
HOJLY THM:

N 0t

2 OF3(w,t,€)

5 + jewa(t)Fo(w, t,e) = (e7°¥ — 1)x

OFs(w, t,¢) ()
Ow '
Paznoxum /5% u e /¥ B panpr Teitnopa ¢ Tounoctsio g0 O(e?), moa-

CTaBUM 3THU PA3JIoKeHUs B (8), BBINOJHUM TpPEOOPa30BaHUs, O0O3HAUUM
lir% Fy(w,t,e) = Fy(w,t), moayanm:
E—r

< () = =) Fa 1. 2) + e ()

D) — (2D () + () Balw ). )
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Pemenue (9), o ectb dynkimo Fo(w,t) Oynem ucKaTh B BUJIE:

Fy(w,t) = exp ((ﬂ;})QK(t)> . (10)

®ynkiws Buga (10) - ects xapakrepucrndeckas HyHKIUS HOPMATIBHO-
r0 Pacupee/ieHus ¢ Hy/JIeBbIM MATEMATHICCKAM OKUJAHUEM U AUCIEPCHEl
K(t). Iogcrasum (10) B (9), BbIIOIHUM 1PEOOPA3OBAHUS, [IOJTY 4UM:

K'(t) = —2u(t)K (1) + \(t) + pa(t)a(0): (11)

Pemms 00OBIKHOBEHHOE HEOTHOPOAHOE UM dEpPEHITNATHHOE ypaBHEHNEe
(11), mosyuum Boipaxkenue s Gyukuuu K (t) B sBHOM Buje:

K(t) = exp (-2 /0 t u(s)ds) x

«(k0+ [ ") + (w)e()eap (2 [ neras) ). 2

Takum obpazom, nmpegaeabHOE PaCIpeseeHne IUCaa 3aHITHIX TPHOOPOB
SIBJISIETCS HECTAIMOHAPHBIM TayCCOBCKUM C MATEMATHYECKUM OXKUJIAHHEM
Nax(t) n qucniepcneit N K (t).

4. JonpeneiabHoe MUccie0BaHue

Pemenne ypasnenns (2) Gyzem nckats B Buze H(u,t) = exp (7~ !p(t)).
ITocie HECTOKHBIX TPeOOPa30BAHMIl NMeeM JINHeHOe HEeOIHOPOaHOe Iud-
dbepeHnmanbHOe ypaBHEHHE HEPBOrO MOPSIKA:

§(t) = NA(t) — u(t)p(t). (13)

Permrernne (13) mpu yenosuu p(0) = 0 umeer Bu:

ott) = o (~ [ is)as) =
<(s0 v [ Aweap ([ toras) ). (14)

5. YucJsieHHBII aHAJIN3
ITycrs A(t) = 5+sin(2nt), u(t) = 2—cos(2nt), N = 10, p(0) = 0, 2(0) =
0, K(0) = 0. Ha puc. 1 n3o6parkeHsl rpadbuKn MaTeMaTHIeCKOTO 0K IAHUS
p(t), TIOIYyYEHHOTO B JOMPENENILHOM CIIydae, a TaKyKe aCHMITOTHYIECKOTO
cpeanero Nx(t) u nucnepcun N K (t) yucia 3agBOK B CUCTEME.
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Puc. 1. Maremaruyeckoe 0XKuJIaHWe, aCUMITOTUYECKOE CPEeIHee U IUCIHEPCUsT

IIycts t = 10, n = 50. Pacnpenenenune Ilyaccona P;,i = 1,...,n ¢
napamerpom p(10) = 24,461 uzobparkeHo HA PHUC. 2 CIUIONIHONW JIMHUEH.
Tayccosckas annpoxkcumanus PA;, 1 = 1,...,n u3006pakeHa IIyHKTHPOM.
Paccrosiane Kosnmoroposa cocrasisier A = 0.013.

0.1

0.02

30 40 30

Puc. 2. lonpemesibHoe M aCUMITOTHYUECKOE PACIIPEIESIeHUs BEPOSITHOCTEN YuCIa
3adBOK B CHCTEMe
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6. 3akJrouyeHue

B pabore mpeacraBieHo HCCIEIOBAHNE MATEMATHIECKON Moaenn OecKo-
HEYHOJIMHENRHO CUCTEMbI C HECTAIMOHAPHBIM BXOJSIIUM IIOTOKOM M [1aPa-
MeTpaMu OOC/Ty KUBAHUS, 3aBUCAIMMEU OT BpeMenu. [Toka3aHo, 4ro B ycio-
BUSAX BBICOKOW MHTEHCHBHOCTH N — 0O BXOJSINIErO MOTOKA IIPEIEIbHOE
PaCIIpeIe/IeHne IHCIIa 3aHATHIX TPUOOPOB ABISAETCS HECTAIIMOHAPHBIM rayC-
COBCKMM C MaremarudeckuM oxuganueMm Nz (t) u aucuepcueit NK(t), rue
x(t) u K(t) oupenensiorca Boipaxkenusmu (6) u (12) coorsercrsenno. B
JIONPEIETHLHOM UCCISIOBAHUN AHAJUTUYECKU TIOJIYyUYEHO, UTO PACIPEIesIe-
HI€ YNCJIa 3a5BOK B CHCTEME SIBJISIETCS MyaCCOHOBCKUM C mapamMerpom p(t),
onpeensgembiM Bbipazkenuem (14). ITo pesysbraraM YUCJIEHHOrO aHAJIM3a,
paccrosiane Kommoroposa Mexkry 10npenensHbIM U ACHMIITOTHIECKAM Pac-
npejenenusvu He npespinaer Beaudunbl 0.05 npu N > 2.

CIINCOK JINTEPATYPbI

1. Kopomaes . A. Cucrembl MacCOBOTO OOC/IY’KWBAHUSA C MEPEMEHHBIMH apa-
merpamu. Tomck: W3n-so Tom. ym-Ta, 1991. 167 c.

2. Granovsky B. L.,Zeifman A. I. Nonstationary Markovian queues // Math. Sci.
99, 2000. C.1415-1438.

3. Kosanés H. A., Camun 4. A., Cunuyuna A. B., Betgpman A. 1. O6 opuom
MOAXOM€E K OIEHWBAHUIO CKOPOCTH CXOAVMMOCTH HECTAIMOHAPHBIX MAPKOBCKUX
mozeneit cucrem obcmyxkuaamsa // Unadopmaruka n ee mpuvenenums. 2022.
T.16. Ne3. C. 75-82.

4. Hasapos A. A., Tepnyzoe A. @. Teopus maccoBoro obciyxuBanus: ydebHoe
mocobue. 2-e u3m., uctp. Tomck: M3a-so HTJI, 2010. 228 c.

5. Moucees A. H., Hasapos A. A. BeCKOHEYHO/IMHEHHBIE CIHCTEMBI U CETH MaCCO-
Boro obciyxkuBanus. Tomck: I3n-s8o HTJI, 2015. 240 c.

6. Muanep B. M., ITanxos A. P. Teopusa ciayuaitabix nponeccos. M.: @usmariur,
2007. 317 c.

7. Oavceoavy JI. E. Iuddepennnanbabie ypaBHEHNS M BAPUAIMOHHOE MCUHCIIE-
mme. M.: Hayxka, 1969. 424 c.

BasuiioB BsiveciaB AHaToabeBUY — KaHINAAT (PU3NKO-MATEMATHIECKUX Ha-
VK, JOILIEHT, JOIEHT Kadeaphl MPOrpaMMHON MHYKEHEPUN, HHCTUTYT IIPUKJIQTHOMN
MaTeMaTUKU U KOMObIOTEPHbIX HayK. E-mail: vavilovv@Qyandez.Tu

HazapoB Amnaronuii AHapeeBHMd — [IOKTOD TEXHUYIECKUX HAYK, IIpodec-
cop, mpodeccop kadeapbl TEOpUU BEPOATHOCTEH M MaTeMaTHIeCKON CcraTu-
CTHKHW, WHCTUTYT HPHUKIATHON MATEMATHKNA ¥ KOMIIBIOTEPHBIX HayK. E-mail:
nazarov.tsu@gmail.com



NTMM - 2024

OBb YCJIOBNAX CYILIECTBOBAHUNA
CTAIIMOHAPHOTI'O PACITPEJAEJIEHNA B CMO
C INMKJINMYECKVM VIIPABJIEHNEM
INEPTOVNYECKVMN KOH®JINMKTHBIMN
IIOTOKAMMUA

B.JI. lloaukos, A.B. 3opun
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B pabore m3ydaercst cucTeMa MacCOBOTO OOCIYKWBAHUS C MEPHO-
,I[I/IquKOI‘/JI HMHTEHCUBHOCTBHIO KOH(i)HI/IKTHbIX BXOMHBIX IIOTOKOB, OT-
pakaiomas, B YaCTHOCTH, (DYHKIIMOHNPOBAHNE CHUCTEMbBI yIIPABJIE-
HUA TPAHCIIOPTHBIMU MOTOKaMW B KJIaCCe€ HMUK/JIUYIECKUX aJITOPUT-
MOB C (i)I/IKCI/IpOBa,HHbIM PUTMOM IIEPEKJIIOYCHUA U CYTOYHBIMHU KO-
ebaHuAMU UHTEHCUBHOCTHA TPAHCIIOPTHOI'O II0TOKa. PaccmarpuBa-
ercsd cyxeHue renu MapkoBa Ha KJIacC CYLIECTBEHHBIX COOOIIAO-
OIUXCA COCTO}F[HI/II./JI7 yCTaHaB/JIUBATCA PEKYDPPEHTHBIE COOTHOMICHUA
O/ Ipow3BOaAmuX (DYHKOUI Iy pacIpeneseHus JIUHBI Odepe-
I, COCTOSTHUsI OOCJ/Iy’KMBAIOIIET0 YCTPOWCTBA M BPEMEHM CYTOK.
Hcmomb3oBannem UTEPATUBHO-MAZKOPAHTHOI'O IIO0AX0/[Ia U3y4val0TCA
HEOOXOAMMBbIE U JOCTATOYHBIE YCIOBUS CYIIECTBOBAHUS CTAIMOHAD-
HOT'O PACIIPEIesIeHUs Il JJINH OIepenei.

KutroueBble CJIOBa: KOHPGAUKMHDLE NOMOKY, HECMAUUOHAPHLT NO-
mox ITyaccona, YUKAUMECKOE YNPABAECHUE C PUKCUPOBAHHBLM PUM-
MOM, cuémnas yenv Maprosa, Ycr06ua CYWECTEOBAHUA CMAUUO-
HAPHO20 PACNPEOCACHUA.

BBemenue

B macrosiiee Bpemsi pa3sHBIME HCCIIEIOBATIAMA Pa3pabaTbIBAIOTCH Kak
JIeTeDMUHUPOBAHHBIE, TAK U CTOXACTUYECKHE MOJEeJn OOPA30BAHUS TPAHC-
MOPTHBIX TOTOKOB [1, 2, 3, 4, 5]. B aTux u MHOTMX Apyrux paboTax mo yrnpas-
JICHWIO JTOPOXKHBIM JIBUXKEHHEM HE YUYUTHIBACTCS TIEPUOIMIECKUE XapaKTep
W3MeHEeHNs XapaKTEePUCTUK MOTOKOB, CBA3AHHBINA C CyTOIHBIMH, HEJIEIbHBI-
MU U IPYTHUMU NPUYWHAMHA. B TO Ke BpeMsi, B TEOPUU MACCOBOr0 0OCIIyKu-
BaHUs U3BECTHOE YUCIIO PAOOT HOCBAIIEHO CUCTEMAM OOCIIYyKUBAHUS C 3aBU-
CAIMMYA OT BPEMEHH U, B YACTHOCTH, C IEPUOANIECKU U3MEHAIOMMUMUCS 3a-
KOHAMM JIJIsi BXOJHOTO MTOTOKA M MPOMEKYTKOB 00Ty KuBanus [6, 7, 8, 9, 10].

B nokmaze mpomomKaeTcs uCCaeI0BAHNE CUCTEMbBI OOCTYKMBAHUSA KOH-
daukTHBIX morokos, Hadaroe B [11, 12]. Kparko HAOMHUM IIOCTAHOBKY
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3amaun. B cucremy oOC/yKWBaHWS MOCTYHMAIOT 1M < 0O BXOJHBIX TOTOKOB
I, ..., II,;,. Tpebosarmma nmo moroky II; obpasyioT HecTanmmOHAPHBIN TTO-
tok Ilyaccoma, A;(t) — MrHOBeHHAsI HHTEHCHBHOCTb IOTOKa II; B MOMeHT
t. Tpebosanus noroka II; nomematorca B nakouuresis O; HeoOrpaHU4eHHONR
BMecTnmocTi. @ynkims \j(t) — mepnogudeckas ¢ nepuogom Tp > 0. Be-
JINYWHA, MOYKET UMETh CMBICJI TPOJOJIXKUTETHHOCTH CyTOK. OOC/IyKUBAIOIITEES
yerpoiicTBo umeer 2m Bryrpennux cocrosuuit IV, ..., T2 cyensromux-
cst nuknndecku. B cocrosinun suga '~ o6ciyzkusatorcs Toabko Tpe6o-
Banud noToka II;. B cocTosnum Buma I'(29) ppeBoBanust He 06CILY AKUBAIOTCSL.
Bpewmst TpeGhIBanmsT 06CTyKIBAOINIEro yeTpoiicTsa B coctostamm (") mecy-
qaitro n pasHO T;.. 3a Bpemd T5;_1 u3 odepenn II; moxxeT 0OCITyKUTHCA HE
Gomee, aem ¢; Tpebosamuit. Cienys padore [11], obo3naunM wepes T, T1,
Ty, ... MOMEHTHI CMEHBI COCTOSIHUsI OOCIIYZKHUBAIOMIETO yCTPONCTBA, Yepe3
I'; — cocrognme 06CTYKUBAIONIErO YCTPOMCTBA HA NPOMENKYTKE [T;_1,T;),
i =1,2,...;n;,; — uucao Tpebosanmit moroka Il;, mocTynuBmmx Ha TPOMe-
KYTKE [T;, Tit1), #;,; — UUCIO TpeboBanuii B ouepequ O; B MOMEHT T;; ;i
— MaKCUMaJbHO BO3MOXKHOE 4HCIO Tpebopammii u3 odepean O;, KOTOpbIe
MOKHO OOCTY?KATb HA TPOMEKYTKe [Ti, Tit1), a £j; — 9UCIO haKTIIecKn
obciyKeHHBIX TpeboBauuil u3 odepenu O; HA MPOMEKYTKe [Ty, Tiy1). s
HATYPAJIbHOI'O YUCJA T olpeeum onepanuio r@1 pasencrsamu rdl = r+1
st r < 2mu (2m) @1 = 1. Beeaém BeMUMHBI 7] KaK OCTATOK OT JeIeHUs
7; Ha Tp. Bennunua 7] nMeer cMmbIca BpemeHu cyTok. Bemwuwunsr 17, Th,
vy Ty m Tp TpEanosaraioTCs COM3MEPUMBIMHU, KPATHBIMU HEKOTOPOMY
A > 0. Torna 7} € {0,A,2A,...,Tp — A}. 13 con3MepumMocTH CJEyeT, 9TO
CyIIECTBYIOT TAKUE IeJIbIe YUCIA P, ¢, ITO

pT = qTp, (1)

rme T =T, 4+ T + ...+ oy, Tak xe cauTaem w3BeCTHONW DYHKITUIO
A x) = /Aj(t)dt, =12 .m
0

BBeném m-MepHyI0O HEOTPHUIIATETBHYIO PEHIETKY

X={0,1,...} x{0,1,...} x...x{0,1,...}.
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B pabore [11] Gbita BBeAeHa byHKuus rem(z,d), Aa0M@s OCTATOK OT
nenenns x #Ha d. B onpenenens: s j = 1, 2, ..., 2 MHOMXKeCTBa,

p—1 .
Gj = U {(rem(sT, Tp),T'V),

(rem(sT + Tjg1,Tp), 1"(1'691)), (rem(sT + Tjg1 + T2, Ip), I‘(j@Q))’ o
(rem(sT + Tjor + Tjoz + - - - + Tja(am_1), Tn), TITECm=1)1,

Kaxxmoe w3 gannabrx MEOXKeCTB G, 7 =1, 2, ..., 2m COMEPKUT ONNHAKOBOE
9UCTIO 2mp 371eMeHTOB. Bhlio 10Ka3aH0, 9TO MPU 33JaHHOM PaCIpeIe/IeHun
BekTopa (74, ['g, 7) mocienoBarebHOCTD

{(r],T4,5);i=0,1,...} (2)

ABJIAETCA MHOTOMEPHOI OJITHOPOJHON MAapPKOBCKOU IENbIO C MPOCTPAHCTBOM
cocrosauit Buga (G; U Ga U ... U Gay,) X X. Hasiee 6bUI0 yCTAHOBJIEHO,
4yro ecau Bce mHOxKecrBa G, Ga, ..., Ga,, COBIANAIOT, TO BCE COCTOSAHMS
HPUHAJJIEZKAT OJIHOMY KJIACCY CYIIECTBEHHBIX COODIIAIONIMXCH COCTOAHUIA.
A ecam cpean yKa3aHHBIX MHOYKECTB €CTh HE COBIAIAIONINE, TO MOTYT OBITh
HECKOJIBKO KJIACCOB CYIIECTBEHHBIX COOOIIAOITIXCS cocTosamit. Kpome Toro,
nocrenoBarensuocts { (7], 1, 2¢5,);4 = 0,1,...} TakXKe sBISETCA OTHOPOI-
HOit mlenibio Mapkosa.

B pa6ore [12] 6bL1a npuse/iena jiemMMa, IOKA3bIBAIONIASL, YTO HEPEXO/HbIE
BEPOSITHOCTH B CYIIIECTBEHHOUW YACTH 3aBUCAT TOJHKO OT PA3HOCTH MEKITY
JumHAMU odepeseil. Brul mpuMeHEH MeTOn IeH3ypPUPOBAHUS Ieneil u mo-
CTPOEH AJITOPUTM BBIYUCJIEHUS CTAIMOHAPHOTO PACIIPEIE/IEHUsT BEPOSTHO-
creit aroit nenm. OHAKO, B yKa3aHHOM paboTe OTCYTCTBOBATHU YCJIOBUS Cy-
IIECTBOBAHMS CTAIMOHAPHOTO pacipesesierus. [loaromy B HacTosmeil pabo-
T€ Mbl yJe/IsleM BHUMAHUE UMEHHO YTOMY BOILIPOCY.

1. OcHoBHBIE pPe3yJIbTaThI

He ymenbmas oburaocTu, OymeM paccMaTpuBarh nernb Mapkosa (2) Ha
MHO)kecTBe (G1 X X, Ha KOTOPDOM OHA SIBJISIETCSH HEPA3JIOKMMOil. BBemém
MpOU3BOAsAIINE PYHKITUN:

Wy t) = M(I0 =T0, 7l = 1) 294),

e (T, ) € Gy, a Taxske bynkmuio ¢, (z,1):

g (2,8) = M T =M (D) (=1,

e 7, t Takue, aro (I 1) € G.
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Jlemma 1. CnpaBemjiuBbl CIIEAYIONIHE PEKYPPEHTHBIE COOTHOIICHUST
JJ14 TIePBOTO IIOTOKA:

Ui (z; r & 1, rem(t + U(F,.),TD)) = g1 (2 t) Uy i(zm,t),
s (T 4) € Gy, # 2m,
1—1

Uyit1 (z; 1,rem(t + U(Fgm)7TD)> = Z P, = e, 3 =x,T] =t)X
=0

y Z A1 t+ Tl) — Al(t»se—(A1(t+T1)—A1(t))(1 . zx+s—él)+

s!
-
+ 27 q1(2,0)¥;,i(% 1, t), ana (F(T),t) € Gi,r =2m.

AHa/IOrMYHbIE PeKYPPEHTHBIE COOTHONIEHUS BLIBOAATCS W NI OCTAJb-
HBIX odepeseil ¢ HoMepoM j = 2,...,m.

OcuoBHble pe3y/braTbl paboTbl IPUBOJAATCA B CJELYIONMX TeopeMax.
Ja 10Ka3aTelbCTBa WMCHOIb3YeTCs MTepaTHBHO-MAasKOPAHTHBIH MeTO,
o [13, 14].

Teopema 1. [lis cymniecTBoBaHUs CTAIMOHAPHOIO PaCIpe/IeIeHus 1e-
nu Mapxkosa {(7/,1;,5);i = 0,1, ...} HeOOXOAUMO BBIIOIIHEHUE HEDABEHCTB

A](TD)q<p€]7]:17277m, (3)

rJie y4acTBYIOT HapaMeTpbl p u g u3 coorHouienus (1).

Hepasencry (3) MOXKHO JaTh TPOCTYIO0 (DUBMUECKYIO HHTEPIPETAIINIO: Ma-
TEMATUIECKOE OXKWIAHUE UYUC/IA MOCTYMUBINUX TPEOOBAHWIT 33 P TOTHBIX
IIAKJIOB pabOTHI 0OCTYyKUBAIOIIETO YCTPONUCTBA TOJIPKHO OBITh CTPOTO MEHb-
1Ile MaKCHMAaJbHO BO3MOXKHOI'O YHCJIa OOCITy?KEHHBIX TPeOOBAaHMIT MO KaXK-
JIOMY U3 HIOTOKOB.

JlemMma 2. Ecmm crammoHapHOTO pacrpeieeHus He CYIEeCTBYET, TO
TTOCTIEIOBATETHHOCTh MATEMATUIECKUX OXKUAHWHI

{M(5);i=0,1,...}

HEOTPAaHUYIECHHO BO3pacCTaeT.

Teopema 2. JIjig CymecTBOBAHHSA CTAIMOHAPHOTO PACHPEICTCHHA IIe-
nu Mapxkosa {(7/,1,54);i = 0,1,...} ZOCTATOYHO BHIIOJIHEHNS] HEPABEHCTB

rme (T, t) € G.
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HepasencrBy (4) TOXKE€ MOXKHO MOXKHO JaTh (DU3MYECKYIO MHTEPIIPETa-
MIHTO: TSI KasK0r0 M3 IMOTOKOB 3a JII000# MOMHBIA MUK paboThl 0OCTYKH-
BAIOIIEro yCTPOMCTBA JIOJ2KHO TOCTYIIUTH CTPOrO MEHbIIe TPeOOBAHUM, YeM
MaKCHMAaJIbHO BO3MOXKHOE IHCJIO OOC/Ty2KeHHbIX TpeboBanuit 3a rmuki. Jlan-
HOE YCJIOBHE, MO-BUINMOMY, SBJISETCS CHJIbHO OTPDAHUIUTEIbHBIM. B mainb-
HEHIeM mompodyeM ero OCJIabuTh.

3akJiroueHune

Takum 06pa3om, ObLIU MOy 9€HbI PEKYPPEHTHBIE COOTHOIIEHUS [IJIST TTPO-
u3BOAAMINX (DYHKIHI, HEOOXOIMMOE W JOCTATOYHOE YCJIOBHS CYIIECTBOBA-
HUs CTAIMOHAPHOrO pacipesesenus. Kak BuaHo, OoHE He coBmaaior. Pac-
CMOTpeHue JTaHHoi e MapkoBa Oymer mpomoIKeHo.
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TECTUPOBAHUE JOJII'OM MAMATHI
B HATPY3KE OJHOCEPBEPHOU CUCTEMBI

B. A. Uronkunr!, A. C. Pymanmnes?

! Memposasodcexutl zocydapemeennod ynusepcumem, e. Iemposasodck, Poccua
2 UIIMH KapHI] PAH, 2. Iemposasodck, Poccus

B pabore umccremoBama IPUMEHHMOCTH METONOB CTATUCTUIECKOTO
0OHAPYIKEHUST CBOWCTB JIOJITOH TMaMaATh (JIOJTOBPEMEHHON 3aBUCH-
MOCTH) JIsl TIPOTIECCA HATPY3KHW B OIHOCEPBEPHOH CHCTeMe O00CIy-
JKUBAHNs, B KOTOPOU BpeMeHa O0C/IyKUBAHUS UMEIOT PACIIpPe/iesie-
HUE C TaXKeIbIM XBocToM. KilroueBbie ciioBa: 004204 NAMAMDG,
d0A20BPEMEHNHAA 3ABUCUMOCTIID, POBEPKA 2UNOMES, 00HOCEPEEPHAA
CUCMEMa 00CAYHCUBAHUA.

BBemenue

IIponecest ¢ 1oroit maMATHI0 UIPAIOT BAXKHYIO POJIb B HUCCJIEIOBAHUU
CJIOXKHBIX CHCTEM, HATIPHMED B CETSX Tepenadn nanubix [1].Haanuame qomnroi
naMATH MOXKET 3aTPYJHATH IPOTHO3UPOBAHUE U YIPaBJeHWe CUCTEMaMH,
yBeIMYnBast 33JIePKKU B cucreMax obciy:kuBaHus [2]. B aroit cBsi3n Bak-
HO HAfTH yAOOHBIH CTATHCTUIECKHI HHCTPYMEHT s OOHAPYKEHUS TOJITOH
IaMATHU U UCCIEIOBAHUS €€ XapaKTEePUCTUK.

Cy1mecTByeT MHOYKECTBO SMITUPUYECKUX METOMIOB OIEHKW TTapaMeTpPOB
JIOJITOM TTAMSITH CJIYIalHBIX MPOIIECCOB U BPEMEHHBIX PsAIOB, Takne Kak RS-
AQHAJIN3,CIEKTPAJIbHBIE METO/bI, KOTOPBIE, OJHAKO, B OCHOBHOM HCIIOJIb3Y-
I0TCA B Ka4eCcTBe ONUCATEIbHBIX U He IPUTOJHBI JJid CTATUCTUYECKOI'O BbI-
BoJa [3]. B To ke BpeMmsi, CTaTUCTHYECKHE TECTbI JJisi IIPOBEPKU HAJIMYKS
JIOJIIOM IIAMATH HAIPAMYIO HE [IPUMEHSIMCh HA MOJIEIAX CUCTEM 0OCJIyKu-
BaHUA.

B 370i1 cBsA3M, 11€71b10 JAHHON PAOOTHI SBJISETCS NCCIIEIOBAHIE TPUMEHN-
MOCTHU CTaTUCTUYECKUX TECTOB HA HATWYUE WX OTCYTCTBUE JOJITOH MaMATH
K IIPOIIECCAM B CHCTE€MAaX OOCIIyKMBAaHWS HA MPUMePEe HArPY3KHU OTHOCEPBEP-
HO¥ CUCTEMBI, B KOTOPOIi BpeMs 00C/IyKUBAHUS KJIUEHTOB UMeeT PacCIpe/ie-
JIEHUE C MPABUIHLHO MEHAIOIUMCS (TA¥KeIbIM) XBOCTOM. 3BecTHO, YTO mpn
OTIPE/IeIEHHBIX MOMEHTHBIX CBOWCTBAX PACIIPE/IEJICHNsT BPEMEHH 00CIIyKH-
BaHMsl Takoil mporecc obiagaer cBoiicTBOM goiroii mamsTtu [6]. B manHoi
pabore yKa3zaHHbIE TEOPETUIECKIE PE3YIbTATHI TPOBEPIIOTC IMIUPUIECKH.
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1. CBoiicTBO D0JITOM maMATH

CrauuonapHblii B IIUPOKOM cMbIcJie ciydaitubiii nporece X = { X, }nez
¢ aBrokoBapuanuonnoil dyuknmeii vy (k) = Cov(Xy, Xi), k € Z u cnex-
mPpasvrot naommuocmovio (C.IL.)

fx(N) = 2m)7 Y x(R)e™ ™, A€ [-m,m], (1)

keZ

upu |A|— 0 umeer [3]

— JI0/IT'YI0 maMATh, ecu fx(A) — oo;

— KOPOTKYIO MaMsATh, €Cu fy (\) CXOIUTCA K KOHETHOH KOHCTAHTE;
— CBOICTBO aHTUIIEPCUCTEHTHOCTH, eciu [y (A) — 0.

Ncnonb3ys (1), MOYKHO HOJMYYHTh SKBUBAJIEHTHOE OIpEJIEIEHHe Ha OCHOBE
CXOMUMOCTH PAsia ), o7 Yx (k). Vimenno, nporecc X' mmeer [3]

— JIONTYIO MaMsTh, €CJIU aBTOKOBAPHUAIIMOHHBIN P PACXOTUTCS;

— KOPOTKYIO MaMsTh, €CTU CyMMAa ps/ia KOHEYHA U OTJIMYHA OT HYJI;

— CBOWCTBO aHTUIIEPCUCTEHTHOCTH, ECJU CyMMa, Psija HyJIeBas.

VkazaHHbIe OMpeIeeHrs UMEIOT SMINPUIECKUN XapaKTep U YTOIHSIOT-
cd B KJjlacce IIPOIECCOB, Y KOTOPBIX C.II. ©UMeeT BUJL

Fx(N) = LA, (2)

rae Ly(A) > 0 — cummerpuanas ByHKIM, MEJICHHO MEHSIOMASACS B HyJIE,
T.e. A M000ro u > 0, IMeeT MeCTO aCHMITOTHIECKAs SKBHBAIEHTHOCTD
Li(uX) ~ Ly(A) mpu A — 0 (mHOrZa BMECTO NPABUILHOTO H3MEHEHHSI
dbyuknun Ly npeanosaraercst YeTHOCTb, HEMPEPHIBHOCTb U IIOIOXKHTE b
nocts |5]). Hanomuum, acumnroruieckas sxksusanenTHocrs a(z) ~ b(z) upu
& — Ty JJIs HEKOTOPOTO T( O3HATAET

lim a(z)/b(z) = 1.

r—rT0o

Onpegnesenne 1. Ilpouecc X co c.uu. Buga (2) umeer
— gouryio namsrh, ecau d € (0,1/2);
— KOPOTKYIO HaMsTh, ecit d =0 u ;ir% L¢(A) =cf €(0,00);
—
— CBOICTBO aHTHIIEPCHCTEHTHOCTH, ecain d € (—1/2,0).

Crenyromast TeOpeMa mO3BOISET CBA3ATh CIEKTPAJIbHBIE CBONCTBA U CXO-
JUMOCTDb psJa aBTOKOBapuanwuii mporecca X .

Teopema 1. [3, Teopema 1.3] Ilycts X crammioHapeH B IMIHPOKOM
cmbicae. Torma



198 B.A. Uronkun, A. C. PymsHyes

— eC/IM aBTOKOBAapHAIMOHHAs (DYHKIUS UMEET BU]
vac (k) = Ly (k) k[,

rae L. (k) MennenHo mensiercs Ha Geckonednoctu (tT.e. Ly (k) ~ L. (uk)
Jst J1t060ro w > 0 upu kK — 00), U BBILIOJHEHO OJHO U3 YCJIOBUIA:

a)de (0,1/2),6) d € (=1/2,0) m 3, .5 vx(k) = 0, Torma
Fr(\) ~ IA72L, (A" 171 (2d) sin (g - wd) . A0
— €CJIM C.IL. UMEeT BUJ
fx(A) =LiMA2, 0< A<,
rae d € (—1/2,0)U(0,1/2), a Lf(\) Menienno MeHsieTCs: B HyJIe U HMeeT
OrpaHUYEHHYO Bapualimio Ha (a, 7) AJs jodoro a > 0, To
v (k) ~ kPP 2L (k™D (1 — 2d) sinwd, &k — o0.

IMapamerp d, mapamerp namsTu nponecca [4], ucnosnbdyercsa s mpoBep-
KU TUIOTE3 O HAJMYWK WJIA OTCYTCTBHH J0JIr0il mamsaru. [Ipumep Takoro
CTATHCTUYIECKOTO TECTa, MPUBEJIEH B CJIEAYIOINIEM pa3jiesie.

2. Tect B wacTtoTHOII 06JIacTI

B pa6ore [5] ObLI MpeIOKEH CTATHCTHYECKU TECT B 4ACTOTHO# obracTu
JIJIst TPOBEPKHM THINOTE36I Hy 0 HATMHYMU KOPOTKOM MMAMSATH y CTAIAOHAPHOTO
npouecca X co c.i. Buja (2) npu ajbrepHATUBHON runorese Hy o npucyr-
CTBHH CBOMCTBA JIOJIIOM IAMATH y YKa3aHHOIO IIponecca. Tecr ocHOBaH Ha

O]

ACUMOTOTUYECKUX CBOMCTBAX TaK Ha3bIBaeMOIl meprogorpaMmbl I, , ompe-
nensemoii no nabmogenuam X 1)1, - -, Xgi
2
11d
0 _ g
I = 57 |3 Xenise™| - ®)
j=1

. o2
Nwvenno, mas mo6oro GUKCHPOBaHHOTO j mpu \j = =2, HIMeeT MecTO CXO-

JIUMOCTbD 110 PacipeeaeHuio [4]

I,();

M = _E’7 n — 00,

fx(Xj)
riae E nmeeT crangapTHOE SKCIIOHEHIMATIBHOE pacipeienienue, a I, = 7(ln1) -
[epUoOrpaMMa, TOCTPOEHHAS! 110 UCXOIHOM BBIOOpKe. B 310t cBsizH, TecTo-
Basl CTATHCTHKA JJIs JAHHOIO TECTa ONpe/eneHa CIeLyonmM obpasom [5]:

o - L.(A\;)
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rae s > 1— wekuii puKCUpOBaHHBINA (HACTPAMBAEMbIN) [IEJIOYUCJIEHHBIA Ma-
pamerp Tecra, m = 7, | - qyuna 6J0Ka, M - KOIUIECTBO GJIOKOB, 1 - JITMHA
BpeMeHHOro psaza. OrMeruM B KadecTBe PEKOMEHIOBaHbIX B [5] mapaMeTrpbl
m=+/nus <10 ga neboabuux BpIGOPOK Hopsanka n = 10%.

[Iporeaypa mMpoOBEpPKU TUMOTE3BI O HAJWYWH KOPOTKON mamsaTu B pabo-
e [5] orpezenena ais nporecca X', KOTOPbIH HMeeT BUJ, CKOJIb3SIIIEr0 CPel-
HEro

Xn = Zajsn,j, (5)
7=0

rne {¢;}jez — H.0.p.C.B. ¢ HyneBbIM cpequnm u Ee! < oo (6e3 mmmekca
obo3HaueHa TunuyHag C.B.). OIHAKO 3TO yCJIOBUE HE CJIUIIKOM OTDAHUYN-
TeIBHOE, MMOCKOJIBKY JI000# CTAMOHAPHBIA B MIMPOKOM CMBICJIE TIPOLECC C
HYJIEBBIM CPEIHUM MOXKET OBITh NPEJCTABIEH B BHAE (5) ¢ MOMOIMIBI TaK
HA3BIBAEMOTO passoxkenus Bombaa [4]. menno, mokazana ciemyomas Teo-
pema (IpUBEIeHHAs 37€Ch C HE3HAYUTEIbHON Momudukanueil hopMyampos-
Teopema 2. [5, Teopema 1] Ilycrs uponecc X umeer sug (5), a re-
CTOBAsI CTATHCTUKA Q. (s) ompenenena B (4). IIycts m — oo, mpu sTOM
m = o(n). Torma
— ecsm X — 1pouece ¢ KOPOTKOI HaMATbI0o B TOM CMBICJIe, YTO

o

> lajl< oo,

Jj=1

u fx nonoxurebHa. Torma uMeer MECTO CXOAUMOCTD 110 PACIIPEIEJIEHUTO

Qn,m(s) = (s, 1),

rue I'(s,1) umeer pacnpeznesnenue ramma ¢ napamerpamu (s, 1), mior-
HOCTH KOTOPOI'O MMEET BH/L

fr(z) =2t "T(s) 71,

rae ['(s) ectb ramma-dyHkims;
— ecim X — mponece ¢ 1oaroil namaTeio B cMbicie Onpenenenus 1, Toraa

Qn,m(s) = .

Takum 06pasom, runore3a Hy (0 KOPOTKOI maMsTit) OTBEPraeTCs B MOJIb3Y
H; (o Hasuuuu NOroil naMsATU) HA yPOBHE 3HAYMMOCTH (¢ IIPU

Qn,m(s) > Fa (8)7

rae 'y (s) — kBanTuib nopsaka 1 — « pacupenenenus I'(s, 1).
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1.0

—— Pareto(1,4.8)
— = Pareto(1,3.2)

0.8

Ownbka
0.4 0.6

0.0

MNapameTp s

Puc. 1. 3aBucumocTs omubKku mepBoro poja Ha yposHe 3Haummoctn « = 0.1 or
mapamerpa s Tecta (4) ma ocrose 100 TpaexTopmii (7) mmmHoit 10%.

3. HoJuras namsTh npoiecca Harpy3ku cucremsl GI/G/1

B pabore [6] qokazaHO HagW4We CBOMCTBA JOJION MAMSATH B CTAIHO-
HaPHOH [OCIeI0BATeIbHOCTH BpeMeH oxumanus {W,},>1 omHOCepBepHOi
cucrembl GI/G/1, B koropoii pacupezenenue B(x) H.0.p. Bpemen 00C/1y 2Ku-
Bauus {Sy},>1 uMeer upaBuibHO Menaowwmiics xsocr. menno, gokazana
CIEIYIOMAS TEOPEMA.

Teopema 3. |6, Teopema 1| B cucreme GI/G/1 ¢ xoneunbivm cpeaaum
suadenneM uHTepBanos {T),},>1 MeXIy mpuxozamu Kauentos, ET < oo,
U TIPABIJIBHO MEHSIIOMINMCS XBOCTOM DACIPEJIEJIEHNs] BPEMEHH OOCIIYKHU-
pamus B(r) = 1 — B(x) = v % Lg(x) (rme Lp(z) menmenno mensercs
Ha GECKOHEYHOCTH), CTAMOHAPHAS MOCJIEI0BATEILHOCTD BPEMEH OZKHIAHUI
W = {W,}n>1 umeer koacbdurment koppesmun yy(n) = n375s Ly (z)
JIJIsT HEKOTODPO#i MesieHHo MeHstommeicst byHkmn Lyy.

C yuerom Teopewmsr 1, Teopema 3 o3nauaer HAIMYUE JOITON NAMATH B CH-
creme GI/G/1, B KoTOpOIl BpemeHa OOC/LY?KMBAHUSL UMEIOT PACIPE/IEIIEHUE
ITapero,

B(x)~a7Fs, z>1, (6)

upu kg € (3,4). Oauako 06HAPYKUTH ITO CBOWCTBO € UCIIOIb30BAHUEM UMHU-
TaMOHHO Mozesnu (pekypeuu JIunm)

Whi1 = (Wn + S, —T)t, (7)

rme Wy = 0, Z0CTaTOYHO CJIO¥KHO.
JIjisi TpOBEpKY YKA3AHHOTO TEOPETHIECKOrO pe3y/braTa, ObLI MPOBEICH
quCcIeHHbIi sKcnepuMenT Ha Mogenn GI/G/1 mpu OTHOCHTENBHO BBICOKOM
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narpyske, p = ES/ET = 0.8. Insa sroro kK M = 100 He3aBUCUMBIM Tpa-
extopusaM {W,, },<n, mocTpoeHHOl B cooTBeTCTBHU C pekypcueii (7) (mpu
nmmne Tpaektopuit N = 10) mpumensca recr (4) npu B(z) suga (6) ana
ks = 3.2 (reoperuyeckoe Hasuuue 10Jroi namsru) u kg = 4.8 (orcyrcrsue
noaroit mamarn). [oacYuThIBAIOCh YUCIO OMMOOK MEPBOTO POJIA B 3aBUCH-
MOCTH OT TIapaMeTpa S TecTa Ha ypoBHe 3HaunMoctn o = (.1. Pe3yabraTsr
npeacraBiens Ha rpaduke 1. Bugno, uro 3navenns 10 < s < 20 mafot yme-
PEHHO BBICOKYIO OIUOKY M MOTYT NPUMEHSATLCS i Irpyboro mocrpoeHns
OLIEHKH.

4. 3akJjroveHne

B xome paboThl ObLIN MOJTYYEHBI SMITUPUIECKUE PE3YJIBTATHI, TOATBED-
2KJIAI0NNe HAJIMYHe JOJT0 MaMaTH B OJTHOCEPBEPHOI cucTeMe 0OCTy KNBa-
HHUA C OIPEeJEeJICHHBIMU MOMEHTHBIMA CBOWCTBAMU DACIIPEJIeICHUS BPpEeMeHN
obcayxuBanns. TakKe CTOUT OTMETHUTH, YTO TPOBEIEHHBIE IKCIIEPUMEHTHI
[IOKA3aJ/I1 CUJIbHOE BJUAHUE IapaMeTpa HarPpy3KH p Ha KadeCTBO TeCTa, YTO
Tpedyer JaabHEHIINX UCC/IeT0BAHMI.
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NMUTAILIMOHHBIN AHAJIN3 XAPAKTEPUCTUK
BBIXOJIAIIIETI'O ITOTOKA

BECKOHEYHOJIMHENHON CUCTEMEI C
JETPAJAIIMEN CKOPOCTU OBCJIY2KUBAHUS

N.JI. Jlanarun, B. B. Pomanos

Hayuonasrvnuii uccaedosamenveruti Tomekutd 2ocydapemeennsil ynusepcumen,
2. Tomcx, Poccus

B pa6oTe paccMaTpuUBaeTCsS MOIE/Ih MACCOBOTO OOC/IyKUBAHUS C
HEOTPAHWYEHHBIM THCIOM IPUOOPOB, IPOCTEHIINM BXOISAIINM IIO-
TOKOM " paBHI)IMI/I 3aKOHaMM1 pacnpe/:[eﬂeHI/IH 06’])eMa HOCTyHa}OH_[I/IX
TpeboBanmit. IHTEHCMBHOCTH 06CITYKMBAHUS TTOCTYITAIONINX 3aSBOK
HE dBJIdeTCA HOCTOHHHOﬁ " 3aBUCHUT OT YHCJIa 3adBOK B CUCTEME. STa
3aBUCUMOCTH BBIpazKkaeTcs GYHKIHEH merpagaiuu, KOTOPas Orpe-
JeJIsIeT CHIYKEHME CKOPOCTH OOC/IY’KWBAHWS KaXKION 3asiBKU TPU
pocTe 001ero [mciia 3asgBOK B cucteMe. OOBEKTOM WMCCJIEI0BAHUS
B JAHHON paboTe ABJIETCS BBIXOAAIMI HOTOK cucTeMbl. st wmc-
CJIeJ0BaHUSA BBIXOOAIIETO ITOTOKA 61)1,]'[3, HOCTpOeHa NUMHUTAITUOHHAA
MOIEeJIb. HOHy‘{eHbI XapaKTepI/ICTI/IKH JJIMH WHTEBAJIOB BBIXOOLAINE-
IO IIOTOKa CHCTEMbI IPU PA3JIMYHBIX 3aKOHAX Paclpee/ieHus 00b-
€Ma, TIOCTYTAONINX 3aBOK W PA3HBIX BHUAX (DYHKIUU JIETPaIALVH.
KuirouesBble ciioBa: 6b5L00AWul Nomok, Meopus Macco6ozo 00cay-
oHCUBaAHUA, 0e2Padalus CKOPOCTU 00CAYHCUBAHUA, UMUMAGUUOHHOE
MOOCAUPOBAHUE, CUCTNEMDL C HEOZPAHUUEHHDBLM YUCAOM NPUBOPOE.

BBenenune

Momenn MaccoBOTO OOC/TIYZKWBAHUST C HEOTDAHUYEHHBIM YUCJIOM TPHOO-
POB ¥ HAJIUYUEM 3ABUCUMOCTH CKOPOCTH OOCTYKUBAHUS SBJISIOTCS MOJIE s
MU pabOThl BHIYUCIUTEIBHBIX Y3JI0B U CUCTEM. Takue CHCTEMBI XapaKTepu-
3YIOTCS TE€M, 9TO PECYPChI OIPAHUYEHBI U [PU YBEJIUUIEHUU OJHOBPEMEHHO
BbIIIOJIHAEMbIX 33/1a4 MOXKET BOBHUKATb KOHKYDPeHIust 33 pecypesl [1, 2], uro
MPUBOIUT K CHUYKEHUIO CKOPOCTHU BBITIOJHEHUS KAYKIOTO OTAEIHHOB3SATOrO
3ampoca. IIpu mocTopoeHnn MOJEIN U aHAJIM3E ee XapaKTEPUCTUK ITOT -
dekT 00s13aTeTbHO HYXKHO YYUTHIBATH, TAK KaK OH BHOCHUT 3HAYUTETHLHOE
BJINEHHUE Ha 3HAYEHWS MOJYYEHHBIX Xapakrepuctuk. Mojensm ¢ gerpaia-
uueil ckopocru 06c/yKUBaHUs HOCBsALIEHbL paborsl [3, 4]. OcuoBHbIM 06b-
€KTOM WCCJIEIOBAHNS B HUX SIBJIIETCS PACIPEIEIEHNE BEPOSATHOCTEH UNCIA
3asBOK B CHCTEME, KOTOPAas MOKA3bIBAET KAKYIO JIOJII0 BPDEMEHU CUCTEMA Ha-
XOJUTCA B PA3HON CTEIEHU 3arpyKEHHOCTH.
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He menee Baxxuoit sBisieTcsd nHMOPMAINS O BBIXOISAIIEM TOTOKe. MoTu-
BaIUsl MCCJIEIOBAHNS BBIXOJAAIINX MTOTOKOB JOCTOYHO MPOCTA, - BBIXOISAIIAN
IIOTOK OZHOIO 3Tana OOCIyKMUBAHUS SBJIAETCH BXOIAIIUM JIJIsd CJIETYTOIIEro.
A uMeHHO XapAaKTEPUCTUKM [MOTOKA 3HAYUTEJ]bHO BJIMAIOT HA [OKA3ATEJN
Ka4IecTBa OOC/Iy:KWBaHUs B cucreme. Tak, Hampumep, dem OOIbIe KOID-
dunmenT Bapuanuu JIJIMH WHTEBAJIOB BO BXOZMAIIEM MOTOKE (IPU OIMHAKO-
BbIX CPEIHUX 3HAYEHUSX), TeM GOJIbIIas MPOIyCKHAS CIIOCOOHOCTH CHCTe-
MBI HYXKHA [IJisi ODecriedeHnsi TAKUX JKe MMOKa3areseil KayecTBa 00CIIyKu-
Banus. Eme B cepemune XX BeKa /I CHCTEMbI MACCOBOI'O OOC/IY?KUBAHUS
C HEOTPAHWYEHHBIM YUCJIOM MPUOOPOB, MPOCTEHIITNM BXOJANIAM MTOTOKOM U
SKCIIOHEHITHATBHBIM 3aKOHOM DACIPEIETeHNs 00CTYKUBAHUS TTOCY MAIOIIITX
3asBOK OBIIO MOKA3aHO [5], YTO BBIXOASANIMI MOTOK TaK¥Ke SIBJIAETCS TPO-
creifium. Yepe3 HECKOJILKO JieT 3ToT pe3ysbrar Obui 0606ien [6] Ha ciry-
Yail MPOM3BOJIHLHOIO PACIPEEICHUsT BpEMeHn OOCIIy KUBAHUS 3asiBOK. DTO
O3HAYAET, UTO JIJIsT CUCTEMbBI C HETOPAHUYIEHHBIM YHUCJIOM TPUOOPOB, HA BXOT,
KOTOPOI MOCTyNnaeT NPOCTEHINI MOTOK, BBIXOAAIINI MOTOK TAKIKe ABJIAET-
cs mpocreiimuM. [Iprdaem 9T0T pe3ymbraT THBAPUHTEH OTHOCATEIHHO 3aKOHA
pacmpeaenrenns BpeMeHn o0CayKuBaHnusa. 1o ecTb KO3 PUITHEHT BapUaIlun
JUIMH WHTEPBAJIOB BBIXO/SIIEro MOTOKA B TAKUX CHCTEMax paseH 1, a K0ad-
duimenT KOppesdnuy JJIMH COCeJHUX MHTEPBAIoB paseH 0.

B marmeit pabore MbI XOTUM TPOBEPUTH, KAK HAJUUNE 3aBUCUMOTH CKO-
pocTu 0OCTyKUBAHUS OT YHC/IA 3aSBOK B CUCTEME OyIeT BJIUATH HA XapaK-
TEPUCTUKH BBIXOSAIIEro moToKa. 1lox xapakrepuctukamu Oy/1eM TOHSMATh
KaK Pa3 OIMeHKY KO3 PUIMeHTa BAPUALNH JJIUH WHTEPBAJIOB B BHIXOISIIEM
IIOTOKE H OIEHKY KO3 DUIMEHTA KOPPETIAIUH.

1. MaremaTnueckas MoJeJb

PaccMoTpuM MaTeMaTHYECKyI0 MOJIENh CHCTEMBI MacCOBOTO OOCITY¥KHU-
BaHWs C JerpajJamnueil CKOpOCTH OOCIIYyKUBAHUS 3asBOK. Byxem moJjararh,
9TO MOMEHTBI MOCTYIJIEHUS 3aIMpOCOB HA y3ej 00pa3yer MpOoCTEHIuil mo-
TOK C TapaMeTpoM A, a 00beM pabOThI MOCTYIAIOIINX 3AMPOCOB SABISIOTCS
HE3aBUCUMBIMU U OJIMHAKOBO PACHPE/IETEHHBIMY CJIy YAHBIMU BETUIAHAMEA
¢ dynknmeii pacupenenenus B(x) u cpenpum 3uavenuem b = 1/p. Cko-
POCTH OOC/IYKUBAHUS MOCTYAIONINX 3asBOK HE SBJISETCS MOCTOSHHON, OHA,
3aBUCUT OT YHCJIA 3AMPOCOB B CUTEME 1 W OMPEIEIsIeTcs 3HAUCHUIMU (DyHK-
wuun f (). @ynkuumio f(i) Mbl Ha3bIBaeM (QyHKIMEH Jerpajaiuu CKOPOCTU
00CIy>KUBAHNUS, TAK KAK B IIPEITAraeMoil MOCTAHOBKE 3aJa4M, IPH yBEJIH-
YEHMHU YUCJIa O3HOBPEMEHHO 00pabaTbhbIBAEMBIX 3aIIPOCOB CKOPOCTH BBIIOJI-
HEHUS KayKI0ro Oymer cum:karhes. Ho mpemjaraemasi MareMaTHIecKast MO-
JIeJib JIOIyCKaeT UCIoJIb30oBanue bosee obmero suaa Gyukuuu f(i), B ToM
YHUCIIE BO3PACTAIONIEH. 3aMETHM, 9TO €CJIH PACIPE/IETCHIE BEPOATHOCTEH 0~
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CTYTAIONINX 3ATPOCOB SABJIAETCS IKCIOHEHITHAIBHBIM, TO TTOJIYYaeM CHCTEMY
(Pucynok 1) ¢ nepeMeHHOIl MHTEHCUBHOCTBIO (1; = (4 - f (7).

Wi

Wi

Puc. 1. Maremaruaeckas monennb beckoneunommueiinoit CMO ¢ gerpaganmeii cko-
pPOCTH O0CTY KUBAHUST

O6beKTOM Hecae0Batus B JAHHON paboTe SBISeTCs BbIXOIAIIHA TOTOK,
COOBITHST KOTOPOT'O HACTYIAIOT TIPY 3aBEPIIEHUN 00C/IY KUBAHUST KAKON-1100
3agBKHU. [Ipu mOMOIIY WMUTAIMOHHOTO MOJETHPOBAHUS OyIeM HCKATh Xa-
PAKTEPUCTUKHU JJINH WHTEBAJIOB MEXK/y MOMEHTAMHU HACTYILJIEHUS COOBITHIA
B BBIXOJISIIEM TIOTOKE.

2. muranmmoHHasi MO/1eJib

Boixozsiuit OTOK CyIecTBEHHO 3aBUCHT OT (DYHKITMOHUPOBAHUS CAMOMN
CUCTEMbl, U AHAJTUTUIECKOE MCIUIEJOBAHUE €r0 JJis JTAHHOW CHUCTEMbl SIBJIs-
eTCsl HeTPUBUAJILHOM 3aJadell JayKe IJIs CJIydas IKCIOHEHITHAILHOTO 3aKOHA,
pacmpejie/ieHusT BEPOSITHOCTEH 00beMa MOCTYHAIOIIIX 3a1a4. Mbl XOTUM IM0-
CMOTPETh XapaKTEPUCTUKH BBIXOJSIIEr0 TOTOKA MPU PA3HBIX 3aKOHAX PAC-
npeseeHns oObeMa MOoCTymaronux Tpedbopanuii. i pemrenns 3ot 3a0a<u
ObLIA TOCTPOECHA UMHUTAIMOHHAS MOJIEh IIPEIAraeMOil CUCTEMBbL.

Jla HamucaHus MMUTAIMOHHON MOEIN OBbLIO MPUHSATO PEIIeHUE WC-
MOJIH30BaTh A3bIK mporpammupoBanus C++-. Takoit BEIOOP ObLIT caeIaH 1o
HECKOJIbKUM OCHOBHBIM MPUYMHAM: MHOXKECTBO yI00HBIX OUOIHOTEK, KOTO-
pble MOTYT OBbITH MOJIE3HBIMU JJIi PAOOTHI CO CAyUaHBIMUA BETUIUHBIMU, B
TOM YHUCJIE TEHEPATOPHL CJYyUIANHBIX BEJIMYUH, a TaKyKe HAJU9Ihe OTJIAJIKH,
KOTOpasl CyLIECTBEHHO COKPALIAJIA IIOUCK HeodeBulHbIX owunbox [5]. Tax-
K€ CTOUT 3aMETUTh, YTO MPU HAMUCAHWE aJTOPUTMA, JJIs MUMUTAIMOHHOM
MO/JIEJTH MCIIOJIB30BAJICS TUCKPETHO-COOBITHHHBLH moaxo, [1]

OcoBEHHOCTHIO MOJIEIH SIBJISIETCS TO, YTO HEOJXOAUMO YIUTHIBATH 3aBHU-
CHUMOCTb CKOPOCTH OOCJIyKMBAHUS OT YUCJIA 3asgBOK B cucreme. [[is aToro
[PU [OCTYIJIEHUU 3aBKM B CUCTEMY MOJEJIUPYETCs ILJIAHOBOE BpeMsi obpa-
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0OTKHM 3ampoca, UCXOIsS U3 00beMa 3aBKY U TEKYIIEH CKOPOCTH 00pabOTKH,
KOTOpasl 3aBUCUT OT YKCJIA § 3alIPOCOB B cucreMe. Kak TO/JIbKO IPUXOIUT HO-
Bblii 3alIpOC WJIM KAKOH-TO 3aKAHYMBAET 00C/IyzKHBAHUE, OCTATOYHOE BPEMs
JUIsl BCEX aKTUBHBIX 3adBOK LIPOCTO KOPPEKTUPYercs (PACTArMBAETCH WIld
YMEHBIIAETCSA) B 3aBUCUMOCTH OT U3MEHEHWsS] WHTEHCUBHOCTU OOCIIYKUBA-
HUsA. DTO I€IAeTCs TyTEM YMHOXKEHUST OCTATOYHOrO BpeMeHu Ha Kodbduim-
€HT, B YUCJIATEJIE KOTOPOro HAXOAUTCS NHTEHCUBHOCTD JI0 M3MEHEHHs COCTO-
SIHUS CHUCTEMBbl, & B 3HAMEHATeJIe - HOBask MHTEHCUBHOCTb. JIaHHBINA OIXOL,
COOTBETCTBYET MMUTALMKM TEKYIIel peaju3aluy [IOBEIEHUs BbIYMC/IATE b
HOTO y3JIa, & TaK¥Ke JIETKO TMPUMEHWM K CIydasiM, KOTJA PaCIpeIesIeHue
obbemMa pabOTHI B 3asiBKE MMEET HEIKCIIOHEHITHAJIHHOE PACIIPEIe/IeHNE.

Pezynbrarom paboThl MUTAIIMOHHON MOIENN SBJISETCs HaOOp 3HAYEHUIA
JJIMH MHTEBAJIOB MEXK/y MOMEHTAMH HACTYILIEHUs COOBITHI B BBIXOISIIEM
noroke. ITo 3TuM JaHHBIM y2K€ MOXKHO CTPOMTDH OLEHKH YMCIOBBLIX XapaKTe-
PHUCTUK.

3. HucieHHbIE 9KCII€EpPUMEHTbBI

Wcmonwb3yst pe3yabTaThl MMUTAIIMOHHOTO MOJIEINPOBAHUS OBLIH TOCTOE-
HBI OIIEHKHT KO3 (DUIIEHTa aBTOKOPPEISIIHA U KO3(M(MUIIEHTA BapHUAINN JJINH
HHTEPBAJIOB B BBIXO/ISIIEM ITOTOKE PACCMATPUBAEMO CHCTEMBI TPU PA3HBIX
3aKOHAX pacipenenenns oobeMa MOCTYMAMNUX TPeOOBaHMIA.

ABTOKOppesISIust - KOPPEJIAus MEeXK/ly BEJIMIUHON 1 68 3a11a3/IbIBAHueM
B OIWH WM 0OJIee MEPUOI0B BpeMeHHu. UKC/I0 MePUOI0B, MO0 KOTOPBIM Pac-
cunTBaeTCsd KOI(MMUIIEHT ABTOKOPPEIANNY, YaCTO HA3BIBACTCH JIAIOM WJIN
MOPSIIKOM aBTOKOppesanun. B Hammem ciaydae 7 = 1 — mOpsSI0K aBTOKOpPpE-
astuuu [2]. @opmyna paccuera oneHku KO3GOUIUEHTA ABTOKOPPEISIIHN:

n

> W —Yr) Yi—r — Vo)

r, = t=1+4+71 , (1)
n . n .
X =02 X (Wr —Yo,)?
t=1+471 t=1+71
rae:
n n
> U > Y-t
t=1+4+71 _ t=1+4+71
1r = ﬁ? 2 T T (2)

Popmysia paccaera OmeHKH KO3 puimeHTa BapuaIum:

cV = =, (3)

< Q
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T7Ie 0 - OIIEHKA CPEIHEKBAIPATHIECKOTO OTKJIOHEHNS, § - BEIDOPOIHOE CPE/I-
Hee.

Ilosnrygennbie ONEHKW XapaKTEPUCTUK BBIXOIAIIEIO ITOTOKA MPH A =
0.7, 4 = 1 gy COOTBETCTBYIONIUX 3aKOHOB PACIIPEICICHIS BPEMEHH OOCTy-
kuBaHug U QyHKIUA gerpaganuu (M3MEHEHUsT) CKOPOCTH OOCIIYKUBAHUS
npuBemenbl B Tabmumax 1 n 2.

Tabma 1
Ornerka kK03 urieHTa KOPPEIIIAn JJIsl IJTIHH COCETHIX NHTEPBAJIOB B BHIXOISIIEM
TIOTOKE
Pacupenenenne obbema | f(i) =1+ | f(i) = \/117_1 fli)y=1
3adBOK
OkcnoHeHnmanbHoe (f = 1) -0.004 -0.005 -0.019
Herepmunuposannoe (d = 1) -0.016 0.074 0.113
Pasromeproe(a = 0, b = 2) -0.014 0.003 -0.021
Tammva (a = 8 = 0.5) -0.0005 -0.007 -0.022
Tamma (@« = § = 2) -0.008 -0.002 -0.033
Tabma 2

Ornerka k03(hdurteHTa Bapualuu /s AJI0H COCETHUX WHTEPBAJIOB B BBIXOISAIIEM

IIOTOKEe

Pacnpenenenune obwema | f(i) =1+ | f(i) = \/117_1 fli)y=1
3adBOK

OkcnoHeHnmanbHoe (f = 1) 1.005 0.975 0.929
Herepmunuposannoe (d = 1) 1.02 0.871 0.704
Pasromeproe (a =0, b = 2) 1.013 0.948 0.871
Tammva (o = 8 = 0.5) 1.004 0.991 0.956
Taxa (@ = 5 = 2) 1.01 0.964 0.885

W3 Tabaui MOXKHO caemaTh BBIBOI, 9TO 3HAYEHHUS IJIHH COCETHUX HH-

TEepPBAJIOB MaJjiO0 3aBUCUMBI JPYr OT Jpyra B HE3aBUCHUMOCTH OT HAJIUYUA
gerpajganuu u €€ MYHKINKN, & TAKXKE PACIPe/IeeHns 00beMa 3adBOK.

4. 3akJjroveHue

B xome wmcciaenoBanus XapaKTEPUCTUK BBIXOIMAIIETO TOTOKA OECKOHEU-
HOJIMHEITHOH CHCTeMbl MacCOBOTO OOCJIY’KHBAHMUS C Jerpajaineii CKOpocTn
obcykuBanus ObLIA MOCTPOEHA UMUTAIIMOHHAS MO/IE/Ib U MOy I€HbI OIIE€H-
Ki KO3 DUIMEHTa BAPHAIINH U KOI(DPUITHEHTA KOPPEIAINUHN JIINH HHTEPBa-
JIOB JIJIst PA3JINYHBIX BUAJIOB paclpe/iesieHus 0bbeMa MOCTYIamux TpedoBa-



AHann3 BbIXOASALLEro NOTOKA CUCTEMBI C Aerpagaynei 207

HUN ¥ Pa3/JWYHBIX BUAAX (YHKIuUH Aerpafanuu. V3 pe3yabraToB 9uC/IeH-
HBIX 9KCIEPUMEHTOB MOXKEM 3aMETUTh, YTO HAJIUYNE JIEIPAANNN CKOPOCTH
00CITyKUBaHUs He TPUBOAWUT K IOSBJIEHUIO 3HAYMTESHHON KOPPEJIIur B
BbIXOJIsIeM 1OTOKe. Jljist GOJIbIIMHCTBA PACHPEIETIEHUN COXPAHACTC TEH-
JIEHIINST, 9TO YeM CUJIbHEEe Jerpaalis CKOPOCTH OOC/IY>KUBAHUS B CUCTEME,
TeM BbIle 3Ha4YeHNE KOI(MDUIEHTA KOPPEISINN U MEHBIIE 3HAYEHUE KO-
a¢ddunmenTa Bapuanun JI0H HHTepBaioB. HanbosbIiee oTInYdne 3HAUCHIH
YUCJIOBBIX XapaKTEPUCTUK OT KJIACCHYECKUX Pe3yJbTATOB 0e3 Jerpaianuu
CKOPOCTH 00C/Iy2KHBaHUs HAOJII0AI0CH IIPH JIETEPMUHUPOBAHOM OObEME I10-
CTYMAIMNUX TPEOOBAHMIA.
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NCCJIEAOBAHUNE BECKOHEYHOJIMHENHOI

CMO C ITPOBEPKO1 KAUECTBA OBPABOTKU
ITPN1 HECTAIIMOHAPHOM PE>KVIME PABOTHI

M. 1. JTaspunenko, M. A. HkiieHHuK

Hayuonasvnoti uccaedosamenvcruti Tomekuti 2ocydapemeennbiti yrnusepcumen,
2. Tomcx, Poccua

B nammoit pabore paccMarpmBaeTCs CHCTEMa MaCCOBOTO 00OCJIy-
xkwuBanust (CMO) ¢ HeOrpaHWYEHHBIM YHCIOM OOCILY K UBAIOIIIX
YCTPOUCTB, C HAJIUIHEM KaK MTHOBEHHOMN, TaK M OTCPOYEHHOIl 00-
parHuoii cea3u. IIpomecc o6ctyxuBanns BKIO49aeT B ceds 06paboTKy
3asBOK B TE€UEHVE CJIy<IaiHOTO BPEMEHU, PACIpEeIeIeHne KOTOPOTO
SKCIOHeHIa bHO. [loce 00paboTKM KaKaas 3asgBKa ITO/IBEPTAET-
Cd IPOBEPKE Ha HAJIM4YUe OIMUOOK, KOTOPbIE MOI'YT ObITh MIHOBEHHO
yCTpaHeHbl 160 TpebGOBATH HEKOTOPOTO BPEMEHH JJIsT UX YCTPAHe-
aus. [Tocne mukBuganyumu omuboK 3agBKaM HEOOXOIUMO TTPONTH TIO-
BTOPHYIO 00pabOTKY, HA KOTOPYIO TPeOyeTCs yKe OTJIMIHOE OT Iep-
BUYIHOTO OOC/Iy>KMBaHNs BpeMs. TakuMm 00pa30M B MCCIIeIyeMO CH-
cTeMe peanu3yeTcsd OJIHOBPEMEHHO MTHOBEHHAs U OTCPOYeHHas 00-
parHas cBua3b. KiroueBble cJIoBa: 0eCKOHEUHOAUHETHAA CUCTIEMA
MACCOB020 00CAYNHCUBAHUA, NPOBEPKA KAHECNEA 00pabOMEKY, MeHO-
6eHHAA 00PAMHAA CBA3L, OMCPOUEHHAA 00PDAMHAL CBA3D, NPOUIEO-
dawan PyHryua

BBenenue

Cucrembl maccoBoro obciyzxupanus (CMO) spisiorcs sddexkruBHbl-
MU MATEMATHYECKUMHU MOIEISIMU JIJIsi aHAIU3a MPOIECCOB OOCIIY KUBAHUS
B PA3JIUIHBIX O0JIACTAX, BKJIIOUAS TEJIEKOMMYHUKAIUOHHBIE CHCTEMbI, KOM-
ObIOTEPHbIE CETH, U IIPOU3BOJCTBEHHbIE IpoLecchl [2]. BaxKubiM acnekrom B
anammse CMO sapisierca najgmare oOPATHON CBs3U, KOTOPAs CyIIECTBEHHO
BJIMSIET HA XAPAKTEPUCTUKH IPOM3BOJUTEIbHOCTH M KAIECTBA OOCILYKUBA-
uusi. MraoBeHHast 0OpaTHAsE CBSA3b MPENOJIATAeT, 9TO Kaxkaas 00paboTaH-
Hasl 3asBKa, MPHOBEHHO BO3BPAIIAETCS B CHCTEMY B CJIy4ae HEOOXOIUMOCTH
JIOTOJIHATEJILHOTO 00CTyKuBaHus [1]. B oTimdare or MrHOBEHHO, OTCPOYEH-
Hasi OOpaTHas CBSA3b MPEIyCMATPUBACT BO3MOXKHOCTH 3a/IEPXKKU BO3BPAIIe-
HUs 3adBKHM B CHCTeMy locse nepsudnoro obciyxusanus [3]. Takue cu-
CTEMBI MPEICTABISIOT OO0 KOMITPOMKCC MEXKIy MIHOBEHHON peakiuei u
BO3MOKHOCTBIO 3¢ HEeKTUBHOTO yrnpaBieHus: pecypcamu [4].
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1. Maremarnyeckas MO/€eJIb

Paccmorpum cucremy MaccoBoro 0o0CIIyKWBaHUS C HEOIPAHUYEHHBIM
9HUCJIOM OOC/TY2KHBAIONIAX YCTPONCTB ¢ MITHOBEHHOHW M OTCPOYEHHON 0Opar-
HO#i cBsi3bio (puc. 1). B cucreMy mocrymnaer mpoCTeRImii MOTOK 3asBOK C
napamerpom A. Bpemst obciryKuBaHus 3asBOK BXOJAIIETO MTOTOKA SIBJISIETCS
CIAy4YalHON BEJIMYMHON, UMEIOIIed SKCIOHEHIINAJIbHOE PaCIIpeie/IeHre ¢ Ima-
pamerpom p;. Iloce obciykuBanust Kaxkgasi 3asiBKa MMPOBEPSETCH HA Ha-
Jmgue OmuOOK, BOBHUKAIONUX B mporecce obpaborku. Ilycrs cyrmmecrsyer
JIBa, THUII, OINOOK:

— TEepBBIil THUI yCTPAHAETCS MTHOBEHHO, HO IPH 3TOM Tpebyercs TMOBTOP-
HOe 00cTyKuBaHne. BeposTHOCTh BO3HHKHOBEHHS OIITHOOK IIEPBOr0 TUIIA
paBHa 77,

— BTOpPOil TUTT OMMUOOK BOBHUKAET C BEPOSATHOCTBHIO T'o W JJIT WX YCTPAHE-
HUs TpebyeTrcst ciaydaiiHoe BpeMsi, pacipe/ieJIeHHOe SKCIIOHEHITHAIBLHO C
napamerpoM o. Ilociie dero 3asBKke TakKe TPeOyeTCsl TIOBTOPHOE 00CITY-
JKUBaHWUE.

2

[
2
2 a

4

4_
)

<o
S

-~ T _—

1-r1-1y

.o = =
w w

Puc. 1. — Cucrema MaccoBoro o6C/IyKUBaHUs C HEOIDAHUYEHHBIM YHCIOM OOCIIY-
JKUBAIOIIUX yCTPOMCTB C MIHOBEHHOM M OTCPOYUEHHON 00PATHOU CBA3BIO

Takum 0Opa3oM, Kaxk/1as 3asBKa BXOJSIIEr0 MOTOKA TTOCJIe 3aBEepITeHNsT
00CJTyKUBAHNS MOXKET C BEPOSATHOCTHIO 71 MOCTYIIUTH BO BTOPOIi OJIOK, Tie
BpeMsi OOC/TyKWBAHUS DPACIPEIETEHO IKCIOHEIHATHHO C MapaMeTPOM fig,
b0 € BEPOATHOCTDIO 7'y YUTH HA OPOUTY, I/€ OCYIIECTBISIETCS 331ePKKa B
TedYeHue CaydatHoro BpeMenu ¢ napamerpom o. C opOuThl 3asgBKa HOCTYIIA-
eT Ha TpeTuit 6JI0K 0OCTYKUBAHWS CUCTEMBI 1 00PAbATHIBAETCS TaM B Tee-
HUe HKCIOHEHIINAIHHO PACIPEIeIEHOr0 BPEMEHU ¢ mapamerpoMm pug. Ilocie
00pabOTKM HA BTOPOM U TPETheM OJIOKE MPOBEPKA KAYECTBA 00CTyKMBAHMS
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MMOBTOPSIETCS, U B CJIy4ae OOHAPYKEHUs OMMUOOK MEPBOrO WJIM BTOPOTO TUIIA
cXeMa UX yCTpaHeHus u 00pabOTKH IIOBTOPSETC.
Bsenem cremyrormue 0603HATIEHUST:

— 41 (t) — 9ECTO 3AABOK BXOJAIIETO MOTOKA, OOCTYKUBAIOIMIAXCS B CHCTEME
B MOMEHT BpeMeHH T;

— d9(t) — 4Mci0 3a8BOK, KOTOpPbIE OOCILy>KUBAIOTCs 110C/I€ ODHAPYKEHUSsE
OIMMOKY TIEPBOTO THUIIA, B MOMEHT BPEMEHHU

— 43(t) — UMCI0 3adBOK, KOTOpPbIE OBCIYKMUBAIOTCS TIOCHTE OOHAPYIKEHHS
OIMOKY BTOPOIO THUIIA, B MOMEHT BPEMEHHU

— i(t) — ameso 3a9BOK, HAXOMAIIMXCS B MOMEHT BPEeMeHH ¢ Ha opOmTe.

CraBuTcst 33,134 UCCIIE0BAHNS IeTHIPEXMEPHOTO IPOIECCa
{i1(¢),i2(t),i3(t),i(t)} B HECTALMOHAPHOM DEXKUME.

HyCTb P(il,iQ,’ig,i,t) = P{’Ll(t) = il,iz(t) = ig,ig(t) = Zg,l(t) = ’L}
— pacipesesieHue BeposTHOCTeR HecieyeMoro upotecca. Toria, nenosb3ys
At-MeTom, MOXKeM 3amucarh cucremy quddepennnaabubx ypasaernit Kos-
MOrOpoBa

OP(iy,12,13,1,1)
ot
+AP(iy — 1,49,45,0,t) + (41 + D)par1 P(é1 + 1,40 — 1,43, 4, )+
+(i1+ D) prre P(ir+1, 40,43, i—1,6)+ (i1 + 1) 1 (1—r1 —r2) P(i1 41, io, 43,4, 1)+
+(ig + DporeP(i1, ia + 1,43,1 — 1,t) + dopuar1 P(iy, io, 43,1, )+
+(ig + Dpa(1 —ry — ro)Pliy,ia + 1,i3,1,t)+
+(i3 + D usr1 Piy,io — 1,43+ 1,4, t) + (i3 + 1) usra P (i1, 2,43 + 1,0 — 1,¢)+
+(3 + Dps(1 —r1 — ro)P(i1, 42,13 + 1,4,t)+
+(i+ 1)oP(i1,i2,i3 — 1,1+ 1,¢) (1)

= —P(i1,i2,i3,i,t)()\ + iy + tope + i3z + i0)+

C HAYaJIbHBIM YCJIOBUEM

17 eCJH/Iil22'222’9,27;:07

2
0, ecom iy # 0,ip # 0,45 £ 0,7 # 0. @

P(i1;i2>i3ai70) = {
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2. Mertoa npounsBoggamnx QyHKIUN

st mostydeHnsi CKOMOTO BBIPAXKEHUS JJisl PACIpesesienns OyaeM mc-
L0J1b30BaTb MeToA, 1pousBoisuux dyuxkuuii [15]. Beegem upoussousiyio
byHKIHO

G(z,y,z,v,t) = ZZZZx“yizzi%iP(il,ig,ig,i,t).
i i i3 @

Torma cucrema (1) pasrOocuibHA HuddEPEHIUATLHOMY YDABHEHUIO B
YACTHBIX MPOU3BOIHBIX I IPOU3BOAAIIEH (DYHKINN

8G(x,g;z,v,t) b @ =1 =7y —1) — ra(v — 1)) 8G(x,gg,cz, 1),15)Jr
b (= D1 = r0) = rafo - 1) ZEELELD
s (2 =1 =11y — 1) = ro(v — 1)) W+
+o(v— z)w = Az — 1)G(z,y,2,v,1) (3)
C HAYAJTbHBIM YCJIOBHEM
G(z,y,z,v,0) = 1. (4)

Perrenne 3amaqan Komm (3) - (4) umeer Buz

G, 2,v,t) = exp {3 [;;1 (9 = 72) (ar (L = e™11) — puy (1 = e=11)) —

}L?i{2 (73 - "Yl) (%2(]. — efﬂlt) _ Ml(]- _ 67;421:)) +

(2 —71) Ges(1 —e7%) — i (1 — fmt))] (y—D+

+ [M?;l (B3 — Ba) (1 (1 — ety — py (1 — e=>1t)) —

p?fﬂ (53 - 61) (%2(1 — e_ﬂlt) _ Ml(l . 6_”2t)) n

Fa2 (B2 = B) (a1 — €)= (1 - em))] (2= 1)+
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|25 (Bs72 — B2vs) (Ga(1 — e ') — (1 —e71%)) —

;ffiz (6371 - 6173) (%2(1 — e_’“t) — /1'1(1 _ e—%gt)) +

-mﬁx@w—mwﬂmu—emw—mu—emm]@—n—

—“‘”Qa—amw} 6

M1

rjie s, 9, %3 — KOPHU XapaKTepUCTUIECKOIO ypaBHeHuAd

7 — (3 + 0+ pa(1 = 12))5¢° + (uzo(1 —ra)+
+ p20 (1 = 71) + pops(1 = 11))3¢ = popso (1 —r1 —r2) =0,

Q =y1(B2 — B3) + 72(Bs — B1) +73(B1 — B2),

1 1 s
ak:7ﬂl (7‘1+T2—%k<+>+k>7
g — M1 o U3 o3

11 2
ﬁk_lxk(Jr)Jr o a’YkZl*ﬁvk:LQ’?"
r1 \Oo U3 Op3T1 o

ITo Bumy BBIparkenus (5) MOXKHO CAEIATH BBIBOJ, O TOM, YTO YHMCJIA 3a-
SIBOK B KaXKIOM OJIOKE CHCTEMBI SIBJISIOTCH BEIUYNHAMHU HE3ABUCHMBIMH,
MpUYEM KarKIasi KOMIIOHEHTA UCCJIEyeMOr0 MHOTOMEPHOIO IIPOIECCA, TPE/I-
CcTaB/IsIeT COOOM HECTAIMOHAPHBIN IMyacCOHOBCKHUI ITPOIECC.

IIpu t — 00 HECJIOKHO MOy IUTDH IPOU3BOAAIIYIO (PYHKITNIO (PUHATHLHO-
TO pachpeieseHns BEPOSTHOCTEN MCCIeIyeMOro TPOIEcca, KOTOPOe COBIA-
JIAeT CO CTAIIMOHAPHBIM. JAMUIIEM €r0 B BUIE

G(SC,y,Z,’U) = exXp {% |:M?}1f1 (73 - ’72)(%1 - ,Udl)*

iz (13 = )2 — ) + G (2 = M) (5 — N1)} (y—1)

+ |:,u(11;1c1 (63 - ﬂ2)(%1 - /141) - H?i’fs (ﬂz - 51)(%3 — ,ul)} (z — 1)

+ [u(ﬁq (Bsy2 — Bavs) (s — 1) — 22 (Bsy1 — Bivs) (52 — 1) +

M2

—1—&(5271 — B1v2) (23 — pa) | (v —1) +
H12e3

2
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ITo Bumy npoussomseii dynkuuu (6) MOXKHO CeIaTh BBIBOJ O TOM,
YTO CTAIMOHAPHBIE PACIPEIETEHIs YUCTa 3asBOK Ha, KaXKJIOM W3 JTAMOB
obpaboTku nogunnsercs 3akoHy Ilyaccona ¢ mapaMerpamu, KOTOPbIE MOXKHO
BBIYUC/IATH, UCHOIb3Y4 (6).

3akJiroueHne

B pabore mpejacrasieHa MaTeMaTHuecKas MOIENTb CHCTEMBI MAaCCOBOTO
OCJIy?KHBAHUs C TPOBEPKOI KAIeCTBa 00pabOTKU B BUE PEATH3ANNN MIHO-
BEHHOI ¥ OTCPOYeHHO# 00paTHO# cBsA3u. B pe3ymbrare mpoBeneHHOTO UCCIe-
JIOBAHMUSA TIOTYIE€HO BhIPparKeHue JIs IIPOU3BOASIIEH (DYHKIINE HECTAIMOHAP-
HOI'O pacipe/iesieHud BepOATHOCTE YeThbIPeXMEPHOI0 CIy4aiiHOIo 1Ipolecca,
OMUCHIBAIOIIETO YUCJIA 3asBOK Kaxkaoro Tumna B ucciaeayemoit CMO. IMoka-
3aHO, 9TO YHCJIa 3adBOK KaKJIOTr'O THUIIa, HAXOJAIIMUXCA B CHCTEME B MOMEHT
BpeMeHun t, ABJIAIOTCA BEJINYUMHAMU HE3aBUCHUMBIMHU M ABJIAIOTCA HECTaIlH-
OHAPHBIMHU ITyACCOHOBCKHAMHE TIporieccaMu. TakzKe 3alnucaHa MPOU3BOISIIA
byHKIMSA CTAIMOHAPHOIO PACIIPE/IEIEHIS UCCIIEAYyEMOr0 IPOIECCa, KOTOPas
OyZer UCIOJIb30BaHA B JAJTbHEHIINX UCCAETOBAHUAX IIOTOKOB 3asdBOK B Pac-
CMaTpUBAEMOI CHUCTEME.
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MATEMATNYECKAA MOJAEJIb
KOMMEPYECKOTI'O BAHKA,
NCITOJIB3VYIOIIIEI'O CTPAXOBAHUE
KPEJIVNTHBLIX ITPOAYKTOB

H. A. Kysnenos, M. A. IlIkrenank

Havyuonaavrot uccaedosamenvckuti Tomerxutl 2ocydapecmeennbili YHUSEPCUIME,
2. Tomcxk.

B mannoit pabore mpejjiokeHa MareMaTuIecKas MO/IE/Ib KOMMepde-
CKOTO DaHKa, MPEJICTABJIEHHOTO KaK CHUCTEMa, MAaCCOBOTO OOC/TYKU-
BaHUsA C 00PAaTHOM CBA3bI0. [I0TOK KJIMEHTOB, 0OPATUBIINXCA B OAHK
BLIEPBbBIE, 33/14€TCsl IPOCTEMIIUM I1lyaCCOHOBCKUM LIOTOKOM. Tak Kak
mpu 0POPMJIEHUN KPEIUTHOTO MPOIYKTA KJIUEHT MOMKET 3aCTPAXO-
BaTh CBOIO OTBETCTBEHHOCTDH Iepejl GAHKOM WU YKe 0TKA3aTbCd OT
9TOH yCJIyI'H, TO BXOAANIWNI IIOTOK 3aABOK, IOCTYHNAIOMMUNA B IIpes-
noxennyio CMO, pa3znenserca. Haiinena mpousBoasias yHKIwst
J1JIsl HECTAIMOHAPHOTO PACIIPE/Ie/IeHUs BEPOITHOCTEHN YUC/Ia KIIMEH-
TOB, UMEIUX JAeHCTBYIOIIKE 3aCTPAXOBAHHBIE U HE3ACTPAXOBAH-
Hble KPEeIUTHBIE JOTOBOPHI, B JII000H MoMmeHT BpeMmenu. Kirroue-
BbI€ CJIOBA! MAMEMAMUYECKAA MOJEAD, 06DAMHAA CEA3D, KOMMED-
yeckul 6aHK, cmparosanue KpedumHss npodykmos, Cucmema mac-
€06020 00CAYHCUBAHUA.

Bsemenue

B coBpemMeHHOM MHUpE SKOHOMUYECKUX OTHOIEHUH CJI0KHO TPEICTABUTh
YeJI0BEKA, KOTOPBIH HE CTATKUBAJICS C OYePE/IsIMU Ha KacCe, He MOJb30BATICS
GaHKOMATOM WU HE Opasi Ouser B OOIMIECTBEHHOM TPAHCIOPTE. DTH CHTYA-
IIY MOYKHO OMFCATH C TIOMOIILIO CHCTEM MaccoBoro obcyskusanust (CMO)
— MaTeMaTUYeCKUX MOIEJIel, MPeACTaBISIONINX CTOXaCTUIECKUE TIPOIECCHI,
rJie 3asBKU HA OOC/IyKUBAHUE MOCTYIAIOT CIyYaifHbIM 00pa3oM u TPEOYIOT
o6paborku B Teuenue ciydaiinoro spemenu [2, 7). CMO urpator kioueByio
POJIb B SKOHOMHUKE OJIarofjaps ONTHMHU3AINUAN PECYPCOB, YIIyUIIEHUIO Kade-
CTBa OOC/Ty2KHBAaHUs, MTOBBIIIEHAIO 3(PPEKTUBHOCTH IIPOIECCOB B CIIOCOOHO-
CTH K aHaju3y u nporHosupoBannio. OCOOEHHO 3aMeTHO WX MPUMEHEHUE B
0aHKOBCKO# cdepe, re (prHAHCOBBIE OMEPAIINK, TAKHe KaK BLIIada KpPEeIu-
TOB W yIpPaBJIEHHE CTPAXOBBIMHU MPOJAYKTAMU, TPEOYIOT TOYHOIO AHAIM3A U
yrupasienus. B Hamem uccieOBaHUKM MbI CO3aUM MATEMATHYECKYIO MO-
JIeJIb U1 aHaau3a paboThl KOMMEPYECKOro OAHKA KAK CHCTEMbI MACCOBOIO
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obciyKuBaHust ¢ 06paTHOIT ¢BA3bIO [2, 4]. Ilenb paboThl 3aKII0YAETCs B MO~
JIydeHuun Bpra)KeHI/Iﬁ JJId OCHOBHBIX BEPOATHOCTHBIX XaPAaKTEPUCTUK YHCTIa
KJIMEHTOB, UMEOIIUX JIEACTBYIOIIUNE 3aCTPAXOBAHHbIE U HE3ACTPAXOBAHHbIM
KPEJUTHBIE JOTOBOPA B JAHHOM OAHKE B OIIPEIE/EHHBI MOMEHT BPEMEHH,
YTO BAXKHO IJId ONTUMH3AIMHU TIPOIECCa BbIJAYN KPEIUTOB W ITOBLIIIEHUA
YIOBJIETBOPEHHOCTH KJIMEHTOB.

1. MaremaTnueckass MOJI€eJIb

Paccmorpum kommepueckuit 0aHK, B KOTOPOM UMEETCS BO3SMO2KHOCTD 3a-
CTPAXOBATh CBON KPEJIUT, MUHUMHU3UDYsT PUCKUA KaK OaHKa, TaAK U CaMOro
3aEMIIMKA OT HEIPEJIBUJAEHHBIX O0OCTOATEIbLCTB. Bymem caurarb, 94T0 Kim-
€HTHI DAHKA TTOC/IEe 3AKIIOUYEHNST KPEIUTHOTO JIOTOBOPA 10 TIOTAIIEHUST O0sI-
3aTeIhCTB HE OTKPBHIBAIOT HOBBIX KPEAUTOB B JanHOM Oarke. [locse mogHoro
ralneHuns KPeInuTa KJINEHT MOXKET C/IeJIaTh BHIOOD B TOJIB3Y APYTrOoro OAHKA.
Takzke KJIHEHT MOXKEeT CHOBA OOpATHTHCs 3a (PHHAHCOBOH MTOMOIIBIO K JAH-
HOMY GaHKY, HO IIPU STOM HU3MEHHUTDH YCJIOBUs KPEJAUTHOIO JIONOBOPA, IIyTEM
€r0 CITPAXOBAHUSL, UJIH YKE B34Th HOBbBII KPEJUT HA TEX XKE YCJIOBUIX, TO €CTh
6e3 crpaxoBku. IIpomecc n3MeHeHUsT YUCIA KIUEHTOB C YIETOM MEXAHU3Ma
00paTHOI CBS3M MMEET PEIIaioIee 3HAYEHUE IJIsT KPEIUTHOTO YIPEK JSHS.

ITorox KAMEHTOB, BIEepBbIe OOPATHBIINXCA 33 (PUHAHCOBOH MOMOIILIO B
6aHK, Oy/eM paccMaTpUBaTh KaK MPOCTEHINHiT TIOTOK ¢ mapamerpoM A. K-
€HT, Ipu/da B DAHK, C BEPOSITHOCTHIO 7'y ODOPMUT CBO¥H MEPBbIN KPEIUTHDLIN
JIOTOBOP CO CTPAXOBAHUEM U OYIET BBHITLJIAYNBATH €r0 HA MPOTSIKEHUU HEKO-
TOPOrO CJIy4aifHOTO BPEMEHH, KOTOPOE PACIPEIEJIEHO MO IKCIOHEHIINAh-
HOMY 3aKOHY C mapaMerpoMm fi. 1lociie 3aKpbITHs TOITOBBIX O0sI3aTEIHCTB
KJIMEHT MOYKET CHOBA OOPATUTHCA B OAHK 71t OPOPMJIEHHS HOBOT'O KPEINT-
HOro s10oroBopa. Ilpw 9TOM y HEro ecrb BO3MOXKHOCTH IIOMEHSATH YCIOBHS
KPEIUTOBAHUS TIO0 CBOUM MPEINOUTEHNAM U OMOPMUTH KPEIUTHBINA JIOTO-
BOp 0€3 WCITOTh30BAHNUST CTPAXOBAHUSA C BEPOSATHOCTBIO 719, JTHOO YKe 3aHO-
BO 0pOPMUTH KPEIUT C TEMU K€ YCJIOBHUSIMHU C BEPOSITHOCTBIO 711. TaKiKe
KJUEHT MOYKeT MPEKPATUTH B3AUMOOTHOIIEHUs ¢ OAHKOM, Tepeiiis B Ipy-
roii 6ank, ¢ BepostHocTbiO (1 — 717 — r12). IIpeanonoxum, eciu Kiauent
[IOMEHSJI YCJIOBUS KPEAUTOBAHMUS U OQOPMUII KPeauT 6e3 crpaxoBaHus, TO
MOJTUTUKA, €r0 BBIMLJIAT MEHSIETCs, ¥ BPEMsi, 38 KOTOPOE KJIMEHT TIOJTHOCTHIO
BBIILIATUT JTOJITOBYIO CyMMY, OyJeT CJIydaifHON BeTNINHOM, PACIPEe e/ IEHHOM
9KCIOHEHITHATBHO C MAPAMETPOM [i2.

O6o3naunm i1(t) — 9MCI0 KPEAUTHBIX JOrOBOPOB B JIOOOIT MOMETH Bpe-
menu t, ohOPMJIEHHBIX CO CrpaxoBaHueM, a iz(t) — COOTBETCTBEHHO, YUC-
JIO KPEIUTHBIX JTOrOBOPOB, O(OPMIIEHHBIX 0e3 cTpaxoBku. Torma ciaydaii-
ubIit iponiece {i1(t),i2(t)} Gyaer XapakTepu30oBaTh YNCIO 3aCTPAXOBAHHBIX
¥ HE3aCTPAXOBAHHBIX KPEAUTHBIX TOrOBOPOB. Haiiiem OCHOBHBIE BEpOST-
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HOCTHBIE XapaKTEPUCTUKU JAHHOI'O MPOIECCa B HECTAIIMOHAPHOM M CTalld-
OHAPHOM PEXKMMaX, UCIOIb3YsI MEXAHWU3MbI TEOPUHU MACCOBOI'O OOCIIYKUBa-
HUS.

2. I/ICCJ'Ie,HOBaHI/Ie CHUCTEeMBbI MAaCCOBOTI'O OGCJ’Iy)KI/IBaHI/ISI

s MareMaTu4decKoro MOJEJMPOBAHUS HAIlel 3aJad9u Oy/eM HCIOJIb-
30BaTh GECKOHEYHOJMHEHHYIO cucTeMy MaccoBoro obcayskusanust (CMO)
C AByMsi OOC/Iy>KMBAIOIIUMHU OJIOKAMHU U OOPATHON CBA3bI0 (PUCYHOK 2).
B kaxaom m3 aByx OJIOKOB CHCTEMbI UMEETCS HEOTPAHUYEHHOE HYHCJIO 00-
cayxkuBatonux ycrpoiicrs [3]. B cucremy mocrynaer npocreiiniuii 10TOK €
[apamMerpoM A, KOTOPBI HA BXOZE PAa3Jeisdercs 0 OMHOMHUAJIBHON cXeMme,
OCTaBasICh MPU ITOM TeM YKe TPOCTeHINM ToToKoM [5]. SasiBka, monagas B
CUCTEeMY, C BEPOSITHOCTHIO 79 HANPABJISIETCS B TEPBbIA OJIOK, 3aHUMAasT JIIO-
00if U3 AOCTYIHBIX TPUOOPOB, T7e €€ 0DC/IYKUBAHNE MPOUCXOIUT B TEICHUE
HEKOTOPOTO CIYYafiHOrO BPEMEHHU, PACIPEIETEHHOrO M0 IKCITOHEHITUATILHO-
My 3aKOHY ¢ apamerpoM fi1. [locie obciykuBanust 3agBKa, ¢ BEPOATHOCTHIO
711 MOKET IIOBTOPHO OOpATHTHCS K ITOMY OJIOKY, IepeiiTu B Apyroit OJI0K ¢
BEPOSITHOCTBIO 712, W C BEPOSTHOCTHIO (1 — r1; — 712) MOKHUHYTH CHCTEMY.
Anasornunasi curyanust HabJIIOTAETCS W JIJIsT BTOPOro OJIOKA, MapaMeTpbl
cucTeMbl OTOOpayKeHbI HA PUCYHKE 2.

O6o3naunm i1 (t) — 4uCII0 3aHATHIX IPUOOPOB B EPBOM BJIOKE 0BCIIY KH-
BaHus B MOMEHT BpeMenu ¢, a io(t) — Bo Bropom coorsercrsento. CraBurcs
MPUOPHUTET Ha BBIYHUCIEHNE PACTIPEIEEHIsT BePOATHOCTEH IBYMEPHOTO CIIy-
gajiHoro mpouecca {i1(t),i2(t)}.

11y -1

~N

I-r—rp

Puc. 1. CMO c aByMs 06CTyKUBAIONIMI OJI0KaMU ¥ 00PATHOMN CBA3bIO
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OnucanHBI JBYMEPHBII IPOIece siBJIsieTcst MapKoOBCcKuM [5]. Onpeaennm
pacipe/ieJieHde BepOsaTHOCTEl Jyis JaHHOrO mpouecca B Buge P(iy,ig,t) =
P{ii(t) = i1,i2(t) = ia}. Torma, ucnonb3ys dopmyiy 1moJHON BEpOATHOCTH
u At -Meroi, MOXKHO LOJYy4uTh cucreMy auddepenimuaibiblX ypaBHeHuit
Komnmoroposa, 111 ICKOMOTO PACIIPEIEICHAS BEPOATHOCTEA.

dP(i1,i0,t . . . . .

% = roAP(iy — 1,ia,t) + T12p1 (i1 + 1) P(iy + 1,42 — 1,1)+

+,Uq(i1 + 1)(1 — 711 — Tlg)P(il + 1,i2,t) + T21M2(’i2 + 1)P(Zl — 172'2 + 17t)+
—‘r/,ég(’iz + 1)(1 — 91 — T22)P(i1,i2 + 1,t) + (1 — To))\P(il,ig — 1,t)—

— (A + paiy + poio — rivizpn — ragiaope) P(i1, g, t). (1)

Hauanbhoe ycsioBue aiist cucrembr (1):

1, eCIn 11 = 1o = O7

P(ilai270) = {

0, ecmm 21 > 0 umm iy > 0.

Ompenenum oOImMit BuJL POU3BOAIIEH (DYHKIUE JIBYXMEPHOIO PACIpejie-

JIEHUA B BHUJIE:
‘T y7 Z Z P Zlv’LQa g 12 (2)

11 =01i2=0

U3 cucremnbr (1), npuauMas BO BHUMaHUE BUJI POU3BOIAIIECH DyHKIUY
(2), MOXKHO TOMy4YuTH JuHElHOe MudbEPEHINATLHOEe YPABHEHUE EPBOTO
nopsizika 1js byukiuu G(x,y,t) B 9aCTHBIX TPOU3BOIHBIX:

0G(z,y,t 0G(z,y,t
% +pa[(L—ri)e —ripy — (=711 — 7”12)]%—1—
OG(z,y,t
+puo[(1 —ra2)y —ro1x — (1 — 121 — 7"22)]%yy)+
= Aroz + (1 — 7o)y — 1]G(x, y, ). (3)

HauasnbHoe ycioBue st ypaBHeHus (3):
G(z,y,0) = 1.

Pemus ypasuene (3), nosiyuum BbIpazkeHue [is IPOU3BOJdIell DyHK-
MY HECTAITHOHAPHOI'O PACIPE/IEIEHIS INCIa 3aHATHIX MIPUOOPOB B KAZKIOM
n3 OJIOKOB CUCTEMBI:
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Az —1) (1 - (m*"+@>6*“"7<mfnfJﬁ)e’”t) +

G(z,y,t) = eXp{/\ Vi)

(m7n+\/5)e’k1t+(mfnf\/B)ekat
+Bly—1) (1- et )+

+B%1)M2r21(6_k1t _ e—kzt) + %erm(y _ 1)(e—k2t _ e—’@ﬂ)} }7 (4)

rie

A - 7“0(1—T22)+(1 —7“0)7“21 B— 7“07“12+(1—7”11)(1 —7“0)
p1((1 = ra2)(1 = 711) — ro1ria)’ pa((1 —1re2)(1 —1r11) — 7’217’12() 7)
5
m = 1 (1 —r11), n = pa(l —ra2), (6)
1 1
k1= 3 (m—n+\/5>,k2:§ (m—n—@),
D=(m- n)2 + 4 poriaray > 0. (7

[Ipumensis cBoiicTBa TPOM3BOAAIIEH (DYHKIMY, BBIYACTAM MATEMATHIE-
CKOE OXKWJIAHUE YUCIA 3AHITHIX MPUOOPOB B OJIOKAX CHCTEMBI B MOMEHT
BpeMeHu ¢

M{iy (1)) = %

2

A <\/5_ (m—n+VD)e ™" — (m—n— \/E)ek2t> +

+Bpara (e_klt - e_k2t) ] ,

M{ia(t)}

_ A _(m=n+VD)e " — (m —n — VD)e *!
== |B <\/5 ) .
Ao,

rae A u B onpegensiiorcs Boipaxkenusmu (10), m u n (6), a D - (7).
IIpu At — oo nosyvaem Buj npou3BoAAeil GyHKIMKU CTAIMOHAPHOIO
PACIpeIeIeH s INCTIa 3asSBOK B IIEPBOM U BTOPOM OJIOKaX:

G(z,y) = exp{A[A(z — 1) + B(y — 1)]}. (10)
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3akJiroueHue

Ha ocHose npoBesieHHOro anaiu3sa Haiijiena npoussosinas dhyskuus (9)
HECTAIMOHAPHOIO PACIIPEAEIEHUs] IBYMEPHOIO CJIy4ailHOIO IPOLECCa, OIIU-
CBIBAIOIIErO YUC/I0 3aCTPAXOBAHHBIX M HE3ACTPAXOBAHHBIX KPEIUTHBIX TIPO-
IyKTOB OaHKa B MOMEHT BpeMenw t. [Ipm 3amannm BXOASIMX MapaMeTpOB
MOKHO OIEHHTD CPEHEE KOMMIECTBO 3aCTPAXOBAHHBIX W HE3ACTPAXOBAHHBIX
KpeauToB B JiI000ii MOMEHT BpeMenu t, uctoib3ys dpopmyst (8) u (9).

Mo2KHO TakzKe ¢Aenarh BBIBO, ITO Iy 9aiiubie nponeccer {41 (t)}, {ia(t)},
OTPAXKAMIINE KOJUIECTBO 3AHATHIX MPUOOPOB B OOCTYKUBAMOIINUX OJIOKAX
CHCTEMBI B CTAIIMOHAPHOM PEKMME, HE3ABUCUMbI U CJIE/LYIOT I1yaCCOHOBCKO-
My pacnpesenenuio ¢ napamerpamu A u B (10) 1gisi mepBoro u BTOpOro
GJIOKOB COOTBETCTBEHHO.
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AHAJIN3 CUCTEMbBbI CBOPKI ®PATMEHTOB
TPEBOBAHINU, OBCJIY2KEHHbBIX

B AIIMKJINYECKOI1I CETU MACCOBOTI'O
OBCJIY2KUBAHU A

O. C. IlocruoBa, 1. E. Tanauko, E. C. Porauko

Capamosckutl HaUUOHAADHBIT UCCAEI0BaMENbCKUT 20¢YdapcmeEerHbL i
ynusepcumem umenu H.I. Jepuwwesckozo, 2. Capamos, Poccus

PaccmarpuBaercs mozesns cuctemsl cbopkm TpeboBanmit m3 dpar-
MEHTOB, TOCTYIIAIONINX B CHUCTEMY, ITOCJIEe 3aBEPIIEHUS WX 00CIIy-
KWBAHUSA B alUKJINIECKON OTKPBITON dKCIOHEHIMAJIILHON CeTH Mac-
coBoro obcayx)uBauusi. Kaxkmoe TpeboBaHme pa3buBaeTcss Ha IBa
dbparMenTa Tpu MOCTYIJIeHWH B ceTh. Cucrema COOPKM TIPEICTaB-
JISIeTCsI CHCTEMOM MaCCOBOI'O O6CIIy)KI/IBaHI/IH C 66CKOH€‘IHI}IM quc-
nom mpubopos. IIpenmosaraercst, 9To BXOAAIUN B cucteMy cOOp-
KU MOTOK (pparMeHTOB TPeOOBAHUI ABJISIETCS IIyaCCOHOBCKUM, JIJIU-
TeJIbHOCTA COOPKH TpeboBaHuil n3 (GparMeHTOB ABJISIOTCI YKCIIO-
HEHOWAJIbHO paCHpeaeIeHHbIMU CHy‘{&I./JIHI)IMI/I BeJIMYUHAMMU. BBI‘{I/IC—
JISIETCS MAQTEMATUIECKOE OKUTAHNE JTUTEIFHOCTH COOPKM TpeboBa-
Huit. [j1s IpoBepKH aIeKBATHOCTH IIPE/IJI0KEHHOM MOIE/IM CHCTEMbL
C60pKI/I UCTIOJIB3YyETCA METOJ NUMUTAIIMOHHOTO MOIEIUPDOBAHNA.
KumrodeBble ci10Ba: ayuKAUYECKGA CETND MACCOB020 00CAYIHCUBA-
HuA, deaenue U cauanue mpebosanutl, Ppazmenmo. mpebosanu.

BBemenue

CucreMbl 1 CETH MACCOBOIO OOC/IYKMBAHMSA YACTO UCIIOJIb3YIOTCs B Kade-
CTBE MATEMATHYECKUX MOJEJIEH JUCKPETHBIX CTOXACTUIECKUX CUCTEM C Ce-
TEeBOW CTPpYKTypoit. O1HOM M3 aKTyaIbHBIX 33129 B HACTOAIIEE BPEMSI SBJIsI-
eTcsl TIOCTPOEHNE M MCCIIe[OBAHNEe MMATAIMOHHBIX Mojeneil [1, 2], a rakxe
CHCTEeM U CeTell MacCOBOrO OOC/TYKHBAHHUs C IEIEHNEM U CAUSHHEeM Tpebo-
Banwuii [3, 5, 4, 6] Ay UPOEKTUPOBAHUS U AHAJIU3A CUCTEM C MHOI'OILYTEBOM
MapIIpyTU3AINEH, CHCTEM TapaslIeIbHO 00paboTKu wHMOpMAINN, pacipe-
JIEJTEHHBIX BBIYUCIUTEIHHBIX CHCTEM.

B pabore [3] Gb111 IOy Y€HBI ACHMITOTHYECKHE BbIPAXKEHUs JJIsl CTAIlU-
OHAPHBIX BEPOSITHOCTEH COCTOSHUIT ABYX MapaJIeTbHBIX CHCTEM MACCOBOTO
obcatykuBanus Tuna M/M/1 ¢ nenenuem tpeboBanuil Ha aBa ¢parmenTa.
Ha ocnose pesysbraros paborst [3] B pabore [4] nosydeHo TouHOe Bbipaze-
HUE JJI8 BpeMeHu peaknuu. JlJis ceTm MaccoBOTO OOCIIY>KMBAHUS, COCTOSI-



AHanus cuctemsl cbopku pparmeHToB TpebosaHmii, obcaykeHHeix B ... 221

mieit u3 m cucrem tuna M/M/s ¢ nenenuem tpeboBanuit Ha m QparMmen-
TOB, TIOJIyY€Hbl TPUOIUKEHHBIE BHIPAYKEHUS [IJIsl BEIYUCTICHUST BDEMEHU Pe-
aknuw [5]. B pabote [6] paccmarpuBaercs K1ace OTKPBITBIX CeTell MacCOBOTO
00CIIy)KUBAHUS C IIPOU3BOJIBLHON TOIOJIOTUEH, KOTOPBIE ABJIAIOTCH PA3BUTH-
em fork-join cereii, cocToANUX W3 TAPAJIETHHBIX CUCTEM OOCJIYKUBAHUS.
B mammoit pabore onuchIBAeTCsT MOIEIb CUCTEMBI COOPKM TPEOOBAHUIA,
KaxKJ0€e U3 KOTOPBIX COCTOUT M3 ABYX (pparMeHToB. VcTouHnkoM pparMen-
TOB JIJIsl MOJIEJIU SIBJISIETCsI OTKPBITAsi CeTh OOC/Iy?KUBAHUsI, B KOTOPYIO I10-
CTYIAET IYACCOHOBCKUI MOTOK Pa3/iesigeMbIX Ha (pparMenTsbl TpeboBaHUil.

1. Onucanne mogean

PaccmarpuBaercss OTKpBITAst S9KCIIOHEHIMAIBHAS CETh MaCCOBOTO OOCITy-
JKUBaHUsA, cocrosmas u3 L cucrem S; tuna M/M/1 ¢ HHTeHCHBHOCTSME
obcayxwuBanus p;, ¢ = 1,...,L. I3 ucrounmka Sy B ceTb 00CTyKUBAHUSA
C MHTEHCUBHOCTBIO A TIOCTYMAET IyaCCOHOBCKUIT MOTOK TPeOOBAHUN OJHOrO
kaacca. Ilpenmosaraercs, 9ro ceTb — ANMKJINYECKasi, TO €CTh CTPYKTYpPa
CEeTHU MPEJCTABILETC OPUEHTUPOBAHHBIM AIUKJINYECKUM rPadOM.

Kaxkmoe w3 mocrymnaionmx TpebOBaHUl COCTOUT u3 ABYX (DPArMEHTOB.
B mowmenT mocrymiienusi TpeOOBaHUS B CETh 3TO TpeOOBAHWE PA3/IEIIeTCs
Ha 1Ba (pparMeHTa, Ha3bIBAEMBIX POICTBEHHBIMH, U 00a (pparMeHTa He3aBH-
CUMO JPYT OT JIpyra MOCTYIAIOT B OHY W3 CUCTEM CETH, C KOTOPBIMHU CBSI-
3aH UCTOYHUK. PpAarMeHThI OJTHOrO TPEOOBAHMS HE3ABUCUMO JIPYT OT JIPYra
¥ HEe3aBUCUMO OT (DPArMEHTOB APYTUX TPEOOBAHWIT TIEPEXOISIT MEKIY CH-
CTEMaMU CeTH JO TeX IOP, MOKA HEe 3aBEPIMUTCS WX OOCIyKWBAHWE B CETH.
ITocse aToro dparmenTs! TpeOOBAHMI TOCTYNIAIOT B CUCTEMY ST 41, Ha3bIBae-
MYIO cucTeMOii cOopku. PomcrBennbie (pparMeHThl, panee MPUHA,IIEKABIINAE
OIHOMY TPeOOBaHMIO, COOMPAIOTCH B eInHOE TpeOOBaHUE, KOTOPOE ITOKUIAET
cucremy cbopku. [Tepexoast (hparMeHTOB MEXKIY CHCTEMAMY CETH, UCTOUHHU-
KOM W CHUCTEMO# COOPKY OCYINECTBJISIOTCS B COOTBETCTBUU C MApPIIPYTHOM
marpumreit © = (6,;),i=0,1,...,L,j=1,...,L+1, rne 6;; — BepOATHOCTB
TOTO, YTO Tocne TpeObIBaHuA B cucTeMe S; dparMenT mepeiizer B S;.

Cerb MaccOBOro 00OCITyKUBAHUsL C BBEJIEHHBIME PAHEE IapaMETPAMU CHU-
cTeM, B KOTOPOU OOCTyKHUBAIOTCA (pparMeHTbl TpeboBaHwuii, 6€3 CHUCTEMBbI
c6opku obozHatnM depes N. DjeMeHTs MapmpyTHOiH Marpuipt © = (6;5),
i,7 = 0,1,...,L, cetu N ompenensroTcs Kak 91»]' = 0,5, ecm j # 0,
i 5170 = 0;,1+1. lIpennonaraercs, uTo B cetn N 9HCIO CMEXKHBIX I1T S;,
i=0,1,...,L (kpome S;, mus Kotopbix 0; o = 1), cucrem 0bCTyKUBAHUSA,
B KOTOpbIE BO3MOXKEH mepexon (pparmMeHToB u3 S;, HAMHOrO GOJIbIIE JABYX
(uncna bparmMeHToB TPEOOBAHUS), U BEPOATHOCTH éij >0,7=0,1,...,L,
cpaBHUMBI. B 3TOM ciiydae Berxomsamuii u3 cetu N MOTOK (DParMeHTOB Tpe-
GOBaHMIl MOKHO CYNTATH IIYaCCOHOBCKHUM [7] ¢ MHTEHCHBHOCTBIO 2.
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[Ipenmonaraercs, 9To ajs cetu N BBIIOJHSAETCS HEOOXOIMMOE yCIOBUE
CYIIECTBOBAHUS CTAIMOHAPHOTO PEKUMA

1 Hitwo
Ao < = min =a 1
O™ 921 w; ’ (1)
rae BeKTOp w = (wj), j = 0,1,..., L, HAXOOUTCS KaK DeIleHHe yPABHEHUs

w = wO ¢ ycioBHeM HOPMHUPOBKHU Y w; = 1.

Cucrema cbopkn Sp41 COCTOUT M3 GECKOHETHOTO UHCIIA ODCITYKHBAIO-
mux mpudopos. Haszmaduenme 3Toit cucreMbl — cOop TpebOBaHuii u3 poJ-
CcTBeHHBIX (pparmMenToB, nmocrynaonmx u3 ceru N. Ilpu nmocryniennn B cu-
creMy COOPKH OHOIO U3 POJCTBEHHBIX (DPACMEHTOB — MEPBOrO M0 BPeMeHU
[OCTYIJIEHUsI B CHCTEMY, HA3BIBAEMOIO <IEPBBIM» (parMeHToM TpeboBa-
HUSI, — OH 3aHWUMAaET CBOOOMHBIH TpuOOp. B MOMEHT mOCTyT/IeHusT «BTO-
pOro» U3 POJCTBEHHBIX (PPATMEHTOB MTHOBEHHO TPOUCXOIUT OOBEIMHEHNE
dbparmMeHTOB B eauHOE TpeOOBaHWE, KOTOPOE MOKUIAET CHUCTEMY COOpPKH,
n ocBoOOXKaeHme npubopa. Takum obpaszoM, JIUTETHHOCTH COOPKH Tpebo-
BaHWsS M3 POJCTBEHHBIX (DPAIMEHTOB COBIIAJAET C JJIUTETbHOCTHIO MPeObl-
BaHMs B CHCTEME <«IIEPBOrO» (DparMeHTa Wd [UIMTEIbHOCTHIO MHTEPBAJIA
BPEMEHM MeXKJIy MOMEHTAMU BBIXOA POJCTBEHHBIX (hparMeHToB u3 cetu N.

3amadeil JaHHOM PADOTHI ABIACTCA HAXO0XKICHIE MATEMATHIECKOTO OXKH-
JIaHWs JJTTETBHOCTH COOPKU TPEeOOBAHUN W CTAIMOHAPHBIX BEPOSATHOCTEMH
COCTOSTHHIT CHCTEMBI COOPKH.

2. IIpubaum>keHHBIN aHAJINA3 CUCTEMBI COOPKU

IIpeamonoxkum, 9T0 cucTeMa COOPKH SIBISETCS CHCTEMOI MacCOBOIO 00-
cnysknBanust tuna M/M/oo. B cucremy mocrymaer myacCOHOBCKHMi MOTOK
dbparMeHTOB ¢ MHTEHCUBHOCTBHIO )\, TaK KAaK OOCIy>KWUBAIOTCA B CHCTEME
TOJIBKO «IIE€PBbIE€» (DpArMEHTHI.

Pesysbrarbl UMUTAIMOHHOIO MOJEJIUPOBAHNUS [TOKA3BIBAIOT [2], 4TO J1H-
TeIbHOCTh COOpPKM TpeOOoBaHWA M3 (PPArMEHTOB MOXKHO IPEICTABUTH IKC-
[IOHEHIMAJIbHO PaCHPeeJeHHON CIIy4YaiiHON BeJIMYUHONU ¢ MaTeMaTu4eCKUM
oxunanveM 1/p. IIpn 5TOM W3MeHeHHe mapaMeTpa (i MPUOINKEHHO OIH-
mem yObiBalommeli JuHelHo# QyHKImel MHTeHCUBHOCTH Ao, i = (o),
Ao € (0,a). padurom dyukuuu p(Ag) ABasgercs npaMasi, IPOXOIAIIasl de-
pe3 ase rouku (0,v) u (a,0), rae v — 3HAYEHUE L1, TIOJYUAEMOe IPU g = €,
rae € > 0 — masoe gncso. Takum obpazom,

p= %AO v, o€ (0a) 2)

Haiinem v. [lpu \g = £ MmaTemarndeckoe OXKUTaHUE JINTETHHOCTH COOD-
Ky TpeboBaHuWsa w3 (pArMEHTOB WM, WHAYE, MATEMATHIECKOE OXKUIAHWE
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JUIATEIFHOCTH WHTEPBAJIa BPEMEHU MEXK/IY POJCTBEHHBIMU (DparMeHTaMU
B BBIXOAAIIEM u3 ceTu N mOTOKe (pPAarMeHTOB COBIIAIAET CO CPEIHEKBaIpa-
THUYIECKUM OTKJIOHEHHEM O JJIUTETbHOCTH peakiun 7o ceru N. Torma

v=1/o0, o0 =/Br} - (Em). 3)

rne BErg n E7'02 — IepBbIil 1 BTOPOIl Ha4Ya/IbHble MOMEHTbI BEJIMYUHBL T(.

Nsgecrwo [8], uto
L

1 ¥
ETO*T)\O.Zl_'(/}i’ (4)
=1
rae ¥; = Ni/pi, i = 2X\ow;/wy — MHTEHCHBHOCTH TOTOKA (bPAarMeHTOB
TpeboBanuii B cucremy S;, ¢ = 1,..., L.
O603HauuM T; — JIUTETLHOCTD npebbiBanus B ceru N (pparmMeHToB Tpe-
OOBaHUii, TTOCTYMUBINNUX B CeTh uepe3 cucremy S;, ¢ = 1,..., L. Maremaru-
Jeckue OXugaHus ET; MOTYT ObITh HANIEHBI U3 CUCTEMBI YPABHEHUIT:

2FT, L
ETE_ : + 0_2 ET'21 Z:]'”L 5
pi (1 — ;) ; Y ©
U3 (5) nomyuum
L L A
220y O Er2 =2 ——E7;
0 ; 0 ; pi(1 — ;)
Uin
1
2 _ i .
Ery = o Z WET" ©)

IMoncrasus Haiigexubre o dopmynam (4) u (6) 3nadenns B bopmyay (3),
HaiizeM 3HavYeHue v, UCIoJb3yemoe B opmyle (2).

O6o03naunm P, — cranuoHapHas BEPOSATHOCTb MPEObIBAHUS CHCTEMbI
coopku B cocrosgamu k, k = 0,1,2,..., rme k — 9uca0 «mepBbix» dpar-
MEHTOB B cucrteme cOopku. Q4UeBum HO, ITO

k
P, = LOIQ“) e K =0,1,2,...,

rie p Bbramcisierca 1o dopmyiie (2).
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3. YuciieHHbIE PE3YJIHTATHI

Jljst IPOBEPKY a/IeKBATHOCTU LIPEJIOZKEHHO MO CHCTeMbl cOOPKU
ObL1a IOCTPOEHA UMUTAIMOHHAA MOJIE/Ib PACCMATPUBAEMON CETH MaCCOBOIO
00CITyKUBAHUS ¢ CHCTeMOIT cOOpKH [2]. Pe3y/IbraTs! aHATIHTHIECKOTO BBITHC-
JIEHUs CTAIIMOHAPHOIO PACIIpe/ieJIeHIs CUCTEMbI COOPKI CPABHUBAJIICH C Pe-
3yJIbTaTaMH HMUTAIMOHHOIO MOJIeIpoBanus. B KadecTBe Kpurepust 61i30-
CTH pacrpejesieHuii ucnonb3osanocsk paccrosuue Kosmoroposa:

SRS R
k=0 k=0

rae P u P, — BEpOATHOCTH COCTOsSHUs k CHCTEeMbI COOPKHU, BBIUNC/TEHHBIE

b

A = max
i>0

C IIOMOIIBIO AHAIUTHIECKON M MMHUTAINOHHON MOZEIN COOTBETCTBEHHO.

B taba. 1 mpuBonsarcs paccrosuus Koamoroposa mist ciyuas L = 20,
pt = (u}) = (4.5,3.8,3.1,4.8,3.2,3.0,2.9,2.8,4.7,3.8,4.1,4.2,4.6,4.8, 3.9,
4.2,4.3,3.3,4.0,5.0) u p? = (p?) = (4.1,12.0,3.9,8.0, 3.2,4.0,10.0,9.0, 4.3,
10.0,11.0,8.0,6.0,4.0,4.5,10.0, 3.8,5.0,7.0,4.0), A} = 0.1a u A3 = 0.5a, ym0-
Biersopsomux yciaosuto (1), upu asyx Buzax ceru N: I — «aByxcooii-
Hasg» CeTh MapasjenbHbIX cructeM u 11 — mpon3BosibHAS APEBOBUIHAS CETh.
W3 tabnunpbl BUIHO, YTO ANNPOKCHMAINS CTAIMOHAPHOTO PACIPEeIeIeHNsT
cUCTeMbl COODKH YJIydINAeTCs [IPU YMEHBIIEHUU Ag.

Tabyma 1
Suauenns paccrosamit Kommoroposa

T 2
14 14
Bug cetn
Ao Y Ao Ao
I 0.0075 | 0.1506 | 0.0102 | 0.1755
1I 0.0471 | 0.0793 | 0.0265 | 0.1352
3akJiroueHune

Bout npeioxken mpubIMKEHHBI METO, BBIYUCIEHUST MaTEeMATHIeCKO-
0 OXKHUJAHUS JJIATETLHOCTH cOOpKH TpeboBaHuit m3 (pparMeHToB, OOCTy-
KEHHBIX B AlUKJIMYECKONU CeTH MacCOBOrO OOCIIy2KUBAHMS, U CTAIIMOHAPHO-
IO PACIpEIEIEHUs CUCTEMbI COOPKU. 3HAS TaHHBIE XaPAKTEPUCTUKHU, MOYKHO
BBIUUCJIATH JPYTHE CTAIMOHAPHBIE XAPAKTEPUCTUKN PACCMATPUBAEMOI ceTn
MAaCCOBOTO OOCTY KUBAHMUS.
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KOHIEIIINA APXUTEKTYPBI IIPNJIOZKEHUA

JJI IIOCTPOEHUS AHAJIUTUYECKOM
AIIITPOKCMMAIINN PACIIPEOEJIEHIN A

BEPOSITHOCTEN YNCJIA 3ASIBOK B CMO HA
OCHOBE NMUTAIIMOHHOT'O
MOAEJINPOBAHUNA

FO. A. TIpokymnunua, A. H. Moucees

Hayuonasrvhuii uccaedosamenrveruti Tomexutd 2ocydapemeentsil ynusepcumen,
2. Tomcx, Poccus

B crarpe mpencraBiiena maest u KOHIEMIUs OOIIel apXUTEKTYPhI
TIPUJIOYKEHUS JIJII TIOCTPOEHUS AHAJIUTIIECKON almpOKCUMAIIINA Pac-
Tpese/ieHns BEPOSTHOCTEN YMC/Ia 3aIBOK B CUCTEMAX MaCCOBOTO 00-
CJIyKUBAHUs, KOTOPOE BBIITOJIHAETCS HA OCHOBE PE3yIbTATOB CEPHU
KCIIEPUMEHTOB UMHUTAIIMOHHOTO MOJETNPOBAHUSI.

KuroueBbie cJi0oBa: uUMUMAUUOHHOE MOJCAUPOBAHUE, CUCTEMA
MACCOBO20 06CAYNHCUBAHUA, ANNPOKCUMAUUA DACTPEIEAEHUS BEPO-
Amuocmet

BBenenune

ITpn uccaenosannm cucrem maccoBoro obcayxusauns (CMO) [1] oxmoi
U3 IJIABHBIX 3a/1a9 SABJISETCS IMOJIyYeHHe B aHAJMTHIECKOM BHJE paclpe-
JIeJIeHHsT BEPOATHOCTEH YHC/Ia 3ad4BOK B CHCTEME, OOBIYHO B CTAIMOHAPHOM
pexkume paborel. IIpn sroM u3-3a TPyJHOCTE MATEMATHYECKOIO XapaKTe-
pa TOJNBKO B PEIKUX CIAYYAsX YIAAeTCs TOJIYIUTh TOIHBIN AHATATHIECKUH
pe3yabrar. B HEKOTODBIX CIIydasiX yAaeTcss aHAJINTHYECKH TOJIYIUThH All-
[POKCHMAIIMH PACIIPEIEICHN, UCIIOIb3yst ACHMIITOTHIECKIEe MeToIb! [2], [3]
WM AIIPOKCHMAIINE UCXOIHBIX pactpezaesennii [4]. B ocranbHbx ciaydasix
BO3MOKHO [OJIydeHHE PEKYPPEHTHBIX aIropuTMoB [5] mmbo gaime Bcero —
[POBECTH YUCJICHHOE U UMUTAIMOHHOE MO/eupoBanue [6].

NMuTannorHOe MOJENINPOBAHWE MO3BOJISET MOIYYINTh YWCIEHHBIH De-
3yJabTaT MpakTudecku s Jio0oi kKoudurypamuun CMO. Ilosromy BO3HE-
KaeT mJest — MIPOBECTH CEPHUI0 HKCHEPUMEHTOB 10 MMUTAIMOHHOMY MOJe-
spoBaHuio oxHol u roil ke CMO ¢ pasHBIME 3HAYEHUAMH IaPAMETPOB,
HOJIy4uTh HauboJiee MOAXOJAIINe B KazK/I0M CIydae PACIpe/Ie/IeHIs Bepo-
SITHOCTEH! YMCIIa 3as/BOK B CHCTEME, & 3aTeM CHCTEMATH3WPOBATh 3TH PE3YIIb-
TaTHl M TOMPOOOBATH OIEHWTH BIIMSIHHE KayKIOTO BXOIHOTO Iapamerpa Ha
Pe3yIbTUPYIONLY0 DYHKIMIO pachpesnenenus. Takum o0pa3oM, B KadecTBe
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pe3yabraTta OymerT MpejioyKeHa annpoKCcuManys (GyHKIUA PACIPEIeICHNs
BEPOSITHOCTEH YHC/Ia 3asIBOK B CHCTEME B BHE KAKOH-TO M3BECTHON (ByHK-
MY paclpe/iesieHus, 1apaMerpbl KOTOPO OIpeJiesIaioTcd B TEPMHUHAX HUC-
XOJHBIX IapamMerpoB mojesu. IIpemnonaraercs, 4ro B upusoxenuu Oyuer
HEKOTOPBIN OAHK PACIpEIeIeH N, CPEIN KOTOPHIX MTPOU3BOJIUTCS TTOUCK.

B macrosmee spemsa 8 UTIMKH TT'V Bemerca pa3zpaborka mporpamm-
HOro KoMIuiekca SimQ [7], npesHa3sHaYeHHOrO /It UMUTAIMOHHOIO MOIEIH-
pOBaHMS CUCTEM MACCOBOTO obcirykuBanus. lIpeanosraraercss ncnosib30BaTh
AJPO ITOH CUCTEeMbl JJId BbLIIOJHEHUHA HEIOCPEJICTBEHHO IIPpOLecca MMUuTa-
IIMOHHOTO MOJIEJIMPOBAHUSA U MOJJIYyYE€HUSA SMIUPUIECCKUX PAIOB paCIpeaese-
HHS, & 33TEM C IOMOIIBIO HAJACTPOCHHOTO KACKa1a MOJYJIEd TOCTPOUTD aHa-
JINTHYECKYIO allIPOKCUMAIIMIO YUCJIa 3asBOK B cucreme. B nannoii pabore
IIpeJyIoyKeHa KOHIIENIUA aPXUTEKTYPhbl IPOrPaMMHOI0O KOMILIEKCa, KOTOPbIH
OyZeT BBIIOJIHATH JAHHYIO 3371a9y.

1. Kounenmusa apXuTeKTyphl IIPUIOKEHUAS

Yrobbl peasm30BaTh OMUCAHHBIA IIPOLECC, MPEAJIaraercs CJeLyromnas
KOHIIEIIINST APXUTEKTYPHI PA3padaThIBAEMOTO MTPOrPAMMHOTO KOMILIEKCA
(Puc. 1). Mbl BoizensieM nsath ocHoBHBIX 4acreil cucrembr: Ul Controller,
Estimator, apo mogenupoBanus SimQ, Analytic.

[Taker Ul npemna3zuaden [uisi 3;1eMeHTOB, (pOpMUpPYIOMUX HHTEPdEc
[I0JIb30BATEJIsI, B KOTOPOM OH BbIOUPAET KOH(DUIYPAIUIO CUCTEMbI, 3a12eT
HEKOTOPBIE MapPaAMETPhl MOIEIN W MapaMeTphl MPOIECCa MOCTPOSHUST AHA-
JINTUYECKON aMPOKCUMAINN. 3eCh K€ HAXOAATCH O0BEKTHI, C MOMOIIHIO
KOTOPBIX TPOU3BOIUTCS BBIBOJ PE3YJIbTATOB 10 OKOHYAHUHU IPOIECCA IO-
CTPOEHUSI.

[Taker Controller peanusyer (DyHKIIUU yIPABICHUs TPOIECCOM TOCTPOE-
HUS aTTPOKCUMAIINN, MHOTOKPATHO 3aIyCKAET UMUTAIIMOHHOE MOIETHPOBA~
Hue BeIOpanHoil cucrembl (Kouduryparuu CMO) 11 pa3ndHbIX 3HaYeHn i
BapbUPYEMBIX MAapaMeTPOB MOJEJHN, TOJIydaeT oT Momyas Estimator coor-
BETCTBYIOIIHE ONEHKY PACIPEIeIeHn U mepesaer ux B Moayab Analytic.

Pabora nakera Estimator nogpo6uo onucasa B [8]. Ero 3amadgeit aBnsier-
cs OMCK HamboJiee OJIM3KOr0 PACIPEIEIIEHUs BEPOSTHOCTEN U3 MMEoIeli-
Cs KOJIJIEKIIVMY PACIpeesIeHnii u OIeHKa ero napamerpos. Ha camom nere,
OIIEHKM CTPOSATCS I KAXKIOTO PACIPEIEICHUS W3 KOJJIEKIUH, €CJIH ITO
BO3MOXKHO, MTPU 3TOM BBIYUC/ISETCS METPUKA OJIU30CTH TOCTPOCHHON OIeH-
KM K SMIUPUYECKOMY DPaCHpejesieHuIo (B HACTOAIIMA MOMEHT JiJIs YTOrO
uciogb3yercs paccrosaue Kosmoroposa).

Snpo momenuposanust SimQ 7] 3aHMMAETCS HEMOCPEICTBEHHO MMUTAIIN-
oHHBIM MOmesmpoBanuemM 3amanHoil CMO u BbIIAaeT B KaUeCTBE Pe3yJIbTaTa
SMIIUPUIECKOE PACIIPEIE/IEHNE BEPOATHOCTEH 9MC/Ia 3asBOK B CHCTEME.
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1
Ul
— -
Controller
1 v 1 ~
Analytic Estimator

-

A0po MOLENWpOBaHKUA
SimQ

Puc. 1. Konrenuust apXuTeKTyPhl TPUIOKEHUS I TIOCTPOCHUS AHAJIMTIIECKOH
anmpokcuMarmu B Sim(Q)

Haxkownen, 3aga4eit nakera Analytic siBisiercsd 10CTpOeHHE aIIPOKCHMa-
MW PACIIPEIeIeHIs BEpOATHOCTEH uncia 3asBOK B Bhiopannoit CMO B ana-
qutudeckoit dpopme. s 3TOro MCHOIB3yIOTCS BBIPAYKEHUST IS PACIpe-
JeeHnil M3 MMEIOIeHcs KOMIEKINNA, & TaKKe MOCTPOEHHBIE C MOMOIILIO
Estimator omenkn pacupemeneHuilt 1 ©X METPUKU OJH30CTH K Pe3yaIbTaTaMm
AMHUTAIHOHHOTO MOJIETUPOBAHMUSA.

B pesysbrare mosn30BaTENb TOMYYAET B QHAJIUTUIECKOM BUJIE MPEIITO-
Jlaraemoe (ammpoKCUMAIINIO) PACIIPE/Ie/IEHNe BEPOATHOCTEH Ymcia 3asBOK B
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cucreme [jist BeioOpanuo#t mogeaun CMO. B mpuniune, mpujiokenne MOXKeT
BBIIABATDH IOJIb30BATEII0 BCE ANPOKCUMAINN, MOJIYIE€HHBIE JIsi KAXKI0r0
3JIEMEHTA KOJUIEKIINH PAaCIIPeesieHnil, CODTUPOBAHHDIE 10 3HAYEHUIO HEKO-
TOPOIl arperupoOBaAHHON METPUKHU OJIM30CTH.

2. O6mmit KOHTYpP HpoIlecca MOCTPOEHUS ANMPOKCUMAIUN

PaccmorpuM oB1mit X0/ Ipe/[TaraeMoro Iporecca IOCTPOCHUST AHAIUTH-
9eCKON ammpOKCUMAIINY PACIPEIE/IeHNsT BEPOSTHOCTEH B pa3padaThIBAEMOi
cucreme (Puc. 2).

ul Controller Estimator fAnpo mogenupoeanua SimQ Analytic

[
¥

[ BBog napanerpos

Kongurypaumn CMO
BuiGop axaqenmil

Kondpurypauus CMO
napameTpos CMO
TlapameTpsl npevecca TapameTps CMO

MmnTaumonHoe
MOZENUPOEaHIE
[BHINONHEHD He AN BCex SHaYeHHi] cMO

[oGaanexve 8 MocTpoerHe oLeHoK
wmaccue MPO pacrpegeneHua

SunupHaecKoe
pacnpesenskue

nuprseckoe
pacnpegenene

Ouerrn
pacnpegenerius

Macewe MPC
MocTpoexwe

HANUTHYECKHX
[EEINONHEH0 ANA BCEx SHaAUSHNI] annpoKcHMaLmit

Maceus
ananvmimec | || Macous MPO
annposcamaumi

Maccue aHanuTHYeCknX
npOKCHMALYT © NETPUKaMM KavecTEa

BbluMCneHie METPHE
BuiBo] KauecTsa
annpoKkcHMaLMA

Puc. 2. TIponecc mocTpoenrs aHaJIUTAYECKON AIIPOKCAMAIIHI

IMonb3oBarens soibupaer koudurypanuio (tun) CMO, B HEKTOPBIX CJIy-
Jasix 33/[aeT 3HAYEHUs] HEM3MEHIEMbIX APAMETPOB MOJIETH, & TAKXKe Mapa-
METPBI CAMOr0O MPOIEcca MocTpoenus. Jru garube nocrymaior B Controller,
KOTOPBIN B IUKJIE TIEPEOUPAET BCE 3HAYCHUST W3MEHIEMBIX TTapaMeTpoB MO-
JIeJTH, HEOOXOAMMBIE IJIsi MMOCTPOEHUST aHAJUTUYIECKUX BBIPDAYKEHWI, 3aITyc-
KaeT JJjId HUX HUMHUTAIMOHHOE MOozenmpoBanue coorBercrByiomeit CMO B
Anpe monenupoanusg SimQ), nepesaeT MoaydaeMble IPU 3TOM SMIUPHUYIE-
cKme pacmpeeneHus Moayaio Estimator, KOTOpbIit CTPOUT [/I HUX OIEH-
KU PACIPEIEJICHUS ¥ BBIYUCISET 3HAYCHUs] METPUKU KA4eCTBA JIJ1sl KaXK IO
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OLIEHKHU. DTHU OIEHKU U COOTBETCTBYIOIIME 3HAYEHUS] METPUKH 3aIMCHIBA-
torcst B Maccus I[IPO («ITapamerpor-Pancpenenenue-Ouenkus ), KOTOPbIit
UHJEKCUPYeTCsi M0 BbIOpaHHbIM 3HadenusM mapamerpoB CMO. Dror npo-
[IECC MIPOJIOKAETCS 70 TeX 0P, HOKa He Oy/1yT BeIOpAHbI BCE HEOOXOIUMbIE
3HAYEHUS] BAPHUPYEMBIX TAPAMETPOB MOJIEJIH.

Hagee chopmupoBanubii Maccus ITPO nepenaercs monymaio Analytic,
KOTOPBI HA €ro OCHOBE CTPOUT AHATUTHYECKHE AMMPOKCUMAIUU PACIPe-
Jenennsi BepositHocTel uncia 3agBok B CMO BbIOpanHO TOIB30BATEIEM
KOHUIypanmu, a TAKKe Ui KaxKJOW TAKOH AlIPOKCUMAIUU BbIYUCJIs-
€T HEeKOTOPYIO arperupoBaHHYIO0 METPUKY KAUYeCTBA, HAMPUMED, UCTIOIb3Y S
3HAYEHUs] METPUKHU KAYeCTBA OIEHOK PACIPEIE/IeHU, IOy YeHHBIX paHee U
xpanrsamuxcs B Maccuse 1TIPO.

Pesynbrar BbIIAETCS MOTB30BATENIO B BUJIE AHJIUTHYECKUX BbIPAKEHU
ANMMPOKCUMAIAI IS PACHPEIe/IeHNs] BePOSTHOCTEH, BBIIIOJTHEHHBIX B Tep-
MUHAX UCXOAHBIX (Bapbupyembix) napamerpos CMO.

3akJiroueHne

Takum obpasom, B pesyabrare pabOThl CHOPMYIUPOBAHBI OOIIAS KOH-
ey aPXUTEKTYPBI IPUJIOZKEHUA 1N OCHOBHOI1 KOHTYD IMOCTPOEHUA aHAJIN-
TUYECKOM anmpoKcuMaluu (GhyHKIUU pacnpeaenenns ducia 3assok B CMO,
KOH(MpUTYypAIUi0O KOTOPOil ONpeenseT Moab30Bareb. Jlamee mianupyercs
peanu3oBaTh paboYdne MPOTOTHUILI MOAY/eil JTAHHONW CHCTEMBI U BBIITOJHUATD
UCIIbITaHUE UX pa6OTbI B COCTaB€ MMPOTrpPaMMHOTO KOMIIJIEKCa (HpOTOTI/IHbI
mopmyeit dapo momenuposanus SimQ u Estimator y:ke peanu3oBanbi).
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PURSUIT PROBLEM IN A DIFFERENTIAL GAME
WITH INERTIAL PLAYERS UNDER INTEGRAL
CONSTRAINTS ON CONTROLS

B. Samatov', M. Turgunboeva?

L V. I. Romanouvskiy Institute of Mathematics, Uzbekistan Academy of Sciences,
Tashkent, Uzbekistan
2 Namangan State University, Namangan, Uzbekistan

We investigate a pursuit problem in a differential game with two
inertial players, where the controls of both players are subject to
integral constraints. The pursuit problem is addressed by imple-
menting a parallel pursuit strategy and sufficient conditions for the
solvability of the pursuit problem are derived. Furthermore, in the
case of the same dynamics of the players, an explicit formula for
a meeting domain of the players is provided by the main lemma
characterizing its monotonicity property. Keywords: differential
game, Il-strategy, pursuit, acceleration, integral constraint, meeting
domain.

Introduction

Pursuit-evasion problems are particularly important in the field of differ-
ential games due to several qualities. This quality is demonstrably effective
in real-world applications. A prime example is “the game with a Life-line”,
which was pioneered by R. Isaacs (see [1], problem 9.5.1), featuring play-
ers’ simple dynamics. L.A. Petrosjan analyzed this game and established
an exclusive strategy named “parallel pursuit strategy” (II-strategy) that
was proved highly effective in work [2]. This success led to the II-strategy’s
applications in solving broader classes of differential pursuit games (see,
[2-5]).

Belousov [6] introduced the resolving functions method for differential
games with integral constraints on the control functions, which gives a suf-
ficient condition for ending the pursuit. This method was later improved
for problems of group pursuit in differential games with integral constraints
imposed on players’ controls, such as the Pontryagin control example and
group pursuit with a simple motion for the case of ¢-catch [7-8].

1. Main results

We analyze a differential game with two conflict-controlled inertial play-
ers moving in the Euclidian space R™. One of them, called the Pursuer
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(denoted by P), chases another one, called the Evader (denoted by E). We
represent their positions using vectors x and y in R™. The motions of dy-
namic system of the players is characterized by the following second-order
differential equations, which are accompanied by their respective initial con-
ditions:

P: Z=u, x(0)=uz1, ©(0)=mx11, (1)

E: y =, y(O) = Y10, y(O) = Y11, (2)

where x, y, u, v € R™, n > 2; x19, Y10 are the initial positions of the players,
and x11, y11 are their initial velocity vectors, respectively. It is assumed that
T10 # Y10 at the time ¢ = 0. The parameters v and v are the acceleration
vectors which are utilized as controls of the players.

Definition 1. Measurable functions u(-) = (u(t),t > 0) and v(-) =
(v(t),t > 0) are called the admissible controls of Pursuer P and Evader E if
they meet the following integral constraints

t
[t sluPas <, 1>o0 (3)
0

t
/(t — ) |u(s)|2ds < 02, >0, )
0

respectively, where pg and o( are given positive parametric numbers that
represent the maximum resource values of the players.

We denote the set of all admissible controls u(-) of the Pursuer by U;
and the set of all admissible controls v(-) of the Evader by V;.

Definition 2. For each pair (pg,u(-)), u(-) € Uy and (oq,v(+)), v(:) €
V;, it is said that the quantities

t

mwzﬁ—/wﬂme@,mmzﬁ

dﬂ=ﬁ—/@wﬁ@ww o(0) = o2
0

are the residual resources of the players at the current time ¢, ¢t > 0.
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Definition 3. If u(-) € Uy and v(-) € Vy, then by virtue of equa-
tions (1) and (2), the triplets (z19, 211, u(+)) and (y10, y11, v(+)) generate the
trajectories of the players as follows:

z(t) = x10 + x11t + /0 (t — s)u(s)ds,

y(t) = y10 + y11t + /o (t — s)v(s)ds,

respectively.

The primary objective of Pursuer P is to catch Evader L, i.e., to specif-
ically achieve the equality x(t.) = y(t.) at some t, > 0. For Evader E, the
main goal is to maintain the relation x(t) # y(t) for each ¢ € [0, +00), and if
this is impossible, then put back the occurrence of capture. Additionally, we
suppose that the initial positions z1g, Y109 satisfy the conditions x19 # y10
at the start of the game.

Let’s introduce new denotations:

Z2=T—Y, 210 =10 — Y10, 211 = Ti1 — Yi11-

First of all, we consider the differential game (1)—(4) in the case of the
same dynamic of the players, i.e., 11 = y11

Definition 4. In the differential game (1)—(4), the function

w1 (v) = v = 7(v)€i0 (5)

is called the Il-strategy of the Pursuer for the case of x1; = y11, where

v(v) = max{0,6 + 2(v,&10)}, 6 = (p5 — 08)/|z10l, €10 = 210/|210].

and uy (v(t)) (t > 0) - its realization for any v(-) € Vy.

Theorem 1. If py > 0, then the Pursuer wins by using Il-strategy
(5) on the time interval [0, T}], where Ty = v/2|z10|/(po — 00)-

Let the quadruplets (x,y, p, o) describe the current state of the game
at some moment in time ¢, where x # y. The set Q(x,y, p,0) is defined
as the set of all points w where the Pursuer moving from the position x
and consuming the resource p should encounter the Evader moving from
the position y and consuming the resource o.

Referring to Theorem 1, if py > 0¢, then by virtue of the II-strategy (5)
the Evader is captured at some point in the space R"™. The players P and E
will meet at various points according to the choice of the control v(-) € V;.
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So, we will construct a set of meeting points of the players for the case
pPo > 0g.
We define the following multi-valued mapping

Qa (1) y(0), (1), 0(1) = {w: lw = 2 ()] > VoD /oDl —y(®)l},  (6)

as long as o(t) > 0 on [0,t.], t. € [0,T}], where t, is the encounter time of
the players, which the equality z(t.) = y(¢.) holds and, p(t) and o(t) are
the residual resources of the players as defined in Definition 2. Note that

210, Y10, P0, 00) = {w : |w — Z10] = po/oolw — Y10} - (7)

Lemma 1. The multi-valued mapping Q(z(t), y(¢), p(t), o(t)) — tx11,
t € [0,t4], is monotonically decreasing with respect to the inclusion, i.e. if
t1, to € [0,t.] and ¢; < to, then

Qz(t1),y(t1), p(t1), o(t1)) — tiznr D Q(z(t2), y(t2), p(t2), o(t2)) — taw11.

Corollary 1. From Lemma 1, it can be concluded that:
a) Qx(t),y(t), pt),o(t)) C QUx10, Y10, Po, 00) + tx11 at each t € [0, t.];
b) y(t) € Q(z10, Y10, Po, 00) + tx11 for all ¢ € [0,t,] are met.

Definition 5. The set

Ty

Q" (210, y10, p0, 90, T1) = |_J {2210, ¥10, p0, 00) + ta11} (8)
=0

is called the meeting domain of the players in the pursuit problem, where
T) is the guaranteed capture time (see Theorem 1).

Let W be the closed subset of R™, and let the differential game (1)-(4)
with the “Life-line” W be studied.

Theorem 2. If the meeting domain of the players doesn’t intersect
with the set W, i.e. Q*(x10,¥10, 0, 00,T1)NW = & in the “Life-line” game,
then the Pursuer wins by using Il-strategy (5) on the time interval [0, 7T}].

In the next step, we consider the differential game (1)—(4) for the case
where the vectors z1g and 217 are collinear, which means there is a finite
number k such that

zZ11 = kZl(], ke R\{O}

Lemma 2. Let pg > 09 and k£ < 0. Then there exists at least a
positive root of the following equation

Au(t) =0
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and we denote by T the smallest positive root, where

lz10| |4 V2 4 2

Lemma 3. Let pg > 0¢ + v/2k|210| and k& > 0. Then there exists at
least positive root of the following equation

A*(t) = 0

2
Av(t) =14kt — —— [515 -y (ét - Q) - ;k5|zlo|t] .

and we denote by T the smallest positive root, where

1 1)
A () =14kt — — max{0, —t> — /20 t},
®) |210] { 2(1 + kt) 0
T — V2|z10)
po — 00 — V'2k|210]
Next, we will define the II-strategy based on the existing works [3-5].
Let us introduce the following denotation:

_ A*(’U) if k< 07 Po P 0o,

Av) = 9
(U) {)\*(U) if £>0, po > 0 + \@k|210|a ( )

where

2
(V) = g + (v, &10) + \/(g + <U7§10>> - T3k5|z10|,

0
A*(U) = max {0, W + 2<v,£10>} 5

§ = (p% — 02)/|210] and &19 = 210/|210], T and T* are defined in Lemma 2
and Lemma 3, respectively.

Definition 6. The control function
uz(v) = v — A(v)&io, (10)

is called the II-strategy of the Pursuer in the differential game (1)—(4) for
the case of z11 = kz19.

Theorem 3. Let Lemma 2 and Lemma 3 be met. Then the Pursuer
wins by employing the II-strategy (10) during the time interval [0, T3], where

T, if k<0, pg = oo,
T = .
T if k>0, po>00+\/§k"210‘-
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Conclusion

In conclusion, we can say that the pursuit problem is solved in a dif-
ferential game with inertial players under integral constraints on controls
by applying the II-strategy, and the meeting domain of the players is con-
structed for the case of the same dynamics of the players. The proposed
method can be generalized to more general linear and nonlinear conflict-
controlled systems with various constraints on controls in the future.
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ON AUTOMOROHISMS OF A GENETIC ALGEBRA
ASSOCIATED BY A NON-VOLTERRA OPERATOR

M. Ibragimov
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The aim of this paper is to examine the automorphisms of genetic
algebras associated with permuted Volterra operators defined on
three-dimensional simplex. Furthermore, three dimensional per-
muted Volterra algebras are considered and the description of their
automorphisms are given as well. Keywords: genetic algebra, non-
Volterra, quadratic stochastic operator, automorphisms.

Introduction

The work of Bernstein [1] has pioneered the application of quadratic
stochastic operators (QSO), and in general, these operators are employed
within the domain of biology especially in the presentation of time evolution
of countless species. There are various established classes of non-associative
algebras and so forth, and all these have significantly contributed to the
theoretical population genetics (see e.g. [3]). One class is named by genetic
algebra which is concerned with the mathematical modeling of genetic pro-
cesses, inheritance patterns, and genetic diversity using algebraic structures
and techniques. The application of a type of genetic algebra called evolution
algebra was demonstrated in Tian [4].

In genetic algebra, each mapping determines the character of the next
generation. These are cases where parental traits and characteristics are
retained or are not rediscovered in a new generation. The mappings we
study are different, and automorphisms occupy a special place among them.

Automorphisms are one-to-one mappings of an algebra into itself and
play an important role in genetic algebra. Understanding automorphisms is
crucial in algebraic structures as they provide insight into the symmetries
and invariant properties of these structures under transformations that pre-
serve their algebraic operations. In [2] automorphisms in Volterra algebras
are studied. It is natural question: what about automorphism in genetic
algebras associated by non-Volterra operators? Below we shall particularly
answer to this question and present preliminary results.

1. Main part

Recall the definition of an evolution algebra of a free population following
[3]. Let E={1,...,m}. By e;, i =1,...,m we denote the standard basis
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in R™. The convex hull of these basis elements is (m — 1)- dimensional
simplex, that is

Sm_lz{XE[Rm: x; >0, VieFE, Z$i=1}~

el

A quadratic stochastic operator (QSO) is a mapping V : Sm~1 — §m—1
of the form
V: .’E?C = Z Pij kil ke FE (].)
i,jEE

where p;; 1, are heredity coeflicients, which satisfy the following conditions:

m
Pij .k > 07 Pij.k = Pji,k, prk = 17 ivja ke FE (2)
k=1

Let V be a QSO and let x = (1,...,2Zm), ¥ = (Y1,.-.,ym) € R™ are
arbitrary vectors, we introduce a multiplication rule (see [2]) on R™ by

(xoy y)r = Z pij Ty, k€ E. (3)
iJeE

Using (2), (3) it is easy to see that x oy y = y oy X, i.e. the multiplication
is commutative. In general, the genetic algebra is not necessarily to be
associative.

Definition 1. A linear transformation A of the algebra Ay is an
endomorphism if A (xoyy) = A(x) oy A(y) for all x,y € Ay. We say
that a bijective endomorphism A of the algebra Ay is an automorphism of
the algebra Ay .

Let us consider the following Volterra QSO defined on the 52
2y =22+ (1 —a)z129 + (1 + ¢)zy23,
Vg ah =23+ (1+a)zi2e + (1 — b)xazs, (4)
rh =23+ (1 —c)z1w3 + (1 + b)z273,

where —1 < a,b,c < 1. Let us fix the following permutation of the set

E={1,2,3}
12 3
”‘(3 1 2)'

From [5] we know that the operator V; = TV is a quadratic homeomor-
phisms of the two-dimensional simplex, where T (x) = (Zx(1), Tn(2), Tr(3))-
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Obviously that if we take m = Id, then V, will be a Volterra quadratic oper-
ator. The following theorem is valid in the algebra defined by the Volterra
quadratic operator.

Theorem 1. [2] Let Ay (0,0, 0) be the Lotka-Volterra algebra associ-
ated by (4). Then Aut (Ay(0,0,0)) is the set of all linear automorphisms o
of Ay such that o(H) = H, where H = {x € A: 21 + 22 + 23 = 1}.

Another cases the operator V. will be non-Volterra operator, which is
called permuted Volterra operator.

Now, by (4) the permuted Volterra operator V; is defined as follows:

=23+ (14 a)z120 + (1 — b)w223,
Ve ah=a2%+ (1 —c)rizs + (1 + b)agzs, (5)
rh =23 + (1 — a)z129 + (1 + ¢)1123,
where —1 < a,b,c < 1.

Then, by (5) the corresponding algebra Ay, := Ay_(a,b,c) has the
following multiplication table:

1+a 1—a

e) oy, €1 =eg3 €] Oy, €2 = ez Oy, €e] = 5 e; + 5 €3
1—c 1+c

ez oy, ey = e €10y, €3 = ez oy, € = — e + 5 €3 (6)
1-0 1+

€30y, €3 = €3 €20y, €3 =€ez0€e3 = B e + 5 €

Now we consider the algebra Ay, (0,0,0) and other algebras will be studied
in our subsequent paper.

Theorem 2. Let A : Ay, _(0,0,0) — Ay, (0,0,0) be a non-zero linear
map defined as
A(e1) = aey + fez + ves,
A(ez) = ve1 + aes + fes,
A(e3) = fer +yez + aes,
where o, 8,7 € R. Then A is an automorphism on the algebra Ay, if and
onlyifa+8+~v=1and a# 5 #~.
Proof. Let a linear map A be an automorphism of the algebra Ay,
and A (e;) = a;1e1 +aioes +as3es, i = 1,2,3, that is A is the corresponding
matrix to linear map A. From the equation

A(ejoy, e;) =A(e)oy, Ale;), 14,7=1,2,3
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we have the following system

ajz(ai1 + a2 + a3

aiz(ail +aiz + ais

aii(ai1 + a2 + a13
22(Q21 + @22 + a3

( ) =
( )
( )
( )
ass(azr + ag + azs)
( )
( )
( )
( ) =

)
I

Q

21(a21 + @22 + ag3

asz(as1 + asz + ass

as
aszs
as
a1
a1
ais3
as
assz(as1 + a2 + ass a22
asi(as1 + asz + ass a3
a1 + az1 = aiz(az1 + az + a23) + agz(a11 + a2 + ai3),
a1z + asp = aiz(az1 + ag + ag3) + agz(ai + a2 + az),
a3 + asz = ai1(az1 + age + ag3) + azi(ai + az + as),
az1 + az1 = aiz(as1 + asz + asz) + asz(ain + a12 + ai3),
agy + azp = aiz(as1 + asz + asz) + asz(ai + a2 + ai3),
ags + aszz = ar1(as1 + asz + asz) + asi(an + a12 + ai3),
a1 + az1 = ag(as1 + asz + ass) + asz(az + aze + ass),
a1z + aze = azz(as1 + asz + ass) + ass(az; + aze + ass),
( ) ( ).

+ az1(ag1 + age + ass

a13 + ag3 = az1(as1 + asz + ass

Adding the first (resp. second and third ) three equations of the system
(7) we get

2 2
(@11 + a12 + a13)” = ag1 + asze + ass, (ag1 + age + a23)” = a1 + a12 + a3

(as1 + asz + ass)® = a1 + asy + azy =
(a11 + a1z + ai3)(1 — (a11 + a2 +a13)") =0 =
a1 +aizta3 =0 or a3 +aix+az =1,
a1 +aga +azz3 =0 or ag +az +ags =1,
as1 +azz +aszz3 =0 or as; +azz+azz =1

From the system (7) one has that if a;; + a;2 + a;3 = 0 is true for a
i =1,2,3 then it holds a;; = 0 for all ¢,j = 1,2, 3.

Also if a;1 + ajo + a;3 = 1 holds for all ¢ = 1,2,3 then we have ay; =
azy = azz3 = «, a1z = a3 = ag; = B and a;3 = azgz = az; = 7y, where
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«, 3,7 € R such that o+ 4 v = 1. Further the determinant of the matrix
of A is equal

det (A) = a® + 82 +° = 3aBy = (a + B+7)(@* + B2 +72 —af —ay — B7)

a®+ B2 +9" —af —ay -y >0,

where we have used well known rearrangement inequality and the equality
case holds when o = 8 = . Using a+ 8+~ = 1 we obtain that det (4) =0

ifand only if a =8 =~ = 3 It is easy to verify that these solutions also

satisfy the remaind nine equations of the system (7). B

2. Conclusion

We considered automorphisms of the Lotka-Volterra algebra Ay (0,0, 0)
and a genetic algebra Ay _(0,0,0). From the statements of Theo-
rem 1 and Theorem 2 we conclude that Aut (A (0,0,0)) is richer that
Aut (Ay,(0,0,0)).
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The paper develops a two-criteria stochastic ecological and eco-
nomic model of agricultural production, taking into account the
level of land salinisation. The distribution of areas for farms under
agricultural crops is determined for agricultural production under
given resource constraints: land, labor, fodder and ecological. Tak-
ing into account the limitations, it is required that the expected
total volume of crop and livestock production in certain propor-
tions was maximized and the total volume of water consumption
was minimized. For the question of specialization and placement
of developed agricultural production based on maximisation of crop
and livestock production and minimisation of water use, in the two-
criteria ecological-economic model taking into account the level from
land salinisation A (A = 1,2,3,4) and application of chemical fer-
tilizers, the indicators of the amount of harmful substances stored
in the composition are taken into account. Theorems 1 and 2 of
dual relations for two-criteria ecological-economic model are estab-
lished and qualitative analysis is carried out. Methods of calcula-
tion of water use volumes and total water consumption volumes per
unit volume of crop and livestock production from dual relations
are given. Keywords: Stochastic model, dual relations, qualitative
analysis, salinity parameters, Lagrangian function.

Introduction

Today, in the Aral Sea region, questions about agricultural production
indicators are of great importance for the location and specialization of
agriculture. When determining the economic efficiency of location and spe-
cialization of agricultural production, it is advisable to use a system of in-
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terrelated indicators that could determine the degree of use of land, labour,
machinery, etc [2]. Assessment of economic efficiency of agricultural pro-
duction and specialization of agriculture is associated with the use of such
indicators as gross and marketable output, gross and net income, yield pro-
ductivity, cost price, labour inputs, profitability and others [3].

It should be noted that the experience of some scientists shows that im-
proving the structure of sown areas, more rational placement of agricultural
production and its optimal connection with all links of the agro-industrial
complex can give a significant economic effect. At more rational place-
ment of agricultural crops (e.g. cotton, wheat, rice, vegetables, etc.), the
gross harvest of these crops increases in the proportions determined by the
planned tasks for the harvest of each crop with unknown resources [4].

1. MATERIALS AND METHODS

Similar ecological and economic models of agricultural production were
considered in [5, 5, 6]. Formation of constraints and target functions of the
stochastic model of location and specialisation of agricultural production
were considered in [7].

Problems of water resource losses in main canals during settlement of
agricultural production are presented in works [8, 9], and solutions to such
a class of problems are considered in works [10, 11].

The stochastic nature of the considered tasks in this area is explained by
various reasons. Therefore, the question arises about the need to consider
the stochastic variant of the task [12].

The following two - criteria stochastic problem of placement and spe-
cialisation of agricultural production is considered. The problem is written
in x-form, which is convenient for numerical solution, it can be written in
(x,y(0))-form, according to the terminology of [13], which has the following
form:

Gi(z,y,2,h1(0),h2) = c1Eh1(0) — azh 2 — max, (1)
Z Z Z afjk(Q)xi‘jk — Zyii > Ajhy,pn.j € Ji, (2)
i€l kEK; AEA i€l

> ziy = Byhy,v € J3, (3)
icl

Z Z Z /Bj;kxi\jk; + Z /Bivziv S Qih27 ) S Ia (4)

jeJi kEK; AEA veJd

Z Xjr¥Yij — Z bivrziv > 0,4 € I, € R, (5)

jeJd veJi



246 N.U. Uteuliev et al.

oSS el Y ez < Tii €l (6)

jeJii keK; AeA UEJ;
Z Z Z (W’rlr;\gk; +%2n/\jk)$§\jk + Z Y mwziv < Dmg,i € I,m e M, (7)
jeJi kEK; AEA veli
jEJii keK; XeA 'UEJ%
S S ad<SMiel AeA. 9)
jeJi kEK;

Here, a;\jk(e)—yield of the j-th crop in the i-th farm on the k-th type
of land and A -planted soil, depending on the random variable 6, which is
a state of nature. E-mathematical expectation of the random variable 6.
Other parameters of model (1) - (9) are introduced in [14] deterministic
version of models (1) - (9).

Let us consider the study of qualitative properties of the two-criteria
stochastic problem of placement and specialisation of agricultural produc-
tion. For this purpose, we construct a dual problem on the problems (1) -
(9), which has the following form:

GQ(U(9)7197H7 da v, pa:u'aw) =

i€l iel meM iel leL iel

A A — A A
Lo\ + B +wi + § Qijebat
leL

(1)
=+ Z (771‘rl>_\7k + 772n)}k:)p’rnj - E(ai\]k(e)u_;(a)) > 07
meM
U (0) — Z Xjrdi = 0, (12)
rER

Z bivrdir + TivAi + Bﬂz + Zqivﬂiv + Z P;/m'upmz - 191} Z Oa (13)

reR leL meM
> Ajui(0) + Y Budhy > an, (14)

jeJi veJS

Z Qiui < ag, (15)

JEJ}
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where u;(6)- means an the random variable 6.

Other parameters of model (10)-(15) are introduced in [14] deterministic
version of models (1)-(9). Problem (1)-(9) and (10)-(15) are mutually dual
problems of parametric linear programming. The corresponding first and
second duality theorems [15] are valid for them, which are formulated in the
following form.

Theorem 1. If one of the problems of the dual pair (1)-(9) and (10) -
(15) has a solution at any values of @3 > 0, a2 > 0, then the other problem

is also solvable [16]. The equality holds for any optimal solutions X* =
{xzjk’yzj’ 7,1)7h ( ) h’2} and Y*i{u ( ) 7T7d:r7A:’p:1i’ufl’wi>\*} :
Gl(X*) = GQ(Y*) (16)

Theorem 2. For the admissible solution of {.lek,y”, * hi(6),hs}
of the problem (1) - (9) to be optunal it is necessary and sufficient that there
exist such values {u}(0),7;,%;, d; Af, phs h,wit ) satisfying conditions

v 79 Pirs

(10) - (15), so that the relations [16] are satisfied.

2. Results

Based on the study of doicity and optimality condition for this two-
criteria stochastic model and the established 1st and 2nd duality theorem,
the norm of water resources utilisation is formed. From the 2nd theorem,
we find the total payment for water consumption for crop and livestock
production and the specific volumes of the water consumption balance [19].
Analyzing the results of the work, the following conclusions can be approved.
The relationship of duality and the optimality conditions of the two-criterion
ecological model are investigated, the 1st and 2nd duality theorems are
established, and water use formulas can also be derived.

3. Conclusion

In this regard, a two-criteria ecological and economic model of agricul-
tural production has been developed, taking into account the level of land
salinity, which helps to determine the types of crops to be planted on each
land plot and allows obtaining optimal alternative options for the placement
of crop species in accordance with reclamation conditions. Also, the issue of
specialisation and location of agricultural production developed under water
resources allocation leads to maximisation of crop and livestock production
and minimisation of water use, and thus leads to saving of water resources
compared to the actual situation, and secondly, to ensure satisfaction of de-
mand for crops. An additional characteristic of chemical fertiliser use is to
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ensure that the amount of harmful substances contained in the composition
does not exceed the established normative level.

1.

10.
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This paper presents the novel approach to development and opti-
mization of the signal processing for capacitive MEMS accelerom-
eter based on electromechanical sigma-delta modulator technique
(EM-SDM). The EM-SDM closed-loop architecture leads to high
sensor characteristics at the cost of increasing design complexity.
Also, due to interrelation of parameters and parasitic couplings
there are a lot of difficulties in the design of such structures. There-
fore, the optimization technique for the third order EM-SDM loop
based on a genetic algorithm has developed. System level simula-
tions show the achieved signal to quantization noise ratio (SQNR) of
105 dB. Keywords: MEMS, capacitive accelerometer, electrome-
chanical sigma-delta modulator, genetic algorithm, simulation, op-
timization.

Introduction

Capacitive micro-electromechanical accelerometers have comparatively
high sensitivity and simple fabrication [1]. The main parts of basic inter-
face circuit are capacitance-to-voltage converter (C/V) and analog-to-digital
converter (ADC). Systems in open-loop configuration (without a feedback)
are relatively simple but have a low performance which heavily depends on
parameters of the sensing element; such as bandwidth or eigenfrequencies.
Furthermore, the displacement-to-capacitance conversion (x/C) is not linear
and pull-in effect limits the maximum effective mass displacement.

The embedding of sensing element in a negative feedback closed-loop
control system allows to neglect linearity requirements for each constituent
block, lower the dependecies on sensing element parameters and increase
the dynamic range. One of the effective solutions for implementation of the
closed-loop system based on a X A-modulator working principle. It preserves
all advantages of closed-loop operation and provides easier feedback due to
linearity of voltage to force conversion.

The present work is organized as follows. Section 1 describes the ba-
sics of electromechanichal ¥ A-modulator. Section 2 dedicated to genetic
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algorithm. The features of EM-SDM structure optimization and modeling
results are in the Section 3. Finally, the conclusion is discussed in Section
4.

1. Electromechanical sigma-delta modulator

The sensing element of the capacitive accelerometer can be described in
Laplace terms as follows:

1

Ms) = — -~
(5) m-s24+b-s+k

(1)
where m - effective proof mass, b - damping factor, k - spring stiffness.
Thus, the transfer function of the sensing element is an equivalent of the

second order integrator. The sensing element model is presented in Figure
1.

Force-Acceleration  Acceleration-Velocity |  Velocity-Deflection

Damping

Spring

Figure 1. Sensing element model

The EM-SDM consists of one-bit or multi-bits quantizer, electronic fil-
ters, accelerometer, capacitive interface, C/V converter and V/F converter.
Electronic filters can be implemented using field programmable gate array
(FPGA). That offers extra flexibility in optimizing the EM-SDM structure
and allows reconfiguration after the fabrication. However, multi-bits ADC
is needed and it should have quantization noise level at least one order less
than quantizer’s to neglect it’s contribution in resulting noise level of the
system [2].

Simulink model of the EM-SDM is shown on Figure 2. Zero-Order Hold
is used as idealized ADC and DAC, relay is an equivalent to one-bit quan-
tizer.

There is no formalized methods to synthesize coefficients for electronic
filters in EM-SDM [3]. As a basis, it is proposed to use a tool for synthesizing
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>
Spectrum
Analyzer

Sine Wave

Zero-Order 1
Hy

Sensing element transfer function K_cv old

K_amp

Zero-Order
K_act Hold1

W act W

Figure 2. Electromechanical ¥A-modulator model

Y A-modulator coefficients (e.g. Delta Sigma Toolbox). That allows to get
prototype transfer function with specified order and H, - out-of-band gain
of noise transfer function (NTF). Signal and noise transfer functions can be
expressed through transfer functions from modulator input and output to
quantizer input [4]:

STF(2) = % (2)
1
NTF(z) = L) (3)

Assume that Lg(z) = Li(z) = L(z). Now the analytic formula for 3"
electromechanical ¥A-modulator Lgjs(z) should be found:

N2-224+ N1-24+ NO

L -
2M(2) = a5 o 2 4 D12+ DO

(4)

Now the corresponding numerator coefficients of the Lz (2) and proto-
type transfer functions should be combined into a system of equations and
extra coefficients should be fixed to achieve the only solution to the system
of equations. The comparison of Lgys(z) and prototype transfer function
is presented on Figure 3. The resulting NTF(z) of the electromechanical
Y A-modulator is equivalent to prototype by stability factor although it has
one extra zero in-band.

2. Genetic algorithm

Genetic algorithm is a stochastic multidimensional optimization method
inspired by the process biological evolution. This method can be used for
finding the global minimum, however the convergence is not guaranteed.
One of the main advantages of this method - it can be applied without an
analytic formula of the fitness function.
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Figure 3. Amplitude-frequency responses Len(z) and Lg(z)

Initially there is a uniform distribution of points inside the initial range
defined by variables boundaries. The fitness function evaluates in every
point and than after the ascending sort every function value is scaled and
gets rating:

1. Rank scaling. Every function value is normed by % Where n is
the number of the point in sorted list. Rating is higher for lower function
values.

2. Top scaling. Some percent of the set of points with lowest function
values get the same equal rating and the others get rating equals to zero.

The difference between these two scaling methods is in the points di-
versity on every following iteration. Rank scaling is more efficient for the
functions with many local minimums.

There is three different mechanisms to obtain new set of points for the
next iteration:

1. Elite. These points with highest rating are getting to the next set
without any changes.

2. Crossover. Two or more points shuffle variables values between each
other to form a new point. Points for a crossover choose randomly based

on the rating.
3. Mutation. Point gets a random change to one or more variables.
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3. Optimization of electromechanical sigma-delta modulator

Existing tools for synthesizing ¥ A-modulators change the placement of
transfer function poles simultaneously to match H.,. The research showed
that it is possible to achieve higher SQNR by moving poles independently.

Genetic algorithm has a slow speed of convergence and it heavily depends
on the initial range. Electronic filters coefficients have specific order, for
instance, a1 ~ 1072 and ¢y ~ 10%.

Boundaries for coefficients can be found based on Lee’s stability criteria:

|Hoo|< 1.5 (5)

This criteria actually depends on the exact structure - the more order
of the modulator the stricter it becomes. When modulator’s work becomes
unstable SQNR, sharply decreases. Because GA is a minimization method
lets assume that fitness function is SQNR' = —SQNR. That guarantees
that method does not fall into unstable work area.

The method for finding boundaries based on Delta-Sigma Toolbox and
method introduced in Section 1. This method measures characteristics
SQNR vs Hy while varying the normalized amplitude of the input sig-
nal (Figure 4). Therefore, the rough evaluation of the peak SQNR can be
found and used to set the boundaries for optimization method.

120

100
80 //

ol

40 r/

SNR,dB

SNRvs H, ((0.2V)
SNRvs H,((0.5V) |
SNRvs H, ((0.7V)

20

1 1.2 1.4 16 1.8 2 22

Hmf

Figure 4. SQNR depending on Ho for different normalized amplitudes

The progress of genetic algorithm applied to electromechanical Y A-

modulator with usage of previously mentioned methods is shown on Figure
5.
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Figure 5. Best function values on each iteration of GA

Conclusion

Methods for synthesizing coefficients of the electromechanical XA-
modulator and defining boundaries for the further optimization and have
been developed. The results showed that optimization allows to achieve
3% more SQNR compared to conventional methods. System model can be
expanded which can allow to have more degrees of freedom for optimization
and formulate the requirements for each individual block of the structure.
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THE DEVELOPMENT OF RESONANT MEMS
ACCELEROMETER BASED ON SYSTEM LEVEL
APPROACH

V. Ivannikov

Peter the Great St. Petersburg Polytechnic University, St. Petersburg, Russian
Federation

This paper deals with the system level simulation of a resonant
MEMS accelerometer. System level design utilizes the advantages of
top-down approach for design and verification in terms of increased
design accuracy and reduced development time. The first step is the
development of an analytical model of sensor. Secondly, FEM-based
simulation of sensor structure and model reduction is done. This
model is then used to construct the MEMS-oscillator circuit. Fi-
nally, a comprehensive system model including both mechanical and
electronic parts is developed. This system model allows early stage
optimization and sensor performance prediction. The simulations
show that the scale factor is 400 Hz/g and the resonant frequency is
59 kHz. Keywords: MEMS sensors, MEMS accelerometer, system
modeling, resonant sensor, frequency modulation.

Introduction

The continuous advancements in microelectromechanical systems have
significantly influenced various fields, including consumer electronics, auto-
motive safety, and biomedical applications. Unlike conventional capacitive
accelerometers, resonant accelerometers use oscillating beams whose reso-
nant frequency varies with the applied acceleration. This design offers a
number of advantages, including higher sensitivity, resistance to environ-
mental fluctuations, and quasi-digital output.

A systems design approach is used to address the problems of perfor-
mance prediction and design optimization of resonant accelerometers with-
out the need for extensive physical prototypes. Such a model serves as a
powerful tool for understanding the complex interactions between the me-
chanical, electrical, and control components of an accelerometer. This paper
is organized as follows. Section 1 presents the working principle of the de-
vice and the calculation of the mechanical model. Section 2 presents the
equivalent electrical model of the sensing element and the oscillating circuit.
Section 3 presents the process of building a system model of the accelerom-
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eter. The final part with a discussion of the results of the work done and
the main conclusions is presented in Section 4.

1. Device Design

The resonant accelerometer consists of a square proof mass, two levers,
two symmetrically arranged resonators, and sensing and excitation elec-
trodes. The design is shown in Figure 1.

lever
driving
——
electrode
resonant
*
beam proof mass sence

—
electrode

Figure 1. Scheme of the resonant accelerometer

In the absence of acceleration, the resonators have an oscillation natural
frequency (fp) of 59298 Hz. When acceleration is applied, the proof mass
is displaced, and the force is transmitted to the resonators by means of
levers. One resonator will experience stretching - its resonant frequency
increases accordingly, and the second resonator will experience compression
- its resonant frequency decreases. The excitation electrode sets it in motion,
and the frequency-modulated signal is picked up by the sensing electrode.

Next, the development of a mathematical model of the sensing ele-
ment is presented, which allows to calculate its characteristics. Basic ge-
ometric parameters of the accelerometer [1]: length of proof mass, levers
and resonating beams L = 400 pm, resonant beam width and lever width
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Wpaie = 1.2 um, structure thickness h = 15 um, distance between the sens-
ing and driving electrodes and the beam d = 2.1 um, distance between
the lever mounting point and the resonator dj,qq = 6.6 um, beam cross-
sectional area Sy, = 1.8 % 107 m?2, coefficients of boundary conditions:
c=4.73,a = 0.0246.

Consider a resonant beam, one end of which is rigidly fixed and the other
end is attached to a lever The fundamental frequency of the beam without
an applied axial load is calculated as [1]-[5]:

2 EI
fO = 2 ’ (1)
2m L2\ pSpic

where p is the density of polysilicon, ¥ = 160 GPa is Young’s modulus, I -
moment of inertia of the beam.
The resonant frequency at applied load Fj,qq is calculated as [1]-[4]:

L2
fnew:f0~/1+aFloadﬁ~ (2)

Equation (1) and (2) is satisfied if the transverse vibrations can be con-
sidered small with respect to the beam thickness in the direction.

When acceleration is applied to the proof mass, the force exerted by one
arm on the resonator is equal to [5], [6]:

5gL2hpL
P, = 029 hoL

3)

This force causes a differential change in the resonant frequencies of
the two beams, which is used to determine the magnitude of the applied
acceleration.

To investigate the mechanical performance of the accelerometer, a finite
element model was created using COMSOL Multiphysics. Different accel-
erations in the range [-1g, 1g] were applied to the model and the changes
in the resonant frequencies of the beams were observed. The simulation
results showed that the sensitivity of the accelerometer, is 400 Hz/g.

dload

2. Design Electrical Circuit

This section presents the equivalent circuit diagram of the sensing ele-
ment, which is further used to construct the oscillating circuit.

The micromechanical resonator can be represented as an equivalent se-
ries RLC circuit. The electromechanical transduction factor will be calcu-
lated as [7]:
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0.825V, 130 Sel
- Lt g
where V,, = 6 V is the DC voltage applied to the beam, v, = 180mV is the
AC voltage applied to the excitation electrode.

According to the study [7], the equivalent electrical parameters R.q, Ceq,
Leq are calculated as:

2w foM
Rey = gfgz , (5)
TL2
O = M for ©
M
Leq = ﬁv (7)

where f is the natural frequency of the resonator, M is the equivalent mass
of the resonating beam.

In this equivalent substitution scheme, R., accounts for the losses in the
resonator, L., accounts for the inertia of the resonator, and C., accounts
for the resonance and elastic properties of the resonator. For the case in the
absence of acceleration (f = 59 kHz) the elements are R.q, = 8.76 MOhm,
Leg =4702H, Ceq = 1.532 fF.

The next step is to build an oscillating circuit, it is shown in Figure 2.
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Figure 2. Scheme of the oscillating circuit

The circuit works as follows: the current from the sensing electrode is
fed to the MAX4255 transimpedance amplifier, then the signal is fed to the
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AD9631an inverting amplifier. The AD8032a operational amplifier is used
for amplitude limiting, its output generates a rectangular waveform signal,
which is fed to the processing circuitry. OP215A is used to reduce the signal
to an optimum amplitude value of 180 mV before it is fed to the driving
electrode. The occurrence of auto oscillations is ensured by selecting the
gain of the second stage and selecting the inverting configuration for the
second amplifying stage.

3. System Model Development

In this section, a system model is presented which includes the mechan-
ical part of the sensing element and the electrical part of the oscillating
circuit. The schematic of the system model is presented in Figure 3.

Figure 3. Schematic of the system model

First in the system model is the mechanical block (g_to_RLC). Its struc-
ture is shown in detail in the Figure 4 and consists of:

1) A block to convert the applied acceleration into a force acting on the
lever (acceleration_to_Force),

2) Block for calculating the force applied to the resonator (Lever),

3) A block including calculation of the resonant frequency as a function
of the force applied to it (F_to_freq),

4) Block for calculating the equivalent RLC circuit (freq_to_RLC'),

5) Block forming the voltage-to-current transfer function of the equiva-
lent RLC circuit (RLC_equiv).
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R eq Req
acceleration ~ Force Force F_load F_load freq freq G eq C_eq
i F+ .| Leg EE Leq TERLC
acceleration_to_Force Lever F_to_freq freq_to_RLC - signal TE_RLC
RLC_equiv

signal

Figure 4. Mechanical system model of the sensing element unit

All presented blocks use equations (1)-(7) to calculate values. The signal
from the block g_to_RLC output is input to a transimpedance amplifier.
The signal then passes sequentially through the transfer function blocks
in the following order: the second voltage gain stage block (TF-2Gain),
the Rail-to-Rail operational amplifier block (TF_-rail), and the amplitude
limiter block ( TF_lim). From the amplitude limiter output, the signal goes
to the 180° phase rotation block, since the second gain stage is an inverting
amplifier.

4. Conclusion

This paper presents a comprehensive approach to the system-level design
of a resonant MEMS accelerometer. The study covers several key steps:
creation of a mechanical model, computation of the equivalent substitution
circuit of the sensing element, construction of an oscillatory circuit, and
integration of the results into a single system model. The system-level
model fully describes the electrical and mechanical properties of the device
and allows predicting its characteristics at early stages. The paper considers
a bottom-up design approach to demonstrate the truth of the model, but
using the previously described theoretical formulas, a top-down approach
can be effectively employed for rapid system-level design and optimization.
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IIOCTPOEHUNE CPABHUTEJIbHbBIX PAIOB 1JI4
3AJTAYN OJIbBOAKTOPHOI'O AHAJINI3A

A.A. Congarenko, /1. B. Cemenona
Cubupckuti gedepanrvrniti ynusepcumem, 2. Kpacnoapck, Poccus

PaccmaTpuBaeTcss KOMOMHATOPHAS 33,29 TOCTPOEHUST CPABHUTETh-
HBIX PSAMOB OJIB(PAKTOPHOTO mccaeaoBanus. CpaBHUTEILHBIE PsiIbl
HCIIOJIB3YIOTCs TIPU TPOBEIEHUN SKCIIEPTU3 CyIeOHBIMU IKCIIEPTAMU
OPraHoOB BHYTPEHHMX 1ej1 Poccuu, a TakKe MpHU TPEHUPOBKE CODAK-
netekTopoB. llpemraraercsa paccMaTpuBaTh KayKIbIH Psifl KaK BbI-
60p cJIOBa M3 HEKOTOPOro si3blKa. B pabore mpejcTaBiieHbl A3bIKKA
JJIS KasKI0TO U3 YeTHIPEX CPABHUTEIBHBIX PSIIOB, TPUBEIEHBI BEPX-
HHUE OIEHKN KOJIMYIEeCTBA CJIOB B s3bIKaX. KJlroueBbie ciioBa: 04b-
Paxmoproil aHAAUS, IMOZPAMMG, MEOPUA POPMAADHHEL A3DLKOE.

BBenenue

3aja4a MOCTPOEHUST CPABHUTEJIbHBIX DSJOB OJIL(DAKTOPHOIO AHAIU3A,
SIBJISIETCST KOMOWHATOPHOM 3amadeit. Tpebyercs derhipe pasjMdHBIX PsJa,
KaXKJIpIil U3 KOTOPBIX JOJI?KEH YIOBJIETBOPSTH PErJIAMEHTHPOBAHHBIM TDE-
OooBanusam. [ljis cocTaBjieHWS DPsIOB WCIOIB3YIOTCS BA BU/IA 3AMTAXOBBIX
mpob: mpoba, B3ATas ¢ Beru; mpoba, B3dTas n3 KpoBH. B mammHoit pabore
paccMarpuBaeTcsd 3a/a4a IOCTPOSHHS CPABHUTEJbHBIX PSAIO0B JJid HICHTHU-
GbUKAMOHHON IKCIIEPTUSBL JIJIA OAHOIO OOBEKTPA U OJHOIO IIPOBEPAEMOLrO
sna [1]. B aToMm ciyuae B psiiaX MCMOIB3YIOTCS MIECTh P00, B3STHIX C Be-
1eit, u YeThipe MpoObI, B3ATHIX W3 KpoBu. B Tabs. 1 comeprkarcs Ha3BaHUSA
npob U uX WAEHTU(DUKATOPBI, UCIIOIb3yeMbie B paGore. OTMeTnM, 94TO B IIep-
BBIX JBYX Ds/IaX He MCIIOJIb3yercs npoba 3amenbl (HOMep 8), a B TperbeM u
4erBepToM psuax ybupaercs Helirpasibhblii drason (upoba H.9.). Kaxnpiit
PSI JOJIZKEH COCTOATH u3 fecstu mpob. Ha nmpakTrke mpoObl BHICTABISIOTCS
HA CTAHIUAX TIO0 KPYTy U CODAKA-IeTEKTOp OOXOAWT MX HAYUHASA C HEKOTO-
POt TIO3UIUH U TO2KHA OCTAHOBUTHCS HA CTAHIIUU C ONPEIEIEHHON Tpoboii,
Te TOJydaeT MUIeBoe moakpernserne. Takoit 06xom mpob OymaemM Ha3bIBATh
poBO/IKOH. B mepBbix AByX psiiax MPOBOIKA O/2KHA 3AKOHYUTHCS HA CTAH-
nuu ¢ npoboit H.9., a B oCTaJbHBIX PSiaX BBIMOJISETCS IBE OCTAHOBKHU, HA
craunugax ¢ npobamu U. n 9. Ecin cobaka He OCTaHABINBAETCS HA, TTPEIITO-
JlaraeMoi CTaHIINY, TO IKCIEPTU3a CIUTACTCH HEYIABIIEHCS.

Pabora mommeprkana KpacHOAPCKEM MaTEMATHIECKHM IEHTPOM, (PHHAHCHPYEMBIM
Munobpuayku P® (Corsamenne 075-02-2024-1429). Asrops 6aarogapst H. B. Kopury-
HOBY 3 IIOCTAHOBKY 33a<H.
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Tabsmmra 1
Bunpr ucciemyemprix mpob
Hassanne nmpooOwI Tun Nnentndrkarop
mpoObI | TPOOBI

Uccnenyembiit 00beKT Bemp .

JINTI0 KOHTPOIBLHOM TPYIIIBI Bemp 1-5

DrasoH Kposb 9.
Heiirpanbabrii dtagson Kposb H.3.

JIU10 KOHTPOJIbHON I'PYIIIbI Kposb 67

JIuio KOHTPOIBHOM Tpynnel (3aMena) | Kposb 8

CpaBHUTEIbHBIE PSAMIBI JOJXKHBI YIOBJIETBOPITH OTPDAHWYEHUSM, TIPE]I-
CTaBJIEHHBIM HHKE.

01
02

03

04

05

06

or7

08

09

010

011

JIinHA TTPOBOJIOK JOJIXKHA, OBITH PA3HON B KAXKIOM PSIIY.
JlBuzKeHue JI0JIKHO ObITh B Pa3jIMYHOM HANpPaBJIEHUU (110 YACOBOIL
CTPEJIKU WJIU [IPOTHUB) U C PA3JIMYHON CTAHIMU B KAXKIOM DSILY.
[TepBble aBe MPOBOJAKY JOJIPKHBI 3aKAHIUBATHCS HA CTAHIIUU C TPO-
60it H.9., a Tperbs u 4erBepras MIPOBOJKY JTOJIZKHbBI 3aKAHIUBATHCS
Ha, CTAHINH C TTPOOOIt I.

[lepBasi TPOBOIKA MOJIKHA COIEPKATH MPOOY CO CXOXKeH Obdax-
TOPHOU XapaKTEPUCTUKON, B3ATON C BEIIU UJIN U3 KPOBU, TIepe/], IPO-
6amu 1. u 9., COOTBETCTBEHHO.

Bce npobb1, kpome npobbl HOMED 8, JOIKHBI IIPUCY TCTBOBATH B IIEP-
BBIX JIBYX IIPOBOJIKAX.

IIpobbr He MOKHBI BCTPEYATHCA HA TEX YK€ CTAHIUAX, 9TO U B
MPEIbIIY KX psifaX. Bce mpoObl paCIONOKEHHBIE HA CTAIUSX BHE
MPOBOJIKY HE BIIUSIOT HA BBIMOJTHEHUE 3TOTO TPEOOBAHUSA.

[Ipo6er U., 3., H.D. He J0/XKHBI pACHOIaraTbCs Ha COCETHUX CTAH-
USAX.

B kazkmoit w3 ABYX MEPBBIX MPOBOJIOK OJIZKHBI COMEPIKATHCS TTPO-
oer 1., 9., H.9.

Henmomycrumo pasmernars 6ojee AByX TpPOO B TPEThell u 4eTBepTOi
MIPOBOJIKAX C OMUHAKOBOI 0JTb(PaKTOPHON XapaKTepuCTHKOM, 1 bosee
Tpex npob B HEPBBIX JIBYX MPOBOJKAX.

Hemomycrumo pasmernars mpoly, B3SATYIO W3 KPOBH, TMEpPEI TMpO-
6oit U.

Hemomycrumo pasmemars mpodsr W., 9., H.9. na crammusx, rae
cobaka moJTydasa MUIEeBoe MOIKPeIIeHue.
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JIOTIOTHAUTEIHFHO TPEIbABISIOTCSI HeO0I3aTeIbHbIE PEKOMEHIAINN K
CPABHUTETHLHBIM PsIIAM.

P1 OpunakoBbie mpoOBbI HE MOJKHBI PA3MEIIATHLCS Tepen mpobamu U.,
9., H.9. B cocemanx psamax.

P2 B rtperbeit u 9eTBepTO# TPOBOJAKAX MOJZKHO OBITH PA3THIHOE UUCTIO
crauuit Mexay npobavu U. u 9.

P3 IIpoba nomep 8 moKHA HAXOAUTHCH B HAYAJIE ITPOBOIKH.

B Tabs. 2 npencraBieHo BAXAHAE TPEOOBAHUIT 1 PEKOMEHIAINN Ha KarK-
bl CpaBHUTEIBHBIN psi. CUMBOM «+» O3HAYaET, 9TO TpEeOOBAHUE BIISET
HEIIOCPEICTBEHHO Ha IIabJIoH Pslia, & CUMBOJI «k» O3HA4YaeT, 4To TpeboBa-
HHUE 3aBUCUT OT KOHKPETHBIX PeaM3alyil IPeAbLIyIIHUX PAIOB.

Tabsmmra 2
Bunpr uccienyempix mpob

01|/02]03[04|05|06|07[08|09|010|011|P1|P2|P3
Pan 1 + | + + |+ |+ ]| +
Pag 2| x| ~ | + * | x|+ |+ ]|+ + * | *
Pan 3| ~ | ~ | + * | + + | + * | % +
Pagd4| x| ~ | + * | + + | + * * | x| +

CornacHo mpecTaBIeHHOM TabIUIBI, IEMKO BUAEThH, YTO HAYUHAS C TIep-
BOI'O PfAJIa, IPOCTPAHCTBO JIOIYCTUMBIX TOCJIEIYIONINX PAJ/IOB COKPAIAeTCA.

1. IlocranoBka 3amadm

IIycrs 3aganbr aBa MHOXKecTBa mpod. IIpobbl, B3ATHIE C Bereit, obo3Ha-
gnm kak V = {vy,..., U5, Vg }, TJI€ Uy COOTBETCTBYET MCCIETYEMOMY OOBEKTY.
ITpoGsbI, B3siTHIE M3 KpoBH, obo3HaunM Kak K = {kg, kv, ks, ke, kn}, Tae ke
— 3TajioH, k, — HeWTpaJbHbIH dTagoH. Torma obmuit ampaBuT IJIsd 339K
MMOCTPOEHUs CPABHUTEILHBIX PsioB, ob0o3HaunM kak % = V U K. 3nech u
Jgagee, Oyj1eM IPUMEHSITh TEPMUHOJOIHIO TPAJUIUMOHHYIO 111 Teopuu (hop-
MasbHbIX 513b1KOB [2]. Tlox psiom Byuem noHumars cjioBO u3 sizbika L naj
andasurom Y. OOIIast cxeMa MOCTPOCHUS A3BIKA L BBITVISINT KaK

L={aw:a=ai...a10,a; € L,a; #aj,i # j}.

Kaxxnomy psimy coorBercByer CBOW COOCTBEHHBIN #3BIK C MHOXKECTBOM
OTpaHwdeHuit, Tpu 3ToOM crpaseamuBo Ly, Lo, L3, Ly C L. TlockOIbKY KaxK-
JBIF PSAMT, COCTOUT W3 MPOBOJKU M OCTATOYHBIX JIEMEHTOB, TO BCAKOE CJIOBO
73 COOTBETCTBYIOIIETO A3bIKA MOKHO TTPEJICTABUTH KAK KOHKATEHAIIWIO CJIOB
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a = (- . Takum 00pa3oM, OrpaHWYEHUs], BIMAIOININE HA MTAOJIOH DA,
BJIUSIIOT TOJIBKO HAa CJOBO [3.

Takum obpazom, 3a7ata MOCTPOEHNST CPABHUTEIbHBIX PSI0B OTb(PAKTOP-
HOrO aHaJm3a (POPMyTHUPYETCs CJIEIYIOMUM 00Pa30M:

Hano: andasur X, a3biku Ly, Lo, Ly u Ly.
Tpebyercsa: Haiitu caoBa oy € L1, ag € Lo, a3 € Ly m ay €
L4, ynoenersopsitomue Tpebosanusm O1-O11 u pe-
koMengamnuam P1-P3.

B paborax [3, 4] upezacrasiensl onpeesnenus a3blKkoB Ly u Lo juist nep-
BBIX JIBYX PSIIOB, COOTBECTBEHHO. Takske MPENJIOKEH PEKYPCUBHBIN ajro-
PUTM TOCTPOEHWE JePeBa MAOIOHOB MEPBHIX ABYX PSAIOB, U METOJ MOCTPO-
€HUs CJIOB (] U (vg, ITO ITUM ITA0JIOHAM.

Cormacuo Tab. 2 TpeTuii U 9eTBepThI PAIbI UMEIOT OJWHKOBBIE Orpa-
uudenus: vHa mabson, a umenno 03, 07, 09, 010, P3. Pekomenmanus P3
HE UMEET 4YeTKO# (DOPMYIMPOBKH, IIOITOMY B PADOTE MPE/IIIOIAraeTCs, ITO
npoba HoMep 8 IOIKHA HAXOANUTCSA B OTHONW M3 MEPBBIX TPEX CTAHIAI TTPO-
BOIKHU. B TaHHBIX OrpaHUYEHUSX, KOJTUIECTBO PASIUIHBIX MADJIOHOB CJIOBA
B u3 o = B -~y cocraBnsier Bcero 41 mabsion. Bepxuss onenka dnciaa Bo3-
MOXKHBIX CJIOB 3 coctasiiser 1562 cioBa, TOria BepxHsist OIEHKa BO3MOYKHBIX
cioB o — 58320 csioB. Buy nepesa mabsionoB npezjcrasien Ha puc. 1.

Puc. 1. /TlepeBo mab/10HOB Cl0Ba 3 JJIsk TPETHErO U 9€TBEPTOrO PAIOB, TIe CUMBOJI
K — mecto my1st mpobbl, B35iTOM W3 KpOBH, CUMBOJI B — MecTo my1si Tpo0BI, B3ATOM
¢ Bemu
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2. BbruuncianrejbHbIe IKCIIepUMEHTbI

Wcnonb3oBanme peasn30BAHHBIX IEPEBHEB IMADTOHOB MTO3BOJSIET BBHIOH-
parb mabJIOHBL JJisi MPOBOJKH KAaXKJA0ro psiza. Pazpaborama mporpamma,
KOTOpasi BHIOMPAET CIIydailHbIM O0pa3oM MIabJIOHBI JJI KAXKJIOTO pPSaa U
3aMOJIHAET WX TAaKUM 00Pa30M, 9TOOBI Y/IOBJIETBOPSITH BCEM TPEOOBAHMSM
01-011 u peromenganusaym P1-P3. B tabn. 3 u tabi. 4 npeacraBieHsbl pe-
3YJBTATHl PADOTHI TPOrPAMMBI B BH/JIE MIAOIOHOB PSAJIOB U PSIJIOB, 3AI0THEH-
HBIX IpobaMu.

Tabma 3
Tabiuia 1mab/IoHOB i1 KaXK 00 P
1 2 3 4 5 6 7 8 9 10
Panl1l| K B B K 9. B 1. B |H>.| O
— *11
Pag 2| K n B ) B |[H.D B B K B
— *n
Pan 3| B K B n. K B ) O O B
* * —
Pan4| K B 1. 0 O O 0] 9. B B
JEL *1
Tabyma 4

Tab/nira 3amoTHEHHBIX CPABHUTEIBHBIX PSOB IS 0JTh(PAKTOPHOTO aHAIN3A

1 2 3 4 5 6 7 8 9 10

Paxl| 6 3 5 7 9. 2 1. 1 [HD.| 4
— *

Pan2| 7 n 1 9 4 |H.D 5 2 6 3

+— *n

Pag 3| 5 8 2 n. 6 3 9. 7 4 1

* * —

Pax 4| 6 4 1. 3 2 8 7 9. 1 5

«*n 1

B Taba. 3 cumBosiom «K» obo3nadena craHmus, Tae J0TKHA OBITH pas-
MelneHa mpoba, B3ATasd U3 KPOBHU, CHMBOJIOM «B» obo3HadeHa cramius, Te
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JOJIKHA OBITH pa3Melrena, mpoba, B3dTas ¢ Beru, cuMBoaoM «(O» obo3Ha-
9eHa CTAHINA, KOTopas He OyaeT MpoHIoXaHa COOAKOH-TIeTEKTOPOM, CHM-
BO «*» 00O3HAYAET ImpeamoIaraeMoe MECTO OCTAHOBKH CODAKH-IETEKTOpa,
a CUMBOJIOM <II» MECTO IIMIIEBOIr'O IIOAKPEILJICHUA CO6aKI/I-/IeTeKTOpa.

B Tabs. 4 npencraBieHbl CPABHUTEIBHBIE PSIIbI, TTOJTHOCTHIO YIOBIETBO-
psiomye TpeOOBAaHUSIM M PEKOMEHIAIMSAM, [IOCTPOEHHLIE COLJIACHO IIa0JI0-
HaMm u3 Tabi. 3.

3akJiroueHue

B pabore paccmorpena 3amada mOCTPOSHNS CPABHUTEIbHBIX PSAIOB JIJIsT
0sib(PAKTOPHOrO aHAIM3a. 3a/a9a MOCTpoerHus cHOPMYIUPOBAHA KAK 34714~
4a BBIOOPA YETHIPEX CJIOB M3 COOTBETCTBYIOIINX S3bIKOB. BHIMOIHEH aHaIN3
TPETHEro0 W YETBEPTOrO PSIOB, W COOTBETCTBYIONIUX WM JIEPEBBEB IMTA0JI0-
HOB. llomydennl BepxaME OIEHKW YUCJIA BO3MOYKHBIX CJIOB JIJIsT STUX PSJIOB.
IIpoBeenbl BBIYUCIUTENBHBIE SKCIEPUMEHTDI, B X0/I€ KOTOPBIX MOCTPOEHbI
11a0JIOHBI CPDABHUTEILHBIX PSJIOB, & TAKXKE WX HENOCPECTBEHHAs Deasn3a-
LU,
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BJINSIHUE METAOKPY>KEHUI1 HA TIOBOP
I'MITEPITAPAMETPOB CUCTEMBI OBYYEHNA C
INIOAKPEIIJIEHVUEM

A.C. Tepoes, O.M. Teprer

Hnemumym npobaem ynpasaenus um. B. A. Tpanesnurosa Poccutickot
akademuu wayk, 2. Mockea, Poccua

B paboTe mpeicTaB/ieH aHAIM3 BIUSHUAS PA3IUIHBIX METAOKPYKe-
HMIT Ha BHIOOD M HACTPOMKY I'MIIEPIIAPAMETPOB CUCTEMbI yIIPaBJie-
HUS Maraiomero poboTa. Belia mpoBenena cepus SKCIIEPpUMEHTOB 10
yIIpaBjIeHuio pobOTOM Ha Pa3HBIX JaHamadTaX ¢ OJIMHAKOBLIMU ap-
XUTEKTYPAMU areHTOB U € OTJIMYAIOIUMCA HabOPOM TUIlepIrIapamer-
pos. Ha ocHOBaHUU pe3yJIbTaTOB 3KCIEPUMEHTOB ObLI CIEIaH BHIBO,
0 TOM, YTO METAOKPYKEHUE areHTa MOXKET HAIPAMYIO BJIUIATH HA U3~
Menenue ero Q-G yHKImu, eCu OHO JIOIYCKAET HAXO0XK JEHUE areHTa B
cocrosiausx craruanun. COCTOSTHUS CTATHALIMKA — COCTOSTHUE areHTa,
pU KOTOPOM BCEBO3MOYKHBIE JEHCTBUSA areHTa He IPUBOIAT K U3Me-
HEeHUIO 3Ha4YeHns QYHKIMN BO3HArpaxaenuns. KirodeBbie ciioBa:
obyuenue ¢ nodkpenaenuem, memaoxpyocenue, DDPG.

BBenenune

[Tararomme poGOTHI - 3TO pOOOTHI, KOTOPHIE MOTYT MEPEIBUTATHCS HA,
HOTAX, MOAOOHO YE€JIOBEKY WJIM YKWUBOTHBIM. YIIPABJIEHWE TaKUMU pPOOOTA-
MU - KOMILTEKCHAs 3aJ/iada, TPeOYIoIas COriacOBAHUE MHOYKECTBA, JIBUKE-
HUM, C ENbI0 TOCTHKEHHS YCTOMNIUBOCTHA U 3P PEKTUBHOCTU ABHKEeHUS. B
HACTOSIIEe BpeMsi HaubOoJIee MePCIEeKTHBHBIM HAIPABJIEHUEM B yIIPABJICHUN
MIATAIONIUMY POOOTAMHU SBJISETCS TPUMEHEHNE TEXHOJIOT U, OCHOBAHHBIX HA
obydennn ¢ moakperienuemM. Q0ydenune ¢ MOAKPEIIEHNEM TPEICTABISIET CO-
0011 KOHIIENIINIO B3aNMOIEHCTBHST areHTa U OKPYyKeHus. B paMkax JaHHOrO
HCCJIEJIOBAHNUS B KAYECTBE AreHTa BBICTYIAET yIPABJSIONAas miara pobo-
Ta a Cpeoi saBjgeTcsa caM podoT. PoOoT mepemeraeTrcs mo Onpe e ieHHOMY
nauamadTy, KOTOPBIH TPeonpeIesser ero BO3MOKHBIE MOJIOKEHUsT, OMpe-
JleJisisi — MeTaoKpYy2KeHune pobora. MeTtaokpyKeHne mpeacTaBiIser coboit
naaamadT, IO KOTOPOMY TepeMernaercs: poboT. MeraokpyKeHue onpeies-
eT npeJiesibHbIe 3HAYEHUsT TOKA3aHuil OKpy2Kenus. B manHoit pabore nmpose-
JIEH aHAJIU3 THIEPIAPAMeTPOB 00ydeHus, [0 Pe3yjibraraM KOTOPOro cleja-
HBI PEKOMEHIAINY JJIS BbIOOPA JraHamadTa 00ydeHnsT areHTOB MPY Perre-
Hun 3ama4d jgokomornuu. CpemcrBa mogaenupoBanus: Matlab, Simulink,
Simscape Multibody, Reinforcement Learning Designer for MATLAB
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1. OcHoBHBIE KOMIIOHEHTHI CHUCTEMbI OGy‘IeHI/Iﬂ C ImoaKpeilljieHneM
AJId ImiararmoIimero p060Ta

1. Tlonmruka (policy) — 3To crparerus, onpee/somnas, KAk areHT Bbl-
Gupaer JeficTBUs B 3aBUCUMOCTHU OT TEKYIIEr0o COCTOsAHUA cpebl. [lomTuka,
MOXKeT OBITH JIeTEPMUHUPOBAHHON WM CTOXACTHYIECKOi. [7]

2. Cpezpa (environment) — 310 dbu3MYECKOe UM BUPTYAJIHHOE IIPO-
CTPAHCTBO, B KOTOPOM JieficTByeT arent. OHa BKIIOYAET B cebs BCE ITIEMEH-
THI ¥ YCJIOBHS, C KOTOPBIMHA pOOOT MOXKET B3auMOIEHCTBOBATh. B KOHTEKCTE
yIpaBJIeHHsl [IATAIONMM POOOTOM CPEJIOil BBICTYNAET CaM POBOT.

3. Cocrosinue (state) — 310 mHGOpPMALUA O TEKYIIEM COCTOSHUM CPEe-
JIbI, KOTOPYIO areHT II0JIyYaeT B KA4eCTBE BXOMHBIX JAHHDBIX [/ IPUHATHS
pewenuii. Cocrosinue opMupyercs u3 BekTopa usMepeHuil(Habsonenuii)
3a o0ydJaromei cpeioit B TAHHBI MOMEHT BpeMeHn. [9]

Habnronenusi: cpena pobora mpemocTaBiser areHTy 56 HaOIOAeHM, KaxK-
JIOe M3 KOTOPBIX HOPMATU30BAHO MEXKIY -1 U 1. DTUMU HADTIOIEHUAMA B~
JIAIOTCA:

1. Z (BeprukasnbHoe) ' Y (GOKOBOE) MOJIOYKEHHE IIEHTPA MACC TYIOBHIIA

2. KparepHWOH, MpeICTABISIONHI OPUEHTAINIO TYIOBHUIIA

3. X (nmocrynarenbhas), Z (Beprukasbhas) u Y (monepedHas) CKOPO-
CTH TYJIOBUIIA B LIEHTPE MACC

4. CkopocTH KpPEeHa, TAHI'aXKa U PHICKAHU TYJIOBUIIA

5. YIJIOBBIE MOIOKEHWS W CKOPOCTH TA300€IPEHHBIX W KOJEHHBIX TTap-
HUPOB JIJIsT KaxKI0H HOTH

6. HopmaspHas cuiia u cuia TpeHUs W3-3a KOHTAKTA, C 3€MJIEH [T KarK-
TIOIf HOTH!

7. 3uavenus neficrBus (KpyTsiuuii MOMEHT JJisi KaXK/IOrO CyCTaBa) C
npeablLiylieil BpeMEeHHOU uTepauuyu Uu3MepeHus HOKA3aHUNi

HeiicrBue (action): 910 BHIOOp, CleJaHHBI areHTOM Ha OCHOBE CBOEit
nonmuTuKu. [leficTBue BO3MEHCTBYeT Ha Cpey U BBI3BIBACT M3MEHEHHH B €€
cocrosuuu. BosHarpaxkaenue (reward): 9To yuciaoBas OLUEHKA, KOTOPYIO
areHT MOJIyYaeT OT CPebl B OTBET Ha COBepIneHHbIe aeiicrBusd. Llenp arenta
- MAaKCMMU3UPOBATb CYMMAapPHOE BO3HAIDAXK/IEHUE, KOTOPOE OH 10JIy4aeT B
TeUEHNE MPOLECCa B3AUMOIECHCTBYS CO CPEoii. 3HAYEHNE BO3HATPAXK ICHNS
r onpenensiercst dyukipeii (1).

T N i \2
= va 25 — A0 — 306° 0-02; (ui-1) (1)

— VU - CKOPOCTB I[EHTPA MacC TYJIOBHINA B HApaBieHun x (M/c).
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— T, u Ty - 370 BpeMs BBLIOOPKH 1 BPeMs OKOHYATEIHHOTO MOEINPOBAHNS
OKPY2KAIOILEl CPeJibl COOTBETCTBEHHO (C).
— §? - KBaJIpaTHYHAA [OIPELHIHOCTh M3MEPeHHs BBICOTHI HEHTPA MACC TY-
JoBuila ¢ rpebdyemoii Boicorbl B 0,75 Merpos (Mm).
— @ - yroa kpeHa TyJa0BUIIA, (paj).
— w!_, - 3HaueHue JefiCTBHUSA /I CyCTaBa i C NPEJIBLIYIEr0 BPEMEHHOTO
mara (H-m)
B xoze BbImosHEHUsT cBoeil paboTHI 51 Mcmosb3oBai anropurM DDPG [3]
It OOHOBJIEHUS TIOJINTUKY areHTa u ero ooyuenus. [Ipumenerne ajsropurma,
DDPG B yupasiieHuu maraoimmM poboTOM OCHOBBIBAETCsI HA €r0 CIIOCOOHO-
ctu 3P PEKTUBHO PeIaTh MpodIeMy yIIpaBIeHns HEMPEPbIBHBIMYU IIPOCTPAH-
crBamu neficteuit u cocrostauit. Anropurm DDPG ucmonn3yer uneipoHmbie
CeTH I AMMPOKCUMAINU (DYHKIIUK OIEHKU () M Ompene/eHusl ONTUMAThb-
HOI cTparernn aedicrBuii. [Ipu 3TOM MCTONMB3YIOTCSA /BE HEUPOHHBIE CETH:
kputuk (critic) u gesrens (actor). Kpuruk onenuBaer dynkuuio Q, a ne-
SATEJb BBIOMPAET ONTUMAJIbHBIE JEACTBUS HA OCHOBE TEKYIIErO COCTOSHS.
OTH JBE CeTU B3auMOJIEHCTBYIOT JPYT € JIPYIOM B IIPOIECCE OOy YeHus, 1103~
BOJISIS TIOJIYIUTH OOJIee TOYHOE TTPEICTABIEHNE O TIEHHOCTH KarK/I0TO COCTO-
SIHWS U BBIOPATh HaWJIydInee aeiicTeue. B KaduecTBe MeTaoKpyKeHmil ObLIH
BBIOPAHBI 2 THUIA JOPOT: y3Kasl CILIONIHAS U IIHPOKAs CeTIATAS

Pwuc. 1. V3kaa mopora

O T Py PP PR a0t

Puc. 2. Ceruaras mopora
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2. PeByJII)TaTbI HCccJieJJoBaHUA

Onucanue npoBOJMMBIX IKCIEPUMEHTOB [IPOUILIIOCTPUPYEM Ha 3-X BH-
Jlax MerTaokpyxKenust (cMm. rabi. 2)

VcnoBust SKCIIEPUMEHTOB

Tabsmmra 1

METAaOKDYKEeHHEe 9HCJI0 CJIOEB actor | 4mcso C0€B critic | uwmcsio geicrBuit
y3Kas g0pora 3 3 8
y3Kas gopora 3 3 12
MupOoKas gopora | 3 4 12

B nepBoii cepun 3KCIIepUMEHTOB ( CepUst COMEPIKUT 110 24 IKCIIEPUMEHTA,)
y poboTa OTCYyTCTBOBAJIN MIAPHUPHI JIATEPATHHON MOJABUKHOCTH, COOTBET-
CTBEHHO METAOKPY KEHHe He MO3BOJIAJIO POOOTY MEPedTH B COCTOSTHUE CTar-
Hanuu. B crarbe Mol COCTOSHUEM CTAHAIMH MOHUMAETCs] COCTOSTHUE AreH-
Ta, MPU KOTOPOM BCEBO3MOXKHBIE JIEHCTBUS Ar€HTa HE TPUBOIAAT K M3MEHEe-
HUIO 3Ha4YeHus (PYHKIMKU BO3HAIPaXxKieHus. Bo BTopoil cepuu sKCnepumMen-
TOB OblJIa peasi30BaHa JaTepajibHas TOABUKHOCTH areHTa, MyTéM 100aB-
JIEHUsT COOTBETCTBYIOIIUX IITAPHUPOB, & COOTBETCTBEHHO MOSBUIACH BO3MOXK-
HOCTh crarHaruu. B 3-eit cepun skcnepumenToB mobassenue ciosi dropout
MO3BOJIMJIO HE MPOCTO PEIuTh TPobJieMy, CBI3aHHYIO C TepeodydeHneM, a
€HocoOCTBOBAJIO (DOPMUPOBAHUIO y ArEHTA YHUBEPCAJIHHOIO HATTEPHA I10-
XOIKHU, TaKUM 00pa3oMm, mobapjenue cjaos dropout TO3BOJUIO areHTy He
OPOCTO O0YUUTHCS «BUIETb> B KAKUX MECTAX COAEPIKATCS sMbI (OTBEPCTHS )
U OOXOIUTH WX, a BBIPAOOTATH HOBOE pelleHue. AHAIU3UPYs TOJIYY€HHBIE
B IpoIecce 0OyYeHrsi areHTa Pe3yabTaThl, CeyeT 00OpATUTh BHUMAHWE HA
pucynku 4,5, Ha KOTOPBIX sIBHO BUJHO, 9TO (DYHKIIUS BO3HAIDAXKJICHUS U
Q-dyHKINS HA TPOTIKEHUN HECKOJHKUX COTEH STOX COBMAIAIOT APYT C
apyrom. B 3710 Bpemsi areHT HAXOIUTCA B COCTOSHWM CTATHAIMH, TAK KaK
€ro METAOKPYZKEHUE COMEPIKUT MPENSATCTBUSA, JAIOIIUE MYy TaKyH BO3MOXK-
HOCTbh. B 11epBoii cepuu sKkcnepuMenToB (PUCYHOK 3) HAIPOTUB — OTCYTCTBHE
[OJIBUYKHOCTE HE MTO3BOJIMIJIO APEHTY BOUTH B CTATHUPYIOIIEE COCTOSHUE U
KAaK CJIEJICTBUE IOJYyYUTh CaMble BblcOKUe 3Hadenus Q-pysruuu u pyHK-
MY BO3HATrPaXKIeHUs. TakuM 00pa30M, ar€HThI, Y KOTOPBIX MPUCYTCTBYIOT
JlaTepasibHbIe TIOABUKHOCTH, JOJIPKHBI 00y9aThCs B METAOKPYKeHWIH Oe3 Ha-
JINYUs TPENATCTBUHN, MO3BOIAIONAX ATEHTY CTATHUPOBATH
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Puc. 3. Umiocrpanus mnporecca 00y deHns maraonero podora B OTCy TCTBAX IAP-
HUPOB JIATEPAJIBLHON TTOIBUKHOCTH

Coe o o Myt wen DOPGAgen

Puc. 4. WmocTpanus mporiecca 00ydeHnsT Maraioiero poboTa ¢ MmapHUpaMu Jia-
TepaJIbHOU ITOABUKHOCTUA

Puc. 5. Unmocrpanus nporecca 00y deHns mMaraiomero podoTa B OTCyTCTBAX IIaP-
HUPOB JIATEPAJBHON TTOIBUKHOCTH
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3akJiroueHue

B xome mponenannoii paboThbl OBLIO BBIABIEHO, 9TO B MOJTHOCTHIO IeTEpP-
MEHUPOBAHHBIX MOJIATHKAX HEOOXOIMMO COCTABJIATH METAOKDIKYECHUS AlCH-
TOB TaKUM 0Opa30oM, 4TOOBI N30€3KATH COCTOSHMIM CTarHupoBanus. Ecan xe
MTOJTUTUKA UMEET JOJII0 CTOXACTUKHU, TO METAOKPYKEHUE U JIeHCTBUS areHTa,
MPUBOJISAIINE K CTATHAIIMA MOTYT B KOHEYHOM UTOTE MOTYT OOY4YUTH Ar€HTA
HauboJIee THOKOMY AJITOPUTMY IBUZKEHHUSI.
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CTATUCTUYECKUNE XAPAKTEPNCTUNKN
YI'JIOBOT'O PACIIPEAEJIEHNA APKOCTUN JAJIA

PA3JINYHBIX MOJIEJIEN ATMOC®EPHI

A.P. Xajuy/iuHa

Hayuonasvnot uccaedosamenvcruti Tomekuti 2ocydapemeennbiti yrnusepcumen,
2. Tomcx, Poccus

VrioBoe pacmpefeneHue SpPKOCTH - 3TO (DYHKIWS, OIHCHIBAIO-
mast APKOCTb U3/IydeHus, (PUKCUPYEMOrOo MPUEMHBIM OITHIECKIM
YCTPOMCTBOM B PA3/IMYHBIX HAIIPABIEHUAX. L[eIp10 TaHHON paboThI
SIBJISIETCS PACYUET JIOKAJIBHBIX OIEHOK JIJIs YIJIOBOI'O PACIIPEIE/ICHST
APKOCTH TOYEYHOI'0 UCTOYHMKA CBeTa B TPEXMEPHOM IIPOCTPAHCTBE
AJIA PA3HBIX OTITUYECKUX MOHQJIQI‘/JI 1 UCC/IeI0BaHUE CTATUCTUYECKUX
XapaKTEPUCTUK JTAHHOTO pacipesesenus. B pabore mompobHO omm-
caHa METO/MKa MOJeupoBaHus JBukeHus (GoroHoB. Takxke B pa-
60Te TIPeICTaBIEHbI BHIYMCIEHNS JIOKAJIHHON OIEHKN YTJIOBOTO Pac-
npeneneHnd ApPpKOCTHU U IPUBEACHBI JaHHBbIE YUCJIEHHBbIX 3KCIIEpU-
MEHTOB /I PAa3/IMIHBIX UCXOMHBIX ycsoBuit. Kpome toro, B pabore
TIPE/ICTABJICHBI PE3YIbTATHl CTATUCTUIECKON OOpAOOTKYM MIMUTAIN-
oHHBIX Mozeseil. KiroueBble ciioBa: yeaosoe pacnpedenerue Ap-
Kocmu, memod Moume-Kaparo, A0KaasvHaA 0UEHKA Y2A068020 Pacnpe-
deneHus APKOCMU.

BBenenue

Cy1ecTByeT MHOXKECTBO 331449 TEOPUH MIEPEHOCA U3y YeHNs B aTMOChe-
pe, Tpedyionmx TOYHOTO pacdera. CaMbIMu PACIPOCTPAHEHHBIMU U aKTY-
ANIBHBIMU SIBJIIOTCS 33JIa490 MOJIEIMPOBaHus KiauMara. [Ipu ux perenun
BAKHO YYUTHIBATH MHOXKECTBEHHbIE M3MEHEHHsI CBETOBOIO MOTOKA, IIPU €ro
pacupocrparenun B armocdepe 3emjin. UMEHHO 1109TOMY BaXKHO CTPOUTH
KAQIeCTBEHHBIE UMUTAIIMOHHBIE MOIENIN, YIUTHIBAIOIINE HEOTHOPOJHOCTh aT-
Moc(epBI, JIOKAJIbHBIE U BPEMEHHDBIE XAPAKTEPUCTUKHU IO/ W3JIyIEHUs B
meii. /s ux momydenus B paboTe MCIOMB30BAH OOWH M3 METOIOB MoHTe-
Kapsio - Meros JIOKaIbHON OIEHKH YIIIOBOTO PACHPEIEIeHHsT SPKOCTH.

1. Peanusanusi cxeMbl «IPSIMOTO MOJEJIUPOBAHUA» METOA0OM
Moute-Kapuito

BzanmoseiicTBre paccMaTpuBaeMoit Cpebl ¢ M3y IeHNEeM TOYETHOTO UC-
TOYHUKA MOJEIUPYETCs] KAK MPOIECC CIYUANHBIX CTOJKHOBEHUN (DOTOHOB C
a9pPO30JIbHBIMY JACTUIAMH, KOTOPBIE MPUBOIAT JIMOO K PACCESTHUIO, JTHOO
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K morsoniennio [1]. Mozensb cpe/ipl nipennonaraer 3amanue KoabduimeHTa
MIOTJIONIEHNsT, KO3 (PUIIMEHTa paccessinsa U KO3(PPUITHEHTa, OCTA0TeHUs, KO-
TOPBIN Ompeensercs cyMMoit AByX npeipiaynmx. [lomgoxenue GporoHoB B
Cpejie 3a[aeTCsl TOUKOM, XapaKTepu3yIoIeiics: TpeMst IeKapTOBbIMU KOOD/IH-
HATAMHU JIJTsi OTIPEJIeSIeHnsi TTOIoxkeHnst. CXxemMa «IpsiMOro MOJIETHPOBAHWST»
meromoMm Moute Kapio npeacrasiena ma pucynke 1 [3]:

J112 Ha4aIbHOTO
3Tamna BeldepeM TOUKy
C KOOpIHHATAMH

f B} (0,0,0)
BH‘DUP Ha49aJIbHOH TOYKH H " Ha_npamer-mnm
HanpasieHHS
Hy=0
l py =0
- - - =1
Brioop ATHHEI cB0O0IHOIO Opodera
In§
T e
Aa TIpoBepka Ha BBLIET H3 CpPejbl
$oTOH BELTETET?
l Het
- — ol
X=X +U,S§
Ieicxenne poToHa Y=y +us
l z2=2+p,s
DOTOH NOTIOTHIC! BeIOOp THNA CTOIKHOBEHHS

l DoToH paccesncs

Pacuer yria paccesHHs H nepecdeT
KOOpIHHAT Npodera

Puc. 1. Cxema npamoro MojieupoBaHus

IIycTs cpesa orpaHmdeHa MIOCKOCTHIO z = (), KOTOpasi COOTBETCTBYET
MTO/ICTUIIAIONIEH MOBEPXHOCTU 3E€MJIN, U TIJIOCKOCTHIO 2 = h, mpu 3TOM h SB-
JseTCs TOJMWHON Cpeibl W BBIMIE JAHHOU TPAHUIIBI IPOIECC PACCESHU OT-
cyrcryer. Toueunblii npuemMHuk onpeensiercs koopaunaramu (0,0, h). To-
YEUHBI MCTOYHUK U3JIydeHusT (DOTOHOB PACIIOIATAETCS Ha, TOICTUIIAIOIIEH
nosepxuoctu B Touke (0,0,0). Onpezenum HagaIbHOE HATIPABJIEHUE (DOTOHOB
C TOMOIITHIO HATPABJISIONINX KOCHHYCOB, YCTAHOBHUB UX CJIEAYIOMUM 00pa30M
(1):

pae =05 py = 052 = 1. (1)
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Mopenupyem gty ¢BoGOAHOrO mpobera ¢ MOMOIIbI0 HopMyIibl (2):

_In¢

g

s = (2)
rae & - caydaiinoe 4ucio, pacnpenenerroe mexkay 0 u 1.
Dopmysna (2) resepupyer ciydaiinbie JJMHbL CBOGOIHOrO mpobera, s.
s onpenesieHus JaJbHEHIIEr0 HAIPABJIEHUS PACIPOCTPAHEHUS MbI
AHAJIOTMYHO OyIeM WCIOIB30BAThH TPYU HAMPABJISIONINX KOCUHYCA, TTyTeM 00~
HOBJIEHUS KOOPAWHAT MO CJIEAYIOMUM (hOpMyJIam:

x=a + lgs;
Y=y +uys;
2 =27 4 p,s.

B Touke ¢ OOHOBJIEHHBIMYM KOODAWHATAMU TTPOUCXOIUT CTOJTKHOBEHWE,
9TO CTOJIKHOBEHWE MPUBOIUT JIMOO K TOTJIONIEHUIO, JTHO0 K paccesHuio. Ec-
JI B TOYKE CTOJIKHOBEHUSI TTPOUCXOIUT TIOTJIOIIEHNE, TO MbI BO3BPAIIAEMCS
K BbIOOPY HaYa/IbHON TOYKM U Hanpasienus (puc. 1), eciu ke IPOUCXO-
JHUT paccesiiue, TO PACCUUTHIBAETCA HOBOE HampasjeHune (PoToHa. IToObI
YMEHBITUTh IUCIEPCUIO U YIIYUIIUTH KQYECTBO MOJIEIN, MIPUMEHSEM MOIHU-
dbukanuio "6e3 mormonienns”[2]. CpeHee 3HaYEHNE KOCWHYCA yTJIa pacces-
Hust (POTOHOB M3BECTHO KAK AHU30TPOIHUs paccessHus g. ITo0bl OmpeaenThb
HOBOE HampaBiieHne (POTOHOB, HAM HYKHO 3HATH (a30BYI0 (DYHKIINIO pPac-
cesans. B pabore mcrnonb3oBana (azoBas QyHKINg XeHbu-IpuHiireitna.
Barem yros paccesnus 6 oupejesnsiercs 1o cienyoieii dpopmyse (3):

[ 1-¢ : .
cosf = {25] Lgﬁgg}}ﬂfg#ov (3)

cosf=1—-2¢if g=0. (4)

Ha ocHOBe KOCHHYCOB TEKYIIEro HAMPABJIEHUS MBI MOYKEM HANUTHU HOBBIH
HaOOp HAMPABJIAIOIINX KOCHHYCOB. HOBOe HampaBjeHHe paciIpOCTpaHEHUS
MOXKET OBITH MPEICTABIEHO B JAEKAPTOBOW CHCTEME KOODAWHAT C MOMOIIHIO

dopmy (5), (6) u (7):

0 B .
1, = sin 6 (pa 12 cOS p — iy sin o) + 11 cos 0 (5)

Vi-iZ

- . s
i = sin (py - oS @ — py sin @) 4 1y cos 0 (©)

V31— pZ
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i, = —/1— Zsinfcosp + . cos b, (7)

IIpenmonaraercs, 9T0 HOJISIPHBIA YTOJI (0 PABHOMEPHO PACIIPE/IETIEH MEXK-
ay 0 m 27,

Cxema mpsiMOTO MOJIETUPOBAHNUS ObIIA PEAJTM30BAHA B BHUE MPOTPAMM-
HOTO KOZa Ha s3biKe python mis kommdecrBa doronos, pasuoro 10000, u
TeOMETPUIECKON TOMMUHBI cpebl, paBHOU 100. PucyHOK 2 1eMOHCTpHUDPYIOT
pacnpocrpanenne (pOTOHOB B cpejie Tpu anm30Tponusax paccesuus: 0,85; 0,4;

0,1.

AHH30TPOMHS pacCessHus paBHa 0.85 AHHM30TpONHA paccesHHA parHa 0.4 AHH30TPOIHA paccesHus papHa 0.1

Puc. 2. Pacupenenenne (hpOTOHOB B IPOCTPAHCTBE MPU PA3HBIX 3HAYCHUAX AHU30-
TpOIUU

[Ipu yBesmdeHnn ONTUYIECKO AHU3OTPONUN U MPUOJINKEHUIO €€ 3HAUe-
HUs K 1, paccesiHre MTPOUCXOIAT MPEUMYIIECTBEHHO B IPSIMOM HAIIPABJICHNUH,
OCHOBHOI Bec GOoTOHOB KOHIIeHTpuUpyercs Baoab ocu OZ. Eciu ke 3Hade-
HU€ ONTHYECKO! aHu3orponuu npubsmkaercs K 3HadeHuio 0, To paccesnue
HPOUCXOAUT PABHOBEPOSTHO 110 BCEM HAIIPABJICHUSIM.

2. Peasqm3ariusa MeToJa JIOKAJIbHOM OIEHKHN YTJIOBOTO
pacupegesieHusa APKOCTU
JlokanbHAS OIEHKA MO3BOJIUT MPOAHAJIN3NPOBATH, KaK APKOCTH PACIpe-
JeIgeTCd B PA3JIMIHBIX YTJIaX OTHOCATEIBHO TOYEYHOTO MPUEeMHUKA U pa3-
JUYHBIX 00acTeil mpocTpancTBa. Iloaydenne yriioBoro pacupeaeaeHne sp-
KOCTH IIPE/IIOJIAraeT BblYUC/IeHHE cieytoinero (gpyukuuonasa (8):

P @t = § 17 a7 = S Q@)
ﬁié(r,@)dw—ﬁh( , )d?_M;anz( LA (®)

L7, = A, 9)
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@, 5)

; (10)

)

|
IR
|
<=l

'7M* =

- L-g° - (11)
(14 g2 —2gp*)>

*

~—

p(u

3nech:
Ai(?)— HHIIKATOP HCCIeXyeMOi 06IacTu;
f(')— mnoTHOCTH CTOTKHOBEHTIT;

d— moTok Yacruil B 3aaHHON TOYKE x_*k ;

Q.,— BcHOMOraTe/ibHbIN BeC.

®opwmysta (8) ompesessier HHTErPaJ 110 UCCIEAYEMOit 00IACTH TPOCTPAH-
crsa [1].

®opmyna (9) WMeeT CMBICH MJIOTHOCTU BEPOSATHOCTU TOrO, 4TO (DOTOH,
KOTOPBIH HAXOAUTCS B TOYKE T, KOTOPAs XAPAKTEPU3YETCsl MOJOKEHUEM U
HANPABJIEHUEM, TOCJE CTOJKHOBEHUsI PACCEETCs M0 HANPABJICHUIO K TOYKE
x*. Touka x*— TO4Ye4YHbBI!l TPUEMHUK.

ITo dopmyne (11) Bbramcisiercs uHAMKATPUCA XeHbU-1 puHIITEHHA, TO
€CTh BEPOATHOCTH, TOTO YTO (POTOH PACCEETCs MO/ OMPEICICHHBIM YTIJIOM.

s onpenenennsi 0071acTel MPOCTPAHCTBA UCIOIB3YEM TEJIECHBIE YTIIbL.
Paznenum tipocrpancTBo Ha 89 TeJIECHBIX yTJIOB, MPEICTABIEHHBIX B BHJIE
KPYTOBBIX KOHYCOB C BBICOTOH, PABHOM I ¥ IOCTOSHHO yBEJUIUBAIONUMCS
PaIuyCcoM.

IIpencraBieHHBI AJTOPUTM MPUMEHSAETCSA JIsi TOCTPOEHUST YTJIOBOTO
pacmpejie/ieHust SIpKOCTH TOYEIHOrO UCTOYHUKA, KOTOPOE HAXOIUTCS Uepe3
orHorenue 1aoTHOCcTH BepositHoctu (10) B obsactu 2; K BesuvuHe Tesec-
HOro yria. Mbl UcciieZioBaii yIioBOe PACIpeesieHue SpKOCTH Jjist KO-
dunmenra ocnabnenus o , yucaenno pasuoro 0,1 (puc. 3).

Ananu3 pe3ynbpTaToB MO3BOJIMII BHISBUTE CJIEIYIOMINE 3aKOHOMEPHOCTH:

1)3Havyenus MJIOTHOCTH BEPOITHOCTU YMEHBINAIOTCS TPH OTIAJEHUN OT
HAYAJIBHBIX YIJIOB TpueMa. [Ipu MasbiX yriax OTKIOHEHWsS OT HAYAIHHOrO
HANPABJIEHUs PACIPOCTPAHeHUsi (POTOHBI MCIBITHIBAIOT MEHBIIE DACCETHU
B CPEJIE U, CJIEJIOBATEIBHO, TEPAIOT MeHblne suepruu. 11o mepe yBesmdyenus
yTJIa OTKJIOHEHUS OT HAYAJIHLHOTO HAMPABJIEHUs, (DOTOHBI TIPOXOIAT DOJIBITIEE
PaCCTOSIHUE B CPEJIE, YTO YBEJIUIMBAET BEPOATHOCTD UX pacceanus. 2)I1o me-
pe YMEHBIIEHNs MOKA3ATeNs AHU30TPOINH ¢, CPEJIHsIs IPKOCTH TOYEIHOrO
HUCTOYHUKA U €€ BapUAIWsi YMEHbBIIAIOTCA. JTO YKA3BIBAET HA TO, YTO MEHb-
1asi AHU30TPOIIKS IIPUBOAUT K 00JIee PABHOMEPHOMY M MEHEE HHTEHCUBHOMY
PACIPEIeSICHUI0 TPKOCTH.
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Sprocts

Vel npuema

Puc. 3. YrioBoe pacupenesenne spKOCTH TOYEIHOr0 ucTognuka mpu ¢ = 0.1

3akJiroueHune

Takum 0Opa3om, pe3yabTaThl HCCAEIOBAHUS [TO3BOJISIIOT CIEIATh CIIEIy-
IO11Ye BbIBOJbL:

1) Eciu onTudeckas aHU30TPOINUA YBEJUUUBAETCA W TPUOJIMKAETCI K
3Ha4YeHMIO 1, TO paccegHue MPOUCXOAUT IPEUMYIIECTBEHHO B IPAMOM Ha-
MPABJIEHUHU, OCHOBHOI Bec (DOTOHOB KOHIEHTpUpyeTcs Buoib ocu OZ.

2) YBenuuenue yria OTKJIOHeHHs (POTOHOB OT HAYAJIBLHOIO HAIIPABJICHUS
[IPUBOJIUT K yBEJIUYEHUIO IIyTU UX IIPOXOXKJIEHUHA B CPeJle U, COOTBETCTBEH-
HO, K OOJIBITIEl BEPOSATHOCTH paccessuusi. [Ipu yMeHbIIeHnn 3HaAYeHUH g TTpOo-
HCXOIUT TIOCTEMEHHOE CMEIIEHNE PACIPEIeIeHNs APKOCTH K D0jiee HU3KUM
3HAYEHUAM.

CIIUCOK JIUTEPATYPHI
1. Mapuwyx I 1. Meron Momnre-Kapmo B armocdepnoit onrtuke. Hosocu-
oupck: Hayka, 1976. 284 c.
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usi:cBoOoaHAs SHIUKIIoe s, 2013.
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OB AIITIPOKCUMAIINN MHOXKECTBA TOYEK
ITOBEPXHOCTBIO HA OCHOBE
ITPNBJIN2KEHHOI'O PACCTOAHUSA 13 PAIA

TENJIOPA
A.M. Kupunun, B. P. Kynukos

Cubupckuti gedepanrvrviti ynusepcumem, 2. Kpacnoapck, Poccus

B pabore mccaemyercst BOIpOC ammpOKCHMAIMY MHOYKECTBA TOUEK
MOBEPXHOCTHIO C TOUKU 3PEHUST MUHUMUBAIAN PACCTOSHUS OT TOYEK
10 IIOBEPXHOCTHU, BOBHUKIIUHI 13 332491 11000Pa HOBbIX UMILIAHTA~
TOB T KpaHUOITACTUKY. [IprBe1eH HOBBI MOAX0/T HA OCHOBE IIPH-
MEPHOT0 PACCTOAHMS, ITOIYI€HHOIO U3 PA3JIOKEHUs HeaBHON (hyHK-
1y noBepxHocTu B paj Teitmopa. IIpousBeneHo cpaBHeHue ¢ IO~
XOZI0M, GA3UPYIOUIEMCS HA TPUOIMAKEHNN HEesTBHON (DYHKIMM K HY-
0. HoBbrit mogxo/ mokasas 6oJIbIIy0 YyCTOMYMBOCTD K MIYMY, ITPU
coxpaHeHuH HuU3KuX TpeboBanumii K GYHKIUAM, 33Ja0MIUM [I0BEPX-
voctu. KirroueBble ciioBa: Kpanuoniacmuka, nod2onka noseprHo-
CMU, aNNPOKCUMAYUUA NOBEPTHOCTNU, PACCMOAHUE J0 NOBEPTHOCTU,
pad Tetinopa.

BBemenue

Ha mpakTuke 9acTo BCTpeUYaeTcs 3a71a49a «IMOATOHKW», MJIW AMMPOKCUMa-
MY TUMEPIOBEPXHOCTH K MHOXKECTBY TOYeK A, WHa4Ye roBOpsi, OTHICKAHUN
oBepxHOCTH F'* M3 ceMmeiicTBa MOBEPXHOCTEN JF, MPOXOIAIIEH MAKCUMATIHHO
GJIM3KO K TOYKAM MHOYKECTBA:

F* =argmin > p(x, F), (1)

rae p(x, F') — paccrognue ot Touku X A0 nosepxuoctu F. Tlpuuem, xena-
TeIbHO, YTOOBI TA 9aCTh IMOBEPXHOCTH, KOTOPAs MPOXOIUT Yepe3 MHOKECTBO,
ObL1a cBsi3aHHOM. VIMEHHO 9Ta 3a/1a9a BOBHUKJIA B IIPOIECCE TI0I00PA HOBBIX
MUMIUTAHTATOB JIJIs KpaHUOMIacTuku [1].

B obrmmem cirydae perrenne Takoil 3a1a9u HETPUBHAILHO. B mIepByio oue-
pe/ib OTOMY, Y4TO HAXOXKJIEHUE aHAJIUTUYeCcKOi dhopmyibl p(x, F') ajs npo-
M3BOJILHOM MOBEPXHOCTH — 3TO OTAEIbHBIA KIACC CA0KHBIX 3a7a4. 11o aroii

Pabora nmogmep:kana KpacHOAPCKMM MaTeMaTHYECKUM IEHTPOM, (DUHAHCUPYEMBIM
Muro6praykn P® (Cormamenne 075-02-2024-1429).
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IOPUYKHE MBI BHIHY K /ICHBI IIPUOEraTh K PENICHUIO SKBABAJICHTHBIX 33,1849 WX
K HCIIO/IL30BAHII0 IPUGINKEHHOIO PACCTOSHUS.

OnmHUM U3 TPUMEPOB TAKOTO SABJIsieTCs 3amada perpeccun [2]. B meit mbr
MUHUMU3UPYEM OmUOKY |2, — f(z1,. .., Tn_1)| MEXK Iy 3KCHEPEMEHTAILHDI-
MW JAQHHBIMHA T, W 3Ha9eAneM monemn f(xq,...,Tp—1). VIHaYe TOBODS, MBI
MUHAMH3APYEM IIPEMEPHOE PACCTOSHHAE MEKLy MOBEPXHOCTBIO F' M TOUKOIA:

P(X, F) & preg(x, F) = |xp, — f(z1,...,20-1)], (2)

riae &, = f(x1,...,2p—1) — dBHBI Bug noBepxuoctu F. dror noxxon mm-
POKO UCIOJIL3YeTCH U IOKA3bIBAET XOPOLIUe Pe3yJIbTaThl, HO, O4eBU/IHO, Pa-
6OTaET TOJBLKO C MOBEPXHOCTAMU, MPEJCTABAMBIMU B ABHOM BHJIE.

JIpyruM BapMaHTOM SIBJISETCA MpuOIMKenue K (0 HessBHONW (PyHKIMHU IMO-
BepxHocTH F'(x). lHave roBopsi, Mbl CYUTAEM €€ KBUBAJICEHTHON PAaCCTOs-
HUIO B KOHTEKCTe 3TOH 3a/Jadmn:

p(x, F) ~ pp(x, F) = [F(x)]. (3)

Hevicreureanno, n p(x, F) — 0, w pp(x, F) — 0 npn npubanxkernn X K
MOBEPXHOCTU. JTOT BAPUAHT MOTEHITHAIBHO MTPUMEHUM K JIIO00I TTOBEPXHO-
CTH, OJHAKO YKBUBAJIEHTHOCTH BBIMOJIHIETCS JAJEKO HE BCErIa, KaK Oymer
IIOKA3aHo Jiajiee.

B sroii crarbe MBI ipe/yiaraeM moxX0 1, PEIeHns 338491, KOTOPbIi 00b-
e/lMHdAeT HaJEeKHOCTb I1ePBOI0 BapUaHTa U IOTEHIUAJbHYIO YHUBEPCaJib-
HOCTH BTOpOro. OH OCHOBAH HA MOJIYyYeHUN MPUOJINKEHHOTO PACCTOSHUS U3
pasyioxkenust HesBHOU (yHKIuu B psax Teinopa.

1. O6mme moJIoKeHUs

Pazsiokum 3a7a0111y10 TOBEPXHOCTH HesiBHYIO dyHKuuoo F : R™ — R B
psan Teitnopa [3] B Touke a:

n n

+3 ZZaxa% vy - ag)(w; — ) o+
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[Ipeamonoxum, 910 X — OnmKaiimas K a TOYKa Ha TOBEpXHOCTH. Torma
pPacCTOsHUE OT & [0 MOBEPXHOCTU BBIPAXKAETCS Yepe3 PACCTOSHUE MKy
9TUMHU TOYKAMU:

pla, F) = lla—x|. ()

Takxke, F'(x) =0 B cujly TOro, 94TO X JIEXKUT Ha OBEPXHOCTH.

Msr xoTuM BbipasuTs ||a — x|| u3 (4). OueBraHO, YTO PEIINTH 33134y B
obreM cIydae HEBO3MOXKHO, ITO3ITOMY MbI Oy/1eM BbIpazkaTh u3 psaa Teitmo-
pa ¢ ocTaTouHbIM 4yieHOM. [Ipernebperas OCTaATOUHBIM YICHOM, MbI TIOJTYYUM
npubIU3UTEHHOE PACCTOSHUE J0 MOBEPXHOCTH.

2. Pan Teiisiopa ¢ ocTaTOYHBIM 4JjiIeHOM 1 cTemeHH

B npocreiitem cirygae Mbl Bo3bMeM Dsit Teilsiopa ¢ 0CTaTOYHBIM YI€HOM
1 crenenu r1(x):

0=F@)+ Y T a4, (©)
IIpeobpasyem:

S 2@ (4 —ap) = VF(@) - (x - ) = —[VF(@)x - allcosa, (7

.
i=1 Oz

rae o — yroa Mexay VF(a) u (a—x). Torga (6) npesparaercs B

0= F(a) — |[VF(a)||||x — allcos a + r1(x). (8)
Orcrona Fla) )
. a)+ri(x
I —all= [VF(a)|lcosa’ 9)
IIpugaem

L Fla)+mi(x)
1
amx |V F(a)|/cos

TaK KakK IIpyu a — X

F(x)
- ’ VF(x

ik (10)

— 7r1(x) — 0 1O CBOWCTBAM OCTATOYHOTO UJIEHA;

— cosa — sign(F(x)), mockonbky VF(a) — VF(x) nu F(x) | (a — x),
IIPU 3TOM HallpaBJ€HHE (a — X) 3aBHUCHUT OT IIOJIOZKEHUA A& OTHOCUTEJIbHO
LIOBEPXHOCTH M, COOTBETCTBEHHO, 3Haka F'(x).

Takum obpazom, a1 a BOM3HU MOBEPXHOCTH MOXKEM II0JIAaraTh
F(x)
pla, F) ~ pri(a, F) = \ . (11)
IVEX)]|
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0.8
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Puc. 1. ITopoxaronuii 3/17IMIIC ¥ TOYKHU C HOPMAJIbHBIM IIYMOM, ITOJIy“€HHBIE U3
Hero

3. JlemoHcTpalusg

IIpogemoncTpupyem pasiudne HOAXO0A0B C P U P71 HA IPUMEPE AIIIPOK-
CUMAIN¥ KPWBOI BTOPOTO TOPSIIKA, OHA YKe KBaApuKa. 1 3Toro Bozbmem
3JJIATIC W CTEHEPUPYEM MHOYKECTBO €ro TOYEK, JIeKAIUX B MEPBOM KOOp-
munarHOi derBepru. [locne dero mpuMeHnM K HUM HOPMAJIBHBIA ITyM CO
CTaHJIAPTHBIM OTKJIOHEHHeM o. [Ipumep Takoro sJjumica m MHOXKECTBA TO-
Y€K MOYKHO BHJIETH HA PUCYHKe 1.

Jlajsee MBI TOMPOOYEM TPUMEHUTH YKA3AHHBIE TTOIXOIbI IJIs HAXOXKIe-
HUs AMMPOKCUMUPYIONIEH KPUBOW TPU PA3IUYHBIX YPOBHSIX 3AITyMJIEHHO-
CTH TOYEK. ANIPOKCUMUDYIOIIME KPUBBIE UILYTCA Kak perierue 3azaqu (1)
[IPX COOTBETCTBYIOIUX MPUOIMKEHUSAX PACCTOsiHUs. Perrenune 3a1a49u mpo-
U3BOJUTCS YUCJIEHHO, C UCIIOJIb30BaHUEM IaKera scipy sa3bika Python 3 [4].
PesynpraT BB MOXKeTE BUIETH HA PUCYHKE 2.

Kak MOXXHO BUIETH, TPU HYJIEBOM IIyMe MOIXOIbI SKBUBAJEHTHBI. O1-
Hako, yxke mipu ¢ = (.01, moaxom, OCHOBAaHHBIR HA pPp, HAXOIUT TIJIOXYIO
MMOBEPXHOCTH C TOYKHU 3PEHUST UCXOJHOM 3aJa9r. DTO TPOUCXOJUT U3-3a TO-
ro, 9YTO TOYKH, XOTb W PACIOJIOXKEHbI JAJIEKO OT HAaiIeHHON MOBEPXHOCTH
F*, onpnako nomnazaor B obnacts 6im3octu F'* K 0, Kak [I0KA3aHO HA PH-
cyuke (3). Ha srom pucynke m300parkeH KOHTYDHBIH Tpaduk KBaJIpUKH,
HalIEHHON C MOMOIIBIO C pr B 9KcnepuMenTe 1ysg o = 0.01.

Tewm He Menee, TPU HOCTATOYHO OOJIBIIIOM IIIyMe, [OIX0, OCHOBAHHBIN HA
PT1, TAKXKE TIepecTaeT paboraTh, 9TO BUIHO HA IPABOM rpaduke pucyHka 2.
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o=0 o=0.01
1.0
0.8
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Puc. 2. Annpokcumarniusa MHOXKECTBA TOYEK C PA3HBIM IIYMOM IMOAXOJAMU C PF U
PT1, & TaKXKe NOPOXKTAIONIAHN SJIIUIICOUT

Puc. 3. Kourypusriit rpaduk, gemoncrpupyiommnii o61acts 6am3octu k 0, B KOTO-
PYIO IOIAJAIOT BCE TOYKHU
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3akJiroueHue

Takum obpazom, 3aga1a MPUOIMKEHIS MHOKECTBA TOUEK IMTOBEPXHOCTHIO
MO2KeT ObITh PelleHa C UCIO0JIb30BAHUEM [PUOIMAKEHHOIO PACCTOSHUSA, 110~
JIyueHHOrO u3 psiga Teiiopa ¢ OCTATOYHBIM YJIEHOM MEPBOM CTEMEeHH. JTOT
METOJ, IEMOHCTPUPYET 00Jiee BHICOKYIO YCTONYIMBOCTD K IIyMaM IO CPaBHE-
HUIO C TOAX0/I0M, OCHOBAHHBIM HA TPUOJIMKEHUH K HYJII0 HESBHOM DyHKINH,
Olnpenendroneil MOBepPXHOCTb.

IIpu sTOoM coxpansfoTCs HU3KHE TPEOOBAHUS K IIOBEPXHOCTSAM — IIOXO-
T JTI00bIE TTOBEPXHOCTH, 33/IaBaeMble HessBHOM nuddepennupyemoit GhyHK-
1ueit, B OTJINYNE OT «PErPECCHOHHOrO» TOIXO0/IA.

B nmaspHeiieM MOXKHO MONBITATHCS BBIPA3UTH MPHUOJINKEHHOE PACCTO-
aame u3 psima Teitsopa ¢ OCTATOYHBIM UJIEHOM BTOPOit M 60Jee BBICOKOM
crenenu. BeposaTHo, ucnosb3oBanue psaa Teitopa ¢ 6osee BbICOKO# crerme-
HbBIO OCTATOYHOTO YJIEHA MOBBICUT TOYHOCTDH MPUOINKEHNS PACCTOSHUS, UTO
MMO3BOJINT UTHOPUPOBATH 00JI€E BHICOKYIO CTEMEHD ITyMa.
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O MOINMPUNKAIINAX AJITOPUITMA
I'EHEPAIIVIN CETEBOI'O 'PA®UKA ITPOEKTOB
AJIAd SAJAYN RCPSP

A.M. Bynasuyk, 1. B. Cemenosa, A. A. Congarenko

Cubupcruti gedeparvroti ynusepcumem, 2. Kpacroapck, Poccus

B pabore npegaratorca ase momudukanuu pa3pabOTaAaHHOTO paHee
QIrOPUTMA, [PEIHAZHAYECHHOIO [l I'€HEPALMA MOJEJIbHbIX HUHBE-
CTUITMOHHBIX TTPOEKTOB /IS 33Ia9M KAJIEHIAPHOTO TIAHUPOBAHUS C
OrPAaHUYEHHBIMU PECYPCAMU U MAKCUMU3AIUed YUCTOM MpPUBEIEH-
HOM croumoctu. Jannas pabora pacmupser U3HAYAJIbHBIA aJiro-
pUTM Ha ABa CiIy4das: ¢ (PUKCUPOBAHHON BEPOSTHOCTHIO TOSBJIE-
HUsg pebpa K BEPIIUHAM C MPEIbIAYIIero CJI0sS U “3aTyXaroreil” Be-
POSITHOCTBIO 1OsiBJIeHUsl pebpa K BepUIMHAM K3 BCEX IIPEIbLILY LIUX
ciioeB. IIpenyoskeHHbIe MOMM(PUKAIINN AJTOPUTMA MO3BOJISIOT THO-
KO HACTPAWBATh XapaKTEPUCTUKU MPOEKTa. [1o/yueHHbIe IPOEKTHI
MOI'YT UCIOJIb30BATHCH il TECTUPOBAHUS OLTUMU3ALMOHHBIX AJI0-
PUTMOB pelIeHuns 33/1a91 KAJE€HIAPHOTO TIJIAHUPOBAHUST MHBECTHUIIH-
OHHBIX IIPOEKTOB C OIPAHUYEHHBIMYU PECYPCAMU B JIEHEKHOU (hopme.
KumroueBble ciioBa: 3adava KaaendapHozo NAGHUPOSAHUA, UHEE-
CMUYUoRKbLG npoexm, cemesol epaduk NPoeKma.

Bsenenue

DoKyc HAITIX WCCIEIOBAHUI COCPEIOTOUEH HA 33/a9€ KAJIEHIAPHOTO
[JIAHUPOBAHKS WHBECTUIIMOHHBIX MPOEKTOB C OTPAHWYEHHBIMU PECYPCaMU
B nenexuoit ¢popme (RCPSP). Kpurepuem onrumaibHOro paciucanus Ha-
qasia Ui KaxkJIoW U3 paboT HPOEKTA BBICTYIAET MAKCUMYM YUCTON IIpH-
BEJIEHHON CTOMMOCTH, TIPU KOTOPOM BBITIOIHAIOTCS OTPAHUYEHUST HA TOCTA~
TOYHOCTH CPEJICTB U YUUTHIBAIOTCS TEXHOJOTHYECKUE B3AUMOCBAZU MEKJLY
paboramu. Janunas 3amada ssiagerca N P-rpyanoil B cuibaOM cMbicie [1].
B [2] nokazano, 4To Kazki0e U3 PACIUCAHUIL IIPOEKTA MOKET ObITh [IPEJCTAB-
JIEHO B BH/IE TIPOM3BE/ICHIS MATPHUIIBL CIIEIIUATIBHOTO BUJIA, PACCIUTAHHON HA
OCHOBE MATPUIIBI YACTUYHOTO TIOPSIKA MPOEKTA, U BEKTOPA U3 UIEMITOTEH-
Toro mosymonyis. B [2, 3] musa permenns paccMarpuBaeMoil 3aJadu ObLIN
npeoxkenbt 3ppuctudeckue aaropurmbl GASPIA u SASPIA | ocHoBaHHbBIE
HA METOJaX WJEMIOTEHTHON anreOpbl. TecTupoBaHue AJITOPUTMOB MPOBO-

Pabora nmognep:kana KpacHOAPCKMM MaTeMaTHYECKUM IEHTPOM, (DUHAHCUPYEMBIM
Muro6praykn P® (Cornamenne 075-02-2024-1429).
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JUIACH HA CTEHEPHPOBAHHBIX CJyYaiHBIM OOpa30M IOTOKAX IJIATEXKEH n
OPOEKTaX, HPEJCTABIEHHBIX B OTKPBITHIX 6a3ax JaHHbIX [5, 6].

Ha srane TectupoBaHns BO3HHKJIA IPOO/EMa, CBA3AHHAS C HCIOJIb30-
BAaHUEM I'OTOBBIX 3K3EMILISAPOB 3344 U3 OTKPBITHIX OUJIMOTEK, IOCKOJIBbKY
BCE UCTIOIb3yEeMbIE B HIX TEHEPATOPHI TPEIHAZHAYEHBI U1 33,149 PECYPCHO-
KAJEeHJAPHOTO TUIAHWPOBAHUS MPOEKTA C OTPAHWYEHHBIMH DPECYPCaMH TI0
KPUTEPHIO MEUHIMU3AIUY JJIAHBI PACIHUCAHASA BLIIOTHEHNS BeeX paboT Ipo-
ekrta |7, 8, 10, 11, 9]. B [4] upemioxken coGCTBEHHBIN AJIrOPUTM I€HEPAIUU
CeTH IIPOEKTOB I K3EMILIAPOB 33Ja4 KaJIeHJAPHOIO ILIAHUPOBAHUS WH-
BECTUIMOHHBIX TIPOEKTOB C OrPAHWYEHHBIMHA pecypcaMu. B manmoit pabore
PaCcCMaTPUBAIOTCSA JBE ero MOAu(UKAIINN.

1. AsrropurMm a1 reHepalium ceTu MpoekToB tura AoN

B [4] Gbur mpeyIoXKEH AJrOPUTM [JIsi TeHEePAlUy CEeTH MPOEKTOB THIIA
AoN (activity-on-the-node). TlceBnoko asropurma MpeacTaBIEH HUXKE.

Anropurm 1. Ajiropur™m JjIs TeHEpAIUU CeTH TPOEKTOB Tuna AoN

Bxoa: n — 4nciio mpoOMeXyTOUHBIX PabOT, k — YHCJIO ITAMOB TeHEPAIUN

Boixoa: Urorosas cerb u3 n + 2 TpoeKTOB (K MPOMEKYTOYHBIM paboTam
100aBJIIOTCSA BEPIIUHBI UCTOYHUK U CTOK), MAKCUMAJIbHO BO3MOMKHAS
raybuna cetu He mpeBocxoaut k + 2, n > k.

1: MaununanuszupoBars opuenTupoBanubiii rpad G ¢ oot BepmHoOif;
2: generated = 0, layer = 1;

3: moka generated < n:

4:  genNode ~U (1, |(n — generated)/(k + 1 — layer)]);

5:  ecyu layer == k, TO

6: genNode = n — generated,

7. p~U,1);

8: gmas i =0 no genNode:

9: Hob6asuth B rpad G BeprmHy u ¢ HOMepoM (generated + 2);
10: generated+ = 1;
11: JJIsl BCEX BEPIIUH U, CPeHEPUPOBAHHBIX HA MPEIbIIYIIEM TAlle:
12: Hobasurs ayry (v,u) B rpad G ¢ BEPOsITHOCTHIO P;
13: €CJIN B BEPIIMHY U HE BXOJUT HU OJHA Jiyra, TO
14: nobasuth myry (1, u);

15:  layer+ =1;
16: lobasurh B rpad G Bepinuny ¢ HOMepoM (n + 2);
17: BepuyTb rpad G.




O moguchmkaymsax anroputMa reHepayun npoekTos Ans 3agadn RCPSP 289

B ajropurme 1 3amuce x ~ U(a,b) o3HauaeT BBbI30B (DYHKIMU, KOTO-
pasi BO3BPAIIAET CIyYallHOE YHUCIIO0 PABHOMEDHO PACIIPEIETEHHOE HA OTPE3-
ke [a, b]. [lepemennas generated orciiexKuBaeT KOJMYECTBO y2Ke CIE€HEPUPO-
BAHHBIX BEpPIIUH B rpade, layer — TeKymuil 3Tan ajropurMa, a p — BEPO-
STHOCTH TIOSIBJIEHUS JyTW C BEPIIMHAMHU C MPEeIbIAyIero srama. Omeparus
|| Bo3Bparmaer GinKkaiiree 1eoe YUCI0 MEHbIIee WM PABHOE 33 JaHHOMY.
AnropurMm cTpout opueHTupoBanubIil Tpad G, comepxkaimit n + 2 Bepim-
HBI, T/Ie BEPIIUHA ¢ HOMEPOM 1 gBJIsieTCsl HCTOYHUKOM W MEPBOi paboToil,
a BEPIINHA C HOMEPOM N + 2 sBJSETCSI CTOKOM M OKOHYATETbHOH PaboTOii.
Tonyuennsiit rpad G Bcerma yaoBIETBOPSIET YCIOBUIO YACTUUHOTO MOPSII-
K& U HE COAEPKUT W3OBITOUHBIX AyT. VI30BITOYHON Ayroit HA3BIBAETCS IyTa
(u,v) Takas, 94TO TAK¥kKe CyIIECTBYET MApUIPyT U3 % B U JJIMHBI GOJIbIIEH
uinu paBuoit 2. OTMeTnM, 94TO HA TOCTEIHEM ITAE ATTOPUTMA OYIyT CreHe-
PHUPOBAHbI BCE HEJOCTAOLIMe Bepiiutbl (ar 5).

2. Moaundukannm ajJropuMra

Hannas pabora pacumpser ajroput™m 1 Ha JBa cjydas: ¢ [HOCTOSHHOM
BEPOSITHOCTHIO TOSIBJIEHUsT peOpa K BEPIITUHAM C MPEIBIAYINEro CJI0sd U “3a-
TyXaIoIeil” BepOSTHOCTHIO MOsBJIEHNs peOpa K BEpITHHAM U3 BCEX MPE/IbI-
JIYIIHAX CJIOEB.

IlepBasg momudukaiusa GUKCHPYET BEPOITHOCTD TOSBICHUS PEOPa MerK-
Jly BEPIIUHAMHU TEKYIIEro CJIOs U Hpeablaymero. B sroit monudukanum u3
anropuTMa 1 UCKJII0YAETCs Mar 7 ¥ BEPOSITHOCTD P TIOJAETCS HA BXOJ ajIro-
puTMa U Jajee He MeHseTcs. [Ipumep paboThl aJIropuTMa, MPEJICTaBIeH HA
pucyHkax 1 u 2.

Bropas moaudukanusa maetT BO3MOXKHOCTD HMOSIBJIEHUIO pedep He TOTBKO
MEXK/Iy BEPIIMHAMU U3 COCEIHUX CJIOEB, HO U MEXK/y BEPIIUHON C TEKYIIEro
CJIOST M BEPIIIMHAMHU CO BCEX MPEIBIAYIINX CJI0eB. BeposTHOCTH MOSIBIEHUS
pedpa ompeensercs: ClIeaAyIONIM 00pa30M:

1
p(vvu):pconst'faueLiaveLjvi#jv (1)
T

[JI€ Peonst — BEPOATHOCTD IOABJICHHS peOpa MEXK/ly BEPLIIMHAMU COCEIHHX
cmoeB L; m L;_1, a T — 3TO PACCTOSHUE MEXKJIy TEKYIIUM cjioeM L; u Tpo-
BepsieMbIM L ;, KOTOpoe MOzKeT OBITh BLIMHCIEHO KaK PA3HOCTh UX HOMEDOB,
. e. 7= (i —j). B nannoii moxudukanuu BepOATHOCTL HA IIare 7 Iepe-
CYATBIBAETCS TS KA¥KIOTO TPOBEPSIEMOTO CJI0st OTAENbHO 1o dopmyae (1),
a nuKJ Ha mare 11 Tenepp 3allycKaercs JJis BCeX IPEAbLAYINUX CIeHEPH-
POBaHHBIX €I0eB. Kak m B TPONIIOM AJITOPATME, BEPOSATHOCTH TTOSBICHAS
pebpa MeXKIy COCEIHUMU CIIOSAMHA Peonst TOJACTCA HA BXOH aaropuTma. Ha
PHUCYHKaxX 3 1 4 TIpeCTABJIEHBI IPUMEDP pabOThl AJITOPATMA.
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oo

33—
Puc. 1. Pe3ynbraT remeparuu ¢ mapa- Puc. 2. PesynbpraT remeparuu ¢ mapa-
merpamu n = 15, k = 5, peonst = Metpamu n = 15, k = 5, peonst =
0,75 0,75 mocsie BBIIOJIHEHNS COPTHUPOBKH

Puc. 3. PesysnpraT remepamnuu ¢ napa- Puc. 4. PesynbraT remepamnuu ¢ napa-
merpamu n = 15, k = 5, peonst = merpamu n = 15, k = 5, peonst =
0,75 ¢ “3aryxaomneil”’ BEPOSITHOCTHIO 0,75 ¢ “3aryxaromnreii” BepOATHOCTHIO

I10CJI€ BBIIIOJIHEHUA COPTUPOBKH

IIpencraBuM pe3yabTaThl HECKOJIHKUX CTeHEPUPOBAHHBIX CETEH C TOMy-
JSpHBIME oneHKamu [9] B Tabiune 1. B Tabimrie uCmonb30BaHbI CreLyommme
0003HaYeHUs: aNropuT™M Ai — aJrOPUTM C HOCTOSHHON BEPOATHOCTBIO II0-
SABJIEHUs pedpa MeXKy BEPIIMHAMU COCEIHUX CJIOEB, AJILOPUTM Ao — ajro-
puTM ¢ ‘“‘BaTyxaromiei”’ BEpOATHOCTHIO MOsABIeHUs pedpa K BEePIIHHAM U3 BCEX
MPEIBIAYINNX CJI0EB, k — KoauduecTBo cimoeB, CNC' — koaddunpent caox-
nocru cetu, CNC' — kospdunuent Kaiimanna, A,q — 9UCI0 T30BITOIHBIX

pebep.

3akJiroueHune

IMenpro HaIErO MCCIEIOBAHUS SBAAETCA pa3paboTKa COOCTBEHHOrO Te-
HEPATOPA YK3EMILIIPOB 3334 KAJEHIAPHOTO [JIAHUPOBAHUS WHBECTHIMOH-
HBIX [IPOEKTOB C OIPAHUYEHHBIMU PECYPCAMU U KPUTEPUEM MAKCHUMHU3AIUN
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Tabsmmra 1
PesympraTer remeparun cereil ¢ unciom BepmuH 1 = 15
Deonst \ k \ |E| \ CNC \ CNC’ \ T-17I0THOCTD \ Arved
Agnropurm A
0,25 3| 28 | 1,647 | 46,118 13 0
0,5 31 29 1,705 49,471 13 0
0,75 3| 48 | 2,824 | 135,529 21 0
0,25 7| 27 | 1,588 42,882 12 0
0,5 7| 27 | 1,588 42,882 10 0
0,75 71 26 | 1,529 39,765 10 0
Asropurm As
0,25 3129 | 1,706 49,471 13 0
0,5 3] 36 | 2,118 76,235 18 3
0,75 3| 51 3,000 | 153,000 36 2
0,25 7|24 | 1,412 33,882 9 0
0,5 71 30 | 1,765 52,941 15 0
0,75 7| 47 | 2,765 | 129,941 27 16

YHUCTOM TPUBEAEHHOM CTOMMOCTHU. JIaHHBI! T€HEPATOP COCTOUT U3 YETHIPEX

MOJYJIEHt.

1) Teneparop ceresoro rpaduka IIpoeKTa.

2) Teneparop jjmresbHOCTH HPOEKTHBIX pabor. B rekyiieil Bepcuu jis
TeHepaIny yKa3bIBAeTCA MaKCUMAJIbHAS JIUTEILHOCTH B IEIOM YHUCTIE
TI€PUO/IOB.

3) Teneparop mOTOKOB mjarexkeill. XapaKTEePUCTUKHU IIOTOKOB MOJIEJUDY-
FOTCS TIOMOIIBIO MEPAPXUIECKUX KOITYJI C PAJIAIHBIMA MAPTUHAIbHBIMA
pacupenesienusimu. Kpome T0ro, MOryT ObITh Cr€HEPUPOBAHBI U HEYET-
KW€e TIapaMeTPhl IIOTOKOB.

4) TenepaTop 610/KETa TIPOEKTA.

B crarbe caenan akmeHT Ha mepBbiit u3 Moayneit. [Ipegmoxenst qse Mo-
auduKauy aaropuTMa reepanuu cetu npoekTos tuia AoN. IIpencrasiie-
HbI PE3YJIbTATHL YIKCIEPUMEHTOB 110 T'€HEPAIUU CeTel, & TaKXKe BbIYUCIEHbI
MOy ISPHBIE OIEHKH CJOKHOCTH. [IepCeKTHBHBIM HAMPABIEHUEM UCCIIEN0-
BAHUI SIBJISIETCS OMPE/IEIEHNE TEOPETUIECKUX OIEHOK YHCJI, T€HEPUPYEMBIX
B ceTy pebep ¥ MOIy9aeMbIX IPU ITOM 3HAYEHUI OIEHOK.
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Crarbs I[OCBHAIEHA U3YYEHUIO PACHPOCTPAHEHUs WHOEKIMOHHBIX
GoJle3Hell B paMKax JABYXKOMIAPTMEHTHON («370pOBbIE» W «BO0JIb-
HBIE» ) MOJIEITH SMUIEMAN, AJTLTEPHATABHON MOJIE/ISIM TUTIA «PEAKITS-
mnddysusy, a uMeHHO, B paboTe aHAJIN3 TPOCTPAHCTBEHHOTO PAC-
mpeeeHns 3a00/I€BITUX 0CO0EH TPOM3BOIUTCS 33 CYET BKIIIOUCHUST
B MOJIe/Ib 3/ IBEKTUBHBIX UIEHOB JIJIs y49eTa IMPOCTPAHCTBEHHON MW-
rpanmu HOcuTesel 3abosieBannsi. B wacTHOCTH, B MOZE/IN yIUTHIBA-
€TCsT TTPOCTPAHCTBEHHAS HEOTHOPOIHOCTh KaK CKOPOCTH MUTPAIIVIH,
TaK ¥ CKOPOCTH pacrpocTpanenus nHdekiuu. B crarbe mana obmas
Teopus pelreHusd 3aja4u Komu Ha IpsaMOi /i1 pacCcMaTpuBaeMoi
MOJEJIN, a TaK¥Ke MPUBOIUTCS TIPUMEP SIBHOTO PEIIeHUsI, TTOCTPOEH-
HOTO B PaMKax 3Tod Teopwu. Eciam B KadecTBe 0CO0eil MOy IsIinm
OpaTh JII0Iell, TO IPEIOKEHHYIO MOZE/Ib MOXKHO HCII0JIb30BATH I
mnoBbIeHnsT 3P PHEKTUBHOCTH KAPAHTUHHBIX MEPOTPUSTHI Ha Tpa-
HHUIAX HAIMOHAJIBHBIX TOCYAAapPCTB B mepmoisl maumemwuii. Ho, Bo-
0b1e roBOpd, paccMarpuBaeMas B paboTe MOIE/b SMUAEMHUU [IPU-
MEHWMa He TOJBKO K JIOIsIM, HO W K TIOMYJISIUSIM YKWUBOTHBIX —
MJIEKOIUTAIOMMX, ITHIl, Pei0 u. T. 1. KirodeBble ciioBa: memod
TAPAKMEPUCTIUEK, YPAEHEHUE NEPEHOCE, IUNEPOBE U AG2PAHHCEBS NE-
pemenHbLe.

Bsemenue

Amnanu3s pacrnpocrpanenus nHGEKIMOHHBIX 00JI€3HEH Yepe3 rPaHuUIIbI Ha-
[HOHAJIBHBIX TOCYIAPCTB OYE€Hb BAYKEH JJIsl FPAMOTHOM OPTaHU3AIUN KApaH-
TUHHBIX MEPOLPUATHI DU BOBHUKHOBeHUU nanaemuil [1].

OO6bIYHO B MATEMATUYIECKON SIHIEMUOJIOTUU TPOCTPAHCTBEHHOE PACIIPE-
JesteHne 3a00JIeBITUX UCCAEAYIOT C TIOMOIIBI0 MOIEEH SMUJIeMU TUTIA CHU-
crembl «peakuus-muddysuss (cMm. [2] u cepkn tam). OQHAKO JJIS TAKAX
CUCTEM HAXOXKIEHUE AHAJTUTUICCKUX PEIIeHUil, KAK MPABUIIO, HEBO3MOXKHO,
a ToJIydeHne JTOCTATOTHON mHGOpMAInu 00 WX MOBEJEHUH TpebyeT mpoBe-
gerus 60abmoro obbéma ducaeHHbx pacaéron. [losromy Bompoc 06 anib-
TEPHATUBHOM ONMWCAHWYM MUTDAINHN OOJBHBIX TOMYJISANNNA BECHMa aKTYaJIEH.

B paborax [3, 4] mius y4éra mpoCTpaHCTBEHHOI MUIDAIN HOCHTEJeH
3a00JieBaHUSA B MOJE/Ib OBbLJ BKJIIOYEH OMHOPOIHBIN MO MPOCTPAHCTBEHHOM
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MIepEeMeHHOM aIBeKTUBHBIN 4jeH. B mammoil paboTe 3TOT MOAXOI pacipo-
CTpaHEH Ha CJydail MUTPAIUU 3aPa’KEHHOM MOMYJIAIAN IO MepecedéHHOl
MECTHOCTH.

Hanee crarbsg Opranm30BaHa CAeAyIONuM 00Opa3oM: B paszene 1 gaHa
MareMaTrnyieckas (OpMyJIMpOBKA Mozaenu. B paszerne 2 u3joKeHa TEOpUs
HAXOXK/IeHUs ODINEro perieHns ypaBHeHuit mozmenu. B pasmene 3 mpuBenen
OpUMep UX ABHOrO pemieHus. B 3ak/oyeHud CyMMHUPOBAHBI IOy YEHHBIE
Pe3yIbTATHI M HAMEYEeHBI MEPCIeKTUBDI JATbHEHIINX UCCIeI0BAHMTIA.

1. IlocraHoBKa 3ajiaumn

Paccmorpum cirenyfornyio pacupenenéHuyo JuHAMUYECKYIO0 CUCTEMY:

g—i—V(Js)g:ﬁ(x)SI, 8£+V(x)8—sz
ot Oz ot Oz

B cucreme kBasuinHeRHbIX AuddepeHInaIbHbIX yPaBHEeHN B YaCTHBIX
NPOM3BOAHBIX EPBOro nopsaaxa (1) memspectHble DYHKIMA MMEIOT CMBICI
JIMHEHHBIX MIOTHOCTEH 3/10poBbIX S(x,t) u GompubIx I(z,t) ocobeil coor-
BETCTBEHHO, a& CKOPOCTb Murpauuu V' 3aBuCAT OT IPOCTPAHCTBEHHON KO-
opmuHatel x: V = V(z). CkopocTh pacnpocrpanennsi nHdeknun 3 Takxe
cauTaeTcs 3aBucsuei or veé: § = S(x).

K cucreme (1) nano no6aBuTh HaYaIbHBIE YCIOBHSL:

—p(x)ST. (1)

I(z,0) = Iy(z) 2 0, S(x,0) = Sp(x) =20, zeR. (2)

Banaua Komm (1)-(2) u asnsiercs MaremaTndeckoii GopMyIupoBKoii Mo-
JIeJTU MUTPAIMU OOJIbHOMN TIOILYJIAIIHN.

2. OOiee pellieHne ypaBHEeHU MO/1eJI

PaccMoTpuM MOJTHYIO JMHEHHYO IOTHOCT nomynsmun N (z,t):
N(z,t) = I(z,t) + S(x,t). (3)

Borumcnus ¢ nomompo ypaprenuii (1) 9acTHY0 TPOM3BOMHYIO MO Bpe-
Menu or GbyHKIuA (3), TOIydInM, 9TO OHA, YAOBIETBOPSET CEIYIOMEMY JIH-
HEHHOMY yPABHEHUIO B YACTHBIX TPOM3BOIHBIX MEPBOrO MOPSIIKA:

ON ON

HauasnbHoe ycioBue K ypaBHEHUIO rnepeHoca (4) Jerko HaxoAuTCs u3

dopmya (2) u (3):

N(z,0) = No(z) = Ip(x) + So(x) . (5)
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Bamagda Komm (4)-(5) pentaercss METOIOM XapaKTEPUCTHK [5], a HMeHHO,
YPABHEHHS XapaKTEPUCTUK UMEIOT BU/I:

dx
e V(z),  wli=0=y (6)
" AN
- =0 Nli=o= No(y), (7)

rae y € R — narpankeBa KoopauHaTa [6].
OueBnzHo, 4r0 perenue 3anaun Kommn (6) ecrs:

_ [ g
t/y Ok (8)

Bripazkenue (8) MOKHO Tpeobpa3oBaTh Jub0 K BULY 3aBUCUMOCTH Jiljie-
POBOIT KOOpAMHATLL = OT Jlarpatxkesoii: = X (y, t), mubo Haobopor, JarpaH-
JKEBOI KOODMHATHI Y OT 3iiaeposoit: y = Y (x,t), npudém qyia Vi > 0 mexay
TUMU QPYHKIUIMU CIPABEJIUBO CJEAyIOlee cooTHomenue [6]:

Y(X(y,t) =y. (9)

ITocaie rToro, kak dyukuus y = Y (z,t) naiinena, uz dbopmyn (7) Jjerko
MOJIy9aeTCsA, 9TO:
N(z,t) = No(Y (z,1)). (10)

Hanee, nockonbky dyaknus (10) Ternepb MOTHOCTHIO U3BECTHA, TO HC-
KJIIOYEHNE JIMHEHHON TIIOTHOCTH 3I0POBBIX 0CO0Eil ¢ TMOMOIIBIO COOTHOIIE-
HUAA (3) MPUBOAUT K cienyomei 3amade Komm HA TpaMoil a1 TUHEHHONR
ILJIOTHOCTHU OOJIBHBIX OCO0EIt:

oI oI
= T V(@) o =B@) I (No(Y(x,1)) = 1), Ife=o=lo(). (11)
ot oz
ITo 3anaue Komu (11) cHOBa MOXKHO BbIIUCATH yPABHEHUS €€ XapaKTe-
pucruk [5].
IlepBoe n3 3TUX ypaBHEHWUIT €CTh:
drl
5 =A@ I (N (2,0) ~ 1),  Il=o=lo(y), (12)

a Bropoe copuajgaer ¢ ypasuenuem (6).
B cuay aroro cosnazenusi ¢ momornpio Toxkaecrsa (10) 3amauy Komm
(12) moxkHO Tmepenucarh B 60J€e TTPOCTOM BHUJIE:

dl

o = BX @O I (No(y) 1), Ile=o= lo(y)- (13)
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Beeném mHOBOE Bpewms:

- / B(X(y,0))do, (14)

TOrJa B 9TOM BpeMeHH 3ajada Kormm (13) craner coBceM mpocToit:

dI

T =1(No(y)—1), I7—o=Io(y) - (15)

Tounoe permenne 3amaun Komm (15) pasmo:

Iy
Io(y) + So(y) eXp( T No(y))
ITepexons B Beipazkenun (16) OT TarpaHKeBbIX KOOPAMHAT K SHIEPOBBIM,
HOJIy4uM TO4YHOe pewnenue 3aaun Kowu (11):

Io(Y(z,t)) No(Y (2, 1))
100 = L) 7 S 0) exp( 7w NV ) )
rae 7(x,t) = T(Y (z,t),t) — Bpemsa (14) B 3il1epOBBIX KOOPAUHATAX.

Bropas neussecrnas dyukius S(x,t) Bbraucisercs ¢ nomoupio Ghop-
mya (3) n (10):

S(xz,t) =

SO Y(x7t)) NO(Y(xat)) eXp(—T((E,t) ( (xat))) (18)
t

(
Io(Y (,)) + So(Y (2, 1)) exp(—T(x,t) No(Y(x,1))) ’

@yukipu (17) u (18) mosHOCTHIO ONpeIeAoT o0lIee pPelleHne 33/1a91
Kommm (1) — (2).

3. IIpumep TOYHOTO peHieHUs ypaBHEHU MOJeJIn

Bribepem B cucreme ypasuenuii (1) ciemyromue nepementbie kodbdu-
muentel V() n B(x):
Vi

V(z) = h(z/L)’ (19)
B(z) = b1 + hfx/L) (20)

raoe Vi, 81, B2 1 L — TONIOXUTEIHLHBIE TAPAMETPHI.
Tounoe pemenne 3amaun Komm (6) ¢ mpasoii gacrbio (19) MoKHO 3amu-
CaTb B BHUJE:

Vin t
:shg—i——.

X
hE 21
U L L (21)
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IMoxcrasisis 310 Boipakenue B hopmyiy (20) u uHTErpUpys 00 BpEMEHH
t, nosyuum Bpems (14) miig HaHHOrO Cirydast:

o 52 L Y th Yy
T(y,t) =/ t+ v arctg | sh 7 + T arctg sh AR (22)

C nomourpio (21) dyukimo (22) HECIOXKHO IEpenucarb B 3iIepoBoi
KOODJIMHATE T:

52 L x V t
1) =Bt + 222 tg sh = — arct h——— . 23
T(z,t) = L1t + v arctg sh - — arctg T (23)
Haxkowner, Bbipasus u3 coorTHolIeHus (21) JarpameBy KOODAHHATY Y,
HOJLy9UM, YTO:

Y (z,t) = L sh™* (sh _— VLt> . (24)

st Toro, urobbr yepe3 dyukuuu (22) u (23) MOJHOCTHIO ONPENEIUTH
rognoe pemenue (17) — (18) 3agaau Komm (1) — (2) B gBHOM BH/IE, HY?KHO
e 334aTb HAYAIbHDBIE YCJIOBUAL.

BriGepem HauasbHOE ycsoBre (5) B BHIE rayCCOMIBL:

r7e n — TMOJHOE YUCI0 0Cobeil B momyssiuu, | — XapakTepHas IMIUPUHA €€

No(z) (25)

HAYaJIbHOW JIMHENHON IIJIOTHOCTH, & MOJOXKUTEJIbHAA BEJIMYUHA X, OLPee-
JIeT NOJIOKeHne MakcuMmyMa GpyHKnuu (25) creBa OT Ha4aIa KOOP/MHAT.

Hasee, onpenennM Hada bHbIE yCaoBus (2) Uepe3 Bhipaxkenue (25) cie-
JYIONUM 00pa3oM:

Ip(z) = a No(x), So(x) = (1 — ) No(z), (26)
rjie napamerp « yzaosJersopsier yciaosuio: 0 < a < 1.

3akJiroueHne

B pabote mocTpoero obiree pereHne By XKOMITAPTMEHTHOW MOIETH ITTH-
JIeMWN, YIUTHIBAIOIIEH KaK MHUTDAINIO 0CO0eil 3apakKEHHON MOMY/ISIud 110
[epecevYéHHON MEeCTHOCTH, TaK ¥ IPOCTPAHCTBEHHYIO HEOJHOPOJHOCTH CKO-
pocru pacupocrpanenus 3aboseBanus. s HadaibHbIX ycjoBuii (25)-(26)
LIPEIbSABIEHO KOHKPETHOE PELIEHHe MOJE/IU, BhIPAKAIOIIEECs B SBHOM BHJIE
Jepes3 dIeMeHTapHbIe (DYHKITUH.

ITepcniekTuBOil pa3BUTHS JAaHHON PabOTHI SIBJISETCS BBEICHWE B yPaB-
Henus cucreMbl (1) auddy3nonnbix wieHoB ¢ MajabiMu KodbbuImEenTaMmu



298 . A. lMogonun, A. 3. Paccagur

muddysun. Takass HeTMHEHHAS CHCTEMa yPABHEHWH yKe HE MMEET aHAJIH-
THYECKOrO pelleHus B O0IeM BHIE, TeM He MeHee, HajileHHble B JAHHON
pabore pemenus 3agauu Komu (1) — (2) MOryT CiIyKuTh HyJIEBbIM IIPH-
OJIMZKEHUEM /IS IIOCTPOCHUS ACUMIITOTHYECKOIO PEIIEHUS ITOH CUCTEMbL B
paMKax TEOpHH CHHTYJISIPHBIX BO3MYIIEHH [7].
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OB30P METOJ0OB I'EHEPAIINY 3HAKOBBIX
I'PA®OB

9.11. Ubparumona

Cubupcruti gedeparvruti ynusepcumem, 2. Kpacroapck, Poccus

B manHOI cTaThbe IpEICTaBIeH 0030D METOJ0B I'€HEPAIH 3HAKO-
BbIX rpadoOB C 3aJaHHBIMUA CBONCTBAMU: MOJIE/Ib IPEIIOUTUTE b
HOTO TIPUCOEIUHEHWS, MOJEIN KOMMUPOBAHUS pebep W KUK, MO
OMHOMUAJIBHOTO M CTEIIEHHOT'O PACIIPE/IJIEHUsI CTEIEHE, aaTaIlisI
Mmerona BakcMmena, remepariys mOJHbIX U k-cOa/TaHCUPOBAHHBIX Ipa-
¢os. PaccMoTpeHHbIE aTOPUTMBI PEaIU30BAHBl B BUAIE KOMTIJIEKCA
nporpammM. IlojIydeHHbie B pe3y/IbTaTe BHIYUC/IATE/IHHBIX YKCIIEPHU-
MEHTOB 3HAKOBbIE TPadbl UCIIOIH30BAIUCH I TECTUPOBAHUS SBPU-
CTUYECKUX AJTOPUTMOB penterns NP-TpyaHoil 3a1a9u KOppesIsaiu-
oHHOI kJlacTepusanuu. KiloueBble cJioBa: 2eHepayus 3HaAKOGHLT
2paos, modeav NPeONOUMUMENLHO20 NPUCOCOUHEHUA, MOJEAd KO-
NUPOBAHUA.

BBenenne

3HAKOBBIM HA3BIBACTCA Tpad, KaykI0e pedpo KOTOPOTO NMEeT 3HAK: «+»
unu «-». Jlarabie rpadbl IMEIOT MHOMXKECTBO TMTPUJIOKEHNH, CPeIr KOTOPBIX:
aHAJIU3 COIUUANBHBLIX CeTel, aHaIu3 IOBEJeHUs u3buparesneil, TeaeKoMMYy-
HUKaUOHHbIe TexHosoruu [11]. B Hacrosiee BpeMsi aKTUBHO Pa3BUBAIOTCS
AJITOPUTMbI I METOBI OOPAOOTKY 3HAKOBBIX I'PadOB, IJIsi TECTUPOBAHUS KO-
TOPBIX TPEOYIOTCS 3HAKOBBIE Tpadbl € 33JaHHBIME CBOWCTBAMU. B CBsI3u C
9TUM aKTyajbHA Pa3pabOTKa METOIOB T€HEPAINH U TIOJYYEHUS 3HAKOBBIX
rpadoB ¢ 33JaHHBIMH XapPAKTEPUCTUKAMU.

B crarbe [1] paccmarpuBaloTcs TaKMe METO/IbI I0Jly YeHU T 3HAKOBBIX IPa-
(0B U3 pealibHbIX JAHHBIX, KAK HEIIOCPEACTBEHHOE 3a/[aHue 3HAKOBOIO I'Pa~
da, nuaynmposanmne n3 6e33nakoBoro rpados [3, 9] n mocrpoenne Ha OCHOBE
KOPPEJISINOHHON MaTpuilbl. B 1aHHOil cTaThe mpeacTaBieH KpaTKuil 0630p
METO/IOB I'€Hepallui 3HAKOBBIX CeTel ¢ 3aJaHHBIMHU CBOWCTBAMMU.

1. Asropurmbl reHepanuu 3HAKOBBIX rpadoB

Mo>KHO BBIIETUTH [IBA OCHOBHBIX THUIA AJTOPUTMOB T€HEPAIMH 3HAKO-
BbIX rpados. [lepBbiit — 310 AByX3TaIIHAS TeHEPAIHs, TP KOTOPOil CHAYAIIA

Pabora nognep:kana KpacHOSAPCKMM MaTeMaTHYeCKHUM IEHTPOM, (DUHAHCHUPYEMBIM
Muro6praykn P® (Cornamenne 075-02-2024-1429).
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Tabmma 1
AnropurMbl reHepanuy 3HAKOBBIX rpados

Agropurm

Crparerns

ITo meroxy Bakcwme-
Ha [8]

Be33nakosorii rpad remepupyercs MO METOIy
Bakcmena [12]. 3uaku pebep dopmupyrorcs mo
cxeme BepHysm ¢ BEPOSATHOCTHIO MOJIOKUTE b=
HOTO 3HaKa pedpa p.

ITosmabie rpadnr O
cxeme Bepryu [§]

st KaxKI0# mapbl BEPITUH NeHEPUPYETCs 3HAK
pebpa, Hampumep, 1o cxeme Beprysau ¢ Bepo-
SITHOCTHIO TTOJIOKUTEILHOTO 3HaKa pebpa p.

lenepanus  k-cba- | Crauana crposrcst k rpadoB ¢ TOIOKUTETHHbBI-
JIAHCHPOBAHHOTO MU pebpaMu, a 3aTeM COeJIUHSIOTCS MEXKIY CO-
rpada 00l OTPHUIATEILHBIMI PEOPAMH.

IIpennourntenbroe | Apmanranus asropurma bapabarmu-Ansbepra [4]

npucoenunenue [10]

Monenr KommpoBa-
Hus pebep [10]

[Ipu noGasyiennn HOBOIT BEPIUHBI K rpady, OHA
COEIMHSAETCSI C YK€ CYIIECTBYIOIMMH C TOMO-
I[BI0 KOMUPOBAHUS CYIECTBYONUX pedep.

Mogmenr KommpoBa-
Hus Kk [10]

Bribupaercst HekoTopas kanka B rpade. Hosas
BEPINNHA, COEIUHSETCS C BEPIIMHAMU KJIUKHU C
TOMOIIBI0 KOMPOBaHUS pPedEp HEKOTOPOH Bep-
IIUHBI 13 BHIOPAHHONW KJIMKH.

Mogens  OHHOMMU-
AJIbHOTO pAaCIpeie-
JeHus creneneii [

lenepupyercs 6e33naK0OBbIN rpad ¢ OMHOMUATIB-
HBIM PACIPEIE/ICHNEM CTEIeHelH BEPIWH. 3aTeM
BEPIIUHBI JEITCA Ha e rpynbl. Eciu sepiiui-
HBI pebpa HAXOAATCA B OHOM IpyIine, TO pedbpo
[IOJIOZKUTEIBHO, B IPOTUBHOM CJIy4ae — OTPHIIA-
TEJIHHO.

Mogenp cremnenHo-
o paclpe/e/ieHus
creneneit [

Cuauana remepupyercsi 6e33HAKOBbIH rpad co
CTENEHHBIM PACIPE/IeJICHHEM CTeleHel BEepPIInH.
3areM HPUMEHAATCH MOJE/b KONUPOoBaHus [7] u
MIPOUCXOIUT TIPOIECC <«TEPETOIKIIOUEHUST» DPe-
oep.

remepupyercs 6e33HAKOBbIH rpad, a 3areM 3Haku pedep. [Ias BToporo tuma
AJITOPUTMOB XapaKTepHa CJeayiomas npoieaypa mnocrpoenns. K HEKOTO-
POMY M3HAYAJIBHOMY 3HAKOBOMY rpady j00aB/IsSeTCsS HOBAas BEPIIUHA U CO-
€INHSIETCS OMPEIEJIEHHBIM CIIOCOOOM C HEKOTOPBIMHU yIKe CYIIEeCTBYIOIINMY B
rpade Bepmmaamu. B tabsuie 1 mpuBeIeHbl PACCMATPUBAEMbBIE aJITOPUTMbI
reHepaIn 3HAKOBbIH rpadoB.
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B paGore [8] 115t renepaiyu 6€33HAKOBOTO rpada MpeJIaraeTcs NCIoIb-
3oBaTh Meron Bakcmena ¢ napamerpamu 0,15 u 0,4. 3uaku pebep 1 KaxK-
noro rpada GopMIPOBAIUCH IO cxeme Bepmysimm ¢ mapamerpom p, KOTOPbIi
0003HAYAET BEPOATHOCTD IOJOKUTEJIBHOrO 3Haka pebpa. OcHoBHas uiest
Meroza Bakcvena [12] 3akiiouaercst B CIy9IaiiHOM DACIpe/ieJIeHUH BEPIHH
0 MPSMOYTOJIBHON KOOPAMHATHON CETKE W ONMpEeeHNeM HaJIudus pedpa
HA OCHOBE €BKJINJ0BA PACCTOSHUS MeXK 1y BepimumHamu. BeposTHOCTh pebpa
ompeesnsiercs mo PopMyTe:

P({u,}) = pexp —22Y), 1)
La
rae d(u, v) — paccrogHue Mex/ly BepliMHaMK U, U, L — MakcumaibHoe pac-
CTOSTHWE MEXKIy IBYMsi BEpIIHHAME. BOJIbIne 3HaYeHns [ COOTBETCTBYIOT
OoJtbITelt TIOTHOCTH pebep, a MAJIble 3HAYEHUS (v YBEJIMIUBAIOT JIOTHOCTD
KOPOTKHUX pebep 10 CPABHEHHUIO C JJIMHHBIMU, OpU 3ToM «, 3 € (0, 1].

Juist renepaiyu noaHbIX 3HAKOBbIX rpadoB B B [8] ucmnosb3yercs cieayio-
it cnoco0: Uit KazK/I0M Mapbl BEPIIMH PeHepUpyercs 3Hak pedpa 1o cxeme
Beprynnau ¢ mapamMerpoM p 0603HAYAOIINM BEPOSITHOCTD MOJIOKUTETHHOTO
3HAKa pedpa.

Jljisi mpoBepKu aaropuTMOB TPeOyIoTCs Tpadbl € 3apaHee 3aIaHHBIMEI
cpoiicrBamu. Hampumep, k-cbamaHcHpoBaHHBIH 3HAKOBBII Ipad MOXKHO ITO-
JIy9UTh TOCTPOUB k rpadOB C MOJOKHUTENbHBIME PebpaMu, a 3aTeM COeIu-
HUB WX MeXIy co00it orpumaresbHbIMU pebpamu. Takyke MOXKHO BHECTH
3a/IAHHOE YHCJIO TOJOKUTEIBHBIX U OTPUIATETBHBIX OIMTHOOK.

B paGore [10] aBTOpBI mpeisaraloT aJANTAIMI0 W3BECTHOW MOJIEsH
Bapabamun-Ansbepra 18 reHepanyy OPHEHTUPOBAHHOIO 3HAKOBOI'O IPa-
da. AnropurMm mpUHEMAET HA BXOJ OPUEHTUPOBAHHBIA 3HAKOBLIA rpad
Gk = (Vo, Eo) pasmepa |Vp|= 2k + 1. Ipeanonaraerca, aro 8 GE posuo k
MOJIOYKUTEIBHBIX U k OTPUIATEILHBIX OPUEHTUPOBAHHBIX pedep. B momenT
Bpemenn t + 1 crpourca rpad Gf_H J100aBJIEHUEM HOBOW BEPIIUHBI VUgpi].
Hopas Bepmmna vy41 coepmasiercs ¢ k cymectsyiomuvu B G Bepmmaavm
B KAYECTBE UX TOJOKHUTEIHHOIO HCXOSIIUErO COCEIA ¢ BEPOATHOCTHIO

2d 50" (v)
Plvirispositive — out — neighborofv] = —————; (2)

Zv dgf (U)

rae v € V. Bepmmna vy coenmusiercs ¢ k CyIIeCTBYIONMMYI BEPIIIMHAMY B
Ka49eCTBe UX OTPHUIATEJTbHOIO UCXOAAIIEr0 cocega C BEPOATHOCTBIO
2d—out v

Glf ( )

O

Plvyy1isnegative — out — neighborofv] =
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rae v € V;. Kpome Toro, HoBast BEPIINHA V41 COEIMHSIETCS C Kk CYIIECTBYIO-
IIEMHA BEPINHHAMHU B Ka9E€CTBE UX IMOJO2KUTEJTBbHOI'O 3aXOAAIIEero coceaa u C k
CyLIECTBYIOIINUMHU BEPIIHMHAMH B Ka49€CTBE UX OTPHUIATEJIBHOIO 3aXOJAIIero
COCeJIa, ¢ BePOSTHOCTSIMU

ng;"(v)
Plugyrisnegative — out — neighborofv] = ————; (4)
5, iy (0)
2d ;" (v)
Plvyyrisnegative — out — neighborofv] = ———+———; (5)

Z'u daf (U)

B pabore [10] TaksKe mpengaraercsi Moesh KOMAPOBaHWst pebep. Asro-
PUTM TIPHHIMAET Ha, BXOJ OPHeHTHPOBAHHEIH 3HAKOBHIH rpad G ¢ MHOKe-
cTBOM BepimmH pazvepa |Vo|= 2k+ 1. Hagamsasiit rpad G§ comepxuT posHO
k TOMOXKUTETbHBIX U k OTPHUIATETHHBIX OPHEHTHPOBAHHBIX pebep. B momenT
spemenu t + 1, crpourca GF '\ 1 mobaBieHreM HOBOH BepIIUHEL VUyy1 B Tpad.
Bepmuna vy41 coepubsiercss ¢ k CyImeCTBYIONIMME BEPIIMHAMEA KOIHUPOBA-
HueMm k paHee He KOIMMPOBABIIUXCS pebep m3 G,’f. IIponenypa KOmMpoBaHWS
BBIMOJIHAETCS CJIEAYIOMIUM 00Pa30M.

1) Cryuaiiasiv 00pa3oM BHIOPAETCs paHee He KOMUPOBABIIEecs pebpo e u3
G¥ cayuaitnbiv o6paszom. Ilyers e[src], e[trg] and e[sign] — navanbhas,
KOHEYHAs! BEPITUHBI W 3HAK pedpa € COOTBETCTBEHHO.

2) obGasiisiercsi HOBOe 3HAKOBOE OPUEHTUPOBAHHOE PEGPO
— w3 vy B e[trg] ¢ BepoarrocThio (1 — ), KOonupoBanWeM 3HaKa pebpa

€ ¥ HaJYaJILHOW BEPINHBI e[src],
— WM, u3 e[src] B vpy1 € BEPOATHOCTBIO (v, KOMUPOBAHMEM 3HAKA peOpa
€ ¥ KOHEYHOI BepIIuHbI e[trg).

3) OmnwmcanHas BbIIE MPOIELYPa MOBTOPSETCT Kk pas.

CormacHo Moeu KOMUPOBAHUsT pedep, B KaXKIbli MOMEHT BPEMEHU B
ceTb M00ABJISETCS HOBAs BEPINUHA W KOMUPYETCS CYIIECTByIOIee pebdpo,
9T06ObI COEIMHUTHCS C BEPIIUHON (MCXOMHOMN MK 1eJIeBOii) BEIOpAHHOrO peb-
pa. B kagecTBe 000011IeHNsT ABTOPHI IIPEIJIATAI0T PACCMATPUBATh PEOPO Kak
k-xawky, e k = 2, a Bepmuaa — 310 (k — 1)-kamka. Torma obmast dbop-
Ma MOJEJIM KOMMPOBAaHUs pebep MpeacTaBsdercs ciaemayomum obpasom. Ha
BXOJI TIOIAETCsT 3HAKOBasA OpHEHTHpoBaHHas Kinka GE pasmepa |Vi|= k + 1.
B moment Bpemenn ¢+ 1 crpoutes G '\ 1 A0baBIeHIeM HOBOM BEPIIMHBI Vgt 1
B rpad. Bepmuna v, 1 coemunsiercs ¢ k — 1 CymecTByONMMI BEPIIHHAMA
¥ CO3/IAeTCsd HOBas k-KJIMKA CJIeAyIonmM o0pa3oM:

1) Cay4aitaeiv 06paszoM BbIOUpaeTcs k-Kiuka u3 GF.
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2) CayuaiinbiM 06pa30M BLIOMpAETCs BEPIIMHA U U3 BHIOPAHHON k-KJIUKH,
49710 nopoxgaer (k — 1)-KIuKy, KOTOPOii BepIINHA ¥ He MPUHA/IIEKAT.

3) Bepmuna viq1 coenuuaercs ¢ BepumHamu u3 (k — 1)-KJIMKH KOMHUPOBa-
HUEM 3HAKOBBIX OPHEHTHPOBAHHbBIX PeOep, HAXOMAIINXCH MEXK/Ty BEPIIH-
uHO# v n BepimHamu (k — 1)-Kiaukw.

B 2015 rony Ciotti et al. B pabore [5] upemyiokuiau mouesnb GuHOMU-
AJILHOTO PACTIPEICTICHUS CTETeHeii. ABTOPBI IPEIJIATAIOT MOZEIh TeHEPAInT
CIy4aifHBIX ceTell ¢ N BepImHAMHU, KOTOPHIE YIOBJIETBOPSIOT CJIETYIOITAM
TPeOOBAHUIM.

1) Crenenu BepIuH OJHOPOIHO PACIPEIEICHBI.

2) Kaxas BepiimHa MOXKET ObITh YIEHOM OJHON M3 JIByX B3aMMOUCKJIIO-
9aloIuX CPYII.

3) He cyumecrByer koppedsiiuii creneHeil 4O IPUCBOEHUsS 3HAKOB pebpaM.

4) 3unaku accouuupylorcs ¢ pebpamu Takum 00pa3oM, YTO Pe3yJIbTUPYIO-
asi 3HAKOBAs CETh CETh SABJISETCS 2-COATAHCUPOBAHHOM.

s mosydenns: TAKUX CeTell aBTOPHI MIPE/JIAraioT CJIELYIONUil aJropuTM:

1) Jlobaga mapa Bepuiun coenunera pebpoM ¢ PAaBHOMEDPHOI BEPOATHOCTHIO
p.

2) Eciu BepuiuHbl J4€/1sTCs Ha JBE IPYLLLbL, TO KAXK/1asl BEPIIUHA IPULLUCHI-
BAETC K OHOI M3 HUX C BEPOSTHOCTHIO 1M W K JAPYTOil ¢ BEPOSTHOCTHIO
1—-m.

3) Pefpa mex/y BepIIMHAMU BHYTPU OJIHOM IPYNIIbI UMEIOT HOJIOKUTE b
HBI 3HAK, & PeOpa MEeXK Iy BePIINHAME U3 PA3HBIX I'PYIIIT — OTPHUIIATE b
HBIH.

JlpyruMu coBaMu, Ha MIEPBOM dTAlle MOIETH TeHEPHUpPyeTcs 0e33HAKOBas
cerb, B KOTOPOii crerienu (6€33HAKOBbIE) BEPIIUH UMEIOT OMHOMUAJILHOE PaC-
nmpenesenwe. Ha Bropom sTare ompesesisieTcst 3HAK KarXKI0T0 pedpa MOJIesn-
pyemoii ceTm myTeM pasjeseHus BEPITUH Ha JBe rpynmbl. Kcanm BepruHb
pedpa HAXOAATCS B OIHOI IPyTINe, TO 3TO PeOPO MOMOKUATEIHHOE, B TTPOTHB-
HOM CJIydae — OTPHUIATEeTbHOe.

Hpyrum criocoboM rerepannu 3HaKOBBIX rpadoB, IpeiiaraeMbIM B pabo-
re [5], aBisiercs MOJE/b PACIPE/IE/IeHHs] CTEIeHEeil BEPIUUH 110 CTELEeHHOMY
3akony. Ha mepBom stare crponTcst 6e33HAKOBAsT CETh, XapaKTEPU3YOIAsICs
CTeMeHHBIM pacIpeaeIeHneM. 3areM K HCXOTHOM CBI3HOM CeTH U3 1 BePIITNH
OPUMEHATCA MOJEJb KOIIMPOBaHUA. Ha KazKJIOM 1I1are B CeTb ,Z[O6aB.HHeTCH
HOBasl BEPIINHA, & BTOPAas BEPIIUHA BLIOMPAETCS CIYIANHO: C BEPOITHOCTHIO
P HOBas BEPIIUHA CO3/IACT CBA3b C OJHUM U3 coceeil BbIOpaHHO# BepPIIUHEI,
a C BEpPOSITHOCTHIO 1 — P CO3JACT CBSA3H C BEPIIUHOM, BRIOPAHHOMN CIydaiiHO.
ITocse 3TOro MPOMCXOMUT TTIPOIIECC «TIEPEMTOAKIIOUEHUT>, KOTOPBIN MOIEH-
pyercs CIeAyIomuM 00pPa3oM.
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1) [Ba pebpa BbIOMpAIOTCS CIIydYaitHbIM 06pa30M.

2) Yerbipe BepUIMHbBI, HHIIUIEHTHbBIE 3TUM PeOPaM, COPTUPYIOTCSI B IIOPSIIKE
BO3pACTAHUS CTEIEHH.

3) Ecuu nepsbie 1Be BEPLIMHBL U HOCJIEAHUE JBE BEPLIMHBL HE COEJIUHEHDI,
pebpa TeperpucoenHsIIOTCS COOTBETCTBYIONINM 0OPA30M.

4) B npoTuBHOM CjIy4ae 3TH IBa pedpa yIaJsiorTcsd, U BbIOMPAETCS HOBas
mapa pebep.

B [5] mokazaHO, 4TO MPEIJIOKEHHBIE MOJIENH OHHOMHAIBHOTO M CTENEHHOTO

pacrmpee/ieHus CTeneHedl TeHEePUPYIOT 0e33HAKOBbIE, HEOPUEHTUPOBAHHBIE

rpadbl, XapaKTepU3yoIuecs pacipeieieHueM CTeleHeil 0 CTEemeHHOMY 3a-

Kouy. Pe3ynprarom paboTbl Mojeseit ONHOMUAILHOIO U CTEIIEHHOTO PACIIpe-

JIeJIEHUsT CTeNeHel BepimH rpada sBasgercs 2-cOAJaHCHPOBAHHBIN 3HAKO-

BBl Tpad), To ecTh rpad, Bce IUKIBI KOTOPOTO MOJIOKUTENLHBI [6].

2. Onmcanme KoMImJjeKca IporpaMm

OCHOBHBIM PE3yIHTATOM PAOOTHI ABISETCS KOMILJIEKC MPOTPAMM JIJIsT Pa-
60TBI co 3HaKOBBIME rpadamn Ha s3bike Python. Kommieke cocrout u3 cie-
JIYIOIIUX 9€ThIPEX MOJYyJIEit.

1) Momysnb mOCTpOEHUsI 3HAKOBLIX I'padOB Ha OCHOBE PEAJIbHBIX JAHHBIX.
Merozpbl U HOAXO/BI, PEAJIU30BAHHBIE B 9TOM MOJYJIM, OIKUCAHbI B [1].

2) Mounysb resepanuu 3uakoBbix rpados. B gannom momyie peanuszoBaHbl
BCE AJITOPUTMBI U3 Tabaumbr 1.

3) Momysb KOpPeISIMOHHON KilacTepu3anuy 3HaKoBbIX Tpados [8, 2]. B
JAHHOM MOJYJI€ PEeaN30BaHbI AJITOPUTMbI pererus N P-Tpymnoit onTu-
MU3AIMUOHHON 33/1a91 KOPPEJSIIUOHHON KIACTEPU3AIUK JIJIsi HEOPUEH-
THPOBAHHBIX W HEB3BEIIEHHBIX 3HAKOBBLIX I'PadoB 63 KpaTHBIX pédep u
mmeTesb, rae (pyHKIEOHA OMUOKU IIPEICTABISAET COOOH JIMHEHHYIO KOM-
OGUHAIMIO MEKKJIACTEPHON M BHYTPUKJIACTEPHOI ONnmnboK [8, 2].

4) Momy/ib CpaBHEHUS U BU3yaJIU3alUK PE3Y/IHTATOB PAOOTHI AJIrOPUTMOB.

3akJiroueHue

B pesymbprare uccnenoBanvs ObLIN U3y9YeHbl U PEATN30BAHBI PAIUIHBIE
MOJIESTH TeHEepaIny 3HAKOBBIX TpadoB. PazpaboTka MOy st TeHepanny 3Ha-
KOBbIX rpadOB € 38/ IaHHBIMUA CBOWCTBAMU TO3BOJISIET CYIIECTBEHHO PACIIIH-
pUTH OUOINOTEKY 1T TECTUPOBAHWS IBPUCTUIECKUX AJTOPUTMOB PEITIEHUS
3a/1aY1 KOPPEJISIINOHHONW KIacCTepU3alni.
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MOJEJINPOBAHNE OTPAXKEHHOI
COJIHEYHOU PAJIMAIINN C YYHETOM

OTPAXKEHIIS OT IIOACTUJIAIOMIEIT
ITOBEPXHOCTU

N.1O. Tenapuna

Hayuonasvnut uccaedosamenveruti Tomekut 2ocydapemeennsitl ynusepcumen,
2. Tomcx, Poccua

B pabore omnmcaH aJrOpuTM ¥ IIPEICTABJIEHBl HEKOTOPHIE DE3YJlb-
TATBl MOJIEJTAPOBAHUS TIOJIs OTPAKEHHON COJIHEYHOH paJyalnyy Ha
BepXHel rpanuiie 6e300/1auHoi aTrMocdepnl. Brija mpoBemena cra-
TUCTUYECKas 00pabOTKA JAHHBIX YUCJIEHHBIX YKCIIEPUMEHTOB METO-
nom Monre-Kapio mrst pa3JmgHbIX YCJIOBHI W TIOCTPOEHBI Perpec-
CUOHHBIE 3aBUCUMOCTHA WHTEHCUBHOCTU OTPAYKEHHON paJMaIiuv OT
Pa3JIMYHBIX TTAPAMETPOB ONITUKO-T€OMETPUIECKON Moe/m aTMocde-
poi. KimioueBsblie ciioBa: memod Mowme-Kapao,cmamucmuueckas
00pabommka, coAHeuHas PaiuAUUA, NOOCTNULGIOUGA TOBEPTHOCTD.

BBenenne

Crarucruyeckne MeTOIbl WCCaeA0BaHUsT 3(PGHEKTUBHO WCIOIB3YIOTCS
Ui 00pabOTKM PEAbHBIX JAHHBIX U JAHHBIX YUCJIEHHBIX IKCIEPUMEH-
TOB JIJIsi BbISBIEHWs] 3aKOHOMEPHOCTEH W mocTpoeHust Tporuao3os. Q-
HUM W3 CAMbI3 PACHPOCTPAHEHHBIX METOJOB SBJSETCS KOPPEIAIUOHHO-
perpeccuonnbiii anaan3 (KPA), KoTopblii 1103BOJISIET BBISIBJISITH 3aKOHOMED-
HOCTH U (OPMHUPOBATH AEKBATHBIE MAPAMETPUYECKUE MOIeau. B Harmmx
paborax [2,3] KPA 06bu1 uCrnosb30BaH Jist TIOCTPOEHUST TTAPAMETPHIECKOM
MOJIEJTH U UCCJIEJIOBAHNS 3aKOHOMEPHOCTEH MOBEIEHUS PA3TUIHBIX XapaKTe-
PUCTHUK CHCTEeM BueHUA. B mammoil paboTe Mbl paccMaTpuBaeM 0oJiee CITOXK-
HYIO MOJIEJIb CUCTEMbI BUJICHUS, YIUTBIBAIOILYIO OTPAYKATEIbHbBIE CBOMCTBA
MOICTUIAIONIEH MOBEPXHOCTHU, UTO TIPUBEIO K HEOOXOAUMOCTH pPa3pabOTKH
HOBOTO ajroputMa. IIpencTaBieHbl HEKOTOPBIE Pe3YIbTAThI YUCAEHHOTO MO-
JIeTMPOBAHMS COJTHETHON PAIUAINN Ha, BepXHeil rpanutie 6€300/1a9HO0it aTMOo-
cdepbt s pa3TUIHbIX 3aKOHOB OTPAXKEHUS TOACTHIAIONIEH TOBEPXHOCTH.
IIpoBenena npeaBapurTe/ibHas CTATHCTHYECKAA 00pabOTKa € MCIOIH30BAHM-

em KPA.
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1. OHTI/IKO-FGOMeTpI/I‘{eCKaH MoOaeJIb

Onurtem cxemy KCIEPUMEHTOB M ONTHYECKHE XAPAKTEPUCTHKH ATMO-
cdepnl. Ha pucynke 1 mpeicraBieHbl reOMETPUIECKHE TapaMETPbl TOPU30H-
TAJIBHO OJHOPOMHOM TMIOCKOMApaJJIeIbHON Momenn armocdepnl. Ha Bepx-
HIOI0 TPAHUILY aTMOCMEPHI MATAET TJIOCKOMAPAJIETbHBIN eIUHUIHBIN MO~
TOK COJTHEYHOI'O M3JIy4Y€HUA B HAIIPpABJICHHUH, 3a/aBa€MOM 3€HHUTHBIM W a3U-
MyTalbHbIM yriamu ws = (Og,¢s). [Ipuemuuk, perucrpupyromuii yriio-
BOE pacCIIpejieieHne OTPAXKEHHOU COJTHEYHOU pajualyuy, HAaXOJIUTCS B TOY-
ke ¢ koopauHatamu D(0,0, H) u mpou3BoquT HaOIIOJEHNEe B HAPABJIEHUN
wq = (O4,¢q). Onruueckas Mozesb armocdepbl OblLIa 3aJaHa € TOMOIILIO

D(0,0,Hl)::\z Ws
0 ext
_________________ u;;_____________________
Olext R
7y

Puc. 1. Teomerpudeckasi cxema HAOIIOIEHUS

CIEAYIONAX XapaKTePUCTUK:

1) xoabUIHEHTH a3PO30IBHOTO PACCESTHUST T50(T) N OCTABIEHUS T eyt (T);
asp0eI0 OMHOKPATHOTO paccesiHust wo(r);

2) a’po30oJibHAs MHIMKATPUCA paccesaus ¢(r, w,w );

3) BeprUKadbHbIE IPOMUIIM TEMIIEPATYDBL U JIABJIEHUS JJisi pacdera Kodd-
(PUITHEHTOB MOJIEKY/ISIPHOTO PACCESTHHSI.

TloacTunaroias MOBEPXHOCTD XaPAKTEPU3YETCS 3aKOHOM OTPAYKEHUS U AJTh-
6e10 MOACTHAIONEll TOBEPXHOCTH Oy .
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2. Metoapl pacyera

Teoperndeckoii 6a30it 1J1g IPOBEJCHUS YUCICHHBIX 3KCIEPUMEHTOB SAB-
JISL€TCs CTALMOHAPHOE yPABHEHUE LepeHoca u3ityyenus [1]:

1(w, gradl (r,w)) = —0ext (A, 1) +

+0se (A, r)/I (r7wl> g (r,w,w,) dw’ + &g (r,w). (1)
Q

3aech: X = (r,w) — rouka npocrpancrea X = R x {) koopauHar r € R
u Hanpasyenuit w € Q. @ (r,w) — NIOTHOCTb PACIPE/IEIEHNs BHYTPEH-
HUX UCTOYHUKOB. [ (r,w) — MHTEHCUBHOCTH (APKOCTb) U3JIyYEHUS B TOY-
ke (r,w). PopMaJbHO HHTEHCUBHOCTH OTPAYKEHHON COMHETHON PAIuaIin B
rouke rg = (0,0, H) B HampaBieHnn wy = (O4, ©q) MOKET ObITH MpeJcTaB-
JIEHA B BUJIE:

I(rg,wq) = //I (r,w) - 0(r —ryg) 0(w — wg)drdw. (2)
R Q

Besmnunna I (r,w) B (2) siBasiercs pemenviem ypaprenus (1) ¢ dyuximei
UCTOYHUMKOB CJIEYIONIErO BUIA:

e—T(l‘) . g(r7 Ws, w) ] (3)

q)o (I‘, w) = ert(r) . 271’

Ha ocrnoBanum (1)-(3) meros; JIOKAJIbHON OLEHKM HA CONMPSI?KEHHBIX TPAEK-
TOPWSIX JJIsi pacyeTa WHTEHCHBHOCTH B TIJIOKONApAIeIbHON arMocdepe [2]
3aKJII0YAETCS B CJIEYIOMEM: MOJIEIUPOBATH TPAEKTOPUIO JIBUKEHUs (POTOHA,
U3 TOYKW I'y B HATIPABJECHUN Wy W B KAXKJIOH TOYKE CTOJTKHOBEHUS CyMMEPO-
BATh BEJIMYMHBI, XAPAKTEPU3YIOIMINE BEPOATHOCTD «MONATAHUT> W3JTy ICHUS
BCJIE/ICTBUE PACCESHUs U3 TEKyMeH TOYKM CTONKHOBeHUsS X, = (r,w) «Ha
HATIPABJICHAE> —W:

P(X,) = e ) % 0

Baech T4(r) - ourMyeckas JJIMHA LYTA OT TEKylleil TOYKM I' J0 BEpXHEil
TPaHUIIBI ATMOC(EPHI B HATIPABICHUN —Ww,. TaknuM 0Opa3om:

e Ts(r) . g(r, —wgs, w)

2w 5)

N
I(rg,wq) = ME= MY Q-
n=0
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3necb N — KOIMYECTBO CTOJKHOBEHHUI B TpaekTopuu (GpOTOHA, (), — <«BeC
doronas.

st peanusanyy OTPayKeHUsi OT HOJCTUIAIONIEH TOBEPXHOCTH HEOOXOIUMO
BHECTU U3MEHEHHS B JIOKAJbHYIO OIEHKY M B CXEMY IPIMOIO MOJIETUPOBA-
HUsI HA COMPSKEHHBIX TPACKTOPUSIX.

Korma 3adukcupoBaHO CTOJKHOBEHHE (POTOHA C TOBEPXHOCTHIO 3EMJIH,
IJIOTHOCTh BEPOATHOCTHU <«TOMAJaHus» B Hanpasiaenue Ha COHIE TOKHA
OBITH BBIYHCIEHA IO (POPMYJIE:

w(Xn) _ 677'3(1") . p(Hs). (6)
27

3mech p(i) - MIOTHOCTH BEPOSITHOCTH OTPAYKEHWs! TOACTHUIIAIONIEH TOBEPX-
HOCTBIO MAIAIOMIET0 COJHETHOTO U3JLY YC€HUS.
PaccMmoTrpeHbl Tpu BapuaHTa OTPAYKEHUs MOICTUIIAIOIIEH TTOBEPXHOCTHIO:
a) nambeproBckoe p(p) = 2u ;
6) uzorpounoe p(u) = 1;
B) 3epkasibroe p(u) = J(p) .
B cayuae mamMGepTOBCKOM ¥ W30TPOITHON MOBEPXHOCTH HAMPABJIEHHE OTPa-
kenus: (hOTOHA He 3aBUCUT OT HANPABJIEHWS €0 MaJeHUs Ha MOBEPXHOCTD.
TMoaroMy B HAHHBIX CJIyYasiX, YIUTHIBAS TO, YTO MOAETUPOBAHUE TPOU3BO-
JIATCSL TI0 COTPSI?KEHHBIM TPAEKTOPHUAM, [is - KOCHHYC OCTPOrO yTJa MEXKIY
HanpaBjeHueM nonajanus xHa 3emiaio u ocbio OZ . B ciydae 3epKajabHOrO
3aKOHA [Ig - KOCHHYC OCTPOTO YIJIa ME¥KIy HANpPaBICHUEM MOMAJaHus Ha,
Comune —wg u ocsio OZ.
V3meHenust B cxeMe MOJIEIUPOBAHUS 3aKJIIOYAIOTCS B CJIEIYIOIIEM.
1) YuurbiBaem oTparkeHue OT IIOBEPXHOCTU B COOTBETCTBUU C aJib0E0 1O/
CTUJIAIOMIEH IIOBEPXHOCTH Opeyy . JJif 9TOro pasplIPbIBaeM CJIydaiiHyIo Be-
JVYUHY « , paBHOMepHO pacmpenenennyio Ha (0,1). Ecin o > oycp, TO
durcupyeMm OOPBHIB TEKYIIEH TPACKTOPUN U HAYUHAEM TOCTPOEHUE HOBOM
TpaeKTOpUH. B IPOTUBHOM CJlydae MOJEIUPYeM MPOIOJIKEHNE TPACKTOPUH.
Vder orparkeHusi MOXKET ObITh TPOW3BEIEH TAKXKE C MOMOIIBI0 MOaudUKa-
nmnu «0e3 OTparKeHus» [0 aHAJOTUU C IPUEMOM «0e3 IOTJIoNeHus». B aToMm
Cjly4ae BMECTO PO3bIIPbILLA, OTPAXKEHUA BEC YACTULbL yMHOKAEM HA Oref] -
2) OmnpezensgeM HOBOE HANPABJIEHUE JBUKEHUs (DOTOHA B COOTBETCTBUU C
NJIOTHOCTBIO BEPOATHOCTH P(f4) C UCTIOIB30BAHUEM METOAa 00paTHON (HyHK-
uu. JIJis TOro pa3bIrpbIBAEM CIyYalHYIO BEIUYUHY (¢ , DABHOMEPHO Pac-
npeznenennyio Ha (0,1). Kocunyc 3eHuTHOrO yrsia fi, HOBOIO CiydailHOrO
HAIPABJIEHUS BBIYUCIISAEM TAK:
a) TaMOEPTOBCKOE iy = v/ ;
0) U30TPOIHOE [y = Q ;
B) 3€PKAJIBHOE [io = [is, TIE [ls -~ KOCUHYC OCTPOrO yIJIa MKy HallpaBJjie-
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nueM nonagannsg Ha CoJHie —wg 1 ocbio OZ.

IIpu sTOoM a3umyTaIbHBINA yroJ HOBONO HANPABJIEHUS /s JIAMOEPTOBCKOTO
U U30TPOIIHOIO 3aKOHOB PA3bIIPbIBAETCs PaBHOMEPHO B unTepsase (0,27).
s 3epKaIbHOIO 3aKOHA HOBOE HAIIPABJIEHUE «pa3BopadmBaercs» Ha 180°
0 CPABHEHWIO C HATTPABJIEHNEM TTa/IEHUs HA TTOBEPXHOCTH 3EMJIN.

L7151 KOHTPOJIST KavdecTBa PE3yJIbTaTOB YMCIAEHHBIX SKCIIEPUMEHTOB C YIeTOM
(4)-(6) ogHOBpEMEHHO OBLIN OIPEIETEHbl BETHIHHBL:

D¢ = M&? — (M&)? w v = ¥PX - 100.

Jst popMupoBaHusa MapaMeTPUIECKOR MOIETN WHTEHCHBHOCTH OTPAKeH-
HOI COTHEYHON paualuy Ha OCHOBE METO/Ia HAMMEHDIINX KBAIPATOB ObLIN
TTOCTPOEHBI PA3JIMYHOTO BUIA perpeccuu B cpeae RStudio.

3. YcioBudg U pe3yJsIbTaThl MOOEJIUPOBAHUSA

YucteHHbIE SKCIIEPUMEHTHI OBLINA MTPOBEIEHBI IS CIEAYIOMINX YCIOBUI
HabOJIoeHus [2]:
Bricora H, xm: 100.
Hmuua Bomaer, mrMm: 0,44; 0.50; 0,67; 0,87; 1,06; 1,25; 2,00.
Benurhbie yribl Connua, rpag; 0, 30, 60.
Asumyragsusie yrasr Comnna, rpaa: 0, 45, 90, 135, 180.
3enuTHbIe yribl HAOMIOAeHus, Tpas: 0, 30, 45, 60.
Azumyranbabie yrabr Habmogenus, rpaa: 0, 90, 180.
Tun aspo30sisi — KOHTUHEHTAJIBHBIH, JIETO CPEIHUX ITHAPOT.
Boi6op ayinH BoJTH OBLT 00YCIOB/IEH TUAIA30HAMA OKOH IIPO3PATHOCTH ATMO-
cdepbl, TaK 9TO MOJIEKYJISIPHBIM MOTJIOMIEHHEM B aTMOChepe MOKHO OBIIO
nperebpeun. nuna Bosnbt (/IB) xapakrepusyer Takue ONTHYECKHUE TTapa-
Merpbl Kak o01as onruyeckas Tosnmua (O0T), cpeauuii KocuHyc uHAUKA-
rpucel paccesuus (CK), anbbeno opnokparunoro paccesinus (AOP). B ta6-
smte 1 IpUBEIEHDI 3TH XaPAKTEPUCTUKHU B 3ABUCHMOCTH OT JIJIMHBI BOJIHBI.
Anpbeno noacruiaiomeii nosepxuocru: 0.80-0.95, 0.30-0.65, 0.1-0.15. OTu
WHTEPBAJIbI ONPENEesIAIOT CBEKEBBINTABIINIT CHEr, TAIOINM CHEr W XBONHBIN
JIEC COOTBETCTBEHHO. [3]
B rabnmnax 2 u 3 npeicTaBieHbl HEKOTOPHIE PE3YIHTATHI MOIETUPOBAHMS.
W3 npuBeneHHBIX JaHHBIX Cleayer, B dacTHOCTH, 9T0 ecyu CosHIe HAXO-
JHUTCH HAJ, [OJIOBOH HAOJIIOAATEIs1, TO PErUCTPUPYEMast APKOCTh HA 3aBUCUT
OT 3aKOHA, OTPAYKEHUS I PACCMOTPEHHBIX B JaHHO pabore. Eciu Connme
CHUKAETCS HAJ YPOBHEM TOPU30HTA, TO HAOIOMAETCS YBEIUIEHUE SIPKOCTH
JUIs JTaMOEepPTOBCKOTO 3aKOHA, OTPAXKEHUsI 110 CPABHEHUIO C JIPYTUMHU.
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Tabsmmra 1
OHTI/IquKI/Ie IIapaMeTpPhbl B 3aBUCUMOCTH OT AJTUHBI BOJIHBI
B, mxm | OOT CK AQOP
0,44 0,4740 | 0,6447 | 0,8996
0,50 0,3742 | 0,6406 | 0,8980
0,67 0,2736 | 0,6333 | 0,8829
0,87 0,2450 | 0,6339 | 0,8397
1,06 0,2366 | 0,6319 | 0,8043
1,25 0,2328 | 0,6379 | 0,7742
2,00 0,2303 | 0,7181 | 0,7831
Tabsmmra 2
dprocThb 6e306maunoro meda, A = 0,5 Mxm,0, = 0°,0, = 0°
Orefl | maMbepT. | mM30TP.
0 0,00544 0,00544
0,35 0,01046 0,01034
0,106 | 0,00692 0,00686
Tabyma 3

dpxocts 6e3061aun0r0 Heba, A = 0,5 MM, O4 = 0°,0, = 30°

Orefi | TaMOEpT. | M30TP. 3€epK.

0 0,00411 0,00411 | 0,00411
0,35 | 0,05947 0,03658 | 0,00931
0,106 | 0,02064 0,01349 | 0,00565

3akJiroueHue

Takum obpazom, B pabore ommcan crocod pacdera siPKOCTH OTPAaKeH-
HON COJTHEYHO# pajuamyu C IOMOIIHI0 CTATUCTHIECKOIO MOJIETUPOBAHMUA.
Asropurm Merona Monrte-Kapio — JjioKajabHas OIEHKA Ha, COMPSIXKEHHBIX
TPAEKTOPHUSAX — OBbLI MOAUUIMPOBAH [JI CJIyYasd yUeTa OTPAKEHUS OT
MOACTUIAIONIENH TTOBEPXHOCTH.



312 W. FO. lenapuna

CIINCOK JINTEPATYPbI

1. IIod ped. Mapuyxa I'. H. Meron, Mounre-KapJio B armocdepunoit onruke. Hoso-
cubupck: Hayka, 1976. 283 c.

2. Irina Gendrina, Maria Alekseenko The Monte Carlo Method for Determining
the Vision System Characteristics //Applied Methods of Statistical Analysis.
Nonparametric Methods in Cybernetics and System Analysis - AMSA’2017,
18-22 september 2017 Krasnoyarsk : proceedings of the international workshop.
Novosibirsk: Novosibirsk State Technical University, 2017. P. 303-310.

3. Tendpuna H. 0. MopemupoBanue 10Jisi OTPAXKEHHON COJIHEYHON Dajuanuu
1ist Ge3o6mauHoi armocdepsr // Hoeble nHdOpMaIMOHHBIE TEXHOJIOTHA B UC-
CJIe[TOBAHMY CJIOXKHBIX CTPYKTYD. MaTepuasibl 1eThIpHAIIATON Me¥XK IyHapPO/I-
Hoit koudepenruu, Tomck: Uzmarensckuit [Tom Tomckoro rocymapcTBeHHOTO
yumBepcurera, 2022. C.21-22.

4. Ilaesaoe A. B. Mouuropunr KpuoauTo3ousl Hosocubupck: Axan. U3m-Bo
«[eo», 2008. 224 c.

T'enapuna Upuna FOpbeBHa — K.(].-M.H., J01eHT, J01EHT Kadepbl IPUKIA-
wot maremaruku VUIIMKH TI'Y. E-mail: igendrina@bkl.ru



NTMM - 2024

AHAJIN3 KAPIVNOKOMIIJIEKCOB I'PVIIII
BOJIBHBIX C BHE3AITHOUMN CEPJIEYHOU
CMEPTBIO 11 JIFOAEN C HEJIETAJIbHON

APUTMMUE I10 3AIINCAM XOJTEPOBCKOTO
MOHUTOPNPOBAHNUA

H. A. Jlyknsamonal2, A. 1. Kyasraesa!, H. B. Mummma®

! Kpacroapexudi 20cydapemeenmonti meouyumekut Yrueepcumen umen
npogeccopa B. @. Botno-fceneyrozo M3 PD, 2. Kpacrnosapcx, Poccus
2 Cubupekuti gedeparvrnd yrusepcumem, 2. Kpacnoaper, Poccua
3 ®edepanvroti Cubuperul naywro-xiunuveckut; yenwmp Dedepanvrozo
MeduKo-buonso2uneckozo azenmemsa Poceuu, 2. Kpachoapcex, Poccus

OpauM u3 Hambosee IPO3HBIX M HEIPEICKA3yeMbIX HCXOJ0B, BHO-
CAIUX 3HAYUTEIHHBIN BKJIAQJ B CMEPTHOCTH OT OOJIE3HU CHUCTEMBI
KPOBOOOpAIIEHNsI, sIBJII€TCS BHE3AIHAs cepiedHas cMepTtsh, a JKI
NPOJO/IKAET OCTABATHCHA OCHOBHBIM METOIOM IMArHOCTHKHY IIaTOJI0-
THM cepana B aMOyIaTOPHO-TIOMUKINHIYECKOH mpakTuke. O0bek-
TOM HCCJI€IOBAHUS SIBJISIOTCS AHHOTHPOBAHHBIE JIEKTPOKAPIUOr DA~
duveckue 3amucu manueHToB u3 OTKPHITOro pecypca PhysioNet, a
TIPeIMETOM WCCIEIOBAHUS — MOPQOIOrNIeCKre W BPEMEHHBIE TIa-
paMeTphl KapAMOKOMILIEKCOB. B KadecTBe equHWIBI M3MEPEHUs B
pabore BBICTYILIUIN €IMHUYHBIE KaPAUOKOMILIEKCH. B kKadecrse 1ie-
JIEBBIX i1 paboOThl OBLIM OTOOPAHBI CHHYCOBBIE, HAIKEJIYI0YUKO-
BBIe U JKEJIy0OIKOBBIE ITUOJIOTMH KapAauokoMminiekcoB. Kimaccudu-
Kalysl IIPOBOAMIIACH BHYTPHU I'PYIIIbL IIATOJOIUN: KJIACCHL Pa3/iesis-
JINCH TI0 TIPUHITUIY TSXKECTH MCXOd, & HE B KJIACCHMIECKOM MOHU-
MaHHU <«3J0POBBII-001bHOIM». [locTpoeno 3 kaaccubUKAIMOHHBIX
MOJIeJIN, HCIIOJIb3ysl Meron MamuaHoro obydennst Random Forest.
JTo/1st BepHBIX KJIACCU(PUKAINI CPeIn BCEX MOl He OMyCKaJIach
amxke 97,8%. Jlyamas knaccudukanma — CHHYCOBBIE KOMILIEKCHI,
Xyauas — ¥keiryJoukosbie. KirodeBble ciioBa: eHe3antas cepoey-
HAA CMEPMDb, TOAMEPOSCKOE MOKUMOpUposarue, Random Forest.

BBenenune

Buezannas cepaeunas cveptsh (BCC) kKak ofuH U3 MCXOJIOB, COCTABJISA-
IOIMUX BHYMIUTEIBHYIO JOJIO CIYy9YaeB CMEDPTH HACEJeHWs PA3HBIX BO3PACT-
HBIX, M€HJICPHBIX U PACOBBIX I'PYIII OT KAPAUOIeHHBIX IIPUYUH, U IIPAKTAYe-

Pabora nognep:kana KpacHOAPCKMM MaTeMaTHYeCKHUM IEHTPOM, (DUHAHCUPYEMBIM
Muuo6praykn P® (Corsamenne 075-02-2024-1429).
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CKU HEOTBPATUMOE CJI€/ICTBUE BHEIOCIIUTAIBHON OCTAHOBKH CEP/IIA OCTAETCS
JOCTATOYHO KPYIHON W 3HAYMMOM MPOOIEMOil MEPOBOTO 3APABOOXPAHEHIST
[1-4]. Tlouck ouTMMAaIbHBIX PEIleHHUl 110 MPELYHPEXKICHUI0 U CHUKEHUTO
gacrorel BCC coxpansier ¢BOIO aKTyajabHOCTb U BOCTPEOOBAHHOCTH HA MPO-
TSIKEHUHW BCETO BPEMEHW CYIIECTBOBAHUS MEIWIIMHCKUX CJIYKO.

Jannas pabora SBIsSETCS POJOKEHUEM uccieoBanuii [5, 6]. st BbI-
SIBJIEHUS MpeJcKa3arenbuoit 3nadnmoctu DK -3anucu B MpOrHO3UPOBAHUH
BCC 61 mpoBejieH KOMILIEKCHBIN aHATN3 3amuceii MoHuTopupoBanus. ['u-
[OTE30M 171t pabOThI HOCITY2KUII0 IPEJIITOJIOKEHUE O TOM, YTO (PUKCUPYEMbIE
na JKI'-3ammcu KapIuOKOMIIIIEKCHI Y JTIoAell ¢ HedaTATbHBIMU APUTMUAYE-
CKUMU SMU30IAMU U Y JII0fei co ciaenom pa3susiieiics BCC nmeroT 3/1eKTpo-
dbusnoIornUecKue Pa3Indus, CIIOCOOHBIE TTOCTYKUTh KJIACCU(DUKATNOHHBIM
darTOpOoM Ui pa3IeseHust STUX JABYX PA3HBIX TO TIAKECTH MCXOJA T'PYIIIL.
UccnenoBaresibCkuil nHTEPEC 3aKIIOYAICH B U3YYCHUH BO3MOXKHOCTH KJTAC-
cudUKAIMY BHYTPU TPYIIIBI MATOJOTHH: KJIACCHI PA3IEIISIUCE IO TIPWHITHITY
TSYKECTU MCXOMA, & He B KJIACCHIECKOM TIOHUMAHUHU «3I0POBBIH-00IBHON ».

1. MarepuaJjbl 1 MeTOJbI MCCJIETOBAHUS

B ocuoBy paboThl Jreryin 6a3bI JAHHBIX XOJTEPOBCKOIO MOHUTOPHUPOBA-
aust (XM) orkpeiroro penosuropusi PhisioNet:

1. Sudden Cardiac Death Holter Database [7] — KoJeKIHs TPOIOIIK Y-
TeJIbHBIX, OT 4 1m0 25 "acos, 3amuceit IKI' Tpuamarn Tpex MarueHTos, 3a-
(GUKCUPOBABIIMX MOMEHT HACTYILJIEHUSI BHE3AIIHON CepaeYHOi CMEPTH.

2. MIT-BIH Arrhythmia Database [8] —unaGop mosyuacoBbix BbLIep-
ek n3 47 3ammceit XM-9KT', comepsKammx Smmu3016I HEJIETATHHBIX apUTMUH
PA3IMYIHOTO TeHe3a.

B xauecrBe equHMIbI M3MEPEHUs B padOTE BBICTYIIMIN €MHAIHBIE Kap-
JMOKOMITJIEKCHI. Paboure HabOphI JAHHBIX MO KayXKI0i m3 6a3 comeprkar m3-
BJIEYEHHBIE TIPOrpaMMHBIM crocobom [9] u3 curnama DKI' B aByx orBene-
ausx xonrepa (II u V5) aMmmiuryaabie 1 BpeMeHHbIE XapAKTEPUCTUKU Cep-
JIEIHBIX KOMILIEKCOB, & TAKKe /1B KAY€CTBEHHBIX UACHTU(DUKATOPA HOMEPA
sanucu (record) u Tuna cepiednoro cokpaulenus (type). B kauecrse napa-
Merpa «Mopdoornyeckas xapakrepucruka koMmmiaekca QRS» (QRS morph
0-4) BoicTynajo u3MepenHoe B MB OTKJIOHEHWE OT M30JIMHUM AT PABHO-
YIQJIEHHBIX JIPYT OT IpyTa TOYEK, PACCTABJIEHHBIX HA JIMHUU CAMOIUCIIA OT
HadaJja 10 KOHIA KejydodkoBoro KoMmiiekca QRS.

CnucoK B3ATBIX JIJ1sl IIPOBEJIEHUS KJIACCH(DUKAIIMY TPU3HAKOB [TPEICTAB-
sen B Tabmne 1. Kaxgas u3 asyx padbounx 6a3 JaHHBIX COAEPIKUT 5 THUTIOB
CEPJIEUHBIX COKPAIIEHUIT: HOpMaJibHbIe, uin cuiycoBbie (N), Ha Ke Iy 109K0-
Beie (SVEB), xkenynoukossie (VEB), Boickamb3biBatonpe (F) u uxnonaru-
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geckue (Q). B kauecTBe 1e/1€BbIX st paGOTHI ObLIN 0OTOOPAHBI CUHYCOBBIE,
HAJIZKEJTYIOYKOBBIE M JKEJTYIOYKOBBIE STHOJIOIMH KAPAMOKOMILIEKCOB. B 6a-
3e no BCC nng naHHBIX THUIIOB KOMILIEKCOB OBLIM BBEJIEHbI 0O03HAYCHUS
kiaccoB N1, VEB1 u SVEB1, 8 6a3e ¢ 3anucamu apurmuit — N2, VEB2 u
SVEB2.

Tabsmra 1
Ilepedens uccaeqyeMbIX TPU3HAKOB
Twum mpusHakoB I'pynma mpuznaxos
WNurepsansr, mc RR Interval, PQ Interval, QT Interval,
ST Interval, QRS Interval
Ammuryner 3y6mos, MB P peak, T peak, R peak, S peak, Q peak
KOMILJIEKCa
Mopddomornueckue npusnaku | QRS morph feature 0, QRS morph
rommiekca QRS, mB feature 1, QRS morph feature 2, QRS
morph feature 3, QRS morph feature 4

O6paborka 1 aHAIU3 JAHHBIX ObLIM PEATM30BAHBI IIPHU IOMOIH S3bIKA,
nporpammvupoBanusi Python 3.10.12 B cpeme Google Colaboratory.

2. PesyapTaThl 1 00CYyXKaeHUA

Ha6op maunbrx 9KI'-KoMIIeKCoB Mo BeeM 3ammcsiM 6a3bl [7] cocrouT n3
502 808 eIMHUYHBIX Kap/IH03MN3070B. B mepByio odepe/ip, n3 6aswl [7] 1yis
uccienoBanus Obutn orobpanbl 3anucu IKI, 3adukcupoBanubie y i ¢
[PEUMYIIECTBEHHO CHHYCOBBIM PUTMOM W PUTMOM (DUOPUILISAIINN IPEJICep-
aumii, 4ro cocrapuio B obiem 247991 DKI-komiiekcos. B 6aze 3amuceit
OKT mno apurmusim [8] obiee KOIMIECTBO €AMHUIHBIX KaPAMOKOMILIEKCOB
cocrapuo 100 689. /lanee, B ba3ax ganabix 10 BCC u mo apuTMusIM 1moote-
PEIHO BBIJESIA PPYINbI CEPAEIHBIX KOMILIEKCOB PA3IMYHON JTUOJOTUN:
CHHYCOBO#, HAZKETyI0UKOBOM 1 KesymoukoBoii. [locie gero na 6a3e amro-
purma Random Forest crpounsucs kinaccudukanmonubie MO/I€IH.

JI71st pa3InvIHbIX 10 00beMy HAOOPOB JAHHBIX MTPOBOAMIACH DAJTAHCUPOB-
K& KJIACCOB: /IJIT YMEHBINEHNS YUCIA U3MEPEHUil MPUMEHSJICS MeTO, CJIy-
gaitHoro orbopa (sample), g yBejaudYeHUs — METOJ TIOBTOPHON BBIOODKHU
(resample). OGy4enue Mozesieli OCYIIECTBISJIOCh B HECKOJIbKUX UTEPALMIX
JIJIsl BOBMOXKHOCTH OIEHKH CPEJHUX MMOKa3aTeseil MeTPUK Ka4ecTBa KJIACCHU-
dukanmm — accuracy, precision u recall. Xos permenust mpobsiemMbr gucbaaan-
Ca KJIaCCOB TPEJICTABJIEH B TAOMIE 2.
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Tabsmmra 2

Pemenue nipobemsr aucbamamca kiaaccos g Random Forest momeseit

Mogenu o Tunam | Vexomabrit Meton, O6Bem
KOMIIJIEKCOB obbem 0AJIAHCHPOBKH | TIOCJIE
KOMILTEKCOB OaTaHCHPOBKHI
RF Momenn N1=140963 sample N1=90083
(N1-N2) N2=90083 - N2=90083
RF Mogenn SVEB1=1 542 resample SVEB1=1800
(SVEB1-SVEB2) SVEB2=2779 sample SVEB2=1800
RF Mognemnn VEB1=8553 sample VEB1=7009
(VEB1-VEB2) VEB2=7009 - VEB2=7009

PaccmarpuBanuch Momen Mo THITAM KOMILIEKCOB, B KaXKI0# W3 KOTOPBIX
[P MOMOIIM BCTPOEHHOH (DYyHKIINU BECOB feature importances  aaropurma
RandomForestClassifier onenusasicst BkJia B KjaaccupUKaIUIO KaXKJI0ro 13
ucnoab3yembix npusHakoB JKI'-kommiekcos. ITockobKy mpakTudecku BO
BCex Mozensax, kpome momesnu Random Forest (VEB1-VEB2), nopsaaka 50%
MPUPOIBI AJTOPUTMA TPUXOIUIOCH HA TIEPBYIO TPOHKY MapaMerpoB, OBLIO
PEIIeHO BBLIEIUTD 110 TPY MPU3HAKA, HAMOO/Iee 3HAYUMBIX C TOYKHU 3PEHUS
KJaccuUKAIMY KAPIMOKOMILIEKCOB 10 JieTaJbHOCTU ucxona (tabi. 3).

Tabymua 3
Csomnast Tabsuia Hanbo/Iee 3HAYNMBIX TTPU3HAKOB MOIE/IEH KIacCu(DUKAIUN

Mogenn no tunam | Haumenosanue 3nadumbix | Bkaaa B
KOMILJIEKCOB NPU3BHAKOB MOZEIei TIOCTPOCHWE
(oTBezeHUE XO/ITEDA) MOJIEIH
RF Mogens R peak (II) 0,3063
(N1-N2) pre-RR (II) 0,1209
S peak (II) 0,0630
RF Mogens R peak (II) 0,3936
(SVEB1-SVEB2) | ST interval (V5) 0,1392
T peak (II) 0,0731
RF Mogens pre-RR (II) 0,1810
(VEB1-VEB2) S peak (II) 0,1326
T peak (II) 0,0693
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Ha ocrope nHabopos ganubix 1o BCC u apurMusaM OBLIO TIOCTPOEHO 3 OH-
HAPHBIX KIACCHMUKAIMOHHBIX Mozeseit o anroputmy Random Forest B mis-
TH UTEPALMAX KazK1asd. B pesysbrare moCTpOeHus MOZeieli ObLIO BbIIEIEHO
6 mauboJsiee 3HAYMMBIX C TOYKU 3peHus Kiaccudukanuu 3,1eKTpodusnosio-
IUYeCKHUX mapaMeTpoB Kapanokomiekcos: pre-RR, T peak, ST interval, R
peak, S peak, QT interval. BoisiBieHHbIE TTApaMEeTPBI UMEIOT CBOIO MPAKTH-
YeCKy[0 HUIIY B JAMArHOCTHUKE M YK€ aKTHUBHO HCIOJB3YIOTCA B PYTUHHON
Bpa4yeOHOl IPaKTHKE [Jis ONEHKH COCTOSHHS CEPAIA M BbIABJIEHUU Pa3HO-
0OpAa3HBIX MATOJIOTHUIA.

B rtabmume 4 mpeacTaBieHBl yCpeIHEHHBIE OIEHKW KAYECTBA, MOJIe-
Jeit kjgaccudUKAIWU, TOJy9YeHHbIE B PE3YJIbTaTe NATUKPATHONW KPOCC-
BaJIUIATIVN.

Tabyma 4
Cpennue merpuku kadecrBa Random Forest mopesieit kiaccudurammm DKT-
KOMTLJIEKCOB Ha, TECTOBOI BHIOOPKE

tumbl Komtiekcos | Accuracy (%) | Precision (%) | Recall (%)
N1-N2 99,74 99,79 99,67
SVEB1-SVEB2 99,69 99,82 99,56
VEB1-VEB2 97,80 98,81 96,78

Taxkum 06pa3oMm, 10715 MPABUIBHBIX Kiaccudukanmii (accuracy) mo Bcem
MOJIEJISIM He OITyCKaTach Hrzke ormeTkn B 97,8%. Jlydme Bcero moanasamuch
KJIACCUDUKAIMY KOMILIEKChI CHHYCOBOH THOJIOIUH, XY ¥Ke — YKeJIyI0IKOBOII.
Bo Bcex Tpex Mmozessx Hokazaresb TOYHOCTH (precision) oKa3zasics BbILIE
nokaszaresist oHoThI (recall), 9To cBHIETEIBCTBYET O TOM, UTO O0YUEHHBIE
KJaccuUKAIMOHHBIE MOJIeJN O0Jiee CKJIOHHBI K THITEPINArHOCTHKE, HEYKeIN
K HeBbIABIEHUIO pucka passutus BCC.

3akJiroueHune

B xome paboTbl ObLia MOATBEPIKIEHA HCCIEIOBATENHCKAST THIOTE3A O
TOM, YTO MEXKIY 3JeKTPO(PU3NOIOTMIECKUMHU MMapaMETPAMH KapIHOKOM-
IJIEKCOB JITOJIEH C MCXOAOM B BHJE OCTAHOBKH CED/INA U JIIOJAEH C HETeTalb-
HBIMFA aPUTMWYECKUMU MU30JAMHU CYIIECTBYIOT PAa3INdus. DTU PA3JIUINS
moctynHbl i dpukcanun Ha DK '-3anucu u BIOC/I€CTBIYN IPUMEHIMBI KaK
KIaccupuKAIUOHHBIH (pakTOop. Takoit pe3yabrar MpoBeIeHHON PAOOTHI CBH-
JeTeLCTBYET O HEOOXOTUMOCTH TIPOIOIKEHNS UCCAEIOBAHII HA TEMY IIPH-
Menenuss DKI'-MapkepoB Kak LIpesuKTOPOB M MHAMKATOPOB Pa3BUTHHA CEp-
JEIHON OCTAHOBKH.
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MOAEJINMPOBAHUE PASBUTUA

IIPO®ECCHUOHAJIbHBIX 3ABOJIEBAHUN OT
PUBNYECKNX ®PAKTOPOB

M.II. IpsxoBua

Anzapcrut 2ocydapecmeennnil mexnuveckutl ynusepcumem, 2. Anzapex, Poccus

B crarpe paccmarpuBaioTcs pe3yJsibTaTbl MOJEJIMPOBAHN PA3ZBAUTUS
npodeccrnoHaIbHBIX 3a00/I€BAHUN OT BO3JEHCTBHUS IIyMa U BUOpa-
I C UCIIOJIb30OBaHHUEM Pa3/JIUYIHBbIX METOIO0OB CHCTEMHOI'O aHaJIH3a.
KurrouyeBble ciioBa: npogeccuonasvhoie 3a004e6aHUA, Pusuieckue
Pparmopoi, ModeauU.

BBemenue

B P® 3a mepuoz ¢ 2014 r. mo 2023 1. OTMEUEHO CHUKEHUE YAEJTHHOTO
Beca pabOYnX MecT, He COOTBETCTBYIOIIUX IMITMEHUIECKAM HOPMATUBAM IIO
takuM dusmdeckuM GpakTopaM Kak IIyM U BUOpaIus COOTBETCTBEHHO B 1,3
n B 1,9 pa3. Canszunock Ha 47,7% W KOIWYECTBO BMEPBBIE YCTAHOBICHHBIX
npodeccronanbubix 3abonesannii (I13). Ipu sToM, Temn npupocra k 2014
. 3a00J/I€BaHUI W WX TOCJIEICTBUI, CBSI3aHHBIX C BO3JAEHCTBHEM TPOM3BO/I-
crBennbix (usnueckux daxropos (IIPD) cocrasun 2,8%. B rpynne I13,
cBsi3aHHbIX ¢ BozueiicrBueM [1OD, Bubpanuonnas 6osesub (BB) 3anumana
Bropoe mecro (45,3%) uocie ueitpocencopuoit ryroyxocru (HCT)(53,8%)
[1]. B pa3BuTsIx crpanax dacrora caydaes BB u HCT takske HAMHOTO BBI-
e, yeM apyrux 13 [2,3], HecMOTpsi Ha MepBI MO0 CHUKEHWIO YPOBHEH BpeI-
HBIX (DAKTOPOB, AKTUBHOMY TTPUMEHEHWIO CPE/ICTB WHINBU/IYAJIHHON 3aIlu-
rol. Hazpena Heobxomumocts paszpaborku mozeseit pazpurus 113 or [TIOO,
[IO3BOJILIONIUX OLEHUTh UX PHUCK M JIMHAMUKY HATOr€He3a, YTO JACT BO3-
MOXKHOCTH TIPEIOTBPAIATh WHBAIUAM3ANNIO PAOOTHUKOB 3a CHUeT paHHei
JMArHOCTUKY, CBOEBPEMEHHON TPOMUIAKTUKY U aI€KBATHOTO JIEUEHUS.

1. MeToabsl u cpeacTsBa

st MOIenMpOBaHNs MCIIOIB30BAJICSA CO3JAHHDIA Ha, OCHOBE MHOTOJIET-
uux Habmonennit 8 ®TBHY BCUM9U nndOpMAITMOHHBIH MACCHB TEPCOHM-
PUIMPOBAHHBIX KJIMHAKO-TUTHEHNYIECKUX OKA3aTe el Tul, paboTaloImux B

ABTOp 6JIarOJAPHT COTPYIHUKOB JTADOPATOPHH SKOJOTO-THTHEHHYECKAX HCCIISTOBA~
Hull (pyxoBopuTenb-a.M.H. Ilankos B.A.) u knuaukn (roasablii Bpadt — 4.M.H., mpodeccop
Karamanosa E.B.) @T'BHY BCUM3U
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KOHTaKkTe ¢ BuOparumeil u mymom. Cpeay HUX ObLIM W TMPAKTUIECKU 3I0-
pPOBBIE Ha MOMEHT OOC/IE€IOBAaHUSA PAOOTHUKH, W T€, KOMY ObLT BBICTABJICH
muaruao3 13 or TIOD. UccaenoBaiuch perpeccuonHbie, HH(MOPMAIMOHHO-
SHTPOIUNHBIE MOJIEJIN, MOJIEIU C UCIOIb30BAHMEM METO/a HOPMUPOBAHHBIX
uHTeHCHBHBIX TTokazaTesneil HUII) ¢ pacyerom orHocuresnbHoro pucka (OP),
MOJIEJIV C UCIOJIb30BaHNEM MAIMUHHOIO 00ydenus. [IporpamMuoe obecreue-
HUE CHHTE3a CTPYKTYPhI HEHPOHHBIX ceTell, NIyOOKOro 00y YeHust, TPOBEPKU
BAJIMIHOCTH U AJIEKBATHOCTU MOJIEU, BBIYUC/IUTEIbHBIX YKCIEPUMEHTOB C
Mozenbio Ob11o pa3dpaborano k.1.H. M.B. KpuBosbim.

2. PesyabTaThl 1 UX 00CYKOeHUE

ITocTpoenne 0600IIEHHBIX MOAEIEH, 0TOOPAYKAIOMINX B3aNMOCBSI3H TTapa-
MeTpoB (DYHKIMOHUPOBAHUS OPraHu3Ma, pabOTAIONINX B KOHTAKTE C BUOpPA-
nueit, KOTopasi MOXKeT 00yCJIOBUTH UX HEOJIAronpusaTHOE M3MEHEHNE U PA3BU-
THe IATOJOTHK Ha OIPEIEeJEHHOM OTPE3Ke BPEMEHHU Mbl HAYAJIH C PErPecCu-
OHHBIX Mozeneil. I MOmeTbHBIX UCC/IeI0OBAHNM ObLTH BHIOPAHBI CEMENCTBA
PErpecCUOHHBIX YPABHEHUN BUJIA:

b;
f(x):Y:b01+;:|:€,

rjae x — uaauBuAyasbhas craxkesas no3a (ICJI) subpaiuu, BKIIOYAOMA
B cebsi yPOBEHD W BpeMsI BO3IEHCTBUASA B TEIEHNE CMEHBI U 33 BECh TPYI0BOM
CTax;
€ — OImuOKa MTPEICKA3AHUS;
by; — CBOOOIHBIN YJIEH ypABHEHUS;
b; — xkoadpurment perpeccun Y mo X;
1 = 1,40 — HoMep 3aBucuMOil mepeMerHOM n3 40 paccMaTpuBaeMbIX B IIPO-
1ecce MOJIETMPOBAHMS.

PaccanrsiBanmu UC]I ¢ yueTom S5KBUBAJIEHTHOTO YPOBHSI BUOPOCKOPOCTH
3a CMEHY U CTayka pabOThl ¢ BUOPOWMHCTPYMEHTOM.

T
I/IC,ZL = LsKB + 10 x lg(?%

rae NCJL — craxeBas: no3a Bubparuu, 1B;
L,y — 9KBUBAIEHTHBIN YPOBEHb BHOPOCKOPOCTH 3a paboOUyio cMeny, ab;
T — craxx paboThl C BUOPOUHCTPYMEHTOM, JIET;
T, — rox [4].
Bruto mokazano, uro cmemuduydeckue g BB mokazarenmm dbyHK-
[IHOHWPOBAHUS CEPIEYHO-COCYIUCTON CHUCTEMBI, OOJIEBOl, BUOPAIMOHHON
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M TAKTWJIHHOW UYYBCTBHUTEJHHOCTH, & TaKKe HecrnernuduIecKue MT0Ka3a-
Tenn (PYHKIMOHHPOBAHUS HEHPOTyMOPATbHON M MMMYHHOH CHCTEM IIOJ-
YUHSAIOTCS 1030-9¢dekTHoi 3aBucumoctu. Hapyinenuns: GyHKIIMOHHPOBA-
HU$ I'HIIOTAIAMO-TUIIOMDU3APHO-HAAIIOYEYHUKOBOI CUCTEMbl OTMEYAJIUCH U
y 6ompubIX BB, 1 y nmpakTuuecku 3710pOBhIX pabOTHUKOB, 9TO MOXKHO PacC-
[IEHUBATH KaK OTBET HA BO3zelicTBue BubOpanuu. [Ipu stom ¢ poctom MC/ y
601bHBIX BB 3T n3MeHeHns CTAaHOBUTHCEH 00 Tee BHIPAYKEHHBIM, I€M V TPaK-
TUYECKH 3/I0POBBIX JINIl. PerpeccrmoHHble MO/I€JIbHBIE WCCIEIOBAHUS AN
npe/icrapierne 06 04epeIHOCTY U3MEHEHUI B OPraHax i CUCTEMAaX C POCTOM
NCII, ato He OBLIO OYEBUIHBIM B XOJI€ TPAJUIIMOHHOTO aHAIN3A YCPEIHEH-
HBIX TIOKa3aTeseii. Y pabOTHHUKOB C yCTaHOBJIEHHBIM auarao3oMm BB momens-
HBII MpOrHO3 pa3suTus 113 ObLT asekBaTeH peabHOM CUTyaInd, B KOTOPO
o, umemorue 113 or IIOD, nponomxkanu paborars, ysenuuusas NC/,
[IPOBONMPYS IPOrPECCHPOBAHUE UMEIOIIEHCsT TATOJOIMH BILIOTDH /10 WHBAJIU-
JIV3AIHIH.

Hanee sennunna Braaga CJI B passurne BB onpenensanach pa3HocTbio
BesmanH 0e3yCcI0BHON u yciaoBHO# suTponmit. C poctom NC/L, Hanbobmmii
BKa1 B (popmupoBanne BB BHOCHIN TaTOMOrMUEeCKN H3MEHEHHBIE ITapaMeT-
PBI OCHOBHO# aKTUBHOCTH TOJIOBHOTO MO3TA M THPEOUIHOI cucteMsr (82,6%).
PesysibraThl 3TX MOJEIBHBIX IKCIEPUMEHTOB [I0KA3aI1 HEOOXOAUMOCTH O/I-
HOBPEMEHHOTO yYeTa HecmenuduIecKux moxkasareseit oommero n kopakTop-
HOTO MATOreHEe3a U Crenu(UIeCKuX I PACCMATPUBAEMON MATOJOT Y KJIU-
Hudeckue u QYHKIMOHATBHBIE TOKA3ATETU C IEJbI0 MOBBIIIEHNsS aeKBaT-
HOCTH, TOYHOCTH U 9yBCTBUTEIbHOCTH MOJeu passurus 113 or ITOO.

C nomompio mozesaun HUIIL 6but0 yeranossieno, aro puck I13 mocrarod-
HO CHJILHO CBsi3aH ¢ mpodeccuoHanbuoii npunamiexkuoctbio (OP=61,8) u
C HAJIMYMEM COYETAHHOTO BO3/EWCTBHUS IIIyMa W BUOpAInd HA pabOIeM Me-
cre (OP=23,8), ypoBHU KOTOPBIX 9aCTO HE COOTBETCTBYIOT TUIMEHUIECKUM
HOPMATHBAM U IPEBBIMIAIOT IIPEIEHbHO JIOIMYCTUMbIE YPOBHU U3-32 HECOBED-
LIEHCTBA TeXHOJIOrMK u/mim 00opyaoBanus. Crenenb BiAUSHUA HA BO3HUK-
nosenne I[13 or IIOD craxka paboThl B KOHTAKTE C KOHKPETHBIM HEOJa-
TONPUATHBIM (HAKTOPOM, BO3pACTa PAOOTHUKA, OTPAC/H TPOMBIIIJIEHHOCTH
OKAa3aJINCh 3HAYUTETHHO HUNKE.

B xo0/1¢ MOJENBbHBIX 9KCIEPUMEHTOB OBLIO YCTAHOBIEHO, 9TO pucku 113
y qmn, 10 40 srer, pabdoraonmx B npodeccusix MAIIWHUCTA IKCKABATOPA U
CcOOPIIMKA-KJIENAIBIIMKA, UMEIOIUX KOHTAKT C LIymMOM u BuOpanumeii 1-4
roga, cocraBuan 0,269 n 0,226, 9TO MOXXHO OTHECTH K HEONPeIeIEHHO-
My mporuo3dy. C pocToM CTaka W BO3pACTa y PAOOTHWKOB ITHX MpOodec-
cwit Bemmanabl pucka 113 or IO yeenmmunBarorcs Ha 24,4 n 29,1% coor-
BercTrBenno. Makcumywm pucka mocruraercs npu craxke 30 m Oosiee, mpu
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Bozpacre 50-59 ser (0,334 u 0,292, uro GbLIO OTHECEHO K HEOG/IATONPH-
stHoMy nporHosy). To, uro B momens HUII e Gbuin BKIIOYEHBI Takue
GbaKTOPBI-IPEINKTOPHI KAK KJIMHUKO-(DYHKIIMOHAJIbHbIE, DMOXUMUIECKHE U
COLMAJIbHO-IICUXOJIOIUYECKHUE [10KA3aTe I PAOOTHUKOB, SBUJIOCH €€ OIPAHU-
YEHUEM.

Jlajiee HAMU WCMOJIB30BAIACH MHOTOKJIACCOBAS KJIACTEPU3AIHUs MO CTe-
nersm Tsixkectu 113 or [IO® ra 0cHOBE PEKYPPEHTHBIX UCKYCCTBEHHBIX Heli-
POHHBIX ceTeil ¢ NIIyDOKUM 0OydYeHreM. IMIUPHUIECKOE CPABHEHNE KAYECTBA
oby9eHns W IMOJyIEeHHON TOYHOCTH MPOrHO3UPOBAHUSA OOYCIOBHJIO BBIOOD
apxuTekTypsl cereii. Obydenne momenu pa3sutus BB ocyiecTBisiocs HA
nabope mauHbX n3 200 KIMHWYIECKUX HAOJIOAEHWI TPHU YIMaKOBKE 00ydaio-
mero Habopa u3 12 wabmronenuii. /locTUrHyTas TOYHOCTH TPOTHO33, OTHE-
cennsi pabOTHUKA K KOHTHHTEHTY MPAKTUYECKH 3I0POBLIX W O0MbHBIX BB
6bL1a BhICOKA M cocrasuna 95,7%. B rabnune 1 npeacrasnena koudurypa-
ust KJIACCU(PUKATOPA UCKYCCTBEHHONW HEIPOHHOM ceTH.

B neiipocereBbix momensx passurus [13 or [I®D mamu ncnoib30BaInCh
HE TOJIBKO crenuduyeckrne, HO u HecrenuduIecKue moKa3aTen ODIIEero u
KopakTopHOro marorenesa. Ilokazarenn ObLIN CrPYNIHPOBAHLI B HEHAPO-
[ICUXOJIOTUYECKHE, HEHPODU3NOIOrnIeCKe U COIUATHHO-IICUXOIOINIECKIe
KOMILIIEKChI, KOTOPbIE XaPaKTEPU30BAJIU COCTOSHUE LEHTPAJIbHON HEPBHOI,
nepreprIecKkoii HepBHOM, HEHPOCEHCOPHON CHUCTEM W TOPMOHAJIBLHBIA cTa-
TyC pabOTHHUKA.

Tabma 1
Koudurypammsa kmaccudurkaropa HCKyCCTBEHHON HEHPOHHO ceTn
[Tapamerpst S ~
[Tepsorit | Bropoit | Tpernit | YerBéprorii
KonugectBo neiiporos 10 500 100 2
OYHKIMS aKTUBAITUN - ReLU ReLU Softmax
Yucsio mapaMerpos - 5500 55802 202

Tak xkak B momensx passutuss HCT wmcmonn3oBasics KOMILIEKC Kade-
CTBEHHBIX 3IKCIIEPTHBIX OIEHOK, BBIMOJHEHHBIX MPOMIATOIOraMU, HEBPO-
Jioramu, Heipodu3noIoraMu, KJIMHNIECKAMA TICUXOJI0TaMu, BXOTHON CJTOH
HEHPOHHOIT ceTr (POPMHUPOBAJICS HA OCHOBE HEYETKON HEHPOHHOH MPOTYK-
uuonHoit ceru Banra-Mengens [5]. Crpykrypa cunre3upyemoii Jyis Kjac-
cuduKanuu UCKYyCCTBEHHONW HEHPOHHOM ceru cocrosiia u3 5-6 cioes u co-
JepzKaja CJIOH TMPOPEeKNUBAHUS JTAHHBIX. KOJIMYIECTBO TpEeHUPYeMbIX Tapa-
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MeTpoB BapbupoBajio or 6600 mo 7800. s OTaeSbHBIX KOMIIJIEKCOB Ma-
paMerpoB (DYHKIIMOHUPOBAHUS HEPBHOW CHCTEMBI TOYHOCTH MPOTHO3A IO-
JIYYEHHBIX MoJeseil, 00y9eHHbIX Ha PeaJbHbIX JAaHHBIX, cocTtapmia 70-80%.
Takoit pe3yabTar MOXKHO CYUTATH YIOBJIETBOPUTEbHbBIM.

IIpakTrydeckast peanu3anus sapa MOIEIUPOBAHUS ObLIA BBIMOJIHEH], HA,
6aze dpeiimBopka ML (Machine Learning) komnanuu Microsoft.

3. 3akJrouyeHue

Perpeccuonubie Mosie/IbHBIE UCCIIEIOBAHNS TO3BOJIAIN ONPEIEIUTh OUYe-
peaHOCTh HEDJIATONPUSTHBIX M3MEHEHWIl B OPraHax W CHCTeMax IIPU pPas-
putuu II13 or II®®, nokasanu Hau4ue Ae3aJalTalMOHHBIX IIPOLECCOB B
opranm3Me pPabOTHUKOB, KOHTAKTUPYIONMINX C BUOpAIMel, KaK y JIWI, UMe-
ornmx yxke guaruo3 [13 Ha mMoMeHT 00C/IeIOBaHUS, TAK U Y TPAKTHIECKH
3/I0POBBIX Jinll. BbLIN BhISBIEHBI HAMOOJIEE IYBCTBUTE/IBHBIE BXOIHBIE IT€-
peMeHHbIe, KOTOPbIE MOI'YT OBITH TOJyY€HBbI B XO/€ CKPUHWHTA COCTOSHUS
3J10pOBbs Jinll, paboramiux B KoHTakTe ¢ IIO®. Anpobauus sHTpOIUIi-
HO¥ MO/IeJIM 1IOKA3aJ1a BO3MOXKHOCTH AHAJIU3A 1IAPAMETPOB (DyHKIMOHAIb-
HBIX CHCTEM OPraHu3Ma, yIacTByomux B hopmupoBannn BB B pa3andHbix
KOMOWHAIKSX, 9TO MO3BOJIUT B JAJIBHEHIIEM HUCIOIb30BATH €€ /i 00beK-
TUBU3AINAY MPOrHO3a pa3surus BB u panumonamu3anuy AuarHOCTHYIECKOTO
mporiecca.

Ucnonbzosarnne HUII no3Boimiaa garb MHTErPUPOBAHHYIO OIEHKY PHC-
ka 13 kak mo ormenbHbM (HAKTOPAM, TAK U 10 WX KOMILJIEKCY, OMPEIEIUTh
rpynmbl pucka. Mogenb, ocaoBannast Ha Mmerome HUII, mo3sommia ompe-
JIeJIATH TPYIIbI PUCKA, MPOTHO3UPOBATH BEPOATHOCTH BO3HWKHOBeHHUs 113
DU OTPEIEIEHHBIX COYeTAaHUAX (PAKTOPOB, BHIIEJIATH HANDOJI€e 3HAYNMbBIE
GbakTOphI /I JAJIbHEHIIero BKIIIOYeHne UX B HEPOCeTeBble MOJIEIH.

TounoCTh MPOTrHO3a MOMYYeHHBIX HelipoceTeBbix Momeseit HCT menbe,
qeM HelipoceTeBbix Mozeneit BB. 9To mMoxker ObITh CBSI3aHO C HEIOCTATOY-
HOCTBIO JAHHBIX JIJIsi ODy9U€HHUs, TaK KaK HEKOTODPbHIE MAPAMETPhI UCCIIE0-
BaHUs y KOHKPETHBIX MAIMEHTOB OTCYTCTBOBAJIU MO OOBEKTUBHBIM TPUIHU-
HaMm. B obyuaroreit 1 KOHTPOIbHOM BBHIOOPKAX HAWIYYIIIAM 00pa3oM ObLin
[IPE/ICTABJICHBI IapaMeTPhbl (PYHKIMOHUPOBAHUS EHTPAJIbHON u nepudepu-
YeCKOIt HEPBHOW CUCTEM.

VCnenHocTh UCIoIb30BaHUS MOIEINPOBAHNS JIJIs OIeHKHU pa3putust 113
or IT®D ompenenuno madbHEHIIYIO HAIpaBIeHHOCTH padbor. Heobxommmo
pacCHIupuTh CIIEKTP MTapaMeTpoB, XapaKTEPU3YIONUX Pa3jIndHbie (QPyHKIHU-
OHAJIbHBIE CUCTEMbI OPraHU3Ma U COLUAIBHO-IICUXOJIOINIECKOIO COCTOSHIE
paboTHUKA JJId y4acTusl B MOJAEJUPOBAHWUN, YTO MO3BOJUT JIOMOJHATEIHHO
00y9uTh HEHPOCeTH i TPOTHO30B ¢ O0JIee BBICOKON TOYHOCTHIO. VICmomnb-
30BaHME MATEMATHIECKOTO0 MOIEIUPOBAHNS U WHTEJJIEKTYaJIbHOTO aHAIN3A
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JIAHHBIX TIO3BOJIUT B OyayIieM pa3paboTaTh CHCTEMY TOIEPKKU MPUHATUS
pelenns Bpada B CJA0KHON KINHUYIECKOH 3agate auddepeHnuaabHol 1ua-
rHoctuku 13 or [I®®, ocHOBaHHOI HA NMPUHIHUIIAX TEPCOHATU3UPOBAHHON
mveuipabl. OOydYeHHbIE MOJEIM MOXKHO TAaKXKe HCIOJIb30BATh B KAYECTBE
KOMIIOHEHTOB KCIIEPTHOI COBETYIOIIEH CHCTEMBI TIPU OIEHKE MAaTOreHEeTH-
9eCKU 00OCHOBAHHBIX METO/OB PeabU/IUTAIMH JIUI, TOCTPAJABIINX OT BO3-
neiicteusd I[I®®, garo Tak:ke OyaeT ABIATHLCS HaIlel JaabHERIIel 3a1aqeii.
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PASHOCTHA4A CXEMA IIOBBIIITEHHOTI'O
ITOPAIKA TOYHOCTWU J1JIA
MOJINPUIINMPOBAHHOI'O YPABHEHU{
BJIATOIIEPEHOCA JAPOBHOTI'O IIOPAIKA

M. X. Bemrrokos

Hnemumym npukaadnot mamemamuru u asmomamusayuu KBHI] PAH,
2. Haavuux, Poccus

UcciienoBana nepBasi KpaeBasd 3ajada Jjisd MOAAMUIIMPOBAHHOIO
YPaBHEHMsI BJIATOIIEPEHOCA € ABYMSI OII€PATOPAMM JIPOOHOrO mud-
depenrmmpoBanusa [epacumosa-Karnyro pasubix nmopsaakos «, 3. Ilo-
CTPOEHA PA3HOCTHAS CXEMa IOBBIILIEHHOIO IOPAAKA TOYHOCTH HA
paBHOMEpPHOiT ceTke. MeTomoM SHepreTUIeCKX HEPABEHCTB IS Pe-
mIeHus PA3HOCTHON 339U TI0JIy YeHbl alTPUOPHBIE OIEHKU IIPU Pa3-
JIMYHDBIX 3HAYEHUAX «, 3. VI3 1OJIyYeHHbIX OLIEHOK CJIeAYIOT €JUH-
CTBEHHOCTb M YCTOWYMBOCTH PEINIEHHUs MO MPABOM YACTH W HATAIb-
HBIM JIAHHBIM, & TAKXKE CXOJIMMOCTD PENIeHHs] PA3HOCTHON 3a/1a9u K
peleHuo ucxoaHou aud depeHnmaabHOM 3a/1a91 CO CKOPOCTHIO PaB-
HOW TIOpsiaKy anmpokcumarmn. KiroueBsbie ciioBa: nepeas kpaesas
3a0a%a, anPUOPHaL 0UEHKE, MOJUPUUUPOBAHHO20 YPABHEHUE BAA20-
nepenoca, dugdepenyuarvroe ypasruernue dpobrozo nopadka, dpood-
Haa npouseodnas Iepacumosa-Kanymo.

Bsemenue

BaxkHoii 3aja4deil BBIYUCIUTEIHHON MaTEeMATHKU SIBJSIETCS TTOCTPOEHUE
U WCCTEeOBAHUE PA3HOCTHBIX CXEM BBICOKOTO MOPSIIKA TOYHOCTH, ATMPOK-
CUMUDYIOIIUX ypPaBHEHUs MareMaTudeckoit ¢dusuku. B mociegnee Bpemsi
JIJIST TIOCTPOEHUS YKA3AHHBIX PA3ZHOCTHBIX CXEM WMCMOJb3YIOTCS KOMMAKTHO-
PA3HOCTHBIE CXEMBI, T. €. CXeMbI TOBBIMIEHHBIX MOPSIKOB ANMPOKCUMAIINN
U /WM TOYHOCTH, 3alNCHIBAIOIINECS HA CTAHIAPTHBIX JJIst JAHHOIO ypaBHe-
HUs M1abIOHAX.

[Mocrpoennio U UCCIEIOBAHUIO CXEM IOBBIIIEHHOTO MOPSIIKA TOYHOCTH
LOCBAIIEHbI PaboTbl aBTopos [1]-[3].

VccnemoBanuio pa3andHbIX KPAEBBIX 33734 IJjIs MOAU(MDUINPOBAHHOTO
yPaBHEHNs BJIATOIEPEHOCA MOCBSIIEHBI paboThL aBTopa [4]-[5].
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1. ITocraHoBKa 3ajlauun

B samknyTOM mpamoyrombauke Qp = {(2,t) : 0 <2 <[, 0 <t < T}
PACCMOTPHM 3344y

0%u 02
A% = k(t )ﬁ+Aa{; azg—q(t)u<x,t)+f(x,t), O<az<l,0<t<T, (1)
u(0,t) =u(l,t) =0, 0<t <T, (2)
u(xz,0) = uo(az:)7 0<z<l, (3)
rae
0<co<k(t)<c1, A=const>0, |qt)|<ca,
u(z,t) € C**(Qr), k(t),q(t) € CH0,T),  f(z,t) € C™(Qr),  (4)
t
Qu = e Ik ?Tﬁi’;{)dT, — zpobHag mpousBojHasd B cmbicae Kairy-
0
To mopgaka v, 0 < a < 1, ci = const > 0,i = 0,1,2, 9j,u =

d
Dgju— W,Dmu = F(l ) d f {i=r)7 — /APOOHAS IPOM3BOHAA B CMBIC-

sie Pumana-JInyBuiuisa nopsiaka 7

Ilo xomy m3ioxkenus Oy/eM TaKzKe HCIOJB30BATH MOJOKHATEIbHBIE IO~
crosiHHbIe ynciaa M;, ¢ = 1,2, ..., 3aBUCSIINE TOJHKO OT BXOIHBIX JTaHHBIX
UCXOTHOM 3a/1a49u.

2. YcTOMYNBOCTH M CXOANMOCTHh Pa3HOCTHOM CXe€MbI
Has pemennst 3agaau (1)-(3) mpuMEHHM MeTO] KOHEYHBIX PAa3HOCTEH.
Huig 91010 Ha PABHOMEDPHON CeTKe Wy, = Wy X Wy, rae Wy, = {x; = th, i =
OvNa h = Z/N}a Wy = {tj = jTa .7 = 07 13 "'ajOv T = T/JO} ,D;I/I(bfbe-
perImagsHOi 3amate (1)-(3) mocTaBUM B COOTBETCTBHE PA3HOCTHYIO CXEMY
nopsiika anmpokcumarmi O(ht 4+ 72) npn a = B u O(h* + 72~ max{@hh) npy

a7 B[4, (7], [8]:

OtJ+,,th = ayx:n + AAOt Jto Yz d%hy + Hh% (5)

y =y =0, t €w,, (6)

y(z:,0) = uo(x;), x € wp, (7)

rae Agtj+a 2 7) Z CE'Y Z)yt JUCKPETHBIH aHAIOr APOOHOHN TPOU3BO/I-

HOH FepaCI/IMOBa—KaHyTo nopsanka v, 0 < a < 1, obecnednBaroNnuii HOPAI0K
TOYHOCTH 0(73_7), a =k(tjto), & =q(tjro), ¢l = f(@istjte)
2

thz (y1+1+10y1 +y1 1) ny-l—ﬁyéxﬂ, 1= 1,...7]\]—17

12
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1—v 1—v
a(()’v,a) — o, al(’Yv”) = (l + o’) - (l -1+ 0) , 1>,

. 1 - 91 _ _
b = s [(+0)2 77— (1=1+0)? V}fi[(zw)l TH(I-140) ] 12

-
npu j = 0, céV o) = aé”"’);
( —|—b7’ , s =0,
mpu j >0, ) = “ >+b§+1> b7, 1<s<j -1,
g'v o) b;’“'), s =7,

7> 1Tv(s +0)77>0,0=1- % Y=oy T+ (1 - o)y

Teopema 1. IlycTb BBINOJHEHBI YCIOBUS OMPAHUYEHHOCTH U TJIAIKO-
ctm (4), a TAKIKEe BBINOJIHEHBI YCJIOBHS COMPSIYKEHUs] TPAHAIHBIX U HAMATb-
Hbix ycaosuii (2), (3) ¢ ypasaenuem (1), TOrjga cyuecrByer Takoe Tg, UTO
ecn T < Tp, TO JUIA PelleHHust pasHOCTHON 3atadu (5)-(7) cupaseiusb
AIpPUOPHBIE OIECHKU:

1. B caygae, xorga o > (:

JHL12 <
I3 3, 1P+ s 1B ®
2. B ciyuae, korga a = (:
197 B Mo 15°Brgan+ s 1) )
ve 1y 1y 0. = Iy? THIE+HlIvg 13-
3. B ciyuae, korma a < (:
It 12<
17113 M4 121+ s el ). (10)

rme My, My, M3 = const > 0, He 3aBucaine ot h u .

Jlokasamenvbcmeo. ANpHOpHBIE OIIEHKYU HANIEM METOJIOM SHEPreTH-
9ecKuX HepaBeHCTB. /lJisi 3TOro BBEEM CKaJsIPHBbIE ITPOU3BEIEHUS U HOPMY:

N—-1
v) =Y wih, (u,u) = (1,u2) = [lul-1)3= Jull?,
=1

N
v] = Zuivih, (1,u?] = ||u]|2.
i=1
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TMosyunM HEKOTOpBIE BCIIOMOTATEIbHBIE HEPABEHCTBA, C YIeTOM JIeMMBI 3 [8,
c. 109]:

) = (14 e ) = o - (125 we?) 2 (107 302) =
Y, rY) = Y,y 12y:E:E =YY 712 Yz - Y Sy -
2 2

=(1,24%) = Z|ylI2. 11
(1.52) = 0wl ()
Rr\® 212 h
1 2 Lo? + 2 gy _
,<y+ 12%) ( W 5 +144ym>

2h2 5 h?
1, — .
13 sroro cnemxyer

oy _ (1 207 2 W\ > h
(1,9%) (1, 7 W) ) < | L v+ Sy < (L,y°) + 1144ym :

Torma 3 moceIHErO MOTYIUM HEPABEHCTBO

(Ly?) - ; (1,y%) < <1, (y+ T;ym) > < (Ly*) + é (Ly%).

Urax,
1 10
i< Il 2w, (12)
Haiiném Tenephb almpruOpHYIO OIEHKY, JIJIS 3TOTO BOCIIONB3YEMCH METOIOM
SHEPreTHYECKUX HEPABEHCTB. Y MHOXKUM TOra ypaBHeHue (5) CKaJgpHO Ha
th(a)
( 6110 Hnys Hay'” ) = (ayé?,th(")) + (AAgtHaym,th(")) —
— (dth("%th(")) + (HhSD7th(U)) : (13)

ITpeoGpasyem cymmbl, BxOasIme B ToxkaectBo (6), ¢ yuerom (6), (4), (5),
semmbrt 3 [8, ¢. 109] u nemmbr 1 [§]

1
(85, o o) = 2 (1,86, (Haw)®) = 586 [l (14)

(ayi‘;)ﬂ'lhy(“)):(ayi‘?,y("“r yi‘?) ( (v) }
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ah - - 20
+ (S (1)) < ol B S 221 a9

A
(AAgtHf,yi’xath(g)) < - ( Agtﬁf, (Y= )2} +

Ah?

Ah? A
+<247A62.+c, <ym))<— Ao, Wallo+ g Do, lysa 6

A A A
T 15 8] STV A G
2
- (dth(”),”th(“)) < (d, (’th(”)) ) < ool Hay I3 (17)

o 1 o 1
(np 1y ) < Sy I3+5 1Mol (18)

ITpuanumas Bo BHUMaHWe npeobpasopanus (14)-(18), 3 (6) nHaxomxum

Ao, I HY IR+ E+AG, ., vzl < MillHiy ) [3+Mol a3 (19)

0tjto

Mepenurmem (19) B apyroit dpopme
AG MR+ 3+, lys]B<
< MF | Hpy HI3+MT | Hay? 15+ M| Hae 13- (20)

Cuyyaii 1. ITycte o > 3, Torga Ha ocHoBaHum JieMMbl 7 [6] u3 (20)
nomyaaem || Hpy HL||2< M5(||7-[hy0||3—|—01<na)<< ||7-lhapj/||(2)>7 W3 TIOCJIe/THETO C
<J'<g

ydaerom (5) HaxommM (8).

Curyyaii 2. Ilycre o = 3, Torna Ha ocHoBaHuM JeMMbl 7 [6] n (5) u3
(20) momydaaem (9).

Cnyqaﬁ 3. Ilycrb a < f3, roraa ¢ yuerom siemmbl 1 (5) u3 (20) nosyva-
em Aot +<,||?/:v]|0< M ||yLt 13+ M ||y2] |3+ Ms||p||2, 3 wero wa ocrnoammm
JieMMbl 7 [6] morydaem (3). W

N3 nonyvennsix oneHok (8)-(3) ciaeyior eMHCTBEHHOCTH M yCTOHYHU-
BOCTH peutenus cxeMbl (5)-(7) 10 HAYAIbHBIM JAHHBIM U [IPABOH 4acTH, &
TakKe cxoxmmocTh perenus (5)-(7) k permennto nexomuoit 3amaqn (1)-(3)
TaK, YTO CYIIECTBYET TAKOE T, YTO NPH T < Ty CHPABEIIMBbI OIEHKH:

1) [|y?7 ! — wHH2< My (h* + 72 max{@f}) 5 coryuae, xoraa o > B;

2) 57+ — w3+ — W< Mg (h +72) b caysae, xonaa
o= 5 |

3) Iyt — w1 3< My (h* + 72 maxtef}) b cnyuae, korma o < B,
rme Mg, Mig, M11 = const > 0 3aBUCAT TOJBKO OT BXOJIHBIX JAHHBIX 33 a4
(1)-(3) u He 3aBUCAT OT MAPaMETPOB CETKHU h U T.
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3akJiroueHue

Hacrosmass pabora mocBsIiieHA H3YyIEHHIO IMEPBOM KPAaeBOH 3aaadm
Ui MOAUMDUIMPOBAHHOIO YPABHEHUs BJIAIOLIEPEHOCA C ABYyMs OIIEPaTOpPa-
Mu apobuoro muddepeniupopanus ['epacumoBa-KamyTo pa3HbIX MOPsIKOB
«, B. ns npubnmKeHHOTO pellieHns MOCTABIEHHON 3a/1a91 Ha, PABHOMEPHOM
CeTKe TIOCTPOEHA PA3HOCTHAS CXEMA BBICOKOTO MOPsiIKa TOYHOCTH. MeTomom
SHEPIeTUYECKNX HEPABEHCTB I PEIleHrs] PA3HOCTHON 3aJa4u IT10JTy YeHbI
AIPUOPHBIE OIEHKU [PU PA3IMYHbIX 3HaYeHUusdX «, 3. VI3 nosmydeHHbIxX ore-
HOK CJIEIYIOT €IWHCTBEHHOCTH U YCTOWYMBOCTH PEIIEHHs MO MPAaBOil 4acTh
¥ HAYAJIHHBIM JAHHBIM. B TIpennoioKeHnn CyIeCTBOBAHNS TOYHOTO Perle-
HUs B KJIACCE IOCTATOYHO IIAAKUX (DYHKIWH, 8 TaKXKEe B CUJIy JIMHEHHO-
CTH PACCMATPUBAEMOI 33/1a491 MTOJIY Y€HHbIE OIEHKH [TO3BOJISAIOT YTBEPXKIATh
CXOIMMOCTDH MPUOJINKEHHOI'O PEIIeHns K TOYHOMY PEIIEHHUIO CO CKOPOCTHIO
OMh*+72) npu a = B u O(h* + 727%) mpu a # B, vie a, B— TopsaIKH
JIpOOHBIX MpOoM3BOAHBIX lepacumosa-KamyTo.
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MATEMATHUYECKOE MOJIEJINPOBAHUE
U3TUBA N30TPOIMHBIX HAHOIIJIACTHH B
PAMKAX HEJIOKAJIbLHOI TEOPUU
TPAINEHTA JTE®OPMAIINN

O.B. T'epmuznep, B. H. TTomor

Ceseproti (Apxmuneckuti) Pedepanvrnt ynusepcumem umenu M. B.
Jomonocosa, 2. Apzanzeavck, Poccus

B pamkax mesioKajbHOM Teopum rpajmeHTa aedOpMaIdA [IPEJIo-
JKEeH HOBBII IIO/IX0/T K IOCTPOEHUIO PEIIEHUS 331291 MO/IEIMPOBAHS
u3ruba U30TPOITHON HAHOILIACTUHBI IIPU JIEACTBUM HOPMAJILHO Pac-
LPEJIeJICHHOM 110 II0BEPXHOCTU ITON LJIaCTUHBL HAIPYy3Ku. Pemenue
HEOIHOPOAHOTO AuddepeHIaIbHOT0 yPABHEHNS B YACTHBIX IPOU3-
BOJHBIX JjIs U30TPOMHON HAHOILIACTUHBI TI0OJIy9€HO B BHUJIE YaCTUY-
HOM CyMMBbI JBOMHOIO Psijia 110 MHOro4ieHaM JebbluiéBa 1epBoro
poma. B kadecTBe TOYEK KOJLIOKAIWI WCIIOJH30BAHBI KOPDHU STHUX
MHOTO4YIeHOB. KJIIoueBble CJIOBa: HEAOKAADHAA MEoPus 2padi-
enma depopmayuu, modesuposarue u3zuba HAHONAGCTIUH, MEMOOD
KOANOKAUUY, MHO20UuAeHD, debvuéea nepeozo poda.

Bsenenue

MHuKpO- 1 HAHOCTPYKTYPHBIE KOMITOHEHTHI, TAKHE KaK MIACTHHBI U 000-
JIOYKH, HAXOAAT IMINPOKOE MPUMEHEHHE B MUKPO- ¥ HAHOITIEKTPOMEXaHHIe-
CKHUX CHCTEMaX B KA4eCTBe JATIYNKOB BUOPAIWH, €TEKTOPOB ATOMHO IIBLIH,
pesonaropos [1]. Knaccugeckue momenu, ocHoBanuble runoresax Kupxro-
da, HeMPUMEHNUMBI [JIsT ONMCAHUST COCTOSTHUSI HAHOTIACTHH, TIOCKOJBKY B
HUX HE YUYNTBIBAETCS BHYTPEHHSIsI CTPYKTYDPa MaTepraja IUIAcTuH. B cBsa3n
¢ otuM B [2] u [3] cornmacHo HeOKANBHOI Teopun rpaguenTa gedopmanun [4]
PacCMOTPEHBI MOJEIH, KOTOPbIE MOTYT yYUTHIBATH MUKPOCTPYKTYPHBIE 3(-
dexrsr. B [5] ¢ ucnosnb3oBanueM BapHalMOHHOIO IPHHININA IPUBEJEH Bbl-
BOJI, TDAHUYHBIX YCJIOBHH JIJIS KPAEBON 3a/1a9M MOJEJINPOBAHUS M3rnba Ha-
HOTJIACTHHBI, KOTOPbIe OGOOIIAIOT KJIACCHYECKHE IDAHWYHBIE yCIoBus [6].
B [7] npencraBiieHbl pe3yabTaThl MOJEINPOBAHHUS CTATHIECKOrO U3rnba Ha-
HOIJIACTHH C PA3IMIHbIMA KOMOMHAIMSMU PAHUYHBIX YCJIOBHI IIPOCTOTO
OLIMPAHUSs, 3AEMJICHUS U CBOOOJHOIO KPast C HCIOIb30BAHUEM LIPE0OPa30-
Banmsa Dypne.

Pabora nogaep>kana rpantom Poccuiickoro HaydHoro ¢ouga Ne 24-21-00381
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B npescraBiennoit padore mpe/jiaraeTcsi HOBBIN MOAX0J, K ITOCTPOEHUIO
pelliennst 3aa91 MOJETMPOBAHUS U3rHOA W30TPOIMHON HAHOILIACTUAHBI MDA
JefiCTBAUU HOPMAJIbHO pacClpeneeHHON 0 HOBEPXHOCTH 3TOH IJIaCTUHBI Ha-
IPY3KH € UCIOJIb30BAHHEM MHOIO4/IeHOB 1ebbIméBa mepsoro poga. Pemenne
HEOIHOPOIHOTO audDEPEeHINATBHOIO YPABHEHNST B YACTHBIX MTPOU3BOIHBIX
IIECTOrO MOPS/IKA JJis H30TPOMHOM HAHOIIACTHHBI [3] 3amuceiBaercs B BIe
YACTUYIHON CyMMBI JBOMHOTO Psifia IO MHOrO4IeHaM UeObIméBa mepBoro po-
na. B kagecTBe TOYeK KOJLTOKAIUI HCITOIH30BAHBI KOPHH STUX MHOT'OYJIEHOB.
HUcciteroBanne OCHOBAHO HA [IOJIOXKEHUAX TE€OPUU HEJIOKAJIHHOIO I'DAIUEHTA
nedopMaIii BTOPOr0 MOPSIIKA ¢ BAPWAIMOHHO COTJIACOBAHHBIMU TPAHUY-
HBIMHU YCJIOBUAMH HA CTOPOHAX HAHOILJIACTUHBI.

1. TTocranoBka 3amaun. O6Ie MOJOXKEHU

Paccmorpum 3amady momenupoBanus u3ruba W30TPOIMHON MPAMOYTOJIb-
Hoit nanomnactunbl (0 < z < dj, 0 <y < ds, —h/2 < z < h/2), koropas
HAXOUTCs 1107, AeHCTBUEM LOIEPEYHON HAIPY3KU UHTEHCUBHOCTLIO ¢(Z,Y).
3aech h — TommuHa HaHOmIACTUHBL [IpuMeM CpeauHHYIO IIOCKOCTH HEme-
dbopMUpPOBAHHOW HAHOIIACTUHBI 3 MJIOCKOCTh TY; OCh 2 HAITPABUM B CTO-
pPOHY HeHarpy KeHHO# BHeIHel niaockocTr. OObeMHBIMH CHJIAMY ITpeHeOpe-
raem. B paMkax MOIeTH OTPUIATETHHOrO IPAInEHTa 1edOPMAIIH BTOPOrO
MOPS/IKA TIPU IJIOCKOM PACIPEIEIEHIE COOTHOMIEHNST MEXKY KOMIIOHEHTA~
MU Halpsikenusi ¥ jeOpPMAIUK B JIEKAPTOBBIX KOOPJAMHATAX T U Y UMEIOT
cienyrommit By, [3]:

o = ———(ex +vEy) — 2 Aey + vey),

1—v 1—0v2

E E
oy = m(sy +ve,) — l2mA(5y +ve,),
E 2

ar1 . N lzy T 7A3:7
24w o Uy A

Try
rie o, U 0y — KOMIIOHEHTbI HOPDMAJIbHOIO HaUpsKeHud, £ u v — MOIyJb
Oura u xoadpdunuenr Ilyaccona , COOTBETCTBEHHO, T,y — KOMIOHEHTa Ka-
CaTe/IbHOIO HAIIPAMKEHUHA, Vyy — KOMIIOHEHTA JedopManuu cusura, A — one-
parop Jlamnaca, | — HEJTOKATBLHBIN MapaMeTp, OMPEAeaIIONIN MUKPOCTPYK-
TypHBIE 3DDEKTHI.
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Wszrubarorrme M, n M, n xpyTamnmit M, MOMEHTHI OIpe/esigeM depes3
dyukmo usruba w(z,y) [3]:

2 2 4 4 4
M, = D(a +ua°;)+12D<a +v 0w (1+u)7aw >,

0x? Oy ozt oyt 0x20y>?
62 82w 2 84 84w 0w

82w 0w 0w
M, = D(1 —v)=—— —I°D ,
Y (1=v) Oxdy (8m38y + 8y3(‘3x)

rae D — nuinHprudeckas JKeCTKOCTh IIACTHHBI [6]

Eh?

D= —1——.
12(1 — v?)

B sTrom cayuae quddepernpanbHoe ypaBHEHNE B 9ACTHBIX TPOU3BOIHBIX
JIJIsl OIPeJIeNIeHusT M3rnba M30TPOIHON HAHOIIACTHHBI HMeeT Buj, [3]:

D @4_2 84(,0 _|_847w _
ozt 0x20y? Oyt

0%w 0%w 0%w 0%w
- I’D | — —— | =q¢ (1
<8x6 + 389543312 + 38y4ax2 * 8y6> ¢ (1)

[JIe BTOPOe CJIaraeMoe B CKOOKax v [2D 0byCc/IOBIeHO HEJTOKATbLHBIM 3bdek-
rom. Paccmarpusaemoe ypasnenue pasuosecus (1) siBisiercs nuddepeniu-
AJIbHBIM yPABHEHHEM B YACTHBIX [IPOM3BOJHDLIX MIECTOIO IHOPSJIKA, HOITO-
My JJIsST HAXOXKJIEHWS ero perneHus HeoOXOAMMO 33JaHUsT TPeX TPAHUIHBIX
yCIIOBH HA KaXK/I0f CTOPOHE IJIACTUHBI. B CBs3u € 3TWM B JOMOJIHEHWE K
KJIACCHYECKUM TPAHUYIHBIM YCJIOBUSAM [ KOPPEKTHO TOCTABICHHON Kpa-
€BOIl 3a/[a4K MOJEUPOBAHUS U3TU0A HAHOILIACTUHBI B PAMKAX HEJIOKAJb-
HOW TEeOpUu I'PAJUEHTA BTOPOrO MOPS/IKA JIOJKHDBI ObITh yJIOBJIETBOPEHBI U
HEKJIACCUYIECKHE TPAHUYHBIE YCIOBHSA. B 9acTHOCTH, IS 3aIleMJIEHHON 1o
BCEMY MEPUMETPY HAHOIIACTUHBI KJIACCUIECKUE TPAHUIHBIE YCIOBUS UME-
o1 BUJ [6]:
Ow

w , O 5 X , U1,

dw
dy
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HEKJIACCHIeCKue yCJIoBus [7]:

3 3
12D(8w+u 0w >0, z=0,d,

ox3 Oz y>

Pw OBw
PD(=—+v——] = =0, d.
<8y3 + 1/63328’!]) 07 Yy 07 2

i1 mapHUPHOro 3aKPeIIeHns: Ha CTOPOHe HAHOILIACTUHLL £ = () mmeeM
corytacuo [7]:

0w
w=0, 3==0 a=0,
0w 0w
D (axz + ”ayz) *
0w 0w O*w
2 — — —_— — p— p—
+ Dl (5m4+yay4+(3 V)3x26y2) 0, z==0.

2. ITocTpoeHne perieHnsi KpaeBoil 3aadu

s HaxXOXKieHus perieHust KpaesBoil 3a1aun ypasuenue (1) u rpanumd-
HBIE YCJIOBHsSI NMPUBOAMM K 0O€3pa3MEPHOMY BHJY IOCPEICTBOM BBEJEHUS
r* = x/dy, y* = y/di, I* = 1/d1, ¢* = q/q u w* = wD/(qod}). Packna-
JbpIBaeM Oe3pasMepHyio GpyHKIuIo u3ruda w* 1mo MHOrowenam JeObImésa
nepsoro pozxa {7}, (x;) = cos(j;arccosx;), (ji = 0, 1,... n;; i = 1,2)}, rme
MEPEMEHHBIE T'1 W To ONMPEIENAIOTCS 9€pe3 T W Y CJEIYIOIUM 00pa3oM:

2 2
=—z-1 = —y—1.
dlff , L2 d2y

OYHKIINIO w* HAXOIUM METOIOM KOJIIOKAIIMH C UCMOJIB30BAHNEM KOPHE
MmHOrouseHoB Yebbiména nepsoro pofa Ty, 1+1(2;) B KauecTBe TOUEK KOJIJIO-
Karun [8]

2n; — 2k; + 1
T;k, = COS M , ki=0,1,...n45 1=1,2.
o 2(n; +1)

3akJiroueHne

€1

B pabore mpeaoyken HOBBIH MOAXO, Il PEIIEHNs 33,1a91 MaTeMaTHIe-
CKOI'0 MOJIE/IUPOBAHKS U3rHOA U30TPONHON MPIMOYTOJIbHON HAHOILIACTHHbI
IpU AeHCTBAM HEIPEPBIBHO PAaCIpPeNeIeHHON HArpy3KU C UCIOJIb30BAHHEM
mHOro4YIeHOB UebbiméBa. B paMKax HEJOKaIbHONW MOJETN I'PAJUEHTa Je-
dbopMaIy MOIyYeHbl PACIPEIe/IeHNsT U3rndAIOIMX MOMEeHTOB. it Bepu-
dbuKaIMu MOy YEHHBIX PE3YIbTATOB ITPOBEIEH P BEIYUCIUTETBHBIX JKCITE-
PUMEHTOB.
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MO/JEJINPOBAHUE NHTEHCHUBHOCTEN
TPAHCIIOPTHBIX IIOTOKOB JJIS MOAYJIA
BAJINJAIINN KOMIIJIEKCA MARLIN24

T. . Tucaenko

Cubupckuti gedeparvrviti ynusepcumem, 2. Kpacnoapck, Poccus

B craTbe mpeacTaBiieHbl pe3y/IbTaThl pa3pabOTKU MOIYJIST BAJIHIA-
muu g nporpaMmmuaoro komiiekca MARLIN24, npennasaadenaoro
JJIsl aJIAIITUBHOrO ynpasJeHus cserodopubivu obbexkramu. CTpyk-
Typa KOMILJIEKCA, BK/IIOYAET UMUATAIMOHHBIN MOIY/Ib «pa3yMHBIH BO-
murenby (Intelligent Driver Model, IDM), koTopsiii mcmonb3yer
JaHHble 00 MHTEHCUBHOCTH JIBUXKEHUs Y€Pe3 [IeTeKTUPYEeMble yIacT-
KU [IOPOYKHOHN CeTHU. DTO U MOCTYKUIO CTUMYJIOM JIJIst CO3TAHUS MO-
JIeJI, YYUTHIBAIOIEH 3aBUCUMOCTD BXOJHBIX MHTEHCUBHOCTEH MBU-
xkenuda. B xome paspaborku momyss Bammmanuu B pabore [8] Gbur
TPEJIOKEH METOI, KOTOPBIi MO3BOJISI MOJEJNPOBATH KOJTUIECTBO
MAallliH, [TPOEXABIIUX Yepe3 IMONEePEeYHOe CeYeHMe ydacTKa J0POru
3a (buUKCHPOBAHHBIN IPOMEKYTOK BpeMenu. Jlanubrii mogxon ob1a-
JaJT CYyIeCTBEHHBIM HEJ0CTATKOM: MIPUXO/MIOCH YIUTHIBATH CBA3b
mara CUMYJISIAY UMUTAIMOHHON MOMENN W JJIMHY WHTEpPBaja Ha-
O/II0feHNs 1P IIOCTPOEHUH MHTepecyomeil Hac craructuku. Ilpe-
WMYIIECTBO MPEICTABIEHHOTO B TEKyIIeil paboTe moIxX0oqa 3aKI0va-
ercd B PACCMOTPEHUN BPEMEHHBIX IMPOMEXKYTKOB ME¥K/Ty MOsIBJICHU-
eMm aBroMobmiteil. B pabore npecraBiieHbl Pe3yIbTAThl IUCIEHHBIX
9KCIIEPUMEHTOB TI0 MOJETNPOBAHIIO MHOTOMEDPHBIX pacIpeaeeHnit
MHTEHCUBHOCTEHN [IBUXKEHUsI HA OCHOBE MaPrUHAJILHBIX IMIUPUYIE-
CKUX PACIIPE/IEJIeHHIT, [I0JLyY€HHbIX C OLTUYECKUX JETEKTOPOB I'O-
pona Kpacuosipcka B nepuoz ¢ 2019 no 2020 roz.

KumrouesBsle cioBa: xonyas Mapwanna-Oakuna, memoodv, Monme-
Kapao, unmencusnocmu mparcnopmuoss nomoxkos.

BBemenue

PazpaboTka u BHEIpEHNE MPOrPAMMHBIX U MATEMATHIECKUX WHCTPYMEH-
TOB JIJIs MOJIE/TUPOBAHNS TPAHCIIOPTHBIX MOTOKOB U YIIPABJI€HUsT CBETOMOP-
HBIMEA OOBEKTAMU JJIsi HAnOOJIee HATPYKEHHBIX YYACTKOB IOPOXKHOM ceTn
YYUTHIBAET OOIECOIMAIbHBIE EJIeBble OPUEHTUPHI: TOABUXKHOCTD Hacese-
HUsl, CHH2KEHUE aBAPUITHOCTH, PUCKOB U yrpo3 06e301acHOCTH TPAHCIOPTA.

Pabora nognep:kana KpacHOAPCKMM MaTeMaTHYeCKHUM IEHTPOM, (DUHAHCUPYEMBIM
Muro6praykn P® (Corsnamenne 075-02-2024-1429).
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B pa6orax [2, 1, 3] 6bl1 peann30BaH KOMIIJIEKC MPOrPAMMHBIX CPEJICTB
MARLIN24 jis1 aganTuBHOTO yrnpaBjieHus CBeTOMOPHBIMEA OObEKTAMHE, KO-
TOPBIN PEIIAeT 33434y PA3TPy3KU TPAHCIOPTHBIX Y3JIOB.

st npoBejieHUs YUCIEHHBIX IKCIEPUMEHTOB CPABHEHUs IOKA3aTesel
sbdexrurocTn ynpasiaenns MARLIN24 [1] 6bu1 paspaboran Mozyas IDM
(Intelligent Driver Model, IDM) [4]. B crarbe mpemmaraercst cnocod 3a/a-
HUsI BXOJHBIX JIAHHBIX MOJETH, UCHOJb3Y 0Nl 3aBUCUMbIE WHTEHCUBHOCTH
JIBU2KEHUS, JJI €10 BAJIMJIAINMN.

1. MogaesnmmpoBaHue OBUXKE€HUSI TPAHCIIOPTHBIX CPEJICTB

Cucrema ypaBHEHHIl, ONUCHIBAIOIINX TEKYILYI0 CKOPOCTD 4-I0 aBTOMOOH-
s w paccrosiane 710 (i — 1)-ro aBromobusst B Mogenn IDM wmeer Bu:

0
i i * (v;Av;
wi _ 1_<v> g (i) ) 1)

dt Vo,i S;
’UiA’Uq;
vV Qaibi ’

rae So; = 4M — MUHHMAaJbHAA JKejlaTesbHad JUCTAHIUA MEXKIy ¢ U 4 — 1,
Vo, = 14%4 — MaKCHUMaJIbHasl 2KeJlaTejibHas CKOpPOCTb 4, 6 = 1 — KomIio-
HEHTa yCKOpeHus, 1; = l¢ — BpeMs peakiuu ¢-ro BOIUTENS, Q; = 1,446—”2’
— MAaKCHMaJIbHOE yCKOpeHue i, b; = 8, 610—% — KOMGOPTHOE YCKOPEHUE TPU
TOPMOKEHUN BOJAUTENS ¢, §* — BO3MOYKHOE PACCTOTHUE MEXKIY ¢ U ¢ — 1.

5" (v, Avy) = 80, + 0T +

(2)

2. MOﬂeJ’II/IpOBaHI/Ie MHTEHCUBHOCTEM TPAHCIIOPTHBIX ITOTOKOB

Berrre 6b11a ipuBeieHa MOIEIb IBUKEHUS I8 Ka2XKI0T0 TPAHCIIOPTHOTO
cpescrBa o oreabaocTr. OUUIeM ABUKEHHE TPAHCIOPTHBIX MOTOKOB.

Bynem paccmarpuBaTrh TPAHCIOPTHBIA MOTOK KaK OPAMHAPHBIHN CIydaii-
HBIN TTOTOK CcOObITHIT. VI3BECTHBI MOIE/N, OMUCHIBAIOIINE IBUKEHNE TPAHC-
MOPTHBIX TTOTOKOB, HA sI3bIKE TEOPUHM MacCOBOro obciy:kuBaHus [5, 6, 7).
Kak mpaBujo, nCnomb3yoTcs MpemnoioKeHns O TOM, 9YTO 3aKOHBI pacipe-
JeJIeHus CAydallHbIX BeJUYWH, OINUCBHIBAIONINX BPEMSA MeXKJy MOgBIEHUEM
TPAHCIIOPTA, IIPEJICTABUMbI B BU/l€ SKCIIOHEHIIUAJIbHBIX paclpeje/eHuit.

Paccmorpum siuneitnbiil y4acToOK JOPOrd € JIByMs THUIIAMH ABTOMOOH-
Jieif, KOTOpbIe 3aJai0TCsl TOUYKAMM HA TOM ydacTke. ABTOMOOHIN TIepBO-
ro THUTA ABUXKYTCA C TOCTOSHHONW CKOPOCTBIO Vg,1, & ABTOMOOHIN BTOPOTO
THTNa — C HOCTOAHHON CKOPOCTBIO Vg 2, T Vg1 < Up,2. IlogBmenne Tpamc-
MIOPTHBIX CPEJCTB IIePBOr0 THIIA B 30HE, 0DOPYAOBAHHON ONTUYECKUMU /1A T-
YUKAMH, H, COOTBETCTBEHHO, BPEMS M€K/ 1y OOHAPYKEHUAMH TPAHCIOPTHHIX
CPEJICTB SABJIAETCA CIYYaitHON BEJIMYMHON, NMeIOIeit 3aJaHHOe paclpeaese-
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uue. Ilycrb MejieHHble aBTOMOOUIM (BTOPOrO THIA) PACIIOJIOXKEHBI B TOY-
KaX Top < X1 < -+ < X < P41 < ... OTH aBTOMOOUIN IepeMeIarnTcd
6e3 CTOJIKHOBEHUHN M «B3aMMOIEHCTBYIOT» C OCTAJIbHBIMHA TPAHCIIOPTHBIMA
Cpe/ICTBaMU IIPY COBIQJICHUU WX KoopauHat. Bosiee 6picTphble aBTOMOOUIN
OOTOHSIIOT MEJJIEHHBIE B TTOPSIIKE 0UE€PEIn, CKOPOCTh TPU OOrOHE U3MEHSET-
cs corsacHo (1) m paBHA Vg 1. OOrOHBI IPOUCXOAST Yepe3 BpeMeHHbIE IPO-
MEXKYTKH, KOTOPBIE PACIPEIETEHBI 110 IKCIOHEHITHATHHOMY 3aKOHY.

B mannoit pabore 1o MHTEHCHBHOCTHIO TPAHCIOPTHOTO TOTOKA Oyaem
[IOHMMATH YUCJI0 ABTOMOOMIIEH, [IPOE3KAI0IINX YEPE3 IOIEPEIHOE CEYCHHE
yYaCTKa JIOPOYKHOI CETH B €IUHUILY BPEMEHH, a O] CPEIHECY TOYHON WHTEH-
CHBHOCTBI0O — YCPEIHEHHOE KOJUYIECTBO MAINWH O pabOYMM THSIM B TeUe-
Hre roza. Paxee B pabote [8] mpu onucaHWN HHTEHCHBHOCTH TPAHCIOPTHOTO
ITOTOKA HCIOJb30BAJIACH CTATUCTKA, OIMUCHIBAIOIIAS KOJUIECTBO MariuH. B
TeKyIeil pabore HCIOIb3yeTCs BEJMYWHA BPEMEHHOIO MHTEPBAIA MEXKLY
MPOE3IOM JIBYX ABTOMOOWJIEH Uepe3 CeYeHre yIACTKA JTOPOKHONW CeTH.

Paccmorpum ofuH 13 BO3MOXKHBIX TIOJIXO/I0B BBEJIEHUS B MOJIEIb 3ABUCH-
MBIX CJIy9aiiHbIX BeJInarH. B OCHOBE MOIX0/1a JIEXKUT UCIIOJIH30BAHNUE IBYTIa~
pamerpuueckoii koiyibl Mapiiaina-Ounkuna [10] miig coBmecTHOrO pacmpe-
JleJIeHUsI BDEMEHHbIX MHTEPBAJIOB MOABJIEHIS aBTOMOOUIIEN JJId ABYX [TOJIOC.

IIycre cayuaiinas semmanna X ¢ dynknmeii pacupenenenus F(x) u cy-
vaiinas BeanunHa Y ¢ dbyHkuueit pacinpenenenusi G(y) OMUCHIBAIOT BpeMeH-
HOP MHTEPBAJI MEXK/Iy TTPOE30M IBYX ABTOMOOWJIEH Ye€pe3 CEUIeHNE TeTEKTH-
pyeMoro ygacrka Ha mosocax 1 u 2 coorsercrsenno. ITo Teopeme Ckiisipa [9]
cOBMeCTHYTO (DYHKIHIO PACHPEIETIeHNsT MOXKHO MPECTaBUTh Komyaoi C

Hxy(z,y) =C(F(z),G(y), Ve,yeR (3)

Hanee 6ymem mCIOMB30BATH ABYIapaMeTPHIECKyto Komyay Mapiama-
Oukuna [10, 11] ¢ koadduuuenramu 0 < «, 5 < 1

Co.p(u,v) = uvmin (u™*,v="). (4)

MopenupoBaHue 3aBHCHMBIX PACIPEIEIeHN CPeJHECY TOYHBIX HHTEH-
CUBHOCTEH COCTOUT U3 CJIEYIONMX ITAMOB: 1PEA0OPAdOTKU JIAHHDBIX, UMHU-
TAIMOHHOTO MOJIEIUPOBAHUS BPEMEHHBIX HHTEPBAJIOB U BHIUUCICHUS YUCTIA,
MOJIYYEHHBIX WHTEPBAJIOB, BXOJANINX B 1-CeKyHIHOE pa3OueHwve.

DTamn mpegodpabOTKX BKIIOYAET OIEHUBAHUE TIJIOTHOCTH PACIIPEIEICHITH
caydaitabix BeuduH X U Y, KOTOPbIE OIMUCHIBAIOT BPEMEHHBIE WHTEPBAJIBI
MEXKJIy TOSBJIEHUEM TPAHCIOPTHBIX CPEACTB Ha 110JI0caX 1 1 2 COOTBETCTBEH-
1no. Ha mepBoM miare cTposiTCst siIepHBIE ONEHKW TIJIOTHOCTH C UCIOIh30Ba-
HreM siapa Enanednnkoa [12]. 3arem mesaercst ynpomuiaroriee mpemnoaoKe-
HUE, 9TO KaXKIas M3 PACCMATPUBAEMBIX CJIyYAMHBIX BEJIMYUH MOMKET OBbITh
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IpejicTaBjIeHa B BH/I€ CMECH SKCIIOHEHIIMAJIBLHOIO ¥ HOPMAJIBLHOIO PacIipee-
siennit. [Tapamerpsr cMeceit onpeesisorcs ¢ nomouisio EM-anropurma [13].

Pezysbrarst srana npenobpaborku Ha 10-it ureparmu EM anropurma u
BHU/I MAPIUHAJbHBIX ILJIOTHOCTEH pacupeseseHuil cirydailupix Bemaud X u
Y npusenennt na pucynke 1a) u pucytke 16) COOTBETCTBEHHO.

s 3rana MMHTAIMOHHOTO MO/IEJIMPOBAHUS BPEMEHHBIX HMHTEpPBAJIOB
ObL1a  paszpaborana MOAMQUKAINS METOAa JUCKPETHOW CYMePIO3UINN
Mounre-Kapiio [14] asst renepanyuu coy4vaiinoil esmuunbt (X,Y):

war 1: mMomenmpyem Ciry9IaiiHble BeJMIUHBL w1, wz ~ Ulg; 13;

M M+1
Wwar 2: eCJiM BBITIONHACTC Y Py < W1 < > Pm, TO 3aduKcupyeM GyHK-
m=1 m=1

muio pacrpenesieausi M-it KOMITIOHEHTbI cMecu Kak F' = Fy;
war 3: aHAJOTHYHO TAIY 2, IJIs Wy ONPeeisieM KOMIOHeHTy cvecu (;
war 4: BoccraHapjauBaeM 1apy ciydaiinbix sejauudusn (U, V), coBmecrHoe
pacupe/iesieHde KOTOpbIX siBjsiercs Kouysioit Mapuasia-Oukuna [11];
war 5: BoccramasmmBaeMm U-kBaHTuIb Xy pacupenenenus F;
war 6: BoccTaHaBIWBaEeM V-KBaHTWIbL Yy pacnpenenerus G.

l'ucrorpamma BEIOOPKH, IOy Y€HHON MOIEIMPOBAHNEM KOMyI0it Maprasia-
Ounkuna ¢ mapamerpamu « = 0.9, 5 = 0.2 mpeacTaBieHa Ha PUCYHKE 2.

3. 3akJrouyeHue

Tekymas paboTa TPOIOIKAET HCCAEAOBAHUE 33aJAUU MOJIETUPOBAHUST
UHTEHCUBHOCTU JIBUYKEHUS TPAHCIIOPTHBIX CPeJCTB [8] u paciiupsier ganHbIit
ITO/IXO/I, TI03BOJIsAsi 60JIee TOYHO MOJIETUPOBATH PABINIHbIE 3ABUCHMOCTH KaK
MEZK/Iy 4MCJIOM MOJIEJIMPYEMbIX TPAHCIOPTHBIX CPEJ/ICTB, TAK U BDEMEHHbIMU
WHTEPBAJIAMU MEXKIY WX TOSBICHUSIMHU, UYTO TO3BOJIsAeT O0jIee rubKO MoIe-
JIMPOBATh WHTEHCUBHOCTH TPAHCIOPTHBIX IMOTOKOB Ha IOJIOCAX.

s meMoHCTpaIuu 3aBUCUMOCTH MOJETUPYEMbIX JAHHBIX B Tabsmie 1
upuBeieHbl GopMyJIbL JJist Koyt u3 cemeiicrsa Mapasuia-Onkuna [11] aus

a) - . ) L : T 6) o

Puc. 1. Pesyabrarsr 3Tama mpeaoOpabOTKU: OIEHKa TIOTHOCTEH MapTrUHAJIBHBIX
PACIIpeIe/ICHnI: a)CIyJ9aitHol Bemaunbl X ; 6) Cay9aiinoil Bemaunabr Y
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Puc. 2. CpaBuenue smrupudeckoii fyy u Teopernydeckoit fxy (YHKIUU TIIOTHO-
cru pacupexnenenus (X,Y) npu mopemuposanun 3nadenuit (U, V) mng xomysist
Mapmrasma-Oakuaa ¢ mapamerpavu « = 0.9, 8 = 0.25

ko3 dunmentoB koppensnuu Crupmena pg, Kennamna 7, koadduimen-
Ta BepXHE#l XBOCTOBOH 3aBucuMocTu Ay . Jljist HPOBEPKU CreHEepUPOBAHHBIX
KOIyJION 3HadYeHuil ObLI MCIOJB30BaH Kpurepwii cormacus Koamoroposa-
CwmupnoBa. Bruto momydeno paccrosiane Kommoroposa D, = 0.59. C mo-
MOIIBIO MeTo/a reHepanuu Oyrcrpen BbIO0POK [15] GbLT IPEBbIIeH yPOBEHb
guagnmoctu 0.1 u mosydeno pvalue = 0.57.

Tabymra 1
ITonyuennsie crarucTuku ais komysn Mapasmia-Osnkusa
Teoperndeckue 3nadenus: | PacderHbre 3HAUCHNA
Ps = gamats = 0.27 ps = 0.215
TK = goab = 0.2 T = 0.15
/\U = min (a,8) = 0.2 /\U =0.14
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ON FIXED POINT OF A MAPPING RELATED TO
ISING MODEL ON qi

Z. Abdukaxorova

Namangan State University, Namangan, Uzbekistan

In this paper, we study a mapping related to the Ising model on a
Cayley tree of order two on Qg. We find fixed points of this mapping
and analyze the characters of these fixed points. Keywords: p-adic
numbers, fixed point, repelling, attracting, saddle, Ising model.

Introduction

Starting in the 20th century, mathematicians have been developing the-
ories based on number systems other than the real numbers.

One of the new areas of math research is focused on p-adic dynami-
cal systems and their chaotic behavior, which are different from the usual
dynamical systems we study. These new systems are based on a type of
number called p-adic numbers. Scientists Herman and Yoccoz have been
exploring this topic since the 1980s, and they’ve found that p-adic dynam-
ical systems behave in very different ways compared to their real-number
counterparts [1]. In addition to the usual patterns we see in real-number
systems, p-adic systems can have unique patterns called ”fuzzy cycles.”

The study of p-adic dynamical systems has been useful in various fields
like biology, economics, and physics. In biology, one example is a model
created by Khrennikov which uses p-adic numbers to describe how popula-
tions grow. It shows that even though different groups within a population
might grow very quickly, the overall population growth can still be limited.
This model is based on the special properties of p-adic numbers.

Our paper is devoted to extending the characterization of fixed points of
nonlinear mappings related to the Ising model on the Cayley tree of order
two in Q%. In the actual setting, p-adic Ising model has broad theoretical
and practical applications in many areas of applied and theoretical sciences

[4], [5]-

p-adic number

Let @ be the field of rational numbers. For a fixed prime number p,
every rational number x # 0 can be represented in the form x = p" -,
where, r,n € Z, m € N and n and m are relatively prime with p: (p,n) =
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1, (p,m) = 1. The p-adic norm of z is given by

p ",z #0,
|2|p= _
0, z=0.

This norm is non-Archimedean and satisfies the strong triangle in-
equality
|z + ylp< max{|z[p, [ylp},  Va,y € Q.

Moreover, this norm has the following properties:
1) if |x[,7 |ylp, then |z £ y[,= max{|z|y, |ylp};
2) if fely= [yly. then fo + yl, < |al,.
The completion of Q with respect to the p-adic norm defines the p-adic
field Q. The elements of the p-adic field Q, are called p-adic numbers.
Any p-adic number z # 0 can be uniquely represented in the canonical
form
z=p'@ (g + z1p + T2p® + ...)

where y(z) € Z and the integers x; satisfy that zo # 0, z; € {0,1,...,p—1},
jEN.

In this case |z|,= p~7®).

For a € Q, and r > 0 we denote

B(a, r)={z€Q,: |z —al,<r}

p-adic exponential is defined by

0 "
expyla) = 3 2.
n=0

which converges for z € B (0,p~!/®~1) . Denote
E = {:v €EQy:|r—1,< p‘l/(P—l)} = B(1,p~Y/®-D)

(see [2]).

The dynamics on Qg

Consider a non-linear mapping
F:z= (I1,$2, axm) € Q;n — £C/ = F(CE) = (1’/1’1'/23 ax/m) € Q;n

given by x) = Fi.(z1,22,...,Zm), k=1,2,...,m, where F; : Q) — Q), i =
1,2, ...,m is a continuously differentiable single-valued function.
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Definition 1. If F(2*) = x* then 2* € Q)" is called a fized point of
the mapping F'.
The eigenvalues of the Jacobian matrix Jp determine the local behavior
of the non-linear dynamical system (see [3]).
Definition 2. A fixed point z* of a mapping F' is called hyperbolic
point of its Jacobian Jr at x* has no eigenvalues on the unit circle.
Definition 3. The hyperbolic point is called
— attracting point if all the eigenvalues of the Jacobi matrix Jp(z*) are
less than 1 in absolute value;
— repelling point if all the eigenvalues of the Jacobi matrix Jg(z*) are
greater than 1 in absolute value;
— a saddle point otherwise.

Problem

The problem of finding H 4-weakly periodic p-adic generalized Gibbs
measure for the p-adic Ising model on the Cayley tree brings to consider the
following mapping;:

Wt h=(ho,h1) € Q2 — ' =

— — — 2
30ho+1 Ohi +1 4 (0ho+1 9
= T = 1 — € p*
ho+60 hy+6 ho + 6

We study the dynamics of Wy ,. Firstly, we find fixed points of Wp

—

— — — 3
W _ oDy n@ 1@ @y w@ (0t 1
h - (h’O ?h’O )? h - (h’O 7h’0 )7 h - (_9773+1’773

where hél) = 1(mod p), h(()z) = —1(modp), and n,8 € &,.

Main result
Stability of these fixed points are as follows:
Theorem 1. For the fixed points of Wy ,, the following statements
hold:
1) h" is attracting fixed point;
2) h® is repelling fixed point;
3) The fixed point h® is saddle.
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Conclusion

In [7], we investigate the characteristics of fixed points for a mapping
associated with the p-adic Ising model without an external field on the
Cayley tree of order two in QIQ,. In [6], the authors examine certain properties
of the fixed points of a mapping related to the p-adic Ising model in an
external field on the Cayley tree in Q,. In this paper, we study a mapping
connected to the Ising model on a Cayley tree of order two in QZ. We
determine fixed points of this mapping and analyze their properties.
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The paper deals with equations with differently directed explana-
tory effects of simultaneous variables which are interdependent or
endogenous variables. The goal is to research and develop estima-
tion methods that can circumvent the problem of correlated vari-
ables and errors. A method is proposed and the efficiency of it is
compared to that of both the usual method of least squares and
two-, three-step methods of least squares. A violation of the ba-
sic assumption of least-squares methods about the independence
of predetermined variables and errors leads to the fact that least-
squares estimation methods in this case lose their best properties:
unbiasedness, efficiency, and consistency. The paper proves the
theorem about the unbiasedness of estimates obtained using the
method of factorization of simultaneous equations. Keywords:
exogenous variables, endogenous variables, simultaneous equations,
method of factorization of simultaneous equations, two-step least
squares method, unbiased estimation.

Introduction

In contrast to regression equations, which exhibit a unidirectional causal
relationship from independent variables to dependent variables, systems
analysis involves equations where explanatory effects of variables are bidirec-
tional. This approach to structural modeling and system analysis is effective
not only in regression studies of sociometric and econometric systems but
also in exploring physicochemical dependencies. It accounts for the multi-
factorial mutual influence of physical laws and chemical properties, where
the variables can act as both regressors and predictors [1].

Such interdependent variables are known as endogenous variables. A
distinctive feature of simultaneous equation systems is that an endogenous
variable, which serves as a regressor in one equation, can also appear as a
regressor in another equation. Consequently, endogenous variables become
correlated with the random disturbances in the equations [2,3,6]. The num-
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ber of equations in such a system must match the number of endogenous
variables.

1. Materials and methods

Here, we present the general form of the system of simultaneous equa-
tions:

Y1 = Porlez + B31yes + - + Briyek + Y1171 + Y2122 + oo+ Yn1 Tpn + Ui,
Ye2 = Braysr + Ba2yez + - + Brayer + Y12T0 + Yo2Ti2 + oo+ YnoTin + g2,

Yk = PrrYer + Brayez + oo + Br—1 kYt k—1 + Y1kTr1 + Y2rTe2 + ...+
FYn2Zin + Utk-
(1)

The regression coefficients are selected to minimize the sum of squared
errors. However, when the dependent variables correlate with the error,
the objective function of the least squares method becomes dependent on
the variable values themselves. Consequently, the least squares estimates of
regression coefficients are conditional, valid only for the given set of variable
values. This issue persists in multi-step methods [17-19], as they replace
simultaneous equations with predetermined ones, which they are not. Such
a model cannot effectively analyze an economic system because it requires
sensitivity analysis of the resulting indicators to all possible values of the
explained variables [5].

The random deviation, an element on the right-hand side of the regres-
sion equation, depends on all its components: the regression coefficients, and
the values of the dependent and ”independent”variables. The relationship
between the dependent variable and the random deviation is determined by
the equation’s form. According to one of the main postulates of the least
squares method, the independent variables on the right-hand side are as-
sumed to be predetermined, deterministic, and independent of randomness
[4,5]. Such a model is unsuitable for studying economic systems [11-16], as
this analysis requires examining the sensitivity of the resulting indicators
to all possible values of the explained variables [6].

2. Unbiased estimation of the coefficients
21. The Method of Factorization of Simultaneous
Equations

Let us describe our own method for obtaining estimates of the
parameters of the model of simultaneous equations. It is based on the de-
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composition of the simultaneous variables into stochastic factors, which can
be called factorization, and the method itself is the method of factorization
of simultaneous equations (MFSE) [3,6]. The representation of the variables
of equation (3), for which the covariances (4) and (5) are valid, in the form
of some combination of instrumental factors is performed on the basis of
stochastic factor analysis using the model:

(Xi Xi=F-AL A%, +Zi), (2)

where F' — is the matrix of values of the stochastic factors; A = (ﬁ;)

— is the matrix of factor loadings (its blocks correspond to explana-
tory endogenous and exogenous variables); >, — is the matrix of
random deviations of the factor model for the variables Y; and Xj;

E{},}=0;E {Z? > } = D? (D - is diagonal matrix); the stochastic

factors satisfy the conditions:
E{FTuZ-}ZO; ()
E{FTYy,} =0.

In this case the equation is transformed to the form:

i

= FAL A%, (5) +y (f) +u; = (4)

K2

_ pATiAT (f) T,

yi = AAVIAL ) (g)m _

7
where w; =), (%) — is the vector of stochastic deviations of the i-th
equation.
Ultimately, the following equation

yi = AAL P AT <5> + w; (5)

7

is an ordinary regression equation in which the regressors, due to conditions
(3), are not correlated with random deviations. Therefore, the vector of

coefficients (%) can be estimated by the usual method of least squares.



350 A. Minitaeva

Thus, the estimation of the coefficients of the equation by factorization
of simultaneous variables has the form:

é _ AYqAET; AYqA§, - AYiFTyi (6)
0 ) = \Ax, AL Ax AL Ax,FTy; )

In the equation (6) the orthogonality of the stochastic factors [7] is taken
into account.

22. Proof of the MFSE unbiasedness

Theorem 1. The estimate (6) of the coefficients of the simultaneous
equation obtained using the method of factorization of simultaneous equa-
tions is unbiased.

Proof.  Let us find the mathematical expectation of the estimate (6):

LB gl AavaD v N7 anET N

Vi N AxiAle AXiAX;'T AXiFT Yi p =

— AY@' AYzT qu AX’ZT -t AYi FT : ﬁ;‘ B
a E{( Ax, Avi  Ax;Ax] Ax, FT zii Xi (I) +wi )}=

— B Av, AyT Ay, AxT \ 7' ([ Ay FT
- Ax, Ayl Ax,Ax? Ax, FT

i

( AAyT: FAyT (f—) + w; >} =
(BN e AT A\ avEm )|
A\ Ax, Ay}  Ax,Ax] Ax, FTw; N
_ (B n Ay, Ayl Ay, AxT - Ay, FTE{w;} \ _ (B
\ v Ax,Ay]  Ax,Ax] Ax, FTE{w} )~ \v )~
Thus, for the case of simultaneity of exogenous variables according to the
unbiasedness criterion, the estimate obtained by the method of factorization

of simultaneous equations is better than the estimate of the two-step method
of least squares. B

Conclusion

Similarly, we can demonstrate that the proposed method is more effi-
cient than the three-step least squares method, which is the second most
commonly used method [18]. Therefore, when the variables of the system
are interdependent, it is appropriate to use the method of factorization of
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simultaneous equations. Research into the nature of simultaneity in econo-
metric equations has shown that both endogenous and exogenous variables
can be interrelated. Existing methods for estimating parameters in simulta-
neous equations systems overlook this fact, leading to biased estimates [8,9].
The method of factorization of simultaneous equations (MFSE) has been
developed to provide unbiased parameter estimates and is more effective
than the most widely used estimation methods. The MFSE also enhances
the multi-model approach for predicting nonlinear nonstationary processes
in optimal control problems [10].

10.
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We consider a single product with a fixed lifetime and price sensitive
intensity of a Poisson customers flow. A model with a power-law
adjustable coefficient of a dynamic retail price control through the
intensity of the demand is considered accommodating scenario of
shortages. We conduct the diffusion approximation of the demand
process and a linear approximation of the intensity-of-price depen-
dence to find the probabilistic characteristics of the selling process,
and the expected revenue. To validate the accuracy and effective-
ness of the proposed model, simulations and numerical analysis are
performed. Keywords: dynamic pricing, price sensitive demand,
Poisson demand, diffusion approximation, shortages.

1. Introduction and problem statement

In [1], we studied a zero-ending inventory price control model with a
weight function depending on a power-law coefficient without considering
cost of shortages. Here, we expand our analysis: if the lot is sold out before
the end of the selling period T, resulting in shortages, we consider a case of
lost sales.

The demand is modeled as a compound Poisson process with intensity
A(c), where ¢ = ¢(t) is a dynamic retail price per unit, the orders are
independent identically distributed continuous random variables with the
first and second moments a; and ay respectively.

We are going to consider the following model of expiration date-based
price control

Q(t)

a1 A(c(t)) = =—————,
where coefficient v # 1.
Consistent with our earlier papers, we utilize the diffusion approximation
for analyzing the stock level process. It follows that the stock level process
satisfies the following equation:

QW . [i__Qw

QW) = —Fa—¢ /1) a T — 17 v (1)
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where w(-) is the Wiener process.

2. Probabilistic characters of the stock level process

Expectation and variance of process Q(+)

E{Q()} = Q(t) = Qoa(t/T),

Var {Q(t)} = Va(t) = 22 a(t/T) (1 - a(t/T)),

a1

(1—t/T)'7 -1
L=y
Thus, the lot is completely sold during its lifetime almost surely for
v > 1, but shortages are possible.
Consider the Laplace transform of the probability density function
(PDF) of Q(-) (p,t) = E{exp(—pQ(1))}.
By applying Ito’s formula, we get from (1)

where a(t/T) = exp

pay _ (_Qpe? a;Qp*e™"? -
d(e™ )_(T(l—t/TW Pty ) (2)
2
_ pe*pQ a2Q dw(t).

arT(1—t/T)

After averaging (2) with respect to Q@ = Q(-), and solving by the method
of characteristic, we get

v(pt) = o (2 aln)).

where ¢(-) is an unknown function and parameter 5 = 2a;/as.
Finally, we get

®(p,t) = exp ( QofBpa(t/T) ) '

p+B—pa(t/T)

Using inverse Laplace transform, we obtain PDF of Q(-)

f(g.t) =exp (—ﬁa%) {5(q) +exp (— He ) x

1 1—«

o BZaQo 7 (9 B2aQoq ®)
(1-a)2q" (1-a) )|’
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where o = «(t/T), I;(-) is the modified Bessel function of the first kind
and first order, 0(+) is the Dirac delta function.

From (3), it follows that the cumulative distribution function of the
length of time 7 it takes to sell lot Qg

BQoa(t/T)
Fo(t) = e L\ e 4
4
Figure 1 shows the plot of F,.(1) for 22 = 100, 2 - 5 7=1523
aip ay
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Figure 1. F-(-) dependence on ¢/T for v =1.5,2,3

Thus, for v > 1, the shortages can happen in practice. Let us de-
note T} = Txg, where xzo is the smallest value that satisfies inequality
a(xg) < a1/Qo; P(r < Ti) = 1 can be high in practice for some pur-
chases’ distributions. We compare time points of shortages occurrence in
the cases of a(xg) < a1/Qo = 0.01, a(zg) < a1/Qo = 0.001, and a(zg) ~ 0
in MATLAB package. The results are given in Table 1.

Table 1
Values of zg for v =1.5,2,3,4,5

~y 15 2 3 1 5

zola(zo) < 0.01 | 0.6922 | 0.7226 | 0.6276 | 0.5478 | 0.4868
zola(xo) < 0.001 | 0.8854 | 0.8307 | 0.7091 | 0.6165 | 0.5464
zo|alzo) ~ 0 0.9711 | 0.9078 | 0.7814 | 0.6783 | 0.5966
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The expectation of the selling duration
Ty
E{r}= / (1 - F,(¢)dt =
0
1—a(zo) _ ﬁ
. (1 o [ expBQu/) ()it =)+ dx) |
0

1—x

Thus, E{7} =T (14—0(6@ >) for Qo > 1.

3. The expected revenue and its optimization

Let us consider linear approximation of the intensity-of-price dependence

M) = o — 2 =0,
Co
where ¢g is a stationary (basic) price corresponding stationary intensity Ao
and parameter A\; > 0 characterizes the sensitivity of A(-) to the relative
price‘s deviations from the stationary price. Linear dependence of the cus-
tomers’ flow intensity on the price is common in the literature, for example,
in [2]; the demand rate is supposed to be a linear function of the price.

It follows
B Ao Q(t)
c(t) = ¢ (1 + )\*1 - aMT(1— t/T)’y) .

We assume that the demand intensity during the shortages is the mean
intensity corresponding to the stationary price ¢y and the cost of shortages

?l = —alco)\()(T — Tl)

Thus, we can write the expected revenue over the whole cycle considering
shortages as follow

Th
St = [ BN a5 = T2 oo - 27 (@0 - 2)
0 1 ai al

' a dz
X /l_xo <a2(1 —z)+ (1162072_@06(1 - Z)) 227} —ajcoAo(T —T7).
()
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4. Numerical results

S’y>1
a1Co

Weighted expected revenue is a concave with respect to v. It de-

. . Qo as . .
pends on four dimensionless values —, \oT', \1 T, — . Extensive numerical
aq ay
results are carried out for different sets of the inventory system parameters.

S
On Figure 2 the results of simulation of weighted revenue 21 With
a1Co
respect to 7y are presented. For generating a nonhomogeneous Poisson
process, the thinning algorithm is applied. The number of iterations
for simulation of revenue is 1000 and we take mean values for each ~;
a 4
@ = 100, \gT = 400, T = 100,—3 =3 On Figure 2 black curve
ay al
represents theoretical result (5) and red points are the simulation results.
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Figure 2. Simulation of weighted revenue ~2=*

a1co

S
Figure 3 depicts weighted revenue Zy>1 dependence on ) for different
a1Co ai
values of 7.

5. Conclusion

The proposed more complicated dynamic price con